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The theory of acoustic-ray bending by aircraft-generated vortices is developed in a form convenient for 
application to a practical vortex tracking system. The maximum scattering angle 0= is proportional to the 
vortex circulation divided by the average core radius. Since the circulation for commercial jet transports is 
roughly proportional to the wingspan, the value of 0= depends little on aircraf• size but strongly on the 
ratio of the core size to the wingspan. For landing aircraf• 0,• varies from 0.5 to 1.4 tad depending upon 
the engine placement. A variety of vortex core models are considered which lead to values of •,• between 
0.2 and 0.9 tad. The capabilities of a pulsed acoustic vortex tracking system depend strongly upon 0• and 
therefore upon aircraft type. The effects of timing errors, both vortex induced and random, on tracking 
accuracy are derived. The fundamental differences between refractive scattering and turbulence scattering 
techniques are described. • 

PACS numbers: 43.28. Py, 43.20. Dk, 43.20. Fm. 

INTRODUCTION 

The possibility of detecting aircraft-generated vor- 
tices by means of refractive scattering was discussed 
by Georges, 1 who calculated acoustic rays for a vortex 
wi•h a viscous core. The experimental observation of 
this effect and its use for tracking vortices was re- 
ported by Burnham et al. 2 in a letter to the Editor. In 
this paper, the theoretical basis for the observations 
is discussed, and estimates are made of the accuracy 
with which vortices can be located. In addition, the 
properties of a tracking system based on refractive 
scattering are compared to those of a system employing 
incoherent acoustic scattering from turbulence im- 
beded in the vortex. 

I. THEORY OF RAY BENDING 

The geometrical ray approximation describes the 
propagation of sound when the variations in wind veloc- 
ity v, sound speed c (which depends upon temperature 
but not pressure), and acoustic impedance are small 
over distances of one wavelength k. Sound travels 
along a ray which is defined by r(s), the position of the 
ray as a function of the distance s along the ray. De- 
viations from this picture of acoustic propagation are 
caused by diffraction and incoherent scattering from 
fluctuations and inhomogeneities. 

Considerable work l'a'4 has already been done on the 
problem of computing the exact geometrical propagation 
of sound through several model vortices. We adopt a 
somewhat different approach, which views the propaga- 
tion as a scattering process. Some simple analytical 
results are obtained from the impact approximation 
which assumes that the ray passes through the vortex 
on a straight line. When terms in v/c higher than 'first 
order are neglected, the vector ray equation takes the 
simple form s 

dn +nx(Vxv/c)=O , (1) 
ds 

where c and the fluid density p are assumed constant, 

and n=dr/ds is the unit vector tangent to the ray. The 
effects of the vortex velocity are much stronger than 
those of the reduced density and possible increased 
temperature in the vortex core, which are neglected 
in this approximation. Since the maximum observed 
velocities in aircraft vortices are less than v/c = 0.2, 
higher-order terms in v/c can also be negiected. 6 
The effect of Eq. (1) is to rotate the direction of the ray 
about an axis parallel to the curl of the velocity field, 
y=Vxv, where 7 is called the vorticity of the field. 

For a cylindrically symmetric vortex the vorticity 
7(z) is a function of the radius • from the vortex axis. 
The other properties of the vortex can be expressed 
as integrals of y(r). The circulation is 

r(r)= • 7(r')r'dr' , (2) 

and the tangential velocity is 

v(r) = r(r)/2nr. (3) 

An aircraft wake vortex is normally represented by a 
central-core region where the vortieity y is large and 
an outer region where y is small or zero. In this 
ease, the circulation for infinite radius r(,o) has a well- 
defined value and the velocity in the outer region is ap- 
proximately that of a line vortex of strength F(*,). The 
size of the vortex core is normally characterized by the 
radius a where the velocity reaches a maximum. 

