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FORBWORD

This is the first volume of a book treating analysis and design problems of fiber
composites, ranging from mechanics of composite materials to response of composite
structures. This first volume treats the properties of fiber composite materials,

including laminates. The second volume will treat structures made from these
materials.
This volume was prepared by the Materials Sciences Corporation. It was written by

Zvi Hashin and B. Walter Rosen with the collaboration of E. A. Humphreys. The
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expressed to Beverly Lazarus who was the production coordinator, to Donna Brennan

who typed the manuscript and to other MC staff members for helpful discussions and
assisStance.
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Monitors, €or this project, and express their appreciation to Joseph Soderquist of
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Mone Aimportant than any one new material ox
any one new application 48 the new "materiafs"
concept {tself. 1t marnks a shift from concenrn
With substances t0 concean wWith structures , a
§rom artisan t0 scilentist as man's arti-
§icer, a shift from chemistry to physics as
the basic discipline, and a shift, above atli,
grom the concrete expenience o4 the wornkshop to
abstract mathematics, a shift from &tanting with
what nature provides to what man wants to accom-
plish.

Peter F. Drucker
The Age of Discontinuity



FAA PREFACE

Tne transition of composite materials from a laboratory experiment to practical use
in civil and military production aircraft is a reality. During the process, many
potential problems were uncovered, addressed, and resolved. For example, in the
1970's, the concerns with moisture absorption and the potential release of carbon
fibders in aircraft accidents involving fire, were resolved. Progress has proceeded
trom military aircraft to commercial transport aircraft, and now, to the high level
ot interest shown by the general aviation community. This progress reflects a
growth of confidence in the use of composites and a recognition of the cost and
per formance advantages associated with such materials.

{omposite materials can be tailored to meet the needs of specific strength and

stiffness requirements; and as such, these materials are ideally suited to aircraft
designs in which high performance and low weight are necessary. At the same time,
these materials experience directionality of properties. Such anisotropy requires
a redirection in the analytical thought processes of aircraft structural engineers.

FAA has therefore supported the development of this text in order to assist certifi-
<ati1on and design engineers in assessing the response of composite materials,
laminates, and structures to mechanical loading and environmnental conditions. The
treatment of material in this text fosters first an understanding of the mechanics
of composite materials at the constituent level, followed by an evaluation of the
response of laminates. The material in Volume | serves as the basis for the
treatment of structures to be provided in Volume 11. Recommended methods-can be
utilized in relatively simple programs for programmable calculators or microcompu-
ters; however, the use of these programs must be based on a sound understanding of
the underlying physical concepts which are provided herein.

Although this text was initially developed for FAA use, the nature of the material
covered makes it suitable for study by designers and graduate students in the field
of engineering mechanics. The scope of the text may be regarded as appropriate for
a one semester, graduate level course. Students will find that the fundamental
issues, are supplemented by a treatment of "real world"™ issues, a desirable feature
for practicing engineers.

Hic liber magni ponderis is a fundamental treatise on the design and analysis of
composite material structures. It is anticipated that revisions will be made to
this text periodically to reflect specialized topics and technology advances, as
this is an evolving technology with advances being made continuously.

Joseph K. Soderquist

National Resource Specialist;
Advanced Nonmetallic Yaterials

Federal Aviation Administration



PREFACE

Fiber composites have been developed to take advantage of unique properties found
in materials in fibrous form. Many materials in the form of fine filaments exhibit
strength and stiffness characteristics far greater than those of the same material
in bulk form. The combination of such filaments with a suitable matrix can yield a
composite with properties superior to the same material in bulk.

The concept is not new, but the emphasis has changed. Perhaps the earliest compos-
ites were the mud bricks reinforced with straw used in Biblical times. Here the
mud (the matrix material) was the important element, and the straw was added to
make the mud serve adequately as a material of construction. For today's compos-
ites, the matrix serves rather to make the fiber properties accessible. Hence, the
title of this book, Fiber Composite Analysis and Design. The fiber comes first,
and the technology with which this book is concerned is primarily directed toward
the utilization of the potential provided by advanced fibers.

During the last 20 years, a wide range of new fibers has been introduced into the
marketplace, creating both new design opportunities and new problems for the
designer. The technology of using such fibers is not a simple one, but progress
has been made toward its mastery. The current state of that art is described in
the following chapters.

The material presented is adapted from a series of lectures on fiber composites
given to FAA engineers in the fall of 1980 by senior staff members of the Materials
Sciences Corporation. The object of this adaptation is to provide an adequate
background of knowledge of the characteristics and mechanics of fiber composites so
that an engineer experienced in the assessment of the performance of conventional
materials can extend his competence to the assessment of composites. A broad
spectrum of technologies is involved, ranging from detailed methods of analysis to
more qualitative considerations of methods of design and evaluation. Throughout,
the emphasis is directed toward the definition of the nature and magnitude of the
differences associated with the use of composites rather than conventional materi-
als, and especially toward the elucidation of the reasons for the differences and
their implications for design evaluation.

Vi
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Chapter I. Introduction and Overview

There 48 N0 straw gdven t0o thy servants yet
they say to us - make brdicks.

Exodus, Chapter 5

Union gives strength.

Aesops Fables

The use of combinations of materials to compensate for the shortcomings of one, as
in the mud bricks of Biblical times, or to capitalize on the advantages of another,
as in today’s composites, has a long history. The Roman engineers used the concept
to utilize the properties of stone as the aggregate in concrete to build structures
that survived the Roman empire. Unfortunately, the concept died with the Romans and
was not rediscovered until the advent of Portland cement. The Japanese combined
hard but brittle materials with ductile ones to make laminated swords with proper-
ties respectable by today’s standards. Today both classes of composites continue
to be developed: the mud brick has evolved into the filled plastic, with ever
growing applications in fields where cost is the prime concern. Where performance
is the criterion, as in aerospace structures, fiber composites predominate. The
bases for this predominance are sound and many faceted.

In this chapter, we shall discuss, in general fashion, the characteristics of
composite materials, their potentials for performance, the reasons for their use,
and the general principles involved in their utilization.

1.1 CONSTITUENT CHARACTERISTICS.

o Fiber Materials
Fiber reinforcement materials are available in a wide variety of forms.

1. Natural fibers, such as jute and sisal, formerly used for economy,
but now generally supplanted by synthetics with both better
properties and lower costs.

2. Synthetic organic fibers, both thermoplastic such as nylon,
polyester, polypropylene, etc., and thermosetting like the aramids
(Kevlar”). The synthetics offer low densities and high strengths
but (with the exception of Kevlar) low stiffnesses. Their range
of application is limited because of their low stiffnesses.

3. Synthetic inorganic fibers, including glass, boron, carbon,
aluminum oxide and silicon carbide. The use of glass far outstrips
the use of any other reinforcing fibers, primarily because its cost
is far less than that of its competitors.

The wide range of properties available for reinforcements is indicated by the
values in table 1.1. The densities range from 0.049 pounds per cubic inch (pci)
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TABLE 1.1.

PROPERTIES OF FIBER MATERIALS

OFE
Longitudinal
Dengity Young's nodulus Tensile Strength
Material pcl mei kst
polyestor 0.049 2.0 160
E-Glass 0.091 10.5 500
S-Glass 0.090 12.4 600
Kevlar 49 0.052 18.0 400
T-300 0.063 31.6 325
VsSB-32 0.072 55.0 175
FP 0.143 55.0 200
Boron 0.085 66.0 300
sic 0.115 70.0 220
CY-70 0.071 77.0 250
odl
Density Yobr?gnqsitll\J/I%idnuzitlls Tensile Strength
Material g/cm3 <3N/m2 (:tl/ln2
Polyester 1.36 13.8 1.10
E-Glass 2.52 72.3 3.45
S-Glass 2.49 85.4 4.13
Kevlar 49 1.44 124 2.76
T-300 1.72 379 2.24
VSB-32 1.99 379 1.21
FP 3.96 379 1.38
Boron 2.35 455 2.07
sic 3.19 482 1.52
CY-70 1.97 531 1.72
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(1.36 g/cm3) for the polyester to 0.143 pci (3.96 g/cm3) for the aluminum OXIde
The strength variation is from 160,000 pounds per square inch (psi) (1.10 GN/m?)
for the polyester to 600,000 psi (4.13 GN/m2) for the S- glass. The stiffnesses
cover the range from 2, 000 000 psi (13.8 GN/m?) for the polyester to over
50,000,000 psi (345 GN/m ) for the pitch~based carbon fibers, boron, silicon
carbide and aluminum oxide. One or more types of fibers may be combined with any
of a number of matrix materials. Thus, the composite designer has available to him
a far wider selection of mechanical properties than are available in conventional
structural materials.

Almost all of these reinforcement materials (an exception is the polyester) are
characterized by a linear stress— strain relationship over their entire tensile load
range, as shown in figure 1.1. As can be seen, the very high modulus fibers are
limited to one percent strain, or less. Kevlar and the glasses can accommodate
strains of three to four percent. In composites, however, the same linear range of
response as in the fibers alone may not be achieved, because of nonlinear responses
of the matrix material.

o Matrix Materials

Matrix materials cover the range from polymers to metals to ceramics. The
polymers are characterized by low densities, relatively low strengths and a non-
linear stress-strain relationship (see figure 1.2), but relatively high strains to
failure. Importantly, polymeric matrix composites can more readily be manufactured
and can incorporate higher volume fractions of the reinforcing fibers than compos-
ites with metal or ceramic matrices. Hence, polymers are the most generally used
matrix materials. Accordingly, the emphasis throughout this text will be upon the
technology of polymeric matrix composites, and upon methods of design, analysis and
evaluation to explain and minimize their shortcomings and maximize their advantages.

Polymeric matrix materials may be either thermoplastic or thermosetting. The
thermoplastics (materials that can be heated and formed repetitively) are usually
used for injection molding, or possibly for thermoformable graphite laminates. The
resins employed in injection molding, usually with chopped fiber reinforcements,
include: the acrylics, nylon, the vinyls (polyvinyl chloride, vinyl acetate,
vinylidene chloride), polyethylenes, polypropylene, and ABS (acrylonitrile-
butadiene-styrene) ; the resins used for laminates also include the acrylics and
polysulfone or polyether sulfone. 1In general, these thermoplastic resins are chosen
primarily for composite applications in which economy of manufacture, especially
for moldability to complex shapes, is at a premium. For structural composites the
thermosetting resins are more generally the choice. These include: the polyesters
for low cost and high resistance to chemical degradation; the vinyl esters for
strength combined with ease of processing; and the epoxies for highest strength,
Other thermosetting resins may be employed for special properties as required:
butadiene for improved electrical properties; the polyimides and silicones for use
at elevated temperatures. Because of its superior structural properties, epoxy may
well be considered the baseline material for fiber composites, and it will be zo
treated herein.

1.2 FIBER COMPOSITE MATERIAL.

The fundamental building block upon which fiber composites are based is an element
cut from a unidirectional array of fibers in a surrounding matrix, as illustrated
in figure 1.3. In the element or lamina, the basic fiber unit is generally a
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FIGURE 1.2. CHARACTERISTIC STRESS-STRAIN DIAGRAMS FOR THREE CLASSES
OF MATRIX MATERIALS. THE CERAMICS HAVE LINEAR STRESS-
STRAIN CURVES TO FAILURE AND LOW FAILURE STRAINS. CURVES
FOR METALS HAVE AN APPRECIABLE LINEAR PORTION, YIELD
BEFORE FAILURE, AND HAVE MANY TIMES THE FAILURE STRAINS
OF CERAMICS. POLYMERS YIELD AT LOW STRESSES AND ELONGATE

EVEN MORE THAN METALS AT FAILURE.
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multi-filament yarn containing hundreds of individual filaments. These filament
bundles may retain their individual identity as shown in figure 1.4 or, more
commonly, they may disperse and intermingle to form a more or less uniform but
random distribution of filaments throughout the cross-section (figure 1.5).

Figure 1.5 shows the typical disarray encountered in a composite: irregular gaps,
some contiguity. The particular cross—-section shown is that of glass filaments;
carbon fibers would be similarly random in distribution and additionally would have
some irregularity in fiber cross-section. Similar shape irregularities are also
evident in the crystal structure of metals at the appropriate level of magnifi-
cation. In both metals and composites a kind of orderly disorder which varies with
the magnification can be seen.

The implications of such a change with magnification levels are important for
understanding the development of the analysis of the mechanics of composites.
Consider, for example, the silicon carbide fibers embedded in a pyrolytic graphite
matrix shown in figure 1.6. In the upper photograph, at the highest level of
magnification, the individual constituents are identifiable. At this level, it
appears appropriate to consider the properties of the local constituents. Thus,
the fibers, for example, would be treated as brittle materials having a statistical
strength distribution and some definable geometry. This constituent information
defines a characteristic unit cell at the micro level. At the next lower level of
magnification (at the center of the figure) a large number of these unit cells are
seen. Together these may be considered to define a typical region, which may be
called a representative volume element (RVE). The properties of this element may
be considered to define the characteristics of the material. 1t is at the level of
the RVE, corresponding to fiber bundles and their associated matrix, that the
effective point properties of a composite material can be defined. These are the
desired material properties which relate the average values of the state variables.
From the RVE, the properties can be translated from the micro to the macro level.
The properties of the assemblage of elements are point properties which vary

from point to point, the variation defining the statistical variability on the
macro scale (the next level of magnification, as in the lower photo on the figure).
These assemblages are still of very small dimensions compared to the overall
material, and, importantly, small compared to the characteristic dimension over
which any of the average stress or strain variables would change significantly.

0 Terminology

Before continuing with the discussion of micro and macro properties, let us
define precisely the terminology to be used. Physical properties, such as stiff-
ness, expansion coefficent, etc., are quantities relating state variables such as
stress, strain, temperature, etc., in a material. [If the properties vary from
point to point, as for example at the RVE level in the composite, the material is
identified as heterogeneous. If, as is often the case in composites, the average
values of the state variables within an RVE are of concern, the term "effective
properties' will be used. This "effective properties'™ concept is illustrated in
figure 1.7, in which a heterogeneous material subjected to a uniform stress o, in
the y-direction has an internal stress distribution that varies from point to point
in the x-direction about an average value o, which is equivalent to the uniform
stress 9, in a homogeneous material.

If the properties vary with direction, the material is identified as aniso-
tropic. There are many types of anisotropic materials. Those which exhibit
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FIGURE 1.4. IDEALIZED LAMINA CROSS-SECTION PERPENDICULAR TO THE FIBERS
SHOWING THE DISCRETE YARNS MADE UP OF A MULTIPLICITY OF
FILAMENTS.
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FIGURE 1.5. TYPICAL NON-UNIFORM DISPERSION OF FIBERS IN A LAMINA
CROSS—-SECTION
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FIGURE 1.6  SCANNING ELECTRON MICROSCOPE VIEWS OF A COMPOSITE AT
VARIOUS MAGNIFICATIONS SHOWING THE BLENDING OF THE NON-
UNIFORM CONSTITUENTS EVIDENT AT THE HIGHEST MAGNIFICATION
INTO THE UNIFORMLY DISTRIBUTED ASSEMBLAGE OF THE COMPOSITE

AS A WHOLE.
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UNIFORM STRESS IN A HOMOGENEOUS MATERIAL
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particular symmetries have special names, such as orthotropic, cubi, etc. This is
llustrated in the polar plot of figure 1.8, in which the distance from the origin
in any direction is a measure of the material effective stiffness. Here both a
unidirectional carbon fiber composite and a biaxial fiberglass fabric are shown
to be anisotropic but in very different ways, while the aluminum is shown to be
isotropic. The fiber composite shows a maximum stiffness in the fiber direction
0" and a minimum at 90°. The fabric shows the characteristic minimum stiffness
in the bias (45) direction of woven biaxial fabrics. The aluminum is uniformly
stiff in all directions.

90

Aluminum
Q

45

/

0790°

Fiber 1 13sS
FidtmicGli

0°Carbon Fiber
Comcosite
4

0

FIGURE 1.8. THE DIRECTIONAL NATURE OF COMPOSITES, INDICATED
BY THE RADIAL DISTANCE FROM THE ORIGIN AT ANY ANGLE.
THUS THE ISOTROPIC PROPERTIES OF ALUMINUM PLOT AS A
CIRCULAR ARC, A 0°/90° FABRIC HAS A MINIMUM AT 45°,
AND A UNIDIRECTIONAL COMPOSITE A MAXIMUM IN THE
FIBER DIRECTION.

o Basic Elastic Properties

A unidirectional fiber composite behaves like a homogeneous, anisotropic
material. In general, the distribution of fibers over a given cross-section
is adequately random so that transversely they provide no preferential
direction of reinforcement. Thus, the unidirectional composite is effectively
transversely isotropic. 1t can be shown that the effective elastic properties
of a transversely isotropic material can be fully characterized by five elastic
constants, as illustrated in figure 1.9, and defined as follows: (note that the
transverse, or TT, plane is isotropic)

1. & 2. A longitudinal Young's modulus Ej and associated Poisson's
ratio vy. The former is defined by the inverse ratio of

longitudinal strain €&y to simple, uniform unidirectional
stress applied in the fiber direction o;, thus:

L € (1.1)
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Unidirectional Lamina

FIGURE 1.9. LOADING CONDITIONS FOR THE EVALUATION OF
BASIC ELASTIC PROPERTIES




and the latter by the negative of the ratio of the associated
transverse strain €¢ to the longitudinal strain, i.e.

€T (1.2)

3. A longitudinal shear modulus Gy, defined by the inverse ratio of
shear strain V1 to pure shear stress in the longitudinal plane Ty p

= . LT
GLT = GL = = (1.3)

4. A transverse shear modulus Gpp, similar to Gyt but for pure shear
stress and strain in the transverse plane

T
6. =g =T (1.4)

T T _.YTT

5. A transverse bulk modulus k defined for the case of equal transverse
stresses o which produce equal transverse strains € (in the
absence of longitudinal strains). Then

kpp ~ k = 2'2; - (1.5)

With these five basic elastic constants evaluated, any other desired constant
may be calculated. For example, the transverse Young's modulus ET, which is the
same in all directions in the TT plane, is given by:

4G
- T
E _ 2 L] (106)
T 4kvL
k + [1 + 1G
E T
L
Such properties and various relations among them will be discussed in detail

in Section 2.2.

With basic elastic constants defined in terms of loading conditions, the way
is clear for the measurement of the elastic properties needed for design and
analysis. For metals, this empirical approach is both necessary and sufficient, as
it is for the constituent properties in composites. Because composites add the
complexity that their constituents may be combined in various ways, however, the
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experimental determinatioa of the properties of the many combinations becomes a
practical impossibility. Accordingly, analytical methods have been developed
permitting the derivation of composite properties from the properties of their
constituents. These methods will be discussed in subsequent chapters.

o Typical Fiber Composite Material Properties

Before proceeding to the detailed discussion of the technology involved in -
utilizing the potentials for performance offered by fiber properties such as those
displayed in figure 1.1, it is perhaps wise to establish a proper perspective from
the viewpoint of what has been done. To that end, table 1.2 and figure 1.10 have

been prepared summarizing typical properties attained in the current state of the
art.

Table 1.2 presents data on the mechanical properties of typical fiber
.omposites — all employing epoxy as the matrix material — and reinforcements
(E-Glass, Kevlar, T-300, T-50 and GY-70) covering the range of stiffnesses
190,500,000 to 77,000,000 psi (72.3 to 530 GN/m2), (see table 1.1) currently
available., (New fibers continue to become available.) Also included for compari-
sun in table 1.2 are properties for the aluminum alloys 2024-T3 and 7075-T6 and the
chrome-molybdenum steel 4130. Evident from the table and characteristic of all the
composites is the effectiveness of utilization of the fiber properties as rein-
forcements in the fiber direction and the ineffectiveness of reinforcement trans-
verse to the fibers. These are the facts of life of today's composites, and much
of the material in the remainder of this book is concerned with the implications
and treatment of these large disparities in properties.

That the disparities can be successfully accommodated is obvious from the ever
widening range of application of fiber composites. A proper perspective for this
success can be attributed to Galileo, who defined an important measure of a material
as the longest length of a uniform bar that could be hung vertically from a height
without breaking. This measure of *"structural efficiency™ is simply the strength/
density ratio of the material, in the units of table 1.2 equal to 4/ | in
thousands of inches (meters). A similar measure of structural efficiency when
deflection is of concern as well as strength is the modulus/density ratio, as Ep/
from table 1.2, another of the measures of structural efficiency. These and other
more detailed efficiency measures will be employed in later chapters for the
evaiuation of various applications of composites. For generalized comparisons of
materials, the simple measures tu/ and E;/ are adequate to display graphi-
cally the potentials for weight saving in structural composites.

A comparison of this kind is presented in figure 1.10, on which are plotted
the values of specific tensile strength tu/ and specific modulus B/ for
a wide range of types of composites and structural metals. For the metals, the
ranges of strengths available through changes in heat treatment, alloy content,
etc. , are represented by the range of values of tu/  covered by the vertical
bars; i.e., the moduli are not affected by such changes. For the composites,
however, both strength and stiffness may be substantially altered by changes in
reinforcement configuration and volume fraction reinforcement. Hence, the bars
representing the composites cover a range of values of both E“/ and Ey/
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TABLE 1.2.

PRORERTIES OF TYPICAL FIBER/EPOXY COMPOSITES AND
STRUCTURAL METALS

oF
Unidirectional Composites
(v = 0.6)
Metals
Property
E-Class | xevliar 49 | T-300 | vsh-12 Boron | GY-70 2024-TI 7075-76 4130
Density, pei 0.070 0.047 0.053 0.059 | 0.067 | 0.058 0.100 0.101 1,203
B, msi 6.9 11.0 19.2 33.2 39.8 46.4 10.5 10.3 30.0
o mi 1.7 0.8 1.5 1.0 2.2 0.8 10.5 10.3 30.0
Gy Msi 0.64 0.3 0.95 0.0 7.5 0.6 4.0 4.0 12.0
vir 0.25 0.34 0.25 0.25 0.25 0.25 0.31 0.31 0.25
tu .
o, , ksi 150 200 180 170 190 100 67 79 9
tu
oy - ksi 5 ] 6.5 6 5 6 66 77 113
cu
o, ksi 80 40 120 100 360 90 50 69 160
cu .
op » ksi 20 20 20 20 45 20 S0 69 160
ri;, ksi 6 8 9 11 15 14 40 47 55
S|
Unidirectional Composites
(v£ = 0.6)
Metals
Property
E-Class | Kevlar 49 T-300 VSB-32 Boron CY-70 2024-T3 7075-T6 4110
Density. g/cm? 1.94 1.30 1.47 1.63 1.86 1.61 2.77 2.80 7.84
£ . GN/m? 45 76 132 229 274 320 72.3 71.0 207
Eqe oN/m? 12 5.5 10.3 6.9 15 5.5 72.3 71.0 207
Gpos GN/m? 4.4 2.1 6.5 5.5 52 4.1 27.6 27.6 82.7
LT 0.25 0.34 0.25 0.25 0.25 0.25 0.31 0.31 0.25
gt MN/m? 1000 1380 1240 1170 1310 690 462 544 655
G;“, MN/m2 34 28 45 41 34 41 455 530 655
,ﬁ”, MN/m? 550 280 830 690 2480 620 345 475 1100
st MN/m? 140 140 140 140 310 140 345 475 1100
Tons My /m? 40 55 62 680 100 96 276 324 380
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FIGURE 1.10. APPROXIMATE RANGES OF VALUES OF STRENGTH/WEIGHT AND

STIFFNESS/WEIGHT RATIOS FOR STRUCTURAL METALS, AND FOR
COMPOSITES OF VARIOUS REINFORCEMENT CONFIGURATIONS. TOP

VALUES FOR THE COMPOSITE ARE FOR UNIDIRECTIONAL REINFORCE-

MENTS IN ALL CASES
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The maximum values of otY/e and E_ /¢ corresponding to the tops of the bars
represent the substantial potentials for weight saving provided by fiber
composites — factors of 2 to 3, in most cases, for either specific strength or
modulus, or both. Unfortunately, the practical attainment of these potentials is
complicated by many less favorable factors, primarily low transverse properties.

To provide improved transverse properties, composites are commonly made up into
laminates with individual layers at different angles, like plywood. Thus, the
laminate has enhanced transverse properties at the expense of some of the potential
apparent in the unidirectional material. This loss of potential is evidenced by
the lower portions of the bars on figure 1.10.

o Reinforcement Forms Other Than Continuous Filaments

In addition to the continuous filaments with which this text is primarily con-
cerned, and which, generally speaking, offer the greatest potential for perform-
ance, a variety of other forms of reinforcement are used in fiber composites.

These include:

Chopped fibers, usually used in molding compounds, for ease of forming
to complex shapes.

Continuous strand rovings, multiple filament bundles, for economy of
manufacture of thick sections.

Mats, random or semi-oriented arrays of fibers of varying lengths, to
provide economical reinforcement in bulk together with ease of
forming to complex shapes for which performance requirements are

less important than economy.

Woven fabrics, in various weave configurations, providing a compromise
between the maximum performance attainable with unidirectional fibers
and the ease of handling and formability of chopped fibers and mats.

For many manufacturing processes the reinforcements, whatever their form, are
preimpregnated with resin to form a partially cured composite called a prepreg.
This form can be converted to the desired final shape during the final curing step
of the fabrication process.

o Fabrication Processes

Fabrication processes for fiber composites in general involve some kind of die
or mandrel to establish the desired shape, some means of fitting the fibers and
resin to this shape, and means of applying proper curing conditions (temperature,
pressure, and time along with provision for removal of excess resin and volatiles),
Various ways by which these processes are carried out, which will be considered in
detail in a later chapter, include:

Contact molding, in which the reinforcements are placed in an open mold
and cured. A flexible bag may be used to cover the composite, and
pressure or vacuum and heat applied to speed the cure and improve

the quality of the part, in which case the process is called bag
molding. Further increases in pressure can be achieved by the use of an
autoclave. Contact molding is generally used when the quantities to be
produced are not great enough to justify the cost of closed dies.
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Compression and Injection Molding, in which matched dies (male and
female) are used and the composite is either placed into the mold
before it is closed (compression molding) or injected into the
closed mold (injection molding). With the addition of heat and
pressure, parts of uniform quality can be produced.

Filament winding, as the name implies, involves wrapping the filaments
around the part. Filament winding machines of a high degree of
sophistication have been developed for winding complex shapes with
precisely oriented reinforcements.

Pultrusion, a continuous, extrusion-like process, produces in a
continuous process accurate, finished shapes of constant cross-
section, efficiently and cost-effectively.

This variety of fabrication processes makes available to the designer freedom
to tailor fiber composites characteristics to meet his requirements by precisely
placing as many fibers as he wants where he wants them, in the direction that he
wants them. For composites, accordingly, the design process becomes a complete
cycle, from selection of constituents to final configuration, as discussed in the
following section.

1.3 THE DESIGN CYCLE FOR COMPOSITE STRUCTURES.

In any structural design problem, the first requirement is the determination of the
governing design requirements, including not only functional requirements; i.e.,
mechanical, thermal, electrical, and chemical property requirements, but also
economic and performance objectives. To meet these requirements, the designer must
select a material, a configuration, and a process for manufacture. This design
process is essentially the same for composites and for conventional materials.

With composites, however, there is an additional requirement that the material be
designed along with the structure. Thus, there are more steps required in the

(::iLelsilgn cycle than heretofore with metallic structures, as illustrated in figure

The first of these steps (I in figure 1.11) is the selection of composite constitu-
ents and their volume fractions. These selections define the unidirectional
composite (A1 in figure 1.11) which is the basic element of the composite structural
material. In general, however, multidirectional properties are required, and to
provide these, a suitable multidirectional layup of the unidirectional basic
element must be designed (III in figure 1.11). It is only at this stage that the
composite design cycle first reaches the starting point for design with isotropic
metals. From this stage, the designer proceeds to the determination of the con-
figuration of each of the structural elements (IV in figure 1.11), and to the
overall structural design configuration (Vv in figure 1.11).

With composites, the possibilities of improvement in the design by reiteration of
the design cycle are increased by the added steps in the design cycle. Thus, by
the performance of a structural efficiency analysis of the structural design of V,
guidelines may be generated for changes in constituent properties and laminate
configurations, leading to improvements in performance of the composite structure.
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of Composite
Properties

IV. Development of
Typical Structural

Element

IIl. Determination of
Elementary Structural
Material Properties

FIGURE 1.11. THE DESIGN CYCLE FOK COMPOSITE STRUCTUKES INTRODUCES THE
REQUIREMENT FOR DESIGNING MATERIAL AS WELL AS STRUCTURE

o Designs for Commerical Applications

For commercial applications, the motivation for the use of composites is more
toward long life and low manufacturing costs than improved strength and stiffness
Here the design process must place emphasis on
the minimization of fabrication costs, as by integration of structural elements for
reduction in part count. Here again the designer has the new flexibility provided
by the ability to design the material as well as the structure, as suggested in
figure 1.12. All of the usual constraints and requirements of the design process
are amendable to treatment by design of both structure and material. The tech-
nology of structural design is long established; that of material design is new,

but today sufficiently advanced that if it is understood in adequate depth,
The following chapters are directed toward the

and attendant weight reductions.

it may be applied with confidence.
development of that understanding.
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FIGURE 1.12. CHARACTERISTIC RELATIONSHIPS BETWEEN FIBER AND COMPOSITE
STIFFNESS - DIRECTLY PROPORTIONAL IN THE FIBER DIRECTION,
BUT MUCH LESS THAN PROPORTIONAL TRANSVERSELY

1.4 SERVICE CHARACTERISTICS.

The greatest backlog of experience with composites in service has been established
by marine applications. While the performance of composites in this area has been
exemplary in almost all respects — structural integrity, ease of maintenance and
long service life — much of this durability derives from what would be considered
over-design in aircraft. Service characteristics for aircraft applications must be
more thoroughly evaluated.

DURABILITY. Durability of fiber composites in aircraft is influenced by factors
addressed quantitatively in design, such as fatigue loadings and environments to be
encounter, and by service factors such as damage tolerance and inspection and
repair in the field.

Fatigue. Fatigue (to be treated in detail in succeeding chapters) charac-
teristics of composites are different in many respects from those of metals. For
simple tension of unidirectionally reinforced composites, fatigue limits are
generally at higher percentages of tensile ultimate strengths. Thus, the composite
durability in this regard might be expected to be superior to that of metals. For
more complex loadings or reinforcement configurations, however, the superiority
diminishes. In particular, compressive or fully reversed tension-compression load
cycles tend to develop relatively more damage in composites than in metals. Intra-
laminar cracks and interlaminar defects grow from points of stress concentration
more often than not at some interior layer where they are not evident to visual
inspection. While methods of analysis are, indeed, complex, they can only be
supplemented by tests, as the number of tests required to define fatigue properties
adequately is prohibitive. Progress has been made in analytical methods , however,
as will be described.
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Environmental Effects. Environmental effects upon the durability of compos-
ites further complicate the analysis of fatigue lifetimes. Temperature cycles
between sunny tropical landing fields and sub-zero conditions at high altitudes
induce thermal stresses due to differential expansions of fibers and matrix in the
composite and due to differential expansions of adjoining structural components.
Absorbed moisture in the composite induces expansions similar to those accompanying
temperature increases. Both temperature and moisture increases in the material
reduce its properties. Allowances for all these interacting effects must be made
in the design and analysis of the composite.

Damage Tolerance. As a general rule, the greater the ductility of a material,
the greater its impact tolerance, and fibrous composites lack ductility. Of
greatest concern in this area is the random, inadvertent type of damage inevitable
in the long run in service. The stone bouncing up from the runway, the wrench
dropped on the wing, the bird or hailstone that does not yield right of way to the
airplane — any of which can cause a type of damage to which the composite is
susceptible, that of lateral impact. Lateral impact on a fiber composite can
induce a crazing, cracking type of damage which is usually most severe on the inner
surface, often without detectable damage on the outer surface. Accompanying the
inner surface damage may be internal disbonds and local separation of plies (i.e.
delamination). While much research has been done, directed toward the alleviation
of this problem, as by the addition of toughening agents to matrix materials,
progress has not been significant. Fortunately, most lateral impact damage is not
catastrophic and can be accommodated by adequate inspection and repair.

Test, Inspection and Repair. Determination of the adequacy of a composite at
any stage of its service life is more complex than for metals. In the beginning,
the fact that the composite material itself is designed and manufactured requires
that it be inspected and qualified. |In service, additional complexity arises
because damage may develop internally as well as on the surface. Often internal
damage such as disbonds may develop with no telltale surface evidence.

For quality control of the manufactured material, both destructive and
non-destructive testing may be employed. Destructive testing involves cutting
specimens from the material and identifying them as representative of that material
for that structure, and is employed, e.g., for (usually simple) tests of
strength — such as flexure or short beam shear, or quality — such as volume
fraction reinforcement or void content. Nondestructive testing or evaluation {(NDT
or NDE) methods employ the transmission of nondestructive signals through the
material. The signals may be thermal, electrical, ultra-sonic or x-ray. Automated
scanning equipment is used to map the area in question and identify cracks, voids,
disbonds and the like. Details of equipment and methodology for NDE are given in
the appropriate chapter in the text,

Repair techniques have been developed for the various types of damage encoun-
tered in service. The usual approach is the replacement of the damaged material
together with the bonding or bolting of metal or composite reinforcing plates to
adjacent surfaces to bridge the damaged area. Methods used and examples are
described in subsequent text.




1.5 SCOPE OF THIS TEXT.

In order to utilize properly the advantages of composite materials, it is necessary
to develop an understanding of the analytical tools and methodologies that are
employed in the design process. This section gives a brief overview of these
design concepts and was written to delineate:

1. the differences encountered in the characteristics of structures,
because of the fact that they are made from composite materials
instead of metals; and

2. the methods of evaluation, both analytical and experimental,
that are available to be brought to bear upon the evaluation of
those differences.

Thus, a basis is provided by the avoidance of problems with the use of composites
and, hence, the successful utilization of their potentials.

The scope of the material to be presented to achieve the foregoing objectives is
broad, ranging from fundamental mechanics to practical methods of manufacture.
Moreover, in each category the material must be sufficiently detailed to define not
only possible problem areas but also the reasons for their existence, and hence,
the appropriateness of the methods for their evaluation. Specifically, the
material to be understood can be organized into the following categories:

Unidirectional Composites
Laminates

Test Methods

Structural Analysis
Structural Design

The remainder of this section is devoted to an overview of each of these categories
to indicate its scope, and the degree to which the material therein is detailed in
the text.

0 Unidirectional Composites

Various properties of unidirectional composites must be considered in detail
in the characterization of this fundamental building block upon which the tech-

nology of fiber composites is based. These are all "effective properties,” 1i.e.,
relationships between statistical averages of state variables over representative
volume elements sufficiently large to characterize the composite, as illustrated in

figure 1.7 for tensile stress. Properties to be understood include:

Elastic properties

Thermal expansion coefficients

Moisture swelling coefficients
Viscoelastic properties

Thermal and electrical conductivities
Tensile, compressive and shear strengths
Strength under combined stresses

Fatigue failure characteristics
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Properties can be evaluated for various volume fraction reinforcement and for
anisotropic as well as isotropic constituents. Both linear and non-linear
relationships exist between constituent properties and composite properties. For
example, with a given matrix material, the composite Young"s modulus is a linear
function of the fiber modulus in the fiber direction but a highly nonlinear func-
tion of the fiber modulus transversely, as illustrated in figure 1.12. 1In all
cases, formulae can be derived relating composite properties to the properties of
the constituents.

o Laminate Properties

The objective of laminate analysis is to develop methods for calculating over-
all laminate properties given the unidirectional composite ply properties, as
illustrated in figure 1.13. The outline of the concepts directed toward the
achievement of this objective (table 1.3) reveals some of the complications
encountered due to the many possible ways in which the individual laminae may be
combined. Thus, while the stress-strain relations for each lamina can be found
from the equations for the unidirectional composite, the combined behavior as a
laminate must make assumptions about modes of deformation, account for symmetries
of stacking, and develop models for overall failure, including interlaminar effects.

The lamination process does provide the designer with a powerful tool for
adjusting properties to meet his requirements, as long as he is mindful of the
interactions of those properties. For example, as shown in figure 1.14, the low
oriented plies can be raised an order of magnitude by changes in ply orientations,
with only a 50 percent decrease in longitudinal stiffness and no change in shear
stiffness.

o Test Methods

A conceptual outline of composite test methods in given in table 1.4.
Testing of composites, like their analysis and design, involves additional,
separate procedures for constituents as well as for the composites themselves.
Further, the sensitivity of composites to temperature and humidity demands tests in
appropriate environments. For quality control, nondestructive evaluations are
needed both on the production line and in the field, and adequate methods of repair
must be applied for any damage found. In all of these areas, the techniques
involved have enough differences from those associated with metals to deserve due
consideration, with emphasis on aspects not encountered in the testing of conven-
tional materials. The main thrust of the treatment of these various aspects of
test methods for composites is toward the delineation of possible misleading
results arising due to the unique response characteristics, not only those associ-
ated with unusual configurations, but especially those intrinsic to composites in
general such as transverse and shear weaknesses.

The fundamentals of these problems are introduced suchmatically in figure
1.15. At the top of the figure, possible shearing distortions associated with
simple tensile loadings are illustrated. These may arise, =.g., simply due to the
stacking sequences of the plies in a laminate. The lower illustration suggests how
such distortions may interact to yield complex modes of distortions under combined
stresses. Among the implications is the important one that methods of load appli-
cation (e,g. end Ffixtures) can be crucial to the outcome of even simple tests,
and may even be grossly misleading under complex conditions.
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FIGURE 1.13. THE OBJECTIVE OF LAMINATE ANALYSIS: TO DETERMINE THE OVERALL
PROPERTIES OF THE LAMINATE IN TERMS OF THE PROPERTIES OF THE
INDIVIDUAL PLIES AND THEIR ORIENTATION

TABLE 1.3. CONCEPTUAL OUTLINE OF LAMINATE ANALYSIS

1. Terminolody
2. Lamina Stress- Strain Relations
3. Lamination Theory
4. Laminate Behavior
(a) Symmetric and Unsymmetric
(b) Bending and Membrane
(¢) Thermo and Moisture Effects
5 Netting Analysis
6. Strength and Failure
7. Inelastic Behavior
8. Hygroscopic Analysis
9. Interlaminar Stresses
10. Fracture
11. Fatigue
12. Impact and Damage Tolerance
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FIGURE 1.14. CHARACTERISTIC VARIATIONS IN LAMINATE PROPERTIES WITH PLY
ORIENTATION ARE SUGGESTED BY A SIMPLE 0°/+ g CONFIGURATION
AS 9 IS VARIED FROM 0° to 90°., THE AXIAL—STIFFNESS DECREASES
FROM ITS MAXIMUM WITH ALL REINFORCEMENTS AT O"™ TO A MINIMUM
WITH 8§ =90°, THE SHEAR STIFFNESS PASSES THROUGH A MAXIMUM
AT 8 = + 45°

TABLE 1.4. CONCEPTUAL OUTLINE OF COMPOSITE TEST METHODS

Constituent Test Methods
Physical Property Test Methods
Composite Test Methods
Environmental Test Methods
Structural Test Methods
Nondestructive Evaluation (NDE)
Repair Techniques

Evaluation of Design Allowables

DDV, WN -
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FIGURE 1.15. THE DIRECTIONAL PROPERTIES OF COMPOSITES MAY LEAD TO
PROBLEMS IN TESTING, SUCH AS SHEAR DISTORTIONS DUE TO
ASYMMETRIES WHEN AXIAL LOAD IS APPLIED AS SUGGESTED IN
THE UPPER FIGURE, OR LATERAL DISTORTIONS DUE TO LOW
TRANSVERSE STIFFNESS AS IN THE LOWER FIGURE

Translation of test results to the establishment of design allowables is an
area of composites technology which is still ia a state of development. The
definition of just what constitutes failure in a composite — a far more complex
definition than in metals, and even for metals, still a controversial one in many
cases — willrequire more guidance from field experience than has yet accumulated.

o Structural Analysis

The analysis of composite structures is more complex than that of metal
structures. Although it is often possible to utilize the effective properties of
composites in conventional analysis procedures, it is sometimes necessary to
distinguish between the macro and micro response and carry the analysis into the
detail provided at the minor level. To employ the methodologies of structural
analysis, including the topics listed in table 1.5, one must be able to define
when one or the other of these levels of analysis is appropriate. One must also
comprehend the differences encountered in structural response at the macro level
from those for metals.

TABLE 1.5, CONCEPTUAL OUTLINE OF COMPOSITES STRICTIRAL ANALYSIS

1. Stress Analysis of Structural Elements
(a) Beams
(b) Plates
(c) Shells
Stability of Structural Elements
Vibrations of Structural Elements
Design and Analysis of Structural Joints
Application of Numerical Analysis
Techniques to Composite
Structures
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The differences can be substantial. For example, consider the buckling of
a long, simply—supported flat plate in compression. As illustrated in figure 1.16,
the buckling stress can be increased appreciably by simply rotating a balanced
(fifty percent 0', fifty percent 90°) 0°/90° laminate through an angle of 45"
(giving equivalently a 245° reinforcement configuration), or intermediate values
may be obtained at angles less than £45°. For metals, of course, there is no
directional characteristic at all.

Elastic
Buckling
Stress

0 15 30 45 60 75 90
8. deg.

0 25 50 75 100
% 90"

FIGURE 1.16. REINFORCEMENT CONFIGURATION HAS A MARKED INFLUENCE ON
THE BUCKLING STRENGTH OF COMPOSITE PLATES IN COMPRESSION

AS SHOWN BY THIS COMPARISON OF 0°/90° AND +g° LAMINATE.
A £ 45° LAMINATE HAS A SUBSTANTIALLY HIGHER BUCKLING STRESS

THAN THE SAME COMPOSITE AT 0" and 90¢

Because such differences can be encountered, one must understand the additional
factors that need to be considered in composite analysis and, second, to utilize
appropriate methods for their treatment.

o Structural Design

The ultimate goal of this text is to provide an understanding of the employ-
ment of fiber composites in structural design. As the outline indicates (table
1.6), many aspects of the design process must be considered in light of the differ-
ences in characteristics between composites and metals beginning with the differ-
ences in design criteria and proceeding through detailed development of methodolo-
gies design and evaluation to specific components of their application.
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TABLE 1.6. CONCEPTUAL OUTLINE FOR COMPOSITES DESIGN

1. Review of Characteristic Differences in Design and Evaluation:
Composite/Met al
(a) Effects of Material Properties
(b) Typical Structural Elements

2. Design Criteria

3. Development of Design and Evaluation Methodology
(a) Minimum-Weight Design
(b) Cost Effectiveness
(¢) Trade-off Studies

4. Review of Fabrication Techniques

5. Design and Evaluation of Aircraft Structural Components

One of the methodologies that is especially important in composites because of
its pertinence to both the design process and the process of evaluation is that of
minimum-weight design. The principles of minimum weight design are especially
useful, not only for guidance in selections of both constituent materials and their
configurations, but also to provide a yardstick. for comparison among various
approaches, including assessments of cost effectiveness.

1.6 CONCLUDING REMARKS

The overview presented in this section describes the material to be presented in
the two-volume text, of which this is the first. The material has been divided
into two major categories; composite materials and laminates, treated herein, and
structures, treated in volume I1I. This separation is a matter of convenience. An
appreciation of the interrelationships among the various major topics is imperative
to the successful application of composites.

An assessment of the implications of this overview is fiber composite technology
yields a positive conclusion. Soundly based rational methods exist for analysis
and design of composite materials and structures. Through the applications of
these methods, the use of advanced fiber composites, in combination with each other
and with other materials, will continue to grow. Accordingly, the number of people
to be trained in this technology will increase dramatically.

The impact of fiber composites on structural design leading to creative new struc-
tural configurations is only beginning. Current and future efforts will lead to

widespread utilization of composites. Improvements in properties, the generation
of unique combinations of properties, and the development of fabrication simplifi-
cations, which can result from the use of fiber composites, will lead to their use
as the prominent materials of construction in all engineering disciplines.
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Chapter Il. Unidirectional Fiber Composites

The concept of designing a material to yield a desired set of properties has
received impetus from the growing acceptance of composite materials. This utiliza-
tion of the diversity of contemporary high strength and high stiffness fibers in
various structural applications has motivated a new interest in the study of
relationships between the mechanical and physical properties of composites and
those of their constituents. The aims of such studies are, first, to provide the
ability to analyze the performance of structures utilizing these heterogeneous
materials, and second, to provide guidelines for the development of improved
materials.

Inclusion in the structural design process of the material design phase has had a
significant impact upon the entire design process, particularly upon the prelimi-
nary design phase. In this preliminary design, the number of materials which may
be considered for a design generally will include many for which experimental
material properties data are not available. Thus, preliminary material selection
may be based on analytically predicted properties. These analytical methods are
the result of studies of the relationship between effective properties of compos-
ites and the properties of their constituents (studies which, although not truly
conducted at a microscopic level, are frequently described by the term "micro-
mechanics™). The understanding of the relationships between the overall or average
response of a composite and the properties of its constituents permits the repre-
sentation of the inhomogeneous composite by an effective homogeneous (and gener-

ally, anisotropic) material. The properties of this homogeneous material are
the effective properties of the composite; that is, they are the properties which
relate the average values of the state variables in the composite. When the

effective properties of an unidirectional composite have been determined, the
material may be viewed as a homogeneous anisotropic material for many aspects of
the design process. The evaluation of these effective properties is the major
topic of this chapter.

2.1 CONSTITUENT PROPERTIES.

It {8 a capital mistakre to theorize bejure
one has data. Insensibly one beains to
Ltwist gacts to sullt theondles, (nstead of
theonies 2o sudlt facts.

Sir Arthur Conan Doyle,
Adventures of Sherlock Holmes

Characteristics of composites inevitably stem from the properties of their constitu-
ents. Constituent properties were considered in a general way in Chapter 1. As a
basis for engineering, however, a more detailed, technical review of available
constituent materials is needed. The constituents are the building blocks — the
sophisticated building blocks = that have been developed which, properly used,

can make truly advanced structures. Despite the sophistication, however, deficien-
cies still exist, and proper use demands that distinctions be made between merits
and demerits. Accordingly, in the following review, emphasis is directed toward
adequate definition of fundamental strengths and weaknesses, and representative
values are given for properties rather than detailed values applicable to specific
formulations.
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2.1.1 Fibers.

Only two classes of materials have really qualified as successful reinforcements!
The glasses and graphites. The aramids (Kevlar 29 and 49) have had qualified
successes. Boron, FP (Al203), and silicon carbide can be considered of

interest only for special applications. Accordingly, the following discussion will
treat the glasses and graphites in greatest depth, and for the others consider
primarily their outstanding properties, both good and bad.

2.1.1.1 Glass.

Glass fibers are far and away the most common reinforcements. Two composi-
tions of glass predominate: E-glass (8i0, = 62%, Al203 =~ 14.7%, Ca0 =~ 23.3%) and
S-glass (8109 = 65%, A1203 = 25%, MgO =~ 10%). Properties of these fibers are
listed in table 2.1. Significantly, despite the better mechanical properties in

all categories shown for S-glass, the bottom line economy of E-glass has made it
overwhelmingly the material of choice.

TABLE 2.1 PROPERTIES OF GLASS FIBERS

oF
Property E-Glass S-Glass
Young"s Modulus, E, Msi 10.5
Shear Modulus, G, Msi 4.4 0.22
Poisson®s Ratio. v 0.20 660
Tensile Strength, o%°, ksi 500 5.4
A A ; tu
Strain at Tensile Ultimate, ¢~ ,% 4.8 2.8x10"6
Coefficient of Thermal Expansion, z,axlo"s 2,ax10'6
a,/°F
o Btu~-in
Thermal Conductivity. u, ~~~ -'2‘*'
hr-fe€-°r 6.7 0.090
Density, o, pci 0.092 — 000
1
oSl
Property E-Glass S-Glass
Youna's Modulus, E, GN/m2 723 85.4
Shear nodulus, G, GN/m? 30.3 35.1
Poisson®s Ratio, v 0.20 0.22
Tensile Strength, 3t oN/m? 3.4 4.5
Strain at Tensile Ultimate. 6.8 5.4
coefficient of Thermal Expansion, -5 -5
a,/*C 1.2x10 1.2x10
. - -3
Thermal Conductivity, u, Schzg;\_vc 2.3x107° 2.3x10
Density, o, g/cmJ 2.55 2.49
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0 Method of Manufacture

Glass fibers are made by pulling from the molten state through relatively
large multiple orifices at high velocities, the final diamters being controlled by
the stretching external to the orifice. Individual filaments are coated with a
sizing such as starch to avoid damage as the strands are given a slight twist to
bring them together to form a yarn. A common number of individual filaments for
yarn is 204.

o Available Forms

Glass fibers are available in a variety of forms: Yarns (bundles of fila-
ments), plied yarns (yarns twisted together), roving (large bundles of filaments,
usually untwisted), mat (continuous strands matted together), and chopped strands
(usually less than 2 inches (5 c¢cm) long). Fiber diameters vary from 0.00015 to
0.00052 inches (0.0038 to 0.0132 mm). A standard nomenclature has been developed
to identify glass yarns; thus, e.g.,

ECG 150 4/2
where
E E-glass
C continuous filament
G 0.00036 in (0.0091 mm) filament diameter
150 yarn weight in hundreds of yards per pound
4 4 basic yarn strands
2 2 plies of the 4-yarn strands

and where the third letter diameter key is as follows:

0.00015 in. (0.0038 mm)
0.00018 in. (0.0046 mm)
0.00021 in. (0.0053 mm)
0.00029 in. (0.0074 wmm)
0.00036 in. (0.0091 mm)
0.00042 in. (0.0107 mm)
0.00051 in. (0.0130 mm)

ANITOGMOOwW

Glass fibers are also available in a variety of woven fabric forms. For air-
craft applications the most commonly encountered is an eight-harness satin weave,
designated 181 style, designed to provide long " floats'"™ of the yarns (one up,
seven down, as illustrated in figure 2.1) for minimum out-of-straightness along
the filaments.
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(A) Plain Weave
1 up, 1down X

(B) Satin Weave
1 up, 7 down

FIGURE 2.1. THE LONG "FLOATS' BETWEEN CROSS-OVERS IN BOTH WARP
AND FILL DIRECTIONS, AS IN THE EIGHT HARNESS SATIN
WEAVE SHOWN, PROVIDE NEAR STRAIGHT YARNS IN A
BIAXIAL REINFORCING PATTERN, APPROXIMATING IN ONE
PLY THE PROPERTIES OF A CROSS-PLY LAMINATE

o Surface Treatment

For use as reinforcements, glass fibers generally require surface treatment
for better adherence to the matrix. Most commonly used for this purpose are silane
resins having molecules compatible with both the inorganic molecules of the glass
and the organic molecules of the resin.

o Outstanding Characteristics

The outstanding merits of the glass fibers are high strengths combined with a
relatively high strain (~5%) to failure and low cost. They exhibit no outstand-
ing unfavorable properties.

2.1.1.2 Graphite.

"Graphite™ fibers (or perhaps more accurately 'carbon' fibers, since full
graphitization is not achieved in their manufacture) have the potential for achiev-
ing a wide acceptance for aircraft applications because of their advanced proper-
ties. Two categories of carbon fibers predominate, distinguished primarily by
their elastic moduli: The one in the range 30-32 Msi (207-220 GN/m?), the other
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approximately 50-55 Msi (345-380 GN/m?). Properties of these fibers are given
in table 2.2. Other higher modulus carbon fibers with moduli up to 100 Msi (690

GN/mz) or more are also available.

Both properties and costs of graphite fibers are in a state of flux relating
to the methods of manufacture, as described below.

0 Methods of Manufacture

Graphite fibers are manufactured by carbonization and graphitization from
organic fiber precursors, primarily rayon, polyacrylonitride (PAN) and pitch. For
both rayon and PAN, in addition to carbonization and graphitization (at tempera-
tures of 2400" -2700" F and 5400" F (1300" -1500" C and 3000" C), respectively),
stretching of the fibers is required to orient the molecular structure for maximum
stiffness in the fiber direction. The pitch fibers do not require the stretching
process, and the times at temperature required for them are less than for the rayon
and PAN precursors. Pitch base fibers, accordingly, are potentially the cheapest.

All graphite fibers require surface treatment for adhesion to the matrix, most
commonly a wet oxidation process together with the application of an organic
coating.

0 Available Forms

Graphite fibers are available in most of the same forms as glass. The
individual fiber diameters are approximately 0.0004 inches (0.01 mm).

o Outstanding Characteristics

Graphite fibers are distinguished not only for their high stiffness and
for their extremely high stiffness/density ratios, but also for their near zero
thermal expansion coefficients along the fiber direction. Their deficiencies are
in the direction transverse to the fiber, where the higher the longitudinal
modulus, the lower the transverse modulus.

