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FOREWORD 

T h i s  i s  t h e  f i r s t  volume of  a book t r e a t i n g  a n a l y s i s  and d e s i g n  problems of  f i b e r  
compos i t es ,  r a n g i n g  from mechanics  o f  compos i t e  m a t e r i a l s  t o  r e s p o n s e  o f  compos i t e  
s t r u c t u r e s .  T h i s  f i r s t  volume t r e a t s  t h e  p r o p e r t i e s  o f  f i b e r  compos i t e  m a t e r i a l s ,  
i n c l u d i n g  l a m i n a t e s .  The second volume w i l l  t r e a t  s t r u c t u r e s  made from t h e s e  
m a t e r i a l s .  

T h i s  volume was p r e p a r e d  by t h e  M a t e r i a l s  S c i e n c e s  C o r p o r a t i o n .  I t  was w r i t t e n  by 
Hashin and B. Wal te r  Rosen w i t h  t h e  c o l l a b o r a t i o n  o f  E .  A.  Humphreys. The 

a u t h o r s  acknowledge t h e  a s s i s t a n c e  o f  F.  Dow. A p p r e c i a t i o n  i s  a l s o  
e x p r e s s e d  t o  Bever ly  who was t h e  p r o d u c t i o n  c o o r d i n a t o r ,  t o  Donna Brennan 
who typed t h e  manuscr ip t  and t o  o t h e r  MSC s t a f f  members f o r  h e l p f u l  d i s c u s s i o n s  and 
ass i s t 

T h i s  work was s u p p o r t e d  by t h e  F e d e r a l  A v i a t i o n  A d m i n i s t r a t i o n  T e c h n i c a l  C e n t e r ,  
A t l a n t i c  C i t y  A i r p o r t ,  N e w  J e r s e y ,  under  C o n t r a c t  DTFA-03-81-C-00055. The a u t h o r s  
acknowledge t h e  a s s i s t a n c e  o f  David Nes te rok  and Lawrence t h e  FAA T e c h n i c a l  
M o n i t o r s ,  €or t h i s  p r o j e c t ,  and e x p r e s s  t h e i r  a p p r e c i a t i o n  t o  J o s e p h  S o d e r q u i s t  o f  
t h e  FAA f o r  h i s  c o n t i n u e d  h e l p  and encouragement .  
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FAA PREFACE 

t r a n s i t i o n  o f  compos i t e  m a t e r i a l s  from a l a b o r a t o r y  exper iment  t o  p r a c t i c a l  u s e  
and m i l i t a r y  p r o d u c t i o n  a i r c r a f t  i s  a r e a l i t y .  Dur ing  t h e  p r o c e s s ,  many 
problems were uncovered,  a d d r e s s e d ,  and r e s o l v e d .  For example,  t h e  

concerns  w i t h  m o i s t u r e  a b s o r p t i o n  and t h e  p o t e n t i a l  r e l e a s e  of  ca rbont h e  
i n  a i r c r a f t  a c c i d e n t s  i n v o l v i n g  f i r e ,  were r e s o l v e d .  P r o g r e s s  has  proceeded 

m i l i t a r y  a i r c r a f t  t o  commercial  t r a n s p o r t  a i r c r a f t ,  and now, t o  t h e  h i g h  l e v e l  
i n t e re s t  shown by t h e  g e n e r a l  a v i a t i o n  community. This p r o g r e s s  r e f l e c t s  a 

of c o n f i d e n c e  t h e  u s e  of  compos i t es  and a r e c o g n i t i o n  of  c o s t  and 
formance advantages  a s s o c i a t e d  w i t h  such m a t e r i a l s .  

m a t e r i a l s  can  be t a i l o r e d  t o  meet t h e  needs o f  s p e c i f i c  s t r e n g t h  and 
r e q u i r e m e n t s ;  and a s  s u c h ,  t h e s e  m a t e r i a l s  a r e  i d e a l l y  s u i t e d  t o  a i r c r a f t  

designs which h i g h  performance and low weight  a r e  n e c e s s a r y .  A t  t h e  t ime ,  
t h e s e  m a t e r i a l s  e x p e r i e n c e  d i r e c t i o n a l i t y  of  p r o p e r t i e s .  Such a n i s o t r o p y  r e q u i r e s  

r e d i r e c t i o n  t h e  a n a l y t i c a l  thought  p r o c e s s e s  of  a i r c r a f t  s t r u c t u r a l  e n g i n e e r s .  