Table I mathematically defines the three models which 
we will use to represent wake vortices.' Georges x used 
a fourth model, the viscous core. These three models 
were used to generate the four velocity profiles shown 
in Fig. 1, which will be used in subsequent calculations. 
The model parameters are listed in Table II and dis- 
cussed below. The parameters selected are appro- 
priate for a wake vortex from a Boeing 747 aircraft 
with a wing span b of 60 m. All four velocity profiles 
have a vortex strength of 500 m2/sec. In the solid- 
core model, the velocity is proportional to r up to 
radius a and then decreases inversely with r. Spreiter 
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TABLE I. Votex core models. ß 

Model definition Impact-approximaUon results 

Model Range F(r) 2•ry(r) • Rma_ge cO(p) c[c?(p)+2p6•o)i 

Solid r > a F (•o) 0 x P > a 
core r < a F (=o) (r/a) 2 2F (•o)a • •a p < a 

logarith- r >rn 0 p 
•a*r(•) 

mic a* <v<v,, F(a)[ln(v/a) + 11 F(a)/r 1 (1 -a*/2r•)F(a) a* <p core «r (a)(r/a*) • rO)/a *z p <a* 

Simple F (,o) v = . 2F (=)a 2 
+a= 

ß Definitions of new symbols: a* •a/etP-; r• •aexp[F(•o)/T(a) -ll; sin•a--- Ipl/a; cos qb,,• Ipl/r•,. 

and Sacks 7 estimate a core radius a = b/12.9 for this 
model. The log-core model was proposed by Hoffman 
and Joubert a to describe a turbulent vortex. The values 
F(a)/F(oo) = 0.15 and a= 0.30 m were proposed by 
McCormick et al. 9 This model requires some modifi- 
cation at small and large radii to avoid divergences. 
We make a transition to a solid core at the radius ale tl2 
which gives continuous vorticity, and eliminate vortic- 
ity beyond the radius where F(r)= I'(oo). The third 
vortex model is a simple form we have used to fit 
vortex-velocity data obtained from an acoustic back- 
scatter system. x0 This model has the simple feature 
that 1 F(a)=•F(oo). Two values of core radius are se- 
lected for the simple model since the core radius is 
adjustable for this model. 

The geometry of the ray calculation is shown in Fig. 
2. We take y in the z direction and express r in cy- 
lindrical (r, q•) or Cartesian Or, y) coordinates con- 
centric with the vortex core. We assume that the 

acoustic ray is incident along the x axis at an impact 
parameter y=p. According to Eq. (1), the acoustic 
ray is deflected only when the vorticity is nonzero. 
One can integrate Eq. (1) through the vortex core to 
find the total angle 0(p) through which the ray is bent. 
The details of this calculation appear in the Appendix. 
Values of this scattering angle 9(p) are plotted in Fig. 

1 

õ 
i 2 3 4 5 5 

RADIUS (m) 

FIG. 1. Radial velocity profiles for the four cases listed in 
Table II. 

3(a) for the four cases of Table II. The maximum scat- 
tering angle occurs for a negative impact parameter be- 
cause the ray must start off somewhat below the x axis 
in Fig. 2 in order to pass through the center of the 
vortex where 7(r) is greatest. 

The existence of a maximum scattering angle •,, in 
Fig. 3(a) has important implications for a vortex 
tracking system based on acoustic-ray bending. Such 
a system will be discussed in Sec. HI. A useful esti- 
mate (see Table lI for a comparison) for the value of 
B•, can be determined from the impact approximation 
discussed in the Appendix, 

cO= 2 yj7(r)dr= . (4) 
We have defined an "average core radius" • by 

F= •i ry(r)dr/ •i y(r)dr (5) 
in order to relate /•, to the strength r(•o). For a partic- 
ular model of the vor/ex core one can express 0,, in 
the simpler form •=Kv•/c (see Georges 1) where 
is the maximum tangential wind speed and K is a num- 
ber of order unity which depends upon the core model. 
Since F(•o) is defined by aircraft parameters [see Eq. 
(10)], Eq. (4) has the advantage of collecting the core- 
dependent characteristics of the vortex, which are 
generally unknown, into one parameter F rather than 
two (K, 

Since the tracking system in Sec. III locates the vor- 
tex by means of the acoustic propagation time, it is de- 
sirable to investigate the propagation-time change 
introduced by the vortex itself. The appropriate refer- 
ence time for this purpose is the propagation time for 
scattering from a point scatterer located at the same 

TABLE H. B--747 vortex parameters, r(,o)=500 mZ/sec, b 
=60 m. 