2.1.1.3 Kevlar.

Kevlar (aramid) fibers are available in two forms, Kevlar 29 and Kevlar 49,
distingui'shed primarily by their Young's moduli of 9 and 18 Msi (62 and 124 GN/m?),
respectively. For composites, Kevlar 49 is of most interest and will be the one
treated here. Properties of Kevlar 49 are given in table 2.3.

o Available Forms

Kevlar is available as untwisted yarns of 134, 267 or 1000 filaments. Each
filament is nominally 0.00047 inches (0.0119 mm) in diameter. 1t is also avail-
able in two weights of roving (4560 and 7100) filaments, and as woven fabric in
various constructions.

o Surface Treatment

Nominally, Kevlar is available with no sizing or finish, and requires none for
compatibility with resin matrix materials.
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TABLE 2.2. PROPERTIES OF GRAPHITE FIBERS

OF
AS and HMS and
Property T-300 vS0032
Longitudinal Young"s Modulus, E;. Msi 32 54
Transverse Young's Modulus , Eq. Msi 3.2 11
Longitudinal Shear Modulus, Gyr Msi 3.2 2.2
Transverse Shear Modulus, GT, Msi 1.2 0.4
Longitudinal Poisson's Ratio, vy, 0.30 0.41
Transverse Poisson"s Ratio, vp 0.35 0.45
Tensile Strength, c:“, ksi 400 175
Strain at Tensile ultimate, e:“, 3 1.3 0.3
Coefficient of Longitudinal Thermal ¢
Expansion, uL./’F -0.7x10" -0.4x10"6
Coefficient of Transverse Thermal 6
Expansion, eq./*F 3.9x10" 5.4x10"8
Longitudinal Thermal conductivity, My
Btu-in 140 580
hr-Etz-'F
Transverse Thermal Conductivity, y_,
Btu-in T 10 12
hr-ftl-°F
Density, o, pci 0.062 0.072
eS|
AS and HMS and
Property T-300 vs0032
Longitudinal Young®"s Modulus, EL’ GN/m2 220 370
Transverse Young's Modulus, ET, GN/m2 22 7.6
Longitudinal Shear Modulus, GL' GN/m2 22 15.2
Transverse Shear Modulus. Gy, GN/m2 8.1 2.8
Longitudinal Peoisson's Ratio, vy 0.30 0.41
Transverse Poisson®s Ratio, vp 0.35 0.45
Tensile Strength. qi“, GN/m? 2.8 1.2
Strain at Tensile Ultimate,cE“, % 1.3 0.3
Coefficient of Longitudinal Thermal -6 -
Expansion, aL,/° -1.3x10 -0.7x10
Coefficient of Transverse Thermal -6 -
Expansion, aT,/°c 7.0x10 9.7x10
Longitudinal Thermal Conductivity, ‘ - -
’ cal YovL 4.9x207° 2.0x10
sec-cm-°C
Transzzzse Thermal Conductivity, Y 3.5x10'3 4.2x10"
sec-cm-°C
Density, », g/cm3 1.72 1.99
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TABLE 2.3. PROPERTIES OF KEVLAR 49 FIBERS

oFE
Longitudinal Young®"s Modulus, £y Msi 18
Transverse Young"s Modulus, Eq Mo 1
Longitudinal Shear nodulus, Gy« Ms: 0.4
Transverse Shear Modulus, GT' Ms1 0.4
Longitudinal Poisson®s Ratio, Ve, 0.33
Transverse Poisson®s Ratio, Vo 0.33
Tensile Strength, azu, ksi 400
Strain at Tensile Ultimate, ci“, 1} 2.5
Coefficient of Longitudinal Thermal Expansion, 6
ay/°F -1x10~
Coefficient of Transverse Thermal Expansion,
ag./°F 30x1078
R R o Btu-in
Longitudinal Thermal Conductivity, e I 20
hr-ft"=-°F
Transverse Thermal Conductivity. ., Btu-in 3
hr-£f¢“-°F
Density, ¢, pci 0.052
| —
eS|
Longitudinal Young"s nodulus, L, GN/m2 124
Transvarra Young® s Nodulus, Eg. GN/m2 6.9
Longitudinal Shear Modulus, GL' GN/m2 2.8
Transverse Shear nodulus. GT, GN/m2 2.8
Longitudinal Poisson's Ratio, vir 0.33
transverse Poissen's Ratio, 1T 0.33
Tensile Strangth, ctu, GN/m? 2.8
Strain at Tensile Ultimate, cgu, § 2.5
Coefficient Oof Lengitudinal Thermal Expansion.
uL,/'C -1.8v1a"6
Coefticient OF Transverse Thermal Expansion,

Qm:/°*C 5. 4x1n”>
T L4x10
Longitudinal Thermal Conductivity, -. . cal : 6.9x10"3

~ sec-cm~"C
Transverse Thermal Conductivity, “pe cal - ' 0xln'3
: sec-cm-' "
Density, o, g/cm% 1.44
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o Outstanding Characteristics

The outstandlng favorable characteristics of Kevlar are its low den5|ty (0.052
pci or 1.44 g/cm3) and high tensile strength, a maximum of 525 ksi (3.6 GN/m?) for
optimum conditions of yarn impregnation and twist. Its unfavorable properties are
low transverse stiffness and low compressive strength. Xevlar/polymer composite
exhibit high resistance to impact damage.

2.1.1.4 Boron, Silicon Carbide and FP.

Boron, silicon carbide and FP (aluminum oxide) fibers are in a different
category from glass, graphite and Kevlar with regard to immediacy of use in
commercial aircraft, but they all have characteristics of merit and may well
be used in special applications. Accordingly, their characteristics are reviewed
here with the primary objective of identifying properties which are unique and of
potential interest or concern.

o Boron

Boron filaments, fabricated by vapor deposition on fine tungsten or graphite
filaments, have much greater diameters (0.004 inches or 0.1 mm) than other fibers.
The large diameter makes them individually stiff and difficult to form to any but
gentle radii. The manufacturing process holds little potential for cost reduction.

Properties of boron fibers are given in table 2.4. Most favorable is the
combination of high strengths, both in tension and compression, and modulus of
elasticity, not only along the fibers but also transversely. Not indicated in the
table but also favorable is the fact that boron composites exhibit compressive
strengths generally higher than those of graphite.

o Silicon Carbide

Like boron, silicon carbide filaments have been made by vapor deposition, and
their filament properties are similar (see table 2.4), although the density of
silicon carbide is substantially higher (0.115 pci or 3.19 g/cm3),  Silicon carbide
filaments are not a commercial product at this writing because of their high cost
of manufacture and limited availability, and are me~tioned here only because of
their potential for future use.

Silicon carbide is also under development in a more economical form of
a mixture of whiskers and particles produced by carbonization of rice hulls.
Used primarily with aluminum as the matrix material, the product offers potential
for an increased value of Young's modulus with moderate density increase relative
to the aluminum.

o FP

FP is a refractory, aluminum oxide filament produced by DuPont having elastic
properties similar to boron and silicon carbide but exhibiting very high compress-
ive and relatively low tensile strengths. Like the 8iC whisker/particle mixture,
FP is used with metal matrices (magnesium and aluminum). The density of FP is the
greatest of any of the filamentary reinforcements (0.143 pci or 3.96 g/cm ). This
high density, together with :ts low tensile strength (table 2.4), limits its
applicability to special probiem areas.
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TABLE 2.4. PROPERTIES of

BORON, SILICON
CARBIDE AND FP FIBERS

oFE
Property B sic FP

Young®s Modulus, E, Msi 55 70 55
Shear Modulus, C, Msi 24 29
Poisson®s Ratio. v 0.15 0.2
Tensile Strenqth. o%%, xsi 400 300 200
str%in at Tensile Ultimate,

vy, 8 0.7 0.4 0.4
Coefficient of Thermal Expansion, -6 -6

a,/°F 2.3x10 2.2x10
Thermal Conductivity, u, Btuzin 20

hr-ft -*?
Density, p, pci 0.095 0.115 0.143
sl
Property B saC FP
Young's Modulus, E, <.‘nN/ﬂ\2 380 470 380
2

Shear Modulus, G, GN/m 165 200
Poisson's Ratio, v 0.15 0.2
Tensile Strength, o%%, oN/m? 2.8 2.1 1.4
Strain at Tensile Ultimata.

¢ tu 0.7 0.4 3.4
c«t!&:ient of Thermal gxpansion, 4.1x10°8 | 4.0x10°8

a,/*C

-3
- 1

Thermal Conductivity , v, VCSGT §.9x10
Denrity, 0, q/cm3 2.63 3.19 3 .96




2.1.2 Matrix Materials.

While reinforced plastics in general use, for which structural performance is
subsidiary to cost and ease of manufacture, employ a variety of resins (predomi-
nately polyester and vinyl ester), epoxies are the resins most often used for the
more demanding requirements in aircraft. Because of the widespread use of poly-
esters in general, however, a brief description of their characteristics is pre-
sented here as background material. The epoxies are discussed in some detail.

2.1.2.1 Polyesters.

The polyesters derive from unsaturated dibasic acids condensed with glycol.
They are generally supplied as solutions i{n reactive monomers, such as styrene,
methyl methacrylate or vinyl toluene. With the addition of heat or an initiator
and catalyst, the polyester and monomer polymerize. The polymerization process is
exothermic and the resin shrinkage is substantial: 7% to 9%. Typical resulting
resin properties are approximately:

Tensile strength 10 ksi (69 MN/m?)
Compressive strength 24 ksi (165 MN/m?)
Young®"s modulus 500 ksi (3.45 GN/m? )
Density 0.044 pci (1.12 g/cm3)

2.1.2.2 Epoxies,

Although there are only two main types of epoxy resins, (1) condensation
products of epichlorhydrin and bisphenol-4 and (2) the same with novolac resins
instead of bisphenol-a, the variety of characteristics available through the use of
additives, changes in cure cycle, etc. is virtually unlimited. Available modifying
and curing agents provide great latitude in the formulation of epoxy materials,
with the result that most manufacturers have their own proprietary formulations and
cure cycles, and resulting individualized properties. Thus, the 1980-81 edition of
the Modern Plastics Encyclopedia lists the following ranges of properties for epoxy
resins:

Tensile strength 2-12 xsi (13.8-82.7 MN/mz)
Compressive strength 1-24 vsi (6.9-165 MN/m )

Young™s modulus 1-500 ksi (6.9 MN/m? -3.45 GN/mz)
Density 0,038-0.05 pci (1,05-1,39 g/cm3)

Typical properties actually achieved in aircraft applications are likely to be
of the following magnitudes:

Tensile strength 10 ksi (69 MN/mz)
Compressive strength 24 xsi (165 MN/m?)
Young"s modulus 500 ksi (3.45 GN/m? )
Density 0.045 pei (1.25 g/cm3)

but all concerned must be aware of the ease with which variations from such ""typi-
cal" values can be achieved. Factors involved in such variations are considered
below.
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o Curing

Epoxies are normally cured by cross-linking reactions with a curing agent. 1In
most cases, no volatile byproducts are formed, and the reaction can be completed at
low or contact pressure. Epoxies shrink much less on curing than polyesters (3%
versus 7-9%) and the exotherm during polymerization can generally be accelerated by
the application of heat. Indeed, epoxy polymerization reactions seldom proceed to
a complete cure without an extended post-cure cycle at elevated temperature.
Accelerators such as benzl dimethylamine (BDMA) can speed up the process. One
added percent (1%!) of BDMA can decrease the cure time from several hours to one
hour as well as lower the required cure temperature. There is strong evidence
(reference 2.1) that these systems have not yet had the benefits of process
optimization.

0 Additives

The addition of modifiers, such as polyamide resins or thiokols, will produce
semi-rigid epoxy formulations. The usual objective here is an increase in "tough-
ness' for shock absorbing properties and high impact strength. The semi-rigidity
is generally accompanied by a.strength decrease, however, and here again an
optimization is needed.

0 Environmental Factors

Epoxies absorb moisture, generally up to 4-5% by weight. The absorbed
moisture causes a growth of the resin, similar to a thermal expansion, and also
causes a degradation in mechanical properties. Because of its large thermal
expansion coefficient, epoxy also changes volume at a rate approximately ten times
that of glass and many times that of graphite reinforcement. Methods for the
evaluation of these environmental effects will be treated in later chapters.

0 Outstanding Characteristics

Epoxies have proven to be versatile resins possessing the best combination of
properties yet found for a wide range of composite requirements. They can be used
for casting, impregnating, potting, laminating and surface coating, and they are
outstanding for adhesion to the reinforcing filaments and between plies.

While the epoxies have demonstrated superiority, they still have deficiencies
in strength and impact resistance. Much of the emphasis in following chapters is
directed toward the determination of the influence of these deficiencies upon
overall composite performance.

2.2 FIBER COMPOSITES: PHYSICAL PROPERTIES.

1 frame NO hypotheses; for whatever L& not
deduced fgrom the phenomena 1S to be caffed
an hypothesis; and hypotheses, whether meta-
physical on physical, whether 04 occult
qualities or mechanical, have no place 1In

Philosophiae Naturalis
Principla Mathematica




A unidirectional fiber composite (UDC) consists of aligned continuous fibers which
are embedded in a matrix (figures 2.2, 2.3). Fibers currently used are glass,
carbon, graphite and boron; matrices are polymeric, such as epoxy and light metal-
lic, primarily aluminum alloys. The physical properties of a UDC as measured by
means of laboratory specimens will be called effective properties. A typical
specimen is a flat coupon containing many fibers. Evidently, the effective
physical properties are functions of fiber and matrix physical properties, of their
volume fractions and perhaps also of statistical parameters associated with fiber
distribution. The fibers have, in general, circular cross-sections with little
variability of diameters. A UDC is clearly anisotropic, since properties in the
fiber direction are very different from properties transverse to the fibers.

Effective properties of interest to the engineer are:

Elastic Properties

Thermal Expansion Coefficients

Moisture Swelling Coefficients

Viscoelastic Properties - Static and Dynamic
Conduct

Moisture Diffusivity

Traditionally, material properties have been obtained experimentally and have been
compiled in handbooks, but such an approach is not practical for fiber composites
because of their large variety. There are many kinds of carbon and graphite fibers
with different anisotropic properties and there are many kinds of matrix properties
to be considered for reasons both of choice of matrix material and of environmental
change of properties of a specified matrix. The experimental determination of all
of the effective anisotropic properties of interest is clearly an impossible
undertaking. It is necessary, therefore, to devise analytical procedures to
determine the effective properties on the basis of fiber and matrix properties and
volume fractions and perhaps some additional information about fiber distribution.
The task of experiment is to check the validity of the analytical procedures.

Thus, the properties are to be determined from the point of view of structural
mechanics, not of materials science. Indeed, composite materials are complicated
structures and not materials in the classical sense.

In the following, we shall discuss a variety of analytic: results which may be
used to determine the various properties of a UDC which are of engineering interest.
Details of derivations are beyond the scope of the present work and may be found in
references 2.2 and 2.3.

2.2.1 Elastic Properties.

The elastic properties of a material are a measure of its stiffness and are neces-
sary information to determine the deformations which are produced by loads. 1In a
UDC, the stiffness is provided by the fibers; the role of the matrix is to prevent
lateral deflection of the fibers. To illustrate this, let us compare a bundle of
stiff fibers with a UDC containing the same amount of fibers embedded in a poly-
meric matrix. |f the stiffness of the polymer 1is neglected by comparison with
fiber stiffness, then the bundle and the UDC will have the same stiffness for a
tensile load; in this case, the bundle fulfills the function of a rope. |If,
however, compressive load in the fiber direction is applied, the bundle will buckle
at once and, thus, its stiffness for this load is zero. By contrast, the UDC has
the same stiffness for compressive and tensile load since the matrix will prevent
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FIGURE 2.2. PROPERTIES OF UNIDIRECTIONAL COMPOSITES

FIGURE 2.3. UNIDIRECTIONALLY REINFORCED LAMINA




fiber buckling until quite elevated values of load. This will be discussed later
under compressive strength. Similarly, the bundle has no transverse tensile
stiffness since the fibers will separate at once. This again will be prevented in
the UDC by the matrix.

In this section, we shall be concerned with the subject of analytical deter-
mination of the elastic properties of a UDC. Obviously, such properties of fibers

and matrix and of their relative volumes in the composite material. Clearly, the
stiffness in the fiber direction is much larger than the stiffness transverse to
the fibers. |If a load is applied in the fiber direction, this is carried primarily

by the fibers, which deform very little and also constrain the matrix to very small
deformation. On the other hand, in the direction normal to the fibers, the matrix
is a continuous load carrying structure and the fibers move with the deforming
matrix, thus not significantly impeding the deformation. Therefore, the stiffness
in the direction transverse to the fibers is much smaller than the stiffness in the
fiber direction and, thus, the material is very anisotropic.

2.2.1.1 Composite Properties.

For engineering purposes, It is necessary to determine such properties as Young‘s
modulus in the fiber direction (large), Young’s modulus transverse to the fibers
(small), shear modulus along the fibers and shear modulus in the plane transverse
to the fibers, as well as various Poisson’s rations. This can be done in terms of
simple analytical expressions, as will be explained in this section.

Elastic properties of homogeneous materials are defined by relations between homo-
geneous (constant) stress and strain. In the general anisotropic case, such
relations are written

oij = Cijkl Eki (a) (2.1)

13 = Sijke %2 (b)

where all the subscripts range over 1, 2, 3; repeated subscripts denote summation;
Cijkg is the fourth rank elastic moduli tensor; and S;;p, 1s the fourth rank elas-
tic compliance tensor. The notation for these fourth rank tensors is frequently
simplified by an engineering representation utilizing two subscripts for each
constant. This is accomplished by replacing each pair of subscripts in the stiff-
ness and compliance tensor.components with a single subscript according to the
following plan:

11 - 1 22 -~ 2 33 >~ 3
23 & 32 - 4 13 & 31 - 5 12 & 21 ~ 6

As a result of these substitutions, the engineering constants replace tensor
components as shown by the following examples:

C1111  =°C11
51122 s12




For the constants relating shear stress and strain, it is convenient to take advan-
tage of the symmetry of the stress and strain components (e.g. €jj = gji)‘ Thus,
for example the expression

=C * iz T

%1 1111511 ¥ <1202

Ci123623 * <1132¢32  * <1131°31  +
1113¢13  * <1112¢12  * 112121

may be written as:

+ C +

931 = C1qBq1 T C12%22 T C13%33

+ 2C + 2C

2C14%23 1513 16512

Because of the various symmetries, there are in the most general case 21 indepen-
dent elastic moduli or compliances.

When the material is isotropic, the stress-strain relations are

- h ~ a + -
Cll = (A+23G) Ell + AEZZ /\E33
— ; + (A+2G)e,, + \E (a)
€22 T "1 22 ‘B33
- + s - (2.2)
033 - lell AEZZ + (A+2G)_33
012 = ZGELZ
023 = 23523 (b)
013 = 2Gs13



\V]
€57 = g ~ § (922 * 933)
g
_ %22 v
€2 = 7§ ~ g (913 * 933) (¢)
5.
_ 33 v
€33 = g ~ g (011 *+ 9))

where E, y, G are Young’s modulus, Poisson‘s ratio and shear modulus, respectively

and A is called the Lame’ modulus, given by vE/(1+y) (1-2v). Another important
modulus is the bulk modulus K defined by

911 T 922 * 933 = 3K(eyy 4 ey +oeq,)
(2.3)
K = E/3(1-2v)
In the event that &;; =0, it follows from (2.2a)
Gyp + TOq3 = 2k(e22 + 533)
(2.4)

k

A+ G =G/(1-2v)

The modulus k is called the plane strain bulk modulus. The isotropic elastic
material has two independent elastic moduli. There are thus various interrelations
among the moduli entering into (2.1-4).

The above stress-strain relations are suitable for polymeric and metal matrices and
for glass fibers. Carbon and graphite fibers, on the other hand, are highly
anisotropic. Their microstructures (figure 2.4) reveal that the fibers are
transversely isotropic with respect to the fiber axis x;. The stress-strain
relations of such a material have the form

— Le
911 = DEq, + 22 + Ley,
022 2 lEll +(k+GT)€22 +(k—GT)€33 (a)
033 = lell +(k-GT) 522 +(k+‘GT) 833 (2.5)



STRUCTURE OF GRAPHITE TYPES OF FIBER
CRYSTAL MICROSTRUCTURE

,AXIAL OIRECTION

FIBER
SURFACE

RIBBON TYPE STRUCTURE OF
CARBON FIBERS

FIGURE 2.4. STRUCTURE OF CARBON AND GRAPHITE FIBERS
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912 = 20y €12
- (b)
923 = 2Gp €23
= €
G123 = 26 713
S O e T
w
11 Ep EL 22 E:L 33
AV J v
L 22
£ = - = g, + === - = (c)
22 E‘.L 11 E:T ET 33
v v
L T o
€ = - == 0.~ =— d + 33
33 E, 11 E_, 22 -—
where
E, - Young's modulus in fiber direction
Er - Young's modulus in transverse direction
VL - longitudinal Poisson's ratio
vy - transverse Poisson's ratio
Gy, - longitudinal shear modulus
Gp - transverse shear modulus
k - transverse bulk modulus
n - elastic modulus, also Cy)
a - elastic modulus, also Cy»
The material has five independent elastic moduli. There are, thus, various
interrelations among the above moduli, some of which will be given further below.
The physical interpretation of elastic properties of a transversely isotropic
material will be discussed further below in the context of a UDC and may be applied

to the properties appearing in (2.5).

The fundamental property of a fiber composite or any other composite material is
statistical homogeneity. This implies that the properties of a large enough sample
element containing many fibers are the same as those of the entire specimen. Since
the fibers are, in general, randomly placed, there is no preferred direction in

the transverse x,x3 plane, which implies that the UDC is statistically transver-
sely isotropic.
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Experimental determination of the properties of *""homogeneous'"™ materials is based on
induction of homogeneous states of stress and strain in suitable specimens.

The mathematical interpretation is the application of suitable boundary conditions
in terms of tractions or displacements which produce homogeneous states of stress
and strain, or so-called homogeneous boundary conditions. Examples are simple
tension, pure shear and hydrostatic loading. An experimenter would naturally apply
the same homogeneous boundary conditions to composite specimens. In this case,
however, the states of stress and strain in the specimen are no longer homogeneous
but highly complex. The variations of stress and strain on any plane through the
composite material are random: There is nothing specific which distinguishes the
variation on one plane from that on another. Such stress and strain fields are
called statistically homogeneous. They consist essentially of constant averages
with superposed random "'noise' and are produced in geometrically statistically
honogeneous specimens which are subjected to homogeneous boundary conditions. See
figures 2.5-6 for examples. Consequently, effective elastic properties are defined
by relations between average stress and average strain.

A typical transverse section of a unidirectional fiber composite is shown in
figure 1.5. Because of the random nature of fiber placement, the material is
statistically transversely isotropic. Its effective elastic stress-strain rela-
tions have the form

- L*e - - (a)

Oyy = 11 +(}<*-4~G,‘i:)r:22 +(k*-G,’£,)e33

G33 = #*Eyy +(k*=GR)e,, +(k*+Gi)eq,
oyp = 26f L.
9,3 = 263 €54 (b) (2.6)
13 = 267 €3




. . l AVERAGE STRESS :
JN;W e I
E i

| K Finer

MaTRiX

b

i3

] I Ell AVERAGE STRAIN

- ._
a1 = ELen
FIGURE 2.5 VARIATION OF STRESS AND STRAIN IN FIBER DIRECTION - AXIAL LOADING

'322 AVERAGE STRESS

- —
TJnn = ET €mn

FIGURE 2.6 VARIATION OF STRESS AND STRAIN TRANSVERSE TO FIBERS - TRANSVERSE LOADING




with inverse

<
»

*
E = _];l' = \iL - - L E-Y
11 E]’:" Eﬁ‘ 2 EE 3
* - *
Enn = = v—L Oyq + 2 - v—T © (¢)
22 Ef "11 E_*T,I. EX 33 €
. -
SR T R
33 Ei 11 E,’I*, 22 E,’i’,

It is seen that (2.6) is the precise analogue of (2.5) with average stresses and
strain replacing stresses and strains, and effective moduli, indicated by asterisks,
replacing moduli.

The effective properties appearing above are to be interpreted as:

Ef - longitudinal Young's modulus, in fiber direction

Y - associated longitudinal Poisson's ratio

E% = transverse Young's modulus, normal to fibers

sz- - associated transverse Poisson's ratio (in transverse plane)
G-’f - transverse shear modulus

G¥ - longitudinal shear modulus

k* - transverse bulk modulus

n* g - effective elastic moduli (see eq. 2.7)

It should be emphasized that the unidirectional fiber composite material is
regarded as an effectively transversely isotropic material. Thus, there are five
independent elastic constants. However, there are numerous ways to write the
stress—strain relations utilizing various elastic constants. Any set of five
independent constants may be chosen for convenience. Interrelationships exist
among many of the constants discussed herein, since only five are independent.

Figure 2.7 illustrates the loadings which are associated with these properties.
The Poisson's ration V¥ is an abbreviated notation for v¥_, which defines the
lateral strain in the transverse direction due to a stress in the fiber direction.
Similarly, the Poisson's ration V% is an abbreviated notation for V¥*_, which

defines strain in transverse direction 3 due to stress in transverse direction 2,

or vice versa. There is also a Poisson's ration vﬁ which defines strain in the
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longitudinal direction due to stress in the transverse direction. This is seldom

used and does not enter into the stress—strainrelations as presented here. |Its
value is given by v:ﬁ_ - VtTE%/Et. All of these Poisson's ratios are illustrated
in figure 2.7.

The longitudinal shear modulus G* jg an abbreviation for G*_=G* , which is

. . . ] . LT T
assoc1ated with shear acting on perpendicular longitudinal "and IEransverse planes.
Similarly, the transverse shear modulus G% is an abbreviation of G*I’T’ associated
with shear or transverse perpendicular planes.

The effective modulus k* is obtained by subjecting a specimen to the average state
¢ strain

E22 = E:«)3 all others vanish

in which case it follows from (2.4) that
(922 + 033) = 2k*(ey; + €35)

Unlike the other properties listed above, k* is of little engineering significance
but is of considerable analytical importance.

A comparison of the alternate forms of writing the stress-strain relations shows
that the effective properties are interrelated as follows:

n* = Ef t 4ktvi2 (a)

L* _ 2k* v£ (b)

4/E} = 1/G} + 1/k* + dvp2/E} (o)
2/(1-v2) = 1+ k*/(1+4k*V£2/EE)G'; (d) (2.7)

Gp = Ep/2(1 + vi) (e)

The same interrelations are valid for the constituent properties of (2,5),
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Ordinarily, a transversely isotropic material has five independent elastic
properties; however, it has been shown by Hill (ref. 2.4) that for the particular
case of the effective moduli of a UDC, the following additional relations exist:

i -
2(vy &=v.)
- & Lf 'm {1 _ L
S A v e v %~ %
) ) (2.8)
BT
VE = Y - Lf m (l - ¥L0
L 1 7k_f'-' -1/ k. kK k*
L i
Here
- |
E=E Vm + ELf Ve
V=V Vnm + va Ve
(2.9)
V v
- _ m -_f
=tk
m b
m - denotes matrix

f - denotes fiber
v volume fraction

and the case under consideration is isotropic matrix and transversely isotropic
fibers. Relations (2.8) are general and are valid for any fiber shapes and distri-
bution. They apply solely for a two phase unidirectional fiber composite. In view
of these relations the number of independent effective elastic moduli reduces to
three. This means that if one of the three effective moduli in (2.8) can be found
as a function of constituent properties, the other two will be defined by (2.8).

2.2.1.2 Relations Between Composite and Constituent Properties.

Computation of effective elastic moduli is a very difficult problem in elasticity
theory. It is first necessary to assume a suitable arrangement of fibers, thus, a
geometrical model of the UDC. Suitable homogeneous boundary conditions are then
applied to fiber reinforced specimens. For example, to compute k* it is convenient
to apply the displacement boundary conditions
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ul(S) = Q

_ o
M2 (8) = 7 x (2.10)
u3(S) = EO X,

on the surface of a cylindrical specimen (figure 2.2). This implies that there is
no external longitudinal deformation and that the plane is isotropic, preserving
the shape of the cross-section. It follows from the average strain theorem

(ref. 2.2) that

222 = E,3 = ¢ (2.11)
all other average strains vanish. Hence, from (2.6a)

= - A2
O22 T 033 = 2k*¢° 1y

To find this average stress, however, it IS necessary to determine in detail

the elastic displacement fields in matrix and fibers. These displacements must
satisfy the differential equation of elasticity theory in matrix and fibers, the
displacement and traction continuity conditions at fiber-matrix interfaces and the
external boundary conditions (2.10). Once these displacements are known, the
strain fields are computed by differentiation, the stress fields from the local
Hooke's laws and then the stress average (2.12) which is necessarily proportional
to €2, Then 2k* is the coefficient of proportionality.

To compute E*, consider the specimen shown in figure 2.3. Apply the uniform
stress € to the two parallel faces, with normal in the x5 direction. 411 other
traction components on the specimen surface vanish. It then follows from the
average stress theorem (ref. 2.2) that the only surviving average stress is

- o
033 = dJ
Then from (2.6)
o
3
* = -
ET -
33
€
22
* = L
V1 =
E
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It is seen that the two effective properties EZ‘I- and vi are determined by com-
putation of €55 and €43, This again requires solution of the appropriate elasticity
boundary value problem for the fiber composite specimen.

In view of the difficulty of the problem, only a very limited number of simple
models permit exact analysis. One kind of model is periodic arrays of identical
circular fibers, e.g., square periodic arrays and hexagonal periodic arrays (figure
2.8). These models are analyzed by numerical finite difference or finite element
procedures. It is necessary in each case to identify a suitable repeating element
of the fiber composite and to express its boundary conditions on the basis of
symmetry requirements in terms of the external boundary conditions (see e.g.,

ref. 2.2). It appears that the hexagonal array has first been analyzed in refer-
ence 2.5 and the square array in reference 2.6. See reference 2.7 for further
references on periodic arrays, It should be noted, however, that the square array
is not a suitable model for the usual UDC since, it is not transversely isotropic
and, thus, has six independent elastic properties. In particular, the transverse
shear modulus depends on the direction of applied shear in the x7%3 plane. On the
other hand, the hexagonal array fulfills the transverse isotropy requirement since
hexagonal symmetry is equivalent to transverse isotropy.

QOO
OO
NANEN

SQUARE ARRAY HEXAGONAL ARRAY

FIGURE 2.8, MODELS FOR NUMERICAL COMPUTATION OF PROPERTIES

The only existing model which permits exact analytical determination of effec-

tive elastic moduli is the composite cylinder assemblage (CCA) introduced in
reference 2.8. To construct the model, imagine that we have at our disposal a
collection of composite cylinders each of which consists of a circular fiber core
and a concentric matrix shell, The sizes 0f outer radii b, of the cylinders are

at our disposal. The size of fiber core radii, &,, 1S restricted by the requirement
that in each cylinder the ration ay/b, Is the same, which also implies that matrix
and fiber volume fractions are the same in each composite cylinder. It may be
shown that for various loadings of interest, each composite cylinder behaves as
some equivalent homogeneous cylinder. A hypothetical homogeneous cylindrical
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specimen IS assigned these equivalent properties and is progressively filled out
with composite cylinders. Since the radii of the cylinders can be arbitrarily
small, the remaining volume can be made arbitrarily small, |n the limit, the
properties of the assemblage converge to the properties of one composite cylinder.
The construction of a ¢CA 1S shown schematically in figure 2.9 and the resulting
composite in figure 2.10. A desirable feature of the model is the randomness of

fiber placement, while an undesirable feature is the large variation of fiber
sizes. It will soon become apparent, however, that the latter is not of serious

concern.

The analysis of the ccA gives closed form results for the effective properties k*,
Ex, V¥, a*, 4% G* and close bounds for the properties G¢x, E*, ¥*. guch results

L L . 5 - - - - T _.T s

will now be listed for isotropic fibers with the necessafy modifications for trans-
versely isotropic fibers. For details of derivation see references 2.2 and 2.9

. N ~ Y ..
km(kf+cm)1m+Kf(km+Jm"‘

-

K : s
(Afrgm)vm+(xmfgm)if
(2.13)
C e . Ve ,
m I/ (kmk JFv/ (kmme

4(vf-vm)2 vV V

* = ﬁ;ﬁﬁ______Jn7f_
EL Em Vm * Ee ve * Vm/Af+vf/Km+l'Gm (a)

= Em Vm + Ef Vf
(b) (2.14)

The last is an excellent approximation for all uDC

V¥ = v v+ v. Vv, + (Vf—vm) (l/km-l/kf) Ym Vg (2.15)
L m m £f £ vm/Ef + vf/xm + l/Gm
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FIGURE 2.9. COMPOSITE CYLINDER ASSEMBLAGE - CONSTRUCTION

FIGURE 2.10. COMPOSITE CYLINDER ASSEMBLAGE
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o = G [Gm v+ Gf(l+vf)}
m Gm(l+vf) + Gf v
(2.16)

Vf

= +
S 17 GG +v 726,

As indicated earlier, the result of G is a pair of bounds on the actual value.
One or the other of these bounds is recommended, depending upon the ratios of
the constituent properties. (To compute the resulting E* and v* use is made of

(2.7¢,d).) When G¢ > Gy and k¢ > kg, the upper bound isTrecommEnded:

GX* ~ G* = G 1 +
T (+) T m 2. 2 3
o—[l+36m Vi /(cnvf + l)]vf
L - Bm - ysg . Y + Bn
1l 8 - - 1
S ! (2.17)
1l 1
B = Be = 3T
m 3—4\)m £ 3 4vf
(el
Y =z
Gm

When G¢ < Gy and k¢ < kp, the lower bound is recommended. For this case:

(:L+Bm)vf (2.18)

* * =

2 2 3
D-[l+38rn Va /(onvf -Bm)]vf
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The companion lower bound to (2.17) and the companion upper bound for (2.18)
are both given by the same expression:

v

G*(-) = Gm[l + £ ] (2.19)

1/(y-1) + vm/(l+6m)

The result (2.18) is of interest for metal matrix composites consisting of carbon
and graphite fibers in an aluminum matrix, for in that case the elastic properties
Gp and ky of the matrix are larger than the Gpp and k¢ of the fibers. Note that
k, kg in (2.13) is the isotropic plane strain bulk modulus given by (2.4).

For transversely isotropic fibers, there are the following modifications
(references 2 and 9):

For k* kg is the fiber transverse bulk modulus
For Ef, vE Ef = B¢ Ve = Vg ke as above
(2.20)
For Gf Gg = Grf
For GX Gg = Gpp Be = kg/(kg + 2Gyg)

A discussion of bounds for effective elastic moduli of fiber composites is given in
the appendix to this chapter.

A rational approximate evaluation of G% of the CCA model is due to Christensen

and Lo (ref. 2.3). They have assumed that any composite cylinder behaves as if it
were embedded in the effective medium with effective shear modulus G%_ The result

of the rather involved calculation is

2  m _ (2.21)
A(G%/Gm) + 23"5/Gm) + C =0
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where

- 2 :
A = 3vam (Y-l)(7+nf)

+ [Ynm+nfnm-(ynmfnf)vf3][vfnm(y—l)-(vnm+1n

B = -3v,v 2 (y=1) (y#n )+ 3 [n_y+(y-1)ve+11[(n_-1) (y+ng)

3 1
-2(Ynm—nf)vf ] + 5 vf(nm+l)(Y-l)[Y+nf+(Ynm-nf)vf3]

- 2
C = 3vam (y-1) (Y+nf)

3
+ [an+(Y-l)vf+l][Y+nf+(Ynm- nf)vf ]

n, = m o= l/Bf

Bms» 8¢ and ¥ were defined in (2.17). In the following, results based on
(2.21) will be denoted EA (Embedding Approximation).

Numerical analysis of the effective elastic properties of the hexagonal array
model reveals that their values are extremely close to those predicted by the CCA
model as given by the above equations. Examples are shown in table 2.5 and figure
2.11. Also note the close agreement between G% as predicted by (2.21) and the
hexagonal array results in the table. This numerical coincidence is remarkable,
since the two models are quite different. It leads us to believe that the actual
distribution of circular fiber diameters and fiber placement is of little numerical
importance as long as the fibers do not touch and the composite is transversely
isotropic. If so, the simple exact results (2.13-18) are valid also for random
distribution of circular fibers of equal diameters (figure 2.12), which is the case
of practical interest.

Comparisons of analytical property predictions with experimental results are shown
in figures 2.13 and 2.14 for the transverse Young's moduli E* of glass/epoxy and
boron/epoxy. Results based on (2.13-17) are denoted CCA and results based on
(2.21) are denoted EA. It is seen that the analytical results are close and agree
with experimental data.

The simple analytical results given here predict effective elastic properties

with sufficient engineering accuracy. They are of considerable practical importance
for two main reasons: (a) they permit easy determination of effective properties
for a variety of matrix properties, fiber properties and volume fractions, and (b)
they are the only approach known today for experimental determination of carbon
fiber properties.
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CIRCULAR FIBERS AND COMPOSITECYLINDER ASSEMBLAGE

FIGURE 2.12. TRANSVERSE SECTION THROUGH UNIDIRECTIONAL FIHEK COMPOSITE
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In reference to (a), we note that the variety of matrix properties to be considered
does not arise only from choice of different materials but also, and perhaps more
importantly, from environmental changes of properties of a specified matrix.
Important examples are property changes due to temperature, moisture absorption,
fatigue damage accumulation and radiation. Thus, environmental changes of composite
stiffness can be determined by measurement of environmental matrix stiffness

changes and computation of such changes for the composite. This avoids a great

deal of expensive experimentation.

In reference to (b), we recall that a carbon or graphite fiber has five

independent elastic properties (2.5), and that its diameter is of the order of
0.01 mm. It is thus quite impossible to measure directly the elastic properties
except for Ey, in the fiber direction. A remaining alternative is to measure the
elastic moduli of the matrix and the five effective elastic moduli of the composite
and then to compute the five fiber elastic properties from eqs. (2.13-17) with the
modification (2.20). The current standard method for doing this is to prepare a
flat unidirectional fiber composite specimen and to measure the effective elastic
properties by ultrasonic wave propagation. The principle of the method is to
measure various wave velocities in various directions relative to the fiber direc-
tion. Since wave velocities are defined in terms of elastic moduli and density,
their measurement determines the elastic moduli. Table 2.6 lists the anisotropic
elastic properties of Thornel 50 fiber determined in this fashion by use of expoy/
Thornel 50 specimens. The fiber properties obtained have then been used to compute
the elastic properties of a UDC consisting of aluminum matrix and Thornel 50. Also
shown is the comparison between measured and computed composite elastic properties
based on the results (2.13-16, 2.18) of reference 2.10. It is seen that the agree-
ment is excellent. Table 2.7 lists the properties of various carbon and graphite
fibers obtained by this method, based on the ultrasonic measurements in reference
2.12.

The results given above are of sufficient accuracy and reliability to provide the
engineer with a predictive tool for evaluation of effective elastic properties of
fiber composites. Various approximate treatments given in the literature are at
least as complex and are less reliable than the present results. There have also
been attempts to devise empirical or semi-empirical equations for effective elastic
properties, but in view of the complexity of the problem, this is not a helpful
approach.

Halpin and Tsai (ref. 2.11) have empirically proposed a set of expressions

for UDC which are partially related to the ones given above. For E* and G*

they propose the expressions (2.14b) and (2.16). For v* they use tke firsIE

two terms of (2.15), but the last term is significant ahd its omission may result
in an error of the order of 20%. For Gx they propose (2.19), which is a general
lower bound for arbitrary cylindrical pgase geometry, as is explained in the
appendix to this chapter, and may considerably underestimate the effective shear
modulus. Finally, E*T is represented by an empirical expression.

For purposes of laminate analysis, it is important to consider the plane stress
version of the effective stress-strain relations. Let x3 be the normal to the
plane of a thin unidirectionally reinforced lamina. The plane stress condition is
defined by

=g =0 (2.22)
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TABLE 2.7. ELASTIC PROPERTIES OF CARBON AND GRAPHITE FIBERS
COMPUTED FROM ULTRASONIC MEASUREMENT OF EFFECTIVE
FIBER COMPOSITE MODULI

oFE
Graphite — T " k GL L vT
ksi Esi ksi| %si ksi
ksi ksi —]
7830 | 1810 { 1640 695 940  0.14 0.31
Thornel 25 20600 [ 1420 | 1160 , 550 960 [ 0.23 0.28
b 40 37550 { 1220 | 1015 | 450 960 [ 0.23 0.13S
- S0 56300 | 1130 1015‘ 350 985 | 0.23 0.45
" 505 58600 | 1015 960 362 | 1015 | 0.37 0.40
" 7%5 81200 7835 930 245 930 ] 0.40 0.55
Carbon
6235 | 17001 2250 940 ! 1045 | 0.30 |-0.10
Exp. PAN 28860 ! 2200 | 1830 940 | 1130 | 0.33 0.16
26100 | 1680 | 1420| 640 | 1060 | 0.34 0.19
Thornel 400{ 26400 i 1900 | 1860( 7106 | 1115 | 0.26 0.34
eS|
Graphite Ep ) 2 , k , Gr , Gy I e r
GN/m GN/m G/m GN/m GN/m
wYs 53.95 [ 12.47 | 11.30 4.79 6.48 | 0.14 0.31
Thornel 25 141.93 9.78 7.99 3.79 6.61 | 0.23 0.28
" 40 258.72 8.41 6.99 3.10 6.61 | 0.23 0.35
" 50 387.91 7.79 6.99 2.41 6.79 | 0.23 0.45
" 505 403.75 6.99 6.61 2.49 6.99 | 0.37 0.40
" 7%% 559.47 5.20 6.41 1.69 6.41 | 0.40 0.55
Carbon
VYB 42.96 11.71 | 15.50 6.48 7.20| 0.30 | -0.10
Exp. PAN 198.85 | 15.16 | 12.61 6.48 7.79 ] 0.33 0.16
HTS 179.83 | 11.58 9.78 4.41 7.30 | 0.34 0.19
Thornel 400| 181.90 | 13.09 | 12.82 4.89 7.68 | 0.26 0.34
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Then from (2.5-6)

™l

22
2t

12

The inversion of (2.23) is

where

11

C*

12

22 7

g *
- 11 Y -
Er EF "22
_ _ VE - o
EF 4 . g%z
L T
_ 12
=
* = * -
Ci1 €11 * €15 €25

-— * *
1> €11 * €22

*
EL

2
-y * /1
1 \)L ET/E.*1

I

l=y*“px/pe
Vi ET/EL
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The value of v* for polymeric matrix composites at the usual 60% fiber volume
fraction is of the order of 0.25 while the ratio E*/E{ is of the order of
0.1-0.2. Consequently, the denominator is generalTy practically equal to unity.
Hence, the approximation

* = x*
Ci1 = Ef

= yk p* (2.26)
Cl. = Vi Ep

* = p*
C32 = ET

2.2.2 Thermal Expansion and Moisture Swelling.

The elastic behavior of composite materials discussed in the previous section is
concerned with deformations produced by stresses, thus by loads. Deformations are
also produced by temperature changes and by absorption of moisture, thus by
‘environmental changes. The two phenomena are similar and therefore will be discus-
sed together. A change of temperature in a free body produces thermal strains
while moisture absorption produces swelling strains. The relevant physical parame-
ters to quantify these phenomena are thermal expansion coefficients and swelling
coefficients.

Fibers have significantly smaller thermal expansion coefficients than do polymeric
matrices. The expansion coefficient of glass fibers is 2.8x107® (in/in°F) while a
typical epoxy value is 30x10~6. carbon and graphite fibers are anisotropic in
thermal expansion. The expansion coefficients in the fiber direction are mostly
extremely small, either positive or negative of the order of 0.5x1076. 1t follows
that a UDC will have a very small expansion coefficients in the fiber direction
since the fibers will restrain matrix expansion. On the other hand, transverse
expansion coefficients will be much larger since the fibers move with the expanding
matrix and, thus, provide less restraint to matrix expansion.

These phenomena are of considerable practical importance, in particular for
laminates which are made of unidirectionally reinforced layers. When such a
laminate is heated, the free expansion of any layer is prevented by the adjacent
laminae since the fiber directions in all layers are different. Therefore, in-
ternal stresses develop which may be considerable. To compute these stresses, it
is obviously necessary to know the thermal expansion coefficents of the layers.
Procedures to determine these coefficients in terms of the elastic properties and
the expansion coefficients of component fibers and matrix will be discussed in this
section.

A physically similar situation arises in the case of moisture swelling. Polymers

absorb moisture in a wet environment and consequently swell. When this swelling is
restrained, stresses are produced. |If a UDC is placed in a wet environment, the
matrix absorbs moisture but, with the exception of Kevlar, the fibers do not.
Therefore, the fibers restrain — literally prevent — swelling in the fiber

direction but not in the direction transverse to the fibers. Thus, the UDC is very
anisotropic with respect to moisture swelling.
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When a laminate absorbs moisture, there occurs the same phenomenon as in the case
of heating. Free swelling of the layers cannot take place and consequently
internal stresses develop which can be computed if the UDC swelling coefficients
are known. In this section, we shall also discuss procedures to compute those
coefficients.

The thermal expansion coefficients of homogeneous solids are defined by the
strains produced by unit change of temperature in bodies which are free of load
and, thus, free of stress. The main engineering importance of thermal expansion is
in the stresses produced when temperature changes occur under conditions of con-
straint and, thus, free expansion is prevented.

As will be explained below, the thermal expansion coefficients of a composite are
defined by the average strains produced by unit temperature change. 1t should

be noted, however, that, in this case free thermal expansion cannot take place on
the micro-scale, for the difference of thermal expansion coefficients of the
constituents will produce micro-stresses when the temperature changes. Thus, it is
possible to fail a composite material by changing its temperature. The thermal
expansion coefficients of a UDC are indispensable information for stress analysis
of laminates which are subjected to temperature changes.

When an isotropic homogeneous body is subjected to a temperature change AT, the
thermal expansion coefficient a is defined by

€ij = aAT Gij (2.27)
where 6;; is the Kronecker delta
1 i = j
+J 0 i#j

and ;: are the stress free strains, which in this case are isotropic, thus equal
in all"directions. For an anisotropic homogeneous body (2.27) assumes the form

Efj = %ij AT (2.28)

where aij is the thermal expansion tensor. For a transversely isotropic body such
as a single carbon or graphite fiber (2.28) is of the form

= a AT

€11 L
€27 = €33 = % 4T

(2.29)

Elz = €23 = 813 = 0
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where

a; - axial expansion coefficient
ar - transverse expansion coefficient

If there are also mechanical strains produced by stresses, then these are given by
(2.1b), (2.2¢) or (2.5¢c). It is the fundamental premise of uncoupled thermoelastic-
ity that the mechanical strains and free thermal strains can be superposed to give
the effect of simultaneous loading and temperature change.

M A
. = S.. o, + a.. AT
= €.. . . 2.30
Eij €55 *€ij ijk2 “k2 ij ( )

Next we consider a free cylindrical specimen of UDC under uniform temperature
change AT. This implies that the boundary temperature of the specimen is changed
from T to T+AT. It may be easily shown that when a composite body is subjected to
uniform boundary temperature, the temperature will also be uniform throughout the
constituents. On the other hand, the stresses and strains in the phases are
nonuniform and complex. The effective thermal expansion coefficients a%, are
defined by 1J

e;j = ap AT (2.31)

where €jj are the average strains. Note that the average stresses J;: vanish

since the specimen is not loaded. (This follows from the average stréss theorem,
reference 2.) If statistical transverse isotropy is assumed, (2.31) is analogous
to (2.29) and there remain only the effective axial expansion coefficient a* and
the transverse expansion coefficient a* (figure 2.15). The stress- strain rl?lations

(2.6) in the presence of temperature chgnge AT then assume the form

o v* v¥
- _ 11 L - L -
€11 EF B 22 T EF 933t ar 4T
vX P VX
= o _ L= _22 T - (2.32)
€22 EF 911 * E% T ER %33t ap AT
v vk g
- S A 33
€33 © EX 911 EX 9220 % EZ +agp oT
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FIGURE 2.15. THERMAL EXPANSION

The definition (2.31) would indicate that in rder to compute a*, it would oe
necessary to compute the detailed strain fields in the two phaség of a composite
subjected to uniform temperature rise. Fortunately, however, it is not necessary
to proceed by this difficult route. It has been shown by Levin (ref. 2.14) in a
fundamental paper that there is a unique mathematical relation between the effec-
tive thermal expansion coefficients and the effective elastic properties of a two-
phase composite. For the general relations see references 2.2 and 2.17. Here we
shall confine ourselves to specific cases of interest for a UbCc. When fibers and
matrix are isotropic we have

- I, I =
a*=a+c'.fum !'_3(,12),_)-1—_;
L m 1,R.-1/% Ex K
I m L m
(2.33)

- 12 %) * -

A s S O B 2”"_1_;

T = % fo-l/{\mtzx* = |
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where

@ s Gg ” matrix, fiber isotropic expansion
coefficients

K+ K~ matrix, fiber three dimensional bulk
modulus

Ei’ v*, k* - effective axial Young®"s modulus, axial
Poisson®s ratio, transverse bulk
modulus

These equations are suitable for glass/epoxy and for boron/epoxy or boron/aluminum
composites. They have also been derived in references 2.15 and 2.16.

For carbon and graphite fibers, it is necessary to consider the case of
transversely isotropic fibers whose elastic and thermal expansion behavior is
characterized by (2.3) and (2.29). This complicates the results considerably
(references 2.7, and 2.9):

* = - - . -
°L T % ¥ lopemag) [Py (53-8, )) * 2P, (8158 ,) ]

* 2(age=a ) [Py, (S]1=S1)) + (Py +P,3) (5,-5),)]
(2.34)

a + (a

m Le %) (P11 (5157S15) + Py, (83, #8534 - (5,,+45,3) 1}

%

1
* 2 lapgmoy) (P15 (81,=5,5) + 5(Py,+P,3) [85,+5355-(5,,+5,1) 1}
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where

Pyy + Ppy = A5),/D D ==Asll(ASZZ+ASZ3)-2ASi2
AS = - =
11 = YEpe = S, 8512 = -vpe/Epe - Sy,

_ 1 2
A522 +ASZ3 = E(l/kf+4\)Lf/ELf) - (522 + 823)

S11 = /E, S12 = ~Vn/Eq

Syp * S54 = (l-Vm)/Em
i) = /g ${2 = -Vi/Ef
S35 + 833 = (L/k* + 4up2/Ep)

Frequently thermal expansion coefficients Of fibers and matrix are functions
of temperature. In this case, these are two useful definitions of the expansion
coefficient. Assuming that T, is the reference state of zero strain and the

temperature is raised to T, we may write the free thermal strains in the forms
raised

t (2.35)

where a;?, are the secant expansion coefficients and at_ are the tangent expansion
1]

coefficients. The two expansion coefficients are obviously related in the form

s
da’ .
t _ 1 [ S (2.36)
o5 = —gr- o7 T oagy



Assuming that elastic propertis are also temperature dependent, thermoelastic
stress-strain relations such as (2.30) assume the form

.. (T) = S
elJ( ) Sijkz(T) O g * aij(T) AT (2.37)

It is not difficult to show that (2.33-34) remain valid for temperature
dependent properties if elastic properties are taken at final temperature and
expansion coefficients are taken as secant at that temperature.

To evaluate the thermal expansion coefficients from (2.33) or (2.34), it is
necessary to know the effective elastic properties K*, E*, v*, These may be taken
as the values predicted by the CCA model as given by (2.11‘3-115) with the modifica-
tion (2.20) when the fibers are transversely isotropic. Comparison of the values
thus obtained with a numerical analysis performed for a hexagonal array of T300
fibers in epoxy (ref. 2.18) shows that the results obtained are numerically
indistinguishable.

The thermal expansion coefficients of carbon and graphite fibers can be
measured directly only in the fiber direction, thus obtaining ay. Direct measure-
ment of transverse ap is not possible because of the minute fiber diameters.
Again, the only possible method to evaluate ap is to measure @%* and u}* experi-
mentally for a specified composite and to then compute ag from {'2.34). If (2.34)
are written in the form

* — + - -
oL “m (aLf C’Lm) all + (O‘Tf o) a0

m
(2.38)
ap = o+ lope — @) @y + (g - a ) a
m Tf m 22
it follows that
- - *
o =g e T eml3p - lop )y,
Lf  m a1] 33, ~ 215 3y
(2.39)
* - -
e = s (af - @agy - (af - oplay,
TE  m a); az; T a5 ay;
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F gures 2.16-17 show typical plots of the effective thermal expansion coeffi-
cients of glass/epoxy and of graphite/epoxy. Note that for 50%volume fraction of
fibers the axial expansion coefficient af is practically equal to that of the
fibers Many carbon and graphite fibers have small negative axial expansion
coefficients and consequently many composites with such fibers have small negative
or practically vanishing axial expansion coefficients. Also, note the interesting
phenomenon that for small fiber volume fractions the transverse thermal expansion
coefficient becomes larger than the matrix expansion coefficient , which is the
maximum constituent expansion coefficient. Table 2.8 lists values of expansion
coefficients for typical composites.