has  t h e r e f o r e  s u p p o r t e d  t h e  development of  t h i s  t e x t  o r d e r  t o  a s s i s t  
and d e s i g n  e n g i n e e r s  i n  a s s e s s i n g  t h e  r e s p o n s e  of  compos i t e  m a t e r i a l s ,  

and s t r u c t u r e s  t o  mechan ica l  l o a d i n g  and c o n d i t i o n s .  The 
t r e a t m e n t  of m a t e r i a l  t h i s  t ex t  f o s t e r s  f i r s t  an u n d e r s t a n d i n g  of t h e  mechanics 
o f  composi te  m a t e r i a l s  a t  t h e  c o n s t i t u e n t  l e v e l ,  fo l lowed  by an  e v a l u a t i o n  of  t h e  
response  of  l a m i n a t e s .  The m a t e r i a l  Volume I s e r v e s  a s  t h e  b a s i s  f o r  t h e  
t r e a t m e n t  of s t r u c t u r e s  t o  be  p rov ided  i n  Volume 11. Recommended m e t h o d s -c a n  be 
u t i l i z e d  i n  r e l a t i v e l y  s imple  programs f o r  programmable c a l c u l a t o r s  o r  microcompu-
t e r s ;  however, t h e  u s e  o f  t h e s e  programs m u s t  be  based on a sound u n d e r s t a n d i n g  of 
the u n d e r l y i n g  p h y s i c a l  c o n c e p t s  which a r e  p rov ided  h e r e i n .  

Although t h i s  t e x t  was i n i t i a l l y  deve loped  f o r  FAA u s e ,  t h e  n a t u r e  o f  t h e  m a t e r i a l  
covered  makes i t  s u i t a b l e  f o r  s t u d y  by d e s i g n e r s  and g r a d u a t e  s t u d e n t s  i n  t h e  f i e l d  
o f  e n g i n e e r i n g  mechanics .  The scope  o f  t h e  t e x t  may be regarded  as a p p r o p r i a t e  f o r  
a one semester, g r a d u a t e  l e v e l  c o u r s e .  S t u d e n t s  w i l l  f i n d  t h a t  t h e  fundamental  
i s s u e s ,  a r e  supplemented by a t r e a t m e n t  of  " r e a l  world"  i s s u e s ,  a d e s i r a b l e  f e a t u r e  
f o r  p r a c t i c i n g  e n g i n e e r s .  

i s  a fundamental  t r e a t i s e  on t h e  d e s i g n  and a n a l y s i s  of 
composi te  m a t e r i a l  s t r u c t u r e s .  I t  i s  a n t i c i p a t e d  t h a t  r e v i s i o n s  w i l l  be made t o  
t h i s  t e x t  p e r i o d i c a l l y  t o  r e f l e c t  s p e c i a l i z e d  t o p i c s  and t echno logy  advances ,  a s  
t h i s  i s  an e v o l v i n g  t echno logy  w i t h  advances b e i n g  made c o n t i n u o u s l y .  

Joseph  K .  S o d e r q u i s t  
N a t i o n a l  Resource  S p e c i a l i s t ;  

Advanced Y a t e r  
F e d e r a l  A d m i n i s t r a t i o n  
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PREFACE 

F i b e r  composi tes  have been developed t o  t a k e  advantage  of un ique  p r o p e r t i e s  found 
i n  m a t e r i a l s  i n  f i b r o u s  form. Many m a t e r i a l s  i n  t h e  form o f  f i n e  f i l a m e n t s  e x h i b i t  
s t r e n g t h  and s t i f f n e s s  c h a r a c t e r i s t i c s  f a r  g r e a t e r  t h a n  t h o s e  o f  t h e  same m a t e r i a l  
i n  bu lk  form. The combina t ion  of such f i l a m e n t s  w i t h  a s u i t a b l e  m a t r i x  can  y i e l d  a 
composi te  w i th  p r o p e r t i e s  s u p e r i o r  t o  t h e  same m a t e r i a l  bu lk .  