Case Model a(m) •(rad} Ora(impacO 

t log[r(a)/r (•)! =o. t6 o.a 0.85 0.84 
2 simple 1.0 0.76 0.75 
3 simple 2.0 0.38 0.37 
4 solid 4.9 0.20 0.19 
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FIG. 4. ß Transit time change versus scattering angle for the 
data of Fig. 3. 

FIG. 2. Scattering geometry. The circle encloses the region 
of nonzero vorticity. 

position as the vortex center. To first order in v/c the 
effective sound speed along a ray is • c+n.v. The time 
error for v << c becomes 

c?(p)= • ds(1-n.v/½)- f•.ds (6) 
where the first term is evaluated along the actual ray 
path and the second along straight lines meeting at 
the vortex center. The details of this calculation ap- 
pear in the Appendix. When the impact parameter is 
far outside the core (Ip I >> a) the path of integration in 
Eq. (õ) is a straight line and the integral can be evalu- 

ated to give 

•(•) = :• r (:o)/2c 2 , (7) 

where the sign depends upon which side of the core the 
path passes. Computed values of r(p) for the four 
cases in Table II are plotted in Fig. 3(b). The values 
of [rl are generally much less than the limiting value 
IT(•o)l from Eq. (7)because the two terms contributing 
to Eq. (6) have opposite signs. The change in path 
length [ Iris- leds] tends to cancel the effect of the 
vortex wind [- Iris n. v/c]. 

The impact parameter p cannot be measured experi- 
mentally. Only scattering angles, time delays, and 
cross sections are observable. Figure 4 shows the 
results of Fig. 3 replotted as time error versus scat- 

0.8 
(a) I 

-5 -4 -3 -2 -1 0 I 2 3 4 
IMPACr PARAMETER ira) 

FIG. 3, Scattering angle (a) and transit 
time change (b) versus impact parameter for 
the four gases in Table II., 

J. Acoust. Soc. Am., VoL 61, No. 3, March 1977 



650 David C. Burnham: Tracking system based oft scattering 650 

(a} 

TRANSMITTER RECEIVER 

(• 

H0faZONTAL •)SITION X (m) 

{c} 

00 300 

FIG. 5. 

HORIZONTAL POSITION X (m) 

Experimental geometry of a pulsed acoustic system 
for locating aircraft vortices in a plane perpendicular to the 
aircraft path. D t =300 m. (a) Locations of transmitter, re- 
ceiver, and vortex pair, (b) contours c/constant maximum scat- 
terin• angle (8 m in rads), (c) contours of constant error E for 
a two receiver system • = 1.4 Dr) in which the time delay for 
the second receiver is in error by -2 msec. 

tering angie. For a given scattering angie two propa- 
gation times occur, corresponding to rays passing on 
either side of the vortex center. For zero scatter- 

ing angie this splitting AT approaches F(•)/c •. The 
average propagation time change remains close to 
zero. ff AT is shorter than the duration of the acoustic 

pulse being scattered, the two scattered signals will 
interfer since they are coherent. The one-dimensional 
scattering cross section did/d8 is given by 

d• [ dS• 'l 

An inspection of Fig. 3 for the physically realistic 
cases 1-3 shows that, apart from the caustic at 
the cross section generally decreases as /• increases. 
Moreover, a comparison of the slopes of the two 
branehe• of the 0(p) curve indicates that the pulse ar- 
riving first should have a smaller amplitude than the 
one arriving second. 

The validity of the ray calculation presented here is 
limited by incoherent scattering and diffraction, both 
of which tend to smear out the ray. Although the amount 
of incoherent scattering is difficult to predict a p•io•i, 
the effect of diffraction can be estimated in a straight- 
forward fashion. The bundle of rays with impact pa- 
rameter range Ap will be diffracted into a spread in 
angle A8 = X/Ap. The size of Ap is limited by the fact 
that 9 depends upon p: A8 = (da/dp)Ap. These two re- 

lations can be combined to give a self-consistent value 
for the spread in scattering angle 

,,e = xl' "' (9) 

Decreasing the wavelength leads to less smear. The 
condition for the validity of our calculation is A/• <</•. 