V¢ now consider the case of deformation due to moisture. When a body which
absorbs moisture is placed in a wet environment, moisture will diffuse through the
external boundary. The internal moisture concentration C is defined by the mass of
moisture accumulated per unit volume and is initially a function of space and time.
Ultimately the moisture concentration will "settle down™ and become time
independent. The time dependent stage is called the transient stage while the
ultimate time independent stage is the stationary stage. There is complete mathe-
matical analogy between the equations describing heat conduction and moisture
diffusion, both in the transient and in the stationary stages. Thus, in the latter
stage the concentration C satisfies the Laplace equation.

When a composite with a polymeric matrix is placed in a wet environment,
the matrix will begin to absorb moisture. However, the moisture absorption
of most fibers used in practice is negligible. Kevlar fibers alone do absorb
significant amounts of moisture when exposed to high humidity. The total moisture
absorbed by a Kevlar/epoxy composite, however, may not be substantailly greater
than other epoxy composites.

In most composites, the fibers act as barriers to moisture diffusion, analog-
ous to perfect insulators in heat conduction. After sufficient time has elapsed,

the matrix will be in an equilibrium moisture state with uniform concentration on
the boundary. After a long time in this stage, the moisture concentration through-
out th: matrix will also be uniform, thus the same as the boundary concentration.

It is customary to define the specific moisture concentration ¢ by
c =Clo (2.40)
where ¢ 1is the density. Thus ¢ is the mass of moisture per unit mass and is thus
a nondimensional number. The swelling strains due to moisture are obviously
functions of ¢ and to a first approximation are given by
.- B..cC
| 13 (2.41)

where B;: are the swelling coefficients. For an isotropic material, which is the
case for all polymeric matrices, (2.41) simplifies to

(2.42)
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Thus

€12 T €33 = €13 =0

where 6 is the isotropic moisture swelling coefficient.

If there are also mechanical stresses and strains, then the swelling strains
are superposed on the latter and thus for an isotropic material

o
€ = _]d' -y (
11 E E 'O ¢+ 033) + Bc
etc. (2.43)
o
_ 12
€12 = 3§

etc.

which are exactly analogous to the thermoelastic stress-strain relations of an
isotropic material where 6 replaces the expansion coefficient and c the
temperature. The swelling coefficients of most fibers are zero since their
moisture absorption can be neglected. (Kevlar fiber swelling coefficients are
unknown.) It follows that moisture swelling of a unidirectional composite is
mathematically analogous to thermal expansion of such a composite with vanishing
fiber expansion coefficients. Therefore, all of the results previously given for
thermal expansion can be transcribed to moisture swelling. The effective swelling
coefficients ij are defined by the average strains produced in a free sample

subjected to uniform unit change of specific moisture concentration in the matrix.

Thus
€.. = B*.c
+J +J (2.44)
where
BXx. = BX B* = Rx_ = BR*
11 L 22 33 T (2.45)
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For isotropic fibers (e.g., glass) it follows from (2.33) that

3(1-2v¥)
X = 1 - l — L -
B, = Bn 7K, - 1/K_ EX -

1 3 3(1-2vy)vy Lj (2.46)
* = - -
b= Y TR, - /K, | EF K

Nll—‘

For transversely isotropic fibers (e.g. carbon and graphite), it follows from
(2.34) that

w
»
]

L= B (1= [(P)+2P)5) (S) = §)))+2(R)5+P)5+Py3) (515-5),) 1)

(2.47)
+P

™
r3%
[}

22 23)

B {1 = [(P)1+2P),) (S}, = S,,)+ (P ,+P

* *  _ -
(S32+5%,375,,-5,3) 1}

where the rest of the notation in (2.34) remains the same.

Table 2.9 shows the ratios of longitudinal and transverse swelling coefficents
to matrix swelling coefficient for two typical composites as a function of fiber
volume fraction. It is seen that the longitudinal swelling coefficients are
negligible, while the transverse swelling coefficients are literally constant and
larger than matrix swelling coefficients. This seemingly curious phenomenon is
explained by the large matrix compressive stresses in the fiber direction due to
the restraining effect of fibers on axial swelling. Because of the Poisson effect,
these compressive stresses produce substantial transverse strains, which appear as
transverse swelling. 1t should be emphasized that the above is concerned with the
case of moisture equilibrium. Since moisture content changes slowly, it is impor-
tant to predict the moisture swelling coefficients in the transient state. To the
best of our knowledge, this problem is unresolved at the present time.
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TABLE 2.9. EFFECTIVE SWELLING COEFFICIENTS

Glass/Epoxy T50/Epoxy
Ve Bi/ﬁm B,I./Bm Bi“/Bm B.’I'./Bm
0.2 0.160 1.30 0.030 1.34
0.4 0.067 1.34 0.011 1.35
0.6 0.031 1.35 0.005 1.35
0.8 0.011 1.36 0.002 1.35

For discussion of other aspects of moisture absorption, transient and steady
sta e, see reference 2.19, which also contains other interesting survey articles on
thir subject, and reference 2.20.

Finally, we consider the important question of simultaneous moisture swelling
and temperature rise. This is often called hygrothermal behavior. The simplest
approach is to assume that thermal expansion strains and moisture swelling strains
can be superposed. Thus, for a free specimen

ell = a* AT + BR*

L L

(2.48)
€22 T €33 = op AT + g1 ¢

In this event, the matrix elastic properties in (2.33-34) and in (2.47) may
be functions of the end temperature and the equilibrium moisture concentration ¢
gnd(;hiss)dependence must be known in order to evaluation af, a%, Bf and 8¥
in . .

2.2.3 Viscoelastic Properties. All polymers exhibit the phenomenon of time
dependence. This manifests itself by the increase of deformations with time under
constant load, which is called creep, and, conversely, by the decrease of stresses
with time under deformation constraints, which is called relaxation. Another
important effect of time dependence is the damping of vibrations due to energy
dissipation in the polymeric matrix. The significance of all these phenomena
increases with rise in temperature.

The effects described are of considerable engineering importance for fiber
composite structures, since stresses and deformations determined on the basis of
elastic analysis may change considerably with time due to polymeric matrix time
dependence. Vibration damping is a beneficial effect which is of particular
significance for the higher vibration modes which often become negligible due to
damping.




The simplest descrip:ion of time dependence is linear viscoelasticity.
Viscoelastic behavior of polymers manifests itself primarily in shear and is
negligible for isotropic stress and strain. This implies that the elastic stress-
strain relation

o,, +o.. to :3K(611+E

11 T % 33 22 €33 (2.49)

where K is the three—dimensional bulk modulus, remains valid for polymers. When a
polymeric specimen is subjected to shear strain 522 which does not vary with time,

the stress needed to maintain this shear strain is given by

°12(t) = 2G(t)e:§’_2 (2.50)

and G(t) is defined as the shear relaxation modulus. When a specimen is subjected
to shear stress go constant in time, the resulting shear strain is given by
12

=1 o (2.51)
€15(%) = 39(t) o},

and g(t) is defined as the shear creep compliance.

If the applied shear strain is an arbitrary function of time, commencing
at time zero, (2.50) is replaced by

_ t de
912(8) = 26(t)e,, (0) + 2 [ G(t-t') - dt’ (2.52)

o]

Similarly, for applied shear stress which is a function of time (2.51) is
replaced by

! 1 t do
elz(t) = §g(t)012 (0) + 5 fog(t-t'). d—t-,l-3 dt’ (2.53)

The viscoelastic counterpart of the Young's modulus is obtained by subjecting
a cylindrical specimen to axial strain Eil constant in space and time. Then

011(8) = E(t)ey, (2.54)

and E(t) is the Young's relaxation modulus. |If the specimen is subjected to axial
stress go constant In space and time then

Ell(t) = e(t)cll (2.55)

and e(t) is the Young"s creep compliance. This is schematically shown in figure
2.18.
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These material properties may chan ge signi fica ntly with temperature; the
relaxation modulus decreases with temperature and the cr eep compliance incr ases
with temperature, which implies that stiffness decreases with temperature. The

change of creep compliance e(t) with temperature for an epoxy resin is illustrated
in figure 2.19. The initial values of these properties at "time zero" — thus at
the beginning of deformation — are denoted E(o) and e(o) and are the elastic proper-

ties of the matrix. Note that E(o)e(o)=1,

Obviously E(t) is related to K and G(t), and e(t) is related to k and g(t).
The relations are not simple and the interested reader is referred to reference
2.21. To write the viscoelastic stress-strain relations for general states of
three-dimensional stress and strain, it is customary to separate stress and strain
into isotropic (or hydrostatic) and deviatoric parts.

Thus
.. =08,: t Sij 9 = ';‘L(o ° 933)
{5 = 08y, j = 5009y + %22 . 933
(2.56)
€ = l(E +
®ij = eb;4 tei] 3E1L F epp * E33)
Then
o(t) = 3Ke(t)
S..(t) = 2G(t)e..(0) +2 [ 25
ij = ij IOG(.t-t') 3t’ at’ (2.57)
1 t 9S. .
e5(t) = 39(6)s;5(0) + 5 [ glt-t') —H aer
[e]

The basic problem is to evaluate the effective viscoelastic properties of a
unidirectional fiber composite in terms of polymeric matrix viscoelastic properties
and the elastic properties of the fibers. (It is assumed that the fibers them-
selves do not experience any time dependent effect.) This problem has been
resolved in general fashion in references 2.22 and 2.23, where it has been shown
that the Laplace transforms of the effective relaxation modul and creep compliances
of a composite can be written in terms of expressions for effective elastic moduli
in which elastic matrix properties are replaced by Laplace transforms of viscoelas-
tic matrix properties. The main difficulty is the inversion of these Laplace
transforms into the time domain. Details and applications of such procedures have
been given in reference 2.2. Here we shall only be concerned with some simple
illustrative cases.

Detailed analysis shows that the viscoelastic effect in a unidirectional fiber
composite is significant only for axial shear, transverse shear and transverse
uniaxial stress. This is schematically illustrated in figures 2.20-21. The
stress—strain relations in these cases are:

2-56




-1

D (N/m?)

log COMPLIANCE

id00

-9.2 F -
- @ 435°K -
A 403
—9-3F O 369 N
| © 339
O 296
-9.4 -
i ___A/y o iy
O
_95 -
@
- o—8_@® @ i
9 6C\ﬁ M |
| ) |
0.1 1 10 100
TIME (min.)
FIGURE 2.19. CREEP COMPLIANCE FOR 5208 RESIN AS A FUNCTION

OF TEMPERATURE.

AFTER REFERENCE 78

2-57



‘I RELAXATION ‘11 CREEP ' ' 1

¢1] T COMsT, 11 " CONST
()
i ‘Do
[3 t
1140 = Ep g D = /iy ‘

FI\ = Em t Ym * Efv[ ¥ Efvf

422 RELAXATION t22 CHEEP

L22 = CoisT., “22 = CONST,
11}2(0)

t

u)z(L) = II ) o22 (22 (L) = l"_ {t) u??

RELAXATION Mobut s CREEP COMIPLIANCE

FIGURE 2.20. VISCOELASTICITY OF FIBER COMPOSITES

| RELAXATION Y CREEP

Y = CONST. ¥ 8 CONST
“(0)

(D)

il

A

AXTAL SHEAR TRANSVERSE SHEAR

FIGURE 2.21. VISCOELASTICITY IN SHEAR



For average €45 and 512 constant in time, thus stress relaxation
- ‘ - - - - . -
gy (t) = Ef(t)e,, gy, (t) = 2G(t)ey,
(2.58)

- - . -
ozs(t) 2GT(t)€23
For stresses 39, 73 and 9j5 constant in time, thus creep deformation

Ezz(t) = e%(t)azz

A . (2.59)
€23(t) = 3g&(t)o

Los p
395810y,

elz(t)

where the material properties in (2.58) are effective relaxation moduli and
the properties in (2.59) are associated effective creep functions. All other
effective properties may be considered elastic. This implies in particular

that if a fiber composite is subjected to stress T}; (t) in the fiber girection
then

e

. -
EL ell(t)

cll(t)
- - _ (2.60)
ezz(t) = 533(t)’¥ -vi ell(t)

where E¥ and v¥ are the elastic results (2.14-15) with matrix properties taken as
initial (elastic) matrix properties. Similar considerations spply to the relaxa-
tion modulus k*.

The simplest case of the viscolelastic properties entering into (2.58-59) is
the relaxation modulus G*(t) and its associated creep compliance g¥(t). A very
simple result has been obtained for fibers which are infinitely more rigid than the
matrix, reference 2.2. In this case, the elastic result (2.16) reduces to

l+v




For a viscoelastic matrix, the corresponding results are

1+v

£

Gi(t) = Gm(t) I-v,
(2.61)

l-vf

gi(t) = gm(t) TTV;

This result is an acceptable approximation for glass fibers in polymeric
matrix and an excellent approximation for boron fibers in a polymeric matrix.
However, the result is not applicable to the case of carbon or graphite fibers in a
polymeric matrix since the axial shear modulus of these fibers is not large enough
in relation to the matrix shear modulus to justify rigid fiber approximation. 1In
this case, it is necessary to use the correspondence principle mentioned above.
Laplace transform inversion can be carried out by representing the matrix in terms
of a viscoelastic spring—dashpot model. The interested reader is referred to
references 2.2 and 2.22 where details of such analysis have been given.

A somewhat drastic approximation for evaluation of viscoelastic properties of
composites has been introduced in reference 2.24 and has been further discussed in
reference 2.25. According to the scheme proposed the effective property at time t is
given by the corresponding effective elastic modulus expression, in which matrix
elastic moduli are replaced by matrix relaxation moduli at time t. Thus for Gf(t)
this approximation states that

m
G, (t) (1+vel+ G

G (tYv +G . (1+v.)
m £ f
Gﬁ(t) ~ Gm(t)[ - ]
f'm
(2.62)

gi(t) ~ 1/G£(t)

Whil the simplicity of this scheme is attractive, the range of its reliablity
is not established.

The situation for transverse shear is more complicated and involves compli-
cated Laplace transform inversions. An assessment of the effective relaxation
modulus Gx(t) can perhaps be obtained by using the previously mentioned approxima-
tion illustrated by (2.62). Accordingly, the matrix shear modulus Gy in (2.17) or

in (2.21) is replaced by Gu(t) and , must be interpreted as (3Kp=2G ()} /2 [ 3K+
Gp(t)]. within the frame of the same approximation it then follows from (2.17) that

4/ES(t) ~ 1/GA(t) + 1/k* + 4v2?/Ex (2. 63)

VW now consider the subject of the effect of polymeric matrix viscoelasticity
on steady state vibrations of a UDC. Matrix viscoelasticity is beneficial since it




produces damping of free vibrations and attenuation of resonance peaks. It will be
recalled that when an elastic structure vibrates at critical frequency, deforma-
tions and stresses become, theoretically, infinite. |If the structural material is
viscoelastic, however, there are finite resonance peaks which rapidly diminish €or
higher order critical frequencies

For the purpose of discussion, we first summarize some basic concepts for
vibrations of viscoelastic homogeneous materials. For simplicity, we first consider
the case of a simple elastic cylindrical test specimen which is subjected to
sinusoidally oscillating uniaxial stress in either one of the forms

- _ = (2.64)
oc °o COS wt os - °o SiIn ut

where w is the frequency and ¢, is the amplitude. The strain responses in these
two cases are

E = €_ cos wt €. = €0 sin wt
C (o] s

€5 = co/E

It is customary to summarize such results by the single relation

o =0, etut
(2.65)
€ = ;9 e tuwt
where
1= /=1 e'®t = cos ut + 1sin ot

The important feature of these results is that stress and strain vibrations
are in phase.

The situation is different for a viscoelastic specimen, in which case stress

and strain vibrations will no longer be in phase. It is customary to express this
in terms of the complex modulus. |If
twt
g =
ooe
then
o)
- O _lwt
E=— e (a)
E
(2.66)

E=E'(0) + 1E" () )
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The complex number ® is defined as the complex modulus. To explain the physi-
cal meaning of this seemingly abstruse result, we use the rules for complex

numbers to write ?f in the form

£ = 5| o' (27

where
|E| = é;ZiE“Z (a)
(2.68)
(b)
tan6 = E"/E"

The various quantities are called: E'=storage modulus, E'"=loss modulus, and
tan § =loss tangent. If (2.67) is introducted into (2.58), it assumes the form
o]

e = g ol (wt=3)
and taking real and imaginary parts we have
9%
Ec = TET cos (wt=-§)
(2.69)

c)'O
€g = m sin (wt-4)

The strain e, is the response to o. as given in (2.64) and the strain og is
the response to gg. It is seen that there is a phase lag and the strains are

frequency dependent.

The loss tangent (2.68b) is an important quantity for determination of the
degree of vibration damping of a viscoelastic material and for computation of
structural resonance peaks. It is a small quantity at room temperature, of the
order of 0.05, for the epoxies used in composite materials.

In a UDC, the state of stress in the matrix is quite complex and, therefore,
the simple description given above for uniaxial stress is not sufficient. It will
be recalled that it may generally be assumed that a polymer behaves elastically
under isotropic (e.g. hydrostatic) stress and for this situation is characterized
by an elastic bulk modulus K (see equ. 2.59). This simplification can also be
adopted for the case of vibrations. The viscoelastic effect occurs predominantly
in shear; therefore, we define a complex shear modulus ¢ in complete analogy to
the complex Young's modulus discussed above. W may imagine that a thin walled
circular tube is subjected to sinusoidal shear vibration by means of an oscillating
torque. The response is an oscillating angle of twist which determines the oscilla-
tory shear strain. In the viscoelastic case, the two are related by the complex
shear modulus
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G =G'(w) + 16" (w)
(2.70)

tanéd = G"/G!

It may be noted that E is related to G and K by the usual elastic relation.
E = 4xs_
3K+G

The viscoelastic response of a UDC to steady-state vibration is epxressed in
terms of effective complex moduli. Since the material is anisotropic, it has many
such complex moduli, just as it has a variety of effective elastic moduli. A
complete discussion is beyond the scope of present treatment, and the interested
reaser is referred to reference 2.2. Here we shall confine ourselves to some simple
results which are of engineering interest.

The basis for the analytical treatment is a correspondence principle derived
in reference 2.26, which states that an effective complex modulus of a composite is
determined by the corresponding expression for effective elastic modulus in which
constituent elastic properties are replaced by viscoelastic constituent properties
in the form of complex moduli. As a simple example for this procedure, we consider
the case of oscillatory stress in the fiber direction. In the elastic case, this is
characterized by the effective longitudinal Young's modulus E¥ which is accurately
given by the simple expression (2.14b). The effective complex modulus is then
given by

El = E Vm ¥ Eg V¢ (2.71)

where %m is represented by (2.66b). Separating into real and imaginary
parts, we have

E*'=E'V+E

L m m £ Ve
(2.72)
*n = "
EL Em Vm
from which it follows that the loss tangent is
E*" E"/El
tané* = Lo _ n_m (2.73)
* ! .
I':L 1+Efvf/Er'nvm

"The numerator is the matrix loss tangent. Since the fibers are much stiffer
than the matrix, the ratio in the denominator is a number in the range 25-100 for
glass, carbon and graphite fibers. It is seen, therefore, that the fibers signifi-
cantly reduce the viscoelastic effect in longitudinal vibrations in the fiber
direction, indeed to the point where it is negligible.
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Another important case is longitudinal shear oscillations. This case is
characterized by a complex modulus.&* which is obtained by replacement of Gj by
Gp in (2.16). Separating into real and imaginary parts, we find (ref. 2.26):

. '
Gx' = @ 'Gm(l+Vf)+GfVm]
L m vam + GE(I+VE7
(2.74)
(G.+G')%4+v (G .-G )2 ]v
G*ll G" f m f f m m
L ="m . 2
[vam + Gm(l+vf)]
Then he loss angent is defined by
t 6* = G*" * 0
an L' /%, (2.75)

Evaluation of this loss tangent for glass/epoxy shows that it is about 0.90
of the matrix loss tangent, while for carbon-graphite/epoxy it is about 0.50-0.60
of the matrix loss tangent. This implies that the viscoelastic effect in
longitudinal shear is of the order of that of the matrix, and thus is significant.

An illuminating case is the transverse vibration of a beam which is made of a
UDC with fibers in the beam axis direction. The bending stresses are in the fipoer
direction and, therefore, do not produce noticeable viscoelastic effect. However,
the shear stresses from beam theory are longitudinal and, therefore, produce
significant vibration damping.

Longitudinal shear is also produced in torsional vibrations of an axially
reinforced cylinder. Figure 2.22 shows a plot of the amplitude of angle of twist
versus frequency of forcing torque for such a cylinder made of glass/epoxy. In the
case of assumed elastic behavior, there are resonances at critical frequencies as
shown. If matrix viscoelasticity is taken into account thrc_-h complex longitudi-
nal shear modulus, there are finite resonance peaks which are quickly damped out.

Another case of engineering interest is damping due to transverse oscillatory
stress as expressed by complex modulus E% The results for this case, however, are
complicated. The interested reader is referred to reference 2.2.

All polymeric matrix viscoelastic properties such as creep and relaxation
functions and complex moduli are significantly temperature dependent. If this
temperature dependence is known, all of the results given in this section can be
obtained for the temperature of interest by introducing into the results matrix
properties at that temperature.

At elevated temperatues the viscoelastic behavior of the polymeric matrix may
become nonlinear. In this event, the UDC will also be nonlinearly viscoelastic and
all of the results given are not valid. The problem of analytical determination of
nonlinear properties is, of course, much more difficult than the linear problem.
Some results have been obtained in reference 2.25.
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2.2.4 Conduction and Moisture Diffusion. V¥ shall discuss here the subject
of the conductivity of a UDC. This implies both thermal and electrical conduc-
tivity. Since all of the conductivity problems are governed by similar equations,
the results obtained also apply to the cases of dielectric and magnetic properties
and to steady-state moisture diffusion. The various equivalent physical quantities
in these different areas are listed in table 2.10. The discussion will be given in
the language of thermal conductivity.

Let T(x) be a steady- state temperature field in a homogeneous body. The
temperature gradient is given by

H, = A
; = 2.76
i axi ( )
and the heat flux vector by

D; = uyy By (2.77)

where ki is the conductivity tensor. The inverse of (2.77) is

By = &35 Dy (2.78)
where Eij is the resistivity tensor. In an isotropic material
Di —H H:L
— (2.79)
Hy = &0y
E =1/u

For a transversely isotropic material, e.g. carbon and graphite fibers with
x1 the axis of transverse isotropy (fiber axis)

Dy =y Hy

(2.80)
D, = up Hy
Dy = Mp Hy




§9T3TATENIITA

Xn1Jd 9IN3ISTOW

S9T3TITq
-eauwxad or3suben uot3onpul Oo13aubey
Juau
8913TATIITWIASB] -aoeTdsT@ OTI3OITH
f83UR]5UO0D OTIJFOITDTA ‘uoTtjionpul OTI3IOOTd
59137
S9T3TCTISTSaY ~-AT3ONPUO) OTIFOSTH K31suag juaxan)
9T TCTISTSIY S8TI3ITATIONPUOD 3JEIH XnTd 3esH
JuaTpeIH BINISTOW UOTIRIJUIOUO)D uoTsSnIITA 9INISTOW

KA3tsuajul pratd or3ysubel
A3Tsuajul pIaTd OTA3IDATAH
A31suajul pPIaTd OTIFO9TH

JuUaTpeas aanjexadwdy

TeT3Ua3o0d oT3”auben
1e13Uajod OTIIOITI
TeT3ua@30d OTI309Td

axnjexadua],

soT3je3sojaubey
$0T3e3501309Td
uoT3IONpPuUO) OTIFOSTA
uoT3IONPUO) TPWIIYJ,

LA-=H

309(qngs teo18iUd

SAILIIN® O SNODOTYNV "Q1°Z A19VL

2-67



where up is longitudinal conductivity and up 1is transverse conductivity.

A simple common example is heat conduction through a slab, figure 2.23, whose
faces are maintained at different temperatures T and T+AT. Then

_ AT
H=-7F
Dy = ¥4y

where by is the conduct vity coefficient normal to the faces of the slab.

T+AT T

N/\\/"‘

FIGURE 2.23. ONE-DIMENSIONAL HEAT CONDUCTION THROUGH A SLAB

Since a UDC is statistically transversely isotropic, it has two different
effective conductivities, u* in the fiber direction and u% transverse to the
fibers. The effective cons%itutent relations are analogous to (2.80 )



o
n
L

(2.81)

ol
N
b
=
=»
il
(w]]
(]

where overbars denote averages over the representative volume element (RVE),

It may be easily shown (ref. 2.2) that for isotropic matrix and fibers the
axial conductivity uE is given by
*
M = Mg VY + Mg Ve (2.82)
and for transversely isotropic fibers
* _
ML = Hm Ve Toupe v (2.83)

where ¢ is the longitudinal conductivity of the fibers. The results (2.82-83)
are valid for any fiber distribution and any fiber cross-sections.

The problem of transverse conductivity is mathematically analogous to the
problem of longitudinal shearing, reference 2.2. It follows that all results for
the effective longitudinal shear modulus G¥ can be interpreted as results for

transverse effective conductivity u.*ls. In particular, for the composite cylinder
assemblage model

U ov +u_(l+v. )
= m m "f £
u,;, u [ ] (2.84)

um(l+vf)+uf Vo

\%
- + L
T Mmoo 70wy 72

These res-ults are for isotropic fibers. For carbon and graphite fibers y
should be replaced by the transverse conductivity ugs of the fibers, reference”2.9.

As in the elastic case, there is reason to believe that (2.84) represent with
great accuracy all cases of circular fibers which are randomly distributed and are
not in contact. The reasons is again the numerical coincidence of hexagonal array
numerical analysis results with the number predicted by (2.84).

To interpret the results for the case of moisture diffusion the quantity up is

interpreted as the diffusivity of the matrix. Since moisture absorption of fibers
is negligible Mg is set equal to zero. The results are then
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"L T ¥m Vm
(2.85)
Vo
* = —_—
Hp um[l+vf]
which leads to the interesting relation
*/ * — l+v
il £ (2.86)

2.3 FIBER COMPOSITES: STRENGTH AND FAILURE.

"My strength 48 made perfect in weakness."

The Epistle of Paul the Apostle
to the Glatians

The mathematical treatment of the relationships between the strength of a
composite and the properties of its constituents is considerably less developed
than the analyses for the other physical property relationships discussed in the
previous sections of this chapter. One of the reasons for this is that failure is
likely to initiate in a local region due to the influence of the local values of
constituent properties and geometry in that region. Thus, the high degree of
variability of local geometry (e.g. relative locations of adjacent fibers) and the
high degree of variability of the local strength of the fibers both contribute to
the onset of initial localized damage within the composite. This dependence upon
local characteristics makes the analysis of the composite failure mechanisms much
more complex than the analyses of the physical properties discussed earlier.

The strength of a fiber composite clearly depends upon the orientation of the
applied load with respect to the direction in which the fibers are oriented

as well as upon whether the applied load is tensile or compressive. The following
sections present a discussion of failure mechanisms and composite-constitutent
property relationships for each of the principal loading conditions.

2.3.1 Axial Tensile Strength.

One of the most attractive properties of advanced fiber composites is their high
tensile strength. The simplest model for the tensile failure of a unidirectional
fiber composite subjected to a tensile load in the fiber direction is based upon
the elasticity solution of uniform axial strain throughout the composite.
Generally, the fibers have a lower strain to failure than the matrix, and composite
fracture occurs at the failure strain of the fibers alone. This results in a
composite tensile strength, o, given by:

o. = V.o + Vv U (2.87)
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where 9¢ = the fiber tensile strength;
dn ~ the stress in the matrix at a strain equal to
the fiber failure strain, 9/Eg

The problem with this approach is the variability of fiber strength. Non-uniform
strength is characteristic of most current high strength filaments. This is illus-
trated in figure 2.24, which shows strength distributions for single filaments of
two different types of commercial glass fibers. This statistical distribution of
single filament strength is generally considered to result from a distribution of
imperfections along the length of these brittle fibers. There are two important
consequences of a wide distribution of individual fiber strengths. (Note that the
word " fiber™ Is used to denote a single filament, generally on the order of 10
microns in a diameter). First, all fibers will not be stressed to their maximum
value at the same time. Thus, the strength of a group of fibers will not equal the
sum of the strengths of the individual fibers; nor will it equal the mean strength
of these fibers. The second important factor is that those fibers which break
earliest during the loading process will cause perturbations of the stress field in
the vicinity of the break, resulting in localized high fiber-matrix interface shear
stresses. These shear stresses transfer the load across the interface and also
introduce stress concentrations into adjacent unbroken fibers.

At each local fiber break, the stress in the vicinity of the broken fiber changes
so that the axial stress in the fiber vanishes at the fiber break and gradually
builds back up along the fiber length to its undisturbed stress value. The general
form of the local stress pattern in the fiber is shown schematically in figure
2.25. Here it 1Is seen that the interfacial stress is a maximum close to the fiber
break and decays rapidly along the length of the fiber. As a result, the axial

fiber stress builds up to its initial undisturbed value over a relatively short
dimension.

This stress distribution may cause several possible failure events to occur. The
shear stresses may cause a crack to progress along the interface. |If the interface
is weak, such propagation can be extensive; in this case, the strength of the
composite material may differ only slightly from that of a bundle of unbonded
fibers. This undesirable mode of failure can be prevented by the attainment of a
strong fiber-matrix interface or by the use of a soft ductile matrix which permits
the redistribution of the high shear stresses. When the bond strength is high
enough to prevent interface failure, the local stress concentrations may cause the
fiber break to propagate through the matrix, to and through adjacent fibers.
Alternatively, the stress concentration in adjacent fibers may cause one Or more

of such fibers to break prior to the occurrence of failure of the intermediate
matrix. If such a crack or such fiber breaks continue to propagate, the strength
of the composite may be no greater than that of the weakest fiber. This failure
mode is defined as a weakest link failure (see section 2.3.1.2). If the matrix and
interface properties are of sufficient strength and toughness to prevent or arrest
these failure mechanisms, then continued load increases will produce new fiber
failures at other locations in the material, resulting in an accumulation ot
dispersed internal damage as the loading continues.

It can be expected that all of these effects will occur prior to material failure.
That is, local fractures will propagate for some distances along the fibers and
normal to the fibers. These fractures will initiate and grow at various points
within the composite. Increasing the load will produce a statistical accumulation
of dispersed damage regions until a sufficient number of such regions interact to
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provide a weak surface, resulting in composite tensile failure. Experimental
obrervations of dispersed fiber fractures at relatively low loads and of irregular
failure surfaces showing combinations of clusters of broken fibers and axial shear
failure planes suggest that this complex failure mechanism represents the practical
care in most, if not all, composites of interest.

Contemporary filaments exhibit very high tensile strengths. The objective, when
incorporating these filaments into a composite material, is to ensure that this
high strength can be utilized. The degree to which this can be done is dependent
upon matrix characteristics, which may vary with the service and environmental
history of the composite material. Furthermore, new materials are constantly under
development to improve composite resistance to temperature, impact, etc. Also,
matrix materials are being developed to achieve lower cost manufacturing processes.
An understanding of the influence of these changes upon composite tensile strength
appears to be essential.

2.3.1.1 Fiber Strength.

Fiber tensile strength is generally reported as the average strength of a group of
fibers of a particular type. |In actuality, the strength is rarely obtained by
testing single filaments and obtaining a numerical average of their strength
values. Generally, a bundle of yarn of such fibers is impregnated with a polymer
and loaded to failure. The average fiber strength is then defined by the maximum

load divided by the cross-sectional area of the fibers alone. It is important to
recognize the difference between these two techniques for measuring fiber strength.
At & constant gage length, the strength of single filaments will exhibit a certain

amount of dispersion due to fiber imperfections. The probability of finding an
imperfection of given severity increases with gage length; hence, the average
strength of the fiber can be expected to, and indeed does, decrease with increasing
gage length. An example of this effect is shown by the data of figure 2.26. The
guestion of which value of fiber strength influences composite strength can be
resolved only by determining the failure mechanism. It will be shown that a
characteristic length of the fiber which is effective within the composite can be
defined.

It should be emphasized that despite the factors discussed above, the prevalent
technique €or defining fiber strength in the industry today is to test a strand of
fibers impregnated with a low quality matrix material and to utilize the failure
load to define average strength (see ref. 2.27).
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It has been found that a Weibull distribution provides a good fit to experimental
data of the type shown in figure 2.26. The cumulative distribution function for
this case can be expressed in the form:

F(og) = 1 - exp(~-aLoB)

(a)
and the Weibull strength distribution function is then (2.88)
£(0) = LagoP™? exp (-Lac®) (b)

where: a, 3 = two parameters to be fit to the experimental fiber tensile
strength data
L = the fiber length

For the Weibull distribution of equation (2.88b), the mean strength, 3, can
be found to be:

7 = (ap)~1/8 “l+'él') (2.89)

where T 1S the standard gamma function.
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The standard deviation, S, iS:

s = (aL)-l/B[I‘(l-o—é) - 214y (2.90)

B

Thus, the coefficient of va riation, ¢,v., for this distribution is given by:

r(1+—§) - r2(1+—é)
coVo t—1

(2.91)

alln

r(1+—é)

It is now possible to assign some physical significance to the parameters of the
distribution function of equation (2.88b). First of all, it is seen that the
coefficient of variation is a function only of the parameter . Indeed, it can be
shown that equation (2.91) iS approximated to within 3% for 0.05 £ c.v. £ 0.50,

by

C.Ve = g—-0.92 (2.92)

Thus B is essentially an inverse measure of the coefficient of variation, and for
practical fibers:

g Al (2.93)
C.V.

Also, since for g > 1, the gamma function is close to unity, it can be seen that
for a unit length:

o, % a ~L1/8 (2.94)

Thus the quantity a~1/8 may be viewed as a reference stress level. ’With these
definitions, equation (2.89) may be plotted in the form shown in figure 2.27, Here,
the tensile strength of single fibers of length L is shown as a function of some
normalized fiber length for different values of 8 . The upper curve, where 8 is
infinity, applies to a set of fibers having identical strength (s=0). For this
case, there is no length dependence. For g of 10, which is approximately a 12%
coefficient of variation, an order of magnitude change in the fiber length produces
about a 20X drop in its average strength, and for 8 of 4, an order of magnitude
change in length produces almost a 50%drop in strength.

2.3.1.2 Weakest Link Failure.

When a unidirectional composite is loaded in axial tension, scattered fiber breaks
occur through the material at various stress levels. It is possible that one of
these fiber breaks may trigger a stress wave or initiate a crack in the matrix
resulting in localized stress concentrations which cause the fracture of one or
more adjacent fibers. In turn, the failure of these fibers may result in additional
stress waves or matrix cracks, leading to overall failure. This produces a
catastrophic mode of failure associated with the occurrence of one, or a small
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number of, isolated fiber breaks. This is referred to as the "weakest link" mode
of failure. The lowest stress at which this type of failure can occur is the
stress at which the first fiber will break. The expressions for the expected value
of the weakest element in a statistical population (see, e.g., ref. 2.28) have been
applied by Zweben (ref. 2.29) to determine the expected stress at which the first
fiber will break. Assuming that the fiber strength is characterized by a Weibull

distribution, the expected first fiber break will occur at a stress
o = 6-1)1/8 (2.95)
w NLaRg
where N is the number of fibers in the material. Thus, equation (2.95) provides an

estimate of the failure stress associated with the weakest link mode.

It should be noted that the occurrence of the first fiber break is a necessary, but
not a sufficient, condition for failure.

In general, it is rare that the occurrence of a single fiber break produces
catastrophic failure; however, in very small samples containing fibers having a
very narrow dispersion of strength, this is a possible failure mechanism. For
practical materials in realistic structure, the calculated weakest link failure
stress is quite small and, in general, failure cannot be expected to occur in this
mode,

2.3.1.3 Cumulative Weakening Failure.

If the weakest link failure mode does not occur, it is possible to continue

loading the composite and, with increasing stress, fibers will continue to break
randomly throughout the material. When a fiber breaks, there is a redistribution
of stress in the vicinity of the fracture site (figure 2.25). This stress pertur-
bation 1is the origin of important mechanisms involved in composite failure. When a
fiber break occurs, the broken surfaces displace axially, inducing stresses in the
matrix and large shear stresses at the fiber-matrix interface. The interface shear
stress acting on the broken fiber localizes the axial fiber dimension over which
the stress in the broken fiber is greatly reduced. Were it not for some form of
interfacial shear stress, a broken fiber would be unable to carry any load and the
composite would be, in effect, a bundle of separate fibers from the standpoint of
resisting axial tensile loading.

An important function of the matrix is to localize the reduction of fiber stress
when a fiber breaks. The axial dimension over which the axial fiber stress is
significantly reduced is referred to as the ineffective length, §. It is a
significant length parameter involved in the failure of fiber composite materials.
The magnitude of § depends on the stress distribution in the region of the fiber
break. This distribution is quite complex and is influenced by fiber and matrix
elastic properties as well as by any inelastic phenomena, such as debonding, matrix
fracture or yield, etc., that may occur. Also, the definition of 6 is somewhat
arbitrary, since the stress in the broken fiber is a continuously varying quantity
that asyinptotically approaches the average stress in unbroken fibers.

The concept of representing this variable stress field and a fiber composite
material having. distributed fractures by an assemblage of elements of length

6 was introduced by Rosen (reference 2.30). In this model, as shown in figure
2.28, the composite may be considered to be a chain of layers of dimension equal to
the ineffective length. Any fiber which fractures within this layer will be unable
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to transmit a load across the layer. The applied load at that cross-section is
tnen assumed to be distributed among the unbroken fibers in each layer, (The
cffective load concentrations, which would introduce a non-uniform redistribution
of these loads, are not considered initially.) A segment of a fiber within one of
these layers may be considered as a link in the chain which constitutes an individ-
sai fiber. Each layer of the composite is then a bundle of such links, and the
vomposite itself is a series of such bundles, as shown in figure 2.28.

Tn. filaments in each bundle act in parallel, and it is well known that the
strength of a bundle of filaments whose members are not of uniform strength is not
»5:al to the mean fiber strength. Following the work of Coleman (ref. 2.31), one
wwrains the results shown in figure 2.29. This shows the variation of bundle
«trength (again a statistical characterization, so that the bundle strength is in
tnis .ase measured by the mode of the strength) normalized with respect to the mean
strength of individual fibers of the same length as the bundles. This is plotted
as< a tunction of the fiber population's coefficient of variation and it is seen
*»at the general result is that the average strength of the bundle is somewhat less
tnan the average strength of the fibers, and is a decreasing function of the
oeffrcient of variation of the fibers.

Treatment of a fiber as a chain of links is appropriate to the hypothesis that
tracture is due to local imperfections. The links may be considered to have a
statistical strength distribution which is equivalent to the statistical flaw
distribution along the fibers. The validity of such a model for the fibers is
demonstrated by the length dependence of fiber strength. For this model, it is
necessary to define: the link dimension, § ; the probability of failure of fiber
elements of that length; and then the statistical strength distribution of the
assemblage. This analysis leads to the ""cumulative weakening™ mode of failure.

The definition of ineffective length is discussed further below. The determination
of the link strength distribution is treated in reference 2.30. When these are
known, the relationship of the strength of the assemblage to the strength of the
elements, or links, can be treated by the methods of reference 2.28. The result
for fibers having a strength distribution of the form (2.88a) is given in reference
2.30 as:

*

o = (acSBe)-l/B

(2.96)

*
where ¢ is the statistical mode of the composite tensile strength based on fiber
area.

As pointed out above, the cumulative weakening model represents the varying stress
near a fiber break by a step function in stress. The model also neglects the
possibility of failures involving parts of more than one layer. More importantly,
the overstress in unbroken fibers adjacent to the broken fibers has not been
considered. This stress concentration increases the probability of failure for
these adjacent elements, and creates the probability of propagation of fiber
breaks. This combination of variable fiber strength and variable fiber stress can
be expected to lead to a growth in both the number of damaged regions and in the
size of a given damaged region. This is represented schematically in figure 2.30,
wherein the cross—hatched regions at the ends of cracks represent the ineffective
lengths of the broken groups.
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In the situation described above, there exists the possibility that one damaged
group may propagate, causing failure, or that the cumulative effect of many smaller
damaged groups will weaken a cross-section, causing failure. The latter possibility
is discussed subsequently. The former possibility, which was proposed by Zweben
(ref. 2,29), is reviewed below. First, a discussion of the stresses in the vicinity
of a broken fiber is in order.

2.3.1.4 Internal Stresses.

The stress field around a broken fiber has been studied by many authors. Among the
early studies are those of references 2.32 and 2.33. These or similar stress
distributions were used in references 2.30 and 2.34 to define ineffective lengths.
More recently, the studies of references 2.35-2.38 have defined stress distribu-
tions in two- and three-dimensional unidirectional fiber composites. These results
can be used to determine the stresses in unbroken fibers required to assess the
probability of propagation.

The nature of load concentrations in filamentary composites was studied analyti-
cally by Hedgepeth and Van Dyke (refs. 2.35, 2.36 and 2.38). The results of these
investigations showed that elastic load concentrations in two-dimensional (planar)
arrays of parallel fibers in axial tension are large and increase drastically with
the number of adjacent broken filaments. This conclusion was supported by a series
of experiments performed by Zender and Deaton (ref. 2.39). Elastic load concentra-
tions for three—dimensional arrays of parallel fibers are much less severe. The
effects of fiber debonding, or matrix cracking, and matrix plasticity for the case
of one broken fiber was studied in references 2.35 and 2.36. It was found that in
elastic effects such as complete debonding and matrix plasticity can significantly
reduce load concentration factors. This would serve to reduce the likelihood of
fiber break propagation.

A reasonable definition of ineffective length for the case of an elastic, perfectly=-
bonded matrix was proposed by Friedman (ref. 2.34). He defined the ineffective
length on each side of the break by taking the area under the curve of stress
versus the axial distance from the fracture surface and equating it to a stress
distribution in the form of a step function that is zero over the ineffective
length and equal to the applied stress everywhere else. The resulting elastic
ineffective length, 8, for a single broken fiber is:

Ef 1/2 l-vf1/2 1/2
§_, = (== -~ (2.97)
E (G ) (2_vf—72—) df
m

The effects of an elastic-perfectly plastic matrix and interfacial failure on the
perturbed region adjacent to a single broken fiber were studied by Hedgepeth and
Van Dyke (refs. 2.35 and 2.36). They found that if there is a finite interfacial
strength with non post-failure shear transfer across the interface, broken fibers
will debond completely when the load is increased only slightly above the fiber
fracture load. Experience with real materials indicates that complete debonding
1s rarely observed and thus the assumption of no post-failure shear transfer
appears to be unrealistic. The results for the elastic— plastic matrix material
predict a more gradual extension of the perturbed region with increasing stress.
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For real materials the post-failure shear transfer provably lies somewhere in-
between the extremes of zero stress transfer and perfect plasticity (constant shear
stress).

For the case of a perfectly plastic matrix material in which the elastic strains
are neglected, the plastic ineffective length, §ép, is:
9
GP _ 4—TY df (2.98)

where og = fiber tensile strength
Ty - matrix shear yield strength
d¢ - fiber diameter

Generally, the size of the ineffective length, even when inelastic effects are
present, is not greater than 100-fiber diameters.

For groups of adjacent broken fibers, Fichter (reference 2.37) studied the varia-
tion of the length of the perturbed region with the number of adjacent broken
fibers in a two-dimensional (planar) array of fibers with an elastic matrix. He
found that the ineffective length of the affected region grows with the number of
broken fibers in the group. The effect of inelasticity in the matrix or failure of
the interface on ineffective length for groups of arbitrary size was treated in
reference 2.40. The indicated size of the ineffective length appears to be orders
of magnitude smaller than the linear dimensions of a realistic structure, or even
of a laboratory test coupon. This is significant since mean fiber strength is
length dependent. At these short ineffective lengths, mean fiber tensile strengths
are greater than mean strengths at the gage lengths commonly used to evaluate fiber
strength (usually 1 or 2 inches). This follows from the length dependence illus-
trated in figure 2.26.

2.3.1.5 Fiber Break Propagation Failure.

The effects of stress perturbations on fibers adjacent to broken ones are of
significance. When a fiber breaks, equilibrium requires that the net load on the
cross—section containing the broken fiber be unchanged. Therefore, the average
stress in the remaining fibers must increase. Because of the matrix, the stress
redistribution is highly non-uniform. The shear stress that arises in the matrix
when a fiber breaks results in localized increases of average stress in the fibers
surrounding the break. In order to differentiate this increase in the average
stress over a fiber cross-section from the increase at a point, the term "load
concentration™ is used for the former and the conventional term 'stress concen-
tration™ for the latter.

The load concentration in the fibers adjacent to a broken one increases the proba-
bility that one or more of them will break. When such an event occurs, the load
concentration in neighboring fibers intensifies, increasing the probability of
additional fiber breaks, and so on. From this description, it is not difficult to
identify the propagation of fiber breaks as a mechanism of failure. The proba-
bility of occurrence of this mode of failure increases with the average fiber
stress because of the increasing number of scattered fiber breaks and the increas-
ing stress level in over-stressed fibers.

2-82




The fiber break propagation mode of failure was studied by Zweben (ref. 2.291,

who proposed that the occurrence of the first fracture of an overstressed fiber
could be used as a measure of the tendency for the fiber breaks to propagate and,
hence, as a failure criterion for this mode, at least for small volumes of material.
The effects of load concentrations upon fiber propagation in 3D unidirectional
composites, as well as upon cumulative weakening failures, was treated in reference
2.41. In reference 2.42, Zweben reviewed experimental data available for various
fiber—- matrix systems to support the contention that the first multiple break is a
lower bound to strength. Although the first multiple break criterion may provide
good correlation with experimental data for small specimens and may be a lower
bound on the stress associated with fiber break propagation, it gives very low
stresses €or large volumes of materials, which appears to conflict with practical
experience with composites. There does not appear to be any available reliable
data, however, which shed light on the influence of material size on strength.

The approximate model of reference 2.41 for including effects of load concentra
tions in the cumulative weakening model was also of limited success. The resulting
mathematical expression for composite strength is a sequence in which each term
corresponds to a group of broken fibers of increasing size. A very large number of
terms is required for convergence. Continuing investigations of procedures for
reflecting such statistics have been undertaken by Phoenix and Harlow (reference
2.43). They have treated the condition probabilities which result from sequential
breaks of adjacent fibers in order to obtain manageable expressions for failure
probabilities. Such approaches require assumptions regarding the redistributions
of load from the broken fibers. Various such load sharing rules have been explored.
The failure mode remains a cumulative weakening of the material.

2.3.1.6 Cumulative Group Mode Failure.

As multiple broken fiber groups grow, the magnitude of the local axial shear stress
increases and axial cracking can occur. This effect has been treated in the
failure model (ref. 2.401, formulated to incorporate the following three effects
which were deemed to be of importance in the tensile failure of high strength
fibrous composites:

1. The variability of fiber strength will result ia distributed
fiber fractures at stress levels well below the composite strength.

2. Load concentrations in fibers adjacent to broken fibers will
influence the growth in size of the crack regions to include
additional fibers.

3. High shear stresses will cause matrix shear failure or interfacial
debonding which will serve to arrest the propagating crack.

Thus, as the stress level increases from that at which fiber breaks are initiated
toward that at which the composite fails, the material will have distributed groups
of broken fibers. Each group will have an ineffective length which increases with
group size and, after matrix failure, with stress. This situation may be viewed as
a generalization of the cumulative weakening model of reference 2.30, wherein the
effect of the isolated breaks was modeled by a ""chain of bundles™ model such as
that used in reference 2.28.

2-83



In practical materials, the problem is compl:icated by the presence of bundles of
various sizes. That is, both the number of broken fibers in a bundle and the
ineffective length of that bundle vary. Thus, the basic problems of defining the
required input information for the analysis of the 'chain of bundles" model are of
increased complexity. The size of the basic element must first be defined and then
the probability of failure of that element can be determined.

At stress levels above those required to cause some number of isolated breaks in
the composite, there is an increasing probability of occurrence of multiple
adjacent breaks as a result of stress concentrations. Thus, at moderate stress
levels it will be usual to have a non-negligible probability of existence of a
crack containing n broken fibers, for many values of n. For each crack size n,
there is a different elastic ineffective length and also different values of both
shear load concentration and fiber load concentration factors. Thus, for different
size cracks there are different stress levels at which matrix failure initiates and
differing distances over which it propagates.

The statistical problem represented by the situation described above is exceedingly
complex. Various authors have taken different approaches in an attempt to obtain a
reliable model. Phoenix and Harlow have pursued the development of the statistics
by focusing their efforts on two-dimensional materials and specified load sharing
rules. Rosen and Zweben have pursued an approximate model which is based on the
definition of a characteristic group size. This group size is determined by an
estimate of the size at which growth would be arrested by axial shear cracks.
Batdorf (ref. 2.45) has utilized simplifying approximations of the statistical
functions which result in a propagation failure mode having a defined critical
crack size.

Each of these models have severe limitations with regard to the quantitative
prediction of tensile strength. However, the model show the importance of vari-
ability of fiber strength and of matrix stress-strain characteristics upon
composite tensile strength.

2.3.1.7 Fracture Mechanics.

In this discussion of composite failure mechanics, a number of basic modes of
failure have been-described, including those associated with propagation effects.
Yet in the discussion of the analytical treatment of these modes, no mention has
been made of classical fracture mechanics. Since there exists a large, well
developed body of knowledge dealing with the failure of homogeneous materials, it
is instructive to examine the possibility of applying classical fracture mechanics
techniques to analyze the failure of composite materials. A basic principle of
classical fracture mechanics is that a crack will grow when the energy required to
extend a crack, a given amount, is equal to the change in strain energy in the body
resulting from that crack advance. The implications of this condition for the
analysis of the modes of failure treated earlier are discussed below.

First, consider the weakest link mode of failure, in which a single fiber break
results in a catastrophic crack propagation. |If failure results from a crack that
propagates in a continuous manner through both phases, fiber and matrix, it is
reasonable to expect that the fracture mechanics approach can be used to describe
the process, although it may be necessary to consider propagation through the two
phases separately. Additionally, when the crack size becomes large with respect to
fiber diameter and interfiber spacing distance, it seems reasonable to expect that
the material can be adequately treated as a homogeneous, anisotropic material.
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In the case of the fiber break propagation mode, the onset of unstable crack growth
is governed by fiber load concentrations and the statistical aspects of material
strength. This mode of failure need not result from a crack propagating through,
the matrix. Thus, the total energy of fracture of the composite has no relation to
the condition precipitating fiber break propagation. However, it is reasonable to
expect that when the crack grows to some large size, the form of the damage region
will become stabilized and will advance through the material without significant
change. If this should occur, it is reasonable to believe that it would be poss-
ible to relate increments of strain energy to the energy expended in extending

the damaged region. It should be emphasized that this type of energy balance,
which may be valid when the crack size is large with respect to fiber diameter and
spacing, would not be expected to be applicable at the early stages of instability,
when the crack is small and the effects of heterogeneity are important.

The remaining modes of failure discussed earlier are assocaited with failure due to
an accumulation of weakened areas. This is not directly related to crack propaga-
tion. Therefore, it seems reasonable to assume that classical fracture mechanics
has no relevance in this case.

A multiplicity of internal planes of weakness creates the possibility for various
failure modes in composites. It appears that the heterogeneity must be considered
in the development of failure criteria. After an understanding of failure modes is
obtained, it may be possible to formulate *"effective fracture mechanics' parameters
for some composites under some, as yet, unknown loading conditions.

2.3.1.8 Concluding Remarks.

Uniaxial tensile strength is one of the most attractive properties of contemporary
advanced fiber composites. Despite its importance, however, it is generally viewed
in a rudimentary fashion. Thus, manufacturers of fibers persist in measuring the
strength of their product by using yarns impregnated with room temperature curing
resin systems of uncertain properties. The ratio of the measured tensile strength
of a sound unidirectional composite to the tensile strength of this non-uniform
impregnated strand is identified as a measure of the efficiency of the composite.
The acceptance of this procedure apparently stems from the fact that, for current
test specimen dimensions and materials, this ratio is approximately unity.

It can be expected that when improved materials are developed, they will be treated
by improved methods. The statistical methods presented herein provide the basis
for such a treatment. Although these methods are not yet adequate for definitive
guantitative prediction, they can be very useful for assessment of the relative
merits of different materials. The "rule of mixtures"™ need no longer be a substi-
tute for an understanding of material behavior. Assessment of merit should utilize
both cumulative and propagation type models to define both the relative level of
strength and the expected mode of failure.

For preliminary estimates, cumulative weakening (eqn. 2.90) can be used with an
inelastic ineffective length (eqn, 2.92) to provide an overestimate of the actual
value and an indication of the role of the properties of each constituent.

2.3.2 Axial Compressive Strength.

For compressive loads applied parallel to the fibers of a unidirectional composite,
both strength and stability failures must be considered.
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Microbuckling was proposed as a failure mechanism by Dow (reference 2.46). It
was suggested that small wavelength micro-instability of the fibers occurs in a
fashion analogous to the buckling of a column on an elastic foundation. It has
been demonstrated that this will occur even for a brittle material, such as glass.
For example, figure 2.31 (from reference 2.49) shows a single E-glass filament
embedded in a block of epoxy which has been fooled to produce a compressive strain.

