REFERENCE UST ONLY

FAA-q%-14

REPORT NO. FAA-RD-78-34

BEACON COLLISION AVOIDANCE SYSTEM (BCAS)
ALTERNATIVE CONCEPTS FOR DETERMINING TARGET POSITIONS

Juris G. Raudseps
Michael 0. Menn
Janis Vilcans

U.S. DEPARTMENT OF TRANSPORTATION
RESEARCH AND SPECIAL PROGRAMS ADMINISTRATION
TRANSPORTATION SYSTEMS CENTER
Cambridge MA 02142

SEPTEMBER 71978
INTERIM REPORT

DOCUMENT 1S AVAILABLE TO THE US, PUBLIC
THROUGH THE NATIONAL TECHNIGAL,
INFORMATION SERVICE , SPRINGFIELD,
VIRGINIA 22181

Prepared for

U.S, DEPARTMENT OF TRANSPORTATION -
FEDERAL AVIATION ADMINISTRATION
Systems Research and Development Service

Washington DC 20590






Technical Report Documentation Page

1. Report Nc 2 Govenment Accession No

FAA-RD-78-34

3. Recipient's Catolog No.,

4. Title ond Subnitle

BEACON COLLISION AVOIDANCE SYSTEM (BCAS)
ALTERNATIVE CONCEPTS FOR DETERMINING
TARGET POSITIONS

5. Report Date

Segtember 1978

6. Performing Organization Code

B. Performing Organization Report No

7. Author's'

J.G. Raudseps, M.D. Menn, and J. Vilcans

DOT-TSC-FAA-78-19

9. Performing Organization Name and Address

U.S. Department of Transportation

Research and Special Programs Administration
Transportation Systems Center

lCambridge MA 02142

10 Work Unit No (TRAIS)

FA8391/R8111

11. Contract or Grant No.

13. Type of Report and Period Covered

I 12. Sponsoring Agency Name ond Address
iU.S. Department of Transportation

Interim Report
May 1975 - May 1978

| Federal Aviation Administration
| Systems Research and Development Service
. Washington DC 20590

[ 1s Supplementary Notes

14. Sponsoring Agency Code

v 16 Abseroct

The (Litchford) Beacon-based Collision Avoidance System concept
. requires the computation of target range and bearing relative to the
{ BCAS aircraft. Techniques for determining target range and bearing
lunder four different assumptions about the ground radar environment are
|reported. The systems considered are a fully passive BCAS system when
there are two ground radars equipped with azimuth reference signals
and a single target, two ground radars of which only one has azimuthref-
erence signals and two targets, and two ground radars without ground
reference signals and two targets, as well as a BCAS system using both
active range measurements and signals from a single ground radar. The
report includes the derivations of computational algorithms applicable
to the different cases and the results of simulations. It is found
that the error sensitivity of the solutuons is a function of the geom-
etry of the configuration. Multiple solutions are possible with
systems involving only one target. A family of curves is derived and
illustrated by examples to permit qualitative evaluation of the solu-
tion in any given configuration.

17. Key Words 18. Distribution Statement

Beacon-based Collision Avoidance
System
Passive/Active/Semi-Active CAS
Target Position Determination
Error Sensitivity

19. Secunty Clossif. (of this report)

DOCUMENT IS AVAILABLE TO THE U.S. PUBLIC
THROUGH THE NATIONAL TECHNICAL
INFORMATION SERVICE, SPRINGFIELD,
VIRGINIA 22161

21. No. of Pages

208

20. Security Classif, (of this page) 22. Price

Unclassified Unclassified

Form DOT F 1700.7 (8-72)

Reproduction of completed page autherized




(LY




PREFACE

This report describes the computation of range and bearing to
target aircraft from BCAS measurements. Four different cases are
treated which differ in respect to the assumptions made about the
ATCRBS ground radar environment. In each case, only the minimal
configuration, involving the smallest possible number of radars
and targets necessary to obtain a solution, is considered. A1l
computations are performed on the basis of measurements at a single
point and assume no a priori knowledge of the configuration. All
the algorithms described and used in the simulations were developed
at TSC and implemented in FORTRAN on the DEC PDP-10 time-shared
computer system. The only exception 1s the search algorithm for
the solution of the single-site configuration, whose key steps were
implemented on a programmable hand calculator. The simulations were
conducted using simulated random measurement variations consistent
with the measurement errors observed in flight tests of the

Litchford BCAS feasibility model.
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1. INTRODUCTION
1.1 OVERVIEW

This report presents analyses and a design of a set of
algorithms for determining the positions of intruder aircraft and
ground interrogators relative to the BCAS system from the measure-
ments that the BCAS system makes. Only the statlc cases are con-
sidered, i.e., the determination of positions on the basis of
measurements made at the current position.

Five distinct cases are consldered:

1) Active interrogations of the intruder only.

2) Location of an intruder when there is only one ground
radar, but active interrogation is permitted.

3) Passive location of the intruder, given two radars with
azimuth references.

Iy Passive location of the intruder, given two radars, of
which only one has azimuth reference signals.

5) Passive location of the intruder, given two radars, of
which neither has an azimuth reference signal. (In both this and
the  previous case (4), two intruder aircraft must be replying to
both radars or no solution is possible.)

For each of these situations, only the simplest case is
treated, that is, the case involving the smallest number of air-
craft necessary to solve for the unknown quantities describing the
configuration. For instance, in case (2), where the position of
the intruder is determined by combining passive mode measurements
from one radar with active mode measurements, the solution

consists of the range to radar and bearing to only a single intruder.



If several targets are present, improved results can be expected
because the system of equations to be solved then becomes over-
determined. (Clearly, each single-intruder solutlon gives a
separate value for the distance to the radar.) The computed
pesults can then be expected to be more accurate because, in
effect, the measurement errors are reduced by averagling.

Similar improvements in the effective accuracy of computing
intruder posltlons are to be expected when alrcraft posltions are
determined at a succession of points and the tracks are smocothed
since, agaln, the errors are reduced by averaging over time. The
consideration of these more complex cases 1s outside the scope of
the present report.

1.2 THE FUNDAMENTAL EQUATIONS

The basic measurements performed by passive BCAS are of
(1) the differential time of arrival (TOA), i.e., the time dif-
ference between the reception of an SSR interrogatilion and the
reception of its elicited target reply, and of (2) the differ-
ential azimuth (DAZ), i.e., the angle at the interrogator between
the protected alrcraft and the target. Also, for SSR sites that
have been suitably modified, own azimuth (OAZ), 1.e., the magnetic
bearing of own from the radar site, can be determined. The
quantities measured are indicated in Figure 1,2-1].

The purely active BCAS measures the TOA of replies to its
own interrogations. This is the round-trip travel time of the
signals between the BCAS aircraft and the intruder; in effect 1t

amounts to a direct measurement of slant range.



NORTH NORTH

TOA = % (S+R-D)

FIGURE 1.2-1. SINGLE-SITE GEOMETRY.

Both the active and passive BCAS obtain own altitude from
the on-board encoding altimeter and the intruder altitude by
decoding the mode C replies received.

Geometrically, the measurements from one SSR relate the
position of the target aircraft to that of the BCAS in the fol-
lowing way:

For a given separation d between the radar and the BCAS,
the TOA determines an ellipsoid of revolution on which the tar-~
get must lie. The radar and the BCAS are at the foci of this
ellipsoid. The differential azimuth determines a vertical plane
passing through the radar and the target. The target altitude

determines its horizontal plane.



The following equations describe the relationships among
the varilous parameters analytlcally. The subscript 1 deslgnates
one SSR out of the avallable set.

The meagured quantitiles for passive BCAS are:

Bi = OQA7, azimuth of the BCAS from SSR
o; = differential azimuth (DAZ)

ti = the time of arrival (TOA)

H = altitude of target

Ho = galtitude of BCAS

The (initially unknown) quantities describing the configu-

ration are:

Si = glant distance between SSR and target
Di = slant distance between SSR and BCAS

R = slant distance between BCAS and target
© = bearing of target from BCAS

Then the TOA, by definitlon, satisfies

(s, + R - Dy)° T |

where ¢ 1s the velocity of light. For convenience, all expres-
sions hereafter will be writften in terms of 'I‘i = c ti = Si + R
- D..
1
All angles are measured in the horizontal plane. By the
law of cosines, DAZ satisfies
Si + Di = R2 - 2 HHo
cosay = 1.2.2

2 ‘/(sf - Hg)(Di - Hg)




Finally, it follows from the law of sines that

si-Hr
sin (B, - 0) = sin o. 1.2.3
i R2 _ (H—Ho)2 i

When active measurements are made, the TOA of the replies

elicited by the active interrogations is tO and satisfies

The sections that follow describe the solution of these basic
equations for the varlous cases described above. FEach is different
in that the set of measurements - and, hence, the set of unknowns
for which one must solve - is different. The solutions are
described qualitatively in terms of the locus curves determined
by the set of measurements based on the replies to a given radar.
Then actual solution algorithms and simulation results are given.
1.3 ACTIVE BCAS

The case of purely active BCAS will not be treated in detail.
Only the range to the intruder, but not the bearing, can be
obtained. Flight test data show the measurements to be consistently
good. An illustrative plot of range measured by active interroga-
tion is shown in Figure 1.3-1.

The calculations of static separation are trivial. The slant

separation is

R = ISt

The horizontal separation is

- ‘/RZ = (H—Ho)2 1.3.2
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2. THE LOCUS CURVE APPROACH TO DETERMINING POSITION OF OTHER

The following discussion is intended to describe qualitatively
the nature of the solutions that may be obtained to the BCAS equa-
tions. A sequence of essentially geometric arguments will be used
to construct the solutions by graphical means. In no sense is 1t
proposed that graphic techniques of solution are appropriate for an
operational BCAS system. However, the graphical solutions do
illustrate the circumstances under which different kinds of solu-
tions are obtained, indicate the error sensitivity of the solutions
in various geometries, and suggest practical algorithms that might
be implemented to find the solutions.

2.1 TWO RADARS WITH AZIMUTH REFERENCE, THE PLANAR CASE
LOCUS CURVE SOLUTION

2.1.1 Construction of the Locus Curve

Assume that the radars and both the BCAS aircraft (OWN) and
the potential threat aircraft (OTHER) are constrained to a hori-
zontal plane. The measurements based on one radar and the target

yield B, a, and T, as indicated in Filgure 2.1-1.

y

Line of
position
(LOP)

B S '
ROUND RADAR
/ T=S8S+ 1 - d

FIGURE 2.1-1. BCAS MEASUREMENTS FROM ONE RADAR FOR ONE
TARGET. B8, o, AND T ARE MEASURED, r, ¢, d AND s ARE
UNKNOWN




The radar-to-OWN distance 1s unknown. If it were known, the
poslition of OTHER could be obtalned by the followlng geometric
construction:

Wlth the positlon of the radar and the OWN aircraft filxed,
the TOA determines an elllpse on which the target must lie. The
radar and OWN are the focl of this ellipse; its major axis is of
length T + d. [Thils follows from the familiar property of an
ellipse: an ellipse is a curve such that the sum of the distances
from any point on the curve to two given points, called the foci,
is constant - i.e., such that s + r = T + d, with T + d given].
Furthermore, the target must lie in a direction from the SSR deter-
mined by its azimuth measurement, i.e., on the line eminating from
the radar in the direction (B+a) from north. Thus, one may con-
struct the elllipse and intersect it with a line of known direction.
The target must lie at the point of intersection, assuming the
correct value of the radar-to-own distance was used in the con-
struction.

In fact, d is initially unknown. Thus all that can be deter-
mined from the measurements of T, a, and B is the set of positions
for other that is consistent with some 4, i.e., the locus of
possible target positions. A graphical technique for constructing
the locus 1s shown in Figure 2.1-2. Two sets of actual locus
curves for the planar case are shown in Figures 2.4-1 and 2.4-16.

Several properties of the locus curve are worth observing at
this time. In generallized form, they will provide the motivation

for many of the arguments 1in the more complex cases to follow.



a, b, c, d are successive
assumed radar positions

Locus of

possible positions
of OTHER

FIGURE 2.1-2. GEOMETRIC CONSTRUCTION OF TARGET LOCUS
CURVE FOR PLANAR CASE.

1) The locus curve is confined to that sector of the plane
bounded by the line of position (LOP) of OWN to radar and a line
intersecting the LOP at OWN at the differential azimuth angle a.
Any point not in this sector can not be a target position con-
sistent with the given DAZ.

2) Given any presumed target position in the permlitted
sector, on the locus curve or not, the corresponding radar position
can be determined geometrically by drawing a line through that
point to intersect the LOP at the angle o. The point of inter-
section is the radar position.

3) Given the assumed positions of the target and the radar
relative to OWN, the corresponding TOA can be computed. This

gives



T =S+ R =D
c

This computed quantity Tc is equal to the measured quantity T (the
TOA 1in units of time multiplied by ¢, the speed of 1light) if and
only if the assumed target position 1s on the locus curve.

4) The locus curve divides the sector of the plane to which
the target is confined by the DAZ measurement into a region where
Tc > T and a region where Tc < T. Hence, by comparing T and Tc cne
can determine on which side of the locus curve a given point is
without knowing the precise shape and location of the locus curve

itself.

2.1.2 Finding the Target Position

When OWN is observing two radars and the replies of a given
target to both, then two locus curves for the target can be con-
structed (as described above), one corresponding to the set of
measurements from each radar. The target must lie on both. Hence,
it must lie at their intersection.

Since the solution is determined by the intersection of two
locus curves, 1t is of interest to examine the nature of the curves
and the ways in which they may intersect.

Figure 2.1-3a and 2.1-3b indicate schematically two kinds of
intersections that may occur, varying with respect to the angle at
which the locus curves intersect. It 1s evident from the diagrams
that the solution 1s more sensitive to measurement errors when the
curves intersect like those in Figure 2.1-3b than in the case for
the curves in Figure 2.1-3a. Any change in the values of a, B,
and T used in constructing one of the locus curves will result in

a curve shifted somewhat from the original. The effect of such

10



shifts is different in the two cases, as shown in Figure 2.1-4a

and 2.1-Ub.
%2
OTHER
N s
o
= 1 P
Radar 1 OWN Radar 1
Radar 2
Radar 2
(a) (b)

FIGURE 2.1-3. TWO GRAPHICAL SOLUTIONS FOR TARGET POSITION,
DETERMINED FROM LOCUS CURVES. THE SOLUTION IN (a) IS LESS
SENSITIVE TO MEASUREMENT ERROR.

(a) (b)
FIGURE 2.1-4, SHIFTS IN SOLUTION DUE TO
SHIFTS IN LOCUS CURVES.
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The shift wlll be relatlvely small when the locus curves cross
approximately perpendlicularly. The shift can be very large along
the directlon of the curves when the curves are nearly parallel
when they cross,

2.2 CONSTRUCTING LOCUS CURVES FOR THE GENERAL THREE-DIMENSIONAL
CASE

The locus of possible target positions determined by the
measurement set from a single ground radar can be determined by a
similar geometric consfruction when the aircraft altitudes are
nonzero. However, the locus curves for the general case may have
qualitatively different properties, which must be understood if
some phenomena that may occur in the general case are to be
explained.

The steps in the geometric construction of the locus curve
for a given combination of TOA, OAZ, DAZ, own altitude HO and
target altitude H are the following:

Again a succession of horizontal distances of OWN-to-radar,
designated d, are assumed. The altitude of the ground radar is
taken to be zero throughout. The geometric construction of the
target position(s) corresponding to a particular OWN-to-radar
distance d is shown in Figure 2.2-1. The steps are the following:

1) With OWN Bearing B, own height Ho’ and TOA T known and
d assumed, an ellipsoild of revolution 1s determined on which the
target must lie. OWN and the assumed radar position are its focil.

The length of 1ts major axis is

T+D=T+"d2+H§'.

12



OWN
LOP

"DAZ line"
2 possible target /| ,-\K_ |
positions, given i | :
T, a, 8, H, Hord) ]
_TOP_ __ l | |
SIDE : — = 17 i
| I ¥
| | |
n !
l
: L "~
Ellipsoid | A
of revolution\-:\ OWN _
l‘
|
//
H
- { Ho
Rada / N |
1 \
)l////////////

FIGURE 2.2-1. CONSTRUCTION OF POSSIBLE TARGET LOCATIONS,

GIVEN T, o, B, H, HO AND ASSUMED d. TOP AND SIDE VIEWS.
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2) This ellipscid 1s assumed to intersect the horizontal
plane determined by the altitude H of the target. In the plane,
the intersection is an ellipse whose major axls lles along the
LOP. (It should be noted that there will always be scme value of
H > HO for which the intersection will not exist - 1.e., such that
the whole ellipsoid is below the target altitude plane.)

3) In the target altitude plane,; a line (the "DAZ 1line") now
can be drawn from the projected radar position at an angle
determined by the DAZ, as before. It is at this stage that the
qualitative differences between the planar case and this three-
dimensional case become evident. In the construction for the planar
case, the radar position was inside the ellipse (at one focus) and
the line determined by the DAZ always intersected the ellipse at
exactly one point. In the general three-dimensional case, any of
the following cases may occur, depending on the relationships
among the parameter values:

(a) The radar position projected vertically may fall inside
the ellipse in the altitude plane (though it will not be at 1its
focus). Then the "DAZ line" will intersect the ellipse at exactly
one point, as in the planar case. At least for values of d in that
neighborhood, the target locus curve will have one branch.

(b) The projected radar position may fall outside the
ellipse in the altitude plane (cf. Figure 2.2-1). Then, depending
on the DAZ, there may be two intersections of the ellipse with the
"DAZ Line", one intersection (at the point of tangency), or no

intersection at all (when the DAZ is too large).
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The locus curves for the general case are the sequences of
points generated for each value of d, as d varies from zero to
infinity. The nature of the curves depends on the relative values
of the parameters. Figure 2.2-2 shows the cases that may occur,

The curve in Figure 2.2-2a is most nearly like that obtained
with all altitudes zero. The only qualitative difference is that
the locus curves obtained in the planar case are always concave
toward OWN. Here the curve is shown with an inflection away from
own in the region corresponding to small values of d {ef. Figures
2.4-1 to 2.4=-24), It will be seen that this may result 1n double
solutions for some geometries, which can not occur in the planar case.

The locus curve in Figure 2.2-2b has two branches, which come
about due to the radar being outside the ellipse 1n the altitude
plane (cf. Figure 2.2-1). The inner branch, i.e., the branch
nearer the LOP, eventually Joins the LOP. This occurs for a value
of d such that the ellipsoid becomes so steeply inclined that the
projected radar position touches the ellipse in the target alti-
tude plane (cf. Figure 2.2-1). For smaller values of d, the pro-
jected radar position is inside this ellipse, and the "outer"
branch of the locus curve is qualitatively like the locus curve
in Filgure 2.2-2a.

It is shown in the Appendix that a necessary condition for the
locus curves to have the character of those in Figure 2.2-2b is
that T < H, the target altitude. Furthermore, it is shown that
both branches of the locus curve become asymptotically parallel
to the LOP. Further, it is shown that, if T, H and Ho are held

constant and the DAZ o is increased, the "inner" branch of the locus
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QWN Radar OWN
LOP / -+ LOP 4
o
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o
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44— Radar /_ONN
D\)“\
(e)

FIGURE 2.2-2. TYPES OF LOCUS CURVES. a-d ARE POSSIBLE CASES.
e APPARENTLY DOES NOT OCCUR.
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curve moves away from the LOP and the "outer" branch approaches
the LOP.

If o becomes sufficlently large, the two branches of the locus
curve do not go to infinity, but instead merge, as in Figure 2.2-2c
(cf. Figure 2.4-14). It is shown in the Appendix that a sufficient
condition for this to occur is that T < H sin a.

Figure 2.2-2d shows a case when the two branches of the locus
curve exlst separately far from OWN, but which then join, instead
of terminating separately. In terms of the geometrical process
for constructing locus curves described previously, such g locus
can come agbout when the following happens: Assume that the target
altitude 1s above that of OWN by so much that when the radar is
assumed directly under OWN, the ellipsold doces not reach the

target altitude plane. This will occur 1f and only if

T < 2 (H—HQ)

Tt i1s shown 1n the Appendix that for any T > 0, as the radar moves
away from OWN, i.e., as d increases, the ellipsold eventually will
touch the target altitude plane at a polnt over the LOP and the
intersection wlll expand into an ellipse as d increases further.
For sufficiently small a, thils ellipse willl be cut by the line from
the radar at the angle determined by the DAZ. As d increases, this
leads to the same asymptotic behaviar as previously.

Geometric intuition implies that a locus curve in the form of
a closed contour can not occur. If o is so large that no solution
exists for 4 » «, then there will not be a combination of circum-

stances such that the ellipse that forms in the altitude plane

17



wlth the radar position outside it can first expand with 4 fast
enough to be cut by the DAZ line and then fall to expand fast
enough, so that ultimately the DAZ line no longer 1ntersects 1it.
2.3 THE LOCUS CURVES AS BOUNDARIES OF REGIONS

In the discussion so far, the locus curves have been described
as geometrical constructions which can be drawn for given sets of
measurement values T, a, B, H and Ho' It will be convenilent 1n
what follows to regard them from an alternative point of view as
boundaries separating distinct subregions of the reglon where the
other aircraft may be located.

If own azimuth (that is, the direction of the LOP) and the
differential azimuth o are given, then the potential locations of
the target aircraft are constrained to a region bounded by the LOP
and a line eminating from OWN at an angle o to the LOP. This will
be referred to as the solution region. It i1s the region swept
out by the line from the radar at the angle determined by (OAZ +
DAZ) as the (horizontal) distance of the radar to OWN ranges from
zero to infinity.

The target may be assumed to be at any point within this
region defined by its polar coordinates (r,¢) where ¢ is in the
appropriate interval. Then the radar location consistent with the
assumed target position and the given DAZ can be constructed geome-
trically by drawing a line through the point (r,¢) at an angle o to
the LOP. The radar position will be at the intersection of this
line and the LOP.

Given the position of the target and the radar relative to OWN,

the TOA corresponding to the configuration can be computed as

18



b ol
_ . [sin®¢ 2 2 « 2 A o2
Tc(r,¢) —<\/———§— r~ + H® + r° + (H HO)

sin o
Sin2(5+a} 2 2
-——E‘L—r 5 ks 2.3.1
sin a

This is seen to be a function of r and ¢ that is defined and con-
tinuous everywhere, and in particular in the solution region,
within which it has physical and intuitive meaning.