II. PROPERTIES OF AIRCRAFT GENERATED 
VORTICES 

This section summarizes the theoretical and experi- 
mental properties of aircraft vortices which are rele- 
vant to the tracking system discussed in Sec. HI. The 
theoretical results are based on the literature and on 

Sec. I. The experimental results are based on mea- 
surements 2 using a scattering system of the type dis- 
cussed in Sec. IV [see Fig. 5(a)]. 

An aircraft traveling at speed V generates a pair of 
counter-rotating vortices with strength 

r(•) = 4W/wVb (10) 

(assuming elliptic wing loading), where IV is the air- 
craft weight, b is the wing span, and p is the air den- 
sity. The B-747 strength of 500 ma/sec used in Table 
II is based on the parameters IV= 2. õx 106 N (maximum 
landing weight), p = 1.2 kg/m $, V = 90 m/sec (landing), 
and b = 60 m. The vortex spacing b ' is •b for elliptic 
wing loading. The vortex motion m an atmosphere with 
uniform horizonL•l winds can be predicted Using simple 
potential flow theory. •' After generation the vortices 
drift downward at speed w-- F(•)/2•rb •. As the vortex 
pair approaches the ground the •wo vortices separate 
and travel apart at relative speed 2w and at height 

The B-747 results in Sec. I can be scaled to smaller 

aircraft by using Eqs. (4) and (10). An important factor 
in scaling is the consistency of the ratio IV/b 2 (the wing 
loading) for jet transports with high aspect-ratio wings. 
The values of IV/b 2 range from 65% to 100% of the B- 
747 value even though b varies more than a factor of 2. 
Another factor in scaling is the ratio • of the wing 
span to the average core radius k = b/{. This ratio 
is a function of the vortex model. For example, the 
Spreiter and Sacks ? model yields f• = 26. According to 
Eqs. (4) and (10) the aircraft parameter dependence 
of the maximum scattering angle 8• is given by k(IV/b2)/ 
V. Since the wing leading and landing speed vary little 
with aircraft type, the observed strong dependence in 
8• for landing aircraft (0.5-1.4 tad) must reflect 
variations in •. These variations are related to differ- 

ing flap and engine locations. •z The vortex models in 
Sec. I which have specified core sizes (log and solid) 
also show a strong variation in •, namely, a factor of 
4. Although the size of the aircraft has relatively little 
effect on the predicted maximum scattering angle, it 
directly affects the propagation-time changes which 
are proportional to F(•) [Eq. (7)]. The maximum 
deviation for a single B-747 vortex is approximately 
2 msec o Smaller aircraft produce proportionately 
smaller time errors. 
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The ray-bending model (Sec. Ii for acoustic scatter- 
ing from aircraft vortices predicts the following fea- 
tures, which are arranged in order of descending cer- 
tainty: 

(1) Acoustic energy is scattered only in the direction 
of vortex rotation, 

(2) the scattered sound is spread out in time by at 
most 2?(øo), 

(3) the scattered acoustic signal is split into two 
pulses whose separation and relative amplitude de- 
pond upon the core model. 

Prediction (1) has been thoroughly verifiedß Only one 
of the two vortices is ever observed by a single acous- 
tic beam [see Fig. 5(a)]. The expected time delay for 
the other vortex is determined by simultaneously trans- 
mirting in the opposite direction using the same pair of 
transducers. Prediction (2) has been verified for vor- 
tices at relatively large scattering angles, as in Fig. 
6 for a B-747 aircraft. If the scattering were taking 
place incoherently across a core of diameter d, one 

2 t would expect a time spread of (d/c) sin(10) dO/c. 
For a B-747 core with d = 5 m and 0 = 1 one might ex- 
pect a time spread of 15 msec. In fact, the spread ob- 
served in Fig. 6 is probably less than 1 or 2 msec. 
However, significant spreading and time fluctuations 
have been observed for small-angle scattering, partic- 
ularly under high-wind conditions and for vortices 
with large cores (i.e., small maximum scattering 
angles). These effects are probably due to turbulence. 
On some occasions two distinct scattering signals are 
observed. The extra signal, probably produced by a 
vortex from the aircraft elevator, persists for a time 
of 10 or 15 sec and descends toward the ground at about 
three times the rate of. the main vortex. Prediction 

3 has never been observed, even under the most likely 
conditions of small scattering angles from the largest 
aircraft (B-747, C-SA). The splitting may be obscured 
by the direct signal propagating along the ground for 
the smallest scattering angles observed. 