The specimen contains a fiber of 0.003 inch in diameter. The photoelastic stress
pattern in the epoxy emphasizes the repetitive nature of the deformation pattern
for each fiber and supports the contention that the deformations result from an
elastic instability.

Analyses of this instability were performed independently in references 2.47 and
2.48. The analyses approximate the problem by treating a layered two-dimensional
medium, as shown in figure 2.32. The model consists of plates of thickness h
separated by a matrix of dimension 2¢. Each fiber is subjected to a compressive
load, P, and the fiber length is given by the dimension, L. Two possibilities are
considered for the instability failure mode. First, the fibers may buckle in
opposite directions in adjacent fibers, as shown on the left portion of the figure,
and the so-called extension mode occurs. This mode receives its name from the fact
that the major deformation of the matrix material is an extension of the direction
perpendicular to the fibers. The analysis treats the fibers as stiff, relative to
the matrix so that shear deformations in the fiber can be neglected relative to
those in the matrix.

The second possibility is shown on the right portion of the figure where adjacent
fibers buckle in the same wavelength and in phase with one another, so that the
deformation of the matrix material between adjacent fibers is primarily a shear
deformation. Hence, the shear mode label for this potential mode.

The energy method for evaluation of the buckling stress for these modes has been
utilized, where the procedure is to consider the composite stressed to the buckling
load and then to compare the strain energy in this compressed but straight defor-
mation pattern to a deformation pattern following an assumed buckling shape under
the same load. Thus, a change in the strain energy of the composite consisting of
the strain energy change in the fiber and in the matrix can be compared to the
change in the potential energy associated with the shortening of the distance
between the applied loads at the end of the fibers. The condition for instability
is given by equating the strain energy change to the work done by the external
loads during buckling. It is found that buckling occurs at a relatively short
wavelength (10 to 100 fiber diameters).

The results for the compressive strength, ¢., for the extension mode is given by

- _ 1/2
o, = 2vf[(vamEf)/3(l vf)] (2.,99)

The results for the shear mode is given by

O = Gm/ l—vf) (2.100)
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FIGURE 2.31  PHOTOLASTIC STRESS PATTERN FOR AN INDIVIDUAL E-GLASS FIBER
EMBEDDED IN AN EPOXY MATERIAL
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These results are plotted in figure 2.33 for E-glass fibers embedded in an epoxy
matrix. The compressive strength of the composite is plotted as a function of the
fiber volume fraction, vg., The two curves represent the two failure modes con-
sidered. It is seen that for the low fiber volume fractions the extension mode is
the lower stress, while for high volume fractions of fibers the shear mode pre-
doainates, The compressive strength of reasonable glass reinforced plastic
containing fiber colume fractions on the order of 0.6 to 0.7 is seen to be on the
order of 450 to 600 ksi. Values of this magnitude do not appear to have been
measured for any realistic specimens. However, the achievement of a strength of
half a million psi in a composite of this type would require an average shortening
of greater than 5 percent. For the epoxy materials used, such a shortening

would result in a decrease in the effective shear stiffness of the binder material
because the proportional limit of the matrix would be exceeded. Hence, it is
necessary to modify the analysis to consider inelastic deformation of the matrix
material. A first, simple approximation to this can be provided be replacing the
binder modulus in the formulas previously shown by a reduced modulus. As an
exampole, a reduced modulus is assumed which varies linearly for the epoxy from its
clastic value at 1 percent strain to a zero value at 5 percent strain. The result
of this assumption is the curve labeled inelastic in figure 2.33. Here it is seen
that €or very high fiber volume fractions the strength is bounded and, although
higher than any results obtained to date, they are not unreasonably high.

A more general result can be obtained by modelling the matrix as an elastic,

perfectly plastic material. For this matrix, the secant modulus va ue at each
axial strain value may be assumed to govern the instability. These assumptions
(reference 2.49) yield the following result, in place of equation 2 100 for the

dominant shear mode:

v.E_CO

f 1/2
[i] (2.101)
3(l-vf)

where ay is the matrix yield stress level.

For the generally dominant shear mode, the elastic results of equation 2.100

are independent of the fiber molulus, yet the compressive strength of boron/epoxy
Is much greater than that of glass/epoxy composites. One hypothesis to explain
this is that use of the stiffer boron fibers yield lower matrix strains and less
of a strength reduction due to inelastic effects. Thus, the results of equation
(2.101) show a ratio of Y& of 24 for the relative strength of boron as compared
to glass fibers in the same matrix.

All of the analytical results above indicate that compressive strength iS indepen<
dent of fiber diameter. Yet, different diameter fibers may yield different com-
pressive strengths for composites because large diameter fibers such as boron
(~0.005"D) are better collimated than smaller diameter fibers, such as glass
(~0.0004"D) .

For ,small diameter fibers, such as Kevlar and carbon, local out-of-straightness can
introduce matrix shear stresses, can cause fiber- matrix debonding, and can produce
lower instability stress levels. The effects of fiber eccentricities were treated
in reference 2.50, and of interface separation in references 2.50 and 2.8. Both of
these effects were shown to be capable of causing large decreases in the calculated
compressive strength. However, it is very difficult to define a realistic quanti-
tative measure of the extent of interface debonding or of fiber eccentricity.
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Carbon and Kevlar fibers are anisotropic and have extremely low axial shear moduli.
As a result, the plastic buckling stress in the shear mode is reduced. This was
studied in reference 2.50, wherein the following result was obtained:

Cn

% = I=v.(1-G_ /G,
c = I-ve(I-G_ GL?-
where Gy ¢ is the fiber longitudinal shear modulus,

This result reduces to that of equation 2.100 for high fiber shear moduli.

Another failure mechanism which has been observed (reference 2.50) for oriented
polymeric fibers, such as Kevlar-49, is a kinkband formation at a specific angle to
the direction of the compressive stress. A typical formation of slip planes in
Kevlar-49 fibers is illustrated in figure 2.34. The formation of kinkbands is
mainly attributed to the fibrillar structure of the highly anisotropic fiber and
its poor shear strength. Breakup of the fiber into very small diameter fibrils
results in the degradation of shear stiffness and hence the compressive strength.

The results of the analyses of compressive strength indicate that for the elastic
case the binder Young's modulus is the dominant parameter. For the inelastic case,
however, there are strength limitations which depend upon the fiber modulus and
upon the binder strength. The nature of changes made in matrix properties to
improve the compressive strength of composites of a given fiber depends upon the
base of reference. In some cases, performance iS limited by a binder yield stress
at a given fiber modulus, whereas, for other cases a gain in compressive strength
could be achieved by improving the binder modulus. The analytical results provide
guidance for determination of reasonable changes in matrix properties to yield
improved composite compressive strength.

2.3.3 Matrix Mode Strength.

The remaining failure modes of interest are transverse tension and compression, and
axial shear. For each of these loading conditions, it is possible to have material
failure without fracture of the fibers, hence the terminology "matrix dominated' or
"matrix modes of failure.™

Micromechanical analyses of these failure modes are complex because, unlike the
axial failure modes treated above, for these matrix modes the critical stress
states are in the matrix, are highly non-uniform, and are very dependent upon local
details of the geometry. AS a result, it appears that the most fruitful approaches
will be those that consider average states Of stress rather than local details.

Under transverse tensile stress, failure may occur within the matrix or along the

fiber-matrix interface. It IS not expected that composite transverse tensile
strengths will be significantly in excess of matrix tensile strength. Indeed,
perhaps the addition of fibers will weaken the matrix in this direction due to

local stress concentrations or weak interfaces, etc.

For transverse compression, failure may occur by shearing along a surface through
the matrix parallel to the fiber axes in a fashion somewhat similar to the compres-
sive failure of a homogeneous material. Thus, there are two types of shearing
stresses which are of interest for matrix dominated failures: (1) in a plane which
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FIGURE 2.34. LOCAL FIBER FAILURE MECHANISMS RESULTING FROM COMPRESSION
OF KEVLAR/EPOXY COMPOSITES
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contains the filaments, and (2) in a plane normal to the filaments. In the first
case, as the following discussion will show, the filaments provide very little
reinforcement to the composite and the shear strength depends upon the shear
strength of the matrix material. |In the second case, some reinforcement may occur
and, at high volume fractions of filaments, it may be substantial. Because the
analysis shows that reinforcement does not take place in planes or surfaces
parallel to the filaments, these planes may be considered planes of shear weakness.
Surfaces of shear weakness do indeed exist in filamentary composites. It is
important to recognize that filaments provide little resistance to shearing in any
surfaces parallel to them.

The approach to the shear failure analysis is to consider that a uniaxial fibrous
composite is comprised of strong and stiff fibers embedded in a matrix which is
characterized by its initial elastic modulus and by a maximum stress 'level.
Accordingly, the matrix is idealized so that its stress-strain relation is that of
an elastic, perfectly plastic material. For homogeneous materials the existence of
this plastic region generally signifies the possibility of unbounded structural
deformations beyond some limiting load.

For the composite, the theorems of limit analysis of plasticity (e.g. refs. 2.51
and 2.52) may be utilized to 'obtain upper and lower bounds of a composite limit
load (ref. 2.53). This is defined as the load at which the matrix yield stress
permits composite deformation to increase with no increase in load. This limit
load has been defined as composite failure and may be considered as an approxima-
tion to the strength of a composite having a ductile matrix. The assumptions are
made that the filaments are elastic- brittle and that the matrix is elastic-
perfectly plastic and obeys the von Mises yield criterion.

The lamina analyzed is comprised of a matrix containing a uniaxial set of filaments.
The reinforcements are assumed in the CCA array configuration described in refer-
ence 2.8 so that all filaments are considered surrounded by circular cylindrical
surfaces such that the ratios of filament radius to surrounding circular binder
radius are the same for all cylinders. One of these cylinders, consisting of a
filament and associated concentric binder shell, will be referred to as a composite

cylinder.

The procedure is to select "™admissible™ stress and velocity fields for construction
of the lower and upper bounds, respectively. (Details are presented in ref. 2.53)
An admissible stress field must satisfy the equilibrium equations everywhere and
the traction boundary conditions where specified. In the approach utilized, a
uniform stress field was used as the admissible stress field in all cases. A
kinematically admissible velocity field is a continuous field (with certain
permissible exceptions) which satisfies the displacement and velocity boundary
conditions. For this present approach, the elastic displacement fields of refer-
ence 2.8 were used as admissible velocity fields to obtain the upper bounds for the
two shear strengths described above. The results obtained from this bounding
procedure for axial shear are presented in figure 2.35. The upper bound is plotted
as a function of v¢ as shown by the solid curve, coinciding with the lower bound

at v = 0 and approaching the value £ as vy ~1, From figure 2.35 is appears

that the maximum possible increase ih in-plane shear strength due to the filamen-
tary reinforcements is approximately 27 percent. Figure 2.36 iS a schematic
illustration of this mode of failure.
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FIGURE 2.36. SCHEMATIC ILLUSTRATION OF AXIAL SHEAR FAILURE MODE

2-93




For transverse shear, the bounds are plotted in figure 2.37 as a function of vg.
In this case the upper bound approaches infinity (because of the assemption of
rigid filaments) as vg¢>1. The implecation here is that reinforcement against
transverse shear may in fact take place, particularly in compression.

2.3.4 Remarks on Strength Analysis.

The developments of sections 2.3.1 and 2.3.3 demonstrate that the analytical
determination of the ultimate stresses of a unidirectional composite in terms of
micro-structure and constituent strength characteristics is extremely complex,
perhaps to the point of being regarded as an intractable problem. The qualitative
treatments discussed provide valuable insights into the problem of strength and
guidelines for the development of improved materials, but design values of the
ultimate stresses must be determined experimentally. Even such experimental
information, however, is not sufficient for characterization of the strength of a
UDC. Since in most structural applications the material is subjected to states of
combined stress. The reason is that the most common structural usage of a UDC is
ine form of unidirectionally reinforced laminae which are joined to form a
laminate. As will be shown later, the state of stress in such a lamina is at least
plane; thus it has three components: o, in the fiber direction, o5, transverse
to the fibers and 0j3, in axial shear. It is necessary, therefore, to determine
the strength of a UDC under a state of combined stress. |In view of the extreme
difficulty of the analytical determination of strength for a single stress compo-
nent, it is impractical to attempt to resolve the problem for combined stress by
microstructural analysis. On the other hand, it is also impractical to resolve the
problem by experimentation, since the number of tests required to develop the full
failure surface would be enormous and some of the combined stress tests are very
difficult to perform. The remaining alternative is to establish the ultimate
stress values for single stress components by experiment and construct analytical
failure criteria in terms of these values by global considerations.

2.3.5 Strength Under Combined Stress.

The failure of a UDC under single stress components has been shown to involve a
number of very different failure mechanisms. It is now desired to use this know-
ledge and quantitative experimental data for single stress components to formulate
practical failure criteria for combined stresses. For simplicity, the discussion
will deal with the case of plane stress. Results for more complicated stress
systems will be quoted, subsequently. The stresses considered are averages over an
RVE. The fundamental assumption is that there exists a failure criterion of the
form:

F (o o} =1 (2.102)

11¢ %22+ %135)

which characterizes the failure of the UDC. A convenient description of (2.102) is
a surface in stress space with coordinates 031, 999 and 9),, figure 2.38. Since
all failure stresses are finite, the surface must be closed. Each point in stress
space represents a state of stress. Points inside the surface indicate no failure,
points on the surface indicate failure and points outside the surface are not
realizable stress states. A failure surface can also be expressed in terms of

strains. The stress and strain failure surfaces must be connected by the stress-
strain relations of the UDC.
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The most primitive failure criterion consists of the assumption that failure will
occur whenever any single stress component reaches its ultimate value, regardless
of the values of the other stress components. This "maximum stress' failure cri-
terion is not realistic, since it disregards the combined effects of stresses on
failure. Although it is simple to utilize in practice, such a criterion is non-
conservative since it overestimates the strength of the material under combined
stress. A similar possibility is the assumption that failure occurs whenever any
strain component reaches its ulitmate value' regardless of the others. This
"maximum strain' criterion is also frequently used, although it is, of course, open
to similar criticism.

The usual approach to construction of a failure criterion is to assume that it can
be represented by a quadratic polynomial in the stresses. The coefficient of the
polynomial should be expressed in terms of simple experimental information such as
ultimate stresses under individual load components. The various failure criteria
which have been proposed all attempt to utilize these basic test data to define a
surface of the form (2.102). No fundamental significance should be attached to the
choice of a quadratic form. This should be regarded as the simplest choice which
can adequately describe the experimental data. 1t seems that such an approach has
been simultaneously initiated in references 2.54 and 2.55. A general quadratic
failure criterion including linear terms has been presented and discussed in
reference 2.56. A comprehensive general discussion of quadratic failure criteria
has been given in reference 2.57. All of the quadratic failure criteria referred to
are smooth, which implies that the failure criterion is represented in terms of a

single polynomial. For example, in the case of plane stress, the general quadratic
version of equation 2.102 would be
FGEF02+FOE+2F00 + 2F,_.0..,0,, +
11711 " 22722 66 12 12711722 16711712
+ + F.o +.F .o =1
2F6922% 2 © F1%1 T F2%2 *-Fe%12
The material has different strengths in uniaxial, longitudinal and transverse

tensions and compressions, but evidently the shear strength is not affected by the
sign of the shear stress. It follows that all powers of shear stress in the
failure criterion must be even and therefore all the terms containing a shear
stress to power one must be rejected. Consequently, the criterion simplifies to

2 2 2

F11911  F229;5 * Fgepy 2F

(o] g
- l2nilvee (2.103)

Flall + F 1

g =
2722
Let the ultimate stresses for single stress components be denoted

olt_u - tensile ultimate, fiber direction

oﬁu = compressive ultimate, fiber direction

o%u - tensile ultimate, transverse to fibers
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o“T“ - compressive ultimate, transverse to fibers

'f - ultimgate longitudinal shear stress
These values determine the points on the ©11, 027, o012 axes through which
the rurface (2.103) must pass. It follows that
— 1 _ 1
Fi1 = Jtu cu Fr2 - o an
L 'L Cqp O
F - _1 1 1 1 (2.104)
l—cL_cu FZ——t—H U —
u o -
_ 1
66 = " u,2
L

However, Fjp cannot be determined in terms of the ultimate stresses arid it is
neiessary to perform failure tests under biaxial stress to find this coefficient.
Frequently, this coefficient is established by relating (2.103) to the Mises-Hencky
vield criterion for isotropic materials. This yields

_ 1 1/2
F1p = ~2(F1 F,,)

The above failure criterion i1s the two dimensional version of the Tsai-Wu criterion
(reference 2.56). Its implementation raises several problems:

1. The coefficient Fy, must be determined by biaxial testing.
It is necessary to select tension or compression values for
both 0;; and o5, for these tests. It is reasonable to expect
that Fyo will have four different values corresponding to these
choices. This contradicts the premise of the description of
the failure criterion by a single polynomial.

2. Since the coefficients are expressed in terms of both tensile
and compressive strengths, it follows that in a biaxial tension-
tension test, the failure will depend on the compressive ultimate
stresses. This is not satisfactory from a physical point of view.

3. The failure criterion ignores the different failure modes of a
UDC and does not specify haw the composite fails.

These first two questions leave room for argument. However, in view of the diverse
failure mechanisms discussed earlier, the last shortcoming is particularly severe.
It is possible to use the identification of the different failure modes of a UDC to
lead to physically more realistic and, at the same time, simpler failure criteria
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(reference 2.58). Testing of a polymer matrix UDC reveals that tensile stress in
the fiber direction produces a jagged, irregular failure surface, while tensile
stress transverse to the fibers produces a smooth, straight failure surface
(figures 2.39, 2.40). The underlying microstructural phenomena are as follows: in
the case of tension in the fiber direction, fibers break progressively at random
places, leading to small transverse cracks and also longitudinal cracks along the
fibers (figure 2.41). The load carrying capacity in the fiber direction deterio—
rates because of the transverse cracks until a sufficient number coalesce to result
in catastrophic failure.

Such failure will be identified as the tinsile fiber mode. Since, in this mode,
the carrying capacity deterioration is due to transverse cracks, and since trans-
verse stress 95, has no effect on such cracks (although it may affect load trans-
fer after cracking), it is assumed that the plane tensile mode is only dependent on
the stresses o)) and 9p,.

In the case of compressive 0y, failure is due to fiber buckling, as has been
discussed in section 2.3.2. The fibers buckle in the shear mode, and therefore, it
may again be assumed that the transverse stress 059 has little effect on the
compressive failure. Thus, in this compressive fiber mode, failure again depends
primarily on o¢;; and also on 9¢;,. The dependence of 9;, is not known and
arguments may be offered for and against, including it in the failure criterion.

In the case of tension transverse to the fibers, failure occurs by a sudden crack
in the fiber direction, figure 2.42. The phenomenon is so abrupt that it is
extremely difficult to detect its initiation and extension. This failure mode will
be called the tensile matrix mode. Since stress in the fiber direction has no
effect on a crack in the fiber direction, the axial stress does not enter into
this failure mode, which is thus dependent only on ¢,9 and 9ys.

For compressive stress transverse to the fibers, failure occurs on some plane
parallel to the fibers, not necessarily normal to the direction of 997, This 1is
called the compressive matrix mode and is produced by normal stress ana shear

stress on the failure plane. Again, the stress ¢ does not affect the failure.

Each of the failure modes described can be modelled separately by a quadratic
polynomial. (For details, see ref. 2.58, in which the general case of three-
dimensional stress is considered.) This results in four individual failure
criteria.

It should benoted that the choice of stress components included in each of these
criteria, and the particular mathematical form used are subjects which are not
fully resolved at this point in time. The following criteria appear to be a
reasonable set which satisfy the desire to deal separately with different modes of
failure.
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FIGURE 2.39. TYPICAL FAILURE OF UNIDIRECTIONAL BORON/EPOXY LAMINATES
SUBJECTED TO TRANSVERSE TENSION-TENSION FATIGUE LOADING
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FIGURE 2.40. TYPICAL FAILURE OF [0] BORON/EPOXY LAMINTES SUBJECTED TO
LONGITUDINAL TENSION-TENSION FATIGUE LOADING
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Note that ocy in (2.106b) should be taken with its absolute value. The ultimate
transverse shear, 023 = t% is very difficult to measure. However, a reasonable
approximation for this quantity is the ultimate shear stress for the polymeric
matrix. For any given state of stress, one of each of (2.105) and (2,106) is
chosen according to the signs of o¢j; and 995. The stress components are intro-
duced into the appropriate pair and whichever criterion is satisfied first is the

operative criterion.

The advantages of (2.105 and 2.106) are as follows:

1. The failure criteria are expressed in terms of single component
ultimate stresses. No biaxial test results are needed.

2. The failure mode is identified by the criterion which is
satisfied first,
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The last feature is of fundamental importance for analysis of fiber composite
structural elements, since it permits identification of the nature of initial
damage. Moreover, in conjunction with a finite element analysis, it is possible to
identify the nature of the failure in elements, modify their stiffness accordingly,
and proceed with the analysis to predict new failure, etc.

A convenient method to examine the failure criteria experimentally is by means of

off-axis specimens, figure 2.43. In such a specimen, the stresses are given by
_ 2
931 ~ ucos~8
o = gsinze (2.107)
22
015 = ogsinfBcosb

Testing in tension shows, (reference 2.59), that for very small reinforcement
angles, specimens fail in the fiber mode, while for increased angles they fail in
the matrix mode. This is shown schematically in figure 2.44. The angle 6,
separating the two modes is obtained when 2.105 and 2.106 are satisfied simultane-
ously in terms of of (2.107). This leads to

2
tan"8, = —3 (2.108)

Figure 2.45 shows comparison of the prediction of the failure criteria (2.105a,
2.106a) with experimental data for glass/epoxy off-axis specimens, (ref. 2.60),
showing excellent agreement.

For a general state of average three—dimensional stress, the failure criteria are
(reference 2.58):

Fiber Modes

2 ) 2
°11 912 % 3- = 1 .. >0
t (ty) 11
oY : L
L

(2.109)

2 2
911 . °122"°13 - .
—= —L =22 = 0., <0
,Cu (74) 2 11
L L
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2.3.6 Fatigue Failure.

Understanding the response of composites to repeated load applications is of
primary importance since aeronautical structures are subjected to many load cycles
during their lifetime. Local areas of damage may be initiated by cyclic loading.
Such localized damage may also exist as a result of deficiencies of the fabrication
process, Or as a result of unanticipated events in service, such as foreign object
damage. Damage resulting from all of these causes may be expected to propagate as
a result of subsequent cyclic loading. This increase in the amount of damage may
lead to a loss in structural performance and eventually to failure.

For metal structures, fatigue problems have been approached with some success by
use of the methodology of fracture mechanics. In metals fatigue, failure consists
of the initiation and propagation of one dominant crack. Over the years, there has
emerged a fracture mechanics design procedure for fatigue of metal aeronautical
structures which is based on periodic inspection and monitoring of visible cracks
(see, e.g., reference 2.61). As will be discussed below, there are significant
differences between the fatigue failure processes in metals and those in fiber
composites. This requires new design procedures, which have not yet been estab-
lished in definitive form, for fiber composite structures.

It is again emphasized that in the design process of a fiber composite structure,
the laminate configuration, and also the constituents of the UDC, are design
variables. Clearly, it is prohibitively expensive to obtain the necessary laminate
fatigue data by testing all possible candidate laminates for all loadine conditions
of interest. It therefore becomes necessary to either severely limit the number of
alternatives to be examined, or to develop an analytical procedure. Again, it
appears desirable to assess the fatigue characteristics of a laminate for general
loading conditions in terms of the fatigue characteristics of the laminate and the
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laminate geometry. The fatigue response of the UDC would be determined experi-
mentally. Therefore, the present discussion is concerned with fatigue failure of
UbC., Just as in the case of static failure (sections 2.3.1-2.3.5), here the

point of view is adopted that the complexities of the microstructural failure
process prohibit quantitative analytical determination of fatigue failure in terms
»f the microcharacteristics of the composite. The observed nature of microfailures
is of great qualitative importance, however, primarily for the detection and
description of different failure modes.

£.3.6.1 Single Cyclic Stress Components

In the traditional fatigue test, a specimen is subjected to uniform sinusoidal
v. 1. stress, figure 2.46. The mean, o™, and alternating, 42, parts of the
«vieitc stress are defined by

+

a' = gl(zmax Omin)

(2.111)
a _ 1
o = 30%nax"%nin’
and the stress amplitude ratio by

R = o . /a (2.112)

min’ "max

The magnitude and the algebraic sign of this ratio characterize the general
type of load combinations being applied. This is illustrated in figure 2.47 for
various kinds of sinusoidal cyclings.

The most common fatigue characterization is a plot of number of cycles to failure —
also called lifetime — versus the maximum amplitude in a constant sinusoidal
cycling. This is known as the S-N curve, and is generally presented for stress
ratios, R, of either zero or one. Since lifetimes may attain millions of cycles
and since most of the fatigue damage develops towards the end of the lifetime, it
is convenient to plot log N versus amplitude, and sometimes versus log amplitude.
An example of an S-N curve, for cyclic stress of graphite/epoxy in the fiber
direction, is shown in figure 2.48. Notice the relatively small decrease in
maximum stress over the range in lifetime out to 10° cycles. It should be
remembered that sinusoiqal loading is characterized by two numbers, e.g., ¢2 and
¢ ®, or alternatively, by ¢® and R. The relative effect of different loadings is
shown in figure 2.49, for a carbon/epoxy composite. The tension-tension curve
(R=0.1) illustrates the characteristic intensitivity of the UDC to repeated tensile
loadings in the fiber direction. This is in contrast to the axial compression
results (R=10) which demonstrate significant fatigue degradation. For both loading
conditions, however, the maximum stress values are substantially greater than the
results obtained for a good aluminum alloy. The figure also contains a represent-
ative result for compressive cyclic loading transverse to the fibers. In this
mode, the S-N curve is flat but substantially below all the other curves.

An intrinsic characteristic of fatigue failure is large scatter in lifetime

data (e.g., figure 2.48), which implies that repeated tests of the same cyclic
loading produce very different lifetimes. This scatter is due to the complexity of
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the developing microdamage under cyclic loading, which is different in detail for
every specimen tested. Such scatter is inherent to fatigue for all materials and
must be considered in the analytical methodology.

Since most of the experience in fatigue failure has been accumulated for metals, it
is of importance to point out some fundamental differences between fatigue failure
of metals and composites. Metals are polycrystalline aggregates. During stress
cycling, microdamage develops in the form of microcracks and plastifications of
single crystals, the latter being known as persistent slip bands (PSB). At some
stages of the cycling, a crack develops which grows with continued cycling until
the specimen fails. These two stages are known as initiation and propagation.
This is shown schematically in figure 2.50. At the present time, the fraction of
lifetime spent in initiation cannot be predicted. In the propagation stage,
however, the growth of the crack with cycling can be reasonably well predicted
(see, ref. 2.62). The use of a crack growth law along with a measured or assumed
size of the existing crack forms the basis for design methods for fatigue of
metals. These methods take into account possible crack locations ad characteris-
tics of available inspection methods to define safe inspection periods.

For the case of a UDC, the nature of damage growth is quite different. The
microstructure consists of a polymeric matrix containing stiff, strong fibers. The
material is very anisotropic and cracks propagate easily in the matrix along
surfaces parallel to the fibers. When a unidirectional specimen is cycled in
tension-tension in the fiber direction, damage accumulates in the form of random
fiber ruptures which are the source of small cracks in the matrix along the fibers,
figure 2.41. More and more cracks develop both perpendicular and parallel to the
fibers with additional cycling until some of these coalesce to produce catastrophic
failure. The failure surface is jagged and irregular, as suggested in figure 2.41

and illustrated in figure 2.40. The failure mode is similar to the static tensile
fiber mode discussed in (section 2.3.1). For some fibers, it may happen that
failure will occur by propagation of one sudden transverse crack. Observations of

this mode are rare.

This damage accumulation mechanism of fatigue failure will be called the tension-
tension fiber mode. Its main characteristics are: (1) failure occurs because of
fiber rupture, and (2) the entire lifetime consists of damage initiation.

When the cycling is other than tension-tension, the situation is less clear. It
may be argued that for tension-compression cycling the same phenomena should be
expected because of the tension component. The matter of the failure mechanism in
compression-compression cycling is an open question. It is possible that fibers
will buckle at a cyclic load much lower than a static buckling load because of
deterioration of the matrix shear modulus due to cycling and/or due to the opening
of longitudinal cracks at fiber-matrix interfaces. Careful experimentation is
needed to uncover the governing mechanisms.

As in the static case, the second primary failure mode consists of a sudden crack-
ing in a plane along the fibers and is called the matrix mode. This is shown
schematically in figure 2.42, and is illustrated for the tension-tension loading of
a boron/epoxy composite in figure 2.39. Pending thorough experimental investiga-
tion, it seems reasonable to expect that, in the cases of tension-compression and
compression-compression cycling, the directionality of the fibers will lead to the
same kind of plane matrix failure mode.
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The main characteristics of the matrix failure mode are: (1) failure occurs by

plane cracking along fibers, and (2) the crack propagates suddently; thus the
entire fatigue life consists of initiation,

The S-N curve describes the relation between maximum cyclic stress amplitude

and lifetime for a single cyclic stress component having a specified stress

ratio. It has been introduced in the investigation of fatigue of metal structures
where there are many cases of a single component cyclic stress. For a given stress
ratio, R, of a single stress component, the S-N curve defines the lifetime, N, as a
function of the maximum applied stress, 8. Another useful format for presentation
of fatigue data is the Goodman diagram, illustrated in figure 2.51, which presents
various combinations of uniaxial mean and alternating stress for failure at a
specified lifetime. By virtue of equations 2.111 and 2.112, it {s clear that
constant values of R are represented by straight lines through the origin. Thus,
different regimes of fatigue loading, as shown in figure 2.47, can be located as
shown in figure 2.51. This format is convenient for interpolation for different
values of stress ratio. Representative uniaxial fatigue data for several UDC
materials are presented in figure 2.52.

In practical metal structures, it is to be expected that fatigue failure will occur
first in the vicinity of a discontinuity which causes a stress concentration.
Appropriate S-N curves may be of value for predicting the onset of such failure.
Following such an initial crack, the dominant effect may become the subequent
growth of that crack. As indicated earlier, metal fatigue failures are ascribed to
fracture following a stable crack growth. Thus, design methods require the defini-
tion of an appropriate crack growth law. It has been customary in metal fatigue to
use notched specimens for this purpose.

In a plain specimen, the stress in the test section is uniform and equal to the
applied stress. Thus a dominant crack may start at any place in the test section.
In a notched specimen, there is significant magnification (stress concentration) of
applied stress at the notch, where the state of stress is locally uniaxial tension.
Thus, a fatigue crack will develop and grow at this location. The notched specimen,
however, does not provide useful information for the fatigue characteristics of a
UDC, since it initiates different kinds of fatigue failure. A common case is

the propagation of a crack along the fibers, and not a transverse crack as in
metals. This situation is much more complicated in a laminate, where a notch
produces a complicated state of three-dimensional stress which must be found
numerically by the use of complex computer programs. Furthermore, as has been
explained, the simplest case of interest for static loading of a UDC is plane
stress with three stress components. This is of practical interest since a planar
stress state exists in a lamina away from the free edges of the laminate. There-
fore, the S-N curve for a single stress component of a UDC is by itself of very
limited importance. The conclusions are that for a UDC the required fatigue
information is for failure under plane cyclic stress, and that notched specimens
are not helpful for determination of fatigue characteristics.

2.3.6.2 Combined Cyclic Stress.

In order to discuss fatigue under combined cyclic stress, it is necessary to
introduce the concept of a fatigue failure criterion for such a stress state. This
is a generalization of the failure criterion for combined static stress discussed

in section 2.3.5. In the general case of three-dimensional cyclic stress, each
stress component has a mean component, g“i‘j, and an alternating component, o?j, as
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in (3.25). In addition, the stress cycles are not necessarily in phase and

may have phase lags, Suppose that the lifetime, N, under such stress cycling
is defined by the quanrttlities cited. Then the relation among all of these is
written

ijr 9340 Aj50e N) =1 (2.113)

Nothing seems to be known about such a general relation.

Even if it is assumed that there are no phase lags (this is the case when the

appl ed cyclic loads are in phase and the material is linear elastic), establish-
ment of a general failure criterion in terms of means and alternating stresses is a
form dable problem. The only existing work in the literautre seems to be for the
case of one stress component and is purely empirical. In this case, it iS custom-
ary to plot the experimentally obtained pairs of ¢®. and ¢2, which lead to the

same lifetime. This is called a Goodman diagram, ihd was discussed in the preceding
section.

To simplify matters further, it is assumed that all stress components have the same
ratio, R. Thus from (2.111 and 2.112)

crﬁin/omax

ij R
o?j = OT?X (1+R)
(2.114)
c?j = c??x (1-R)
Inserting this into (2.113) we obtain
F (oTaX (2.115)

ij'RIN)=l

The case described occurs in practice when all cyclic loads are in phase and cycle
with the same ratio, R.

Just as in the case of static failure criteria, it is convenient to represent
(2.115) as a surface in stress space, where in the present case the stress variables
are o%& (which will be called simply ¢;3). Suppose that R has some fixed value.
Then (27115) may be interpreted as a fami{y of surfaces, each of which is associated
with a different N (figure 2.53). Each surface is the locus of all cyclic stress
states which produce fatigue after same lifetime N. This description ignores
scatter and therefore N must be interpreted in some mean sense. The static failure
criterion is a special case, N=0, At the other extremity there are stress states
of such low amplitudes that fatigue failure does not occur. This defines the
fatigue (or endurance) limit region in figure 2,53), which is a generalization of
the usual fatigue (or endurance) limit of an S-N curve. 1t should be noted that
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the family of surfaces is for a fixed R;

a different family will be associated
with a different R.
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FIGURE 2.53. FATIGUE FAILURE SURFACE FAMILY

As in the static case, the failure surfaces will be described in terms of quadra-
tics in the stress amplitudes 4. ., Since the surfaces vary with N and R, the
coefficients of the quadratics must also be functions of N and R. This approach
will be applied to the case of plane cyclic stress. The problem may be posed in

the following fashion: For specified R, the S-N curves are given for cyclic stress
in the fiber direction, transverse to the fibers and in shear. What is the S-N
curve for the combined state of cyclic stress? This is illustrated in figure 2.54.
As in the static case, the approach is to describe fiber and matrix failure modes
by different quadratic polynomials. The outcome of this procedure is:

Fiber mode
%11 |2 912 |2
Tl YT =t
or, (R,N) 7. (R,N)
Matrix mode (2.116)
922 |2 4 %12 | _ 1
op (R,N) £ (R,M)
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where OE (R,N), °$ (R,N) and TE (R,N) are the S-N curve stresses in the fiber
direction, transverse to the fibers and in shear, figure 2.55. For details, see
references 2.60, 2.63.

It is again of interest to consider the case of an off-axis specimen subjected to
cyclic stress ¢ , figure 2.43. The stresses in the specimen are given by (3.21).
The external cyclic stress with stress ratio R which produces failure after N
cycles is denoted o (R,N). It may be denoted og in the fiber mode and oy for
failure occurring in the matrix mode. Then from (2.107) and (2.116)

. 4 2, . -
0§(R,N) =|-S0s8  cos 8sing | "1

2 2
f
GL (R'N) ‘rg (R'N)
(2.117)
o2 (R,N) = sino + cos?esine | 71
m 2 )
o(R,N) = Min [Gf(R,N)' cm(R’N)] (2.118)

For small angles ¢ failure occurs in the fiber mode and for larger angles in the
matrix mode, figure 2.56. The angle of transition 65 from fiber mode to matrix mode

is given by

£
o (R,N)
tan%e = 2 _ (2.119)

f
oL(R.N)

2-119




Ieays
Ul S9SSai3ls (0)

NboT

SS=¥LS ANVId - VINII¥0 ¥NTIVd 30911vd

sxaqrd 03
9sIaAsuel], S9s85913S (M)
NboOT
3AOW X 1YLTW I =
c
3Q0W ©3914 1 =
[4

66 ¢ TNOIA

uoT3109ITd
I8qTJd UT S3SS9I13S

Nbo1

(e)

PR | P A
(N'y) 2 + —Az g) o

¢, (£
-
N‘Y Ap ryq) T
+ (N‘Y) o
eT, 1T,

2-120




(a) Fiber Failure Mode, (b) Matrix Failure Mode,
8=0° 8=30°

FIGURE 2.56. FAILURE MODES
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Equations (2.117) are a convenient device to obtain indirectly the SN curves of

o%(R,N) and TE(R,N)which are difficult to obtain directly. For this purpose, a
set of off-axis specimens with different reinforcement angles g are failed by
cyclic load in the matrix mode. This determines experimentally ogh(R,N), from
which o_lf_ (R,N) and f(R,N) can be computed. Such a procedure has been used for
glass/epoxy specimens in reference 2.60. Having obtained this information, other
off-axis specimens were failed in fatigue and test data for ¢ (R,N) were compared
with the predictions. The results are shown in figures 2.57 and 2.58, and it is

seen that the fit is reasonably good.

Fatigue failure criteria for a general three-dimensional state of cyclic stress
(all components with the same R) have been given in reference 2.65. These results

are

2 2, 2
911 . %12 7913 1
SE <E) 2

L L
(2.120)
2 2 2 2
%22%933\ | 2 %293 ‘12 *%13 _
of (t)2 (Tf)z
T A L

where 4 £(R,N), of(R,N), .f(R,N) and L£(R,N) are the SN curve stresses: normal
stress Ii_n the figer direclt_ion, normal gtress transverse to the fibers, longitudinal
shear stress and transverse shear stress. There is as yet no known method to
obtain the last one experimentally, but a reasonable approximation is to assume

that it is equal to matrix cyclic shear failure stresses.

2.3.6.3 Residual Strength.

Repeated applications of stresses which are not large enough to produce static
failure eventually can cause failure. This concept suggests a continual deteri-
oration in material strength. The residual strength 1S ¢, is defined as the static
strength after n cycles have elapsed. A specimen is first cycled for n cycles with

specified opijn and opay or, equivalently, specified o5, (amplitude) and R (2.111
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and 2.112). It is then removed from the testing machine and failed statically.
The residual strength is clearly a decreasing function of n, since increasing n
will increase the internal damage and, therefore, decrease the strength. It is
usually argued that fatigue failure will occur when the residual strength becomes
equal to ogp.., implying that then the last quarter cycle is equivalent to a

static failure experiment. Thus, if N is the lifetime for the cyclic stress under
consideration, we have

o, = 0. (Omax’ R, n) (2.121)

The relationship (2.121) can only be obtained experimentally. Furthermore, it is
not a well defined relationship since both o, and N are scattered (thus random)
variables, The subject has been considered in a number of papers, notably refer-
ences 2.64 and 2.66. The statistical relation between o0, and N has been obtained
on the basis of various assumptions. The relation involves several parameters
which must be found in terms of a considerable amount of test data.

All of the work done for residual strength seems to be confined to the case of a
single stress component. The.problem of residual strength for combined states of
stress does not appear to have received attention in the literature.

The subject of residual strength will be addressed more fully in Chapter III.

2.3.6.4 Cumulative Damage.

Another central problem of fatigue failure is known as the cumulative damage
problem. Most fatigue testing is conducted for the case of constant amplitude
cycling resulting in the S-N curve. Constant amplitude cycling, however, only
rarely occurs in practice. As an example, consider the wing of an airplane.

During takeoff, maneuvering, cruising, and landing the wing is subjected to very
different aerodynamic loads. Variable weather conditions result in gust loads of
different intensities. It is thus seen that the loads are significantly variable
in time and that the wing is subjected to a program of cyclic loading. The problem
that arises is to predict the lifetime of a structural member which is subjected to
a cyclic loading program of variable amplitude; e.g., figure 2.59. This has become
known as the cumulative damage problem.

It should be emphasized that there is little hope to treat the cumulative damage
problem on the basis of the microstructure of a UDC, since the failure process
consisting of damage accumulation apd terminating in catastrophic failure 1is much
too complex and unpredictable to be handled by analytical means. At the present
time, the only viable approach seems to consist of lifetime prediction under
complex cyclic load in terms of lifetime test data for simple cyclic loading; e.g.,
in terms of the usual S-N curves for specimens. From this point of view, the
problem has been the subject of numerous theoretical and experimental investiga-

tions in the context of metal fatigue. For a review of this subject, see refer-
ences 2.62 and 2.67.

The simplest and most well known procedure for lifetime evaluation is an empirical
formula which has become known as Miner's Rule or the Palmgren-Miner Rule and will
be referred to here as the M rule. Consider a cyclic loading program where the
amplitude varies in jumps from one constant value to another. Let the number of

2-125



CYCLIC LOADING PROGRAM

GOAL: PREDICT LIFETIME
QUESTIONS:  WHAT INFORMATION NEEDED?
HOW TO use IT?
HOW TO INCORPORATE SCATTER?

FIGURE 2.59. CUMULATIVE DAMAGE PROBLEM

cycles applied at amplitude o; be n; and let Nj(o;) be the lifetime under con-
stant amplitude cycling as defined by the SN curve. The M rule asserts that

= —_ = (2.122)
i V. (o, Moottt - 1

This defines the last nj, which terminates at failure, and thus the total life-
time is

(2.123)
The procedure is illustrated in figure 2.60.

Experience with metal fatigue has shown that the simple A rule is not reliable.
The major problem is that since it is a linear superposition rule, it cannot take
into account a sequence of loading effects. For example, if the loading is two-
stage, i.e., first n; cycles at amplitude o¢; and then n, cycles to failure at
amplitude @,> 9;, then the total lifetime is n;+n, cycles. |If the sequence of
loading is reversed and ¢, is first applied for n, cycles, then the M rule
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would predict the same total lifetime, nj+n,. Experience with metal fatigue
shows, howaver, that the sequence of loading does significantly affect the life-

tine. Generally, the lifetime is larger for low-high than for high-low two-stage
cyeling.

Many alternative cumulative damage approaches have been proposed for metals (refer-
ences 2.62, 2.67), generally on an empirical or semi-empirical basis. A general
cumulative damage theory, based on the concept of damage curves and an equivalent
cyclic loading postulate, has been developed in reference 2.68. A cumulative
damage theory based on residual strength degradation has been proposed in reference
2.69. A definitive theory, however, is not available at the present time, either
for metals or for composites. Consequently, many engineers still continue to use
the simple M rule in spite of its severe limitations.

Most of cumulative damage work is concerned with one component cyclic stress.

It is again emphasized that this is not of great interest for UDC since the layers
in a laminate are at least in states of plane cyclic stress. It iS necessary,
therefore, to construct a cumulative damage theory for UDC under combined states of
cyclic stress. Such a theory is not available at the present time.

2.3.6.5 Concluding Remarks.

The subject of fatigue failure of fiber composites is still in a developing
stage. It is clear, however, that fatigue failure mechanisms of composites
differ significantly from those of metals. Further, the widely used carbon fiber,
polymeric composites have demonstrated excellent fatigue characteristics when
loaded in the fiber direction. Utilization of these properties will be discussed
in Chapter III,

Much of the current research on fatigue of composites is concerned with laminates,
rather than unidirectional specimens. In view of the enormous diversity of candi-
date laminates, theories relating laminate fatigue failure to unidirectional layers
is clearly needed and, therefore, the unidirectional material merits more attention.
Many interesting and important fatigue studies have been performed. The reader 1is
referred .to the chapters on fatigue of composites in the proceedings of the ASIM
composite conferences of recent years (references 2.70,to 2.76).
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APPENDIX II A - GENERAL BOUNDS FOR EFFECTIVE ELASTIC MODULI

The effective elastic moduli depends in principle on the details of the internal
geometry of the composite. Since such details are never known in practice, there
are two avenues of approach: the first is to analyze a model which is known in

detail, which has been discussed in (2.2.1); the second is to construct upper and
lower bounds on the effective properties in terms of partial information. The most
rudimentary geometrical information is volume fractions of the constituents and
macro-transverse isotropy of the material. Bounds in terms of such information

have been established for UDC in references 2.4 and 2.13. The approach is to define

the effective elastic constants by strain energy expressions utilizing stresses
and strains separately. (This definition is equivalent to defining elastic
constants as ratios of average stresses to average strains.) Then extremum
principles are employed to bound the strain energy and thereby bound the elastic
moduli. Since the treatment is quite involved, only final results will be given
here. Let the matrix material be denoted 1 and the fiber material 2. Upper and

lower bounds are identified by subscripts (+) and (-), respectively. Then, for
isotropic matrix and fibers

vk Vv v (\)2-\)1) (l/kl_l/kz)leZ
L(+) = 171 . V272 - ZVASSE N L0 V(N (a-1)

2!

(vz-vl) (l/kz-l/kl ) vV,
V17K #v, 7K +1/G, (A-2)

The upper subscript signs in the left of (2) apply when
(Vl‘\)z) (kl_kz) <0

and the lower subscript signs apply when
(vi=vy) (ky=k,) > 0

The first case usually applies for polymer UDC since matrix Poisson's
ratio is larger than that of fiber, and matrix k is smaller than that of
fiber. Bounds for the other moduli follow:

v
kK* . = k 2
(=) 1t I7(k-kq) + v,/ (K +G)
(A-3)
V.
- 1
Kl =52 7

2 l/(kl-kz) + Vz/(k2+G25



V2

T(-) = O1 7 I716,76 4V (K +26,) 726, (k;7G7)

(A-D)
G* = G2 + vl o 7 .
Vo
* -
*L-) = %1 * TG, Fv, /26
(A-5)
. \V4
SL(+) =€

2 - 1/(G1-G2T+v272'c—2‘

Th above re ults apply to isotropic fibers. When the fibe are transv rsely
isotropic (carbon and graphite), the bound modification is given by the replace-
ments (2.20). Bounds (1-3) have been derived in reference 2.4 and bounds (3-5) in
reference 2.13. The modification to transversely isotropic fibers has been given
in references 2.2 and 2.9. It should be emphasized that the bounds are valid for
statistically transversely isotropic materials of arbitrary fibrous interous
geometry.

Bounds €or EX are given in terms of the above bound by

T 2
A S S A
* = * * *
BT(-) Sr(-) K10 EL
2 (A-6)
4 __1 .1 e
= * *
E}(+) ST(+) K+ Ef
where
E} =EvVi+ e v (A-7)

2°2

1t is of interest to note that all bounds except for (A-4) are composite cylinder
assemblage solutions. For details see references 2.2 and 2.9. Note that (2.19)
is the equivalent of the lower bound (A-4).
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The bounds (1) are extremely close for all UDC and are for all practical purposes
both equal to (7). The bounds (2) are fairly close. The bounds (3-6) are not
sufficiently close for glass/polymer or boron/polymer UDC but their modifications
for transversely isotropic fibers are extremely close for carbon/polymer and
graphite/plymer UDC. The reason is that the moduli k, Gr¢ and Gy ¢ of these
fibers are much lower in relation to polymer modulus than are the k¢ and G¢ of
glass and boron fibers. Table 2.11 lists the bounds for T50/epoxy. It is seen
that the bounds are so close that they actually are results.

TABLE A-1. BOUNDS FOR ELASTIC PROPERTIES OF GRAPHITE/EPOXY; ARBITRARY
TRANSVERSE PHASE GEOMETRY

Epoxy Matrix Graphite Fibers
E = 500 EL = 50,000 GL = 300
G = 185 ET = 1400 v, ® 0.20 (Moduli in ksi)
k = 612 G, = 540 Vp = 0.30
v = 0.35 k = 1000
o o SLi+)
v LB YRy [ VA | Kl | Rl | S [She | By [ B | VI TR | L) | SERS,
ksi ksi ksi ksl Xsi ksi ksi ksi
185
0 500 | .35 .35 612 612 185 185 500 500 .35 .35 185 204
0.20 | 10400 |.315 .318 671 679 222 228 663 679 . 484 . 497 203 225
0.40 | 20300 }.283 .287 734 745 268 281 783 813 . 443 . 466 223 B48
0.60 | 30200 |.253 . 257 811 e2l 331 347 931 971 . 398 423 246 228
0.80 | 40100 |.226 .228 898 903 415 431 1132 1164 . 350 . 369 272 200
1.00 | 50000 |.20 .20 1000 1000 540 540 1400 1400 .30 .30 300 300
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Equations presented in this chapter for calculation of the elastic constants and
thermal expansion coefficients of unidirectional fiber composite have been incor-
porated into a computational procedure for a Hewlett Packard 41C, &4lCV, or similar
calculator, The program calculations utilize the upper bound values for the
composite cylinder assemblage for transversely isotropic constituents. The program
title is UNI and the constituent data are provided interactively to subroutine
INPUT.

PROGRAM_EXECUTION

Program execution is initiated by keying in XEQ INPUT. This is the routine which
reads in the fiber and matrix properties according to the following format.

Each required input parsmeter is identified by a statement ending with a question
mark. The keyboard is used to define the required data and the R/S key is used to
enter the data and continue the program,

Sentinel for thermal expansion input:

ALPH - Input 0 means thermal expansion coefficients are not input
for the fiber and matrix, otherwise input 1. If 0 is input, then
fiber bundle thermal expansion coefficients will not be computed.

Matrix Properties:

EL = Young's Modulus in the axial direction.

ET = Young's Modulus in the transverse direction.

NU L = Poisson's ratio for stress in the axial direction.

NU T = Poisson's ratio in the transverse plane.

GL = Shear modulus in an axial plane.

AL L = Thermal expansion coefficient in the axial direction. (This
IS not input if ALPH was set to 0),.

AL T = Thermal expansion coefficient in the transverse direction.

(This is not input if ALPH was set to 0).

Fiber Properties:

EL = Young's Modulus in the axial direction.

ET L =~ Young's Modulus in the transverse direction.

NU L = Poisson's ratio for stress in the axial direction.
NU T = Poisson's ratio in the transverse plane.

GL = Shear modulus in an axial plane.

AL 1 -~ Thermal expansion coefficient in the axial direction. (This
is not input if ALPH was set to 0).

AL T = Thermal expansion coefficient in the transverse direction.
(This is not input if ALPH was set to 0),

Once the fiber and matrix properties are input, the program automatically executes
the UNI routine which requires as input the fiber volume fractions VF.



Program output consists of the following fiber bundles properties:

E*L
EXT
NU*L =
NU*T
GL -~
AL*L =

AL*T =

Poisson's

Young's Modulus in the axial direction.
Young's Modulus in the transverse direction.
ratio for stress in the axial

Poisson's ratio in the transverse plane.

Shear modulus in an axial plane.
Thermal expansion coefficient in the axial direction.

is not output if ALPH was set to 0).

direction.

(This is not output if ALPH was set to 0).

(This

Thermal expansion coefficient in the transverse direction.

. .essive cases may be run for various fiber volume fractions by keying in XEQ

UNT .
previously.

NOTE !

SAMPLE CASE:

See figure 2.7 for direction nomenclature.

Constituent Properties

The program will use the fiber and matrix properties which were input

|

EL_ ET j vL Vr I GL ‘ aL G 1
msi msi | } Tsi | u in/in/F | yu in/in/T,
Tizer 67.7 1.32 0.41 0.45 | 2.s3 0.146 7.01
Matrix 1.46 1.46 0.13 0.13 . 0.646 2.29 2.29
Unidirec+tional Material Procverties
E* * [ ] [ * [} °
y L B VL Ve cL & &
msi msi ms i u in/in/F ¥ in/in/F
0.40 | 28.0 1.43 0.251 0.275 1.05 0.230 4_46
0.50 | 34.6 1.41 0.279 0.306 1.19 0.205 4.91
0.55 | 37.9 1.40 0.293 0.321 1.28 0.196 5.14
0.60 | 41.2 1.40 0.306 0.336 1.36 0.188 5.35
0.65 | 44.5 1.39 0.320 0.351 1.46 0.180 5.57




UNI SAMPLE CASE

XEQ " INPUT-

N
ALFHA § OR1?
1.6060
NATRTX
NTX- EL=
14580
NTX- ET=7
1.4598
NTE- MU L=?
1788
MT#- K T=?
1749
NTX- GL=2
6468
NTX- AL L=?
2.2998
NTX- AL T=?
2.2908
FIRER
FIB- EL=?
67,7008
FIg- E7=?
1.3260
FIB- WU L=
4188
FIR- N T=?
4560
FIE- fL=?
2.5508
FIB- AL L=?
1469
FIB- AL T=?
7.8198

RUH

RUN
RUN
RUN
RUN
RUR
RLN

RUN

RUN
RUN
RUN
RUN
RUN
RUN

RUK

FIB- VF=?
4960

COMPOSITE

EsL=27.986

EsT=1.428

NilsL=g, 25

NUsT=9,275

GeL=1. 85

RLsL=8, 230

ALeT=4, 451

- B_3_

RUN

RUN

RUK

RUM

Rijk

RUN



UNI SAMPLE cAse (cont"d.)

FIR- VF=?