At every point on a target locus curve, Tc is equal to T, the
observed TOA; TC > T on one side of the curve and TC < T on the
other. Thus the locus curves separate the solution region into
regions where TC > T and TC < T, This implies that the curves
must either end on a boundary of the solution region or at infin-
ity - otherwise there would be a path within the solution reglon
such that along the path the continuous finite function TC - T
changed sign without ever going through zero.

In terms of the process for constructing locus curves
described previously, it 1s seen that Tc < T on the side of the
locus line lying on the inside of the constant - TOA ellipse and
TC > T on the side corresponding to the outside of the ellipse.

The greatest significance of the observation that the locus
curves are boundaries lies 1s its potential use for finding target
aircraft positions by search In the solution region. An algorithm
applicable to the single-site geometry is described fully in
Section 3.4. An algorithm similar in principle, though more
complex, could be constructed for the case of passive operation
with two radars with azimuth reference signals. The cases to be

considered are identified and described in Section 4.
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2.4 THE NATURE OF THE LOCUS CURVES
Plots of families of locus curves are shown in Figures 2.4-1

to 2.4-24, The shape of each curve is determlned by the three

variables o, H/T, HO/T. The scale 1s determined by T. Only a
sampling of the posslble combinations of parameters have been used
in plotting the curves. The famllies of curves to be plotted on
any one graph were selected to show the sensitivity of the curves
to changes in the individual parameters. The following conclu-
slons appear to be generally valid:

1) For T > Hand T > Ho, the curves change relatively little
with changes in the differential azimuth (Figures 2-4.1 to 2.4-5).
Hence, they are insensitlve to DAZ measurement errors.

2) Over a very wilde range of altitudes, the curves change
very little (except 1n the quadrant opposite the radar) 1f both
“own and target altitudes change together, or, what 1is equlvalent,
the radar altitude deviates from its nominal (zero) value (Figures
2.4-6 to 2.4-12). The sensitivity is least when the target and OWN
are atcoaltitude. Hence, knowledge of true radar altitude is not
important to BCAS for determining target positions.

3) The curves do not vary drastically when the relative alti-
tudes of OWN and other change. The curves tend to come closer to
the origin - 1.,e., to OWN when the altitude separation ilncreases.
It is important to note that this happens whether OWN is above or
below the target (Figures 2.4-13 to 2.,4-22), Hence, it does not
appear feasible to deduce the altitudes relative to own of other

alrcraft not equipped with mode C transponders from other BCAS

20



measurements. It does appear feasible to estimate the range and
pearing of such aircraft by assuming them to be at coaltitude, but
the horizontal range estimates will be somewhat too high.

4) The locus curves do change quite drastically as the
various parameters change when the TOA is small relative to the
altitude (Figures 2.4-23 to 2.4-24). Hence, solutlons based on
measurement sets including small TOA's are likely to be highly

error-sensitive.
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3. SINGLE-SITE SOLUTION

3.1 OVERVIEW

The single-site solution rests on measurements made upon the
replies to one ground SSR whose direction from OWN is known and
upon the target replies to active interrogations by OWN. The
measurements available from passive "listening in" on the ground
3SR are

Own azimuth B

Differential azimuth a

Passive TOA, where T = TOA+c miles

OWN altitude Hj

OTHER's altitude H
From this set of measurements, the corresponding single radar
locus curve can be determined. The nature of this curve can be
of any one of the varieties described.

Active interrogation ylelds a measurement of slant range to
OQTHER, R. With H and Ho known, the horizontal range to OTHER can

be determined as

r=y 8% - @2 .
Thus the leocus of possible positions of OTHER determined by active
interrogations 1s a ecircle of radius r centered on the vertical
projection of OWN. The other aircraft must therefore be at a
point of intersection of this circle with the passive radar locus
curve.,
The different possible kinds of interactions are shown in

Figures 3.1-1 through 3.1-=5.

L6



Locus determined by
passive measurements

of TOA = ¢ T

T > T and DAZ = o
\53_ C
S
N\ :
olution
T < T
N Pl Locus determined
P by active
// measurement
ﬁ.‘:: of range to
7 T other = 1.
NG
SSR g

FIGURE 3.1-1. NATURE OF SOLUTION FOR SINGLE-

SITE GEOMETRY
WHEN ALTITUDES ARE ZERO (a < 0).

Solution 1 ,

FIGURE 3.1-2. NATURE OF SOLUTIONS FOR SINGLE-SITE GEOMETRY
WHEN LOCUS CURVE DETERMINED BY PASSIVE MEASUREMENTS HAS TWO
BRANCHES (o < 0).
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Solution 2

2 om l

Solution 1

FIGURE 3.1-3., SPECIAL CASE OF SOLUTION, RELATED TO THAT
IN FIGURE 3.1-2 (CF. FIQURE 2.4-15),

Solution 2

FIGURE 3.1-4. SPECIAL CASE OF SOLUTION, RELATED TO THAT
IN FIGURE 3.1-2 (CF. FIGURE 2. 4-14),
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),

FIGURE 3.1-5. CONDITION WHEN TWO SOLUTTIONS CAN EXIST DUE TO
CTRCLE DETERMINED BY ACTIVE INTERROGATION INTERSECTING OUTER
BRRANCH OF PASSIVE MEASUREMENT LOCUS CURVE TWICE (o < 0).

AN

Two methods of solution are possible for this configuration.
The first is an algebraic method that analytically finds all roots
of the equation relating measurements to the target position. The
equation 1is derived in Section 3.2. This algorithm has been imple-
mented as a FORTRAN program written for the PDP-10 time-sharing
system at TSC and has peen successfully tested.

The second method of solution is essentially a search algorithm
based on the properties of the locus curves. The algorithm is out-
lined in Section 3.4, The search procedure has been implemented on
a programmable hand calculator and successfully demonstrated. Due
to the constraints of the calculator (100 program steps, 10 memo-
ries), only the search procedure, not the logic for determining

which case pertains, has been implemented as a programn.
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3.2 PLANAR CASE, ALGEBRAIC SOLUTION

The geometry in the single-site configuration, with all
altitudes zero, is the simplest of the cases to be considered.
The solution will be carried out algebraically to illustrate what
must be considered in solving the BCAS equations algebraically.

The geometric confilguration is defined by Figure 3.2-1.

T=5s+71 -4d

FIGURE 3.2-1. SINGLE-SITE, PLANAR GEOMETRY

The quantities T, o and r are known, ¢ and d are to be found.

One may not assume that d > r. The TOA eguation gives

T=8s5+1r -4d 3.2.1
By the law of sines
S _ r
sin ¢  sin o 3.2.2
and
d = d = r 323
sin (180-a-¢) sin (o+¢) sin o e
Then
T=—>—sin ¢ + r - ——— sin (¢+a) 3.2.4
sin a sin o g
or
T-r
T 8in o = sin ¢ - sin (¢+a) 3.2.5
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Now define

o
= + =
Y ¢ 5 3.2.6
Then
T=T 54n o = sin Y-E - sin Y+g
T 2 2
= -2 cos Yy sin % Fe2 T
Hence
co & = (r-T) sinuu
2r 311'1'2—
.l &
= =~ cos 3 3.2.8
= -1 (r-T o .
Yy = + cos (—;— cos 2) 3.2.9
and
_ _ o -1( r-T o
§ = - 35k eoB ( - ¢os 2) 3.2.10

Thus it 1s seen that the equation by which ¢ is determined has two
roots, It remains to be established which of these roots 1s an

actual solution of the geometric problem.

Let
- .9 =1 (z=T o
¢1 = 5 + cos ( = cos 2) 3.2.11la
by = = % - eog™t (E%E cos %') 3.2.11b

It is apparent that ¢, results in a position for OTHER on the wrong
side of the LOP - 1l.e., inconsistent with the sign of a. Hence
only ¢1 is a valid solution to the problem posed. Thus this
problem is seen to have a unique solution, assuming that a solution
exists. It 1s to be noted that there obviously exlst sets of

values of r, T, and o such that
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r-T
T

cos > 1

nje

Then there is no value of ¢ that satisfies Equation s R

The fact that there may be sets of measured values for which
no selution exists 1s important to recognize, Such a situation
could not arise if all measurements were nolse-free. However,
given that the measurements are corrupted by independent random
noise, the possibility of "unrealizable" measurement sets exists
and must be considered in designing any algorithm for determining
the rosition of other, lest there be a program "crash" when the
sltuation occurs,.
3.3 THREE-DIMENSIONAL CASE - ALGEBRAIC SOLUTION

The algebralc equation to be solved is derived as follows:

Given

R = ‘/r»2 + (H-H_)® 3.3.1
the time-of-arrival equation expressed in range dimensions can be

written

- N -
T-R+'/d + HC —'Js + H 3.3.2

whieh squares to

2

(T-R)Z + a2 + Hg + 2(T-R)Jd2 + Hg = 52 + 2

3.3.3

(T-R)2 + a2 - s2 + H§ = H® = . E'(T-—R)Vdg " Hg 3.3.4

By the law of sines (cf. Figure 3.3-1)

so that

q4=7r sin(6-B-a) 3.3.5

sin a

and

_ r sin(6-8)

sin « 3.3.6

52



TARGET

RADAR

SINGLE-SITE GEOMETRY/PLAN VIEW.

FIGURE 3.3-1.

Subtraction of 3.3.6 from 3.3.5 and trigonometric manipula-

tion yields

= r aq - -— s
d-s=<ina [dln(ﬁ B-a) sin(6 B)]
= el g2 a
- cos(0-B 2) sin 5 - 2.3
Similarly
- 3 a2 o
d+s8 =5 a sin(6-8 2) cos(z) 3.3.8

Multiplication of 3.3.7 and 3.3.8 yields

> 2 ip? sin(0-B-0/2) cos(6-B-a/2) sin(a/2) cos(a/2)

sin2 o

3.3.9

et vy = 2R — 28 + a
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Then Equatlon 3.3.9 can be written as

2
d2_ s2=r___§lu 3.3.10

sin o

Substitutlion of Equation 3.3.10 in Equation 3.3.4 glves
2 ) —
2 . r siny 2 _ wR oo _ 2 2

(T-R)° + sin g T H, - H 2(T-R) ‘/d +H O 3.3.11

so that, after squaring both sides

4y 2 2 2
b, r’ siny 2_g2y2 , 2 r°(T-C) 2 22 2
(T-R)" + ;255_;— + (HQ H°)® + S e sin v + 2(H0 H®) (T=R)

+ 2(Ho-n?) p2 2D Y

2 2
2 fr° sin“(8-8-a) , .2
sin s = Y(T-R) ( - +HS )

sin” o

Now 3.3.12

Sin2 (8~B-g) = L= cos(g(e_g_a))

_ 1 - cos (-2(6—B-a))

2
< 1- cog (y+o) 3.3.13
_1-cosycos o+ siny sina
2
Substitution of 3.3.13 in 3.3.12, rearrangement and multiplication
by sin2 o gives

sinaY ru + siny {2r2(H§—H2) sina}+ cosf{E(T—R)2 2 cos&}

2 2

+ {(T—R)li sina + (H§~H2)2 sinfo + 2{H§—H2)(T~R)2

2

- 4(7-R)? Hg sin®a - 2(T-R)% r° }= 0 3.3.14

This is of the form
2 -
aq sin“y + a2 siny + a3 cosy + a, = 0 3. 3. 15

Transpose a3 cosy, 8quare and substitute 1 - sinzY for cosey.
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The result 1s

f 3 2 : _
by sin v+ b3 sin”y + b, siny + by sin ¥y + b, = 0 3.3.16
where
_ .8
b)_‘—I’
B 6 21 12 .
b3 = lr (HO—H ) sin o
b, = o™ {3(H§—H2)2 sin2a + 2(T-R)" cosZa + (r-r)} sin’a
+ 2(T-R)2(H§-H2-2Hg sinzu-rz)}
by = Mr2(H§-H2) sin oe{('I‘-R)u sinza + (Hi—H'?)2 singa
+ 2(T—R)2(H2—H2-2H2 sinzd—rz)}
0 0
b, = {(T—R)u sin’a + (Hg-Hz)e sina

+ 2(T—R)2(H§—H2—2H§ singu—rz)}2 - Mru (T-R)u 0032a
Equation 3.3.16 is a quartic equation which may be solved closed
form for sin vy.

There may be up to four real roots of 3.3.16 (i.e., up to
four possible values of sin v) between -1 and 1. There is at most
one value of © corresponding to each possible value of sin Y.

Each root is treated as follows:

Equation 3.3.15 is used to compute cos Y. Since sin vy and

cos y are now known, Y may be computed uniquely.

Y 2 — 26 + o so

0

% (28+0-7Y) 3.3.17

The difficulty now arises that 3.3.17 only determines ¢ up to + m.
(An angle has two half-angles.) However, there is only one solu-

tion 6 consistent with the requirement that & lile 1n the interval
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determined by 8 and o (cf. Section 2.1 and Figure 2.1-1). For

|o-8| < 180°, sgn (¢-g) = sgn a. Thus the bearing angle © corre-
sponding to every real root of Equation 3.3.15 in the 1nterval
(=1,1) can be determined uniquely. Then Equation 3.3.5 1s used to
solve for d and 3.3.6 for s.

Equations 3.3.2 and 3.3.11 are squared en route to producing
3.3.15. It 1s, then, possible to Introduce extraneous roots of
3.3.16 by these steps. If the signs of the left and right hand
sides of 3.3.2 or 3.3.3 disagree, the root is discarded.

The fourth-order polynomial equation 3.3.15 has a single root

of multiplicity four when T = R. The root, obtained by factoring,

is
B2 - ul
sin y = ———5——9 sin o 3.3.18
r

Numerical techniques of solving the equation will encounter dif-
ficulties (due to numerical roundoff effects) when this condition
occurs or nearly occurs, i.e., when T = R,

The algorithm as coded tests for this condition, and when it
occurs, uses the expression in 3.3.18 as an initialization to
solve by Newton's method the nonlinear equation obtained by sub-
stituting in 3.3.2 the expressions for s and 4 in 3.3.6 and 3.3.7.

Alternatively, the search algorithm described in the next
section could be used.

3.4 SINGLE-SITE GEOMETRY - SOLUTION BY SEARCH

The position of the target aircraft and the distance to the

ground SSR's can be determined by a one-dimensional search, based

on the known properties that the solution may have.
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The cases are distinguished by the behavior of the quantity
TC along the boundariles of the solution region. In particular,
Tc has to be evaluated at two points to distinguilsh the differences

among the cases that require different search algorithms. These

points are at

r = ‘/RZ - (H—HO)2 3.4.1
and at ¢ = 0 and ¢ = 180 - o; when ¢ 1s defined by Figure 3.3-1.
_ 2 2
TC(P,O) = Tl— H+R- ‘/I’ +HO 3-’4-2
and

1_(r,180-0) = T, = ‘/rz + HS + R - H 3.14,3

The cases of interest are deflned in Table 3. 4=-1

TABLE 3.4-1. DEFINITION OF CASES FOR SEARCH LOGIC
FOR SINGLE-SITE GEOMETRY

Tl T2 Case Corresponding Figures
< T > T I 3.1-1
> T > T 1T 3.1-2, 3.1-3, 3.1-4
< T < T 11T 3.1-5
> T < T Not possible
The condition that Tl > T and T2 < T can not occur, since this
would require that
T. > T > T 3.4.4
1 2
or

H+ Hj > ‘/r2+H2+ re, + Hg 3.4.5
which can not occur for real Yalues of r.

Once the pertinent case has been 1dentified, the solution
points can be found by search. The search 1s based on the observa-

tion that Tc is greater than T on one side of the locus line and
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less than T on the other. If (TC—T) is of opposite sign at two
points in the solution space, the locus line must lie between them,
The search then proceeds very simply. It 1s known that the solu-
tion point(s) must lie on a circle of radius r in a sector

0 < ¢ < 180° - « 3.4.6

for a > 0 and a sector
0> ¢ > - 180° + « 3.4.7
for a < 0.

The search in principle proceeds by evaluating (TC—T) at a
succession of values of ¢ at increments of A¢. When (TC—T) changes
sign, it is known that the solution point is within the last pre-
vious increment. Accordingly, the direction of search is
reversed, using increments of ¢ half as large as before. As A¢d
is successively halved, the successive values of the test points

approach the true solution polnt and

N
A

il

r 8
FIGURE 3.4-1. RELATIONSHIP OF VARIABLES USED IN SEARCH

ALGORITHM FOR SINGLE-SITE GEOMETRY SOLUTION. CASE WITH a
AND ¢ POSITIVE IS SHOWN.
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I ¢true N ¢testl < |2 A ¢|

Thus, the iteration can be terminated whenever A¢ is small
enough to guarantee the desired accuracy.

Simplified flow charts for the solution by search are shown
in Figures 3.4<2 and 3.4-3. The search algorithm necessarily
always converges when there is exactly one solution point in the
range being searched and that solution arises because the passive
radar locus curve intersects the circle determined by the active
radar.

When there is one solution point due to the passive radar
locus curve being tangent to the active radar circle, then the
algorithm will find the solution only in the unlikely event that
one of the test points selected happens to be the exact solution
point. Since the difference (T—Tc) does not change sign along the
circle on either side of the solution point, there will be no
reversal of the search dlrection as when ¢ goes past the solution.
The situation will be similar when a near-tangency condition
exists - l.e., when the curves cross twice, but the crossing points
are so close together that both lie between successive test values
of ¢. The likelihood of this happening can be reduced by initially
choosing the spacing between test points small (i.e., choosing the
parameter designated as N in the flow chart in Figure 3.4-2 to be
large) at the cost of lengthening the search procedure. In any
case, the algorithm must make allowances for not finding a solution,
if only to accommodate the case that, due to errors in the measure-

ments, no solution compatible with the measurements exists.
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'r1 =H+ R - gr° + H<>
1é = 4r° + H" + R-l%
¢, =0
E0 = Tl - T
T1<T T1>T
T2>T T2<T
’ V -
by = sgn & (1R0° - Jal)/2 b, = sgn a (180°-]a')/N
SEARCH SEARCH
EXIT 1 |  EXIT 2 EXIT 1 |  EXIT 2
NO d1= d
ERROR SOLUTION 6, = B + 180 - ¢
FOUND 1
d1= d
o, = B+180-0¢ ¢0 = ¢
One - -
solution Eo T T1
only
Ay = sen a(180) - |a|-[¢])/2
SFARCH
EXIT 1 | EXIT 2
ERROR dz =d
62 = g + 180 - ©
2 solutions
END

FIGURE 3.4-2., FLOW CHART FOR ALGORITHM TO SOLVE SINGLE~SITE
GEOMETRY BY SEARCH. TOA T, DAZ o, OAZ B, SLANT RANGE R,
ALTITUDES H AND Ho ARE GIVEN MEASUREMENTS. SEARCH IS SUB-
ROUTINE (FIGURE 3.4-3). N AND M (FOR SEARCH) ARE CHOSEN
VALUES.
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) = ¢0
a =By
Es1a = Bo
L
A
b =0+

o] < 180°- |af

lo] > 180° -

le]

[6]:(180°-a)

w

m = tm w»n

new

r sin(a+¢)/sin a

2
4d + HO
r sin ¢/sin o

Vs? + it

=T -

Enew/Eold

(S+R-D)

X >

1
0

PN

‘ EXIT 1 )

No solution
found

= E_

new

x:0 x =0
‘“‘~\\I,,f;:;__

A= - A2

lal > M ",ﬁ;%:r\\\lAl <M

FIGURE 3.4-3.

SINGLE-SITE PROBLEM.

INPUT PARAMETERS.

N

61

' EXIT 2 '

. AND

d, ¢

are
solution

FLOW CHART FOR SEARCH SUBROUTINE USED IN SOLVING
T, R, v, a, H, Ho, ¢ Bys Egs

M ARE



The flow charts in Figures 3.4-2 and 3.4-3 do not indicate
how to treat cases when a solution 1s not found. The actual solu-
tion 1s 1likely to be quite sensitive to measurement error in any
case. Thus, unless the measured slant range is small, it may not
be worth finding until a new set of measurements is obtained. Two
techniques of finding the solution, which may be used in combina-
tion, are to decrease the size of the increment of ¢ used in the
search and to change slightly the measurement of R used in the
calculation. If R is changed in a direction to cause the passive
radar locus curve and the active radar locus circle to intersect if
they do not (and to intersect at two more widely separated points
if they intersect already), then the search algorithm described
will be more likely to find the solution of the modified system.

The midpoint between the solutions using the modified measure-
ment set should be approximately the same as the midpoint between
the solutions based on the original measurements (if such solutions
exist) and should be a reasonable approximation to the actual
target position if no solution compatible with the measurements
exists because of errors in the measurements.

These extensions to the algorithm are not shown in the flow
charts in Figures 3.4-2 and 3.4-3. The flow charts are further
simplified in that they omit certain details that should be in-
corporated in any code that might be written but would only
obscure the basic logic if included here. In particular, provi-
sion should be made to prevent division by zero (e.g., if o = 0)
and to prevent false termination of the search because the test
values of ¢ appear beyond the solution region (|o] > 180° - |al])

due to numerical roundoff errors.
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3.5 ACCURACY OF THE SINGLE-SITE SOLUTION

A test was run in which RADAR was located 20 nautical miles
due south of OWN, OWN had height 20,000 feet, and OTHER flew a
level semi-circle of radius 3 nautical miles centered 1000 feet
above OWN.

The bearing of OTHER from OWN was initially taken as 1 degree
and was incremented by 2 degrees up to 179 degrees. The computa-
tion was performed 10 times at each step with random normally
distributed input errors based upon sigmas of .15 microseconds for
the two TOA's, 100//12 feet for the two altitudes, and .2 degrees for
locating the center mark of the main beam passing through a point
(either North, OWN, or OTHER).

The algebraic solution was used. Let @ denote the bearing of
OTHER from OWN relative to LOP. Two solutions were generally
found for 1° <6 < 65° and 113° < 6 < 179°. When 1° < 6 < 10° and
when 163° <6 < 179°, sets of perturbed inputs that produce no
solutions are not uncommon. It is also not uncommon, especially
in the second of these regions, for the‘perturbed inputs to produce
two nearby computed values of ¢, one on either side of the true
value. This suggests near tangency of the circle determined by
active interrogation and the locus curve determined from the passive
measurements.