More quantitative predictions of the ray-bending 
properties of aircraft vortices are best based on the 
results for the log core or simple model rather than 
those for the solid-core model which are dominated by 
the singularity at p = a. The impact approximation for 
the log core gives particularly simple analytical forms, 

0/]p[, (ua) 
do 25 

d•- = • (11b) 
[5 = F(a)/2c from Table I], which are useful for 0 < 1. 
In Eq. (11b), the scattering cross section includes both 
branches (Fig. 4) of the scattering curve and negle.cts 
any interference between them. The fractional spread 
in scattering angle caused by diffraction becomes 
= (A/5) l/•' according to Eqs. (9) and (11a). For the 
B-747 vortex model in Table II, 5 is 0.12 m and •0/0 
is approximately unity at 3-kHz acoustic frequency. 
Since the experimental tests have been performed with 
frequencies of 2•3 kHz, the ray approximation is at 
best marginally suitable for B-747 vortices with log 

cores and is probably unsuitable for 1og•core vortices 
from smaller aircraft. The effect of diffraction is to 

destroy the functional dependence of d and ß upon p, 
and, therefore, it may be responsible for the failure 
of prediction 3 above. Arbitrarily higher frequencies 
cannot be used to reduce diffraction since the optimum 
frequency is determined as a compromise between the 
advantages of low frequency: high transducer efficiency 
and low atmospheric attenuation, is and those of high fre- 
quency: greater antenna gain and lower ambient noise. 

III. TRACKING SYSTEM 

The simplest experimental arrangement we have used 
for scattering acoustic energy from vortices is shown 
in Fig. 5(a). The transmitter and receiver are situated 
at ground level on a base line (length D) perpendicular 
to the path of the aircraft. Both transmitter and 
receiver generate vertical fan beams. For a single 
direction of sound propagation only the vortex closer 
to the transmitter is rotating in the correct direction to 
scatter energy into the receiver. Propagation in both 
directions is required to observe both vortices. 

The locations of the transmitter, receiver, and vor- 
tex determine the scattering angie O, 

0 = O,+ 0,, (12) 

where 0 t and 0, are the elevation angles as seen from 
the transmitter and recoiver, respectively. A scat- 
tered signal is observed as long as the scattering angle 
0 is less than the maximum scattering angle 0 m. Fig- 
ure 5(b) shows the sensitive volume for vortex detec- 
tion for several values of •,.. 

For the experimental arrangement shown in Fig. 5(a) 
theory predicts (Sec. I) three transit times T i for 
propagation between the transmitter and the receiver. 
The shortest is just the time for sound to propagate 
along the ground, 

cT•=D. (13) 

The two times associated with scattering from the vor- 
tex are (i= 2, 3) 

cT i = (xa+ h2)1/2+ [(D-x)2+ haiti'+ •(0) , (14) 

where the •'i are the two transit times (Fig. 4) relative 
to the vortex center. Since two scattered signals are 
never observed experimentally, we will neglect • 
for the present discussion. A measured value of T s 
(=- Ts) locates the vortex on an ellipse with feel at the 
transmitter and receiver. When the scattering angle 
0 is small, the ellipse is almost horizontal over the 
central range of x. There the time delay Ts- T• is 
determined predominantly by the height h. In par- 
ticular, the height h is given to 12% accuracy by the 
expression 

/•= [«c(:r•- a")D]'•" (•5) 

over the range ¬D<x<]D. 