COMPOS I TE
EsL=34.61|

EsT=1.412
NilsL=8,279
Hljx7=8, 186
Gst=], 104
AL*L=6.2R5
ALaT=4,314
FIB- VF=2

CONPDS I TE
E¥L=17,922

ExT=1.404
NlisL =}, 293
Hil2T=8,32
Get=1,276
ALL=9,196

9 #7=5,130

&k

AEQ “UN:i"

RUN

RUN

RUN

RiH

RUAN

RUN

RUN

XE@ “UNI"

RN

Rljk

RilY

FIB- VF=)

COMPOSITE
Esl=41.23

EsT=1, 394
MsL=4, 386
Nij#T=2, 336
Gel=1,363
ALsL=0, 189

AL%T=5,359

FIB- YF=?

LOMPDS; TE
Txiz44,544

Ea721,1397
NijsL =8, 329
NljxT=8, 351
n*l=1.462
AlLsL =4, 134

AL*T=5,571

- B~4 -

XEG *UNI*

RN

RUN

RN

Rk

Q1

RIJ

PUN

RUt

AEQ °UNI-

RUK

Rljk
RUN
RUN
RN
RN
Rijh

RUN


https://E*L=34.61

UNI PROGRAM LISTING

PRF ~UN]-

BlelBL *UNI®
92 °FIB- VF=

@3 PRONPT
84 STO 10
51

B6 XOY
w7 -

AR ST) 88
A9 RCL @2
18 2

11

12 RCL a4
171

14 +

15 #

4 370 @7
17 RCL

13 2

19 ~

24 PCL 14
211

22

23 ¢
24 570 17
25 ¢

26 RCL 84
v -

28 RCL )
29 »

38 2

I s
12 RCL
3T K2
34 RCL
IS s
3 4
T s
1’ -
%R
4 R
41 s

47 %Y
47 .

¢4 ST @5
4%

a6 PLL 14
47 -

42 0L 11
a9 x

58 2

51 s

52 RCL 13
53 Xt2

54 RCL 12
55 ¢

56 4

57 ¢

58 -

59 RCL 11
69 RCL 12
61 *

62 KO
63/

64 STO 16
65 RCL B%
66 -

67 1/%

68 RCL 06
69 RC? 07
70 +

71 1%

72 RCL 89
1

74 +

75 RCL 18
76 XY
7/

78 RCL 06
79 4

88 ST0 21
81 GT0 9t

82+LBL 82
83 RCL IHD 26
84 RCL 889

as e
46 10
87 8T+ 28
88 XY

89 RCL IND 28
%9 RCL 18
9 =
92 -

93 RTN

Q4eLBL A
45 RCL @9
95 RCL 16
97
92 7L 19
93 RCL 9%
188
181 +
182 RCL 97

183 1Y
14 +

185 RCL 90
186 XY
197 ¢

188 RCL (8
199 »

118 STO 28
{1t 4

112 »

{13 RCL 13
114 RCL 83
115 -

116 X2
117 »

118 ST0 29
19 1

129 $T0 20
121 XEQ 02
122 RCL 29
123 ¢+

124 STO 22
125 reL 13
126 RCL 83
127 -

128 RCL 06
129 (/%
130 RCL 16
131 17%
132 -

123 »

134 §Ts 28
E 3

136 STD 28
137 %9 02
128 RCL 28
139 +

148 STO 23
141 RCI 15
142 RCL @5
142 -

144 1/%
145 RCL 05
146 2

T

143 {/%

149 RCL a4
156

151 +

152 RC? 18
153 XY
154

155 RCL 85

~ B-5 -

195 +

%7 STD 24
158 RCL 96
159 ENTER
169 ENTER4
161 RCL 97
162 2

163 =

164 +

165 7

166 $TO 28
167 rCL 16
168 ENTER*
169 ENTER?
178 RC( 17
171 2

172 »

173 +

174 /

175 ST0 29
176 RCL {7
177 RCL &7
178 /

179 ST0 34
{RA ENTER?
181 ENTER?
{82 RCL 28
183 +

184 XOY
185 1
186-

157 +

188 STN 3

189 RCL 38 .

198 RCL 29
19 #

142 ENTERS
193 ENTERt
194 RCL 28
195 ¥y
196 -

197 XY
193 1

199 ¢

K

AL RCL 1w
282 3

KU
274 »

205 |

286 t

287 RCL ##
2R8 K42

A9
218
N
212
213
214
215
216
217
213
214
228
53!
222
223
224
223
2%
227
228

229

23

271

X r

233

234
235 R
236

237 1

238
239
248
241
242
243
244
245
24k
247
242
243
258
251
252

282

4
R
394 70y

PCL
X$2

L

|
RL

2ee

2Th s

256

57

259
res

261

2
<

chh

]
i

28

2%

[
——

N ro
S -

RCL 235

258 .



UNI PROGRAM LISTING (cont*d.)

262 -

283 STR 27
2p4 FR? 2
265 GT0 84
266 CT0 86

267+LBL 84
268 FIX 3

269 *COMPOSITE"

278 RVIEY
271 PSE

202 "Eal=
227 BROL 22
274 PROMPT
275 -EaT=e
276 ARCL 25
277 PROMPT
278 “NisL=*
279 RPCL 23
289 PROHPT
281 "NUsT="
282 RPCL 27
20 PRANPT
284 <AL=
285 RPCL 24
266 FRONPT
257 F8? 02
288 CT? 83
289 “ALsL=*
299 ARCL 28
291 PRONPT
292 “ALaT="
293 RPCL 29
204, PRONPT

2990LBL 23
296 CLA
297 CLE
293 STOP

299+LBL 86
399 RCL 22
01 1K
392 RCL 8!
393 /¥
84 -

45 STO B
ELLYY

Je? ROL 14
g -

A9 RCL 12
-
1

2 RCL 94
13-

314 ROL 92
315 /

316 -

347 STO 67
318 RCL 23
319 RCL 22
324 7

321 RTL €3
322 RCL 8
323 -

324 -

325 470 16
326 ROL 13
327 RQL 11
328 ¢

323 RCL a3
339 RCL 81
131 s

32 -

233 5TD 17
234 RCL 11
35 1%
36 RCL 91
337 1%
173 -

339 ST0 28
48 1

341 RCL 27
342 -

343 RCL 26
344 7

545 1

346 RCL A4
u7 -

343 RCL 92
343/

35
351 5TO 34
352 RCL 28
353 pCL 87
354 8

55 RCL 17
356 X12
%7 2

82 .

159 -

3¢9 STH 3
361 RIL 86
162 RCL 97
%3 ¥

364 RCL 16

3RS
k{1
367
368
368
379
371
372
373
374
375
376
77
7
374
388
18
382
1.2
384
355
384
aR7
3R8
384
2%
191
392
3a3
294
395
356
347
193
359
4Rn
4n]
4a2
483
4pd
485
44k
487
488
409
419
411
4z
413
414
415
416
417

- B_6_

efL 17

xro »

RCL 18
RCL 88

8
RCL 85
%CL 17

RCL 16
CHS
RCL 28
+

RCL 19

ROL A9

17
REL 1t

1w ro ow

RCL 15
RCL €9

ERR
419 ¢+
428 RCL 31
421 ¢
422 RCL 89
423 +
424 STO 29
425 GT0 64

426¢1.BL .INPUT-

427 * UNI*
428 PYIEN
429 PSE
439 CF 92
421 |

432 “ALPHA 9 OR1O™

433 PROHPT
434 ¥=p?
435 SF 92

436 “MATRIX"

4?77 AVIEW
438 PSE
439 -nTy--
449 RSTD 22
441 SF 81

4424 BL 97
443 CLA
444 ARCL 2

445 °F EL=?"

445 PRONPT
447 FS? A1
448 ST0 8!
445 STO 11
454 CLA

451 ARCL 22

- -

452 k£

453 PROWPT
454 F37 9!
455 5T0 @2
45 STC 12
457 CLA

458 QRCL 22

459 "k NI L=7"

468 PRONPT
481 FSO N
an? 3T0 A3
462 3Ty 13
474 (LA

45 RRCL 22

4nk “F NI T=7"

$R7 PRONPT
452 F57 81

469 STY 94
479 ST) 14
471 CLU
472 (RCL 22
473 *F L=
171 PROMPT
475 F5? 01
476 ST0 85
477 §T0 15
478 FS? 82
479 610 85
489 CLU

431 RROL 22

482 *+ AL L=?-

483 PROMPT
484 £S? 01
485 STD 88
486 570 18
487 CLA

488 ARCL 22

489 °F AL T=2-

499 PROMPT
491 F5? 01
492 ST €9
493 STO 19

494¢LBL 85
495 FC7 81

496 GTC "UNI®

497 “F1BER"
498 AYIEN
499 P3E

590 “Flg-*
541 RSTO 22
592 CF @1
543 GT0 87
594 END




APPENDIX 11 C — CALCULATION PROGRAM FOR LAMINATE ELASTIC PROPERTIES

Equations presented in this chapter for calculation of the extensional and bending
stiffness of laminates have been incorporated into a computational procedure for a
Hewlett Packard 41C, 41Cv, or similar calculator. The program is applicable only
to symmetric balanced laminates.

The program accepts as imput layer material properties, orientations, and thick-
nesses. Output consists of laminate properties; namely, extensional moduli,
Poisson's ratio, and bending stiffnesses.

Note that the in-plane properties are moduli, not total plate multiplied by total
laminate thickness to obtain in-plane stiffnesses, if desired. The bending proper-
ties are stiffnesses based on the actual laminate thickness (including both the
input half and the symmetric half of the laminate).

The program, which is titled LAM, requires 270 program steps and 28 registers to
load and execute. Program execution is simplified through the use of descriptive
information supplied on the calculator display.

PROGRAM EXECUTION

Once execution is initiated, i,e. XEQ LAM, the program prompts the user for the
input; each item of which is entered followed by the R/S key. The following are the

necessary input data in the order which is required by the program.

Each required input parameter is identified by a statement ending with a question
mark. The keyboard is used to define the required data and the R/S key is used to
enter the data and continue the program.

Material Definition

Number of different materials to be used in the analysis. (The program is limited
to a maximum of 2 materials). Material properties for 1th material. (These items
are repeated for each material.)

El = Young's modulus in fiber direction

E2 = Young's modulus in transverse direction

NU12 = Poisson's ratio for load in the X direction and Poisson's
strain in the Y direction

G12 =~ In-plane shear modulus

Laminate Definition:

(These items are repeated until all of the layer information has been entered.)

LYR J MATL - Material definition number to be used for Jth layer
LYR J THETA = Orientation of Jth layer in degrees (see figure 3.1)
LYR J THK - Thickness of Jth layer

The general laminate configuration shown in figure 3.4 is limited to this program
to symmetric laminates. This is done to permit the use of an arbitrary number of
layers having any orientation and thickness. The numbering system for the sym-
metric laminate is described in the following paragraph.

c-1



The program assumes that layer 1 lies directly above the centerline of the laminate
and constructs a symmetric laminate by repeating the user input for the top half of

the laminate as input for the bottom half. After the user has input N layers, the
laminate layup is:

Layer #N
Layer #N-1

centerline

Layer #N-1
Layer #N

Therefore, by entering N layers a symmetric laminate composed of 2N layers
is analyzed.

The program will continue to ask for layer information until the procedure to
compute the engineering constraints is initiated, i.e. XEQ ELA. This is entered
when the layer material definition number is requested and all the layers compris-
ing the laminate have been input.

Program capabilities allow for unequal layer thicknesses as well as arbitrary layer
orientations and laminate thickness.

Program output can be obtained when the calculator displays "LAM PROP."™ This is
accomplished by pressing the R/S key to obtain each laminate engineering constant.
Output consists of the following:

EX - Laminate Young's modulus in the longitudinal (x) direction

EY - Laminate Young's modulus in the transverse (y) direction

NUXY - Laminate Poisson's ratio for load in the longitudinal (x)
direction

GXY ~— Laminate shear modulus in the laminate plane

DIl - Laminate longitudinal (x) bending stiffness

D22 - Laminate transverse (y) bending stiffness

D66 - Laminate twisting stiffness

Once the output has been obtained, the user may analyze another laminate composed
of the same material properties which were input at the start of program execution.
This is accomplished by keying in XEQ STRT. It is not necessary to input the
material properties again since they remain unchanged in storage.
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SAMPLE  PROBLEM

For demonstration, the laminate properties of three laminate configurations are
computed. Laminates 1 and 2 are comprised of 6 layers each and laminate 3 consists
of 10 layers. Layer material properties and laminate layups to be used as input
are given below along with the corresponding output laminate elastic constants.
Note that since the program assumes that all laminates are symmetric, only half of
the layup is used as input.

Layer Properties:

Material 1 Material 2
El 30.28 6.52
E2 1.389 2.309
12 0.372 0.300
G12 0.773 0.8628
Laminate 1:
Layer Material Theta Thickness
1 1 -60 .333
2 1 0 .333
3 1 60 .333
EX = 11.19 NUXY = 0.320 DIl = 6.96
EY = 11.19 GXY = 4.24 D22 = 9.10
D66 = 3.07
Laminate 2:
Layer Material Theta Thickness
1 2 -60 ,333
2 1 0 . 333
3 2 60 ,333
EX = 11.57 NUXY = 0.319 DIl = 6.57
EY = 3.58 . GXY = 1.36 D22 = 2.63
D66 = 0.949
Laminate 3:
Layer Material Theta Thickness
1 2 -45 .l
2 2 45 .1
3 2 -20 .1
4 2 20 .1
5 1 0 W
EX = 9.20 NUXY = 0.479 DIl = 1.4740
EY = 2.50 GXY = 1.44 D22 = 0.1672
D66 = 0.0902




LAM SAMPLE CASE

XEQ *LAM-
N, MTLS=S |2
2,089  RUN
ML, MU= |
£1=?
36.288 RUN
£2=7
1.389 RUN
NI 222
372 RUN
G12=2
773 RUN
NTL. N0, =2
£1=?
5,328 RUN
£2=?
2.383  RUN
N12=2
. 388 RUN
(12=?
8528  RIN
[YP L. WTL.=?
1 RUN
LYP 1. THETA=
-88. RUN
LYP 1. THK.=?
,333 RN
LYR 2. MTL,=7
1 RUN
LY? 2. THETA=
€. RUM
LYP 2. THk,=?
333 RUN
LYR 3. MTL.=?
L. RUN
LYR 3. THETR=
g, RUN
LYR 3, THk.=?
331 RUN
LYR 4, BTL,=?
XEQ “ELR"
LRM, PROP,
RUN
FX =11,1330
RUK
EY =11.1932
RUN
NHXY =#, 3158
Rl
NXY =4, 24044
FilN
D1} =5,9579
, RUN
D22 =9, 1848
RUN

Dhé =3.8745

%€Q *STRT"
LYP 1. MTL,=?
2 RW
LYP 1. THETA=
63,  RUN
LYP 1. THK.=?
333 RWN
LYP 2. MTL,=?
1 RWM
LYR 2. THETR=
8. RUN
LYR 2. THK,=?
.333 RN
LYP 3. ATL,=?
2 RUH
LYR 3. THETA=
68,  RUM
LYR 3 THK.=?
333 RUM
LYR 4. WTL.=?
_ XEQ “ELA"
LAM.” PROP
RUN
EX =11,5669
RIUN
EY =3.5845
RUN
NIXY =0. 3188
RUM
GY%Y =1,3625
RUN
Bi1 =6,5697
RUM
D22 =2.638!
RN
D66 =8.9492
RUN
- c-4 -

XEQ *STRT-
LYe 1, WTL.=
2 RUN
LYR 1 THETA
-45. RUN
LYP 1 THK,=?
d UK
LYR 2 WTL.=?
2 RUH
LYR 2 THETR=
4. RN
LYR 2 ThK.=?
4 R
LYR 3, WTL.=2
2 RN
LYP 3. THETR=
-2, RU
LYR 3. THK.=?
ol RUN
LT 4 NTL.=?
2 Rl
LYR 4 THETR=
2. RUN
LYR 4. THK,=?
4R
LYR 5. WTL.=
o RO
LYR ti. THETA=
8. RUP
LYP 5. THK,=?
.l RUN
LYR 6. NTL.=?
XEQ “ELA"
LAN, PROP.
RUN
X =9.1992
RN
Y =2,4964
RUH
MY 2. 4798
RUN
GXY 21,4437
RU
DT 21,4740
RUN
122 =0.1672
Rk
166 =A.5982
R




LAM PROGRAM LISTING

PRP "LAN-

B1eLBL “LAN*
e2 1 -
03 *K0, WTLS=? (,2°
84 PRONPT
e5 X)Y?
96 SF 81
67 18.1
68 370 @8
69 CLA
19 *MTL. HO.= 1
11 AYIEN
12 PSE
13 GT0 82

14¢LBL 01

15 "NJL, N0, = 2°
16 AVYIEM
17 PSE

18¢LBL 02
19 CLP
20 "E1=7*
21 XEQ 03
22 *g2=7"
23 XEQ 03
24 *NU12=2-
25 ¥ 03
26 *612:7°
27 XEQ 03
28 F$7¢ 81
29 CTO 01
38 GTO *$TRT*

31eLBL B2

32 PROYPT
32370 IND 89

34 156 84

15 CLA

36 RTH

374LBL “STRT*
38 18.031
39 STO 84
49 (LY

41 BL A2
42 STO IND 9
43 156 98
44 GT0 98

43¢ EL {4
46 XEQ 1
47 870 18
48 §T+ 18
49 RON

58 STO 20
51 RDN

52 4

53

54 9

59 ¢+

56 570 @9

37+LBL 04
58 XEQ@ 05
59 STN 04
68 YEQ 05
&1 ST0 63
62 STO 00
63 XEQ 05
64 STO @2
65 ST+ B8
66 X&) 85
67 3T0 81
68 ST/ 8@
69 1

78 RCL 80
71 RCL 03
72 %

73 -

74 ST/ 91
75 817 e2
76 RCL 82
77 §T* 93
78 4

79 3T+ 84
80 RCL 01
81 RCL 02
82 -

53 810 05
84 2

85 ST/ 85
86 ST+ 93
87 RCL 02
88 5T+ 81
29 9

98 370 98
91 -

92 3T #6
93 57+ 83

94 iEQ B6
95 S7+ 64
96 XE9 85
47 STs O3
8 3

99 ST+ 83
{A9 xEQ 96
161 STs 04
102 3
183 £T.
104 57
iws s
186 P
197 2
19?7 n

143 L£OS
{18 5T+ 85
111 LASTX
112 2

113

114 £NS
115 ST+ 43
116 PCL 26
117 S76 Al
112 S70 82
119 RCL a7
129 STQ 83
121 RCL €9
122 STO @4
123 RCL 85
124 ST+ 01
125 8T~ 02
125 RCL 08
127 ST+ 81
128 ST+ e2
129 57- 83
130 ST- @4
131 4

132 ST() @8
133 24

134 ST 09

135eLBL 87
136 RCL 18
137 PCL IHD o#
133
139 2
14 *

141 Sit 1Ny 89
142 DSE 99
143 DSE 98

= Cc-5

144 {70 87
145 RCL 19
ldn RCL 18
147 2

148 7

149 -

158 Xt2
151 RCL 18
152 n

153 LASTX
154 3

155 Y#X
156 12

157 7

198 .

159 2

168

141 STN 00
162 RCL 01
163 »

164 ST+ 25
165 RCL 88
166 RCL 02
A7 8

143 ST+ 26
169 RCL 99
|78 RCL 84
171 s

172 §T+ 27
173 G70 1@
174 RIN

175¢LBL 85
176 RCL IND e9
177 DSE 89

178 PTH

179¢LBL 06
%8 RCL 81
181 R1 83
182 +

183 ROL 84
184 +

185 a

186 7

187 570 IND @#

183 RfL 06
129 DSF B4
199 RTH

215

191 L8l -FLU-
192 ;1 4
193 RCL 2t
194 RCL 22
199
1% RCL 23
197 870 e3
198 Xt2
199 -

288 STN 81
201 STO a2
202 RUL 24
263 5T01 A4
284 RCL {9
205 2

286

207 §17 91
208 31/ 82
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Chapter llil. Laminates

Where onden 1IN vardiety we see
And whene, though all things digfer, all agnree.

Alexander Pope
Windsor Castle

The properties of unidirectional composites described in the previous chapter have
been shown to be decidedly different from conventional metallic materials. The
pramary difference from an analytical viewpoint results from the material

anis tropy. These materials typically have exceptional properties in the direction
1 tne reinforcing fibers while properties perpendicular (transverse) to the fibers
are poor to mediocre. Thus, with the exception of one-dimensionally loaded members
(e.g., truss members), unidirectional composites would be expected to perform
porlv with respect to conventional materials. The problem then is how to best
utiiize the exceptional fiber directional properties while minimizing the effects
ot the low transverse properties. One obvious solution is to utilize the approach
taxen in the manufacture of plywood.

Plywood, as is well known, is made up of layers or plies of wood bonded together
with the wood grain in each ply oriented perpendicularly to the adjacent plies.

Bv orienting the plies of wood in this way, the lesser properties of the wood
perpendicular to the grain are augmented by the superior properties in the direc-
tion of the wood grain. At the same time, however, the superior properties in the
gra:n direction cannot be fully utilized, due to the presence of the perpendicular
piies.

This bonding together of individual plies is used with unidirectional composites to
form laminates. The plies or laminae are oriented such that the effective proper-
ties of the laminate match the loading environment. The tailoring of laminate
effective material properties to correspond to performance requirements is accom-
plished through the use of lamination theory.

Lamination theory can be considered a form of structural analysis. Here, however,
the structural material is being designed. This adds another level of effort to
the design process, but at the same time allows the structural material to be
tailored to match the loadings. Thus, if a 2:1 biaxial loading environment is
prescribed, the structural laminate used can be designed for a 2:1 strength. In
this fashion, the amount of material is minimized in a way which is not possible
with conventional materials.

This chapter starts with a treatment of the stress-strain relations of the uni-
directional fiber composite in theforms appropriate for analysis of thin plies of
material. In the following section the analysis is developed for an assemblage of
plies, i.e. a laminate. The stress-strainrelations for a thin laminated plate are
developed for the case of plate membrane forces and bending moments.

For purposes of structural analysis, it is desirable to represent a laminate by a
set of effective stiffnesses, just as a homogeneous plate is defined by its exten-
sional and bending stiffnesses. The calculation of these laminate mechanical
properties is defined and illustrated in section 3.4. Also in that section, the
analysis is expanded to include treatment of laminate expansion resulting from
temperature and moisture changes.
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Section 3.5 addresses the calculation of temperature and moisture distributions
through the thickness of a laminate. With this information, and the definition 'of
applied loads or deformations, the stresses in each ply can be calculated. Pro-
cedures for doing this are presented and ilfustrated in section 3.6.

Up to this point, the chapter deals with what may be classified as the non-
destructive response of the laminate to external load and environment. The remain-
ing sections address laminate failure resulting from static, cyclic, and impact
loading conditions, respectively.

3.1 TERMINOLOGY.

Lamination theory, as with all technical endeavors, involves a certain amount of
specialized terminology or nomenclature. In order that the reader of this text not
be confused by the use of this terminology, some of the more frequently used terms
are briefly described here.

Lamina
Laminate
Stacking Sequence

Symmetric Laminate

Balanced Laminate

Cross~-Ply Laminate
Isotropic

Anisotropic
Orthotropic

Quasi-Isotropic

Homogeneous

Extensional-Shear
Coupling

Bending-Twisting
Coupling

Extensional-Bending
Coupling

Intralaminar
Interlaminar
Lamina Coordinates

layer or ply of material.

number of laminae bonded together.

description of a laminate which

details the ply orientations and their

sequence in the laminate.

A laminate in which the construction
above the mid-surface is a mirror image
of the construction below the mid-surface.

A laminate in which all plies oriented
at angles, g, other than 0" and 90"
occur in t e pairs (not necessarily adjacent).

A laminate which has plies oriented at
0" and 90" only.

A material description which indicates
identical properties in all directions.

No isotropic.

A material description indicating three
mutually orthogonal axes of elastic symmetry.

A laminate in which the elastic properties
within the laminate plane are isotropic.
Laminate strengths are typically not isotropic.

A material description indicating no
material variation with spatial coordinates.

A property of certain classes of
laminates which exhibit shear strains when
subjected to extensional loading.

A property of certain classes of laminates
which exhibit bending curvatures when subjected
to bending moments,

A property of certain classes of laminates which
exhibit bending curvatures when subjected to

sional loads.

Relating to effects within a ply.

Relating to effects between plies.

Coordinate system having axes in the principal

material directions of a limina.
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Laminate Coordinates =~ A reference coordinate system (used to
describe the properties of a laminate),
generally in the direction of principal
axes, when they exist.

3.2 LAMINA STRESS-STRAIN RELATIONS.

A laminate is composed of unidirectionally reinforced laminae oriented in various
directions. Each lamina is the type of UDC discussed in Chapter II. Therefore,
the elastic stress—strainrelations of the lamina are described by (Chapter 11-2.6).
These stress—strain relations will be written here in matrix form using a different
notation for elastic properties. With x; in the fiber direction, x; transverse

to the fibers in the plane of the lamina and x3 normal to the plane of the lamina
(see figure 2.3), the material properties define the lamina properties as follows:

E = E* - *

1 L \)12 - \)L
E E _ (3.1)

Vo3 = v}

612 T & G3 = G2

Furthermore, the laminae, at this point, are treated as effective homogeneous
transversely isotropic materials and the strains are written without overbars.

Thus :

- - 7
f11 VEL mVp/E) mvip/E) 0 0 0 °1;
€
13 0 0 0 0 1/G6;, 0 o1
f12 0 0 0 0 o 1761, o1y,
O
where account has been taken of the symmetry relations:
Y21 Y12 _ Y31 _ 13 223 _ 2
B, B B3 E E, E,
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The literature on laminates frequently considers the case of orthotropic laminae,
which involve nine elastic properties instead of the present five of the trans-
versely isotropic material. In the orthotropic case the stress-strain relations
(3.2) are replaced by

/ \

€11 [ 1/15:l “’12’E1 -\)13/31 0 0 0 T /oll\

€9 -y, /E; L/E, ~v,i/E, 0 0 0 955

e33 | | ™V13/E1 "V23/E; 1/Eg 0 0 0 933 | (3.3)
<2623 i 0 0 0 1/G,, b 0 <023
pers | 0 0 : 0 0 1/G453 0 )3
felzJ i 0 0 0 0 ¢ 1/G12_‘ \012)

The orthotropic case is of limited practical interest. 1t has been used in the
case of boron fiber reinforced laminae, which typically contain only a few fibers,
or even only one fiber, through the thickness. Such a lamina is not a composite
material in the sense described in Chapter 11, which requires the concept of
representative volume elements containing a multitude of fibers.

It has been common practice in the analysis of laminates to utilize engineering
shear strains rather than tensor shear strains. Thus, the factor of 2 has been

introduced into the stress-strain relations of (3.2) and (3.3). The relationship
between tensor and engineering shear strains is

523\ (Y23\
f13) * ("13)
F12 (12,

The most important state of stress in a lamina is plane. i,e,

~ } ~ (3.4)
3 = 3 = 933 %0
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since it occurs for both in-plane loading and bending at sufficient distance from

the laminate edges. In this case (3.2) reduces to
- T/
11 1/E, “v12/Ey 0 %11
€22 = |V12/E1 L/E, 0 <°22> (3.5)
€19 0 0 1/G12—d \012)

which may be written:
{e,} = [S]{ol}

Here (S8), the compliance matrix, relates the stress and strain components in the
principal material directions. These are called lamina coordinates and are denoted

in the condensed notation by the subscript ¢ . These equations are equivalent to
equations in Chapter II1-2,23,

The three parts of equation (3.5) relate the in—plane strain components to the

three in-plane stress components. For this plane stress state, the three addi-
tional strains can be found to be

and thus the complete state of stress and strain is determined.

The relations (3.5) can be inverted to yield

{02} = [S]-l{el}
or (3.6)

{o

E} [Q]{Ez}

The matrix (Q) is defined as the inverse of the compliance matrix and is known
as the reduced lamina stiffness matrix. Its terms can be shown to be given by
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Ey

1-\,12232/31

Q22 B Eg ) (b)
1-v 12 E2/E1
%2 - 1-312§§ /E,
12 =27 71
Q6 = Ci12

The notation used for the (Q) matrix results from the procedure discussed in
Chapter 11 for simplified engineering representation of the fourth rank stiffness
sensor. Each pair of subscripts of the stiffness components is replaced by a
single subscript according to the following scheme:

11 - 1 22 + 2 33 + 3
23 + 4 31 - 5 12 - 6

The reduced stiffness and compliance matrixes (3.7) and (3.5) relate stresses and
strains in the principal material directions of the material. In order to define
the material response in directions other than those material coordinates, it is
necessary to develop transformation relations for the material stiffnesses.

In figure 3.1, two sets of coordinate systems are depicted. The 1-2 coordinate
system corresponds to the principal material directions for a lamina, while the x-y
coordinates are arbitrary and related to the 1-2 coordinates through a rotation
about the axis out of the plane of the figure. The angle e is defined as the
rotation from tha arbitrary x-y system to the material 1-2 system. (6 is positive
for a counter clockwise rotation).

The transformation of stresses from the 1-2 system to the x-y system follows the
rules for transformation of tensor components. Thus
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Oxx mZ n? -2mn %11
ﬂ Oyy k = n2 m2 2mn g 022
G 2 2 s (3.8)
mn -mn m“-n
\ XY ) u ] \ 12

or {ox} = [6]{02}

where m = cosg, N = sine

~——_
7

pd

1,2 Principal Material Coordinates
x,y Laminate, or Arbitrary Coordinates

FIGUKE 3.1. COORDINATE SYSTEMS

In these relations, the subscript x is used as shorthand to refer to the laminate
coordinate system.

The same transformation matrix (8) can also be used for the tensor strain compo-
nents. However, since the engineering shear strains have been utilized, a
different transformation matrix is required. Thus:



/Exx\ i m2 n2 -mn /ell
(eyyp =| 02 m? mn ( €22
(3.9)
2¢ 2mn -2mn m2-n2 | 2¢12
N *Y) : \
or {egl = ["]{ez}
Both equations 3.8 and 3.9 can be inverted to yield
_ -1
& = [6] {ox}
and . (3.10)
{egd = Lnl17 ey )
where 2 n2 omn (3.11)
o7t = n? m? =2mn
—mn mn m2-n2
and m2 n2 mn ]
(vt = | n2 m2  -mn
| -2mn 2mn m2-n2

comparing (3.11) with (3.8) and (3.9) it can easily be seen that in this particular
case, the inverse of each transformation matrix can be found simply by substituting
negative angles for the various terms within the matrix.

Given the transformations for stress and strain to arbitrary coordinate systems,

the relations between stress and strain in the laminate system can be determined.
Substituting equations 3.10 and 3.11 into 3.6 yields
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-1 -1
{o,} = (617 (o} = (QI{e,} = [0} {v] Yic }
. x L % (3.12)

or (o} = (611Q11v] e )

X

or

{ox} = [5]{gx} (3.13)

The reduced stiffness matrix, (Q), relates the stress and strain components in the
laminate coordinate system. Here

(8] = (8]1Q)[v]~t (3.14)

The terms within 05) are defined by the appropriate matrix multiplication to be

4

Ol

= 4 2 2
11 9m +Q,,n +2m°n (Q) 5+ 20,,)

= m2n2 - 4, 4

Lo]]

5 2 2
Qe = 1Q3;m"-Qy,n -(012+2066)(m% n?) Imn
_ 4 bpom2n2
Qa2 = Qn™Qym™+2mn=(Q) 5+ 20, ()
= 2 2 2 2 (3.15)
— 2 2 2 2
Qe = (Q11%Q2572Q) )™ n"+Q (m"-n")
021 = Q12
Q61 = Q1 Q62 = Q6
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where the subscript 6 has been retained in keeping with the discussion following
equation 3.1. Thus

[—6 - ———
1 012 Q6
(3.16)
[Q) =|0q. = 5
Q ‘ 022 Q6
Q. Q Q
= 26 66|

A teature of the 05) matrix which is immediately noticed as being dissimilar to
previous constitutive relations is that (Q) is fully populated. The additional
terms which have appeared in (Q) = namely Qjg4, and Qg ~ relate shear strains to

extensional loading and vice versa. This effect of a shear strain resulting from
an extensional stress is depicted graphically in figure 3.2.

-
/
/
/

| ]

TN

[
/
L

——

— — — —. Deformed Shape under Extensiona.
Loading -

FIGURE 3.2. EXTENSIONAL-SHEAR COUPLING
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Referring to equation 3.15, each of the extensional-shear coupling terms can be
seen to contain a sine-cosine multiplier term. Obviously, if either sine or cosé
is zero, the extensional-shear coupling terms are zero. For the product sine cos#
to be zero, the angle 8 must be 0° or 90'. Physically, this means that the fibers
are either parallel or perpendicular to the' loading direction. For this case,
extensional-shear coupling does not occur in an orthotropic material, since the
loadings are in the principal material directions (eqn. 3.5).

The procedure used to develop the transformed stiffness matrix can also be used to
find & transformed compliance matrix. Thus

{62} (s] {02}

(e } = [¥1IS116] 7 (o, ]

X (3.17)

(e, } = [S]{c,}

The relations between the terms in (S) and (S) are developed by a procedure iden-
tic.t to that for the relations between (Q) and (Q).

Noting that the stress-strain relations are now defined in the laminate coordinate
svstem, lamina stiffnesses can also be defined in this system. Thus expanding the
iast of equation 3.17:

\ [‘3 3 5 (
Exx S11 S12 Si6 O xx
“yy $ = Sy S5 5 ﬁoyy
2€xy) (516 S26 566  Oxy

The engineering constants for the material can be defined by specifying the con-

ditions for an experiment. Thus, the ratio 0y ,/e,y, fOr a,, = oy, = 0, is the
Young's modulus in the x direction. For this same stress State, -g,,/e,¢ is the
Poisson's ratio. In this fashion, the lamina stiffnesses in the coordrnate system
of equation 3.17 are found to be:
E, = —
51
g, = L
Y g,
‘ (3.18)
G = 1
Xy k3
T66
Vxy = "S21/811 = 7Syp/5yy
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It is sometimes desirable to obtain elastic constants directly from the reduced
stiffnesses, (Q), by utilizing equation 3.13. In the general case where the —Qi-
matrix is fully populated, this can be accomplished by using equation 3.18 and the
solution for Sj; as functions of Q;; obtained from the inverse relationship of the
two matrices. gm alternate approacﬂ is to evaluate extensional properties for the
case of zero shear strain, Eyy = 0, as opposed to the previous case of zero shear
stress, exy = 0. For single stress states and zero shear strain it is found that,
in terms of the transformed stiffness matrix terms (3.16), the elastic constants
are

- 2
9
12
Ey =0y, - —
022
- 2
_ 3
E. =Q,, - 12
y “"22 5 (3.19)
11
%2 %
Xy = =
Qn  Cy
Also,
G = N
Xy %6

Referring to the terms in the (Q) matrix (3.15) and the stiffness relations (3.19),
it can be seen that, in general, the elastic constants in an arbitrary coordinate
system are functions of all of the elastic constants in the principal material
directions as well as the angle of rotation.

The variation of elastic modulus E, with angle of rotation is depicted in figure
3.3 for a typical graphite/epoxy material. For demonstration purposes, two
different shear moduli have been used in generating the figure. The differences
between the two curves demonstrate the effect of the principal material shear
modulus on the transformed extensional stiffness.

Examining the figure, it can be seen that the two curves are identical at 8=0° and
8=90°. This is as expected since at these angles the extensional stiffness E, is
simple E; or E2. Between the two end points, substantial differences are

present. For the smaller shear modulus, from approximately 50" to just less than
90°, the extensional stiffness is less than the E, value. This is a most
interesting result, indicating that for these angles the material stiffness is more
strongly governed by the principal material shear modulus than by the transverse
extensional stiffness.

The curves of figure 3.3 can also be used to determine the modulus E,. This 1is

accomplished simply by reversing the angle scale. Thus, the values shown at 0"
correspond to £, at 90" and the values at 90" correspond to E, at 0".
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VARIATION OF Ex WITH ANGLE AND G;, FOR TYPICAL
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With the transformed stress- strain relations, it is now possible to develop an
analysis for an assemblage of plies, i,e. a laminate. Thus, we proceed to lamina-

tion theory.

3.3 LAMINATION THEORY.

The development of procedures to evaluate stresses and deformations of laminates is
crucially dependent on the fact that the thickness of laminates is very much
smaller than the in-plane dimensions. Typical thickness values for individual
plies range between 0.005" and 0.010'. Consequently, aerospace laminates using
from 8 to 50 plies are still generally thin plates and, therefore, can be analyzed
on the basis of the usual simplifications of thin plate theory.

Analysis of isotropic thin plates is an old and established field in which it has
become customary to analyze the cases of in-plane loading and bending, separately.
The former case is described by plane stress elastic theory and the latter by
classical plate bending theory. This separation is possible since the two loadings
are uncoupled; when both occur, the result is given by superposition. In the case
of anisotropic laminates, in-plane loading and bending, in general, are coupled and
have to be treated together. It is only for summetric laminae stacking sequences
that uncoupling occurs. Consequently, first lamination theory will be developed
for the general case and then simplifications will be introduced.

The classical assumptions of thin plate theory are:

(1) The thickness of the plate is much smaller than the
in-plane dimensions;

(2) The shapes of the deformed plate surface are small
compared to unity;

(3) Normals to the undeformed plate surface remain normal
to the deformed plate surface;

(4) Vertical deflection does not vary through the thickness;
(5) Stress, normal to the plate surface is negligible.

On the basis of assumptions (3-4), the displacement field in the plate can be
expressed as:

u, = uz(X.y)
u, T U (x,y) Tz .
(3.20)
u, = U (x,y) -z —
Y Y 3y
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with the x-y-z coordinate system defined as in figure 3.4. These relations (3.1)
indicate that the in-plane displacements consist of a mid-surface displacement,
designated by the superscript ©, plus a linear variation through the thickness.
The two partial derivatives are simply bending rotations of the mid-surface. The
use of assumption (4) prescribes that u, not vary through the thickness. The z
coordinate is measured from the mid-surface of the plate. This 1s a natural

convention for a laminate which is symmetrically stacked with reference to the
mid-surface but an arbitrary one when this is not the case.

[,/
% ~
s //4
2 1B
i ’ 4
Zz 4
24 ¥ 2 { MID-suRFACE
7 Zx_lzK- Z Z ’
X x-1 —;‘
X
PLY ¢

TOTAL LAMINATE THICKNESS 2h

FIGURE 3.4. LAMINATE CONSTRUCTION

Writing the liner strain displacement relations

au
- _ ou
kA% vy T 3y
(3.21)
1 Auy Ju
y T2 0

and performing the required partial differentiations
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XX ax

(4}

3
Yy - 3y 'y

EXY

or

where

{e°} + z {«}

au?l su’®

—Z)
)
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(x} = |-

o u, > (3.25)

d
_2ax3y

Thus, the strain at any point in the plate is defined as the sum of mid-surface
strain, €9, and a curvature, («), multiplied by the distance from the mid-surface
(see figure 3.5).

For convenience, as is usual in plate theory, stress and moment resultants will be
used rather than stresses for the remainder of the development (see figure 3.6).
The stress resultants are defined as

NXX
h
{n} = NYY = :f;{cx dx (3.26)
N
Xy

and the moment resultants are defined as

h
{M} = Myy = -}{' {Ux} zdz (3.27)

where the integrations are carried out over the plate thickness. These integrations
are graphically depicted in figure 3.7.

Noting equations 3.13 and 3.22, relations between the stress and moment resultants
and the mid-plane strains and curvatures can be written as
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x Mid-Surface
q

__Deformed Shape

Total Displacement at A:
- °
u=4u +eZA

Strain at A:

FIGURE 3.5. PLATE DEFORMATIONS AND STRAINS

FIGURE 3.6. STRESS AND MOMENT RESULTANTS
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/"
{N} = {cx} dz

h
‘/1'.1 (Q) ({e°} + z{x}) dz

-h (3,28)
. > h h
M .[h {o lzdz = ‘/h Q) ({e°} + z{«})zdz (3.29)
The integrals can be separated nto their component parts, yielding
h h
(N} =f [Q){e°} a f ]
J €°} dz + / [Ql{«}zdz (3.30)
h h
{M} =/ (Q) {e°}zdz +_[ [Q1 {«}z%az
- (3.31).

Since the transformed lamina stiffness matrices are constant within each lamina and
the mid-plane strains and curvatures are constant with respect to the z coordinate,
the integrals in equations 3.30 and 3.31 can be replaced by summations yielding

N .
{N = o1t - o
} ii (Q] (Zi Zi_l){g } +%'

1

[ e A

=i, 2 2
L ) (Q] (zi-zi_l){K} (3,32)

M} =

N
22

=i, 2 2 . p N
Q17 (z]-2z7_;){e°} + 3 E

s11,,3_.3 (3.33)
. RACRCCHITIC

i 1

where N is the total number of plies, z; is defined as in figure 3.4 and super-
script i denotes a property of the ith ply. Note that z; = zj-} is equal to the
ply thickness.
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Introducing three matrices equivalent to the three different summations shown in,
equations 3.32 and 3.33, the relations can be written as

{N} = [A}{e°} + [B]{k}
{M} = [(Bl{e°} + [D){x}
or
{E} _ [aiB {e°= (3.34)
M BiD |k
where the stiffness matrix is composed of the following 3X3 matrices:
N =, 1
A = 1 -
[A] iil [Q] (Zi zi_l)
N
() =% L @Y z2-22 L) (3.35)
i=1 -
N
D} = = 3 _
! 3,510 (i)

where the reduced lamina stiffnesses for the ith ply are found from equation 3.15
using the principal ply properties and orientation angle of each ply in turn.

Thus, the constitutive relations for a laminate in terms of stress and moment
resultants have been developed.

In examining the relations (3.34), the first interesting feature revealed is a
coupling between bending and extension. The (B) matrices relate stress resultants
to bending curvatures and moment resultants to mid-plane strains. Thus, for a
general laminate, the application of a stress resultant produces curvatures and
application of a bending moment produces extensional strain. The feature is known
as bending-extensional coupling.

In typical structural laminates, bending-extensional coupling is eliminated by
proper specification of the stacking sequence. Stacking sequence refers to the
order in which the various plies are put together. Noting the relations for

computing the (B) matrix (3.32) or (3.33), it can be seen that if the plies are
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arranged in an even z function (symmetric about the mid-plane), the (B) matrix is
eliminated. Thus, if the laminate is designed with identically oriented plies at
equal distances from the mid-surface, bending-extensional coupling is eliminated.

There are other forms of coupling inherent in the relations (3.34). In order to
examine these various couplings, it is necessary to evaluate individual terms in

the (A), (B), and (D) matrices. The most general form of these matrices combined
as in (3.34) is

A1) ) A6 B11 B12 Blg
A2 A2z Y Ba1 B22 Bye
B A6 Ree Bi1g B26 Be6
Bi1 B12 Big Dyy P12 D16
Ba1 B2 Bae Da1 Dy D26

| P16 P26 Bee P16 D26 P66 |

It can be seen that, in general, the (A), (B), and (D) matrices are fully populated.
Thus, there is coupling between membrane extension and membrane shear (Ajg, Agg)
and coupling between bending and twisting (Djg, D2g). Both of these forms of
coupling can be eliminated by judicious ply orientation and stacking sequence
selection, but in some cases this selection may be impractical. Extensional-shear
coupling can be eliminated by specifying a balanced construction. Balance indi-
cates that for every t€ ply, there is a -6ply. These plies do not have to be adja-
cent to satisfy this requirement.

When bending-twisting coupling is undesirable, it can be eliminated, but only by
using a unidirectional or cross-ply construction. Unidirectional construction
implies that all layers have the same orientation, which is aligned with the
loading direction. A cross-ply laminate has plies oriented at 0" and 90° only,
again oriented with the loading direction. It is also possible to limit the effect
of bending-twisting coupling by other means. |If a symmetric laminate is construc-
ted with many plies, and plies with the same angular orientation are not grouped
together, the magnitude of the Djg and Djg terms will be reduced with respect to
the other terms in the (D) matrix. Thus, while the bending-twisting coupling 1is

not eliminated, its effect is reduced. In certain applications such coupling may
be desirable.
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3.4 LAMINATE PROPERTIES.

The previous section presented the development of the relations between the middle
surface strains and curvatures and the membrane stress and moment resultants. The
elastic stiffnesses in these relationships are functions of the ply elastic con-
stants and the ply orientations and arrangement or stacking sequence. In the
present section, these results will be utilized to calculate plate bending and
extensional stiffnesses suitable for use in structural analysis. The effects of
orientation variables upon plate properties will also be treated.

In addition to the mechanical loading conditions treated thus far in this chapter,
for practical structures it is necessary to understand the effects of temperature
changes upon laminate behavior. Thus, the thermal expansion characteristics of
laminates will be presented. Further, for polymeric matrix composites, it has been
found that high moisture content causes dimensional changes. This effect is
treated in this section to define effective swelling coefficients.

In the previous section, it was shown that, in general, laminates exhibit coupling
between bending and extension. Elimination of this coupling was shown to be
possible through the specification of mid-plane symmetric construction. This leads
to a natural division of laminates into symmetric and non-symmetric categories.

Prior to discussion of these two laminate categories, typical laminate notation
will be described. A shorthand notation has been devised and is in common use.
The basis for the notation comes from the fact that structural laminates typically
have repeating groups of plies and pairs of plies at +6 and - angles. Utilizing
these groupings, the laminate construction

[0/0/45/-45/90/90/-45/45/0/0]
can be specified as

+
[02/_45/90]s
The numerical subscript indicates the number of adjacent identical plies. Adjacent
balanced .angle plies are pumped together, and the subscript s indicates that the

pattern is repeated in reverse order forming a symmetric laminate. The multiplier
subscript is also used to denote multiple groups of plies. Thus, the laminate

{45/-45/0/0/45/-45/0/0/0/0/-45/45/0/0/-45/45]
is specified as
[(£45/0,1,¢

When the central ply of a symmetric laminate is not repeated, this is denoted by an
overbar., Thus, the laminate

[45/-45/0/0/90 I-45/45]
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is specified as

(£45/0,/90]s

There are additional conventions which can be designated, but those shown here
generally are sufficient.

3.4.1 Symmetric Laminates.

As has been stated, a symmetric laminate does not exhibit coupling between exten-
sion and bending. This leads to considerable simplification for the designer of
composites in that symmetric constructions behave somewhat similarly to conven-

tional materials.

Recalling equations 3.34 and noting that for this case the (B) matrix is zero, the
relations can be reqritten as

/ ~ - .
N
x| | Au A12 Alg (e:zx
N = A A A €°
YY 12 22 26 ﬁzaﬂy
A
xy 16 A 26 Ase | Pexy
\ P) - - \ /
and
M (3.36)
XX - - .
" P11 P12 Drg| | *xx
Yy
Mo =] p 5 )
YY 12 22 B < YY
M D
XYJ 16 D26 Des| |7y

Since the ext nsional and bending behavior are uncoupled, effective laminate
elastic constants can be readily determined. |Inverting the stress resultant

mid-plane strain relations yields

1

{e°} = (A] " (N} = [a] (N}
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from which the laminate elastic constants are seen to be

E - =l G = 1

X 2ha11 Xy 21'1a.66
- v =212
ha22 , Xy aj;

where the divisor 2h corregponds to the laminate thickness.

Noting that the (A) matrix is comprised of (5) matrices from each layer in the
.am:nate, 1t IS obvious that the laminate elastic properties are functions of the

a~galar orientation of the plies. This is illustrated in figure 3.8 for a typical
“igh system. The lamina properties for this material are
.isted in table 3.1 and will be referred to in later examples. The laminae are

>riented in +8& pairs in a symmetric, balanced conatruction, creating what is called
ai angle-ply laminate.

Figure 3.8 indicates a variation in extensional modulus similar to that shown

frr the off-axis material and an angle-ply laminate are due to the effects of
extensional-shear coupling. In an off-axis material, extensional loadings produce
shear deformations as well as extensional deformations. |In an angle-ply laminate,
the shear deformations are eliminated through internal constraints. Since the
shear strains are eliminated, the material exhibits higher effective stiffnesses.
The effects of shear-—extensional coupling are more fully discussed below.

Two other features are noteworthy in figure 3.8. These are the variation of shear
modulus and Poisson's ratio. The shear modulus is equal to the unidirectional
value for 6=0° and 8=90°., The shear modulus rises sharply and reaches a maximum at
6=45°. The pcak at 45" can be explained by noting that shear is equivalent to a
combined state of equal tension and compression loads oriented at 45". Thus, the
shear loading on a (#45)g laminate iS equivalent to tensile and compressive loading
on a (0/90), laminate. Effectively, the fibers are aligned with the loading and,
hence, the large shear stiffness.

An even more interesting effect is seen in the variation of Poisson's ratio. The

peak value in this example is greater than 1.5. In an isotropic material, this
would be impossible. In an orthotropic material, the isotropic restrictions do not
hold and a Poisson's ratio greater than one is valid and realistic. In fact, large

Poisson's ratios are typical for laminates constructed of unidirectional materials
with the plies oriented at approximately £30°, This effect can readily be
explained with the use of figure 3.9.

Depicted in figure 3.9 are two separate loadings on a +30° lamina. When a positive
Nyx load is applied, the deformed shape contains a positive €x: and a negative Sav-
In the (£30)4 laminate, the shear strain is constrained by the presence of the -35"
plies. This results in an internal shear load which eliminates the shear strain.
The large Poisson's ratio is a result of this internal shear load. Noting the
second part of figure 3.9, a compressive Nyy load is seen to promote a positive
Exy. Because of material symmetries, the application of a positive Nyy would
produce a compressive eyy. Therefore, the positive internal shear load required to

constrain the shear strains developed by the positive Ny, in the first part of



TABLE 3.1. PROPERTIES OF A HIGH MODULUS GRAPHITE/EPOXY LAMINA

6

E] = 25.0x106 psi a1 = -0.30x10 ~ in/in/°F
_ 6 . _ -6 ., e

E2 = 1.7x10° psi a2 = 19.5x10 in/in/°F

G = 0.65 106 i

12 = .65x psi

II12= 0'30

P = 0.056 pci

tu 3 - cu 3 .

o, = 110.0x10" psi1 Oy = 110.0x10" psi

or' = 4.0x10° psi oo’ = 20.0x10° psi

rt = 9.0x10° psi
= 0.60

Ply thickness 0.0052 in.
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figure 3.9 produces a compressive Eyy. Thus, the Poisson induced strain iS made up
of two components: first, the applied tensile Nyy produces a compressive Evy and,
second, the induced positive Ny, produces a compressive E y' Thus, the large
Poisson's ratio IS simply a function of extensional-shearfcoupling in the individ-
ual laminae.

Because of the infinite variability of the angular orientation of the individual
laminae, one would assume that a laminate could be constructed having a stiffness
which behaves isotropically in the plane of the laminate by utilizing a large
number of plies having small, equal differences in their orientation. It can be
shown that a symmetric, quasi-isotropic laminate can also be constructed with as
few as six plies, three plies above and three below the mid plane. The simplest
quasi-isotropic laminate is (0/¢60),. A general rule for describing a quasi-
isotropic laminate states that the angles between plies are equal to n/N, where N
is an integer greater than or equal to 3, and there is an identical number of
plies at each orientation, in a symmetric laminate. For plies of a given material,
all such quasi-isotropic laminates will have the same elastic properties, regard-
less of the value of N.

As was stated, a quasi-isotropic laminate has in-plane stiffnesses which follow
isotropic relationships. Thus,

where the subscript @ indicates any arbitrary angle. Additinnally,
E
Sxy = 2(1¥§ )
Xy

There are two items which must be remembered with respect to quasi-isotropic lami-
nates. First and foremost, only the elastic in-plane properties are isotropic; the
strength properties, in general, will vary with direction. This will be discussed
in a later section. The second item is that two equal moduli Ex = E, do not
necessarily indicate quasi-isotropy. This second item is graphically demonstrated
in table 3.2, where three laminates each have identical E, and EY moduli.

The first two laminates in table 3.2 are actually the same. |If one rotates the
(0/90)5 laminate 45°, it is easily seen that it becomes a (+45) laminate. Note
that the extensional moduli of these laminates are not the same and that the shear
modulus in each laminate is not related to the extensional moduli and Poisson's
ratio. For these laminates, the x/N relation has not been satisfied and they are
not quasi-isotropic.

The third laminate has plies oriented at 45° to each other but there are not equal
numbers of plies at each angle. This laminate is also not quasi-isotropic. This
can be verified by computing a shear modulus using the isotropic relation.

The discussion of symmetric laminates has thus far centered on membrane behavior.
It has been shown that symmetric laminates can be constructed which are very well
behaved in the membrane sense. The bending behavior of symmetric laminates is
considerably more complex, primarily due to the arrangement of the plies through
the thickness of the laminate. Before proceeding with the discussion of laminate
bending, it will be helpful to examine a numerical example which will serve to
illustrate the preceeding discussion.
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TABLE 3.2. ELASTIC PROPERTIES OF LAMINATES

Ex = & ' xy Xy

10° psi 10° psi
[0°/90°] 13.41 0.038 0.65
[+45°1 | 2.33 0.829 6.46
[0°/90°/+45°/-45°/90°/0° _ 10.97 0.213 2.59

(see Table 3.1 for lamina properties)

The laminate to be studied is a (0/445/90)¢ construction (figure 3.10) fabricated
from high modulus graphite/expoxy with materials properties specified in table 3.1.
This laminate will also be used in subsequent discussions in the text in an effort
to give the student a step-by-step understanding of the laminate analysis process.