The error sensitivity (for the closest computed configurations,
assuming there is at least one) varies with 6. In the best range,
6 not very far from 90°, the standard deviation in the error for
6 1s a little over 1/2 degree. For 6 in the worst ranges, close

to 0 or 180 degrees, the standard deviation is about 2 degrees.
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In the best range, the standard deviation of the error in the
computed radar distances is between 0.5 and 1 nautlcal miles. In
the bad ranges there are standard deviations of over 5 nautlcal
miles.

There 1s large inherent error sensitivity when the absolute
value of the differential azimuth is small (i,e., when OWN, RADAR
and OTHER are nearly colinear). Given such a confilguration, it
is not uncommon for the algorithm to produce no solutions from
perturbed inputs.

The algorithm, as coded, writes out a default solution if
either

1) no solution is produced by the general method or

2) the differential azimuth i1s so small that error sensitlv-

ity makes the computed solutions suspect. In this case
the computed solutions are also output.

The default solutlon involves placing OTHER either in
between or opposite RADAR from OWN. The choice is made by con-
trasting the TOA as measured from RADAR with OWN TOA. (If 1/2
OWN TOA 1s less than TOA, OTHER is opposite.)

If the default solution is used, d 1s not computed.
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4, PASSIVE MODE RANGE-BEARING CALCULATION:
RADARS WITH AZIMUTH REFERENCES

4,1 OVERVIEW

It is assumed that for the purpose of facilitating the imple-
mentation of BCAS, modifications will be made to elther all or a
large fraction of the SSR ground sites so that they will emit
signals allowing BCAS systems to determine the angular orientation
of the SSR antennas at any instant.

This will allow the simplest of the purely passive BCAS opera-
ting modes. In areas where there is coverage by two suitably placed
radars with azimuth references, BCAS can determine range and
bearing to a single target.

There are configurations of two radars and a single intruder
for which the solution is extremely sensitive to perturbations
of the input variables, i.e., the measurements. In addition, it
will be seen that under some circumstances measurements from two
radars will give multiple solutions, each of which corresponds to
a distinct radar-aircraft configuration, and all of which are
completely consistent with all the measurements from the two radars.

In either of these troublesome cases, there 1s advantage to
using other measurements if these are available. One may then
obtain a more accurate target position determination by getting a
less error-sensitive sclution or at least having an average of
several error-sensitive solutions. When the measurements from two
radars result in multiple solutions, either active interrogation
or the measurements from some additional radar will generally be

inconsistent with all but one of these solutions, which can then
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be taken to correspond to the actual configuration. The data
management schemes appropriate to select measurement sets and
check solutions for consistency are consldered to be beyond the
scope of this report.

The particular method of implementing the azimuth reference
signals is not important for the analysis that follows. Similarly,
the question of whether true north or local magnetic north should
serve as the reference direction 1s not considered. In the simula-
tions, it 1s assumed that the reference directions for the two
sites are the same, and the determination of own azimuth is subject
only to random measurement errors.

Since radar altitudes are unknown, the radars are assumed to
be at sea level. The nature of the locus curves 1s such that this
assumption should have no significant effect on the results. In
general, the influence of small galtitude variations on errors in
computed positions was found to be small.

4.2 THE SOLUTIONS DESCRIBED BY THE LOCUS CURVES

The nature of the solutions to the problem can be described
in terms of the locus curves. In addition, an enumeration of the
possible cases also suggests that the solution(s) can be found by
a search algorithm. The algorithm would have to be somewhat more
complex than that for the single-site geometry described in Section
3,4, in that 1t would have to perform search in two dimensions,
rather than -one. The precise choice of the directions for search
is unimportant as long as the whole solution region can always be

spanned.
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The principle of the search algorithm would be similar to that
in Section 3.4 - i.e., a locus curve lies between a palr of points
such that T - Tc changes sign in going from one to the other. A
solution point is at the intersection of two locus curves, or the
point where four different regions (characterized by the algebraic
signs of Tl - Tlc and T2 - T2c) meet. Thus starting from one of
the straight lines bounding a solution region, the search algorithm
would find a locus curve by going in some trial directions and
then find the intersection by searching in a direction generally
along the locus line already found. If all possible cases are
properly considered, all solution points can be found to within
arbitrary precision. Difficulties will arise if near-tangencies
occur between locus lines. The solutions in such cases are bound
to be intrinsically inaccurate (measurement error sensitive), but
their approximate positions can be detgrmined, as in the single-
site case, by modifying the measurement parameters (generally the
TOA's) in a direction such as to increase the intersection region
that is small.

The solubion regions to be considered are classified in
Figure U4.2-1. Knowledge of the signs of the differential azimuths
by 1ltself restricts the target position to one of the four regions
indicated in the figure. The regions are separated from each
other by the extended lines of position (LOP's) between OWN and
each radar. These are the lines passing through the position of
OWN whose direction is determined by the own azimuth (OAZ) measure-

ments.
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Region B Region A

g < 0 ’az >0

1

OWN

Region B2
oy >0
o, > 0

FIGURE 4.2-1. DEFINITION OF SOLUTION REGION TYPES,

The regions A, Bl and B2, and C are qualitatively different,
and the nature of the solution in each may be different when the
solution is sought in 3 dimensions.

Region A is bounded by the extensions of the LOP's beyond OWN
away from the radars. It 1s characterized by having no radar on
its boundaries. Barring exceptionally unfavorable situations
(to be discussed below), the locus curves for solutions in this
range will be like those in Figure U4.2-2., There will be one
solution, constrained to lie in the sector bounded by lines in
the directions Bl + al(al<0), and B, + o, (a2>0) from own. The
solution point can be determined either by some suitable algorithm

based on the analytical properties of the functions involved or
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SSRy
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u ll"__,,/--Solutlon
&1
SSR2 e T1c < T1

||| Tae < Ty
FIGURE U.2-2. USUAL NATURE OF SOLUTION IN REGION A-

by a search algorithm, Given any initial point in the region of
possible solutions, the direction of search for an improved approx-
imation can be determined readily from the sign of (Tl-Tlc) and

20)'
Figure 4.2-3 shows a potential situation when there might be

(T2—T

multiple solutions in region A. This might occur if the radars

are almost directly on opposite sides of OWN, one gives rise to
locus curves with two branches, and the other has a very small
differential azimuth. The case is shown (with all the small angles
drawn large, for clarity) for mathematical completeness; it 1s
highly unlikely in practice. Solution 1 is the usual solution in
Region A, solution 2 the alternative. TFor realistic sets of

measurement values there can not be two symmetrical solutions like
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Solution 2. The proof follows fram arguments like those used to

show that there can not be three solutlions for the single-site

geometry.

Solution 1
‘\~h‘\ /
Solution 2
| "—__—-—' T \
i - \
\‘
A N
\‘\
a, \\\\ AN
SAs
N = N
SSR, g<-— ] %1

SR
By

FIGURE 4.2-3. EXCEPTIONAL CASE OF MULTIPLE SOLUTION IN REGION
A (ANGLES DRAWN EXAGGERATED).

Region B, and B2 are sectors bounded on one side by the LOP

1
from OWN to a radar and beyond and on the other by the extension

of LOP beyond OWN away from the radar. They are characterized by
having one radar on their boundaries. Again barring exceptionally
unfavorable configurations, the locus curves determine solutions
according to the scheme of Figure U4.2-1.

It is seen that solutions in region Bl are constrained to
lie in the sector bounded by lines emanating from own and going in

the directions (Bl—ﬂ) and (82—a2). Two solutions may occur in
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this sector, depending on the exact characteristics of the locus
curves. Either solution may be present alone, or both may be
present together.

The usual nature of the locus curves 1n Region B1 is that

shown in Figure U4.2-4,

‘N \
\\\\ N Solution 2
=\
N

SSR1 \ \\

Solution 1

/
:

FIGURE U4.2-U4., USUAL NATURE OF SOLUTION IN REGION Bl-

The "inner" branch of the locus curve determined by the
measurements from radar 1 may or may not be present. Speclal cases
are shown in Figures U4.2-5 and 4.2-6.

The cases shown can be distinguished by evaluation T1c and
T2c along the lines bounding the solution region. The solution
designated in Solution 1 in Figures 4, 2=l and 4.2-5 will exist only

if there is an interval along the LOP from OWN toward radar 1 such

that T. > T, and T < T
e

1 e 53 If such an interval does not exist,

71



SSR
By

Solution 2a

Solution 1

FIGURE 4.2-5,

SPECIAL CASE I OF SOLUTION IN REGION Bl'

SSRZ'

FIGURE 4.2-6. SPECIAL CASE II OF SOLUTION IN REGTION BI
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then elther the "inner" branch of the radar 1 locus curve shown 1n
Figure b4.2-U4 1s not present, or it does not intersect the locus
curve due to the measurements from radar 2. If Tlc > T1 every-
where along the LOP from own toward radar 1, then the nature of

the locus curve determined by the measurements from radar 1 1s like
that shown in Figures 4.2-5 and 4.2-6. The question of the exist-
ence of a second solution in the region can then be determined by
evaluating T10 and T20 along thé other boundary of the region in
which solutions are possible, i.e., the line in (usually) the
direction 62 t a, from OWN.

Figure 4.2-7 shows that the boundary can sometimes be the line
from OWN in the direction Bl + - If a locus curve 1s of the form
in Figure 2.2-2c¢ rather than of the form 2.2-2b - i.e., not going
to infinity, the nature of the solutions that may be obtained should
generally not change.

A special case, not illustrated, may occur if both radars are
in essentidlly the same direction from OWN and the locus curves
have "inner branches" that intersect. Then there will in theory
be three solutions. In practice, all the solutions will arise
from the crossings of nearly parallel lines and will be extremely
error sensitive. (This is intuitively clear - if there are two
radars and a target nearly colinear with OWN, the (small) TOA and

DA7 measurements will not permit good determination of range to

the target.)
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FIGURE 4.2-7. ©POSSIBLE UNUSUAL BOUNDARIES

OF SOLUTION REGION Bl'

Region C 1s that region bounded by the LOP's - i.e., the
sector "between the radars" when viewed from OWN. Given that
there is a solution in this region, there may be one, two, or
three, depending on which of the "inner loops" of the locus curves
exists and intersects the outer locps, as indicated in Figure
4.2-8 (a theoretical worst case is five solutions, if the radar
LOP's are so close that the "inner loops" also cross twlce. This
is of no practical concern). The solution indicated as Solution 1
will always occur, the others may or may not.

Figure 4,2-8 shows another possible configuration of solutions
in Region C which may occur if the target altitude is above that
of OWN. TIf the solution exists at all with locus curves of thig
nature, then either the pailrs of solutions 1 and 2 or the pairs 1
and 3 must exist together. Barring tangency conditions, there are
either 2 or 4 solutions. Thus, for instance, 1f Solutions 1 and 2
exist, then either 3 and 4 both exist or nelther exists.

Figure 4.2-10 shows the nature of the solution if
T, > 2 (H-HO) > T

2 1’
It 1s seen that generally Solution 1 and 2 will both exist.
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FIGURE 4.2-10. POSSIBLE SOLUTIONS IN REGTON C,

T2 > 2(H—HO) > Tl‘

Solution 3 is possible, and there may be a fourth solution like
Solution 4 in Figure 4.2-9.

The possibility exists that the locus curves for one or both
radars may not go to infinity. The possible cases which give
results qualitatively different from those shown previously are

illustrated in Figure 4-2.11.
N

S

FIGURE 4.2-11. POSSIBLE SOLUTION IN REGION C. RESULT IS QUALI-
TATIVELY THE SAME IF LOCUS CURVE DUE TO MEASUREMENTS FROM RADAR 1
IS OF ANY OF THE OTHER TYPES.
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4.3 RANGE AND BEARING COMPUTATION ALGORITHM

This section describes the computer algorithm developed at
TSC and implemented as a FORTRAN routine to run on the DEC PDP-10
time-sharing system at TSC. The algorithm converges to a correct
solution except in some cases when the solution is extremely
sensitive to perturbations in the parameters (i.e., measurement
errors). Since the algorithm starts by finding an approximate
solution based on the assumption that all altitudes are zero,
the solution generally found is that closest to the planar solu-
tion. As presently implemented, the algorithm does not attempt to
£ind more than one solution. The algorithm is developed 1n the
following:

Assume that the environment of OWN contains two radars at sea
level, equipped with azimuth reference signals, and a target air-
craft.

Let r denote the horizontal distance from OWN to the target
and let ® be the bearing of the target from OWN, relative to
North. For i = 1,2 let di denote the horizontal distance from OWN
to the i-th radar. The problem is to determine r,6 and the di

from the input BCAS (given) data.

Let
HO = height of OWN
H = height of OTHER

and for 1 = 1,2 let

B. = bearing of OWN from the 1-th radar

a. = (bearing of OTHER from the i-th radar) - (bearing
of OWN from the i-th radar), i.e., the differential

azimuth of the target measured from the i-th radar.
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For 1 = 1,2 let 8y be the horizontal distance from radar 1 to the
target. Let

o = af<2 L 2 2 g SRR X .
T, = '/si + H® + '/r + (H-H) ‘/éi + H 4.3.1
T

?% (where ¢ 1s the speed of light) 1s the differential time of

arrival (TOA) measured from the i-th radar. The given data con-
slists of HQ’ H, Bl’ 82: ala 02, Tls T2‘
Consider the following diagram, where the points labelled OWN and

OTHER are really the horizontal projections of OWN and OTHER.

OTHER

The angle of the triangle whose vortex is at OWN is Bi - B and the
angle whose vortex is at OTHER is m - (Bi-B+ui).

By the law of sines

r sin(Bi—B+ui)

di c sin ui h.3.2

5, may also be computed in terms of ui,Bi,r and 6 from the

geometry of the same triangle.

The expressions for di and Si may be substituted in 4.3.1.

The results 1s of the form

T, = F(r,0,a,,8,; ;H,H ) 1=1,2 4.3.3
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4.3,3 1s a system of two equations which must be solved for
the unknowns r,0. Then 4.3.2 computes the di'

The method of solution involves an initialization followed
by an iteration.

4,3.1 Initialization

The initialization assumes that the radar distances di are
large compared to r, H and Ho' It then finds a function f(r,e,ai,
Bi,H,HO) such that for each i, f(r,e,ai,&{,H,Ho) will approximate

F(r,e,ai,ei,H,Ho) and solves the system

Ti = f(r,e,ﬁi,H:Ho) }4.3.14

r sin(a+B-8)
sin o

Let d(r,9,a,B) = and for each i let

d; = d(r,e,ui,sl). (Note that this definition 1is consistent with
b,3.2)
The law of cosines and some algebraic manipulatlon show that
r2 - 2rd, cos(8-g,) + H° - HO
i i o

2

Ty = Fr,0,0,,8,H,H)) = Va2
0

2 2 2
aj + " - 2qr cos(e—Bi) + 1 +‘h1 + H

4.3.5
+ ‘lrE + (H-HO)2

If it is assumed that di > r, H, Ho’ then the denominator of

the first term of F is close to 2 di’ and

_ ‘42 2
f(r,e,B,H,Ho) = -7 cos(e—Bi) + + (H—Ho) 4.3.6

is a good approximation of F.

Let
A=1- cos(Bz—Bl) b.3.7

o L 2 _ N - 2
V = X ((Ti+T2) + (4-28)T T, - 2A(H-H_) ) 4.3.8

79



and

2(T1+T

)
2 . 2 2
W o= _,_;ﬁ___ (H—2A)T1T2 + (A"-2A)(H-H ) b.3.9

The system of equations 4.2.4 has two solutions (r,8). The
two values of r are given by ViW.
V+W is chosen if the target lies in the smaller wedge determined

by Radarl - OWN - Radarz. Otherwise, V-W 1is chosen.

Once r is known, 1t is not difficult to solve for 6.

The initialization uses the (r,®) computed above to com-
pute numbers %i in such a way that the correct solution of the
system

%i = £(r,6,8,,H,H.) i=1,2
will be a better initialization than the one previously com-

puted. The solution of this system is the initialization.

h,3.2 Iteration

Let M(r,6) denote the 2x2 matrix
aF aF

N _a_f.' (r)a)alsBl)H)HO) ﬁ (r‘,a,uljﬁl,H,Ho)
M(r’a> - “.3'10
JaF : ar
a_f." (1",3,&2,82,[1,1'10) 28 (P:B,az,sg,H,Ho)

If, after the iEE iterative step, the approximate solution

8 ) 1s defined by the matrix equation

is (ri,si) then (Pi+1, P41

i -1 Ty=F(ry ;05,008 ,H,H)
+ M(r,0) 4.3.11
TooF(r;,0,,a,,8,,H,H,

The iteration stops if
1) 1 =20
or

2) ry,,-r; and 8;41-0; are both sufficiently small.
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The iteration is along a vector field. If (r,8) is the
solution, then (r,6) is a sink of thils field, but it 1s not
the only sink. In particular, (-r,8) (which is geometrically
meaningless) and (r,m+8) are both sinks. If either of these
two additional sinks is chosen by the iteration, the computed
position of the other will be the reflection about OWN of the
true position. Fortunately, it 1s not difficult to tell, from
the input data, 1f this reflection has been computed. There-
fore, the algorithm can correct the "mistake" of finding the
wrong sink.
4,4 NATURE OF THE SOLUTION

The algorithm described in the previous section converges
to a correct solution except when the aircraft and radars are
in certain configurations in which the solution is extremely
sensitive to small variations in the measurements. The iteration
then may not converge.

The term "correct solution" designates a solution which
describes a configuration for which the noise-free TOA, DAZ
and OAZ measurements would be precisely those from which the
solution was obtained. Generally, only one such solution exists,
but under some circumstances there may be several solutions,
Such a case is illustrated by the third simulation run described
in Section 5 and 1s discussed below.

It is important to state again that the false solution is
not a construct due to some deficiency in the algorithm or to

excessive measurement errors.
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It 1s instead one of two configurations of radars and
alrcraft which result in identical sets of measurements (of
TOA, DAZ, OAZ and altitudes) being made by the BCAS. When two
distinct configurations are possible sources of the measurements
obtalned, the nature of the algorithm determines which it will
find, but 1t is essentially a matter of chance whether this 1is
in fact the actual configuration.

Though calculations made at only one instant and based only
on the nominal inputs cannot determine whether a particular solu-
tion that has been obtained corresponds to the actual configu-
ration, in practice there may often be additional data available
that allow the decision to be made. It should be possible to
extend the algorithm to determine the alternative solutions when
these exist.

A number of checks can be performed on the solution: If
the range to one or both of the radars has been calculated in
some other context, a rough consistency check can be performed.
Active interrogations can be performed to get an independent
estimate of the range to the target as a check on the value com-
puted from the passive measurements. Finally, if a time sequence
of successive configurations is computed, though the improper
solution may be found at each time, these configurations will
not be consistent in time. Thus, in the case of the example 1in
the simulated sequence, it may be observed that the calculated
distance between the radars is about 38 miles when the improper

solution is first found and continuously changes to about 56
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miles some 46 seconds later. It must be noted, however, that
the calculated distance to the radars is quite sensitive to
measurement errors and shows large random variation between
successive instants of calculation. Thus inconsistencies 1n
calculated distances to radars can be taken to be relilable in-
dicators of an improper solution only if they are very large or
sustained over a period of time.

A more satisfactory answer to the problem of multiple solu-
tions would be an algorithm that determined all solutions wher-
ever several exist. Further software in the system could then
resolve the ambiguity, either by calling for active range mea-
surements or by evaluating the track data. It may be anticipat-
ed that when several distinct solutions exist which are quite
different, it should be easy to determine the actual configura-
tions. When the solutions are distinct but relatively similar,
the resolution of the ambiguity may be more difficult.

In addition to configurations for which the BCAS measure-
ments are such that several distinct consistent solutions may
be calculated, there exist configurations in which relatively
large displacements of the targets or radars lead to small
changes in the measurements made by BCAS. Inversely, small
changes in the measurements (such as those due to quantization
and noise) lead to large changes in the configuration corres-
ponding to the measurement set. This means that the values of
range and bearing calculated from noisy measurements will show

large deviations from thelr actual values as a result of the
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random errors.

Two problems then arise in these regions: First, the
values of range and bearing that may be found when the equations
describing the measurements are solved may be quite far from
the actual values. Second, the nature of the problem is such
that the iterative algorithm described above for solving the
system may fail to converge.

The "bad" configurations generally are the following:

1. Both radars in the same direction from the BCAS alr-

craft (OAZl—OAZ2 less than ~10°).

2. The intruder alrcraft between the BCAS and one of the

ground radars (|el—e| less than ~ 15°).

3. The intruder aircraft in the direction opposite the

radar from BCAS (|B,-6- 180°| less than ~ 3°).

The precise extent of the bad ranges depends also on the
other aspects of the configuration--altitudes, distances to the
radars, distance of the target, and the magnitude of the bearing
angle that is not the primary contributor to the problem. In
general, the bad ranges tend to be wider when the aircraft are
at higher altitudes. 1In the case of configuratiocns 2 and 3,
when the intruder is colinear with the BCAS and the radar, the
bad range widens and splits when the ailrcraft are at high alti-
tudes. The errors in the computed positions are large when the
intruder aircraft is on either side of the radar-BCAS line, but

moderate when directly on the line.
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A1l of the enumerated effects can be explained qualitatively
by the behavior of the locus curves shown in the Flgures in

Section 2.

85



5, PASSIVE MODE BCAS WITHOUT AZIMUTH REFERENCE SIGNALS
5.1 OVERVIEW

A purely passive BCAS system without azimuth reference
signals can operate when there are two radars and two targets.

Since all the measurements avallable to the system are
invariant under rotation of the whole configuration, the bearing
of one radar may be specified arbitrarily. The three relative
bearing angles 1in the configuration are defined in terms of the
arblitrary reference direction.

The quantities measured are four TOA's, four DAZ's, and
three altitudes, or eleven measurements in all.

The interrelationship between measured and derived parameters
is shown in Figure 5.1-1.

Solutions to be found are for the parameters describing the
configuration. These are two distances to the ground interroga-
tors from OWN, two distances to both targets, three bearing angles
and three aircraft altitudes, or ten parameters in all. Thus,
the problem i1s overdetermined.