The concept  i s  not  new, b u t  t h e  emphasis  ha s  changed. Pe rhaps  t h e  e a r l i e s t  compos-
i t e s  were t h e  mud b r i c k s  r e i n f o r c e d  w i t h  s t r a w  used i n  B i b l i c a l  times. Here t h e  
mud ( t h e  m a t r i x  m a t e r i a l )  was t h e  impor tan t  e l emen t ,  and t h e  s t r a w  was added t o  
make t h e  mud s e r v e  adequa t e ly  a s  a m a t e r i a l  of c o n s t r u c t i o n .  For  t o d a y ' s  

t h e  m a t r i x  s e r v e s  r a t h e r  t o  make t h e  f i b e r  p r o p e r t i e s  a c c e s s i b l e .  Hence, t h e  
t i t l e  of t h i s  book, F i b e r  Composite Ana lys i s  and Des ign .  The f i b e r  comes f i r s t ,  
and t h e  technology  w i th  which t h i s  book i s  concerned  p r i m a r i l y  d i r e c t e d  toward 
t h e  u t i l i z a t i o n  of t h e  p o t e n t i a l  p rov ided  by advanced f i b e r s .  

t h e  l a s t  20 y e a r s ,  a wide range of new f i b e r s  ha s  been i n t r o d u c e d  i n t o  t h e  
m a r k e t p l a c e ,  c r e a t i n g  b o t h  new d e s i g n  o p p o r t u n i t i e s  and new problems f o r  t h e  
d e s i g n e r .  The technology  of u s i n g  such f i b e r s  i s  not  a s imp le  one,  b u t  p r o g r e s s  
has  been made toward i t s  mas t e ry .  The c u r r e n t  s t a t e  of t h a t  a r t  d e s c r i b e d  
t h e  c h a p t e r s .  

T h e  m a t e r i a l  p r e s e n t e d  i s  adapted from a s e r i e s  o f  l e c t u r e s  on f i b e r  compos i tes  
g i v e n  t o  FAA e n g i n e e r s  i n  t h e  f a l l  of 1980 by s e n i o r  s t a f f  members of  t h e  
S c i e n c e s  Corpo ra t i on .  The o b j e c t  of t h i s  a d a p t a t i o n  i s  t o  p r o v i d e  an adequa te  
background o f  knowledge of t h e  c h a r a c t e r i s t i c s  and mechanics of f i b e r  compos i tes  s o  
t h a t  an e n g i n e e r  expe r i enced  i n  t h e  assessment  of  t h e  performance o f  c o n v e n t i o n a l  
m a t e r i a l s  can  ex tend  h i s  competence t o  t h e  assessment  of compos i tes .  A broad 
spec t rum of  t e c h n o l o g i e s  i s  i nvo lved ,  r ang ing  from d e t a i l e d  methods o f  a n a l y s i s  t o  
more q u a l i t a t i v e  c o n s i d e r a t i o n s  of  methods o f  d e s i g n  and e v a l u a t i o n .  Throughout ,  
t h e  emphasis i s  d i r e c t e d  toward t h e  d e f i n i t i o n  of t h e  n a t u r e  and magni tude of  t h e  
d i f f e r e n c e s  a s s o c i a t e d  w i t h  t h e  u s e  of  compos i tes  r a t h e r  t h a n  c o n v e n t i o n a l  ma te r i-
a l s ,  and e s p e c i a l l y  toward t h e  e l u c i d a t i o n  of t h e  r ea sons  f o r  t h e  d i f f e r e n c e s  and 
t h e i r  i m p l i c a t i o n s  f o r  d e s i g n  e v a l u a t i o n .  
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Chapter Introduction and Overview 

no t o  t h y  y e t
t o  -

Exodus, C h a p t e r  5 

U n i o n  

A e s o p s  F a b l e s  

The use  of  combina t ions  o f  m a t e r i a l s  t o  compensate f o r  t h e  shor tcomings  of  one,  a s  
t h e  mud b r i c k s  of  B i b l i c a l  times, o r  t o  c a p i t a l i z e  on t h e  advantages  of  a n o t h e r ,  

a s  t o d a y ’ s  compos i tes ,  ha s  a long h i s t o r y .  The Roman e n g i n e e r s  used t h e  concept  
t o  u t i l i z e  t h e  p r o p e r t i e s  of  s t o n e  a s  t h e  a g g r e g a t e  i n  c o n c r e t e  t o  b u i l d  s t r u c t u r e s  
t h a t  s u r v i v e d  t h e  Roman empire .  U n f o r t u n a t e l y ,  t h e  concept  d i e d  w i th  t h e  Romans and 
was not  r ed i s cove red  u n t i l  t h e  advent  o f  P o r t l a n d  cement.  The J a p a n e s e  combined 
ha rd  b u t  b r i t t l e  materials w i th  d u c t i l e  ones t o  make lamina ted  swords w i t h  proper-
t ies  r e s p e c t a b l e  by t o d a y ’ s  s t a n d a r d s .  Today bo th  c l a s s e s  of  compos i tes  c o n t i n u e  
t o  be  deve loped:  t h e  mud b r i c k  h a s  evolved i n t o  t h e  f i l l e d  p l a s t i c ,  w i t h  e v e r  
growing a p p l i c a t i o n s  i n  f i e l d s  where c o s t  is t h e  prime concern .  Where performance 

t h e  c r i t e r i o n ,  as i n  a e rospace  s t r u c t u r e s ,  f i b e r  compos i tes  predominate .  The 
base s  f o r  t h i s  predominance are sound and many f a c e t e d .  