The first objective is to determine the laminate extensional stiffness matrix (A),
It has been shown in equation 3.35 that the (A) matrix is composed of the laminate
(Q) matrices and that the (Q) matrices are simply transformed (Q) matrices (eqn.

3.13). Thus, the example must begin with the determination of the laminate (A)
matrices.

Since each ply in this laminate is the same material, the (Q) matrix for each layer
is the same. Referring to equation 3.7, the lamina stiffness matrix in the
principal material directions is

[Ql = e G P
-1 A A
E, E, )
A 0 A =1 - == v
El 12
sym G]_2




[0/:45/90]s

z0 (-4 tPLY) = -0.0208
0 (1) .Zl (-3 tPLY) = -0.0156
45 (2 22 (-2 tPLY) = -0.0104
=45 (3) z3 (-tPLY) = -0.0052
30 (4) Z4 MID-SURFACE
2 l 90 (5) 25 (tPLY) = 0.0052
-45 (6) 26 ( 2 tPLY) = 0.0104
45 (7) Z7 (3 tPLY) = 0.0156
0 (8) Z8 ( 4 tPLY) = 0.0208
FIGURE 3.10. LAMINATE EXAMPLE
- =
6 5
25.15 x 10 5.13 x 10 0
= 1.717 x 106 .
0 psi
sym 6.50 x 105

The various plies within the laminate are oriented in different directions and,
therefore, the lamina stiffness matrices must be transformed into the laminate or
reference coordinate system. The transformed lamina stiffness matrices are found
through the use of equation 3.15. Thus, for the two plies oriented at 0°:

3-31



cos (0) =1 n = sin (0) =0

_ 4 4 2,2

Q9
Q5 Q16 = s Q,, = 9y
Q26 Q66 = Qs
[25.15 x 106 5.13 x 10° 0
1.71 x 10° 0 psi
5
sym 6.50 x 10

It is obvious that the transformation through 0° leaves (Q) = (Q). For
the two plies oriented at 45°, the transformed stiffnesses are found as:

m = cos (45°) = %; n = sin (45°) = %;
—= V2. 4 4 2
Q,, = Q,, (&2 /2 /Z.% /3.2
HhOTHTZT 20 () 205 () (0, + 204)

6

25.15 x 10 (%) +1.710 x 10%(3) +

2(%)(%)(5.131 x 10° + 1.30 x 10%)

7.62 x 106 psi
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6.32 x 106 psi

5.86 x 10° psi

Q6 =

Q22 = 762 10% psi
0,c = 5-86 X 106 psi
Gg = 6-45x 10% psi

. 6 6 6
[Q} =17.62 x 10 6.32 x 10 5.86 x 10
6 6 ,
7.62 x 10 5.86 x 10 psi
sym 6.45 x 10°

In the piles oriented at -45°,

m = cos (=45°) = '% n = sin (-45°) = ~ ‘?’

@1 = 7.62 x 10 6.32 x 10° ~5.86 x 106
7.62 x 10° -5.86 x 10°% psi

3 sym 6.45 x 10ﬂ

Note that the only difference between the +45° and -45° transformed stiffness
‘matrices is the sign of the shear-extensional coupling terms'Qyg, Q26> Q61>
Qgp. Finally, the transformations for the 90" plies yield:
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m = cos (90°) =0 n = sin (90°) = 1
[Q] =}1.71 x 10 5.13 x 10 0
6 .
25.15 x 10 0 psi
5
sym 6.50 x 10
e —

which is the same as (Q) for the 0" plies with the Q) and Q7 terms transposed.

Now that the transformed lamina stiffness matrices have been computed, the laminate
stiffness can be determined. Recalling the relations for (A) (eqn. 3.35),

N
(A) :iil Q] (z;-2z, ;)
N . .
=5 [Q1Y (t3
i=1 Ply)
N ) .
=1 1
a), =ie=1 911 (fp1y)
= 25.15 x 10% (0.0052) + 7.62 x 10° (0.0052) +
7.62 x 10% (0.0052) + 1.71 x 10® (0.0052) +
1.71 x 10% (0.0052) + 7.62 x 10® (0.0052) +
7.62 x 10% (0.0052) + 25.15 x 10° (0.0052)

= 4.38 x 10° 1lb/in

= 2(0.0052) [5.131 x 10° + 2(6.32 x 10%) + 5.131 x 10°]

o)
I

12

= 1.42 x 10° 1b/in
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6 _ 6
16 = 2(0.0052) [0.0 + 5.86 x 10 5.86 x 10° + g.9]

»r
I

0.0 1b/in

>
Il

5 )
22 4.38 X 10 1b/in

»
I

56 = 0.0 1b/in

_ 5 -
A66 = 1.48x 10 l1b/in

Note that the extensional-shear coupling terms in the 45° and -45" plies have
canceled each other in the laminate (A) matrix. This explains why balanced
lamintes do not exhibt extensional-shear coupling.

In order to determine effective elastic constants for this laminate, it is neces-
sary to invert the (A) matrix. Though it has not been shown explicitly, the (B)
matrix for this laminate is zero and thus the extensional and bending moduli are
uncoupled. Later sections describe how the presence of a (B) matrix can be handled.

(al = (A1 =[438 x 105 1 42 x 105 00 |
4.38 X 105 0.0 in/lb
_ sym 1.48 x 10°]
fal = 285 x 18 820 x 1077 0.0
2.55 x 1076 0.0 in/1b
] sym 6.76x 1076
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Reterring to equation 3.37

e = —1— - L - 0.42 x 105 psi
X 2hAll
_ 6 .
EY = 9.42 x 10 psi
) 6 ;
G = 3.55 x 10 psi
XYy
Xy = 0.325

Since the laminate selected for this example is quasi-isotropic, the extensional
moduli follow the isotropic relationships.

The first complication which arises in the treatment of laminate bending deals with
the relationships between extensional, (A), and bending, (D), elastic properties.

In composite laminates there is generally no direct relationship between extensional
and bending stiffnesses. This is unlike the case of a homogeneous material wherein
bending stiffness, D, and extensional stiffness, A, are related by:

2
_ A(2h)
D="17—

In determining the membrane stiffnesses (A), the position of the ply through the
thickness of the laminate does not matter. This can be seen by examining the
expression for (A) (eqn. 3.35). It is seen that the multiplier on the Q terms is
simply the ply thickness. The relations for the bending stiffnesses are functions
of the third power of the distance of the ply from the mid surface, and, therefore,
the position of the plies through the thickness is critical, The effects of ply
position in a unit thickness laminate are shown in table 3.3.

The three laminates shown in table 3.3 are all quasi-isotropic, The membrane

properties are isotropic and identical for each of the laminates. The bending

stiffnesses can be seen to be a strong function of the thickness position of the

plies. Addltlonally, bending stiffness calculations based on homogeneity (D:

Afj (2h) ) do not correspond to lamination theory calculations. Thus, the sn%ple
12

relations between bending and extensional stiffnesses are lost and lamination

theory must be used for bending properties. This table also demonstrates that

quasi—-isotropy holds only for extensional stiffnesses.

Another complication seen in table 3.3 involves the presence of the bending-twisting
coupling terms, Djg, Dyg. The corresponding extensional-shear coupling terms are
zero because of the presence of pairs of layers at +60° and -60' orientations.
Noting that the bending-twisting terms can be of the same order of magnitude as the
principal bending terms, Djj, Dpj, Dgg, it can be seen that the bending-twisting
effect can be severe.
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TABLE 3.3. EXTENSIONAL AND BENDING STIFFNESSES

[0/1+60] [+60/0] (60/0/-60]_ [ Homogeneous

' Laminate

A;; | 105 x 10" | 1.05 x 107 | 1.05 x 10”7 | 1.05 x 10’
A, | 3.42 x 10° | 3.2 x 105 | 3.42 x 10® | 3.42 x 108

Ay, | 12.05 x 10" | 1.05 x 10’ | 1.05 x 10’ | 1.05 x 10’

Age | 35 x 10° | 355 x 108 | 3-55 X 106 | 555\ 106

D, | 1.5 % 10° | 3.36 x 10° | 7.42 x 10° | 8.75 x 10°
Dy, | 1.50 x 10° | 3.92 x 10° | 3.12 x 10° | 2.85 x 10°
Dy | 474 x 10* | 9.50 x 10% | 1.42 x 10° 0.0
Dy, | 4.69 x 10> | 1.20 x 10° | 9.59 x 10°> | 8.75 x 105
Dy | 1.42x 10° | 281 X105 1y 55« 10° 0.0
Dgsg 1.63 x 10° 4.04 x 10° 3.23 x 10° 2.9 x 10°

(Lamina properties from Table 3.1; unit thickness laminate)

[A] 1b/in (D] in-1b
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It was stated previously that bending-twisting terms can be reduced; this effect is
demonstrated in table 3.4. Each of the laminates has 16 plies oriented at +60°

and -60". The differences between the laminates corresponds to the distribution
of plies through the thickness. It is clearly evident that the bending-twisting
terms are reduced as the plies at different orientations are distributed more
uniformly through the thickness of the laminate. At the same time, the primary
bending stiffnesses remain constant. Obviously, in a thick laminate the optimum
configuration has the plies at different orientations distributed through the
thickness unless, of course, the bending-twisting coupling is desired due to design
considerations.

Returning to the numerical example, the next step is to determine the laminate (B)

and (D) matrices. It was stated previously that the (B) matrix is zero and this
will now be demonstrated. Recalling from equation 3.35 the relation for (B),
N
= L. =, (1) 2 _ 2
[(B] = Zi:l (Ql] (Z-l zi-l)
_ 1 =(1) 2 2
0{2) (-0.0104)% - (0.0156) ) +

o1’ 1(-0.0052)2 - (-0.0104)?} +

SIS

) 1(0.0)% - (-0.0052) %] +

bt —

Q

=(5) 2 2
Qll [(0.0052) (0.0)"°] +

(0.0052) 2] +

2941 (0.0102) 2

(0.0102) %] +

4% 1 (0.0156) 2

Eii)[(O.OZOB)Z - (0.0156)%]}
But , =(1) _ =(8)
91 = 91
=(2) _ =(7)
Q1 = 9,
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-
—

(3)
611

1
Fo)]]

=(4) (5)
9,

1

(o]
[
P

Therefore

Biy - L1@h1r(0.0156)2 - (0.0156)2 + (0.0208)2 - (0.0208)2]

+

G2, 1(0.0156)2 - (0.0156)2 + (0.0104)2 = (0.0104),]

+631[(0.0104)2 - (0.0104)2 + (0_0052)2 - (0.0052)2]

+ 0% ((0.0)2 - (0.0)% + (0.0052)2 - (0.0052)]
= 0.0

and

Thus, for a symmetric laminate, (B) = O.

The bending stiffnesses are found from equation 3.35 as

{D] = (2' - i_l)

1,1
Dy, = 3{8711(-0.0156)3 - (-0.0208)3) +
Gfl[(-o.0104)3 - (0.0156)3) +
@3, 1(-0.0052)3 - (-0.0104)3] +

o 10,003 - (-0.0052) %+

651[(0.0052)3 - (0.0)3) +
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8% ((0.0104)% - (0.0052)3) +

UZ1[(0.0156)3 - (0.0104)31 +

t:g’_l[(o.ozos)3 - (0.0156) 3]}

6 6

)

2ch1(5.2025 x 107°) + 6%1(2.67155 x. 10~

+ 6%1(9.84256 X 1077y + 6‘111(1.40608 x 1077y

= 106.0
106.0 17.2 6.59
[D] = 17.2 26.9 6.59 in-1b
6.59 6.59 18.1

The (D) matrix is seen to be fully populated even though the laminate is balanced
and symmetric. The presence of the bending-twisting coupling terms is due to the
different distances from the mid-surface of the & and 45" plies.

The full laminate stiffness matrix has been found to be

-

e —

W,
—— e -
O

4.38x10  1.42x10° 0.0 | 0.0 0.0 0.0
1.42x10°  4.38x10° 0.0 ' 0.0 0.0 0.0
| _0.0_ _ _ 00_ —1.4810%, 00 _ 0.0 _ 0.0
0.0 0.0 0.0 1 106.0 17.2 6.59
0.0 0.0 0.0 || 17.2  26.9 6.59
| 0.0 0.0 00 | 6.5 659 18.1

[A] 1lb/in ; [D] in-Ib
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3.4.2 Unsymmetric Laminates.

The use of laminates which are not mid-plane symmetric introduces some fundamental
difficulties for the designer and analyst. The first and foremost of these is
related to how one defines the membrane and bending stiffnesses of such a material.
Because this type of laminate bends when subjected to membrane loading, how is an
extensional modulus defined? Conversely, since the material extends when subjected
to a bending load, how is a bending stiffness defined? Basically, there are two
approaches to defining these elastic constants. A membrane stiffness can be
derived either with zero curvatures or with zero bending moments and a bending
stiffness can be defined with either zero membrane strains or zero membrane forces.
In both cases, the stiffness defined will be greater when the bending-extensional
coupling is restrained. The nature of the problem can sometimes help the designer
to determine which approach to utilize.

In order to define stiffnesses of unsymmetric laminates with constrained bending-
extensional coupling, it is necessary to use zero curvatures for extension and zero
mid-plane strains for bending. Writing the full constitutive relations

{N} = (a}{e°} + [B]{k!}
(3.38)
{M} = [Bl{e°} + [D){x}
the extensional stiffness can be found by substituting (k)=0; thus
(3.39)
{N} = [A]{e°}
and the bending stiffness can be found, substituting (&°)=0
(3.40)

{M} = [D}{x}

These relations are identical to those used in symmetric laminates and, therefore,
the constrained stiffnesses are identical to those of symmetric laminates. It must
be recognized, however, that moment resultants are required to develop the zero
curvatures in equation 3.39 and stress resultants are required to develop the zero
mid-plane strains in equation 3.40.

The moment resultants which are developed due to the prescribed zero curvatures can
easily be determined. Solving equation 3.39 for the resulting mid-plane strains
yields

3.41
1 ( )

{e°} = [A] “{N}
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Substituting these into equation 4.3, and remembering that the curvatures are zero,
yields

{M} = [B]{e°}
or (3.42)

fM} = “liny

Stress resultants developed due to curvature restraint can be found similarly.
Thus ,

{«} = (D] timM} (3.43)
{N} = [B]{«}
or
(N} = (3.44)

Defining stiffnesses without constraining the bending-extensional coupling requires
a little more effort. Referring to equation 3.37, the extensional stiffnesses can
be found by specifying that (M) = 0. Therefore

{0} = [(B}{e°} + [D]l{x}

(3.45)
The curvatures can then be found to be
{«} = -(pj B (e (3.46)
Substituting these into the first of equation 3.37 yields
{N} = [Al{e°} + {e°})
or  {N} = ([(a] - (B][D) }(B]) (e} (3.47)
or {N} = [A*]{e°}

The effective laminate extensional stiffnesses can not be found using the relations
(3.37) and the (A*) matrix.

4n effective bending stiffness matrix can be determined similarly by specifying
(N) = 0. Thus

{0} = [A){e°} + [B]{k} (3.48)

Now the mid-plane strains are seen to be

{e°} = -[A]-l[B]{K} (3.49)
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and the second of relations (4.3) is rewritten as

(M} = (-(B) (A} L(B] + (D)) (x}
or (3.50)
(M} {(D*]{k}

yielding an effective bending stiffness matrix, (D¥),

It was stated earlier that properties computed on the basis of constrained bending-
extensional coupling were higher than those computed without this constraint. It
was shown that constrained properties are identical to symmetric properties. These
two features are demonstrated in table 3.5, where elastic properties are listed
with and without the constraint of the bending-extensional coupling effects. The
laminate modelled is (0/+£45/90); hence, it is unsymmetric, The properties
computed with zero curvature are seen to be quasi-isotropic, The properties
computed with the moment resultants equal to zero are seen not to be quasi-
isotropic, which is a result of the lack of symmetry. Also, the stiffnesses are
considerably lower than the zero curvature properties in this particular case.

TABLE 3.5. BENDING EXTENSIONAL COUPLING EFFECTS ON STIFENESS OF A
(0/+45/90) GRAPHITE/EPOXY LAMINATE
Ex
E E G

X y Xy Xy 2(1+v__ )

(Msi) (Msi) (Msi) (Ms1i) XY
9.42 9.42 0.325 3.55 3.55 ix} =0
{M} #0
3.79 3.79 0.422 3.00 1.33 {xk} #0
{M} =0

(See Table 3.1. for Lamina Properties)

3.4.3 Thermal Expansion.

As the use of composite materials becomes more commonplace, they are subjected to
mechancial and environmental loading conditions which are increasingly more severe,
and with the advent of high temperature resin systems, the range of temperatures
over which the composite system can be used has increased. Thuys, it is necessary
to understand the response of laminates to temperature and moisture, as well as to

applied loads. Previously, laminate extensional and bending stiffnesses were
determined; in this section, laminate conductivities end expansivities will be
defined .
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The resulting thermoelastic (or hygro-thermoelastic) properties will be used
rubrequently for structural analysis in realistic environments. The results of
such analyses will be the definition of stress and moment resultants throughout the
structure, The use of these stress and moment resultants, in conjunction with the
local through-the-thickness temperature (and/or moisture) gradients, to find
laminate stresses will be treated in section 3.6.

The presence of stresses induced by free thermal expansion is new to the designer
and analyst of conventional materials. The mechanism which produces such stresses
is qualitatively described in figure 3.11, in which it can be seen that free
leminge and bonded laminae (laminate) expand differently. In the direction shown,
the 0° plies will develop tensile stress while the 90' ply will develop compressive
stress due to the differences between the laminae and laminate thermal expansion
coefficients. This effect is similar to heating a conventional material and
providing constraints such that thermal expansion strains cannot develop.

In order to quantitatively determine the laminate thermal expansion coefficients
and thermally induced stresses, it is necessary to begin at the ply level. The
thermoelastic relations for strain in the principal material directions are

{sg} {e?} + (az}AT
or (3.51)

(g} = (e} + (]

The vector (ayg ) represents the free thermal expansion coefficients of a ply. The
individual components are

¢

- 3,52

{al} = 1%, ( )
0

and AT represents a change in temperature. The thermal strains, (az) AT, are de-
noted by the superscript T, and are lamina free thermal expansions. They produce
no stress in an unconstrained lamina. The mechanical strains are denoted by the
superscript M. The thermal expansion coefficients a) and ao are the effective
coefficients and ap and aT, repectively, discussed in Chapter I1.

Substituting for the mechanical strain terms in (3.51) yields

(3.53)
{e,} = (S1{og} + (a,}aT
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Inverting these relations gives

-1

{02} = [S] {ez} - [S]-l{al}AT
or

o, } = [0l{e,} - (r, }aT (3.54)
where

{rg} = (Ql{a,}

The components in the thermal stress coefficient vector (T'y ) can be shown, by
carrying out the indicated multiplication, to be:

Ejap  wgfFoa,
A
E.a. *+ v, E.a
(r,} = 2 2 - 127171 (3.55)
0
E
where A=1- :3 v2
51 12

The vector (I'y )AT physically represents a correction to the stress vector which
results from the full constraint of the free thermal strains in a lamina

Both the thermal expansion vector, (ay )aT, and thermal stress vector, (T, )AT, can
be transformed to an arbitrary coordinate system using the relations developed for
stress and strain transformation, equations 3.8 and 3.9. Thus,

(ex) = Luliel) = [41 (3,067 = {a }aT
and
(3.56)
o} = (810} = (e]lQl{c,}-0](r taT
or
lo,d = (@) e d={r )aT (3.57)
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Therefore

a.m° 4+ a.n2
o
~ | _ - 9 as X
logb = Dl{ag} = fan® + alm2} = ay (3.58)
Zal-az)mn axy
rlmz + F2n2 r
(r .} = 1614r,} = { -2+ 2} = |r
x 2 rlgn_r 2™ =\ Ty (3.59)
([y-Tp)mn xy

and m = cos8, n = sine

In both equations 3.58 and 3.59, shear terms have appeared due to the transforma-
tion. This is similar to the extensional-shear coupling developed in the trans-
formed lamina stiffnesses. The presence of shear thermal expansions and stresses
indicates that heating of an off-axis lamina will produce shear strains.

With the transformed thermal expansion and stress vectors, it Is now possible to

develop thermoelastic relations. Following directly the development of equations
3.26 - 3.34, and using equation 3.57, the membrane relations are

h h
Wi = [ {o.}az = [ (@Ite -(r, 1o az

-h -h
or
h -—
) = [ (@ e trz{ch -, )aT]az
-h
or
(N} = [A]{e°} + [B]{x} + (N7}
(3.60)
where
T h
(N} = - j’ (r_}aT dz (3.61)
*h

Similarly, the bending relations are

h h o _
(M} = .f {Ox} zdz = J. ([Q](ex} - {Fx}AT)zdz
h “h

3-48




or

h

(M} = .f ([Q)({e°} + z{x}) - (I }aT)zdz
-h

(0D,
(3.62)
{M} = (Bl{e®} + (DI{x} + (M}
where
(M7} =-:fh {r_}AT 24z o
-h X

The integral relations for the thermal stress resultant vector (NT) and thermal
moment resultant vector (MT) can be evaluated only when the change in temperature
variation through the thickness is known. For the case of uniform temperature
change through the thickness of the laminate, the term AT is constant and can be
factored out of the integration, yielding:

N
{NT}=—AT L

1
1—1{rx} (z;-2;.1)
T, 1, N -
{M"} = -2AT T 1,2.,2
28T L Ty g -2 )

With the relations (3.60) and (3.62) it is possible to determine effective laminate
coefficients of thermal expansion and thermal curvature. These quantities are the
extension and curvature changes resulting from a uniform temperature distribution.

Noting that for free thermal effects (N) = (M) = 0, the relations (3.60) and (3.62)
are written

{0} = [A]{e°} + (B}{x} + (N7}

{0} = [B]{e°} + [DI{x} + {M"} (3.64)
Defining a free the thermal expansion vector as

(o) = (e°) & (3.65)
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and a free thermal curvature vector as
- 1 (3.66)

the relations (3.64) are written as

{0}

T
[A]{ax}AT + [B]{GX}AT + {N"}

{0}

T
[B]{ax}AT + [D]{GX}AT + (M7}

After suitable matrix manipulations, the following expressions for thermal expan-
sion, (a,), and thermal curvature, (84), are found:

(0} = = (L H (a0 "ty - Th (3.67)
1 -1 -1, Ty _ 4T ‘
{6,} = 55 (L] “((BI{A] "{N"} {M"}) (3.68)
where
-1
(L1 = (A] - [(B][D] " [B]
-1
(L,] = (D] - (B][A] " (B]

The relations (3.67) and (3.68) are seen to be complicated expressions containing
the (A), (B) and (D) matrices. In many practical cases, the laminates of interest
are symmetric, which simplifies the expressions considerably for symmetric lami-
nates, the bending-extensional coupling vanishes (i.e., (B) = 0), and the relations
(3.67) and (3,68) are reduced to the form

__ 1 -1,.T

{ax}- 1% [(a] (N}
(3.69)

__1 -1,.T

{sx}- % [D] ~{M"}
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Examination of the relations for (MT), equation 3.63, shows that the symmetry which
eliminates the (B) matrix also eliminates the (MT) vector. thus

{6x} = {0} (3.70)

and no curvatures occur due to uniform temperature changes in symmetric
laminates.

The relations for (ay) are functions of the (A) matrix and, as such, the laminate

thermal expansion coefficients are functions of the ply orientations. For illus-
tration, the thermal expansion coefficients of the laminate treated in the example
of the previous section will be determined.

In order to determine the laminate thermal expansion coefficients, it is again
necessary to return to the laminae principal material coordinates. In this
coordinate system, the free thermal expansion vector for each ply is identical and
can be written directly. Referring to table 3.1, the thermal expansion vector in
the principal material directions is

N ~0.30 x 10~
(o} = Jag} ={19.5 «x 107° in/in/°F
0 0.0

Noting equations 3.54 or 3.55, the lamina thermal stress vector is

(r,} = (el{a,)
— 6 5 -6
(r,} = |25.15 x 10 5.13 x 10 0.0 -0.30 x 10
1.71 x 10° 0.0 19.5 x 1078
sym 6.50x 10° 0.0
= 2.46
33.2 psi/°F
0.0

Transformation of the lamina thermal stress vector to the reference or laminate

coordinate system is performed for each ply according to the relations (3.59).
Thus, for the 0" plies
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2.46
(T} = (61{r,} = (r,} =332 | psi/°F
0.0

for the 45° plies

_ V2 _ V2
{Fx} = 17.83
17.83 psi/°F
-15.37
for the -45° plies
m=§ n=—/—2-2-

{rx} =|17.83
17.83 psi/°F
15.37

and finally for the 90° plies

ms=20 n=1

{Fx} = |33.,2
8.86 psi/°F
0.0
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In order to determine the thermoelastic constitutive relations (eqn. 3.60), the
thermal stress resultant vector (NT) is determined using equation 3.61 and assum-
1ing a uniform temperature change.

Ty = a7 3 (r 14 z.-z. )
X i “i-1

i=1
or
N .
T 1 1
(N} = -AT.L t
|:I{rx} Ply
and
N:x = -2(0.0052) [(2.46+17.83+17.83+33.2)]AT 1b/in
= -0.742AT 1lb/in
NI = -0.742AT 1lb/in
YY )
T _ .
ny = 0.0 lb/in
or
(N} = -0.742
AT {-0.742 1b/in
0.0

Since the laminate under consideration here is symmetric, the (B) matrix and thermal
moment resultant vector (MT) are zero. The laminate thermal expansion vector is
determined utilizing the relations (3.69), Thus
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- _1 -1,.,Ty _ _ . I,,.T
(o} = -z (A1) = -@at ()
(o} = 255 x 107 -8.29 x 1077 0.0 -0.7424T
-—|-8.29 x 10”’ 2.55 Xx 0.0 -0.742AT
AT
0.0 0.0 6.76 x ' 0.0
1078
1078

0.0

Xx*
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FIGURE 3.12. THERMAL EXPANSION COEFFICIENTS FOR HM-GRAPHITE/EPOXY

+AT =

FIGURE 3.13. SHEAR THERMAL EXPANSION EFFECTS
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constants. In fact, any laminate which has two identical, orthogonal thermal
expansion coefficients and a zero shear thermal expansion coefficient is isotropic
in thermal expansion. Thus, (0/90)¢ and (#45)¢ aminates are isotropic in

thermal expansion even though they are not quasi-isotropic for elastic stiffnesses.

Laminates which are isotropic in thermal expansion have thermal expansions of the

form
N Oi*
X
Q - = *
{Ix} aY ;Q £ (3.71)
o 0
Xy

where the term q* can be shown to be a function of lamina properties only, as
follows:

a* = o. + (Otz-al) (l+\)12)
1 El
l+2\)12 +E—
2
Thus, all laminates of the same material which are isotropic in thermal expansion

have identical expansion coefficients.

3.4.4 Moisture Expansion.

The term hygroelastic refers to the phenomenon in resin matrix composites when the
martix absorbs and desorbs moisture from and to the environment. The primary
effect of moisture sorption is a volumetric change in the laminae. When a lamina
absorbs moisture, it expands and when moisture is lost, the lamina contracts.
Thus, the effect is very similar to thermal expansion.

In a lamina, a free moisture expansion coefficient vector can be defined as

{e,} = (R 1A
"2 2’8 ¢ (3.72)

where

{BR.} = B2
0

and AC is moisture change by weight. Noting that the relations (3.72) are ident-
ical to thermal expansion with (By) substituted for (ay) and AC substituted for AT,
it can easily be seen that all of the relations developed for thermal effects can
be used for moisture effects. It 1S required only that the substitutions mentioned
be performed.

3-56




The procedure required to determine moisture gains of losses will be described in a
later section. The analytical procedures detailed here allow for the prediction of
moisture induced stresses when the percent moisture change is known for the
laminate. As with the thermoelastic analysis, only elastic effects have been
treated .

3.4.5 Conductivity.

The conductivity (thermal or moisture) of a laminate in the direction normal to the
surface is equal to the transverse conductivity of a unidirectional fiber composite.
This follows from the fact that normal conductivity for all plies is identical and

unaffected by the ply orientation.

The in-plane conductivities will be required for certain problems involving spatial
variations of temperture and moisture. For a given uniform state of moisture in a
laminate, the effective thermal conductivities in the x(uy) and y(u,) directions
can be obtained by methods entirely analogous to those used for stiffnesses

in section 3.3:

N
- 1 2, 1 (3.73)
My >h E (ulm + uyn ) tPLY
i=1
N
1 2 i
M, = 357 I (pyn® + p.m“) ¢t
Y 2h i=1 1 2 PLY (3.74)

where

M = ply conductivity in the fiber direction

Hy = ply conductivity transverse to the fibers

cosgl n=sine'

B
1l

[oh
]

orientation of ply 1
tpry = thickness of ply i
N = the number of plies

2h = laminate thickness



The results apply to symmetric as well as the unsymmetric laminates. The results
for moisture conductivity are identical.

3.5 THERMAL AND HYGROSCOPIC ANALYSIS.

This section is concerned with the distribution of temperature and moisture through
the thickness of a laminate. The mathematical descriptions of these two phenomena
are identical and the physical effects are similar. Some of these as'pects have
already been discussed in sections 2.2.2.4 and 3.4.3-5,

A free lamina undergoes stress- free deformation due to temperature change or
moisture swelling. In a laminate, stress- free deformation is constrained by
adjacent layers and this produces internal stresses. |In addition to the swelling
induced stresses, temperature and moisture content also effect the properties of
the material. These effects are primarily related to matrix dominated strength
properties. Figure 3.14 (reference 3.1) indicates that for this typical graphite/
epoxy system moisture has little or no effect on stiffness. Figures 3.15 and 3.16
(reference 3.1) show a large variation in strength with the exception of axial
tension. In each of these figures, the presence of moisture is seen to decrease
the elevated temperature strengths of the material while having no detrimental
effect or increasing the lower temperature strengths.

The principal strength degrading effect is related to a change in the glass trans-
ition temperature of the matrix material. As moisture is absorbed, the temperature
at which the matrix changes from a glassy state to a viscous state decreases.

Thus, the elevated temperature strength properties decrease with increasing mois-
ture. Limited data suggest, however, that this process is reversible. When the
moisture content of the composite is decreased, the glass transition tempera-

ture increases and the original strength properties return.

In all of these figures "wet"” indicates that the material is fully saturated. This
condition corresponds to a state of equilibrium with the environment where the
relative humidity is nearly 100%. The equilibrium moisture content at full satura-
tion for typical epoxy composite systems ranges from about 1.0% to 2.5% weight
gain.

All of these considerations also apply in the case of temperature rise in the
sence that the matrix and therefore the lamina lose stiffness and strength when the
temperature rises.

Therefore, again, this effct is primarily important for the matrix dominated proper-
ties such as Ep, Gp, o_%u,o_(f_u and ru,
L

The differential equation governing time dependent moisture sorption of an ortho-
tropic homogeneous material is given by

(3.75)
2% p @t o 3% _ 3¢ _
D, — . Y2 — 3 53¢ 2 3t
IX X
ax1 2 3
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whele

t = time
X) 0 Xy0Xg coordinates in principal material directions
= specific moisture concentration (see section 2.2.2)
D,.,D,,Dy = moisture diffusivity coefficients

tquation 3.75 is based on Fick's law of moisture diffusion and is entirely analogous
t the equation governing time dependent heat conduction with temperature ¢ replac-
1ng «oncentration ¢ and thermal diffusivities My, My, H3 replacing the moisture

diftusivities. For a transversely isotropic lamina with x; in the fiber direction,

x_ in the transverse direction and x3 = z in the direction normal to the lamina,
wr have

(3.76)

These quantities are analogous to the thermal conductivities of a unidirectional
tiber composite and have been dicussed in section 2.2.4.

An important special case is one-dimensional diffusion or conduction through the

thickness of a lamina. 1In this case (3.75) reduces to
2 .
D, L-C & ¢
T 5 5 3t (3.77)
vA

This equation also applies to moisture diffusion or thermal conduction through a
laminate, in the direction normal to its laminae planes, since all laminae are
homogeneous in the z direction with equal diffusion coefficients, Dp=D,.

Equation 3.77 is applicable to the important problem of time dependent moisture
diffusion through a laminate where the two faces are in different moisture environ-
ments. After a sufficiently long time has elapsed, the concentration "settles
down" to a time independent, so-called stationary, state. In this state, since ¢
is no longer time dependent, (3.77) simplifies to

-2 -—
—_— -0
dz
Thus ¢ is a linear function of z and if the laminate faces are in environments with

constant saturation concentrations c¢; and cp then

c = %[(cz-cl)z/h tec, +c (3.78)

2 l]

where the laminate thickness is 2h and z originates in the middle surface.
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,In the important case where cp=cy, (3.78) reduces to
C = ¢, = constant (3.79)
The above discussion of moisture also applies to heat conduction.

S tutions to the time dependent problem, equation 3.77, are readily available and
‘nsiderable work has been performed in the area of moisture sorption by Springer

ret 3.2). The most interesting feature of the solutions to equation 5.3 relates
the magnitude of the coefficient D,  The coefficient D, is a measure of how

ta~t morsture diffusion can occur. In typical epoxy matrix systems, D is of the
- - : a2 The diffusion coefficient is sufficiently small,
fenr of 10 8(1n2) to 10-10(dns). y

s that full saturation of a resin matrix composite may require months or years to

‘v.ur even when subjected to 100%relative humidity.

A .orrelation between analytical and experimental investigations is presented in
tigure 3.17. The effects of elevated temperature on the rate of diffusion and
maximum moisture content are clearly evident. Additionally, reference 3.3 indi-
cates that applied stress may cause variation in moisture diffusion. Qbviously,
the diffusion of moisture, thermal effects and loading are coupled, and an analysis
including all of the effects would be desirable. The development of such a
solution, however, has been precluded by its complexity.

The approach typically taken for design purposes is to assume a worst case scenario.
If the material is assumed to be fully saturated, it is possible to compute reduced
al lowable strengths. This is a conservative approach, as typical service environ-
ments do not generate full saturation. It is utilized since it allows for inclu-

sion of the effects of moisture in a relatively simple fashion. 1t is to be
expected that as the design data base and analytical methodologies mature, more
physically realistic methods will be developed. At present , however, the conserve-

tive approach is appropriate.

In the case of heat conduction, the time required to achieve the stationary state,
and analog of saturation, is extremely rapid compared to characteristic times for
moisture conductivity, and thus the transient time dependent state is typically of
no practical importance for laminates. There are, of course, rapid heating situa-
tions in which transient thermal response may be of importance.

3.6 LAMINATE STKESS ANALYSIS.

Tho physical properties defined in section 3.4 enable any laminate to be represented
by an equivalent homogeneous anisotropic plate or shell element for the purpose of
structural analysis. The procedures to be used for this analysis will be discussed
in Volume 11. The results of such analyses will be the definition of stress
resultants, bending moments, temperature, and moisture at any point on the surface
defining the plate. (Temperature and moisture distributions through the thickness
of the plate will also be defined when they exist.) With this definition of the
local values of the state variables, the analyst next performs a laminate analysis
to determine the state-of-stressin each lamina in order to assess margins for each
critical design condition.
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3.6.1 Stresses Due to Mechanical Loads

In order to determine stresses in the individual plies, it is necessary to use the
laminate mid-plane strain and curvature vectors. Writing the laminate constitutive

relations
N A | B e®
]
- = —— e - (3.80)
M B , D <
it can be seen that a simple inversion of the 6X6 stiffness matrix will yield the

required relations for (€°) and (x). Thus

€° A | BJ]-1
‘ r : $f (3.81)
M

- = - -

»

Given the strain and curvature vectors, the total strain in the laminate can be
written as

(ex} = {e°} + z{k} (3.82)

The strains at any point through the laminate thickness are now given as the super-
position of the mid-plane strains and the curvatures multiplied by the distance
from the mid-plane. Thus, the strain field at the center of ply i in a laminate
can be seen to be

{e " = {e°) + %{K}(zi+zi+l) (3.83)

where the term %(zl+zi+l)

corresponds to the distance from the mid-plane to the center of ply i. It is
possible to define curvature induced strains at a point through the laminate

thickness simply by specifying the distance to the point in question from the
mid-plane.

The strains defined in equation 3.83 correspond to the arbitrary laminate coordinate
system. These strains can be transformed into the principal material coordinates
for this ply utilizing the transformations developed previously (equation 3.10).
Thus

{sz}i = [yl {ex}i (3.84)



where the superscipt 1 indicates which ply and, therefore, which angle of orienta-
tion 1s to be used. The orientations of different plies may be different and,
therefore, it is necessary to utilize the transformation matrix corresponding to
the proper ply orientation.

With the strains in the principal material coordinates defined, stresses in these
same coordinates are written using the lamina reduced stiffness matrix (equation
3.6). Thus

(ot = (@1, 1t (3.85)

Again, it is important that the stiffness matrix used correspond to the correct
ply, as each ply may be of a different material.

The stresses in the principal material coordinates can be determined without the
use of principal material strains. Using the strains defined in the laminate
coordinates (eqn. 3.83) and the transformed lamina stiffness matrix (eqns. 3.13,
3.15-16), stresses in the laminate coordination system are written as

{cx}i = [Gi]{ex}i (3.86)

and these stresses are then transformed to the principal material coordinates using
the relations (3.10). Thus

i_ ,i,-1 i (3.87)
{og} (671 {0}

Reviewing these relations, it can be seen for the case of symmetric laminates and
membrane loading that the curvature vector is zero. This implies that the laminate
coordinate strains are identical in each ply and equal to the mid-plane strains.
The differing angular orientation of the various plies will promote different
stress and strain fields in the principal material coordinates of each ply.

For the purpose of illustrating the stress analysis procedures, it iS now appropri-
ate to return to the laminate example. The applied loading6 to be used in this
example are:

{N} =[N
X
O.
0.

o oO¥

{M} = (0.0
1lb/in; 0.0) in-lb/in
0.0

Since the (0/£45/90)¢ laminate is symmetric and only membrane laodings are applied,
the curvatures are zero and the membrane response is uncoupled from the bending
response. Thus, the membrane relations can be written directly:

{N} = [A])(e°}
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The solution for the mid-plane strain vector is found by inversion

fe°} = a17! )
o -6 = )
rexx 2.55 x 107% _g.29 x 1077 0.0
<e° =|-8.29 x 1077 555 -6
oy . 55 X 10 0.0
2¢°
0.0 -
(exy _ 0.0 6.76 X 107%| [ 0.0
) -7)
= NXX( 2.55 x 10
{_8 5 -7 L
.29 x 10 in/in
y 0.0
\

Since the curvature vector («) is zero, the strains in each ply in the laminate

coordinate system are

identical to the mid-plane strains. Thus

Stresses in the laminate coordinate system can be computed for each ply using the

relations
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For the 0° plies

For the 0° plies

/
] 15.15 x 10
XX
& = [5.131 x 10
ﬂow X
5 0.0
\ XY -
63.7
) =N, ﬁ ~0.11
0.0

In the 45 plies

(o} = |[7.62 x 10°

6.32 x 10°

6

5.86 x 10

14.20

9.80
XX

10.10

6 5131 x 10

5

1.71 x 10

0.0

psi

6.32 x 10°

7.62 x 10°

5.86 X 10°

> 0.0

6

0.0

q
0.65 X 107

5.86 x 10°

5.86 x 10

6.45x 10
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6

6

—

2.55 x 10°°

-8.29 x 10”7

0.0

( 2.55 x 10‘6\

{-8.29 x 1077

0.0




In the 45" plies

{ox} =N~
-10.10
In the 90" plies
{ox} =N_ 3.94
-19.54
0.0

With stresses defined in the laminate coordinate system, the appropriate transfor-
mations will determine the principal material coordinate stresses

In the 0° plies

) [
%11 m
- 2
<°22 P = n
\012 / -mn
-

m =cos(0) =1

{02}

{oz}i = 15171
n2 2mn
m2 -2mn
mn mz-nij
N = sin(0)
=N 63.7
XX
=0.11
8:®
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In the 45" plies

m = _2' 2
B 7 /
1 1
5 5 1 14.20
{1 1 - -
L 1 0 10.10
2 2 \
- —
{02} = NXX 22.10
1.90 psi
-2.20
In the -45" plies
m = % n = £§

In the 90° plies

{02} =N -19.54
XX
3.94 psi
0.0

The stresses in the principal material coordinates can be found in a different
fashion, as follows. The principal material coordinate strains can be determined

using the relations

{ez}i = it {ex}i
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Then the principal material coordinate stresses are found using the lamina constitu-
tive relations

(0,3 = (@' (e}t

The resulting principal material coordinate stresses are identical using either
approach.

3.6.2 Stresses Due to Temperature and Moisture.

In section 3.4.3, equations for the thermoelastic response of composite laminates
were developed. It was indicated that thermal loading in laminates will cause
stresses within the plies even when the laminate is allowed to expand freely. The
stresses are induced because of a mismatch in thermal expansion coefficients
between plies oriented in different directions.

Either the mechanical stresses of the preceding section or the thermomechanical
stresses to be calculated in this section will be used in the following section to
evaluate laminate strength.

In order to determine the magnitude of thermally induced stresses, the thermoelas-
tic constitutive relations (equations 3.60 and 3.62) are required. Noting that
free thermal effects require that (N) = (M) = 0, these relations are written as

0 Al B go NT )
]
-_ = | -a4-— — + —_—
]
. 2ol T (3.88)

Inverting these relations yields the free thermal strain and curvature vectors for
the laminate

T (3.89)

Proceeding as before, the strain field in any ply is written as
Recalling equation 3.57, stresses in the laminate coordinates are written as

: . _ o (3.91)
lo 3 = @ 1(e 3 - (vt art



w1.n can then be transformed to the principal mare:12l coordinates. Thus

. . (3.92)
{o,1% = giy-1 i
o, [6°17% (o}

A~ wa- shown for mechanically induced loadings, the stresses can be found in an
aiternate fashion. Transforming the strains of equation 3.90 directly yields

i i -1 i (3.93)
leg}7 = [v7] {e}
. +..:ing equation 3.54, stresses in the principal material coordinates are written
TR
o3t = ' {e )t + (r )" ar? (3.94)

Keturn ng to the lamina e example problems, stresses due to thermal loadings can
n>w be determined. For this example, a uniform temperature change AT is applied.
Sin.e  he temperature is uniform and the laminate is symmetric, the mid-plane
strain vector is simply

6

1.28 x 10 6

{e°} = {a_} AT = AT |1.28 x 10~
X 0.0

ani the curvature vector (x) is zero.
strains in each ply in the laminate coordinates are:
1
€ = {e°}
{e,)

Stresses in the laminate coordinates are found using the thermoelastic constitutive
relations

i_ =i i j
{o }* = [Q_]{ex}l - {rx}l AT

In the 0° plies

{o ) = 125.15 x 10° 5.131 x 0 0.0 1.28 x
5131 x 10° 1.71 X 10 0.0 1.28 "X AT
0.0 0.0 6.5 x 10° 0.0
2.46
- {33.2 } ar
0.0
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{ox} = AT| 30.4
-30.4 psi
0.0

In the 45° plies

{o,) =17.62 x 10° 6.32 x 105 5.86 x 10%] |1.28 x
6.32 x 10° 7.62 x 105 5.86 x 10%] {1.28 x 1076 AT
5.86 x 10° 5.8 x 105 6.45x 10° 0.0
17.83
-{( 17.83) AT
-15.37

{ox} = AT 0.0
0.0} psi
30.4

In the 45" plies

{ox} = AT 0.0
0.0} psi
-30.4

In the 90° plies

fo,} = aT |-30.4
30.4 ¢ psi
0.0



Transforming these stresses into the principal material coordinates yields:

} AT| 30.4
{-30.4

0.0

g} = AT 30.4{
}-30.4 psi

0" plies {02

psi

45° plies {o

0.0

-45° plies {o

—~
[}

AT} 30.4
-30.4
0.0

psi

30.4
-30.4

8:8

90° plies {op,} = AT
psi

Examination of the principal material coordinate stresses reveals that all plies
have identical stress fields in this example. This is related to the fact that the
laminate is isotropic in thermal expansion. A simplified method for computing ply
stresses in laminates which are isotropic in thermal expansion will be discussed
later in this section.

Some interesting physical interpretations can be had by restricting the discussion
to uniform temperature fields and symmetric laminates. 1In the presence of these

restrictions, the coupling matrix, (B), and the thermal moment resultan't vector,
(MT), vanish and:

{e°} = {ax}AT

and
{} = {0}
The strains in the laminate coordinates are identical in each ply. Thus

(3.95)
{Ex}l = {e°} = {a }aT
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Recalling equation 3.57, laminate coordinate stresses are written as
i _- Y .
{o } [@%1{e }* + {r_}* ar
X X (3.96)
or
i
{ox}

I

[0%14a dor + {r )t ar

The terms {Fx} can be written as

(r 3t = refrr pt = tetrretite, )’
i1 (3.97)
R CRICH I O
= @41t
Therefore
(o, )% = @1 (Lo} = (o )ty ar (3.98)

These relations indicate that stresses induced by the free thermal expansion of a
laminate are related to the differences between the laminate and ply thermal
expansion vectors. Thus, the stresses are proportional to the difference between

the amount the ply would freely expand and the amount the laminate will allow it to
expand.

A further simplification can be found if the laminate under investigation is
isotropic in thermal expansion. It can be shown for this class of laminates,
subjected to a uniform temperature change, that the stresses in the principal

material coordinates are identical in every ply. The stress vector can be shown to
be

E -1 (3.99)
1+2v, _+ 1l

12 222 0

{OQ} =

where it can be seen that the transverse direction stress is equal and opposite to
the fiber direction stress. This is of importance because unidirectional trans-

verse material strengths are typically an order of magnitude lower than fiber
direction strengths.

A similar development can be generated for moisture induced stresses. All of the
results of this section apply when the moisture swelling coefficients, (By), are
substituted for the thermal expansion coefficients, (2}).
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3.6.3 Netting Analysis.

Another approach to the calculation of ply stresses is sometimes used for membrane
loading of laminates. This procedure is netting analysis and, as the name implies,
treats the laminate as a net; i.e. all loads are carried in the fibers while the
matrix material is present only to hold the geometric position of the fibers.

Since only the fibers are assumed to load in this analytical model, stress-strain
relations in the principal material directions can be written as

cll = El Ell
or
€11 ~ E_1 911
| (3.100)
and

By =83-9=812 8

The transformation for stress and strain are considerably simplified due to the
restriction that only one component of stress and strain exists in the principal
material directions. Thus

2
Oyx m
_ _ 2
(og} = <OYY$ 11 <n > (3.101)
xy mn‘
or
{ox} = cll{e }
and
\ ’
- 2
“xx m
_ _ 2
legh = ﬁ yy? = €490
2 (3.102)
‘ieny 2mr
or ’
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where m = ¢oss9 and n = sine. It is interesting that in the arbitrary coordinate
system, three components of stress and strain can exist, while in the principal
material directions only fiber direction stresses and strains exist.

The transformation vector (8y) in equations 3.100 and (¢ ) 3.102 are simply the
first columns of the transformation matricies defined earlier (eqns, 3.8 and 3.9).
The netting analysis transformation is a special case of that used in lamination
theory, Noting the similarities between lamination theory and netting analysis, a
transformed stiffness matrix for netting analysis can be written directly. Rsfer-
ing to equations 3.15 and noting that only the Q|, terms exist, the transformed
netting analysis stiffness matrix can be written as

(o} = (Qy){e)

(3.103)
where
B ]
m? m2n?2 m3n
2
[QN] = El m n n"m
(3,104)
E\3n nm mzﬁz_J

Utilizing equations 3.102, a laminate membrane stiffness matrix can be defined as
before. Thus

h
{N} = {c_} dz =
:{1 X i=1

N .
L [QN]l(zi_zi-l){eo} - [AN]{EO} (3.105)

The laminate stiffnesses predicted with a netting analysis will be smaller than
those predicted using lamination theory. This is due to exclusion of the trans-
verse and shear stiffnesses from the formulation. This effect is demonstrated in
table 3.6. for a quasiisotropic laminate comprised of high modulus graphitz/epoxy,
The stiffness properties predicted using a netting analysis are on the order of 10%
smaller than lamination theory predictions. Experimental work has consistently
shown that lamination theory predictions are more realistic.

TABLE 3.6. LAMINATE ELASTIC CONSTANTS

Analysis E. psi E. psi G si %
y p Y p xy p xy
_ R 6 6 6
Lamination 9.42 x 10 9.42 x 10 3.55 x 10 0.325
‘'neory
_ 6 6 6
Netting _ 8.33 x 10 8.33 x 10 3.13 x 10 0.333
Analysis

Unit Thickness HM-Graphite/Epoxy



Although the stiffness predictions using netting analyses are of limited value, the
analysis can be used as a approximation of the response of a composite in which the

matrix has been damaged. In this sense it may be considered a worst case analysis
and is frequently used to predict ultimate strengths of composite laminates.
This will be discussed more fully in the section on Strength and Failure.

3.6.4 Interlaminar Stresses.

The analytical procedures which have been developed in this chapter can be used to
predict stresses within each lamina in a laminate. The stresses predicted are
plane due to the assumed state of plane stress. There are cases where the assump-
tion of plane stress is not valid and a three-dimensional stress analysis is
required.

An example of such a case exists at certain free edges in laminates where stress
free boudary conditions must be imposed. To illustrate this, consider the laminate
shown in figure 3.18. When this laminate is subjected to a membrane loading in the
x direction, Poisson's ratio mismatches between the 0" plies and the +60° plies
will introduce a stress in the y direction in each ply. Additionally, extensional-
shear coupling effects will generate equal but opposite shear stresses in the 60'
and -60' plies. Referring to figure 3.18, it can be seen that all o, and oy
stresses must vanish at y = b in order that the stress free boundary conditions

be satisfied. This cannot be accomplished with lamination theory; a three-

d analysis is required.

e Zb—..l

=y

2h =60
_L 7 60
— 7 0

F x

FIGURE 3.18. LAMINATE CONSTRUCTION, INTERLAMINAR STRESS EXAMPLE
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Using equilibrium and symmetry considerations, it is possible to visualize the other
components of stress which arise at the free edge. In figure 3.19, lamination
theory stresses are shown for the uniaxial loading discussed above. As indicated
in figure 3.19, the laminate analysis satisfies equilibrium in the y direction but
not the conditions at the free boundary. Thus, additional forces are required to
satisfy the boundary conditions. For example, in the 0" plies, a compressive o

is predicted using lamination theory. This does not satisfy the boundary condition
locally. A second, self-equilibrating set of edge stresses may be regarded as a
superposed stress field which brings the lamination theory stresses to the neces-
sary boundary values. Thus, an interlaminar shear stress oy, develops between the
0" and 60" plies. This introduces an x moment disequilibrulm even though the y
direction force equilibrium has been satisfied. 1In order to achieve x moment
equilibrium, a couple is needed. The required couple develops as an interlaminar
normal stress distribution which in figure 3.20 is seen to be compressive at y=b.
In order that a couple develop, the normal stress must change sign as the distance
from the free edge increases.

Lamin_ate Stress Free Interlaminar
Solution Boundary Stresses
i i i
Lot =0 o- =0
Y

e T o ]— i
/60" + L60° i T v
/-60° + | -60° + —\—T—»‘«ozz
60° -
T
X + !

FIGUKE 3.19. EQUILIBRIUM AND BOUNDARY CONDITIONS
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Tension
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(o}

Compression
| | ] |
0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 3.20. INTERLAMINAR NORMAL STRESSES AND MOMENT EQUILIBRIUM

In figure 3.21, a similar situation exists with respect to the in-plane shear

stresses oy,. At the free edge y=b, these stresses must vanish. Therefore, the
other component of interlaminar shear stress, dy,, develops, and the stress free
boundary conditions are satisfied. |In each case, it is seen that lamination theory

satisfies strain compatibility and equilibrium while the interlaminar stresses
satisfy the stress free boundary conditions.

The elasticity solution to predict edge stresses was developed by Pipes and Pagano
(reference 3.4). Because of the complexity of the problem, numerical solution
techniques were used.

Figure 3.22 shows results published in reference 3.4. The laminate is a (245)4 con-
figuration. The only ply stresses which develop according to lamination theory are

O4x and oy,,. There are no Poisson contraction induced stresses, as the 45" and
-45" plies have identical values for vy,. In figure 3.22, a quantitative evalua-
tion of the effects described in figure 3.21 is illustrated. The in-plane shear

stress oy, IS zero at the free egde y=b while the interlaminar shear stress gy, is
maximum there.