The method of scolution is complicated and consists of a
number of steps. At the end, a solution is sought which in a
useful sense is a best fit to the data. The solution proceeds in
three separate essentially independent steps - coarse initializa-
tion, iterative refinement, and least-squared-error fitting. In
outline the steps are the following.

Step 1: The coarse initialization is based on the simplify-
ing assumptions that the BCAS-to-target distances are much

smaller than the BCAS-to-radar distances and that all aircraft

86



SSR2

TARGET 2

TARGET 1
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FIGURE 5.1-1. DEFINITION OF VARIABLES IN TWO-RADAR, TWO
TARGET CONFIGURATIONS. (a) SHOWS HORIZONTAL DISTANCES,
(p) DEFINES ANGLES ABOUT OWN. ALL ANGLES SHOWN ARE
POSITIVE IN SIGN.
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altitudes can be neglected. These simplifications allow the

inherently non-linear set of elght equatlons

Tij = Sij + Rj - Di Sl
s, + d2 - p°
coso = iJ = * 5.1.2
1] 5s.. d. o=
1j 71

(1=1,2; j=1,2)

to be reduced by various algebraic manipulations and successive
elimination of variables to a palr of simultaneous linear equations
that is solved for the target distances Ty and rye The original
set of equations for this simplified case is still overdetermined
(assuming the altitude to be 0, there are 8 equations correspond-
ing to the measurements to be solved for seven parameters defining
the configuration). Therefore inconsistent sets of values can be
obtained for the other variables defining the configuration,
depending. on the order in which the variables already solved for
are substituted back into the equations to evaluate the others.
The choice made is to determine each radar-to-BCAS distance on the
basis of the greater DAZ (so as to minimize the percentage error
due to measurement errors). The other quantities are computed in
an essentially random order, with no attempt made to minimize the
resultant lnconsistencies.

Step 2: The coarse initialization obtained in Step 1 serves
as the initial configuration to be improved iteratively in Step 2.
The main goal of the process is to take into proper account the
aircraft altitudes, neglected during Step 1. TFurther, explicit
note is taken of the fact that the system of equations 1s over-

determined.
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The calculations are performed iteratively. Thus distances
and angles are computed for the projection of the 3-dimensional
configuration of the aircraft on the horizontal plane. The effect
of the aircraft altitudes is taken into account by modifying the
measured values of TOA to compensate for the altitude.

One may note that the TOA

_ 2 2 ‘/ 2 B 2
T-—V@ + H® +¢/r° + (H Ho)
-Va? + #2 5.1.3
6]
= 5 + Eq + % ER -d - ED
where
€g T 52 + H2 - 5 5.1.4
_ 2 2
R —'/r + (H—HO) - 5.1.5
_ 2 2 _
€p = a” + HO d 5.1.6

H - altitude of target

Ho - altitude of BCAS

One can therefore write a simplified, apparently linear TOA
eguation
t =8 +r-d 5.1.7

where

t =T - €g ~ €R # ey 5.1.8
At each step of the iteration, the value of t is recomputed on the
basis of the best current estimates of s, r and d untll convergernce
is achieved - i.e., until the values do not significantly change

from step to step. (In certain "bad" configurations the process
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does not converge and it is therefore always terminated after some
fixed number of iterations.)

A set of three independent equations in the two unknowns d1
and d2 is developed. This overdetermined system is solved at each
iterative step in the following way:

Three equations developed on the basis of geometric arguments

require that:

Fl(dl,dg} = 0
Fz(dl,dg) =

|
o
W

1.9

|
L=

Faldy,d,) =
where Fl’ F2, and F3 are functions only of the BCAS-to-radar
distances (d1 and dz), the measured differential azimuths, and
(the best current estimates of) the adjusted TOA's (Equation 5.1.3).

These equations are mutually inconsistent - i.e., for any
pair of values (dl’d2)= not all three functions Fl, Fz, F3 will be
identically zero, but rather they wlll have values

Fl(dl’dQ) = e

Fg(dl,dz) = €, ' 5+1.10

F3(d1,d2) = eg
such that

E = (ei +oed + eg) # 0 5.10.11
At each step, the i1terative algorithm determines changes (Adl,
Ade) to d1 and d2 such as to reduce E, the measure of the incon-
sistenicy of the eguations.

The changes (adl,&dg) are computed as follows: The eguations

are made into linear eguations in 6d1 and 562.
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Fi (d1 + Adl, d2 + Ad2) 5.1.12
BFi aFi
= Fy (d9,d5) + 5574d) + 55009
i 2
= e, (Adl’ Ad2)
One seeks the values of Adl and Ad2 which minimize
E (Ad., Ad.) = 3 e. (Ad,, Ad.)° 5.1.13
1’ 2 r i 1° 2 e
The minimum occurs when
3E .
EZEE =0 (j = 1,2) 5.1.14

This is a set of two linear equations in the two unknown Ad1 and
Ad2. Its solutions are used to improveythe current values of d1

and d to compute the other parameters that determine the con-

59
figuration from these, and to update the values of the adjusted
TOA's. The iterative step 1s then repeated until convergence 1is
obtained (or failure to converge is evident).

When this process 1s used to compute the configuration from
simulated noise-free measurements, perfect results are obtalned
(where the process converges). When noisy measurements are used
(i.e., in the practical case), then reasonably good fits to the
actual configuration are obtained. However, these are not the
best fits to the data. Furthermore, as in the case of Step 1, the
parameters defining the configuration are determined by first
finding one pailr of them - here d1 and d2 - and then determining
the rest successively by substituting the values of the parameters

already solved for into expressions involving the others. Since

the overall set of equations is overdetermined, the values obtained
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will not in general be consistent. No attempt is made in this
step to revolve these inconsistencies. The theoretically optimum
solution is obtained by Step 3, for which the results obtained
here serve as 1lnitial values.

Step 3. The final step 1s again an iterative squared-error
minimization process. The eleven quantities measured by BCAS are
expressed as functions of the ten various coordinates defining the
radar-aircraft confilguration.

y, = Fy (X) 5.1.15

where Vg is the 2-th measurement and X =(xl SN Xlo) is the vector
of coordinate values defining the radar aircraft configurations.
The components of X are the two BCAS-to-radar distances, the two
BCAS-to-aircraft distances, the three relative angles to ailrcraft
and radar from the BCASQ and the three aircraft heights. The Yy
are the following: four TOA's, three reported altitudes, and for
each radar the sum and difference of the differential azimuths of
the two target aircraft relative to that radar. (The sum and dif-
ferences of the DAZ's are used, rather than the DAZ's themselves,
because there 1is correlation between the measurement noise com-
ponents of the DAZ's, but not between the noise components of their
sums and differences.)

The actual measurements m, are nolse corrupted, so that there

L

will be a random discrepancy e, between the predicted value Yy of

L
a given measurement when the configuration is described by a given
set of vparameters X and the actual measurement my .

e, =m, - yg(X) 5.1.16
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This discrepancy e 1is ascribed to measurement error. By what 1s
known as the principle of least squares, the assumed configuration

best fits the measurement data when

Nlm
=N

E = 2 wig 5.1.17
3

Q
=

(mz - 3,0)°
2

"
=M

[»)

is minimized (where ai‘s are the variances of the independent
errors in the measurements).

The X minimizing E is found iteratively. The set of equations
for the errors are first made into a set of linear equations in
terms of AX, incremental changes about the true minimum configura-

tion. The set of equations is of the form

My = Ty Fopt) ) >y 5.1.18

] Kk Kk

The partial derivatives are evaluated at the current best approxi-
mation of the true configuration. Temporarily holding these
partial derivatives fixed, standard multivariate regression tech-
niques are used to find the AX that minimizes E. The set of
coordinates X is then corrected by adding the computed AX and the
process is repeated until it converges - i.e., until successive
AX's become sufficiently small.
5.2 INITIALIZATION

The case considered is illustrated in Figure 5.1-1. The

notation throughout is the following.
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r‘j = the horizontal distance from OWN to target ]

di = the horizontal distance from OWN to radar i

Sij = the horizontal distance from radar 1 to target J

Rj’ Di and Sij are the corresponding slant distances

aij is the differential azimuth of target j measured from
radar 1

¢ij is the angle between the i-th radar and the j-th
target, viewed from OWN

H0 is the height of OWN

I-I'j is the height of the j-th target

For 1 = 1,2, j = 1,2

2 2 2 2 2 2
= + + - N + o
T ‘/sij + Hj ‘/rj (Hj H,) ‘/di Hy o
uij = (bearing of target J from radar i) - (bearing of own from
radar i. From the law of consines

2 _ .2 2. . o
rj = Sij + di 2 di s

Equation 5.2.1 is the (i,j) TOA equation and Equation 5.2.2 is the

13 cosaij 5.2.2
(1,j) differential azimuth equation.

Assume all heights are zero and that the distances rj (BCAS
to target) are small compared to the distances di (BCAS to radar).

By the law of cosines

2 _ .2 2 _
sij = rj + d1 erdi coseij 5i2+3
Hence, by the TOA eguation
T = r2 ¥ d2 - 2r.d, cos® + r, - d 5.2.b
ij | i gr ij J i e
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and

T,/d, = V12
By the approximation

(14x)™ = 1 + nx (|x]<<1)

/di) cc:nsﬁi‘_:j + (r

J J

which will be used repeatedly in what follows

Tij/d1 = - rj

o r'j/di (1—cos¢ij)

/dy cos¢1j + 1/2 (rj/di)2 + r./dy

J

Multiplying by di

Tij = ry (l—cos¢1j)

According to the differential azimuth equation

. 2— 2 2 . - .
ri = sij + di - 2 siJ di‘cosai'j
Therefore
& 2 & d2 = r2
cosa. = 1d 1 J
1J Qsij"ai

Substitution of 5.2.1 in 5.2.10 and simplification ylelds

dy - ry co$¢1j

V@? + di - 2-rj-di cos¢v1‘j

COSGiJ -

Let tij = rj/di

Then 5.2.11 becomes

1-tyy coséyy

cosd = ;
1J ]/i-ztij cosg,y + ti§

l-tij c°S¢1j

2
/di) -1+ rj/di

2 2 2
‘/(l"tij cos¢ij) + £,y sin ¢45
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and, since l—tij cos¢ij is positive,

2 2 -1/2
_ 1 B tij sin ¢ij
cosmilj = - - = (1 + - i )2 5.2.13
tij sin ¢ij 13 13

1+

(1—tij cos¢ij)2

To an approximation neglecting all powers of tij higher than

the second

1 2 a2
cos uij = 1 - 5 tij sin ¢i’ 5.2.14
so that
2+(l-cosa, ,)
siné, ij- 5.2.15
ij & 2
iJ
Let
Aij =1 - cosay 4. 5.2.16
Then
o 2 ﬁi.
sin¢, . = —2d 5.2.17
J £ 2
i]
and
2 A
cosd = + 1 - i 5.2.18
13 © 1 P

Substitution of 5.2.18 in 5.2.8 yields

2 A
Teg & B ‘fl- i 2.
L] J % fu2dg

2
1J

r

gl
i
2 A [T 2
1 - —1J =(.L1- 1 5.2.20

t i

7/
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2 A

t,, = i ij . 1
13 — - r S 5.2.21
T 1j J i]
o |
2
rJ rj
By definition
tij = r'j/di
Hence
t =r /r 5.2,22

y12/t11 = To/Py
Divide the (i,2) equation of 5.2.21 by the (i,1) equation and

uyse 5.2.20. The result is

T r - ‘/ M 5.2.23
~ i2 Tyq

When 5.2.23 is squared, the result is a linear equation in
the variables Ty Ty There are two such equations corresponding
to i=1,2. These may be solved simultaneously for rys Ty

Given i, choose j such that Aij is maximal and compute

U L
= = 1 5 ]
di r'i/tiJ E_Ki} 2 ry Tij 5.2.24
Sij may now be computed by
s =T -r, +d 5.2.25

ij ij J i

5.3 ITERATIVE IMPROVEMENT
This section describes an algorithm that takes the output of
the initialization algorithm of the previous section and produces

a result that is correct (except for the bad ranges described in
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(5.6) if the measured quantities (TOA's, differential azimuths and
heights) are correct.
An observation that 18 central to the algorithm is that the

TOA equations

_ 2 2 2 2 2 2
Tij —'/Sij + Hj +,/r'J + (Hj_Ho) - Vdi + H0 5.3.1

simplify considerably to

Tij = 8 + Dy = d 5i3ad

if the heights are assumed to be 0.
If approximate values are known for Sij’ di and ry the error
in 5.3.2 can be approximated and absorbed into the left-hand side

of the equation.

Let
. e T 2 I _ \2 _ 2 2
Uij = Tij + S‘ij 553 + HJ. + r-j‘/rj + (H‘1 HO) di +‘/di + Ho
B33
Then from 5.3.1 and 5.3.3
Uij = sij + rj - di 5.3.4

Given old wvalues for the variables di’ rJ, Sij the algorithm uses
5.3.3 to approximate the Uij and then uses the simplified TOA
equations 5.3.4.

There is another important observation to be made. Super-
ficially, it seems that the system to be solved consists of eight
equations (the four TOA and four differential azimuth equations)
in the eight unknowns di’ rj, Sij' There is, however, an additional

constraint that must be placed on the di’ rj, Sij s0 as to ensure

that this wvariable set actually corresponds to a geomebric
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configuration. One way of seelng thils 1s to count dimensions.
The input measurement space 1s 11-dimensional (four TOA's, four
differential azimuths and three heights)., The configuration space
locates four points (the radars and targets) on the ground, eight
dimensions, and includes three heights for a total of 11, but two
configurations are 'the same' if they differ only by a rotation
about own. This takes away one degree of freedom from the config-
uration space. Thus, the set of measurement vectors that corre-
spond to geometric configurations 1is a 10-dimensional subset of an
11-dimensional set. If a measurement vector does not lie in this
subset, there i1s no configuration that corresponds to that vector.
For 'most' measurement vectors, then, it is impossible to solve
for a configuration and reality is best represented by an over-
determined system. |

There are two obvlious ways to modify the original system of
elght equations in eight unknowns;

1. Change the variable set describing the configuration from

{di, r Hj} to a set of ten varlables 1n such a

g P1g°
way that each set actually corresponds to a configuration.

2. Add an equation to the original system of eight equations
in such a way that if the equation 1s satisfied then the
variable set corresponds to a configuration.

The second of these optlons will be chosen.

Let Uij be defined as in 5.3.3 so

U,, = 8,, +r. - d,
ij iJ J 1

and
53 13 Pj + d, 5.3.5
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Substitution of 5.3.5 into the (i,j) differential azimuth

equation

2 _ 2 2 _
rj = Sij + di 2 disij cosaij

results in

2 1
= o + - e ==
0 = Ay A7 - Apydyry + AUy gdy - Uygry b5 Uy 5.3.6
where
Aij = 1 - cosaij
5.3.6 may be solved for ey
2 1 2
L Ag a7+ Ayg Ugy 4 + 5 U o
J U + A d o=ty

1] 13 1

For fixed j, 5.3.7 gives two expressions (i=1,2) for rJ.
These expressions may be set equal to each other. Cross-multiplica-

tion of the resulting equation yields
2 1 2
(Aljdi + AU g dy 4 E-Ulj)(Uzj + Agjdz) 5.3.8

- 2 L o 2
- (Agjdg * hysUpsdy + 5 UQJ)GHJ , Aljdl)

After regrouping

B B 2 e
0 = ApghygaS dpm Aygyidyeds + AysUpeay 5.3.9
+ (8. A U.. = A AU @, d. - AU, .d°
1382313 15R23 21) g 9o~ BpyUq49,

1 ) 1 2
+ (gljuljuzj -3 AljUQj)dl + (2 AyyUyg = A23U13U2J) d,

Uijugj(ulj-ugj)

=
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5.3.9 represents a system of two equations (j=1,2) in the two

13 d2. Once these two variables are known, 1t 1s easy

to find the others.

unknowns d

It was mentioned earlier that the computation of the variables

j° sij involves solving an overdetermined system of equatlons.

Therefore, another equation must be found.

di’ r

¢ij will be taken to be a positive angle of less than 180

degrees if and only if aij is positive. With this convention, the
angle with vertex 0 that is spanned by dl and d2 is given by

¢2j = ¢1J'

Thus
) 5.3.10

0 = sin(® ) = sin(®

227912 217 %11
5.3.10 can be written in terms of the sines and cosines of the Qij
and will, then, yield a third question in dl’ d2 if the sin ¢ij’

cosqsi are expressed 1n terms of dl, d2.

J.

By the law of cosines

0 - o - o}
cosd = 5«31l
ij 2 di rj

Also
Sij = Uij + di - PJ 5.312
and 5.3.7
2 1 2
. Aij di + Aijuij di + 5 Uij 65,13
J Uow ¥ Ry @ Rl
1] iy —4

Substitution of 5.3.12 and 5.3.13 in 5.3.11 gilves cos@ij as

a function of dl, d2.
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Similarly, by the law of sines,

S

= 1]
sinibi‘j Pj E&:T.z’mti'j 5.3.14

and substitution of 5.3.12 and 5.3.13 in 5.3.14 gives sind,‘:i‘j as a

function of d d

12 Tt

When 5.3.10 is expressed in terms of sin¢ij, cos¢ij the
result 1s a third equation in dl’ dz.

The iteration may now be described.

An iterative step starts with approximate values of the di’

r s Next the U

13 are computed by 5.3.3.

J’ "i3°

Let

0

i
Fl(d;,d,)

o
I

2
be the two equations of 5.3.9 and let
_ =3
0=F (dl,d2)

be the eguation derived from 5.3.10

The iteration proceeds by finding an approximate solution to

the system
0 = Fi(a,,d,) 5.3.15
1’ 2 . .
=
0=F (dlsd2)
- w3
0 =F (di’dz)

then computing the rj and sij in terms of the di and then going to
the next iterative step unless the changes in the variables have

been small enough.
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It only remains to describe how the approxlmate solution to

5.3.15 is computed.

Suppose dl’ d2 denote the approximations obtained prior to

the current iterative step. The object 1s to find Adl, Ad2 in

such a way that d1 + Adl’ d, + Ad2 are better approximations.

2
The best linear approximation to 5.3.15 1s given by the

matrix equation

1 1
1 _F 3F
- F (dl,d2) = gaz (dq,d,) Ady + 55; (dl’dQ) Ad, 5.3.16
2 2
2 _9F 3F
- F (d13d2) - adl (d13d2} Adl + _a2 <d1,d2) Adz.
- F3(d,,d,) = ar’ (d,,d.) Ad, + or3 (d.,d.) Ad
1272 8d, 1772 1794, 12 2

The approximate solution to 5.3.16 that is found is the

weighted least square solution where the weights are chosen as

follows:

First, each equation 1s weighted in such a way that the ith

row of the coefficient matrix of 5.3.16 will have norm 1.

For § =1, 2, let ry = min (Ulj’U2j)'
The jth equation of the normalized system 1s then weighted by
b &5
—bi )
>3 ford=1,2
ry r,

No claims are made for the optimality of this set of welghts.

They were chosen by trial and error and probably can be improved

on.
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5.4 LEAST SQUARES FITTING

5.4.,1 Derivation of the Normal Equations

Assume that there are defined M functions Iy which are all

linear combinations of N independent variables X where M > N.

¥, = > Bon *n 5.4,1

The 8mn are taken to be known constants. The ym are given

as noise-corrupted measurements.

y. = +n 5.4.2

where nm is the noise component in the m-th measurement, assumed
to be random with zero expected value. The problem 1s to deter-
mine the values of the xn's that best explain the measurements
obtained. (This problem is somewhat different in principle from
a more familiar problem, in which both the Y and a set of
variables Xon are measured, and the task is to determine a set
of Bn defining the functional relationship of the measurements.
However, the equations to be solved will have the same form,
with the 3's and x's in interchanged roles.)

A measure of how well the xﬁs explain any given measurement

ym' is the residual

Py = 2. Bus X 5.4.3

The principle of least sguares states that the best overall explana-

tion yé is that set of xn's for which
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M

N 2
R(xl,xz...xn) = m§1 T

is a minimum. The conditions satisfied at the minimum are that

3 R _ _ -
— 0 (n=1,2...N) 5.4.4
n
Now
2
g R . El 2 “m 5.4.5
Xn m= xn
M
= I, 2r Ty 5.4.6
m= m 3%
n
or M N
3R _ I 2(y' Z B, X,)(-B )
ax, "om=l " = AT IR

5.4.7

M N M
=2 BV Y2027 Xg G2y BB

Hence, there are N equations

M
m§1 an

N M
é = zél(mgl ﬁmgﬁmn) X0 5.4.8

y
to be solved for the values of X These are N linear equations
in N unknowns, and the solution is straightforward. Using
matrix notation, if corresponding to equation 5.4.1

Y = BX, 5.4.9
then the solution to 5.4.8 is

x = (B 81)~t gT v'. 5.4.10

105



It is a known result that when the errors n are normally
distributed, independent, and with zero means and equal vari-
ances, the resultant solution is also a maximum likelihood esti-

mate of X.

5.4.2 Linear Approximation of the BCAS Equations

The equations relating the positions of the aircraft and
radars to the quantities measured by BCAS are:

The TOA equation

T, = js?.+H.+ r?+ (H-H)? -] 4.2 +H® 5.4.11
1,J 1,3 J J J o i o
The DAZ equation
2 2 2
d. + s, . -1,
o, .=+ cos_l = 1, J 5.4.12
i,j — 2+d,s..
171

where the sign must be chosen properly.
The subscript i designates the radar and J the target.

r, 1s the horizontal distance of OWN to target; di 1s the

J

horizontal distance of OWN to radar; Ho and Hj are OWN and

target altiltudes; sij 1s the distance of target to radar.

2 2
= = (7
51,3 (di + ry 2dirjcosAi’j) 5.4.13

where ¢ij 1s the angle at the BCAS between the direction toward
the 1-th radar and the j-th target. (All angles are defined in a
horizontal plane.)