The vortex location can be completely determined if 
the time delay associated with a different base line (and 
therefore a different ellipse) is known. For example, 
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AIRCRAFT NOISE 

E 
o ,,_VORTEX 

SIGNAL 
DIRECT 
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AcousUc scattering data for a B-747 vortex. Acous- 
tic intensity rappears as z-axis intensity on a CRT. The 
elapsed time begins at the left edge of the picture when the 
aircraft passes the system baseline (D=L38 m). The acoustic 
pulse length is 5 nsec. 

a second receiver at distance D2>D•=D could be added 
to the system shown in Fig. 5(a). If the first receiver 
receives a scattered signal for the vortex (8t<8,,) , then 
the second receiver will also see a scattered signal 
since ez<et for Dz>D •. The curves in Fig. 5(b) thus 
also indicate the sensitive volume for a two-receiver 

system. 

Measuring the time delays for two base lines de- 
termines the location of the vortex by the intersection 
of the two elUpses. For some vortex locations this 
intersection occurs where the ellipses are almost 
tangent, and a small error in time can produce a large 
error in location. For one choice of D• and D 2, Fig. 
5(c) shows contours of constant error E produced by a 
fixed error of 2 msec in the time delay associated 
with the longer base line D2. The same size error in 
time delay for the shorter base line D• produces less 
error in position. The position error is defined as 

E-- [(x s -x)2. - 

where (x, h) is the real location and (z •, h s) is the 
apparent location. As one might expect from the ear- 
lief discussion, the errors shown in Fig. 6(c) are pre- 
dominantly horizontal. The location errors can become 
extremely large as h decreases• since the time delays 
'generally decrease as h 2 [Eq. (15)]. The resolution im- 
proves as the vortex approaches the first receiver be- 
cause the two ellipses intersect at a greater angie. 

The properties of the vortices themselves can in- 
troduce systematic errors into the measurement of 
time delays. These errors are all proportional to the 
vortex strength F(•) and are therefore larger for larger 
aircraft. The first potential source of error is the split- 
ting (or perhaps smearing) of the scattered signal 
shown in Fig. 4 and included in Eq. (14). As 9 ap- 
proaches zero this error could approach a maximum 
value of ?(oo) [Eq. (7)]. 

A second potential source of error is the effect of 
the vortices on the direct signal, which corresponds to 
zero angle scattering. The direct signal is not only 
affected by a vortex directly but also by its image (posi- 
tion x, - h), which serves to satisfy the boundary condi- 
tion of no vertical wind at the surface. Under the con- 

ditions h <<z, h << D- x the effect of a single vortex on 

the direct arrival time Tx is 2•(oo). The effect of both 
vortices and their images can be integrated without the 
above restrictions to give 

AT• = 77(=o)(82- 8•)/•r , (16) 

where e• and 82 are the scattering angles 8,+ 8, for 
each vortex, respectively, in Fig. 5(a). Direct signal 
shifts of this sign and magnitude have been observed 
experimentally. These shifts are larger than those 
for the scattered signal and are normally eliminated 
from the time-delay measurement by measuring the 
average direct arrival time before the aircraft ar- 
rival. 

A third source of error is due to the influence of one 

vortex and both image vortices on the scattered signal 
from the other vortex. These effects can be evaluated 

in the same way that Eq. (16) was derived, but the 
resultant expression is much more complicated. Be- 
cause of cancellations the maximum effect is approxi- 
mately only •r(•) for realistic scattering angles. One 
should also note that, if the two vortices are not at 
equal heights, the scattered signal from one may pass 
through the core of the other and be deflected away 
from the receiver. Some indications of such double 

scattering have appeared in experimental data. 

Atmospheric effects on the accuracy of time-delay 
measurements are no• as easily estimated as those 
due to the vortices themselves. Under ideal conditions 

random errors in vortex arrival time are probably 
less than 1 msec (see Fig. 6). Systematic errors in 
the time delay can be produced by vertical gradients iu 
temperature and wind, since the direct and vortex 
signals then experience different propagation condi- 
tions. For reasonably large scattering angles the ef- 
fects of begun bending ar• less important than the 
direct change in the effective speed of sound. For the 
low altitudes involved with vortex sensing s wind shear 
is more significant than the temperature gradient ex- 
cept when a strong ground-based inversion is present. 
In order to estimate the magnitude of wind-shear ef- 
fects, let us assume a linear variation with altitude 
for the wind component along the base line. A wind 
difference of 1 m/sec between the direct signal altitude 
and the vortex altitude would give a time error of 1.3 
msec for the 300-m base line of Fig. 5. TLrne varia- 
tions in the wind can also produce errors if a fixed 
average direct arrival time is used. 