One feature which was not apparent in the qualitative depiction in figure 3.21 is

the variation of o4y, The difference between lamination theory and the three-
dimensional solution is seen to diminish as the distance from the free edge
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FIGURE 3.22.  INTERLAMINAR STRESS NORMALIZED WITH RESPECT
TO THE APPLIED STRAIN (FROM REF. 3.4)
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increases. This suggests that the variations are a boundary layer effect (see
reterence 3.4). All of the stress components which are introduced or modified near
the free edge vanish at a distance of approxsmately the plate thickness from the
edrge. Near the free edge, all six components of stress exist due to the physical
three-dimensionality of the problem. The three stress components not depicted in
figure 3.22 are small enough to be considered insignificant. Certain of these
stress components can be singular at the edge. Current research is directed

t wards this problem (see reference 3.5).

In ti1gures 3.23 and 3.24 (reference 3.6), results of three-dimensional analyses for
tw laminates are shown. Here the configurations are both cross-ply such that only
t». ¢,, and oy, interlaminar stress components are significant. Figure 3.23
e, Us intel’{aminar normal stresses which demonstrate the couple which was quali-
tatavely described in figures 3.19 and 3.21. A noteworthy feature in these figures
v» tnat the results for the (0/90)g laminate are exactly opposite to the results
the (90/0)g laminate. This response of the two laminates can be explained by
teterring back to figure 3.19. Examining only the outermost ply, it is obvious
that the sign of the o stress component will be different if the ply is orien-
ted at 0° rather than ;‘O“ This reverses the sign of the interlaminar shear stress
¢,; Which, in turn, reverses the direction of the moment disequilibrium which is
baianced by o,, stresses. |If the sign of the applied loading Nz, were reversed,
then these stress curves would reverse and the (0/90)g response in compression
would be identical to the (90/0)g tensile response.

The sign of the interlaminar normal stress at the free edge can be of great impor-
tanct.  As can be inferred from the previous discussions, large Poisson’s ratio
mismatch between plies produces large interlaminar normal stresses. |If these
stresses are tensile, the laminate may split between plies, or delaminate, under
membrane loading. Obviously, if the laminate is designed such that expected
loadings will produce only compressive interlaminar normal stresses at the free
edges, then delamination will not occur.

The free edge problem occurs wherever ply stresses must become zero to satisfy
boundary conditions. Thus, any free edge, including holes, may introduce inter-
laminar stresses. The consequences of these stresses obviously need to be evalu-
ated for structural applications, particularly where fatique loadings are present.

This will be discussed later in the section on fatigue. It can become extremely
complex to provide quantitative analytical treatment of free edge stresses in all
but the most simple geometric shapes. In most cases, the possibility of delami-

nations due to the effects of free edge stresses is tested experimentally.

3.6.5 Non-linear Stress Analysis.

All of the preceding material in this chapter has related to laminae which behave
in a linear elastic fashion. Yet composites can behave in a non-linear fashion,
because of such factors as the occurrence of internal damage or because of the
non-linear stress-strain behavior of the polymeric matrix. Matrix non-linearity
(or microcracking) can result in laminae which have non-linear stress-strain curves
for transverse stress or axial shear stress. When this situation exists, it
becomes necessary to replace the elastic laminate stress analysis of section 3.6.1
by a non-linear analysis. A convenient pcedure for doing this has been presented

in reference 3.7.
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FIGURE 3.23. INTERLAMINAR NORMAL STRESSES AND STACKING SEQUENCE
NORMALIZED WITH RESPECT TO THE APPLIED STRAIN (REF. 3.6)
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FIGURE 3.24. INTERLAMINAR SHEAR STRESSES AND STACKING SEQUENCE
NORMALIZED WITH RESPECT TO THE APPLIED STRAIN (REF. 3.6)
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A suitable representation of non-linear one-dimensional stress-strainrelations has
been given by Ramberg and Osgood (ref. 3.8). For uniaxial stress, for example:

e =% 1+ k()™ 1 (3.106)

U

where E represents the elastic Young's modulus, and k, ¢', and m are three para-
meters to be obtained by durve fitting. The parameter o' is sometimes called
nominal yield stress. Equation 3.106 represents a family of curves with initial
slope E;, and monotonically decreasing slope with increasing ¢. The curves

flatten out with increasing m (figure 3.25). Similarly, a stress-strain curve in
shear can be represented in the form:

Yy =201+ ()Pl (3.107)
T

where G is the elastic shear modulus.

m
|5 - 3
5
9
19
101 *
a2
|
o
Sr
0 J ] | 1 | )
0 5 1.0 1.5 20 2.5 3.0
E e
o'

FIGURE 3.25. NON-DIMENSIONAL RAMBERG-0SGOOD STRESS-STKAIN CURVES

It should be emphasized that (3.106-3.107) are valid only for one-dimensional cases.
The question of their application to general states of stress and strain is discus-
sed, subsequently. For the case of a uniaxially reinforced material in which the
matrix is non-linear (with stress-strain relations in Ramberg-Osgood form) and the

composite is subjected to uniaxial average stress o5, in a direction transverse to
the fibers:
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2622 - 522(022)022 (3.108)

where the notation indicates that Spo 1s a function of 9,55,. Similarly, if the
only non-vanishing average stress is 9)o, the shear stress-strain relation of the
composite is given by (with Sgg a function of ¢),):

e, = (3.109)

12 = Sg6(912)0;,

The inelastic effective compliances Sy, and Sgg are functions of the parameters
of the inelastic Ramberg-Osgood stress- strain relations of the matrix, of the
elastic properties of the fibers and of the internal geometry of the composite.
Actual prediction is a very difficult. problem. However, just as matrix stress-
strain relations are represented in Ramberg-Osgood form, the same type of curve
fitting can also be applied for the effective stress— strainrelations of the
composite. Thus (3.107-3.108) are written in the form:

o] 0. M-1
_ 992 22
€2 - E. [1 (== ] (a)
T y
(3.110)
= + —
2¢ 4 [1 ( TY) (b)

where Er is the effective transverse elastic Young's modulus, G, the effective
axial elastic shear modulus and Oys Tyn M and N are curve fitting parameters which
may differ from the corresponding Ramgerg-OSgood matrix parameters.

A question of fundamental and practical importance is the form of the stress- strain

relations for the case of plane stress, taking into account interaction among the
various stress components. It should be noted in this respect that in (3.110) is

special stress-strainrelations which apply when 9,5 or 975 act only by themselves.

Since the total strain can be conveniently divided into linear strain ! and non-
linear strains'i'j. the total strain is given by adding both of these coulnionents:

€:s — v 4+ (3.111)
ij eij Eij
The linear strains e:. are given as before by equation 3.5. By assuming that the

1]
stress in the fiber direction o7 is carried predominantly by the fiber alone with

insignificant matrix contribution, while on the other hand the transverse stress gy
and the shear stress 0y, are primarily carried by the matrix with little fiber

contribution, the non-linear strains are given by:




€11 = O
e}y = Shylo,, 12! %22 (3.112)
2¢t,. = s

€12 = Sgg 9227 912913

The final form of the Ramberg-Osgood equations for the in-elastic strain components
of such plane stress-strain relations were shown in reference 3.7 to be as follows:

ell = 0
M-1
w222 [(022)2 . (012)2] 2
el =g | 5 E 113
59 ET OY TY (3.113)
a 2 s) t_\l_-i
A Y Y

The parameters Ep, Gp, 9y, Ty, M, N in (3.113) are those of the one-dimensional
stress-strain relations ¥3.1{0) which may be regarded as experimentally (or perhaps
theoretically) known.

The stress—-strain relations defined by (3.111), (3.5), and (3.113) are used in the

laminate analysis in place of (3.5). The laminate equilibrium equations are
defined by

t =N (3.114)

[ aer P
X
e d

Also, a set of compatability equations are defined in the form

e, (K)o ¢ (k-1) k =1, 2. . .x (3.15)

13 1]

The three equations 3.114 and the 3(k-1) equation 3.115 define 3k equation in the
3k unknown stress components. It has been shown in reference 3.7 that these
resulting equations can be reduced in a straightforward fashion to an efficient
computer program for evaluation of laminate stress-strain behavior. The conclu-
sions of that study were that practical composite laminates having fibers oriented
in three or more directions showed little difference in their overall stress- strain
curves for inelastic behavior as compared with the corresponding elastic results.
Ply stresses will be different, however, and this may be of some importance. |In
particular, when thermal stresses are included (ref. 3.9) , the non-linear analysis
does show important differences in laminate behavior.
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This subject area is of importance primarily for specialized applications such as
dimensionally stable space structures. Hence, further treatment is considered to
be beyond the scope of this text.

3.7 STRENGTH AND FAILURE.

Methods of stress analysis of laminates subjected to mechanical loads, temperature
changes, and moisture absorption were presented in section 3.6. The main reason for
stress analysis is determination or assessment of the strength of a laminate. The
problem is of primary practical significance, since design without knowledge of
strength characteristics is clearly impossible. It is also quite clear that such
information for laminates cannot be obtained on a purely experimental basis, because
the number of candidate laminates is immense and each of them is an anisotropic
structural element. Thus, in each case it would be necessary to determine a set of
strengths and to incorporate them into a failure criterion for a laminate under
combined load. The situation is much more complex than for a UDC; for that

case, the one-dimensional strengths can be obtained experimentally and only

one failure criterion under combined stress is needed. In the present case,
however, the one-dimensional strengths of a laminate are by themselves of great
variety, since they depend on stacking sequence and layer orientations. To make
matters worse, it is necessary to consider both in-plane and bending loads.

This situation clearly requires analytical criteria for strengths of laminates.
Unfortunately, however, we are as yet far removed from achieving this desirable
goal. Consequently, approaches and methods to be discussed will be both quantita-
tive and qualitative.

First, consider the case of a perfect laminate which does not contain defects of
any kind. When such a laminate is loaded in its plane, a simple stress distribu-
tion results, consisting of plane stress in each layer and a complex three-
dimensional stress distribution at the edges which involves interlaminar normal and
shear stress. Some of these stress components may become very large at the edges;
theoretically, they may become infinite. This, at once, indicates several modes of
initial failure. Away from the edges, a laminate may fail either in what may be
called a fiber mode, implying rupture or buckling of fibers, or in what may be
called a matrix mode, implying longitudinal cracking parallel to the fibers. The
criteria for these mode: are (Chapter 11-2.54) and, since the state of stress is
plane, there are no otr r failure modes. The advantage of the criteria (Chapter
I1-2.54) is that they p:edict not only failure but also the mode. At the edges the
interlaminar stresses may produce delamination as the initial failure. The major
difficulties of analytical strength definition are to determine subsequent failures
beyond the initial failure and to provide a criterion for when these will produce
ultimate failure of the laminate.

3.7.1 Initial Failure.

For a laminate which is loaded by in-plane forces and/or bending moments, the

stresses in the layers at a sufficient distance from the edges can be obtained by
the methods developed in section 3.6. If there is no external bending, if the

membrane forces are constant alonﬁ the edges, and if the laminate is balanced and
symmetric, the stresses in the k'™ layer are constant and plane. With reference
to the material axes of the laminae, fiber direction xj; and transverse direction
X7, they are written 6)K, 9,,K, 0;,K. Failure will occur when either one of the

failure criteria (Chapter 11-2.105) is satisfied. Thus
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omet imes the simplistic maximum stress criterion (or any other failure criterion,
ee section 2.3.5) is used to assess the initiation of failure. For the k*
amina, the maximurn stress criterion assumes the form

_ Oiu . Gllk < Jtu (3.17)
_ ~cu k tu
on- < O,y < Op (3.18)
k u
<
lo217 2 1g, (3.19)

t should be noted that the maximum stress criterion overestimates the strength of
i1 lamina, since the interaction of stress components is neglected. Some stress
nteraction is obtained when the maximum strain criterion is used. This involves
eplacing the stresses by ®)), €55 and, €,9, and replacing the ultimate stresses
y the corresponding ultimate strains,

‘he failure criteria (3.116) must be utilized for each layer. The layer for which
he criteria are satisfied by the lowest external load will define the load which
roduces the initial laminate failure, while identifying the layer which fails and
he nature of the failure (i.e., fiber failure or cracking along fibers). This is
alled first-ply failure.



Bending occurs when there are external bending and/or twisting moments or when the
laminate is not symmetric. In these cases the stresses 011K, 999K and 0;7K in

a layer are linear in x3 (see figure 3.7). Consequently, the stresses assume their
maximum and minimum values at the layer interfaces and thus the failure criteria
(3.116) must be examined for each layer at these locations.

The situation is much more complicated for the edge stresses. Here the state of
stress is three—dimensional and must be obtained by numerical analysis in each case.
The major problem is that there are edge stress singularities, i.e., some inter-
laminar stresses become theoretically infinite. Numerical methods cannot uncover
the nature of a singularity, but there exist analytical treatments (see e.g.

ref. 3.5) which do this. The major problem is how to assess the implication for
failure of such edge stress singularities. This is a problem which is not resolved
at the present time. The situation is reminiscent of fracture mechanics in the
sense that stresses at a crack tip are theoretically infinite, thus singular.
Fracture mechanics copes with this difficulty in terms of a criterion for crack
propagation which is based either on the amount of energy required to open or crack

or, equivalently, on the value of the stress intensity factor. It seems that
similar considerations apply for edge singularities, but the situation is much more
complicated, since a crack initiating at the edge will propagate between aniso-
tropic layers. 1t appears, therefore, that at the present time, the problem of edge

failure must be relegated to experimentation, which is an unsatisfactory and
hopefully temporary state of affairs.

3.7.2 Subseauent Failures.

In many cases laminates have considerable strength remaining after first-ply
failure and there arises the difficult and important problem of analytically
determining subsequent failures. As has been said above, this problem is far from
resolved and is today one of the active research subjects in composite materials.
The following outlines a simplistic, well known approach to the problem. When
initial failure of a layer takes place, the failure may occur in the fiber mode or
in the matrix mode. In the first case, the ply stiffness in the fiber direction

E; is reduced, and in the second case the ply elastic properties Eo and Gj,

are reduced. These elastic properties are not reduced to zero, for the initial
failure produces cracks in the layer and the uncracked regions remain bonded to
adjacent layers. A precise estimate of these stiffness reductions is not available
today. The simplest (but quite drastic) assumption is that E; reduces to zero in
the fiber mode and that E2 and Gy, reduce to zero in the matrix mode. Since a
laminate, in most cases, will not survive a fiber mode failure, the progressive
failure cases of interest are initial and subsequent failures in the matrix mode.
If it is assumed that, for failure of a lamina group in the matrix mode, Er and

Gy, of that group can be set equal to zero, eventually the basic assumptions of
netting analysis will be approached (see section 3,6.3), For netting analysis, the
ultimate load is defined by the state when E, and G, vanish in all laminae.

In order to demonstrate the effects of changes in ply stiffness, some specific
examples will be helpful. In these examples, only membrane loadings will be
considered. The unidirectional lamina properties used in the examples are listed
in table 3.1.

The predicted load-strain response of a (0/+45)g laminate subjected to three
different membrane loading environments is depicted in figures 3.26 through 3.28.
Failure analyses for these examples have been performed utilizing the failure
criteria of (3.116),

3-90




N
l XX
50 |- % Fiber Tensile Mode
0° Plies
[0/145]s

ksi

0.5

FIGURE 3.26. STRESS-STRAIN RESPONSE, TENSILE N  LOADING

3-91



ksi

p——— m—— N
B —
50 = -
[0/145]s
40
Fiber Compressive Mode
0° Plies
& Fiber Tensile
Mode %45° Plies
30
20
Matrix Tensile Mode *#45° Plies
10 Matrix Tensile Mode 0° Plies
0 i .
0.0 0.4 0.8 1.2 1.6 2.0
EYY %
FIGURE 3.27.

STRESS—-STRAIN RESPONSE, TENSILE Nyy LOADING

3-92



50k

40

30

20

10

|

[0/2%4

5]s

Fiber Tensile Mode
+45° Plies

Matrix Tensile Mode
-45° Plies

0.0

FIGUKE 3.28.

0.1

STRESS—STRAIN RESPONSE, TENSILE Ny, LOADING

3-93

0.5



The laminate loading in figure 3.26 consists of uniaxial tension in the direction
of the 0' fibers, or the laminate X direction. The laminate response here is seen
to be linear up to the load where the 0" fibers fail in axial tension. Since the
failure mode is fiber breakage, it is assumed that no additional load carrying
capability exists.

In figure 3.27, the laminate loading consists of uniaxial tension perpendicular to
the 0' fiber direction, or the laminate y direction-. The laminate response here is
not linear up to first fiber failure. Two distinct knees eXxist in the load-strain
response. The first slope discontinuity corresponds to a matrix tensile mode
failure in the 0" fibers. At this point, the lamina properties for the 0° plies,
the moduli E2 and G}, are set equal to zero and the laminate properties are
reformulated.

Subjecting this damaged laminate to additional loading then yields matrix tensile
mode failure in both the &" and 45" plies, resulting in the second knee in the
load-strain curve. A new laminate was again formulated with all plies having
moduli Eo and G;, set to zero. Additional loading then produced fiber com-
pressive mode failure in the 0° plies, (followed immediately by fiber tensile mode
failure in the 45" and -45° plies) which corresponds to the ultimate strength under
Nyy loading.

The final membrane loading state considered was an applied Ny, (figure 3.28). The
response under this shear loading produces a single matrix mode failure prior to
ultimate, or fiber mode, failure.

Examination of these three figures reveals major differences in laminate response
under different loading states. The reason for these differences is simply that
the ply stress states are very different from each other. This can be seen easily
by referring to table 3.7 in which the states of stress in each ply of the laminate
are listed at first- ply failure under the three membrane loadings applied. The
stresses listed in table 3.7 demonstrate that at the three different first-ply
failure loads, different stress components in different plies are critical. When
subjected to Ny, loading, the fiber direction stress in the 0" plies reaches the
lamina strength value first, hence promoting failure. The other ply stresses are
not critical at this load. Under Ny loading, the first stress component to

reach the lamina strength is the transverse stress in the 0° plies. Shear loading
produces a critical stress in the 45" plies in transverse tension. Thus, the
critical stresses are dependent on loading direction.

The difference between first-ply failure and ultimate failure are depicted graph-
ically in figure 3.29, in which the laminate failure surface for combined in-plane
extensional stresses is shown for the laminate treated above. The dashed curve
defines the combination of applied laminate stresses for which the first-ply
failure occurs in the matrix mode. The solid curve defines the combined laminate
stress states which results in failure of a ply in the fiber mode. Note that for
most positive values of N,,, a matrix mode failure precedes the first fiber mode
failure. Conversely, for negative values of N,,, the first-ply failure is always
a fiber mode failure. The large region between these two surfaces indicates the
potentially limiting effect of low transverse and shear strengths of the indivudual
plies, hence, the limiting effect of the matrix properties.
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The related failure surfaces for combined laminate membrane extensional and shear
stress are presented in figure 3.30. Here, for large membrane shear stresses, the
first-ply failure is in the matrix mode. Again the potential for performance
improvement through changes in matrix properties appears to be worthy of consider-
ation.

The failure surfaces of figures 3.29 and 3.30 illustrate the importance of knowing
the difference between the loads causing first-ply failure and ultimate failure,
The first need is the determination of whether there is additional load capacity in
the laminate beyond the point of first- ply failure. A necessary condition for this
is that the laminate be stable (i.e., able to carry loads) after the loss of
laminae stiffnesses associated with matrix mode failure. For example, an angle-ply
laminate (£8) experiencing matrix mode failure when subjected to an axial load

will be unable to carry that load. However, any laminate having fibers oriented in
three or more directions can generally carry load after matrix mode failure. An
estimate of load carrying capability can be obtained by using netting analysis.

In table 3.8, comparisons between laminate analysis predictions for first- ply
failure strength and ultimate failure strength and netting analysis predictions for
ultimate failure strength are shown. |In both the Ny and Nxy loadings, the
nettings analysis strength predictions are Consideragly larger than the first-ply
failure laminate analysis predictions. This indicates that considerable strength
remains beyond first-ply failure. The netting analysis, however, predicts a lower
strength than lamination theory for Ny, loadings. The indication here is that
first-ply failure corresponds to ultimate failure. Because of the trends of the
type indicated in this table, netting analysis-can be a useful tool in composite
strength predictions.

3.7.3 Strength.

A conventional definition of material strength is the maximum static stress, or
combination of stresses, that can be carried by the material. For example, in a
simple uniaxial tensile test, strength is the highest stress achieved before the
material breaks. In a metal, it has been found that other points on the material
stress—-strain curve are also of significance in considering the maximum stress to
be applied to a material. For example, the proportional limit stress and the
material 0.2% offset yield stress are valuable measures of material strength.
Similarly, in composites there are several characteristic stress levels which
should be considered in the evaluation of strength. The primary stress levels of
interest are: the stress at which first- ply failure occurs and the maximum static
stress (stress resultant divided by laminate thickness) which the laminate can
carry.

In the calculation of first-ply failure, consideration must be given to residual
thermal stresses. Residual stresses are the ply stresses induced in a laminate as
a result of fabrication processes. Typical resin matrix composites are formed
under a combination of elevated temperature and pressure which promotes matrix
curing. When the laminate is subsequently cooled to room temperature, significant
residual processing stresses develop. A question exists as to how to include these
stresses in the failure analysis. The rationale for including them is obvious:
the stresses exist after processing and, therefore, they can be expected to
influence the occurrence of first- ply failure. However, there is also a rationale
for not including them. Since all resin matrix materials exhibit viscoelastic, or
time dependent, effects, it may be assumed that a significant portion of the
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residual processing stresses will dissipate through a process of stress relaxation.
Additionally, the processing stresses may be reduced through the introduction of
transverse matrix microcracking. A limited amount of cracking may occur without
significantly affecting the laminate elastic properties. This problem is compli-
cated by the difficul’y of measuring the residual stresses in a laminate and of
observing first-ply failure during a laminate test.

From an analytical point of view, when laminae properties are known, it is possible
to calculate a laminate stress-strain curve (including or excluding residual
thermal stress effect) and determine first-ply failure, subsequent ply failures and
maximum stress at failure. From an experimental point of view, it is possible to
measure a laminate stress-strain curve and determine proportional limit stress and
maximum stress. It is necessary to recognize that there are these different
characteristic stress levels in laminated composite materials, just as both a yield
stress and an ultimate stress characterize metallic materials. These stress levels
for composites, as for metals, must be used with different factors of safety.
Presently, the proper action seems to be to utilize analytical strength predictions
(both first-ply failure and ultimate failure) in the preliminary design phase and
experimental strength values for final design.

When experimental strength data are used for laminates, the problem of combined
loading conditions arises again. The difficulties of combined load testing pre-
clude the purely experimental approach; the uncertainties of failure mechanism
cloud the choice of analytical interaction criteria. A reasonable approach to be
represented by the following sequence: analytical calculation of ultimate strength
via netting analysis, or any other straightforward method; use of the analytical
result to define the shape of the interaction curve; use of the experimental data
for single stress components to define the amplitudes of the interaction curve; and
confirmation via limited combined stress testing for a condition of practical
interest.

It Is common practice, in the aerospace industry, to neglect the residual thermal
stresses in the calculation of ply failure. Data to support this approach do not
appear to be available. However, at the present time, damage tolerance require-—
ments limit allowable strain levels in laminates to 3000 to 4000 uwin/in. This
becomes the dominant design restriction, as will be discussed subsequently, and
obviates the need to resolve the effects of residual thermal stresses. As materials
of improved impact resistance are developed, first-ply failure calculations will
become more significant. 1t appears that thermal stresses should be included in
first— ply failure calculations unless their omission creates an improved degree of
conservatism. Careful stress-strain testing of laminate coupons should be used to
define design allowables.

Whichever stress values are used, design charts in the form of so-called *"carpet
plots™ are of great value for selection of the appropriate laminate. Figure 3.31
presents a representative plot of this type for the axial tensile strength of
laminates having various proportions of plies oriented at 0', #45° and 90"
Appropriate strength data suitable for preliminary design can be found for various
materials in references 3.1, 3.10.
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3.7.4 Fracture.

The presence of a hole or other discontinuity in a structure introduces local
stress concentrations. These high local stresses can result in initial localized
failure. In metals, a common consequence of these effects is the formation of a
small crack at the region of stress concentration. When there is a combination of
high stress intensity and low resistance of the metal to crack propagation, the
result is failure due to cracking. This failure mechanism is generally denoted
fracture, The mathematical technology which has been built up to treat this
problem utilizes fracture mechanics methods and is called structural integrity
technology (e.g., s+ ref. 3.1).

For composite lamin:ztes, the problem is complicated by the heterogeneity of the
material, both at the microscale and on a layer-to-layer basis. The complexity of
this problem is illustrated by the laminate analysis of a plate with a hole,
Consider a symmetric, balanced laminate having a circular hole, subjected to
in-plane axial tension. The plate may be regarded as an orthotropic plate whose
properties are the effective laminate moduli defined in section 3.4. Solutions
for stress concentrations in such a plate are available (e.g., ref. 3.11). The
stresses obtained from such a solution define local values of the stress result-
ants, which can be treated as the stress resultants applied to the actual laminate.
In general, at any point in the plate, this will define a combined loading with all
three stress resultants being non-zero. Following the methods of section 3.6, the
stress state in each ply can then be found. This defines the variation of ply
stresses throughout the plate,

3-100




Sample results, obtained by the above procedure, are presented in figure 3.32. The
tangential stress around the periphery of the hole is plotted. The solid lines
represent the stress from the orthotropic plate analysis, which is equivalent to
the average value of the in-plane ply stresses. At the edge of the hole, these
average tangential stre ses are the only non-zero components of the stress result-

ants; elsewhere in the piate all three stress resultants generally will be non-zero.
The dotted lines are the tangential stresses in the individual plies computed from
laminate theory. In general, all the stress components in each ply will be non-

zero, even at the edge of the hole. This is the same effect as was treated in the
discussion of interlaminar stress in section 3.6.4; namely, that the boundary
conditions are satisfied in laminate analysis only by the average stresses.
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FIGURE 3.32. LAMINATE THEORY CALCULATIONS FOR STRESSES AROUND A HOLE

At the edge of the hole, the lamina stresses in figure 3.32 will not be correct and
interlaminar stresses will exist. These interlaminar shear stresses are shown in

figure 3.33 at the various ply interfaces, and the interlaminar normal stresses are
shown in figure 3.34 at the middle surface interface. These interlaminar stresses

are normalized with respect to the average applied stress. The magnitudes of these
stresses are substantial.

Associated with the interlaminar stresses described above is a modification of the

in-plane stress state in each ply. Thus, as described for the free edge problem in
section 3.6.4, the only non-zero in-plane stress component in each ply at the edge of
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the hole is the tangentail stress, g, . This combination of in-plane and inter-
laminar stresses varies strongly with®Coordinate. The variation takes place in the
proximity of tHe hole, where the average in-plane stress components are also varying.
This complex state of stress can cause various failure mechanisms. Clearly,
interlaminar disbondin, is a possibility at various locations at or near the edge

of the hole. Intra-ply matrix mode failure in any ply is another possibility. At
elevated stress levels, it is reasonable to expect diverse local matrix failures.

A method for treating this complex problem is described below.

Using the methods presented in section 3.4, the effective in-plane laminate stiff-
nesses, E., E, and Gy, may be calculated for any laminate. With these

properties specified, a balanced symmetric laminate may be regarded, for purposes
ot structural stress analysis, as a homogeneous orthotropic plate. Failure of such
e plate may be analyzed within the framework of a fracture mechanics problem or as
o 1>cal overstress problem. Both approaches are in current use.

For the fracture mechanics approach, the concept of an intense energy region was
introduced by Waddoups et. al. (ref. 3.11). It was assumed that this region has a
characteristic length based upon an r~1/2 type of singularity. Arguing that the
energy balance in the region is more important than the details of the stress field
for a fracture mechanics problem, a related problem was treated. Thus, the
stresses associated with a small crack emanating from the edge of a hole in an
isotropic material were considered. These can be obtained from the well known
solution, due to Bowie. For this solution, the ratio of the strength of an un-
notched specimen to that of a similar specimen with a circular hole can be shown to
be a function only of the ratio of the length of the small crack at the edge of the
hole to the hole radius. Thus, correlation of experimental data for strength as a
function of hole size can be used to define a best-fit value for the characteristic
length of the intense energy region.

Thus, the general procedure is to test specimens both unnotched and with a specific
notch geometry inducing a stress concentratioon, in order to define the material
parameters. Then these values are used to predict strengths for other stress
concentration of similar geometry. One particular area of application for this
method has been with bolted joints.

The other major approach to a notched plate is based upon the assumption that
failure occurs when local stresses exceed the ultimate strength of similar un-
notched laminates. Orthotropic elasticity theory may be used for evaluation of
stresses around a hole in such a plate (ref. 3.12). Examples of the resulting
stress concentrations are shown in figure 3.35 for various carbon/epoxy laminates.
The laminae orientation combinations incluence both the magnitude and she shape of
the stress variation in the vi inity of the hole. The high stre-ses at the edge of
the hole may initiate fracture.

If the laminate fails as a brittle material, fracture will be initiated when the
maximum tensile stress at the edge of the hole equals the strength of the unnotched
material. In a tensile coupon with a hole, as in figure 3.35, the failure will
occur at the minimum cross-section and will initiate at the edge of the hole,
where the stress concentration is a maximum. The stress concentration factor of
interest is one which includes the finite width effect. This is illustrated in

figure 3.36 for an isotropic plate with a central circular hole. Stress distribu-
tions are shown for various ratios of hole diameter, a, to plate width, W.
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The basic stress concentration factor for this problem is the ratio of the axial
stress at the edge of the hole (X = a/2; y = 0) to the applied axial stress, o, .
For small holes in an isotropic plate, this factor is equal to 3. For large hole
sizes, the average stress at the minimum section, o¢,, is higher than the applied
stress, ¢_, and is given by the following relation:

)
5 = (3.120)

n a
(1-3)

The net section stress concentration factor, k,, is the ratio of the maximum stress
to this average stress. Thus

a
g(35, 0)
k = ——nw— (3.121)
n a
Um/(l-w)
Laminate fracture for the elastic- brittle case will occur at stress g,:
= 4t (3.122)
Ogp =0 /kn
A material which fails in th s fashion is denoted as a notch-sensitive material. In
contrast, a ductile material will yield locally to alleviate the stress concentra-
tion effect. In the extreme, this will result in a uniform stress distribution at
the net section, as shown in figure 3.37. For this case, failure will occur when

the average net section stress equals the material strength, i.e.:

- Ltu _a (3.123)
Ofr o {1 w)

A material which fails in this fashion is denoted a notch-insensitive material.

Practical laminates may be expected to fail in a fashion which is neither of these
two extreme cases.

As discussed earlier, various matrix damage effects are expected to occur at the
maximum stress locations. These localized damages reduce the material stiffness
and diminish and spread the stress concentration effects. As a result, it is
anticipated that although fracture will occur due to stress concentration, it will
occur due to lesser stress concentration factors than those calculated from ortho-
tropic elastic stress analysis of the notched laminate. Semi-empirical methods for
evaluating this reduction in stress concentration have been proposed.

The "point stress theory"™ (ref. 3.12) proposes that the elastic stress distribution
curve, e.g., those of figure 3.35, be used, but that the stress concentration be
selected at a distance, d,, from the edge of the hole. Thus, the numerator of
equation 3.121.6 should be evaluated at the point x = a/2 + d,. The characteristic
length, d,, must be evaluated experimentally. The "average stress theory" (ref.
3.13) takes a similar approach by proposing that the elastic stress distribution be
averaged over a distance, a,, to obtain the stress concentration. Thus
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(.‘;1/2)+ao

oy dx
Kk = a/2
n wW/2 (3.124)
c d
y X
a/2

Again, the characteristic dimension, a,, must be found experimentally. The
two approaches are illustrated in figure 3.38. For both methods, the resulting
stress concentration is used in equation 3.122 to define the fracture stress.

Representative results are plotted in figure 3.39 to illustrate the differences
associated with the different types of material behavior. The ratio of strength of
the plate with a hole, o¢, to that of an unnotched laminate, otu, is plotted as a
function of hole size. For the notch insensitive material, this course clearly
shows a linear decrease in failure stress with hole size due to the reduction in
net cross-sectional area. The lower curve, for a notch-sensitive material, shows
an immediate drop in strength with the introduction of even a small hole due to the
local stress concentration effect, The semi-empirical theories (both have similar
effects) show a rapid but more modest drop due to stress concentration. Experi-
mental data for laminates support the use of either of the semi-empirical theories
for fracture of a laminate with a hole.

3.8 FATIGUE.

1 have steadily endeavored to keep my mind gree
40 as to gdve Up any hypothesis, howeven much
beloved (and 7 cannot nesist foaming one on
eveny subject) as soon as facts are shown to be
opposed to 1t. . .1 cannot nemembenr a single
§inst-formed hypothesis which had not agfter a
time have to be given up on be greatlfy modifdied.

Charles Darwin

A critical design condition for aeronautical structures is the repeated application
of loads of various amplitudes. This cyclic or fatigue loading at amplitudes below
the static strength of the material can cause failure. It was shown earlier (see
section 2.3.6) that for fatigue of unidirectional materials, there are different
failure mechanisms depending upon the direction and type of load, just as there are
for static loading. Hence, it is reasonable to expect that evaluation of fatigue
induced failure of laminates will involve at least the complexity of static lami-
nate failure.

In a fashion, which is somewhat similar to the separate treatments of strength and
fracture, the fatigue problem may be separated into treatment of continuous
laminates and treatment of laminates containing discontinuities. A continuous
laminate is a geometrically regular one which is representative of its fabrication
process and which satisfies its acceptance criteria. However, a continuous lami-
nate may contain inherent, or *birth," defects of many types, including: twisted or
broken yarns or portions thereof; matrix-rich areas or matrix microcracks; interply
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disbonds; inclusions: etc. Under cyclic loading, these local defects may grow in
size and number and may contribute to laminate fatigue failure. Continuous
laminates are treated first, in section 3.8.1.

A discontinuous laminate has in it a major discontinuity, such as a hole or a
notch, which can cause a high local stress concentration and which may be regarded
as a likely source of damage which can propagate under cyclic loading conditions,
causing failure. Laminates of this type are discussed in section 3.8.2.

Continuous laminates may be subjected to damage in service which results in local
failure. This can create a significant discontinuity which will dominate the
subsequent response to cyclic load. This is discussed in section 3.8.3.

3.8.1 Continuous Laminates.

Laminate fatigue behavior can be examined from several points of view. The first
of these is to say that laminate failure is a result of a sequence of failures of
individual plies. This is analogous to the treatment of static failure, wherein
first ply failure starts the laminate failure process.

This method of analysis of laminate fatigue is consistent with the building block
approach of this text, since it utilizes fatigue data for unidirectional materials
as the basis for determining fatigue characteristics of laminates. This approach
is described in the first following subsection. As in the case of static laminate
strength, it is found that this method of analysis is helpful for understanding
laminate fatigue behavior, for comparisons among various laminates, and for genera-
ting preliminary data. It is not the solution, however, for final design proper-
ties for fatigue.

The second method of analysis is based upon the concept that failure is the result
of the continued accumulation and growth of dispersed local damage regions. This
approach assumes that there is a quantitative relationship (which may or may not be
known) between the inherent state of damage and the instantaneous strength (denoted
the residual strength) of the composite. Utilizing an approach similar to that for
metals, the growth of each of the existing damage regions under cyclic load can be
modelled. However, the number and diversity of local damages precludes such an

approach. Instead, the method of analysis is to hypothesize a law quantitatively
relating increasing damage to decreasing strength and a law relating damage growth
to existing damage and loading. As a consequence, there will be a degradation

of strength with time (cycles of load) leading to fatigue failure. This appraoch
appears to be a closer representation of the physics of failure, but is less
adaptable to precise mathematical formulation than the sequential laminae failure
model. 1t is discussed in section 3.8.1.2.

The third class of analysis methods for fatigue failure of continuous laminates is
motivated by the difficulty encountered in formulating the detailed mathematical
model for the accumulation of damage approach. Since a semi-empirical method
appears necessary, the macromechanical approach deemphasizes the details of the
physical process and postulates mathematical expressions directly which are to be

fitted to the experimental data. This approach is treated in subsection 3.8.1.3.

Each of these analysis methods may be viewed as a deterministic procedure for
lifetime prediction. Since fatigue data exhibit significant scatter, however, a
statistical approach to the problem is necessary. It is feasbile to utilize each

3-110




of the above three analysis methods in a statistical approach, and this is dis-
cussed in subsection 3.8.1.4. That discussion is preceded-by treatment of the
formulation of design criteria including the practicalities of variable loads
and variability of material response.

3.8.1.1 Failure Models Based Upon Lamina Properties Initial Failure.

When a laminate is subjected to cyclic loads, the stresses in each ply are also
cyclic. As long as the laminate remains elastic and no significant internal damage
occurs (i,e., that which would reduce lamina stiffnesses), all of the procedures to
determine internal stresses in the static case (section 3.6) remain valid for

cyclic loads. If the membrane forces and bending moments are sinusoidal with the
same R ratio (minimum/maximum amplitude) and the same frequency, as is usually the
case, then all internal stresses will also be sinusoidal with the same R ratio and

the same frequency. Fatigue damage can occur in different ways. Cracks along
fibers can develop inside laminae, laminae can separate due to interlaminar
stresses and these two kinds of cracks can coalesce to form complicated crack
patterns.

There is a fundamental difference between metal and laminate fatigue damage. In
the former case, microscopic damage accumulates until a dominant crack emerges.
This is called the initiation period. During continued cycling, the crack slowly
propagates until it causes failure. This is called the propagation period. For
metals this can be the dominant effect. By contrast, fiber composite laminates do
not exhibit the phenomenon of propagation of a single dominant crack. Crack
patterns in a laminate can be extremely complicated. From a macroscopic point of
view, a laminate may be considered to spend its entire fatigue life in the damage
initiation period.

The tremendous complexity of the evaluation of fatigue damage in laminates poses a
practical dilemna., On the one hand, the fatigue failure process is too complex to
be handled analytically, while on the other, the variety of candidate laminates is
such that the testing of one is totally inadequate in terms of obtaining sufficient
fatigue failure information for all. 1t will be recalled that a similar problem

is presented by static failure of lamintes (section 3.6). It is even more serious
in the case of fatigue.

The approach which will be followed is, in spirit, similar to the one adopted for
static strength. Some quantitative methods can be utilized for prediction of
initial fatigue failures, and perhaps for subsequent failures. Such methods can
provide insight into the relative merits of different laminate configurations.
Design data for the laminate of choice are to be obtained from experimental data
supplemented by analysis.

The procedure for the first-ply failure calculation in fatigue is as follows:

Given the S-N curves of the unidirectional fiber composite for cyclic stress in the
fiber direction, transverse to the fibers and in axial shear, S-N curves for plane
stress simultaneously involving these stress components can be constructed by the
methods discussed in (Chapter II-3.3) based on reference 3.14. A stress analysis
of the laminate is performed and thus the cyclic stresses in all the laminae are
known. Failure of each lamina is examined in terms of the lamina stresses and the
failure criterial discussed in (Chapter II-3.6). Initial failure occurs in the
lamina which has the smallest lifetime and in the failure mode (fiber or matrix)
determined according to this procedure.
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To utilize this procedure, it is convenient to construct a curve of lifetime vs.
maximum stress (for a fixed R value) for each failure mode in each ply of the
laminate. For example, in a (0/90/445/90/0)4 laminate, as shown in figure 3.40,
there is a fiber-dominated mode to be considered in the 0' ply and a matrix-
dominated mode to be considered in the 90' ply, along with both modes in the
materials. In the static case (N=1 or logN=0), the first ply to fail is the 90
ply (i.e., the transverse ply) in the matrix mode. The same failure mode will also
occur at longer times for lower values of the applied stress. Each individual mode
has an S-N curve, and each of these curves has a different shape. It is possible
that, after a certain lifetime, an interchange in the order in which these failure
mechanisms occur could take place. 1In the example of figure 3.40, the calcualtions
indicate that transverse failure in the 90 case is always the first-ply fialure.
For other laminates, it is possible for the surves to cross like those shown in
figure 3.40 for the +45 plies; therefore, a change ine mode of failure would
occur for longer lifetimes. Data that show this effect in the critical first-ply
failure mode are difficult to obtain because of the uncertainty of determining the
occurrence of ply matrix mode failure.
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FIGURE 3.40. INITIAL FATIGUE FAILURE (0°/90° /0%)g

The first analytical investigation of initial fatigue failure of laminates appears
to be reference 3.14, which was concerned with angle plies and experimental verifi-
cation for glass/epoxy laminates and utilized the fatigue failure criterion given
in reference 3.15, which is essentially the one discussed in (Chapter 11-3.,3), The
special characteristic of symmetric angle plies is that, for uniaxial stress in the
principal material directions, the stress states in all plies are the same and,
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therefore, initial failure will occur simultaneously throughout the laminate.
However, thod does not necessarily imply failure of the laminate. Lamina failure
in the matrix mode consists of propagation of cracks along the fibers. Since these
cracks are in different directions in adjacent layers, the layers remain partially
bonded and the fibers still carry load. Experimental work has shown, in reference
3.14, that angle plies fail more or less at initial laminae failure load for
reinforcement angles of 45°-90°, while for smaller angles the ultimate failure load
is larger than the initial failure load,

It should be noted that the angle ply is not, in general, a practical laminate,
which will generally have fiber layers oriented in three or more directions and
ultimate failure associated with the fiber failure mode. Other investigations of
fatigue laminate failure using various lamina failure criteria have been reported
in reference 3.16.

The analysis method desribed on the previous page does not account for failure
between plies. Particularly after the onset of some damage, interlamina disbonds
become a realistic possibility during fatigue loading.

o Residual Properties

The above discussion has described the fact that fatigue failure is the result
of the accumulation of dispersed damage. It is reasonable to expect that such
dispersed damage will result in a decrease in the residual properties of the
laminate, eventually to the level where failure occurs. Therefore, the loss in
residual properties must be taken into account -in the design of a laminate, and
continuing loss of residual properties can serve as the basis for lifetime predic-
tion, just as the crack growth laws in fatigue can lead to the definition of life-
time and suitable inspection periods for metals. This is suggested schematically
in figure 3.41.

RESIDUAL STRENGTH

STRENGTH

-
NUMBER OF FATIGUE CYCLES-

FIGURE 3.41. RESIDUAL STRENGTH AND FATIGUE LIFE
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After cyclic load at some particular stress level for some number of cycles,
the residual strength, as shown by the upper curves in figure 3.41, would be lower
than the initial ultimate static strength of the material. Eventually, the residual
strength will decay to where it is equal to the maximum applied stress, and that is
exatly what defines a fatigue failure. A residual strength curve for a particular
.vuelie stress level terminates when it intersects the S-N curve. In other words,
there is a family of residual strength curves which is dependent upon the amplitude
of tne loading and the locus of the ends of those residual strength curves is the
s-N curve for the material. Thus, there is a define interaction between residual
strength and fatigue life.

For composites, the dispersed damage accumulation may result in reductions in
residusl stiffnesses as well as strengths. This is particularly pronounced in
g+ess reinforced plastics, in which the loss in stiffness can easily become the
dominant design condition, even though initially the strength may be the governing
design condition. Figure 3.42 shows an example of fiberglass data, wherein an S-N
curve 1s given by the dashed line. The maximum cyclic stress (for R=0) is normali-
zed with respect to static strength. The solic curve shows the conditions for a
rtiffness loss of 15%. It is seen that this occurs for a given stress level much
earlier than failure. A 15%loss in stiffness of the material may well mean that
the material is no longer suitable for a particular application. This is an ex-
a&ple in which lifetime would be terminated due to stiffness loss before it was
terminated due to strength loss. Similar results for carbon/epoxy have been
reported in reference 3.17.
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o Subsequent Failures

When first- ply failure is in the matrix-mode, the failed laminae will have
undergone a reduction in their strength and stiffness, at least locally. Thus, the
subsequent response of the laminate to external loads will have been altered.
Increasing load will cause more widespread damage and redistribution of stresses

among the plies. Estimates of this response can be obtained by utilizing reduced
ply properties after initial failure.

Typical failures of three nominally identical specimens of a (+45°) boron/
epoxy laminate subjected to longitudinal tension-tension loading are shown in
figure 3.43. The loading has generated ply matrix mode failure involving a
significant amount of material in the failure. The +45° plies are clearly vis ble
and there is a considerable amount of separation along interlaminar planes, wh ch
permits specimen failure. Significant fiber pull-out is noticeable across the
break, which is evidence of the substantial matrix damage that had occurred pr oOr
to final fracture.

In contrast to the (#45°)¢ samples, a laminate having 0" and #45° fibers
(see figure 3.44) shows an irregular failure pattern reflecting dispersed damages
accumulating and linking together to form a failure surface, as is normally
observed in static failure for this material. This suggests that the use of a
method similar to the static, ply-by-ply failure calculation can lead to useful
results. Characterization of the individual plies in fatigue, in terms of S-N
curves for individual stress components applied to a unidirectional fiber compos-

ite, is the first step in a building block approach to failure analysis starting
from a first-ply failure criterion.

The procedure to be followed is similar to the static failure calcula-
tions, in which first- ply failure is determined initially. Then, play pro-
perties may be modified to find how failure progressed from first-ply failure
to ultimate failure. 1t appears to be imperative to consider changes in ply
properties in the fatigue case because it is expected that, at some relative-
ly short lifetimes, micro-cracks will be introduced in the material. It would
appear to be undesirable to Iimit the useful lifetime of the structure to the
number of cycles at which these microcracks are initiated, or to limit the load to
an extremely low level to prevent such micro-cracks. Thus, is is necessary to have
the capability of proceeding beyond initial micro-cracking for lifetime prediction.
The procedure for predicting fatigue failure in continuous composite laminates
subjected to specified cyclic loading can be described as follows:

1. Determine the lamina plane stress cyclic failure criteria on
the basis of S-N curves for single stress components.

2. Find the cyclic stresses in all laminae and determine which
lamina has failed and in which mode.

3. Adjust failed lamina stiffness and recalculate stresses.
4. Determine which lamina fails next and in which mode.
5. Continue until the expected mode of failure for a lamina is the

fiber mode. This defines laminate lifetime for the given
cyclic loading.
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Figure 3.43 Typical Failures of [%45] Boron/Epoxy
Laminates Subjected to Lofigitudinal
Tension-Tension Fatigue Loading
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Figure 3.44 Typical Failures of [0,/+45] Boron/Epoxy

Laminates Subjected to Longi%udinal
Tension Loading
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When ply failure is predicted in the matrix mode, it is expected that degrada-
tion of transverse extensional stiffness and axial shear stiffness would commence
and continue with cycling until these stiffnesses totally vanish. For convenience,
this continuous stiffness degradation would generally be taken as a stepwise
variation.

No application of this approach to other kinds of laminates is reported in the
literature. It is expected, however, that a conservative, first cut approximation
can be obtained if progressive ply failures are included by adjusting appropriate
lamina stiffnesses. Such predictions may be too conservative, however, since the
predicted failure of each ply does not actually result in complete loss in stiff-
ness. Rather, it means that intralaminar cracking parallel to the fibers will
occur at loads at which first—ply failure (which is usually in the matrix mode) is
expected. Growth of such cracks 1is usually constrained because of the presence of
adjacent layers; they tend to grow into interlaminar disbonds, where more energy is
dissipated. This mechanism of damage growth is more noticeable in laminates with
discontinuities, which are discussed in section 3.8.2.

The complexity of tracing the progress of fatigue failure from initiation of
first- ply failure to ultimate failure, including intra- and inter-laminar failures,
precludes exact analysis.. One approach is the counterpart to netting analysis for
estimating maximum strength. For this approach, the axial shear and the transverse
stiffnesses of all plies are set to zero and the approach to first-ply failure
described above is utilized. Here the first-ply failure becomes a fiber mode
failure and may be taken as a first estimate of the ultimate fatigue lifetime
associated with failure. Such an approach may be of value for preliminary design
purposes.

When the laminate loading is compressive, additional failure mechanisms exist
due to possible local instabilities. Thus, extensive cracking, or interply disbond-
ing may result in local buckling which could cause further damage propagation.

For actual design values, test data will be required. Fatigue lifetime data
for some basic materials are shown in figure 3.45. Shown here are typical S-N
curves for graphite/epoxy components (AS-3501 carbon/epoxy composites) for tension-
tension fatigue (R=0.1). A very flate curve exists for tension in the fiber
direction. For unidirectional materials, the comparison loading curve has a much
greater slope then the tension loading curve.

(Although not presented here, data for some materials show a steeper slope to the
S-N curve for the case of negative R value or combined tension and compression
cyclic loading). For comparison, a 2024-aluminum alloy fatigue curve at the same
R=0.1 is also shown in the figure. The slope of this curve is comparable to that
of the composite in the fiber direction. The transverse compression curve for this
composite is also very flat but at a much lower level than the 0' curve. Use of
experimental fatigue data to generate design data is discussed in subsequent
sections.

0 Concluding Remarks
The above portions of this subsection have dealt with the physical phenomena

occurring during cyclic loading of fiber composite laminates. Understanding of
these effects is important in the design of such materials.
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Fatigue failure methodologies based upon consideration of the state of stress
individual plies are the basis of references 3.14, 3.16, and 3.18. These
approaches, as discussed earlier, are usually adequate for fatigue of off-axis
loading of unidirectional composites and also for angle-ply laminates, although
interlaminar stresses could cause signficant fatigue damage near the free edges of
such laminates. Fatigue properties (S-N diagrams) of a unidirectional material in
the axial and transverse directions as well as in longitudinal shear are assumed to
be known. These should be known for the appropriate enviornment of temperature,
moisture, and frequency. A strength criterion similar to those used for static
strength prediction is utilized for fatigue lifetime predictions. For other kinds
of laminates, these methods should yield a good estimate of first-ply fatigue
failure. It appears that a ply-by-ply failure analysis may yield reasonable
estimates of lifetime only in certain limited cases.

The major advantage of this approach is that relatively simple and limited
experimental data are required, namely the properties of unidirectional composites
under single component cyclic loading conditions. The major disadvantage of this
approach is that it does not account for interlaminar failures, i.e., disbonds.
(Other inherent defects which are within a ply will have their influence reflected
in the basic unidirectional experimental data.) The method seems suitable for
preliminary design evaluations of the relative merits of various laminates.
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3.8.1.2 Failure Models Based Upon Dispersed Defects

When a general laminate is defined for use in a structure for which fatigue life-
time 1s important, a combination of test and analysis methods must generally be
utilized for design. An analytical strength degradation model is desirable for
this purpose.

An approach which has been utilized with success for studying fatigue of metals is
based upon the concept that cyclic loading produces internal microcracking which
progresses to cause failure. There is some appeal to utilizing the mathematical
tools of the metals approach in the study of fatigue of composites. A discussion
of this approach is presented below.

o A Wearout Model

For a given structure, or component, or coupon, growth of damage implies that
there is a probability of failure that varies with time. This information is the
basis for failure calculations using the fracture mechanics methodology applied
to metals. A related approach has also been utilized for composites as well as
for bonded or bolted joints. This approach is called the "wearout™ model
(refs. 3.19 and 3.20), which is based on the following assumptions:

1. There exist some inherent flaws in the material.

2. These flaws grow in a deterministic pattern which depends on
material properties, stress states near the flaws and history of
loading and environmental conditions.

3. Increased flaw size causes decreased material strength.

Because of the diversity of flaws in composite laminates, there will be many
different damage growth patterns. Attempts to model these are beyond the reach of
a practical engineering analysis method. Hence, the approach is to assume repre-
sentative forms for effects of damage and for damage growth and to quantify the
coefficient by the use of experimental data. The functional relationships usually
assumed in the wearout model are those used in metal fracture mechanics, as
described in the following. The flaw growth relationship is of the power law type.
Thus :

da _ m 3.125
£2 = awk) ( )
where A = a material property
a = the crack size
n = the number of load cycles
AK = the range of the stress intensity factor
m = an empirical constant

The stress intensity factor, K, is defined by the geometry and loading
conditions. For a sharp line crack normal to the applied tension in an isotropic
infinite plate, the result is:

K = o/73 (3.126)
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where o = the far field stress

Equation 3.126 is valid for a sharp crack in an infinite plate. For other
boundary conditions the right-hand side of the equation is multiplied by a function
of those boundary conditions. For composites, use of this equation is a hypotheses
which may be helpful in curve-fitting approach to experimental data.