The coordinates describing a glven configuration will be

defined as components of a vector X as follows:
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1 1
Xy =4
X3 = I’l
*p =R

Xg =) = B, - By
(the angle between the directions
to the radars, equal to the
difference of the radar azlmuths
Bi with respect to some arbi-
trary reference)

Xg =Wy =8 - B
(Bi is the azimuth of target i

with respect to the arbitrary

reference)
x? = 92,1 = 92 "'Bl
Xg = Ho (the altitude of OWN)
g = H
X10 = B

(Hi is the altitude of target i)

The basic BCAS measurements in modified form gre the com-
ponents of a vector Y. The modifications assure that the mea-

surement noise in each term is independent of that in the others
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and has variance of one. It may be observed that the differen-
tial azimuth measurements of the two target aircraft for the
same radar have correlated errors. Hence, the sums and the
differences of the differential azimuths are used, since the
errors in these will be shown to be uncorrelated. The proof is
the following:

Let

6. . - B. 5.4.14

e 1, i,0

where Qi j

and ﬂi o are the bearings of the target and own air-
>

3
craft from radar i, measured with respect to some arbitrary
reference. oy j is in fact measured as the difference of two
b
such angles. The error in measurement for each is the error in

defining the radar interrogator beam center.

Hence, the measured DAZ is 5.4.15

where ny 3 and n, , are zero-mean, independent noise terms as-

b 3
sumed to have equal variances, 02 = %oi, where 0u2 1s the vari-

ance of the DAZ measurement error, estimated from flight test

data. Then the noise component of a., . is n =n, . - n, )
1,J O“i,j 1, 1,0
The covariance of n and n is
O O .
1,1 i,2
E({n n ); = E({(n, ,=-n n -n
qi,l ui’2 ) ( i,1 i,o)( i,?2 i,o)})
- 2
=Eflng yny 5 -ny o0y 5 -0y Ny vy} 5,416
= 02 £ 0

since the noise components n. ., n. and n. are mutually
i1 i,?2 i,o
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independent. Hence it is seen that the measurement nolse of

is correlated with that of a«

®3,1 i,2’

Consider now the variables

8 = ai,l + ai,2 5.4,.17
and
d = ai,l e ai,2 5.4.18
Then
S = (gi,l . gi,0)+(gi,2 - gi’o)
= ”1,1 + ﬁi,z 291,0 5.4.19

and the noise component of s is

(3.4.2-10) L + ny o - 2ni,o 5.4.20
which has the variance
2 _ 2
Og = Evhps ] 5.4.21
= Efng g +ny 5 -2y ) ]
_ 2 2 2
= Epgy v oy Ay,
*any 0y omHny gny ooy o0y ]
2
= 60 = 3q12
Similarly, d = (gi,l-gi,o) -(ﬁi’z - ﬁi,o)
= gi,l - gilz 5-1"-22
and the noise component of d is Ny with a variance
2
o5 = 262 = GEQ 5.4.23
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Now the covariance of nS and n, is

I

a
Cs.a - E__and:] 5.4.24

E[:‘ni,1+“1,2‘2“1,o)(“1,1“n1,2) :]

L]

> 2
EEi,l |y o 2y My 120 Ny o :I

=o’2...o'2=0

Hence the errors in s and d are uncorrelated.

The errors in the other measurements are inherently un-
correlated (except for a possible common bias in the altitude
measurements, which we ignore). Then the components of the

vector Y are:

1
1 * 3¢, ° (@) 1+ 8 o)
1
Yo = 9 (2 1 = 03,5)
1 o
v = (o, + )
3 2.4 2,2
300; 2
1
Yy = 9y (ay 1 = 95 )
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Vg = o Ty1 5.4.25
vg - o; Ty, 2

vy = o; To1

yg = c,r; T2,2

y9 - 0; Ho

Y10 = c; B

y11 T c; Hy

where 0y2 O and Oy are the standard deviations of the DAZ, TOA
and altitude measurement errors, respectively.
There is, then, a set of non-linear equations

= A

which in the vicinity of){=xo may be approximated by a set of

linear equations.
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11 Bfi(X)
= fi(Xo) + I == Axn 5.4,27

V.
n=1 BXn

1

which can be written in the form

11 Bfi(X) hed
Ay, = 3 —— AX 5.4.2
i n=1 an n

where Ay and Ax are the deviatioqs from the values at the assumed
configuration Xo. The set of equations 5.4.28 corresponds in form
to the set 5.4.1 for which the solution was derived in the previous
section. The partial derivatives evaluated at a point near the
assumed solution play the roles of the B's. The non-zero partial
derivatives of TOA, DAZ, and altitude with respect to the coordin-
ates are listed in Table 5.L4-1.

5.5 EFFECTIVENESS OF THE INITTALTZATION ALGORITHM

It may be noted that the overall process of finding the solu-
tion consists of (1) a coarse initialization, (2) an iterative
improvement on the initialization and (3) an iterative squared
error minimization. This i1s a complex process, and one 1s
naturally led to consider whether it can not be simplifieéd.

The function of the steps 1s the following: the coarse
initialization (1) is necessary to establish the approximate
region in the space of configuration coordinates for the more
refined further steps to be applicable.

The iterative squared error minimization (3) will converge
to the same solution independent of the precise initiallzation as
long as the initial point i1s within a sufficiently small region

about the solution point (a local minimum of the summed residuals).
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TABLE 5.4-1. PARTIAL DERIVATIVES OF BCAS MEASUREMENTS WITH
RESPECT TO COORDINATES ABOUT OWN

TOA Derivatives:

3311 _ __ilﬂ__ . d1 - T, cc:'squ_‘1
;;ii _ rj . rj - di ccns_;!1
J Jri + (Hj-Ho)z \ sj_§ + H?
Efii _ di rj sin¢ii
aej Jsig + H‘?
3T2 ) d2 rj Sin¢3i
; Veo) +E
BT1 ~ Ho - Hj

aH
o) 2 2
-+ (H,-H
yoro
H, - H

Py 9 + : =
3 T2 o« a2 2 Y
Sij + HJ JrJ + (H‘j Ho)

DAZ Derivatives:

aai! _ rj sin ¢ij .
ad 2 _ +
i c‘li z‘dir'lj cos¢ij rj
Baij B di sinq:ij
ar. 2 2
J di - Edirj c°s¢ij + rj
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TABLE 5.4-1. PARTIAL DERIVATIVES OF BCAS MEASUREMENTS WITH
RESPECT TO COORDINATES ABOUT OWN (Continued)

2
aaij _ -di Pj °°s¢13 + rj
Baj di - 2di rJ cos¢1j + r§
oa 4 r, cos¢ - r2

- R K 21”3
A d2 - 2d2 :r"j cos¢23 + rj

Altitude Measurement Derivatives:

oH
ﬁl =1 (3 =0,1,2)
J

All other partial derivatives of the measurements with respect to

the coordinates are identically zero.
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If the initial approximation is too far from the proper solution,
the iteration may converge to an entirely different solution,
corresponding to some other local minimum of the summed residuals.
The appropriate measure of effectiveness of an initialization
scheme in this context then is not the accuracy with which it
itself determines the configuration of the aircraft and radars,
but rather the probability that the least square minimization which
follows will converge to the proper solution. That solution is a
maximum likelihood estimate of the configuration, given the measure-
ments, and 1s independent of the algorithm used to find 1t.

The coarse initialization step (1) was not expected to lead
to particularly accurate approximations of the solution. It was
for this reason that the iterative procedure for improving the
initialization (2) was developed. This procedure, too, will either
converge to its best fit to the data if it is started close
enough to it, or to some other solution otherwise. The regions
of convergence of the two iterative procedures are, however,
different. Again, if this procedure to improve the coarse initial-
ization is used in conjunction with the final squared error
minimization procedure, the measure of its effectiveness is the
probability that the overall process ultimately converges to the
proper solution.

When the three processes are applied successively, a number
of things may happen:

a) The first coarse initialization may be so bad that no
convergence to the proper solution can take place - i.e., the

iterative processes will converge to some other solution.
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b) The first coarse initialization may not give a good
starting point for the final least-square minimization process,
but the subsequent iterative improvement to the initialization
(2) may result in such a "good" starting point.

¢) The iterative squared error minimization process may
converge to the proper solution starting from either the approxi-
mate solution produced by process (1) or the presumably improved
approximation of process (2). It may take fewer iterations to
converge from one than from the other.

d) The iterative squared error minimization may converge to
the proper solution if started at the approximation produced by
the first coarse iteration (1), but not if started at the approxi-
mation produced by the iterative process (2).

Since both the first, coarse initialization (1) and the
iterative improvement on it (2) are heuristic algorithms, it was
considered necessary to test them experimentally in a range of con-
figurations. The performance of both was compared to what could
be achieved if the true configuration were used as the starting
point for the next iterative stage. (The true configuration
should not itself be the solution produced by any of the algorithms,
since 1t 1s not in general consistent with the noise-corrupted
measurements from which the algorithms derive their solution.)

The following series of computations then were performed for
a range of configurations and the results were compared:

A. (1) Coarse Initialization

(2) Improved Initialization

(3) Residual Minimization
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B: (1) Coarse Initialization
(3) Residual Minimization

Cc: (0) Initialization with True Configuration
(3) Residual Minimization

D: (0) Initialization with True Configuration
(2) Improved Initialization
(3) Residual Minimization

Tt is also of interest to see how well the initialization
algorithms (1) and (2) approximate the true configuration, since
if their performance were reliably good, the final step (3) might
be an unnecessary refinement.

The configurations for which these tests were performed are
shown in Figures 5.5-1 through 5.5-3. In each case, the BCAS air-
craft and one intruder aircraft were assumed to be at fixed posi-
tions relative to a configuration of two radars. Results were
then evaluated with a second intruder aircraft placed in a sequence
of positions on a circle about the BCAS aircraft. At each posi-
tion, the calculation was performed ten times, with a different
set of simulated random measurement errors each time. A represent-
ative set of outputs for one configuration is shown in Figures
5.5-l4a to 5.5-lc.

Qualitatively, the results were the followlng: Im most con-
figurations, the final squared error minimization process converges
to the proper solution, independent of what process is used to
arrive at the starting approximation.

There are some configurations in which neither sequence A nor

the sequence B for obtaining the starting approximations allowed
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=

15 mi.

33.54 m
5mi, H
3mi, H
20,000

i.
L = 22,000
, = 18,000
N A
TARGET 1
OWN

TARGET 2

FIGURE 5.5-~1. SIMULATED PATTERN 1.
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SSR

= 20 mi"

TARGET 1

TARGET 2

r, = 5 mi., H = 22,000
r, = 3 mi., Hy = 18,000’
Hy = 20,000 i

FIGURE 5.5-2. SIMULATED PATTERN 2.
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= 3 mi., H1 = 22,000
= 5 mi., H2 = 18,000
= 20,000
N
SSRy
= 20 mi.
TARGET 2
3 |
25 mi.
TARGET 1
SSR1

FIGURE 5.5-3. SIMULATED PATTERN 3.
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the filnal vrocess to converge to a practically useful approximation
of the actual configuration,.

Overall, the final orocess is most 1likely to converge when ik,
begins at the approximate solution derived by the initial coarse
aprroximation followed by the iterative improvement (sequence A).
However, the situatlon does occur that the final squared-error
minimization procedure converges to the proper solution when
starting from the initial "coarse" approximation, but not from the
configuration obtained by the iterative "improvement'" (sequence B).

Solutions were attempted at 216 different configurations of
radars and targets. Ten sets of noisy measurements were simulated
at each position. In 106 of these configurations, the final
squared error minimization process converged to the proper solution
every time, regardless of whether the initial coarse approximation
or the iteratively improved approximation were used as starting
points, 1In 159 configurations, the proper solution was obtained
every time if the better of the two pcssible initializatlions were
selected.

If the success rate is calculated over the total number of
trials - 216 vositions with 10 sets of simulated noisy measurements
at each - the following percentages are obtained:

- Successful Convergence with either Initialization

(A and B) 68,9%

- Succgessful Cenverrence only with First Initialization

(B, not A) 5.89%
- Successful Convergence Only with Iteratively Improved

Tnitialization (4, not B) 7.6%
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- No Convergence with Either Initialization (Neither
A nor B) 17.7%

The squared error minimization process (3) converged when the
actual configuration was used as the initialization more than with
any other initialization (though this does not imply that the
solution found was always a good approximation to the actual con-
figuration). There were also configurations in which the sequences
involving step (2), the iterative improvement of the initilalization
(i.e., sequences A and D) diverged, whereas all other sequences
converged. These observations indicate that the heuristically
derived initialization algorithms could possibly be 1mproved. On
the whole, however, the initialization algorithms tend to fail in
what are inherently bad ranges for the system of equations - that
is, configurations in which the situation is inherently highly
sensitive to measurement errors. Hence, improvement in the initial-
ization procedures would not necessarily lead to significantly
improved system performance.

The approximate configurations computed by the initialization
schemes on the average are considerably farther from the true
configurations than the configurations computed by the final step
which minimizes the residual. Hence, the initlalization algorithms
by themselves do not give results indicative of how well the con-
figuration can be determined from the measurements. The values
that they, by themselves, determine should not be used for target

tracking.
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5.6 OVERALL ASSESSMENT OF THE SYSTEM WITHOUT AZIMUTH REFERENCE
SIGNALS )

The accuracy of the target range and bearing calculations that
can be obtained from the BCAS measurements based on radars without
azimuth reference signals can be judged from the results of the
simulations shown in Section 6.

As in the case of radars with azimuth reference signals,
there are ranges of configurations in which good solutions can not
be obtained. These configurations include the following:

(1) when the two radars are colinear when viewed from the

BCAS
(2) when elther of the target aircraft is in between the
BCAS and one of the radars

(3) when the BCAS is directly between either target aircraft

and one of the radars

(4) when the BCAS aircraft and both target alrcraft are in a

line.

The extent of each band range is a function of the total con-

figuration.
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6., SIMULATION
6.1 SIMULATION TECHNIQUE

The various algorithms for determining radar and target range
and bearing from own on the basis of the BCAS measurements were
tested in a series of digital computer simulations.

In principle, all the simulations contained the followilng
steps. A configuration of radars and own and target aircraft was
assumed. The TOA's, DAZ's, and OAZ's that the BCAS would measure
in such a configuration in the absence of noise and other sources
of error (such as gquantization effects) were computed. Random
numbers were generated to represent the various error sources and
were added to the "perfect measurements". The resulting "nolse-
corrupted measurements" were then used as inputs to the computa-
tional algorithms, which used them to derive the positions of the
radars and targets relative to OWN. The results of these computa-
tions were compared with the originally assumed configuration to
find the errors.

The random error terms added to the measurements were drawn
from normal distributions with variances chosen to match the
variances of the corresponding measurements, as determined during
the test flights. Where angular measurements have correlated

errors, the random error terms in the simulations reflected this.
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The errors introduced were the following:

TOA: Normally distributed error, mean zero, standard
deviation 0.15 microseconds, independent for each measurement.

Altitudes: Normally distributed error, mean zero,
standard deviation 30 ft., independent for each measurement.
(This is probably not a good way to model altitude errors;
however, the computed results were quite insensitive to alti-
tude errors, so that the faults of the model are not important.)

Azimuth measurements: The measurement error is due to
the incorrect determination of the beam center position from
the bursts of pulses received when the beam is pointed at OWN,
at OTHER, or in an azimuth reference direction. The errors
were modeled as zero-mean, normally distributed, random compo-—
nents with standard deviation of 0.2° in each measurement
of direction. This leads to DAZ and OAZ errors with standard
deviations of 0.3o and the proper mutual correlation.

Although the simulations were set up in such a way that
one or more of the aircraft were placed at consecutive posi-
tions of what might be flight trajectories, the calculations
at each position were carried out completely independent of
each other. The purpose of the simulations was to determine
how well the BCAS measurements at a single point could deter-
mine the aircraft configuration. An actual operational system
should do better since it would smooth the data, 1.e., combine

the measurements at a given instant with previous measurements
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in such a way as to give a better estimate of the true posi-
tion. The simulation in each case used the minimum number of
measurements to determine the configuration. Again, an opera-
tional system might frequently do better, using more than the
minimum number of radars to track a target aircraft, or basing
calculations of radar position on more than the minimum number
of tracked targets.

Since the simulations were strictly for static position
calculations rather than for dynamic computation of aircraft
tracks, one complicating factor with regard to the measurements
was neglected. It was assumed that the measurements, subject
to the errors discussed, were available at the nominal times.
In the actual BCAS environment, the measurements are made at
times determined by the asynchronous rotation of the locked
radars, i.e., roughly every four seconds for the short-range
SSR's. Thus, when the measurements from one radar are re-
ceived, those from the other may be up to about four seconds
0ld. An operational system would have to include some mecha-
nism for taking the differences in measurement times into
account. Experience with test data (see Section 7) indicates
that the effect of the asynchronous measurement times 1is
minor. Therefore, the results of the static simulation should
not be significantly affected by omitting this factor from

consideration.
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6.2 THE SITUATIONS SIMULATED

The purpose of the simulations was to test quantitatively
the accuracy of the BCAS range-bearing calculating algorithms
for the cases with and without SSR azimuth reference signals.

A succession of configurations with two radars, a BCAS
aircraft, and two target aircraft were set up and the "noise-
free measurements" of TOA, DAZ and OAZ were calculated. To
thls set of "measurements" appropriate "noise" terms were
added to create a set of* "nolsy measurements". Each algorithm
then used the appropriate subset of these "nolsy measurements!
to compute the range and bearing from OWN of the target air-
craft and the radars. The errors of the resulting solutions
were computed by comparing the solutions obtained with the
configuration initially assumed.

The calculations using azimuth reference pulses from two
radars were carried out for each target aircraft
separately. The calculations using the "no azimuth reference"
solution were carried out for the configuration as a whole.
Two different situations were assumed for this case. These
were (1) partial equipage of radars with azimuth reference
signals and (2) no azimuth reference signals from any ground
radars.

For the first situation, it is assumed that in each radar

coverage region, one SSR is equipped with azimuth reference
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signals. Then, once the BCAS has computed the relative direc~
tions of the radars and target aircraft,'it can use the di-
rectly measured directlon to this one radar to properly orient
the whole configuration.

For the second situation, it is assumed that the BCAS
computes the shape of the configuration, but has no direct way
of establishing its orientation. This can be done only in a
dynamic situation when the BCAS is flying in a known direction
and computing the shape of the configuration at successive
points along its path. The distance between the two SSR's and
the direction from one SSR to the other do not change with
time. In concept, the BCAS can then determine its own position
relative to this fixed line at a number of successive points
in time. The angle between the fixed line between the radars
and the line determined by the successive positions of the BCAS
aircraft (which lies along the known flight direction) can then
be determined and used to orient the whole configuration of
radars and aircraft.

For the first of these two situations, the measures of
accuracy for the computed results are the RMS errors in range
and bearing to the radars and the other aircraft. TFor the
second situation, the range errors are inherently the same as
for the first. The bearing errors are computed relative to the

line connecting the radars, which is assumed known.
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6.3 SIMULATION RESULTS

The patterns of simulated configurations of radars and alr-
craft are shown in Figures 6.3-1 to 6.3-4. The aircraft were placed
at successive positions of their "tracks" as though they were
moving in straight lines at a constant speed. In all but the
final pattern, there was a "near miss" between the BCAS and
Target 1.

Figures 6.3-5 to 6.3-38 show the errors in the computed range
and bearing values, that is, the differences between the com-
puted and true values. All points that would have been outslde
the limits of the plots (in either direction) are shown below
the horilzontal axils. These may be regarded as "wild" points
in the results.

All the values of a given variable which were computed by
different techniques are shown on the same plot, indicated by
different symbols. It is to be noted that when radar distances
were computed using the azimuth reference signals from both
radars, a separate calculation was carried out for each target.
The results are shown separately. The radar bearings for this
case are then merely the simulated measurement errors.

The bearing errors shown for the computations based on no
azimuth reference signals are calculated relative to the line
connecting the radars.

When one radar only is assumed to have azimuth reference

signals, it i1s always radar 1.
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Pattern 1

For Pattern 1 (Figure 6.3-1 and Figures 6.3-5 to 6.3-12), the
initial configurations allow accurate computations of most
variables by all the computational schemes. In some cases, the
no-azimuth-reference algorithm fails to converge because of bad
initialization. This occurs because the BCAS 1s almost di-
rectly between radar 2 and target 1. Where the algorithm over-
comes this difficulty, the computed results are very accurate.

The final configurations are generally unfavorable to
accurate computation, largely because target 1 comes between
the BCAS and both target 2 and radar 2.

The computations of distance to radar 2 are bad throughout
because the differential azimuths of both targets with respect
to radar 2 are consistently small.

The bearing errors are seen to be large for the no-azimuth-
reference system and quite acceptable with two radars with azi-
muth references. The results for the system with one azimuth

reference signal are intermediate.

Pattern 2

For Pattern 2, good solutions are found by all systems in
all but three limited conditions.

The initial configuration is such that radar 1 is very
close to the BCAS and between the BCAS and target 1. BCAS
operation in such a configuration is not anticipated. All

systems fall to compute the confilguration.
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When the BCAS aircraft and target 1 are in immedlate
proximity of each other, the solutions fail. Filnally, at both
ends of the pattern there appears to be a false solution for
the position of target 2 computed using the technique utilizing
only that target and azimuth references on both radars.

Where good solutions are obtained, the accuracy of the
computed distance to radar 1 (the nearby radar) 1s very good
for both systems of computation. The accuracy of the computed
range to radar 2 (the far radar) is much worse. It 1s better
for the no-azimuth-reference system with two targets than for
the system with azimuth references applied to each target
separately.

The errors in the computed target distance are comparable
for the two systems and are mostly less than 200 feet.

Target-bearing errors are comparable for all the systems,
with an RMS value of less than one degree (except when the
target is quite close). Radar-bearing errors (for the systems
that do not measure OAZ directly) are larger. In this instance,
the error in bearing to radar 2 1s greater 1f the OAZ to radar
1 is measured, (one azimuth reference case) than if no azimuth
reference is measured, but the radars are assumed to lie in a
known direction, one from the other. This atypical result is
due to the very high accuracy with which the distance to radar
1 is computed, and the insensitivity of the angle computations

to the distance to radar 2.
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Pattern 3

For the configurations that constitute pattern 3, the algor-
ithm depending on azimuth reference signals from both radars con-
verges to a satisfactory solution almost everywhere. The exceptions
are two individual points near the beginning, when the calculations
involving target 1 fail to converge. It must be noted that in
these instances BCAS, the target, and radar 1 are at the vertices
of an approximately equilateral triangle - a configuration that
violates the assumptions about the nature of the solutions that are
to be sought.