In most of our vortex tracking installations mor• 
than two base lines are available for tracking a vortex. 
Systematic errors regularly show up as consistent 
discrepancies in vortex location for different combina- 
tions of base lines. The relative importance of vor- 
tex and atmospheric contributions to these effects has 
not been determined. 

One can estimate the expected relative strength of 
• direct and vortex signals. If the sound intensity 
produced by the transmitter in Fig. 6(a) is indepen- 
dent of •, s then the ratio of the scattered-signat in- 
tensity to the direct-signal intensity can be evaluated, 
neglect-Lug attenuation 
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D 

x •+ha)•/a+ [(D_x)•+ h•]•/z (17) 
The first •actor is due to the one-dimensional scatter- 

ing in the verfic• plane. The second •s the result of 
the e•ra propagation distance on the be• spreading in 
the transverse dimension. Equations (17) and (11b) 
can be combined to yield an approximate result for a 
vortex located roug•y midway be•een the transmitter 
and receiver 

t, lto . 

These calculated acoustic •ntens•ty ratios are u•e•s- 
tic s•nee the direct si• can be depleted by •o ef- 
fects: (1) Anom•ous attenuation due to •neoherent 
scalering is norm•ly greater near the ground; and 
(2) ray bending in the wind-shear layer near the ground 
can severely attenuate d•reet s•gnals propa•ting 
against the wind. As observed in Fig. •, the scat- 
tered sisal from a vortex is often larger than the d•- 
feet s•al because of these effects. 

•t us now examine the e•eeted characteristics of 
a •ssible vortex tracking system. We assume a 
•ansmitter-receiver spacing of D• = 300 m and a cen- 
trally located B-747 vortex with a Log core and a m•i- 
mum scaRering angie 0, of 1.0 tad. The vortex can 
first be detected at a height of 75 m where the time de- 
lay of the scattered pulse is 120 msec according to 
Eq. (15). According to the analysis of Fig. 5(c), the 
horizontM-position error cotresending to a 2-msec 
error •n time delay is about 8 m. The direct/scat- 
tered intensity ratio is 24 dB according to Eq. (18). 
•en the vortex •ifts down to its ground-effect height 
of 25 m, the scattering angie becomes 0.33 tad, the 
time delay 13 msec, the horizontal-position error 50 
m, and the intensity raUo 14 dB. The norm• atmo- 
spheric attenuation over 300 m •s be•een 3 and 17 dB 
at 3 kHz, deancling u•n the humidity. •a 

This example illustrates the critical role played by 
ß e m•imum scaAering angle 0, in th•s type o• tracking 
system. In p•ticular, ff 0, were only 0.3 tad, the 
vortex would be undetectable. • general, the up•r 
•titude •or tracking is set by 0, and the lower alti- 
tude by the minimum acceptable error. Thus, the use- 
ful tracking area lies be•een the appropriate curves of 
Figs. 5•) and 5(c). H 0, is less t•n 0.5 tad, there 
is essentially no practical tracking area. The strong 
a•rcr•t dependence of 0, means t•t the capabilities 
of •ch a tracking system will vary drasfic•ly with 
aircr•t type. 

DISCUSSION 

Acoustic scattering techniques have recently become 
a popular means for the remote sensing of atmospheric 
turbulence. 14 These techniques are generally based on 
incoherent scattering which can be described by a per- 
turbation calculation •4 where only a small fraction of 
the incident acoustic energy is scattered incoherently by 
the various Fourier components of the turbulence. The 