At any point in time, the failure stress for a notched material, og, is

considered to be the stress at which the crack propagation will become unstable.
Thus:
K
C
Op =
/Ta (3.127)

where K., is the critical stress intensity factor

The wearout methodology is depicted schematically in figure 3.46. The
initial statistical destribution, f(9¢), of material strength, o¢, can be related
to an initial distribution, f(a), of material cracks of size (a) by use of equation

3.127. When these cracks are subjected to cyclic load, they will grow in accordance
with a crack growth law such as that of equation 3.127, such that at time t there
will be a new distribution, f(a,t), of material cracks. This new distribution of
larger cracks defines, via equation 3.127, a new distribution of (lower) Strengths,
fCa,t).
fley x fa) LOAD
/ t
d N~

o, a

L(a,t) i fio,t)

— -

—
TRANSLATION FROM STATIC DOHAIN TO FATIGUE DOMAIN
FIGURE 3.46. METAL WEAROUT
An important effect of wearout is illustrated in figure 3.47. This repre-

sentation of time dependent strength shows the initial static strength distribution
function at time zero and the changes in this function with lifetime. The changes
result from the effects of repeated loads and environmental exposure. At any
Particular point in time, there will be a strength distribution function. This
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deterioration of residual strength, with time, may eventually bring the material
strength down within the applied load envelope, thus causing what is commonly
described as a fatigue failure. Fatigue, in this terminology, is the reudction of
the residual strength capability down to the applied stress levels.
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FIGURE 3.47. TIME-DEPENDENT STRENGTH

It is important to emphasize here that residual property characterization need
not necessarily be limited to strength. In situations where stiffness critical
design occurs, it may well be a deterioration of material stiffness, it may be a
change in material damping characteristics, or it may be a change in the suscepti-
bility of the material to any of the various aspects of its environment that
becomes the critical design factor.

o Application to Composites

The critical question here is how this methodology can be applied to compos-
ites. The principle problem is that there are multiple failure modes so that
initial defects do not necessarily propagate in a self-similar way. This is
suggested in figure 3.48. A composite laminate is composed of layers of material
which are highly anisotropic in their strength characteristics. Thus, there are
possibilities for defects to grow perpendicular or parallel to any of the different
fiber directions in the composite. The same defect may propagate in different
modes depending upon the load history and the environmental effects. Thus, unlike
metals, for which the most important damage growth mechanism is a self-similar
propagation of an initial defect, in the case of flawed composites it is necessary
to deal with a multiplicity of failure modes.
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FIGURE 3.48. DAMAGE GROWTH

Initial defects may include fibers which are broken and intra- or inter-laminar
defects in the matrix. This initial flaw geometry could change by propagation in
the form of adjacent fiber breaks, which is similar to a metal defect. The initial
damage could change due to matrix damage, resulting in a crack parallel to the
fibers. This will be dependent upon load history and environment (e.g. moisture).
Furthermore, there are damage mechanisms which will result from the interactions
between layers, which may cause local delamination. Thus, even for fiber-dominated
laminates, the changes in the matrix stress-strain characteristics can influence
the nature of the propagation and hence the design lifetime.

The importance of matrix effects is suggested in figure 3.49 by the fact that
even in simple notched laminate tests of boron/epoxy laminates, there is a change
in failure mode as one switches from static to fatigue loads. Thus, for the two
laminates - (02/445) and (£45) - with a sharp central slit notch, static loading
results in a collinear propagation to two-part failure of the specimen. Similar
specimens subjected to fatigue loading experience failure mechanisms in which the
plane of failure is parallel to a fiber direction. This change in failure mechan-
ism can have serious consequences in the changes occurring in the flaw distribution
functions of figure 3.46.

One example of the problems associated with lifetime prediction for composites
is presented in figure 3.50. The curve t=0 is probability distribution function
for the initial defect sizes. Two alternate damage growth paths are suggested on
the right with the growth of the damage in either a collinear or self-similar
fashion or in a mode which reflects some additional local failure mechanism in the
material. The existence or non-existence of either of those modes of failure can
change the character of the distribution function for the flaws. For a self-
similar propagation, db=0, the results are the classical effects of: the largest
cracks growing fastest, the mean size of the flaw growing, and the dispersion in
the flaw growing because the rate of growth is proportional to some power of the
initial size. In the case of damage growth in the presence of secondary failure
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mechanisms, db# 0, there can be a local blunting of some of the stress irregulari-
ties and this can serve to narrow the dispersion associated with the flaw distri-
bution. Thus, although there is an increase in the mean flaw size, there will be a
decrease in dispersion.

The primary consequence of these multiple failure modes upon lifetime is that
the desired translation from static strength to lifetime may no longer be valid.
Figure 3.51 IS a simple schematic representation of this problem. The initial
static strength distribution function has been broken down into two separate
distribution functions which sum to give the measured strength function. |If these
two failure mechanisms are of the two types shown in figure 3.50, it is entirely
conceivable that the change in dispersion of one failure mode can result in a
situation in which lifetime prediction will be governed by a mechanism of failure
that differs from the one that governs the initial static strength distribution.
Thus, the critical life-limiting defects may not be identified by initial proof
testing. The possibility exists that it will be necessary to make additional
non-destructive inspections, or perhaps even additional proof tests, after a
portion of the lifetime environment has been experienced by the structure.

stress

Lifetime

FIGURE 3.51. TRANSLATION FROM STATIC STRENGTH TO LIFETIME
0o Concluding Remarks

The multiplicity of failure modes in composite laminates contrasts with the
self-similar,propagation of microcracks in metals. As a result, the mathematical
fracture mechanics models which have been used with success for metals may not be
useful for unnotched composites. However, it should be recalled that a similar
situation exists for static fracture of notched composites. In that case, it was
found that semi-empirical modification of the equations used for the metals pro-
vided reasonable correlation for composites data. There is a possibility that
similar semi-empirical modifications of the preceding approach may yield valid
methods for fatigue of composites. This is discussed in section 3.8.1.3.

The merit of this approach is that it relates to the physical realism of
damage growth from ""birth™ to failure. This suggests the possibility that, in the
future, non-destructive evaluation may provide data which could be used to assess
remaining life.
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3.8.1.3 Macromechanical Models for Fatigue Lifetime.

The validity of analytical methodologies for fatigue of laminates has been
demonstrated for only a limited number of cases. It is clear that a general
approach to the problem of life prediction is very cumbersome because of the
accumulation of a multiplicity of damage modes. In addition, the methodologies
which are useful under one condition may not be applicable under other circum-
stances. Thus, both analysis and experiemnt are required. Even this may not
resolve all uncertainties, however, and so large safety factors are required.

The direct measurement of fatigue properties, a procedure which has been
widely used in industry for metals, is difficult for composites. The reasons for
this are numerous. A principal reason is that composites do_not ap?ear to shov e

fatigue, or endurance, limit. Thus, data in the range of 108 to 10 cycles of
loading still indicate a negative slope for the S-N curve. Furthermore, there 1is
generally interest in more than a single laminate configuration. |[If the additional

complexities of combined stresses and spectrum loading are added to the need to run
tests for large numbers of cycles for many types of laminates, the purely experi-
ment al approach becomes impractical.

Despite the above problems, a comprehensive test program is necessary to
generate a data base for new components being developed. This data base has to be
fairly large, in view of the considerable scatter usually observed in fatigue.
Moreover, it is necessary to conduct tests with spectrum loading to simulate the
service environment. Empirical methods are also often necessary to assess effects
of fatigue in meeting various specifications associated with damage growth. For
new design of aircraft components, a comprehensive test program on components or
coupons is usually mandatory. For all of these reasons, an experimental data base
is required for most composite components before the component is put into service.
The need for generating a large data base can be reduced, however, if use is made
of analytical methodologies for prediction of life and of residual strength or
stiffness.

0 Representative Models

The methods discussed in the previous section for measuring fatigue properties
were based upon physical models of fatigue failure. Another approach is to postu-
late mathematical relationships which can be used to fit existing data and can then
be extrapolated to predict stress levels for long lifetimes. A simple expression
of this type which has been used to fit experimental data (see e.g. ref 3.21) is

§=blnN+c (3.128)
where b and ¢ are material constants

Curves of the type described by equation 3.128 plot as straight lines on semi-
log graphs, such as figure 3.45. It can be seen that a straight line provides a
reasonable fit to the data shown in that figure.

Another mathematical model used for characterization of S-N curves is the
power law

s Nl/m =g (3.129)

(3.130)

oF 1ns=lng-nl\lnN

3-126




where m and g are material constants

A comparison between equations 3.128 apd 3.129 is shown in figure 3.52 for
data representative of carbon/epoxy laminates.

It is of interest to note that the power law expression, equation 3.129, is
related to the physical wearout model of the previous section. This Is addressed
in references 3.22 and 3.23 and a simplified explanation is presented here.

A crack growth law is assumed in the form of equation 3.125. For simplicity,
the fatigue loading is assumed to be sinusoidal from o=0 to o=s., Thus, from equa-
tions 3.125 and 3.126.

A s™(ra)™/? (3.131)

da
dn
This may be written as:

a-m/Zda = Al Smdn

(3.132)

where Al = ATm/2

Equation 3.132 may be integrated from n=0 to n, with crack size varying from
initial value, a,, to a.

Thus

a(l-m/2)_ao(l-m/2)

(1-%1)1\1 s™n (3.133)

The crack sizes can be related to strength utilizing equation 3.127. Thus

o ni/2 m=2
g (1-m/2) _ < o (3.134)
o K
c
Fatigue failure will occur after N cycles when the crack size has grown to

where it is the critical size, ag, for failure at the maximum cyclic stress, S.
Thus,

s = Kc(ﬂauf)-l/2
(3.135)
Substitution of equations 3.134 and 3.135 into 3.133 leads to
1-5"% A 3
(3.136)
where s = S/og
Ao = a constant
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For cyclic stresses which are a function of static strength and for moderate
values of m:

gm-Z << 1

and equation 3.136 is equivalent to the power law of equation 3.129.

The relative merits of the various "laws"™ postulated above can only be judged
»v comparison with experimental data. Such a comparison is made more complex by

the statistical variability of most fatigue behavior. This is discussed in section
y.8.1.4.

o Concluding Remarks

The deterministic failure models discussed in sections 3.8.1.1 and 3.8.1.2 are
attempts to predict failure based upon specific assumptions regarding failure
me. hanisms. The mathematical expressions presented in the first part of 3.8.1.3
are attempts to characterize fatigue behavior without resort to a detailed under-
standing of the failure process. Any of these approaches must take into considera-
tion that statisical variability of composite strength, which is of particular
taportance after cyclic loading. These methods must be utilized in conjunction with
data from a well planned experimental program in order to provide the proper
statistical characterization of the fatigue properties of fiber composite laminates
subjected to uniform cyclic loading.

Utilization of macromechanical failure model is desirable because it avoids
certain complexities. The deficiency of the sequential lamina failure model 1is
that it does not incorporate all the important failure mechanisms. The deficiency
of the model for accumulation of dispersed damage is that it is too complex to cope
vith all practical defects. A mathematical model alone, however, is inadequate;
without physical understanding, design with composites is hazardous. The combi-
nation of the merits of the differnt approaches of the section appears to be a
desirable path to follow.

3.8.1.4 Properties for Design.

o Allowable Stresses

There are alterntive means for formulating design criteria for composite
materials. One approach is to specify deterministic static and fatigue properties.
Thus, a static stress-strain curve defines yield and/or ultimate stress for static
loading and an S-N curve defines stress levels for fatigue. One or more safety
factors can then be used; e.g. there could be one safety factor for yield stress, a
different safety factor for the ultimate strength, and a lifetime factor for the
S-N curve. The difficulty with doing this is associated primarily with the statis-
tical variability, both in constituent material properties and in lifetime data.

It is possible to account for this by characterizing material properties in a
statistical sense. For example, A or B basis material allowables (see Test
Methods) can be used to obtain a desired confidence level for static strength
properties (either yield stress or ultimate stress). Similarly, consideration of
the distribution in fatigue lifetime data leads to the establishment of a scatter
factor that is large enough to reduce failure probabilities to the desired level
(see figure 3.53). The statistical approach to fatigue failure requires modifying
the S-N curves so that they become P-S-N curves (probability-stress-number Of
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cycles), figure 3.54. These are curves defining the maximum cyclic stress level
which leads to different probabilities of failure at a specified lifetime. Con-
sidering the degree of lifetime scatter that is found in fatigue tests, it is
reasonable to replace an S-N curve, which might represent the mean (or the mode?)
of the data with a family of curves in which there are different probabilities of
failure. The provides a direct counterpart between the statistical characteri-
zation of the fatigue data and the statistical characterization of the static
material properties data
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FIGURE 3.53. STATISTICAL MATERIAL PROPERTIES
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In composite materials, a statistical approach to the definition of residual
properties can also be taken. The residual strength distributions at different
lifetimes can be used to generate curves of given probability for residual strength
after specified numbers of cycles (see figure 3.55). This provides a mechanism for
incorporating statistically based concepts into the definition of material

allowables.

DIFFERENT PROBABILITIES
OF FAILUREC

TEST DATA RESULTS

FIGURE 3.55. STATISTICAL RESIDUAL STRENGTH DATA

In addition to the fact that there is variability in the material properties,
the load applied to aeronautical structures varies in time and should be described
on a statistical basis. A loading spectrum for a particular component can be
characterized in terms of a load exceedance curve, which specifies the frequency
with which a load will be exceeded during a given time period as a function of the
magnitude of the load. This will show a large number of loading cycles at low
loads, with a continually decreasing number of cycles at large loadé. Procedures
exist to treat the effects of material variability as well as uncertain loading
conditions. A load exceedance curve defines the probability of encountering a given
load in a specified time period. This is combined with the strength distribution
curve; namely the probability of failure for a given load. The intersection of
these two curves defines an expression for probability of failure. Thus, the
probability that any part fails is really the probability of encountering a given
load multiplied by the probability of failure when that load is encountered. This
is obtained by evaluating the intersection of the load exceedance spectrum with a
residual strength distribution function, as shown in figure 3.56.
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FIGURE 3.56. PROBABILITY OF STATIC FAILURE

If the probability density functions f(s) of exceedance of load s, and
g(o,t) of residual strength ¢ after time, t, are known, then the probability of
failure p(t) for a maximum load level L of one number of a set can be calculated by
the following:

L o(s)
p(t) = ‘f £(s){] glo(s),t]ldoldas (3.130)
(o}

(o]

and the cumulative distribution function P(t) is given by:

t
P(t) = fp(r)d'r (3.139)
(o}

Hence, the reliability, R(t), is defined:

(3.139)
R(t) = 1 - P(t)

Considering a set of n unite (chosen in a random fashion), the probability of
zero failures of n unite at time t, denoted Ry(t), is therefore:

R, (t) = [R(£)]" (3.140)

The probability of at least one failure of this group, Pp(t), is:

(3.141)
Pn(t) =1- Rn(t)
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The distribution function for the time to first failure can therefore be
obtained by differentiation using the following relationship:

p_(t) ='dit{l - R(E)M) (3.142)

From this, any desired characteristic of this distribution can be found. For
example, the expected time to first failure, tg, is:

@
£ =_[; t p_(t)dt (3.143)

This time is a suitable measure of the lifetime of a class of structures.
For any given member of this class, failure probabilities are defined by equation
3.137. The failure probability for the desired lifetime is used to calculate the
reliability from equation 3.139. The desired reliability in a component is estab-
lished by the process of breaking down system reliabilities into component
reliabilities. It is then possible to assign a specific component reliability

goal. For a certain reliability goal we also have a certain probability of failure
at that lifetime.

o Cumulative Damage

The development of models for the characterization of fatigue lifetime have
addressed the condition of uniform cyclic loading. |In practice, however, the
structural loads are a complex combination of time varying loads, as discussed in
Chapter 1I. Application of fatigue data for steady cyclic loads to the determi-
nation of fatigue lifetime under spectrum loading is known as the cumulative damage
problem. The basic concept is that each load application causes a small, but
definite, decrease in the remaining lifetime of the material.

In practice, a random loading spectrum is obtained for the aircraft structure.
This can be represented by a sequence of uniform load cycles of various amplitudes
and stress ratios. This sequence of blocks of cyclic loads defines a similar
sequence of cyclic stresses at any laminate location. These stresses may be viewed
at the laminate or lamina level for use in lifetime prediction.

Cumulative damage effects may be incorporated into any of the fatigue analysis
methods discussed in this section. A desirable objective would be to compute the
time to failure of a laminate under a cyclic loading program in terms of the
fatigue characteristics and the geometrical arrangement of the layers. This
approach would have to consist of the following steps:

1. Construct a cumulative damage theory for unidirectional laminae
in states of plane stress (see section 2.3.3).

2. Perform a stress analysis of the laminate and determine first failure.

3. Adjust laminae stiffnesses and repeat the procedure for subsequent
failures until the load carrying capacity of the laminate is
exhausted.
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Unfortunately, such a fundamental approach is not feasible today because a
reliable cumulative damage theory of unidirectional materials under combined cyclic
stress is not available. A further complication arises since laminae stiffnesses
may deteriorate with the number of elapsed cycles. This would have to be taken
into account in the stress analysis of the laminate. It is possible to determine
such stiffness reduction experimentally for constant amplitude cycling, but such an
cmpirical approach for stiffness reduction for a sequence of cyclic loadings is
completely impractical because of the infinite variety of possible loading programs.
what would be required is a theory for stiffness reduction due to cyclic loading
progr ams.

Failure analysis models based upon degradation due to growth of dispersed
fetects can also utilize cumulative damage models. Thus, if a damage growth law 1is
known for a given inherent defect, it would be known as a function of applied
stresses. Therefore, damage growth could be determined by sequential application
of the cyclic load program. Then the residual strength law could be related to the
tesulting damage at any time. The methodology discussed in section 3.8.1.2 1is then
directly applicable.

The more common approach to incorporation of cumulative damage effects into
the lifetime prediction methodology is via the use macromechanical failure models.
For e deterministic failure law for a laminate under uniaxial cyclic stress,
cumulative damage effects are readily incorporated through the use of a damage
hypothesis such as the Palmgren-Miner Rule (see 2.3,6.4). Alternatively, rules for
degradation of residual strength, or for damage curves using an equivalent cyclic
loading postulate (as discussed earlier for unidirectional composites), could also
be applied at the laminate level. All of these rules address only a single compo-
nent of cyclic stress. Cumulative damage theories for laminates under combined
stresses do not exist.

The literature on the subject of sumulative damage of laminates is sparse.
One of the earliest investigations is reference 3.24, which gives experimental data
for failure of glass/epoxy cross-plies under two stage loading and attempts to
correlate the data in terms of a linear strength degradation model. More general
treatments based upon more versatile strength degradation models have been given in
reference 3.25. The experimental data are not in agreement with the simple Miner's
rule, equations Chapter 11-3.36, 3.37. There are cases in which the data are either
conservative or unconservative with respect to Miner's Rule (see ref. 3.26).

When statistics are incorporated into the failure model, as they must be,
additional uncertainty arises. As pointed out in reference 27, the theories of
cumulative damage are of deterministic data. Comparison procedures for experi-
mental results, which show statistical scatter under identical loading conditions,
are uncertain. It is not obvious that the mean of the statistical data is the
appropriate parameter for comparison; perhaps some other statistical parameter
should be used. A discussion of statistical characterization of fatigue lifetime
follows.

o Statistical Characterization
The design needs for fatigue data have been discussed and defined earlier. It
has been shown that the convention S-N curve is but the first step in material

characterization for fatigue. The scatter in lifetime data makes P-S-N curves an
imperative. Further, for composites there is little evidence that an endurance
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limit exists. Hence, long lifetime data are needed, and methods for accelerated
lifetime testing are desired. Clearly, in order to avoid prohibitively large test
programs, available data should be used to define the parameters in an appropriate
mathematical model which can then be used to generate the reqyired design data.

A common theme in the evaluation of composite fatigue data is the utilization

of a two-parameter Weibull statistical distribution, which may be expressed in the
form:

_ (3-144)
F{x) =1 - exp[-(x/8)°]
where F(x) = the cumulative distribution function
a = the shape parameter
6 = the scale parameter

The probability density function f(x) is found from equation 8.20 by
differentiation:

_ de
f(x) = dx (3.145)

and this distribution can be characterized by its moments, M;:

OO

Mi =£ xif(x)dx (3.146)

The mean value, X, and the standard deviation, s, are defined by this moment
function as:

X =M

: (3.147)
- w 21172
s [M2 M%)
Substitution of equations 3.144-3.146 into equation 3.147 yields:
X=8T (1+%) (3.148)

where T denotes the standard gamma function, the coefficient of variation is:

2 2,,.1,,1/z
(r(142) - r?(14d))3/4 (3.149)

Xiln

1
T(1+3)
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It is seen that the mean value depends only upon the parameter 8 and the
coefficient of variation only upon the parameter a, hence the reason for naming

the scale parameter and shape parameter, respect vely.

A first approach to the data for a specific cyclic loading condition (i.e., a
specified maximum stress and a stress ratio) is to fit distribution of time to
failure using the functional form of equation 3.144. Thus, for example, the prob-
ability, P(N), of servival after N cycles may be defined as

P(N) =1 - exp[—(Ni)“] (3.150)
(o]

where N, = the scale parameter, or characteristic time to failure
a = the shape parameter

The parameters in this distribution can be evaluated for each of the cyclic
loading conditions for which experimental data are available. With this informa-
tion, it is possible to construct P-S-N curves from the avialable data. Methods
for establishing parameters in statistical distribution functions from limited data
have received extensive treatment in the literature related to metals fatigue
(e.g., ref.3.28). Treatment of statistical methods for data evaluation are not
unique to composites and are beyond the scope of this text.

The above treatment of P-S-N curves is of primary value for interpolation over
the region in which test data have been obtained. These data can be extended by
the use of a mathematical fatigue hypothesis in conjunction with a distribution
function. In reference 3.22, the distribution function (3.150) is utilized along
with a fatigue power law, equation 3.129. In this approach, data for various load
conditions are pooled to establish a single shape factor and the functional form of
the relationship between stress and the scale parameter. This provides a format
suitable for extrapolation of available data to longer lifetimes.

An alternate approach to this problem is to focus first upon residual strength
characteristics. In place of equation 3.150, a distribution, F(o,), of residual
strength, o,, after a specified number of cycles, N, may be considered, Thus:

F(or) =1 - exp[—(—csi)a] (3.151)

The parameters of this distribution can be evaluated from experimental resi-
dual strength tests. Then, in place of the fatigue power law, a residual strength
decay law may be postulated (e.g., refs. 3.24, 3.29, and 3.30). Yang and Liu
(ref. 3.23) chose an expression of the form:

do
— - 3.152
dn = "f (S,r,w) /Ccrc 1 ( )

where r = the stress ratio for cyclic loading
w = the frequency
C = a constant
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Since fatigue failure occurs when the residual strength, o, is reduced to
the maximum applied cyclic stress, S, equations 3.151 and 3.152 can also provide a
framework for fitting existing experimental 'data with expressions that can be used
to predict longer lifetime behavior.

Still another approach is represented by the early work of Halpin, Jerina, and
Johnson, (ref. 3,19), who incorporated statistical variability into the wearout
model. Other approaches exist as well. However, the point is, that when assump-

tions are made with regard to (a) the stastistical form of lifetime data obtained
for given cyclic loading conditions (or for residual strength data obtained after a
given number of cycles), and (b) the functional form of the realtionship between
load and mean lifetime (or mean residual strength and lifetime), it is possible to
establish a statistical representation of stress and lifetime which is useful for
defining P-S-N curves over the full-time scale of interest. At the present time,
this appears to be the most promising approach to fatigue evaluation of continuous
laminates.

3.8.2 Laminates with Discontinluities.

Understanding the fatigue failure of uniform laminates subjected to cyclic loading
is but a first step in the fatigue design of aeronautical structures. Practical
structures will have regions of stress concentrations which may be the origin of
cracks or other damages which can propagate to failure during cyclic loading. As a
result, the design of composite aircraft structures for specified lifetime under a
defined spectrum of loads is a complex task. An understanding is required of
numerous failure mechanisms at various locations within the structure, inlcuding
regions both with and without discontinuities.

Eor known external loading, the membrane stress state at any point in a structure
is defined, and lifetime can be determined by using the methods of section 3.8.1.
The lifetime of a composite structure can then be determined by using these methods
to find the structural location having the shortest predicted lifetime. This
approach must be examined in more detail when the critical location is at a free
edge of a laminate, such as around the periphery of a cutout. This approach is
even more uncertain when the location of interest is in a region having a sharp
gradient of stress resultants due to stress concentration effects.

The problems resulting from stress concentrations and free edges are best illus-
trated by considering a laminate containing a circular hole. Static fracture for
this case was considered in section 3.7.4. The stress distribution described
therein (see figures 3.32-3.34) help explain the nature of the fatigue problem. The
in-plane stress concentrations (figure 3.32) may give rise to in-plane cracks, and
the interlaminar stresses (figures 3.33 and 3.34) may give rise to disbonding at
the free edges. Each of these defects may grow as a result of-cyelic loads and
they may grow at different rates and in different directions,-ultimately leading

to failure. This problem is discussed in section 3.8.2.1 below.

Another difficulty associated with lifetime prediction for practical laminates
stems from the fact that an interlaminar disbond is common defect which can

occur during manufacture or service. When a disbond exists in a region where

the laminate is subjected to out-of-plane loads or to transverse shear, the dishond

may propagate to critical dimensions under cyclic loading conditions. This pro-
blem is discussed in section 3.8.2.2 below.
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Regions of discontinuity and stress concentration may also be introduced by
abnormal conditions such as foreign object impact. Although this is discussed
separately in section 3.8.3, service damage is a problem having much in common with
the local failure occurring due to stress concentrations or due to imperfections
resulting from the fabrication process. In all these cases, the concern is with
the possible stable growth of local defects under cyclic load. Defect regions may
reach a size at which the structure is weakened so that it may no longer be able to
carry the design ultimate loads.

The subject of defect criticality is the focus of much current research. It is
not intended that this text provide a detailed discussion of such contemporary
research; rather, the following material is intended to describe the nature of the
possible damage growth and to alert the reader to the necessity of a sound test
program to validate the structural design against the possible effects of defects.
Design procedures to address these difficulties will be discussed qualitatively.

3.8.2.1 Damage Initiation and Growth at Unloaded Holes.

The growth of a crack from a hole in a plate structure is the classic representa-
tion of a single isolated damage propagation mechanism which dominates structural
failure. In fatigue of metals, a hole in a plate subjected to cyclic membrane
loading gives rise to crack initiation at the edge of the hole, followed by stable
crack propagation and then by catastrophic failure. For composites, a number of
experimental studies of fatigue behavior of laminates with circular holes have
reported a similar sequence of damage initiation and propagation (refs. 3.15,

3.26). Various damage growth mechanisms are generally observed which indicate that
matrix mode failure within the plies leading to cracks parallel to the fibers is
the first damage to initiate. As load cycling continues, these intralaminar cracks
are followed by interlaminar disbonds. For the case of cyclic loading, the com-
plexity of damage growth mechanisms is increased because of local degradations is
residual strength (and perhaps in residual stiffness). Depending upon the laminate
construction, this damage progresses, within increasing cycles, with either inter-
laminar or translaminar (through-the-thickness) cracking predominating.

Depending upon the type and direction of damage growth, residual strength will
change; generally, it will decrease monotonically. However, the residual strength
of the laminate as a whole can sometimes increase because of a reduction in stress
concentration due to local cracking at the hole. Consideration of changes in
residual strength, as well as simultaneous modelling of growth of all kinds of
damage, pose a difficult problem. Modelling of intralaminar damage growth as well
as strength degradation has been attempted in reference 3.31 for correlation with
experimental data. Growth of inherent interlaminar disbonds has been modelled in
reference 3.32 by the use of semiempirical, self-similar crack growth laws, which
are commonly used for metals. For compression, a wearout-type model to predict
residual strength and/or lifetime based on based on buckling of the delaminated
plies has also been attempted in reference 3.32 for data correlation purposes. An
attempt to model changes in residual strength as well as growth of intralaminar and
interlaminar damage is reported in references 3.33 and 3.34. These studies clearly
show two major problems with which one has to deal in modelling damage growth. The
first problem is that a data base does not exist for the changes in residual
strength of the unidirectional lamina under tension and compression (in longitudi-
nal and transverse directions) as well as in shear. Interlaminar strengths may
also degrade under cyclic loading. The second problem is the complexity involved
in stress analysis in the presence of both intralaminar and interlaminar damages.
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The solution to the first problem can be obtained by a comprehensive test program.

Alternatively, limited test data and reasonable estimation procedures (e.g., linear
residual strength reduction) may be utilized.

The stress analysis problem discussed above can possibly be handled by the use of
specialized finite element formulations. One such attempt is described in refer-
ence 3.35, where it has been shown that fiber breakage, matrix crazing, crack
bridging, matrix-fiber debonding and axial splitting can occur near a built-in flaw
.» a unidirectional composite during quasi- static loading prior to catastrophis
tracture. Use of this model for studying damage growth in laminated composites is
likely to be too cumbersome as well as expensive and has not been attempted to
date. For compression loads, such micromechanical models should also include the
ritects of imperfections and the possibility of "microbuckling' of the fibers. For
the study of laminated composites, use of 3-D finite elements has been attempted in
the past. Modelling each lamina as an assembly of plate-type elements may also be
attempted. Modelling damage growth requires the use of an iterative technique,
and, therefore, use of 3-D brick elements or plate elements, which becomes an
expensive proposition. For many types of laminates subjected to tensional load-
ings, the effects of normal displacements can often be neglected, and in such cases
cach lamina can be modelled using membrane elements to depict the in-plane
response. Such an approach has been utilized in reference 3.36, where the nodes in
adjacent laminae are assumed to be connected by shear springs, which are assumed to
be rigid under extension. The stiffnesses of the springs are calculated from the
interlaminar shear moduli. To model, damage growth under quasi- static loading of
notched laminates, the model is loaded in steps and after each step appropriate
stiffnesses of each element are reduced if failure is expected in a particular
mode, and the load is recalculated in an iterative fashion. To consider load
cycling effects in tension fatigue, use is made of assumed degradation characteris-
tics of each strength parameter. An iterative technique is again used for number
of cycles. The methodology of reference 3.36 has been used for a compression
fatigue study in reference 3.37.

The model of reference 3.36 is described here to illustrate the phenomenon of dam-
age growth. The model utilized to study progressive damage growth in laminated
composites considers the interactions of the individual plies and uses matrix
failure agd ply disbonding as the failure mechanisms. Stress analysis in the
presense of various damage modes is carried out in an iterative manner. The
methodology consists of a finite element stress analysis and a failure analysis. A
detailed study of load cycling effects is not considered, but an attempt is made to
determine effects of degradation of matrix material in each lamina and strength
characteristics of the interfaces because of fatigue. However, use can be made of
a fatigue analysis methodology similar to the ones utilized in references 3.33,
3.34, and 3.36 to consider the effects of load cycling on gradual strength degrada-
tion. This approach has the ability to predict the various types of damages which
may occur in reality, in contrast to macromechanical life prediction methodologies
based on strength degradations which are to be determined from test data.

The laminate in reference 3.36 is modelled with membrane and beam elements. The
membrane elements are used to represent the indivudal plies and are quadrilateral
plane stress elements with orthotropic elastic properties. The beam elements are
used to represent the ply interfaces; they also have orthotropic elastic proper-
ties, but do not have any axial displacements. The moment of inertia of the
cross—section is adjusted to obtain the necessary shear displacement from the beam
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bending stiffness. The beams thus act as shear springs. This model appears
suitable to demonstrate concepts; for a more detailed quantitative analysis, use of
a more sophisticated finite element model may be necessary.

The objective of this analysis is the prediction of the load at which the differ-
ent elements in the model will fail. Composite laminates can fail in various
modes; hence, different failure criteria are required to determine the likely node
of failure. The criteria used are presented in table 3.9. These criteria deal
with three types of failure: matrix and fiber failure within a lamina and inter-
laminar failure. In-plane (lamina) and interlaminar failures are assumed to have
no interaction; i.e., only the in-plane stresses are involved in in-plane failure
mechanisms and interlaminar failure results only from interlaminar shear and normal
stresses.

The failure analysis methodology is outlined in figure 3.57. In every load step,
static strength is considered first. Stresses are calculated with a finite element
analysis for a unit load. For each element, assuming linear elastic behavior,
failure load ratios are calculated from the stress distribution and all the failure
criteria. The lowest ratio is determined and both the failure load and the mode of
failure for the element are predicted. The failure loads for all elements are
compared to an applied load slightly higher than the lowest failure load and all
elements that have failed are identified. The possibility of gross laminate
failure is then examined by comparing the applied load to the residual laminate
strength. If this possibility does not exist, loss of strength and stiffness of
the failed elements is reflected in the next step by reducing their stiffnesses and

load-carrying capacity. This analytical process can be repeated until the laminate
fails.

Load cycling effects can be considered readily if the methodology assumes that the
principle effect of fatigue loading is the reduction in material strengths due to
accumulation of localized damage. In practical fiber composites, the matrix is
especially susceptible to fatigue damage, but the fibers remain largely unaffected.
Due to matrix wearout, there is significant reduction in strength, but the composit
stiffness remains unaltered. Experimental results (ref. 3.37) confirm the validity
of this assumption. Fatigue failure loads are calculated for all elements based on
residual strength. This defines the failed elements at any load level after the
specified number of cycles. Laminate residual strength can be determined by static
analysis using the residual strengths of all elements.

Representative interlaminar disbond growth is shown in figure 3.58 (from ref. 3.37)
for a typical carbon/epoxy laminate. Delamination initiates on both sides of the
notch (at the 0/45 interface near the surface) at the axial tangent points and
propagates towards the end tabs. The regions of delamination initially develop in
all four quadrants around the notch in a uniform and symmetric manner. Growth of
each region then progresses along the axial tangent line to the notch as well as
along the circumference of the notch towards the center of the specimen. This
circumferential progression eventually results in the bridging of the delamination
in the upper two quadrants and, similarly, the lower two quadrants. Upon comple-
tion of the joining of these regions, the delamination continues towards the end
tahs, contained within a region bounded by the axial tangent lines to the not-*
(figure 3.58).

Photomicrographs of the axial and transverse sections of this specimen show typical
intralaminar damage. Figure 3.59 shows an axial section tangent to the circular
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astoh.  Looking at the ultrasonic C-scans (figure 3.58), it becomes evident that
this section contains a damage zone along the right side of the hole. Visual
inspection of the photomicrograph reveals numerous intralaminar microcracks occur-
ring in the +45° and -45" plies. Close examination shows that, in practically all
cases, the cracks appear to have either initiated or terminated at the 0 ply
intertace., The distribution of cracks is relatively random, and in most cases the
«rack distribution is directed perpendicular to the 0° fiber direction.

FIGURE 3.59. TRANSVERSE SECTION OF SPECIMEN OF [0,/45]s,
CARBON/EPOXY LAMINATE

A section of this specimen which is a cut in a transverse direction tangent to the
notch is shown in figure 3.60. Aside from a small number of randomly distributed
cracks, the majority of cracks are shown to be oriented collinearly and confined
essentailly to the 0" plies. The cracks extend completely through each group of
two 0" plies and terminate at the angle ply interfaces. It should be noted that
all of the cracks in the collinear orientation are aligned with the cracks in the
0" plies on the surfaces, which are observed to originate at the edge of the hole
on the C-scan (figure 3.57). The only obvious delamination is found at the 0/+45
interface nearest to the surface, as noted earlier. This indicates that while— the
delamination is limited mainly to the surface layers, as indicated on the C-scans,
the axial crack propagation shown on the surface 0° plies also extends in a similar
fashion through each set of 0" plies throughout the thickness.
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Although various analytical models and criteria have been developed for through-
the-thickness defects like cracks, or holes, and the damage mechanisms which develop
under static and cyclic loading are relatively clear, quantitative assessment of
the criticality of such defects remains a complicated task. The reason for this
complexity is the growth of delaminations between various laminae and disbonds in
the matrix and/or fiber-matrix interfaces in the individual layers. For this
reason, use of fracture mechanics methodologies to solve this problem has met with
only partial success.

FIGURE 3.60. AXIAL SECTION OF SPECIMEN OF [0,/#45]5s CARBON/EPOXY LAMINATE

Under static loading, use of a stress criterion at a point a short distance away
from the cracktip (ref. 3.38) is considered a viable method of strength prediction
by many designers. Finite element modelling or progressive damage growth modelling
may yield more realistic assessments of damage growth, although they have their own
limitations, especially from the point of accuracy as well as cost. Modelling of
damage growth under cyclic loading is still in the state of research and develop-
ment (see ref. 3.39). References 3.26, 3.39, and 3.40 present reviews of the

status of this work. A considerable amount of work is still to be performed to put
the analytical methodology for assessing two-dimensional growth of damage starting
from the edge of a hole on a sound footing. |In the interim, experimental treatment

of plates with holes is necessary.

There are indications that tension fatigue of laminates with holes may be less
serious than compression fatigue. |In the latter case, the disbonds can lead to
localized compressive instabilities which are catastrophic. Methods for assessing
disbond growth are treated in the following section.

3.8.2.2 Damage Growth of Interlaminar Disbonds.

The disbond reflects the second major representative problem of fatigue in the
presence of discontinuities. Growth of damage of this type can occur without
breaking any fibers. Since the matrix is the weak constituent, this represents a
potentially critical failure mechanism. Disbond growth can occur without any
visible indication on the surface of the part. Hence, this failure mechanism is a
serious hazard to flight safety.
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Disbonds can propagate as a result of transverse shear, out-of-plane loading or
in-plane compression. For all of these loads, there will be interlaminar shear and
normal stresses in the plane of the disbond, with singularities at the periphery.
Since the disbond propagates entirely within the matrix material, methods of
classical fracture mechanics appear appropriate. There is a strong relationship
between this type of damage growth and the failure of an adhesively bonded joint.
Fracture propagation can occur in a crack opening mode, denoted Mode I; in forward
shear mode, denoted Mode II1; or in a lateral shear mode, denoted Mode III.

Growth of isolated disbonds in Mode I, Mode II or combined modes under quasi-static
or cyclic loading has been modelled by various investigators using fracture mechan-
ics methodologies and fatigue crack growth laws. This subject has recently been
reviewed in reference 3.39, in which it is reported that growth of disbonds from
surface flaws or from edges has also been studied. In all such studies, strain
energy release rates or stress intensity factors are calculated by analytical
numerical methods, and other semiempirical parameters are determined from correla-
tion with experimental data. In most of these experimental studies, the growth of
implanted flaws is either one-dimensional or the correlation is attempted via a
one-dimensional model.

Two-dimensional finite element methods (see refs. 3.41-3.47) appear to be attrac-
tive for numerical calculations because of their versatility in considering various
boundary conditions, such as free edges or suface flaws. These methods can be
expensive, however, and their accuracy is dependent upon mesh size and element
shape. No detailed investigations of this type dealing with laminated composites
are reported in the literature. One-dimensional theories (e.g., refs. 3.48-3.50)
and elasticity solutions (e.g., ref. 3.51) are comparatively inexpensive, but they
have been used for isolated disbonds only. Extension of such methods to considera-
tion of disbonds near free edges or surface flaws is complicated and has not yet
been attempted.

Techniques of modelling self-laminar disbond growth are well advanced, but before
they can be used as practical design tools, a significant amount of experimental/
analytical correlation is needed to extend them to the more general case of disbond
growth which is not self-similar. Use of 3-D finite element has also been advanced
as a method for calculation of strain energy release rates in reference 3.52. In
this approach, three-dimensional brick elements are used for calculation of strain
energy release rates for disbond propagation. The procedure involves the release
of a pair of nodes at a point and a comparison of the strain energy in the struc-
ture for the cases with the nodes attached and separated. When the change in
strain energy exceeds the critical strain energy, the disbond is permitted to
propagate. Results of this approach have been compared in reference 3.52 to
experiments designed to create one-dimensional disbond growth, with favorable
results.

Few studies are reported in the literature which deal with two-dimensional growth
of disbonds. Finite element methods are attractive tools for studying the stress
field near disbonds with 2-D planforms, and useful results for such problems have
also been obtained by the use of modified laminated plate theories (ref. 3.53). No
study on the use of other 3-D elasticity theories and methods has yet been attemp-
ted, but further work in this direction is needed to determine the accuracy of the
techniques which are currently in use. A considerable amount of experimental work
is still necessary to determine the various material constants as well as the
statistical variability of those parameters which are used in modelling growth of
disbonds.
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Although disbond defects represent a serious source of laminate failure for which
reliable analysis methods do not yet exist, they are defects which lend themselues
to detection by non-destructive inspection (NDI) techniques. Methods for NDI are
discussed later. Research activity directed towards development of improved analy-
sis and design methods for disbonds is proceeding at a high level of effort at

the present time.

3.8.3 Impact and Damage Tolerance.

The subject of impact and impact related phenomena in composite materials has been
an area of vigorous investigation within the materials and structures communities.
The interest in this subject stems primarily from the various modes and locations
of impact induced damage within composite structures. It is quite possible for an
impact event to induce considerable damage within a composite structure without any
visible indication of the damage on the exposed surfaces of the composite. Thus, a
structure may be significantly degraded with respect to its performance require-
ments without any readily available indications of the performance loss.

Directly related to the subject of impact is the question of damage tolerance. |If
a composite structure suffers a delamination, for example, how well will the
structure respond to subsequent loading environments? Obviously, a centrally
located delamination will have no effect on performance under membrane loading but

may be severely detrimental under bending and shear loading. Thus, it is required
that damage be determined such that subsequent evaluations can be made to determine
whether the damaged structure can tolerate additional loading.

Evaluations of impact in compoistes are fundamentally different from those in

metals. In a metal, the evaluation of impact is typically performed using an lzod
or Charpy impact test. These tests provide the amount of energy required to
promote fracture of the specimen. 1In a composite, however, this approach yields

little, if any, useful information for design. A good measure of impact resistance
in a composite material is the energy required to initiate failure in one of
several modes, such as delamination, backface ply splitting, surface crushing,
backface ply separation or spallation, or fiber breakage.

Typically, composite materials require a different type of test in order to deter-
mine these energy levels. One of the more common test methods is the drop test.
Here a metallic impactor is dropped from sufficient height to attain a specific
amount of kinetic energy prior to impact. |If higher energies are required, some
sort of accelerating mechanism such as an air gun may be used. The major idea here
is that energy to promote total failure is not particularly useful, since a parti-
ally damaged structure may or may not be degraded beyond useful service.

An interesting feature in composites subjected to impact loadings is the variation
in failure mode with impactor velocity. At low velocity, the response typically

will be structural dynamics; thus, failure will be related to bending and shear
stresses. At very high velocities, the response will be ballistic: damage to the
structure will be a function of the propagation and reflection of stress waves, and
the damage produced will consist of backface spallation and shear failures not

related to bending. Moderate velocity impact produces a combination of all of
these responses and damage modes and is considerably more difficult to evaluate.

Investigations into the response of composite materials subjected to impact load-
ings can be classified into three group: (1) considerable experimental work has
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been performed, (2) analytical modelling of high velocity impact has been performed,
and (3) analysis of low velocity impact events has been accomplished.

Initial experimental work (refs. 3.54-3.56) closely followed the procedures used in
metals by utilizing Charpy and lzod impact testing. This type of testing is prob-
ably more suited to quality assurance than material property evaluations. Later
work has included ball drop testing with damage threshold monitoring (refs. 3.57
and 3.58). In addition to monitoring the damage threshold energy levels, damage
modes and combined static and impact loadings were evaluated. There has been a
recent trend toward standardization of the test methods for evaluating impact
resistance (see ref. 3.59).

The effects of compressive panel loadings during plate impact have been shown to be
very significant (ref. 3.58), as seen in figure 3.61. The data represented in
figure 3.61 demonstrate that, as the applied static compressive strain is increased,
the impact energy required to promote a catastrophic failure decreases. The curve
fit through the test data represents the threshold for which an impact superposed
on a compressive strain will cause total failure.

Figure 3.62 presents residual compressive strength data for those specimens which
did not fail catastrophically during impact (figure 3.61). The failure threshold
curve from figurc 3.61 is reproduced here for demonstration purposes. Clearly
shown in these results is the reduction in compressive strength due to moderate
velocity (>75m/s) impact loading. Additionally, it can be seen that the residual
strength is typically greater than the failure threshold strains. Rhodes (ref.
3.58) interprets this as an indication that the failure threshold level may be
considered a lower bound for the residual strength.

The data presented in figures 3.61 and 3.62 would appear to indicate that the
deleterious effects of impact can be ignored by simply limiting the allowable
compressive strain in this laminate to 0.25-0.30%. The data would appear to
indicate that the impact/compression failure threshold level and the residual
compressive allowable strain are asymptotically approaching 0.25-0.30% strain.
Careful review of these limited data, however, demonstrates that this is an errone-
ous assumption. First and foremost, only static compressive residual strength is
considered in figure 3.62. The state of affairs under subsequent fatigue loading,
impact loading, bending loading, etc. will probably be very different. Addition-
ally, the range of impact velocities studies is certainly not all inclusive. Very
high velocity impacts produce types of failure different from those produced

by low or moderate velocity impacts. A final consideration is the mass of the
impactor: larger masses at lower velocities can generate the same amounts of
kinetic energy while producing different damage modes and amounts of damage.

All of these uncertainities lead to the realization that designing for impact of
composites must include specifics as to the types of impact and subsequent loading
environments. Considerable testing to verify design msut be performed in order to
obtain the desired certainty of structural integrity.
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Analytical endeavors in impact work were initially limited to wave propagation due
to the application to ballistic response. Some of the earlier work in this area
was performed by Moon (refs. 3.60 and 3.61). Utilizing Mindlin plate theory, which
incorporates shear deformations, and ignoring through-the-thickness stress waves,
predictions of in-plane bending and extensional stress waves were made. Analyses
were performed for a limited number of angle ply lamintes. The results were most
interesting in that the orthotropy of the composite laminates produced distorted
wave fronts. |In many cases, cusps were found and the wave surfaces were not
convex. This was reported as indicating that the stress waves were being focused
by the large axial-to-transverse stiffness ratio in graphite/epoxy systems.

Later analytical work was involved in the response of composite materials subjected
to lower velocity impact. Work by McQuillen (ref. 3.62) demonstrated good correla-
tion between experimental results and a structural dynamics analysis for low
velocity impact. This work showed an increasing proportion of energy being con-
tained in higher frequency bending modes as the impactor velocity was increased.
Even though this analysis was limited to beam structures, it did provide correla-
tion with experimental work and validated the structural dynamics analysis approach
for low velocity impact. With this approach validated, other researchers (ref.
3.63) expanded the analysis to plate structures and included damage initiation and
propagation effects.

Analytical procedures have been developed which couple the high velocity wave
propagation effects with the low velocity structural dynamics response (refs. 3.64
and 3.65). The approach taken utilized a three-dimensional finite element analysis
with Eulerian coordinate definitions to model the local impact region coupled with
a general purpose finite element code (NASTRAN) to model the structure away from
the impact site. Within the Eulerian zone, material yielding and flow are permit-
ted for isotropic materials and appropriate failure criteria are used for composite
materials. The composite moduli are set to zero as failure occurs. This particu-
lar methodology is best suited to high velocity impact, and solution times are
reported to be large.

The analyses which have been described can be complex and costly to perform. The
rationale for utilizing these analytical models is the requirement for the determi-
nation of failure modes and locations in composite structures. This quantitative
description of damage is required in order to evaluate investigations of the
effects of damage on subsequent performance.

Each of the analytical procedures described is useful in examining the phenomenon
of low velocity impact. Insight into damage modes and propagation has to be
obtained utilizing these techniques. For design purposes, these analyses have only
limited application, since each must be considered to be in the research and
development stage.

Evaluating the effects of damage in composites is considerably more difficult than
in conventional materials. The majority of the complications which arise in damage
tolerance evaluations are related to the multiplicity of failure modes, locations
and strengths. Primarily, damage tolerance evaluations are performed under fatigue
loading. The repetitive loadings have the effect of promoting damage growth due to
material degradation and stress concentrations, In composites, such evaluations
are difficult. Because of the anisotropy and heterogenity of the material, failure
modes for low loads and many cycles may be different from those for higher loads
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and few cycles. Typically, cyclic transverse loadings will produce more degra-
dation than cyclic axial loads. Therefore, under combined stresses, the failure
mode may change from axial to transverse as the number of cycles to failure
increases.

A very interesting phenomenon can be seen in the fatigue of notched laminates.

Some laminates show an increased notched strength after fatigue loading, as
discussed earlier. The increase is produced through a decrease in the effective
stress concentration factor due to fatigue induced damage around the notch. In
effect, the shape and dimensions of the notch change with damage, which changes the
stress concentration factor.

Experimental evaluations of damage tolerances are typically performed utilizing

NDI. Ultrasonic C-scans, acoustic emission, and optical and visual inspection
appear to be the most widely used tools for NDI at this point in time. X-ray
radiography using opaque penetrants has a good potential in this direction. Other
techniques like thermography, dye penetrants, and attenuation measurements are still
in the stage of research and development. Very few of the NDI techniques have been
shown to yield accurate quantitative measurements of damage size and shape. Others
are useful for detecting and locating flaws. Utilizing these techniques at various
stages in in a fatigue loading spectrum identifies growth or damage. Identifica-
tion of the mode of the damage, however, is still very difficult.

Contemporary materials research is oriented towards development of resins of
improved impact resistance (see e.g., ref. 3.66). Test methods for quantitative
assessment of such improvements have recently been proposed in reference 3.59.
Considering the fact that the potential for impact damage is currently the dominant
limitation in allowable design strain levels for fiber composite laminates in
aircraft structures, it is reasonable to expect material improvements in this area.

3.8.4 Fatigue Design Philosophy.

This section on fatigue of composites first addresses the behavior of a uniform
laminate under cyclic loading conditions. Such a laminate may be regarded as
having dispersed initial flaws which are inherent to the fabrication process and
which meet the acceptance criteria for the material. The lifetime of these
materials may be defined as the ""durability"™ problem. This is an economics issue
(see ref. 3.67) which influences the life cycle cost of ownership.

The second major aspect of fatigue failure desls with the discontinuity from which
a major damage growth leading to failure could occur. This may be defined as the
""damage tolerance' problem. This is a safety issue (see ref. 3.67) which defines
the inspection periods necessary to ensure flight safety.

The design approach for durability requires the generation of experimental data on
specimens representative of the actual fabrication process.

Ideally, these data could be treated by the analysis methods based upon the

sequential ply failure model (see 3.8.1.1) or upon the growth of dispersed damage
model (see 3.8.1.2). At the present time, however, the feasible approach appears
to be one which utilizes a macromechanical node (see 3.8.1.3).
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It is well to recall that each of the approaches to the analysis of fatigue can be
defined in a deterministic fashion. |In practice, a specific laminate, subjected to
a specified set of cyclic loads, will fail in fatigue in a deterministic (although,
very likely, unknown) fashion. Because the inherent defects in each laminate are
different, the experimental data for lifetime under specified cyclic loads will
show scatter, and statistical treatment is required. Thus, for example, the
classic S-N curves must be replaced by P-S-N curves (see 3.8.1.4). Because the
cyclic load program is generally not known in a deterministic fashion, it is
necessary to have a cumulative damage approach to the fatigue design problem. This
must be taken into account in the experimental as well as the analytical efforts.
The objective of these efforts is the development of a reliable set of P-S-N curves
which can be used to establish design stress levels appropriate for desired life-
time at the desired confidenc level.

The design approach for damage tolerance has two major elements, namely, the use of
a conservative analysis, supported by realistic testing. The major elements of a
conservative design analysis are: wuse of low strain allowables, special analysis
of complexities, special treatment (e.g., reinforcement) for problem areas,
establishment of inherent defect acceptance criteria, and the use of representative
defects for design analyses to increase reliability. Realistic testing involves
both coupon testing for environmental effects, statistical data base, etc., and
subcomponent testing for verification of failure modes and levels. Both the

analysis and the experiments will address the basic problems of laminates with
holes and with disbonds. Design allowables will be generated for basic loading
conditions. These results will be used to address actual design complexities by

drawing upon treatment of: combined stresses, utilizing interaction curves; load
spectrum effects, utilizing cumulative damage hypotheses; environmental effects,
utilizing reduced allowables and revised stress analyses; and lifetime calcula-
tions, utilizing residual strength distributions at moderately long times, in
conjunction with effective crack growth laws. All of these methodologies are in a

continuing state of development. Hence, it is necessary to be conservation. It is
desirable to use a factor of safety over the weakest strength obtained at the
maximum lifetime of interest. It must be recognized, however, that it may not

always be possible to do that in a realistic, practical structure. Thus, this
basic design procedure must be supplemented by structural testing.

The test program will generally involve a full-scale structure under fatigue. It
should be recognized, however, that fatigue effects can be very profoundly influ-
enced by environmental effects, and realistic full-scale environmental testing can
be prohibitively expensive. Therefore, it is necessary to establsih an estimate of
mean lifetime with a full-scale fatigue test in an ambient environment. Then cou-
pon and element testing are used to obtain a definition of material and structural
variability effects. It is necessary to utilize a procedure whereby test coupons
with holes establish the statistics of failure. Such coupons are also used to
treat the environmental effects. At the second level, representative small compo-
nents that contain realistic stress field should be tested to demonstrate the
possibility of unanticipated complexities and their influence upon failure.

All of these complexities and apparent difficulties in development of durable,
damage tolerant composite structures are offset by the fact that the experience
with composite structures has been very good. This is primarily a result of the
fact that the fiber direction fatigue characteristics of carbon fiber composites
are exemplary. The factors of safety for static design, and the reliability
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considerations for static design, generally reduce operating stress levels so that
they are far from the static strength. As a result, for a multidirectional lami-
nate with fibers controlling the behavior in all directions, it is feasible to
avoid fatigue problems, particularly for designs governed by the strain limitations
of 3000-5000 in/in, which are widely used at the present time in order to achieve
impact resistance. It appears reasonable to expect that, in the future, enhanced
understanding will lead to reliable, cost-effective designs operating at higher
strain levels.
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