Tt may also be noted that at about the point of nearest
approach (at the time of the near miss), the computed target bear-
ing and radar distance values have large errors, but the target
distance does not.

In contrast, it may be noted that the no-azimuth-reference
solutions for the configurations near the beginning of the pattern
show large errors in the computed distance to target 1, while the
other computed quantities do not have exceptionally large errors.
This example illustrates the rather subtle nature of the "bad
ranges" that may be encountered in solving for the shape of the
configuration in the absence of azimuth reference signals. All
the solutions obtained are correct 1n the sense that the computed
residuals show that they fit the measurements quite closely. The
great error sensitivity seems to arise from the circumstance that,
when viewed from the BCAS, both targets (in direction) lie between
the radars, 33° and 46° from the radars. When these angles become

slightly larger, the error sensitivity of the solution disappears.
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The range errors to both targets become approximately 200 feet
RMS.
Pattern 4

Pattern 4 illustrates the case of an aiternate solution beilng
found by the technique relylng on both radars being equipped with
azimuth reference signals. The false solution 1s consistently
found for target 2 from the 34th sampling point on. The smoothness
and continuity of the false track is evident in the error plot for
the computed distance to radar 1 (Figure 6.3-29), and the distance
and bearing to the target on the plots for which the scale has
been compressed (Figures 6.3-33 and 6.3-38).

The other effects seen for this pattern that merit comment
are:

The differential azimuth measurements relative to radar 2 are
small for both targets. Correspondingly, the errors in the com-
puted distance to radar 2 are large. This has the further effect
of making the error in the computed bearing of this radar (for the
no-azimuth-reference and one-azimuth-reference cases) large.

For the later configurations in the pattern, both targets are
approximately between the BCAS and radar 1. In these configura-
tions, the no-azimuth-reference solution has very large errors in
computed range. The bearing errors appear to have a somewhat
narrower bad fange.

Tn the same set of configurations, the 2-azimuth-reference
solution for target 1 is also bad, again because target 1 1is

between the BCAS and the radar.
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FIGURE 6.3~5 TO FIGURE 6.3-38 POSITION ERRORS COMPUTED IN SIMULATION

141



"G-£°9 FHADIL

b, x X X XXX x
U 06 BBQBBB 968

e e e + -

SONOJ3S NI 3ULL
00" 8L 002t 0089 oot ey 0009 oo°gs 00°2s oo'gr  ootyy 00'gr  00°88 00’ 2¢

ao*

3 oo-

++ +++

oo-a& og°y oo-g

00°r-

bl A R AR 1
n}

I

S S e S i R = i S R RS R =S v RS S = e i e S ||||||
®
* +
e T e e T

.

—0y

13944
1394y

L
1

*S35INd HLIHON 2 X
‘S35Nd HI¥ON 2 @

3577Nd_H1YON | ONH

387INd HIYON ON +

I ¥U0BY

ao*

T
-

oo

00" 3~ “E-
h‘ﬂé@ﬁl} 162

0o:1-
[Q HuHOUY NI

T

ooo

ao* {

"N1 3INGL

N

00°5.
(83

00'E

ooty

142



+ ++ +

a0 st 0o* 2L 0o-es oo*rs

@ QY EOQE0 lollo}

@

X
@

'9-£*9 HHUNDIA

SONDJ3S NI 3JUIL
LLAd

oo* 08 0g- 88 oot 2s

ri

ar
rh

00- 0y

oo 3£

00° 28

oot r2 ooto2 003t oot zt a0 g

oa*y-,

ai

@

+x!

X

o]

0

+ x!

+X%

X
@
[nln]
X+ X

(]

139481 *3387Nd HIYON 2 X
1 13984l *S357INd HIHON 2Q _
357Nd_HLHON 1 ONd
357Nd HIYON ON + [n}

Z dd0bd

B X

|
=

oo'E-  00°¥-

}
00° 3-

NYISTO HHOBY NI HONM3

o1~

anto

I
[TR0
37IH *N) 3D

002
(8




+ 4+

10° 5L
kil

+

ootac

@ @ @ o

+ 4+ +

0D° &9

+ 4

an* s

+

as

SONO33S NI 3UIL

Do-ar
r

ootrr
L

*L-£°9 FUNDIL

Do-or

oo*8g
s

a0t 2s

op- gz

oo ¥2

og-oz

ootr-

+ - e 1
o}
o
o}
e > _ o o s iz o + _L

®

+ ol

+ o

="

139441 *S3SINd HINON Z ©
33Nd_HIHGN T anYy

35INd HIYON ON +

1 130¥81

0oy~ 009~ 008- ooat

002~

I
0
(*14) JINHLISIO 1304HL NI HONN3

] }
! 0oy 002

a08

oog

[}
T

ooot

14Y



8-£°'9 HYUNHIA

- + + + 4+
+4+4+++ AFFFEEEF A -

NI 3WIl . . " . . .
iD"aL oozl oo-8s 0p*rs 00°0s 00°35 oD*2s w%nﬁ_m.wwm oo°ry oosor Do SE 0028 00° g2 oo* 2 00" 02 oo° 8t oozt 208 ooty 11 5] oo

el rl s

ooat

i
I
|
|
I
I
I
1
I
I
I
|
I
.h
1
I
I
|
I
1
1
I
|
I
I
I
I
I
I
|
I
1
I
I
|
1
I
I
I
1
I
|
I
I
|
|
1
1
l
|
l
1
l
I
I
|
I
|
T

nog-

)
'
]
I
|
1
1
I
I
I
I
I
I
1
1
I
I
1
|
I
I
I
1
I
I
I
]
|
|
|
1
I
I
I
I
1
I
|
|
1
I
I
I
|
I
I
I
1
I
I
I
1
I
|
|
!
I
I
A

008~

00v-

SI0 130441l NI H0ou¥3

+
|
1
I
I
|
I
1
I
|
|
I
I
1
1
I
I
|
|
|
T

X + 1
X
oneg-

x
b 4
+
X 41
*
+
-
b
"
+x
x
+
®
s
I
4%
]

I

+X

+1 X

e

xl
X

%

]

*
4+
%

+

|

xl

X4

1

]

I

]

|
002 |
(*14) 3INYL

I
|
I
1
1
I
I
I
I
T

ooy

2 139dH1 *S3SINd HL¥ON 2 X
U S I B I S IR L 33nd HI¥ON 1 aNY
- - - - 0 - 3SNd H1¥ON ON +

+ 2 139381

oos

008

|
I
I
I
1
I
|
]
I
I
I
]
I
T

000t

0
145



"6-€°9 FUNHIA

+4+ + drt A+ 4 + + + + +++
- +

SONQJ3S NI 3WIL
- sL 00" 3L 0p* 88 0o*ys . . 7 . . ?
1 ] ) A 00*03 Do 95 00° 25 oo*ar oot ry 0o’ gy 0088 00" 28 00* 62 00'rz 00t 02 6ot 9t LLE po°g 0oy [ 80" ¥

ao*

+

+
+
a0’ #-

|
|
]
|
i
i
I
I
00" g~

+
s

o
+
|
1
I
I
]
1
[}
I
1
I
I
]
I
i
[}
L
1)
1
I
I
1
i
1
]

g 1=
HEOUY NI W

I

I

+

I

I
000

4+
)

1

I

1

1

1

]

1)

]

i

]

I

1)

1

]

I

|

|

1

; 00t
fr930

+
+

+
00

T L O e

00°E

2 1398d1 *S357Nd HI¥ON 2
1 130891 *S3570d HI¥ON 2
e T T ONg 38704 HINON 1@

-t T T T 357nd HIMON ON + - F

+ 1 ¥H0ud

Q0¥

0o

146

) ON[HH39



"0T-£'9 FYNDIL

vV v VY VVVFVVVIYVY vV v
+4+++ FA+++4+ FHF+ FE+ +F M b4 4
++ +++
w.h DO.N.F ﬂn.ln-W un*rs oo*o9 ao* % Wﬁﬂ-ﬂumw ZH- S ", i
A 3 Mw oo wm oo mv ao Jv oo Ji 00° 38 DD-Jﬂ nquﬁ nn.ﬁw ﬂD.Jﬁ ao*st Do* 3t nbuml op'y oo*o oo*¥-,
i i 2 i
5
=
s = pa e B O = =
= % . S I i T R F-
N :
g
_ e o e = e e e . e Hs s = eSS sas s "8 * = = = = = —_— o e e o e
v - .H
v
S - w . v * -
IIIIIIIII dl...lllllllll..Illllllﬁll!Wlllllllll‘ 1
o + +y L *a v + lll,NH
o O+ + 3
o R + 4 v A A z
v + + ST T ¥ s 1|+|||||||‘||||.I|rh-m.
® @ ® ® @ + * e e ¥ * A =2
o8 O @ @ @ g© © e ©+7F +o @ ©, @ T+¥ g e ® 2
UL TR O S I Y Y A S R v go%_ &, 0,0 ®q° eg © © 3
o @ 69 +- ® ¢ @ S oo o il ST s i Y
@ + ] e + L4 @ R 25
aeoe + o @ = 0000 ; E
6 v v [l o] @ =
e e e e e RS G EE e E N N R T e A N S R R R = = — = = v ; + z
- O CeE———— = L e VI P
v + + ¥ ddd Mm
v
s o s e ssmisrE L + v m.._.
T T O . ey .
. g
v v +
T e I = S R SAE e
+ 5 ,|l||.||-“
. Z 139881 *S357Nd HINON 2 ONY =
1 139301 *S3STNd HI¥ON 2@
R 38Nd HiM¥ON |t w
. e e e St e s i e e wp | B DS S 25Ind HL¥ON oN 4+ _ |-
=
=
Z ¥80dd

003

147



v
+

v
ETA

+48
+4

v
+

+48
+48

+486

+ @
+46

+48

+46

@
+

+48

a8

SONDJ3S

NI 3HIL

*IT-£°9 HYNOHIL

+4
+4
+4
+4
+4
+4

00° Ze 80° g9 00°rs 00° 08 00793 00" 29 00°8Y LA 00° oy 00° 98 00’26 0083 00" vz 00°0z o0° 91 00" 2t 00" g oo*r 0o-o oot re,
+
T U APPSR
@ v 2
v
B R R S T B om s e e “+
T e O L R R O e S e 1
@ + + W
-
e i e T & &« repsaepy (T
+ 22
& + % =
w o aeED e me Em B N S e e A Bl e S0 S e i o T R @S e o M B B S G ke = U I -
@ * + m &3
s 9 + + & @ °3
o) ¥ + o @ ® Se + ® o 0? =
SR A SR e S b e = @ =) + e + —
ﬂ,l ¢M|||||9|&0.||| = - B T R - - 5 - -7
X 2 g @.@ [~} @ + e
v ® 8 v @ + ® @ “m
@ @ ve + -] [-) D
h) + w @ v b ] @ =
v (6] v + =
BATE B 5 5 S 5l v e o e el w0 o s i i o e RS 2 SRR S8 5 B 0 G — 1 2 ]
yv mW + ﬂmw
™
v =
e e s e e i e e S R R e e e e S e e W e SEmEm ST ESs SR s s
v * + N
D T R — ..T * =
© SRS TS EETANSAES IR -FEERIR T A s e
o
+ [ 139481 *S350Nd HIHON 2 @
38Nd HINON 1w
R NI B D A R R W AR D T S A E S e W S RS e S R T T E RS e e oo e uw.__.un_r—.ﬁxozaz.«.l.w.
o
+ I 139481
iz @ * +

00§

148



8L 00 2L

oo*

oo*

"eT-£°9 FUNDIdL

SONQJ3S NI 3HIL

UU.Mu =D-M4

oo*ry
)

uo°or
Pl

06 9%
s

oo®

-

0082 o0o°rz oo*o2 oo-st

oD@ ooty oD*0

oo* ¥,

4X

I+

== Pl = =
+
v

(Y]

130441

|
1

‘838 Nd HINON g X
3STINd HIYON | v
3571nd HLIHON oN +

2 1390¥81

noty-

|
00° 2~

8 130861 NI ¥OuN3

1
T

og*1-

1
[TH
(*030) ONT¥HI

- e
=
b=

- &
=
=1

-
=3
o

149



X X

o0* 3L

X
©
+ o+

. SONDI3S
83 oo* Wm oo* m-_

"ET-€°9 HUNOIL

NI 3JuTIL

oo*ry oo-oy Do® s& oo*ae

s

@

(nlley

@

e PTY LI LT PO PEEY

X X

@
. T
oo* ﬂ-n oa 1.ﬂ un...n_ oo ..ﬂ 00"
ag
@
Q@
- -peeea®®t _ _ _ _
@
+
XNAXIX*X. = e =
+
* +
+ x x

. 2 *
W.m.maf.fem.a.mwxmﬂrkﬂ - %=

x

Z 139
1 139

1 *5357Nd HI¥ON & X

mmh +5357Nd HIHON 2 @
35INd HIMON 1 ONY -

357Ind HIYON ON +

1 dg0dd

L] %)

an- ¥-

.-

00°3- _ 006~
NI HOYH3

00 1-
LI

a0t 000
“N} FINULISIO

RN

T

T TS
(

note

ooty

00°'s

150



x

+ -

X
PPPROREE © ©

+F o+ F

oo*ss

"RI-E'9 HUNDIL

SONQJ3S NI 3HIL

oo-ar
re

ooty
i

oo gr

ao*se

X
infinfninfnininininEnEngnginin]

x

+ +++++

0038 L oo'r2 0o*o2 00°st 00" &1 00" 8@ oo'r

| B8 +

X

+ &
X

%
+
(3]

(5]

I+
+

+ [n]
- - = = = I&.l Sl o = @ o~ — B o m a3 ow

2 139341 *5351Nd HLYON 2 X

@ T 139¥81 <8337nd HINON 2 @

15}
x

3sTINd_HLYON 1 ONY
35 Nd HIMON ON +_

Z ¥d0uy

T

oory-

po‘e-

T

on' &=

po*i-

oe
*N) ESNJIQIU YHOHY NI u0¥y3

002,
(83TTH

00y

00°'s

151



W._r

0p*Z. D09 00°¥9 0009

@
++ +

"GT-£°9 FUADIL

SONOJ3S NI 3HIL

00°as oo 25 oot gr oo vy

oosor 00”38 0D°ze

@ Qo

00°72  DO'0Z

@ PORPRIREREOORE®
+4 + tH++++

oofzt po-@ ao'r 600

ri : I i

o0 r=

+
| e

1
I
I
I
]
I
I
I
1
1

1+ 8

e

+

{13941l *S3S7Nd HIHON 2 @
357MNd_HIY¥ON | ONY
357Nd HIMON ON +

' 1 139441
R

ooot

oos-

T

008~

T

00%-

002z-
(*14) JONHLISIO L3DHH1 NI 4OMH3

0

00’ 0032 |

009

008

—

ooot

152



"9T-€°9 HYNHIA

X X X X X x x X X X XXX XX
+ 4+ - +++++
SONDQJ3S NI 3HIL
W..h nn.ur... uu.ﬂ.ﬂ BB-.-.D ﬂe-n.w _uﬂ.w.w uﬂ-mﬂ nu.n.ﬁ un.ﬂ-ﬂ nn.n.¢ m_n-u-ﬂ nn.v-h nn.l-u nﬂ.ﬂu HB-O.N D_u.w.n nn.ﬂ»- 8.—. Dﬂ.—t Bﬂ...u =
o
(=]
Q
- I
- s = PRS- - s e - e e e e e e e e e . == = i
(=]
+ (=)
S = M= R c— = = R (= o el S Tl ! M b i L D e S ST e = = m T o am S R et e Ve e S S L e L1
X X 3
[ =]
m
2
=D
—_ S hh AR mE e mE ey I el g g me el = - Rl
- === == == mEmEmesm - s . SRR T ERIIET O A M IR R = yymENE TR R -0
(=]
[=T%
+ =
+ =
iR e R |||||||1|..|.x||||||x||||||.+|.x |||||||||| |||.wm
+ » X 4 + % nu
+ X + X
¥ X ¥ X X T ox % X o4* X + * 4 X+ =B
S = K = G, S i = e e = S T s el i sy e Nl it S s e S e e s e oade e o sem e -
* + ™ % XXX+ + L x X X + % x x XX %
= + X ﬁ + + X + 3 +X “.Jv
+ +
S USR-S —y U =- o~ = S L i e s X o oy = — = - -+ — - e S S
iy x X T = % Mu.
+ + X + + H,
X LAV -
R o S e e e e = = - e e s B ST aEE RS A = = -
(=]
+
X
B S G AD R ST AT S e M e a0 wel S SR e (R e (e e e e e e = - X o oy iom e P ETE - = == - = = = = — L
+ - =]
x
Z 139991 “S3SINd HI¥ON 2 X
o 387Nd HINON 1 ONY  _ _ |
sEsoFERYTSSSsmRwaEmSISAocmSREEEESasmReREssE SRS 35Nd HIMON ON + =]
b4 =
& 13944l
+ - - -

0001

153



"LI-E°9 FUADIA

+ Hht+ + # +H++++
SONQJI3S NI 3MIL
‘SL D02t DO"@9  ©0'9S  ©00'0S  00°95  OD'3S  O0'Gy  OO'yr  O0°Or  DOPSE  OOZE  DDTRE  OD'¥YZ OO 00791 00 z1 008 0o ¥ 00" 0 00" -,
+

+
oprw=

S K B S ES DR EE a0 W D06 I EE SR GBS S R SR OBE S 53 3 BMIE gk S B S RN M s mle oM G BT RS on MU R Ve G AR NS W S0 = 8 T MnE = b
5
=

+

i e e e i T e i T R i T -
=
=

+ " *
+
Ok e e e R e e e e e e kS e et E ST Y sl e RS S w e -

1]
(2]
3]
%
#
+ ©
1]
5]
e
(5]
2]
e
- 00'0 [TRre .
O30 ONTYHIE MHOHY NI ¥0yy3

+
+1

+
[T

R R i e R Rk e L -
2 13949l *S330Nd HIHON &
+ ONY [ 139484l "S3STNd HIYON 2

_ _ _ - o - B ONY_357Nd HIHON 1 @ w

- -~ -~ - -"----=-- - - - -7 - - -0 - - - uw.._:Lx._mozaz+1-w
1 ¥B0UY

e

oo*s

z
{



"8T-€°9 TUNDIL

VvV L 24 v VVVVV
+ 4+ + ++++
N
8L Dﬂ.ﬂ.ﬁ g-n-.w oo rs s-e..u Do gs DB.H.H 3ZOUMW gﬁiwrﬂ-s.-—-' B-—-Mn oo* N-n g-ﬁ-ﬂ B-—..c_-ﬂ ﬂﬂ._u-u s-w.__. _uo-u-n gq.D nn_.._v sa.u au_.vlﬁ..
+ 2
a2
v "
RS RN SR RS S B R S SR E R S B s e e e s caes e e e st o o S R e = = SV o - - - -}
.. “
v
XX =SS e G S === e e e e e S - e R S A R S e G R 3 - === === = Lm
v v Wud
v v v + m
+ v * "
= o ek e el S S el e S e R R i, S S - e L e g — = = e - e = = = = e = = = = = A=
v = = 7 v v - ...u..u_u
v ) + e
@ @ ® + @ o
B A @ ® v 3 +g ¥ Og + o 3
ot o + @ Yo o @ euaq it @ @ P , og © 2
4 o_ ®+ v__ @ @ © o- - FeF_ L+t _, +hS 2t LY L +9, _ @,€ - ¥ - - o D - l=
.e+m.a¢. v & -3 = e .&++a+ﬂ +e..e¢a, tga®V o+ e @ o e 8 23
® +
+ T+ Y % E+g + = @ o] Yo eeP® o) o
- L4 =
Tlllﬂlm...mw.llidv llllll Brmes = sam W o - - - e w0 ® b h m m e e e e e
+ v v ﬂm
m
v (=]
v o o e e e e e = B el
=TSy meEesEssssEsEEEE S WO o sy oo TE U O dm o o . = 5
v v

2 139481 SIS ULION 2 ONY ~

2 139881 *S380d HIHON ¢ @

35INd HINGN I w
e R e R T e e J U 35nd HLYON ON + - |2

v ¢ dHO0uY

oo*



*6T-£°9 FUNHIL

v

+48

v vV
+ 4+
SONDDJ3S MI 3HIL
‘8L o0*3L op°gs 00* 38 ootos oo*gs 0p*2s oot gr ao*ry oot or 00" st 00" 38 068z oot rz ootoz op*g oot oo g oo*r og°o 00" v~

il L i Py

4 +1 6
4
T
Y

I
I
I
+
I
i+ 8 I
+
[
[
I
=)
|
e
+
4
4
40
a+
48

+0!
+ q
4

40
&+
+24

g
<

*5337Nd HINON 2 @
v 43oudd 3SINd HLYON 1 ¥
354 H1¥ON ON +

1 13948l &

156



*02-¢'9 HHNOHIA

P & & & & 4 x

+4 X

v v
+ et

SONDJ3S NI 3WIl

L 003 o0o*es 00?9 nn._..vrw op*ss oo* u.w o0o*ay ooty op*or 00" S& 00° 28

oot gz og"

v

oo*o3
s

op*ai

oozt

00" ¥-,

4 x
x
!
-

X

X+ |

I

L3uyl

+g38Ind HINON 2 X
38104 HINON T w
357Ind HIYON ON -+

2 1394¥4l

on*s

60'Z-  D0'E-  00'%-

(*030) ONIYU3E 139HUL NI ¥0¥43

) 00* -

ooto

0tz

T
00*e

00y

r
00*s

157



St o0vzL  anes

0o° s

"T2-€°9 =YNDIL

[njoln}
++

go*os a0+ 9% oot 2s oot @

SONO33S NI 3HIL
0o ey

gotar

oot se

00°28  oocEz oo

i oo*gz

"y

=

g S EEE = = o owr

+e

x

- -

w !