refractive scattering discussed here is produced by the 
organized motion of the vortex as a whole. The cross 
section • for this scattering is much larger than that 
for scattering from random turbulence because of two 
effects. First, the entire incident beam is scattered 
rather than a small fraction. Second, the scattered 
energy is spread out in only one dimension (linear 
angle dq/dO) rather than two (solid angle dc/d• ). An- 
other important distinction between the two types of 
scattering is the type of Doppler shift expected. Turbu- 
lence scattering gives a mean Doppler shift proportional 
to the average velocity of the wind which carries the tur- 
bulence along. Thus, the Doppler shift produced by in- 
coherent scattering from turbulence imbeded i• a vor- 
tex gives a measure of the velocities present in the 
vortex. [0, xs The ray-bending scattering from a station- 
ary vortex has no Doppler shift because there is no 
change with time of the number of wavelengths along the 
propagation path. This scattering cannot measure the 
average wind vel•)city in the vortex because it is produced 
by the average wind. The only Doppler shifts to be ex- 
pected are caused by changes in the vortex location. 

The acoustic scattering from a real vortex will, of 
course, include bo•h types of scattering. As a result, 
incoherent Doppler scattering may give an erroneous 
measurement of the wind velocity inside the vortex 
core. The Doppler shift is porportional to sin(«8•) 
where 0• is the incoherent scattering angle. Because 
of ray bending, the total scattering angle 0 observed by 
a sensing system includes an additional component 
0 = 0• + 0 e . If •e is an appreciable fraction of 01, one 
does not know • accurately and hence the derived vor- 
tex velocity may be in error. Obviously, large scat- 
tering angles • alleviate this problem. Moreover, this 
difficulty would be encountered only for acoustic sig- 
nals passing near the vortex core where •c is large. 

APPENDIX 

This appendix describes the procedure used for nu- 
merically evaluating Eqs. (1) and (6), and discusses 
the impact approximation which yields analytical ex- 
pressions for 0(p) and •(p). 

The parameter s in the ray equation can be converted 
to the Cartesian coordinate x in Fig. 9 as long as the 
tangent vector n is not perpendicular to the x axis. 
The ray equations become 

a' = y(r)/c cosa , (Ala) 

y' = tan• , (Alb) 

where ,• is the angie between n and the x axis, r = (x • 
+y•')•/•, and the prime denotes the x derivative. The 
vorficity •(•-) is assumed to be negligible for •-> 
The scattering angie 0(p) for the ray starting at impact 
parameter p is found by integrating Eqs. (A1) starting 

2 2 at x=- (r,•-p) , y=p, and •=0 and continuing until 
r>rr• where •(p)• c•. Sincc the ray path i.• .•ymmetrical 
about the point where n.L r (c• = •), one may terminate 
the integration there and obtain •(p) = 2•. This procedure 
avoids the singularity tanc• = • which would arise for 

>-•r. Equation (6) can be integrated along the ray 
to give 
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x cosa)'•dx- X) , (A2) 
where x* is the point where c• = qb and the limit X- 
is taken. Equations (A1) and (A2) were integrated by 
computer for the core models to obtain the results in 
Fig. 3. The program was checked by comparing 
with impact approximation values for weak vortices. 
The grid size was varied to verify that the results are 
accurate to better than several percent. 

Equations (A1) and- (A2) can be estimated for small 
scattering angles by means of the impact approximation 
which is well known in atomic scattering calculations. 
In this approximation Eqs. (Ala) and (A2) are inte- 
grated along the straight line path. y = p shown in Fig. 
2. This approximation is valid when c• is small enough 
that Eq. (Alb) can be ignored. The scattering angle 
becomes 

cO{p)= 2 I0 • y(r)dx (A3) 
with r = (x•+p2) •t• and the propagation-time change be- 
comes 

(•o • dxF(r) 20{p)) , (A4) cr{p) - 
where v<< c is assumed. The scattering angle 0{p) de2 
pends only upon Ipl and is in the direction of the vor- 
tex rotation. In general, y(r) willdecrease monotonical- 
ly with r so that 0 has a maximum value 0,, for p = 0. 
The value of 0 m in Eq. (4) is thus given by settingp=0 
in Eq. (A3). One should note that for impact parame- 
ters well outside the vortex core {p>rm) the impact 
approximation is exact to first order in v/c and Eq. 
(^4) reduces to the value of Eq. (7). The simple im- 
pact-approximation results for the core models are 
shown in Table I. 
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