+1

<€ 139441 °*S3S7Nd HIHON 2 X

I 13081 'S35Nd HIYON 2@
38Nd_HLIHON | ONY

- 357INd HIHON ON +.,

1 H80HY

00°%-  00'5-

00" E-

= 0nE-
H NI HO¥¥3

00° 1
0 ¥4O0Y

o7
LS

ogo
I

0ot
"N 30NY

EERT

00'g

oy

o00's

158



TeL 0o~ ZL oo* 83 Qo°r3 00° 08 00°8s

op2s on® g oot vy go*ar 00" 98

"gg-£°9 FUNYIL

SONOJ3S NI 3WIL

rh

00" Ze

00°8z  oo*sz  potoz

oo-8 oo~y ooo

00" r-

+

=0y

1398l *5387Nd HIYON 2 X
1394l *5387nd HIYON 2@

3SNd HI¥ON 1 ONY

3TTINd H1¥ON ON +

& dH0BY

a0+

oot v-

00" E-

00-i- o2
0 HUOWH NI HONM3

10
I

o0t o
JINYIL

e
L837IN *N)

(]

¥

b

oo's

159



"€e-€'9 FUNLIA

] @

++ + FHr+FFF i

SONDJ3S NI 3uIL’
SL 60 3L 00° 89 00" 45 007039 00* 88 00*2s ua.m‘ s nu_.-.m_ :3.3 00 98 00* 2€ 0o*

Fe

oot v3 o8- oz 0o-9ai BU.MM oote oot v oo g opr¥-

1
1
[}
I
|
1
)
1
|
I
[}
I
I
|
)
]
I
I
]
1
i
I
|
1
1
1
]
]
]
1
]
i
]
I
1
1
1
1
I
]
|
)
)
]
)
I
1
1
I
1
L]
]
[}
]
1
I
1
- 0001

008-

|
I
I
I
!
1)
|
¥
|
|
1
|
I
I
1
I
I
|
I
i
I
I
i
)
|
]
I
1
I
|
i
)
)
I
|
|
1
i
I
I
it
|
I
I
I
I
]
i
i
I
I
I
|
I
I
)
|

009-

I
i
I
1
1
I
I
|
+
|
|
!
I
|
i
I
[}
I
|
|
I
|
I
I
]
I
i
1
I
I
|
i
I
I
I
|
i
1
I
I
I
I
|
|
i
I
I
|
1
I
1
|
|
I
I
a
i
|

00¢-

i
i
i
B+
i
i
i
|
i
i
i
|
l
|
i
i
i
I
|
I
1
)
i
i
1

002~

e
£+
3}
+
2]
+
13}

ém+.+9;|a.||=||-9T|1,a+.ea|||;-|e|;1+|||l|a-|e|-l||||||

+
+
+

00e

Ll ) [ L3981 *S3SINd HI¥ON 2 @
et T 357Nd_HLHON I ONY
357Nd HLHON ON +

x 1 133481

+
+
00¥

009

I
I
1
I
)
I
I
i
1

0oB

|
I
I
¥
I
I
I
I
1
T

ooot

160

0
"14) JINWISTO 139461 NI NO¥M3

L



"‘ge-£*9 EUADIA

+ + +
00'03  00'Ss  00°3S m_mﬁmmmw __uum.ﬂmn:.ua.n' pgee  Op°zE  ©DotEz  00*¥Z  O0COZ  00°8t  00°31 008 0o%y ogco  oot#

+X
+X
X +

K

onot-'

|
|
I
!
|
|
1
I
|
1
|
I
|
I
I
I
I
I
T

o008~

I
|
|
i
|
|
|
|
1
I
I
|
I
1
T

009-

i
i
I
I
I
I
]
1
I
T

+
00¥-

x
+
i+
gI0 13946l NI

<
+ X,
+
X
L3

k

I

1

+

I

]

X |

I

|

002-

1

1

]

I

]

|

1

|
P
i
X
I
4
b
#*
it
1

I

)
[F4
1

1

1

]
P
]

|

]
1%
1

[}

I

)

0

X +
X

4 X
+

+

+

X

%

X

x

002
[("141 30NUYL

]
|
1
I
|
1
]
I
i
]
1
J
I
1
I
]
]
1
1
I
1
i
]
1
I
1
1
I
]
|
I
]
1
]
1
|
1
I
Iy
]
I
1
1
I
1
I
1

oov

008

+ *538INd HINON 2 X
2 Fmamcwwgsm‘:Hzoz 1 ONE
e - - m - = = = = = = = = = 357Nd HI¥ON ON + L

Z 13044l

ooe

T

ooot

youyl

161



ootes9

0o*#s ao*os

oo”

"Ge-€°9 TUNDIA

SONOD3S NI 3IHIL

ao* 8y A

0o or

oo*

9E

op-ze

oo‘s2 oD 2 oo

acto

00" ¥~

o+

+8e

+

139441

*8387Nd
139481 °S3sTnd

ONU_387Nd HL¥ON 1 @
357Nd H1¥ON ON +

1 dH0OBY

ty
0@
e
@

HL¥ON 2
HLYON 2

00°s

00" ¥~

- o0c2- k-
NI HOSH% fott

Bﬂ'

T

LR
38 ¥uoy

-+

0p°
1+030) ONINY

00°2

00*E

ooty

162



"9¢-£°9 HUNDIL

+4
+4
+ 4

SONOJ3S NI JuIL
00° 2L 0089 00 ¥s oo- g8 00°85 00°2s 00-8¢ R oot oy 00-se 00*2€ 00-82 0052 00*02 00" gt op*2t 00’8 [ 00 o DO* -

1 r} rl L

I
[}
1
oore-  00°3

4
pr
00°E-

00" -

i v = S o _ _ _ +
T T T R R e R R il T kTR
v +
+ + v * ¥
5 _ m||¢|11 - - ¥ _ ¥ o=
=+ == = R A OER Tt = L g TrEeg T T EAamEE s s s sk = = = 2 =

N 00 1-
[+930) INIMHIB HHOWY NI ¥ouu3

2
4 46
o)
(3]
e
:2
(5]
+
+
-+
3]
5}
+B)
e
+ 4
00°0

1
i
00t

4

+
+
+

I

|

i

I

|

L}

L

W

|

|
0072

<
optE

Z 139¥41 *S3STNd HINON 2 ONH

I 139¥81 *S357Nd HI¥ON Z

357Nd HLIYON I

R 357nd Hi¥ON ON

& ¥dgidy

Q
v
+ -

I+

+ =1
o

ogrs

163



"Le-€°9 FUNOIL

+4
+49
4

SONOJ3S NI Wl

ri Tk

opzL Do-8s uu..t,w ap-03 00*95 oo*2s optar an*#y oo°ar ao-9E uo.ﬂ.ﬂ. 008z DD* ¥2 ao-gz Go* 9t BoDrZt oore og*y [i1:51] og* ¥~

1 AL s s i L - i
|l..|||||||..|.I|QI|I.T!..||||I.[.|.I|||l|‘||||lrl|.|||||i|11l||r.t.|.|.||||
@

||||||I|..|.J+||I1|||||||..|||||irtlll..tl1|||€|1|||€|||lil|||
e R e T e e e R ||1l||Q||I.I.1l|.|||l.|||.|||||||l|||l-

v = A

A +
v ﬁ i %
@ v

lilllal IIII|1IIl.ﬂIIItm.}+...l - Iili-—-lIIIIFI!IIIII.TTlilIIIII

+
(3]
|
a1 +
2]
1
& |
ke
a
4
19+8
+
(2]
e ¢
e
9 +
8+ 41
2]
e
2]
a
+
3]
o
5]
<«

+
€
+
48

D=2
+
+
+

g 491

+ B

4 9+
<
& 4
g
+
<

= E SIS A L o n S E 2 B eem e = m m e m owom m me m e o e e e o m s = e i o e s m S e o e = oa = =@ e

I 139461 *S357Nd HIHON 2 @
\4 3SINd HIHON | w
35N HI¥ON ON +

v v I 1304H1L

&
43

0o i-_ 00
HOY

(793001 ONI¥Y3E 139801 NI

T

o000

164

QoL

0z

00!

o0y

go's



00- 2L

oo°es ap*rs oo*os

oo

85

+4
+4

"8c-€'9 HYNHIA

SONDJ3S NI JUIL
0p* 25 00" 8¥

oot ey .

oot gy

00- sE

00°2e oorg2 og*

¥

ontoz

ao-

-

-+
a %+

4 X1+

I
I

X 4

19X

X 4

+

+1 49X

4%+

Z L3948l 'S53SNd H14ON

N
uqumxbmczw
38TNd H1¥ON ON

Z 13948

bas
v
+
1

oore-"

T

03t r-

e E-

t__ o0 i-  (0rE-
1308EL Ni Hudyd

op
NIsEI8

(*93n) 9

"0z

e —

oo ong

908

165



*62-£°9 FUNDHIL

DRER0 QAR

+ o+ - +++ +

SONDJ3S NI 3WIL
9L 0oL 008 00'vS 00703 00'SS 00’35 00°@Y  00°RF  00-0r  00-9%

) a

oo*

no-gz

0orgt  00°Z

-

T R T S S XX o X L L. e e e
o K
X ox XxX >
o) Kuxx X7 x
xxxxxXXXB
e = e oo e MR TADTLNN Ll e o o s e e e mm mom = S e e o = Mo @ oas ae Sm oI omE Wl =
e X X o
X
*
* @
X% X
FHT TS EFESEASAs S EHESESS ER eSS RS RERE SRS eE =SS S - = Eedae==5
+
Q=% S E e ES A SN A S R A RS RS E TS S 2 S, 05 s o e e v = =

+
l
I
I
4l
|
|
18 +

- e e e s e e m . = 3 e e w3 . = S = W m e = e = e e = e = = = = = e

|

e
I

139441
1394yl
35

20

— L-23
o
=3

= ‘e e mar mE aa 1

- Fa
=
=

S Ewm s ey
o
=
m™m
2
.

|||||||l|lzw
=
=
=
=z

I I [

. B

$S3510d HINON
*S3SINd HINON w m
Nd HINON | oNd
357Nd HL¥ON ON + -

I ¥B06Yy

00°
¥H0

00°0
HislQ

a0 1

e
S3TIN N1 30N

e

T

oo'r

T

oo*s

166



*0E-€°9HHNIIA

HHXKHXXXHKHNKHXRXXKXRXKK X XX XX X X X X X X X XX XX
e} @ o] @
+ + + 4+ F + + + +4++ o+
SANQJ3S NI 3MIL
¥ n.r oo- u.r oo* n-w oG- -_-w g-mm og* m-w og- w.m oo n.-_ oo* ~.1 oar u.-_ oo* m.m oo N.m oo~ w.w oo v_N ao* _.-“N oa- n.. oo- N._. _uﬂ..n nn-.w on.-n 0o-r-,
X =
¢ 139¥El *S330N4 HINON Z2X + * 2
1 13981 *$337Nd HI¥ON Z © o=
35704 HI¥ON T ONH X
= omw ow SE s W S NS BT AR R WS RT A SR R S W A S A B A = = umoas aE En m S 38INd HINON ON+ = = = = = = - = S
=
¢ dH0ib¥
@ +
T ESsSog=CE = S S N R S s e S e e e - ks
+ [n}o) o
+ e+ + + X e
] ] + ﬂ
- = m m m = = m = = mim m e = e = m = = s =i = = = = om = == o e - = e e = m = = — = = = = === =
0] @ .
+ @ o o e+e x.—- X M”
99 ++ 0] + i =2
+ - _ o muvﬂl +IX.|lkPFIlIIIlII - L=
ST T4 a@Y T T T T T T ST T e T 7 - - - F s = - - » e
+ 0O 3 wx* X 83
Q N @
o + ) a.++ = x+ o 7t +x® ° o2
“wm T T ToT T T F T 3 - - - - - - = et el = - T W - T = R B SR SR R SR oRE TR R SR SR W R =
2 ae "4 @ @ ® K o X ® g3
+ ﬂ + + + (ol % =
+ + : X+ + 33
- - - - - = = === - = = - = g e == - - - - - - M= =P = = = =2 == e =R A s = s = s = s == - o=
+ " " R + ) &=
+ + @ + =
® @ e
DT n SR = R R S =EBisigge s ERmeeREs S i H L -T.ww
@
x
| M o0 OTmoMmE D ommo2M IWR o Ilth—.lll — (N AT B - Eom e m e M SR E e e Esw e E I-M
+
@ +
- = = e e = o= = = = == - - = = = = = - —- - = = - = R T T I T T - A - 2
» % 8
X % x
X
L MRS e B i EmEs e X o - o W ow oo X e e e e e e m e = - -

000t

167



]
+++ ++

8L 00'aL

+

o00*gs

+

[afnfnfofala]
-+

Do*rs  00-0%

el

QEOERE ®©
+ o F A

00°95  00°28

"TE-E°9 HYNDIL

+ o
SONQJ3S NI 3HIL

00°8r  00'y7  00°0Y  O00°9E  00°3E 0O

0% v2 00" 02 ao-at oozt oo-8

00"y

Qo

00°0

oot r-

T 13348l *S387Nd HI¥ON 2 @
3504_H1MON 1 0ONY

- - 3S7Nd HLHON ON +
I 130461

+
oo

+ + ¢ @ Q 2
g T L% o e®_ . s

ooot

nos-

009~

0oy -

1
T

00e

I
0
("L14) JINGLSTO L1304HLI NI ¥0uY3

] 1
X 00y 002

ons

008

000t

168



"2E-£°9 EHNDIL

MUK KEEKHRRKR KKK KX EAXKRXX XXX HHKHXXRKAX XXX AXXAHX x X X

44 4+ +F o+ ¥ 44+ +H++++ FEFAF + o+ + - +

SONDI3S NI 3WIL . . . . . . . -
oL 00'Z. 00’83 00'¥s 00708 00v9S  00'35  00'g%  00-¥y  00°0r  00°g€  00°3 0062 00y 00702  00'§t  00°Z 00'8 00"y 00°0 00

'y rl L ke

oot

-+

I
I
I
|
|
|
|
|
]
|
1
I
I
i
I
i
|
I
I
|
1
|
I
I
|
1
1
|
I
I
I
I
)
|
I
|
I
1
I
|
I
I
i
1
|
I
1
I
|
I
|
I
1
I
I
I
|

008-

!
1
1
[
I
i
1
1
|
|
I
I
I
I
1
|
'
I
1
1
I
I
[
[
1
1
|
I
I
I
1
|
|
|
+
1
1
I
1
1
[
|
i
I
1
I
I
|
1
1
1
1
I
[
1
1
[
T

] |
| i
I I
1 1
[ i
| [
| |
I [}
[} !
1 [
| I
] I
1 I
I 1
1 [
[ !
] l
| 1
] 1
1 1
1 1
i i
| |
[ 1
\ 1
| [
| I
1 ]
1 1
) }
I 1
v |
1 |
I I
1 [}
Vo
I 1
1 i+
] I
x |
] I
| |
I 1
[} ]
| 1
I 1
i |
I ]
] I
| ]
i [
1 |
x| 1 I
1 1
(. 1 1
| 1
1 I
p0z-  00v- 008~
10 139461 NI ¥0Y¥N3

|+
I
+
1
|
*
i
i
IX
1
1
»
1
1
]
002

[
]
+
i
I
i
I
I
1
1
i
I
1
1
I
|
1
1
i
I
i
i
1
[
[
I
|
|
|
|
I
i
[
1
I
i
i
]
1
1
|
+
1
[
i
I
I
1
1
I
I
I
[
I
[
|
1
1
T

oow

009

29yl *S3SIAd HLYON 2 X
et 3sInd HIMON T aN§
3SINd HIMON ON +

Z 130¥8l

008

I
|
|
1
1
|
|
1
|
I
|
I
|
|
|
|
1
I
I
I
I
1
!
I
I
|
1
I
I
I
I
|
|
I
|
I
|
I
!
1
|
I
I
]
I
|
|
|
I
I
I
1
I
|
I
|
]
e

000t

I
1
0

(*1d) 3JINULS

169



80°ZL

00" 89
ry

0o-¥s

+

+ 4+ +

"EE-£79 FUNDIL

SOND33S NI 3WLL

oo~

L
L

oo*ar 11134 g€

Do* 2¢ ao*az DD'V.N oo~ gz oa-9t oo*

| X
X

Z

I+
i

00002~ 000S2

139491 S3ISTINd HIYON Z X

387MNd_HLYON 1 aNH

3S7INd HLIYON ON +

Z 13938l

00 -

T

goosti-

- gaooI-
139441 NI ¥o¥y3

000s-

0

000S
(*14) 30NYLSIO

oopat

oogst

ooooe

00052

170



+ + +

oL 00° 2L 00° 89

+

00'rs  00-08

+ +4+++++ ++E++

"hE-€°9 TUNHIA

+ +

SONDOJ3S NI 3HIL

00°88  00°25  00°8  00'%¥

00-9r  00°8E

00° 26

+

00°82  00°%2

00

+ 4+ 4+ 4+ + o+

st 00-2t 008 ooy 500

an° k-

ks h A '
=
=
+ + +
e e = o = = = = IlII|IIIIII+III+|II IIIII UL AU U ———— 1]
o
=
+
+
B m na i e e e e e e e e e e U - .. U e e e e EaE e e e e
- - - - - - - - - -7 i
+ =
e e e e e Ee e e Sa e e wa LR
= el e B L A AL e = = =S |||¥.||||I|I.||+||l.l.l ||||||| e _J.ﬁ
=
=
+

(3
'y

@ @

oo
or=—
..
w
")
w
-
=2
9% 98
o = = =
0 0 0

0o 1-

*930) ONTYH3IE ¥HOBY NI d0d¥3

oon

T
1

l

{ [

171



"GE-£'9 HMNDIL

v TVVVVVVY VVVFVVWV v 4 v v
+ 4+ - + 4+ + + o+ ekt + F 4

SONOJ3S NI 3WIL
Si o0g* 2L 02°8s 008 0c° 08 ootss og*2s ao-ar A ocrgr 00°3E 00°ZE 0p0- 82 00°r2 00°02 0084 o0t 2t oo-8 oot r 00" 0 00" r-

1 s

b

4
Do &

v ¥

<

+
, +
]
|
|
I
|
l
|
1
1
I [}
L} 1
i ]
1 1

[ ~%3 00*E- 00 ¥-

Yy

|
|
I
I
I
1
I
|
I
1
]
1
I
I
i
|
|
]
I
I
I
I
I
I
I
I
]
|
I
1)
1
|
|
|
]
I
|
|
|
|
|
]
I
I
]
I
|
1
|
i
i
1
I

oot i-

I
I
I
5]
]
)
a2 +
o4
e
I
4
]
I
=)
el
9I
i
I
4
|
|
I
'

1930) ONTNY38 NHOHY NI N0

I
I
|
I
[}
I
I
I
i
I
I
|
|
I
I
I
I
)
I
|
I
I
I
I
I
I
I
I
)
I
<+
I
I
)
I
)
|
1
I
I
I
I
I
|
|
I
I
I
I
I
I
|
|
I
I
I

+

4
+

oo

I
I
I
I
I
]
I
I
I
I
I
I
I
}
I
I
I
I
I
I
I
I
I
I
1
I
I
I
I
]
1
1
I
1
1
I
]
I
}
1
I
|
|
]
[}
[}
+
I
I
|
!
I
I
I
1
1
1
=

ootz

4

N *$357M4 HLYON 2 ONY +

¢ hu..wa.n—_wumWH *535INd HIYON 2@ +
35Nd HI¥ON 1 &
357Nd HL¥ON ON + L

< ¥gagy

e

00

172



(ninkngein}
+

"9€-£°9 HUNDIA

e Q@

v v

¥ Ve
+ ++++++ FHH R+

SONQJ3S NJ 3JWIL

+ =+ + +

Qe
v v
4+ 4+ +++++ 4+

9L 00",  0°§9  00*+8  D00°08  00°SS 0025 00°8r  00°x¥  0GOF 00-38 opeZe  0t@2  00°4@  00°92 0079t 00-21 o8 no*y 000 00%r-,
+ 2
S0 1 T S = e mE R e e o i S S D GS o e S5 S5 e B e Ee Ee ) wet B e o i o e o M e wE e vm R T omn e ot s v Rk
+ - ¥ f
@ N =
+
|ll.tli|I4IIIL-UII|IIII lllll IIIIII-IIIIII+Ili1JFII1IIIIIIIII|.....r
+ 4 =]
v + o
+ +
I.I.I.III||||||||Il|-.I||L||I€l<l|~|+ ||||| S e R a TER TR e S A S R s L R S S e e e e G YRR |..nvm
=
- + + + .UW
® v + ..l.
IJv{lllhﬂllld.l.@llllﬂlldll@llﬂl|1lllIIII|||i T - = IIII.IWI_.IIIIJ.....N..
v A =
v o5 + v @ 8 Q,N @ D E
= v v i 9 ® v B
Q v + .8 o @ @
. R L S T Inwlwaﬂ. - = 9_ .MI - - - Pg G T S T e = s Lo
O, +%00g7 o2 @ ¥ v cnu+a_m .2 vo. e v &
+ - = @ - Ue N 40,4 gmwe v @ (o) w m
U o om W @ S S e R R S o |||.|l|iﬁ.ll||..|||.+||11%1._||W|||||THM
v + v =
v + =]
+ + @
4 Y T~ P £ i SO Ve e A o & = S s S = S n s e As o B e S B .
L/ + + @ o . s
I 139881 *$3I8Nd HIYON 2 @
v @ ¢ 35Nd HI¥ON 1 ¥
= = = o 387Nd H1HON ON + |w
R i S T - - - - = = = - B EEE= - He
+ ] 13948l
+
P e — o e e U m BE Rl O S e SR A 3 e sigm o i o o o e s e i o mam -
]
v - +
- = T e I T o R A — lEm e VT e Em e el TERC (W W, g W e em = e e e e e -Illlﬁ.n’

173



"LE-E£°9 HUNDHIA

CHHAAXAXKXKKKKKH AKX KKK KEK K AKX KKK K KK AKX KX XK KAKXX

v v v VVVV

+ ¥+ FF FF 4+ + o+ + o+
SONOJ3S NI JMWIL

L 00°ZL  00°83  ©00'yS  ©0'DI 0085 0035 00'BY  0O0'RY 0070  D0-9E

r + 4+ +

00° 26

X

+

+ 4

0082

00°¥3

oo-

0z

00-8 oo r 000 00" ¥~

9

¥

ax

X4
*®
«

E30Y¥Y1 "93S0Nd HLINON 2 X
35°INd HI¥ON [ w
354 H1I¥ON ON +

¢ 139841

6o ¥~

T

0p° &~

T

30401 NI ¥O¥y3

aoci-

00°0
g1

T

oot
(*930) ONT¥H3

oore

0O0'E

ooy

oo's

174



TVVYY

*g€~€ "9 FUNHIL

v v v v v
+ + - + 4+ + + +
SONODJ3S NI 3HIL
W.- oo* N.F op* ﬂ.ﬂ po* c.m nnvnwm ao* 85 ao* N.m ao* ﬂv oo- JAd oo mv oo~ MH oo* Wﬂ 00" 82 [+ichd v-N Quuln.w oo-gt oo* N.“ oot 8 3..# 0o0°0 00" ¥-,
=
=
oy - — = — e, = 3 ' - - — ey — — - - b _ o — — - iy p— - — - b — - _— - o - — —_ —_ — — — — — — — —_ —_ —_ —_ - 1
c T r
=
=
* i
- - - - - - —. S— - . - - - - - -— -1 - h ‘l.ﬂ - - b - an - -— - -_ - - b — - L - - — — e = - - - = — - - - - - - —] 'm
s
+
)‘c e = - = T o4 - = — — = — iy - =3 ) i = rm
b = midesEEES EEEEE e + =E
P =
.T —
++ * s s s athsess s s e - k=
= T TN S S S T A TR T =R T DTS S S SR B ELE + g
* + . + + . &3
+ +
v ¥ + A @
v + . v %% x x + v 3 3
v v - v v v Ve ¥ = v w ¥ ¥ ¥ X -5 s
e - = g = - F - = - - = = = = - - - - Vo - -g- - =XV - - = * b S = - = - £
b vv¥e ¥ v v S =t ﬂ W ¥ X X.X *ﬂdﬂm ¥ X L g
+ v v v V- m . + ﬂ
+Y 4 v + v vyt =
+ + + L * =
= IIiIhTIIII!I.}I IllllITF+IIIII1IIlII|.III|II!lI-TliIII.TIIII - s
& 3l
s o
™m
(]
% o o0 S5 D e e mm e ST B D o A N S Sl B D S S AT b S e M SRR NN G BN a3 DY Sec 3 0 s omE e Em = BB = os e = s amoaee s - - k==
+ 2
+
st +
- - _— == = = = = = = = = = - - - = - e S e o .
- X g% X x "X XX XX w X X + &
A % 2 139M¥1 *S3ISING HI¥ON Z X
X XX 35Nd HI¥ON | @
%X x 387Nd4 HLEON ON + o _ _ e
w lrnrllvnx.vnaXNTllll S e s . EaEs T EsmesEma—_ o M
o P W Z 139¥d. P <
w x

0042

175



7. FLIGHT TEST DATA

Representative plots of range and bearing to a stationary
target computed from actual measurements made in flight are shown
in Figures 7.1-1 and 7.1-2. These represent calculated range and
bearing to the Mizpah fire tower from the BCAS test aircraft
flying over it. The calculations are based on measurements
utilizing two radars with azimuth reference pulses. The circles
represent active interrogator measurements of range, the x's the
range and bearing computed by BCAS, the short horizontal bars the
range and bearing computed from ARTS III observations, and the
vertical bars through them the approximate 90% confidence limits

for the values computed from the ARTS measurements.
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SUMMARY

Analyses have been performed for the static case and algor-
ithms have been developed for computing range and bearing to
potential threat aircraft and to ground radars, using passive-mode
BCAS measurements as well as a combination of active and passive
mode measurements for the single ground site geometry. Only the
static solutions are presented. These are solutions based on the
differential time of arrival (TOA), differential azimuth (DAZ)
and, where approprlate, own azimuth (OAZ) measurements taken at
one instant for the configuration as it exists at that time.

The algorithms compute range and bearing to intruder aircraft
and radars on the basis of ‘only the current measurements, making
use of no a priori knowledge of either the positions of the air-
craft or radars or of any previous measurements. For this reason,
the accuracies of the computed positions are likely to be worse
than those that would be obtained by dynamic tracking algorithms
which would smooth out the effects of measurement errors over
time.

The solutions obtained are the solutions that best fit the
measurement data. Thus, thelr accuracy is the intrinsic accuracy
to within which the relative positions of intruder alrcraft and
locked radars can be determined from the measurements made with the
given accuracy at one point in time. Dynamic tracking algorithms,
when they are developed, may be expected to have better overall per-
formance because they will have available sequences of positlons
over a period of time and will be able to smooth out measurement

errors by effectively averaging over time. The statically computed
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accuracies should be suggestive of the accuracies that the tracking
algorithms should be able to achieve.

Algorithms to determine target range and bearing from the
BCAS measurements were developed and tested in simulations. In
addition, an approach to the problem using target locus curves has
been developed both as an aid to assessing the nature of the
solutions qualitatively and as a potential basis for improved
solution algorithms.

Three different modes of purely passive operation have been
simulated. These assume all radars equipped with azimuth refer-
ence signals, none so equipped, and only one radar so equipped
available at a given time.

It appears that when no radars are equipped with azimuth
references, the target bearing cannot be derived sufficiently
accurately to give good target tracks. This coneclusion should be
verified by dynamic simulation.

When all radars are equipped with azimuth reference signals,
the positions of single targets can be determined. The range of
configurations in which the solution i1s excessively error-
sensitive is smaller than for the other cases, but under some
cilrcumstances the measurements lead to ambiguities in that several
distinct configurations can give rise to the same measurements.

When only cne radar has azimuth reference signals, two target
aircraft must be observed to make calculations of position based
on passive measurements possible. The range of configurations in

which the solution is excessively sensitive to measurement error

180



is larger than when all radars have azimuth reference signals;
multiple solutions do not occur.

In the good configurations of radars and aircraft, target
aircraft positions can be determined to within an RMS error of
less than 300 feet, assumlng measurement accuracies 1like those
obtained by the experimental BCAS system. Radar positions can be
determined only to within a few miles using the system of two
radars with azimuth reference and one target; radar position error
is under one mile when the system with two target aircraft is
used.

Tt is judged that either system - assuming all radars equipped
with azimuth reference signals or only one radar within BCAS range
so equipped - 1is technically feasible.

The results for the individual cases are summarized below:

1. A1l radars are assumed equipped with azimuth reference
signals.

In this situation, the range and bearing from BCAS of a
single intruder aireraft can be determined if it 1s being tracked
by BCAS using two or more ground radars. The range to each radar
can also be calculated.

Both simulated and flight test data verify that this mode of
operation is possible in all but a set of unfavorable configura-
tions. The unfavorable configurations are the following:

a) BCAS on an extension of the line connecting the two radars.

b) The intruder aircraft between BCAS and either of the

radars.

¢) The BCAS alrcraft between one of the radars and the

intruder.
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The width of the bad ranges depends on the characteristics
of the configuration as a whole. In the worst part of each,
the iterative solution algorithm fails fo converge to any solu-
tion. Near the edges of the bad region, the configuration com-
puted from the measurements is highly sensitive to measurement
errors., This error sensitivity is infrinsic in that the con-
figurations are such that large changes in the relative posi-
tions of the aircraft (and radars) cause small changes in the
observed measurements. Then, inversely, small changes in the
measurements, such as those arising from measurement noise,
cause large changes in the configuration that can be deduced
from the measurements.

Outside the bad ranges, the relative position of the in-
truder aircraft can be calculated with an RMS error in position
of generally less than 300 feet, depending on the configuration.

The ranges to the radars can also be calculated, but the
values obtained are quite sensitive to errors in the measurement
of differential azimuth and may have errors of several miles.

It is important to notice that, under some circumstances,
several distinct configurations of radars and aircraft will produce
the same set of values for all the measurements obtained by the
BCAS. In such a case, it 1s theoretically impossible to deter-
mine from the set of static measurements obtained at one time
which of the possible configurations actually gave rise to the
measurements. The ambigulty can be resolved by making other
measurements, e.g., an active measurement of target range. In

addition, although the possibility of the false solution may
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persist for a period of time, so that a false track for the 1in-
truder may be established instead of the true one, the radar
positions computed in conjunction with the false track will

in time be seen to be inconsistent in that the radars will
appear to move relative to each other.

5. No radars are assumed equipped with azimuth reference
signals.

In this situation, BCAS can determine the shape of the
configuration of radars and aircraft if there are two radars
and two or more target aircraft. The measurements contain no
absolute azimuth reference signal. Hence, the orientation of
the configuration cannot be determined directly, but only the
bearing of each radar and alrcraft relative to some arbitrary
reference within the configuration.

It has been suggested that the BCAS-equipped aircraft might
be able to compute its own position relative to the radars at
a number of consecutive times. Then it could relate its own
flight direction to the fixed direction of the 1line connecting
the two radars and use that as the known reference directilon in
determining the bearing angles toward the intruder aircraft.

Tt was found in the course of the simulations that the
range of configurations in which the computed results are in-
trinsically highly sensitive to measurement error is more exten-
sive in this case than in the case where both radars are
equipped with azimuth reference signals. The bad configurations

include the following:

183



a) BCAS on extension of line connecting the two radars.

b) Either intruder aircraft between BCAS and either of

the radars.

c) Both intruder aircraft in the same direction as viewed

from BCAS.

In addition, the current heuristic algorithm used to obtain
an initial approximation tends to fail when an intruder air-
craft i1s in the direction directly opposite that of a radar,
when viewed from BCAS, or when BCAS is directly between the
intruder aircraft. The difficulty in these regions can be
eliminated, since it arises from the algorithm used and not from
the nature of the dependence between the configuration and the
measurements.

For those configurations in which the aircraft and radar
positions can be reliably computed, (i.e., in the good ranges),
the errors in range to the target aircraft are comparable to
the errors obtained using radars that are all equipped with
azimuth reference signals. The computed radar distances are
considerably more accurate. However, the bearing angles com-
puted relative to the line connecting the radars have errors on
the order of several degrees. This suggests that the proposed
scheme of operation with no azimuth reference signals at all
may have difficulties. A definitive Jjudgment must rest on an
analysis of a tracking scheme in the dynamic situation.

3. Some radars, but not all, are equipped with azimuth

reference signals.
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It is assumed that the BCAS at any one time would be in
range of only one radar with azimuth reference signals. Other
radars would be available for locking and for tracking targets,
but these would not have azimuth reference signals.

In such a situation, the problem of computing the configu-
ration of radars and aircraft at any one instant is essentially
the same as in the case of no azimuth reference signals. Two
radars and two aircraft are required. The only difference is
that, once the shape of the configuration has been determined,
it can be properly oriented on the basls of the azimuth measure-
ment.

The extent of the bad range for this case 1s identically
the same as in the case of the system with no azimuth refer-
ences, as is the error sensitivity of the computed ranges to the
intruder aircraft and the radars. The bearing errors to the
radars and the aircraft are comparable to those achieved when
all radars are equipped with azimuth reference signals.

L. Limited simulations were also performed for the caée of

a single-site geometry, where active interrogation is used to
establish target range. It was found that the accuracy to be
obtained is comparable to that for the purely passlve cases.
The worst accuracies occur when the radar, the BCAS, and the
target are approximately colinear. Two distinct solutions can

occur if the target is at a sufficiently high altitude.
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APPENDIX ‘
ALGEBRAIC CONDITIONS FOR PROPERTIES OF LOCUS CURVE
A.1 GEOMETRIC ARGUMENTS

The properties of the target locus curves described in Sectilon
2 largely depend on the relative values of T, H and Ho' The single
most important determinant of the nature of the locus curves, in
terms of the geometric construction carried out previously, 1s
whether the vertical projection of the radar position is inside or
outside the ellipse in the target altitude plane.

Figure A-1 shows a side view of the ellipsoid of revolution,
cut along the LOP. The eritical question is whether x 1s positive
(as shoyn) or negative. For positive x, the radar projection 1is
inside the ellipse; for x negative, it is outside.

The quantities in the figure are defined by

D = da~ + H Al1.1

Rl

-

Si

T7INTTTAT (777777777777 /177777

—®X d —m

FIGURE A-1. SIDE VIEW OF ELLIPSOID OF REVOLUTION USED TO
CONSTRUCT TARGET LOCUS CURVES.
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st = ¥x° + H A1.2
1 5 >
RY = y(a+n)? + (-H) A1.3
By definition
=8t +R =D Al.h
Hence
(T+p-81)° = (r1)? A1.5
or
(T+D)2 - 2(T+D) yxe + 82 4 x2 ¢ @l
= a2 + 2dx + x° + H® - 2HH_ + Hg A1.6
Hence
> B R
T° + 21D + 2HH_ - 2dx = 2(T+D) ¥x° + AL.7

and, after squaring

(T2+2TD+2HH0)2 = u(T2+2TD+2HHO) ax

+ 4a® x% = 1(m+D)? (x%41%) A1.8
or
[a(T+D)2 . ud2] x® + L(T°+2TD42HH ) dx

2

+ u(T+D)? B - (T2+2TD+2HH0) =18 A1.9

This 1s a quadratic equation in x, which has real roots only if

its diseriminant is positive. The discriminant is

2

A =16 4 (T2+2TD+2HH0)2

= 16 [(T+D)2 = dE]DI(T+D)2 BS - (T2+2TD+2HH0)2] A1.10
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or

A = 16 (T+D)° [uT2D2+u(T3+2THHO- 2TH?) D
T T HH_ - y2 H2} A1.11
Tt is evident that A is always positive for D sufficiently large.

To a first-order approximation, for D large

5 B o % + 2HH_ - 2H°
A = 64 (T+D)° T DT |1 + ; A1.12

]

™D

Then show

T2 + 2HH_ - o2
Jh = 8 (T+D) TD (1 + S —

- 8 TD° + 12 T°D + 8 HH D - 8 H°D A1.13

With this approximation and the approximation D »~ d for large D,

Equation 5 may be solved to yleld, for large D

- 4(12+27D+2HH ) D + (8TDZ+12T°D+8HH_D-8H°D)

X = 167D Al.14
This gives
2 2
T - H
X) = 5T Al .15
and
X2 =z = D, A1.16

The second solution %5 i{s always negative. It corresponds to the
end of the ellipsoid nearer the radar cutting the target altitude
plane and is of no interest. The solution Xy is seen to be

positive for T > H and negative for T < H. This is the important

result:
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When T > H, for any D sufficlently large, the radar position
willl project inside the TOA ellipse in the‘target altitude plane.
Hence there will be exactly one branch of the target locus curve
compatible with large radar distances.

When T < H, for any D sufficiently large, the radar position
will project outside the TOA ellipse in the target altitude plane.
Hence, 1f the target locus curve exists at all for large radar
distances, it has two branches. Furthermore, it is seen that as
D becomes large, the distance along the LOP from the radar posi-
tion to the TOA ellipse approaches a constant value (Equation
Al1.15). Also, as D becomes large, the ellipse locally near the
LOP becomes more and more nearly a straight line perpendicular to

the LOP (ef. Figure A-2). Then for the radar approximately

2 2
X = H—EZT—T— A1.17

from the elipse along the LOP and o sufficiently small, the line

determined by the DAZ will intersect the ellipse at a distance

2 2
v xﬁ—ﬁT—tana A1.18

from the LOP; y is approximately constant for large D. Hence the
"inner branch" of the target locus curve 1s seen to approach
asymptotically a line parallel to the LOP a distance y from the
LOP.

The next sectilion gives in a concise form a more formal and
complex algebraic proof of the properties of the locus lines far

from OWN.
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SEGMENT OF CONSTANT TOA
’ ELLIPSE IN TARGET ALTITUDE PLANE
LOP

RADAR POSITION

FIGURE A-2. DETAIL OF DIAGRAM FOR CONSTRUCTING
TARGET LOCUS CURVE .
CONCLUSIONS
Let

H

height of TARGET

o. differential azimuth, assumed to be positive

T = TOA

The line parallel to the line Jjoining OWN to RADAR and height
H above it wlll be called the base line,

Then

1) If T > H the locus curve has a single asymptote. It 1s

parallel to the base line at a distance of

T coso + fTQ - H2 sin2a

sina

2) If H sina < T < H the locus curve has two asymptotes

parallel to the base line at distances of
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T cosa  NT° - HZ sin’e
sina )

3) If T < H sina the locus curve is bounded.
A.2 JUSTIFICATION

Let

Ho = height of OWN and define 6, r, s, d by the following
TARGET

RADAR
d

Here the peoints labeled TARGET and OWN actually represent the

horizontal projections of TARGET and OWN.

- 1
Letx—r_.

By the law of sines

4 = sin (®+a)
T x sino
and
_ sin¢
5 7 % sina
_ 2. a2 1 Py "
NowT—'/s +H+’/x-2+(HH0)— o:i+H0

Substitution and multiplication by T sina results 1n

sina (Tx - ‘{1 + (1—1-.1{0)2 xg )1’511’12@ + H2x251n2a

= |/s1n2 (0+a) + Hixz sl A2.1

Suppose there is a not necessarily continuous or unique

function ¢, defined for small non-negative values of x, and taking
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values between 0 and m - o (the only physically realizable bear-

ings) such that

sina(’l‘x - '/1 + (H—HO)2 x2) = Jsin%(x) + Hzx2 sin2a

- Vsin2(¢(x) + a) + Hg 31n2a x2 A2.2

0<ao(x) sm-ua

If x is close to O

- sina = sind®(x) - sin(@(x)*-a) = - 2 cos(;(x) + %) sin %
SO
cos % z cos(¢(x} + %)
Since ®(x) * - o is not possible

@(X) = 0.

Tt follows that #(0) = 0 and that ¢ is continuous at 0. By
Taylor's Theorem applied to the sine function A2.2 may be written

in the form

sin a(Tx - ‘/l + (H—HO)2 x2)= Jﬂ:(}\:)2 + H2x2 sinza + ¢(x)3g(¢(x))

B Vk1+H§x2) sinzu + 2 sina coso ®(x) + ¢(x)2 h(¢(x))

A2.3
where g and h are smooth functions

Let u(x) = Hg x2 sinza + 2 sina cosa ®(x) + @(x)2 h(@(x),

V(l + Hi x2)31n2a+ 2 gino cosq 0(x) + <I>(x)2 h(@(x)!

= ‘/sin2a + u(x)

Use the fact that the square root function 1is differentiable at

positive arguments to write

193



\Linza + u(x) = sina + E—é%ﬁa ulx) + R(u(x)) A2.4

where R is a function with the properties

1im R(v") =0 and R(0) = 0.
v=+0

rRlu(x)) _ R(u(x)) | utx)
X

u(x) X

Since 1lim &(x) = 0, 1lim u(x) = 0 from which 1t follows that

x>0 x+0
1im —r-T—lH(“(X) =0
ulx

x-+0

Note that H%%l = ¢2?) (2 sina cosa + e€(x)) where 1im e(x) = 0
x-+0 '

It follows that

Js-ingot + ulx) - sing _ &(x) (cosoc + . E(X))
= )

” 2 sina
& E£%£§ll .(2 sina cosa + S(X)) bix)
ux =
o (

= Ef) (cosa + G(X)) where

1im 6(x) = 0.
%0

Then, taking difference quotients of both sides of A2.3,

2 2
T sino = '/(MTX)) FHC §in’a +(?~£x£-)-—) tb(x)g({b(x))

- 2(x) -(Fosa + 6(x}) A2.5

X

It is easy to see that if

¢g?) is very large, the right hand side

of A2.5 will be much larger than the left hand side when x is
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o(x)
X

2 -
T sino = ir(9%§l) +H2 sinza---g%§l cosa A2.6
Manipulation of A2.6 results in

2 \
(2%52) sina - (QSf)) 2T cosa + (HE-TE) sing ~ O

from which

small. It follows that is bounded and A2.5 may be rewritten

?(x) ., T cosa + \/Tg - H2 singa

X sino

A2.7

If T < H sina a contradiction results and result 3 follows
immediately.

d(x)
X

must be positive. A2.7 glves two positive expressions

2 2 2 2 2

if and only if T cos“a > T° - H sina or T < H. Note also that

sind (x) o(x)

the 1limiting distance from the base line is 1lim = 1lim
x>0 x+0
Tt suffices to show that for small x
1) 4f T > H there is a value of ¢ satisfying A2.1

2) if Hsina < T < H there is a value of & satsifying A2.1 and

1l 2 2 .. 2
T cosa +-§ 'AT - H® sin"a

sino

o/x <

and one satisfying

T coso - %,'@@ - H2 sin2a

sino

o/x >

Define F by

sina(Tx-— 'G_+ (H—HO)EXE)

F(x,%) =
- Vsineé + H2x2 sinea + ,/sin2(®+u) + Hi x2 sinea
F(x,0) = sino (Tx - ‘[1 + (H—HO)2x2)— Hx sinoa + sino ‘/1 + ng2

~ (T=-H)x sina
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Therefore, F(x,0) < 0 1f T < H and F(x,0) > 0 if T > H.

F‘(x,%) = sina (Tx - '/1 + (H—HO)QXQ)
- Vl + H2x2 sin2o: + Jcosga + H§x2 s'in2u

~ = 1 - sina + cosa < 0

Thus if T > H there must be a & with 0 < & < g and F(x,0) = 0.
Claim i) has been established.
Now suppose H sina < T < H,

_ T coso
Let Y = Tsing

The second claim will be established if 1t can be shown that, for
small x, F(x,y) > 0.

To a close encugh approximation, sin y = y and

sin2(Y+a) = singa +2 sina cosa-y (by differential approximation

Therefore
2.2 2 cos®a 2 , 2.2 . 2
F(x,Y) = sina|Tx - Vl + (H—HO) x°) -YTF =S T+ Hx® sin“a
sin"a
2 T coso X 2 2 2
+ Vgin a + 2 sina cosa “eing + Hox sin"ao

F‘(x’Y) = sina (TJ{ - V;L + (H-Ho)zxz)

2

2 2 = — ' ;
- x ‘/E__EEE_E + H2 sinza + Vsinga + 2Tx cosz&+H§x2 Sinza
sin"o '
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2 cosza 2 2
F(x,y) = - sina + Tx sina - x §fT° ——— + H sin-a
sln a
cosza
+ s8ino + Tx g‘i—ﬁa—"
2
F(x,Y) » x SiTna - “';2 cos & , p2 Sinaa
sin "«

F(x,y) will be positive if and only 1f

2 2
Y . N T2 0052u + 2 sin2u
sin“o sin o

H

if and only if

T > H sina
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