I n  t h i s  c h a p t e r ,  we s h a l l  d i s c u s s ,  i n  g e n e r a l  f a s h i o n ,  t h e  c h a r a c t e r i s t i c s  of  
compos i te  m a t e r i a l s ,  t h e i r  p o t e n t i a l s  for per formance ,  t h e  r ea sons  f o r  t h e i r  u s e ,  
and t h e  g e n e r a l  p r i n c i p l e s  involved  i n  t h e i r  u t i l i z a t i o n .  

1.1 CONSTITUENT CHARACTERISTICS. 

o F i b e r  M a t e r i a l s  

F i b e r  r e in fo rcemen t  m a t e r i a l s  a r e  a v a i l a b l e  i n  a wide v a r i e t y  of  forms. 

1. N a t u r a l  f i b e r s ,  such as j u t e  and s i s a l ,  f o rmer ly  used f o r  economy, 
b u t  now g e n e r a l l y  supp l an t ed  by s y n t h e t i c s  w i t h  b o t h  b e t t e r  
p r o p e r t i e s  and lower c o s t s .  

2 .  S y n t h e t i c  o r g a n i c  f i b e r s ,  bo th  t h e r m o p l a s t i c  such as ny lon ,  
p o l y e s t e r ,  po lyp ropy lene ,  e t c . ,  and t h e r m o s e t t i n g  l i k e  t h e  aramids 
(Kevlar” ) .  The s y n t h e t i c s  o f f e r  low d e n s i t i e s  and h i g h  s t r e n g t h s  
bu t  ( w i t h  t h e  e x c e p t i o n  of  Kev la r )  s t i f f n e s s e s .  T h e i r  range  
of a p p l i c a t i o n  l i m i t e d  because  of  t h e i r  low s t i f f n e s s e s .  

3. S y n t h e t i c  i n o r g a n i c  f i b e r s ,  i n c l u d i n g  g l a s s ,  bo ron ,  c a r b o n ,  
aluminum o x i d e  and s i l i c o n  c a r b i d e .  The u se  of g l a s s  f a r  o u t s t r i p s  
t h e  u s e  of any o t h e r  r e i n f o r c i n g  f i b e r s ,  p r i m a r i l y  because  i t s  c o s t  

f a r  less t h a n  t h a t  of  i t s  c o m p e t i t o r s .  

The wide range  of  p r o p e r t i e s  a v a i l a b l e  f o r  r e i n f o r c e m e n t s  i n d i c a t e d  by t h e  
v a l u e s  i n  t a b l e  1.1. The d e n s i t i e s  r ange  from 0.049 pounds pe r  c u b i c  inch  
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TABLE 1.1. PROPERTIES OF FIBER MATERIALS 

tor 

Kevlar 49 

FP 

Boron 

CY-70 

SI 

L o n g i t u d i n a l  
Young's n o d u l u s  

160 

600 

400 

325 

175 

200 

300 

220 

250 

~~ ~~ 

0.049 

0 .091 

0.090 

0 .052 

0 .063  

0 .072 

0 .143  

0 

0 

2 . 0  

10 .5  

12 .4  

18 .0  

31.6 

55.0 

55 

66 .0  

70 

D e n s i t y  
L o n q i t u d i n a l

Young Modulus  Tensile Strength 
3 

P o l y e s t e r  1 .36  1 3 . 8  1 . 1 0  

2 .52  72 .3  3 .45  

2 .49  85 .4  4 .13  

Kevlar 1.44 124 2.76 

T-300 1.72  379 2 .24  

VSB-32 379 1 . 2 1  

FP 3.96 379 1 . 3 8  

Boron 2.35 455 2 .07  

sic 3.19 482 1 .52  

CY-70 1 .97  531 1 . 7 2  
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( 1 . 3 6  f o r  t h e  p o l y e s t e r  t o  0.143 p c i  ( 3 . 9 6  f o r  t h e  aluminum o x i d e .  
The s t r e n g t h  v a r i a t i o n  i s  from 160,000 pounds p e r  s q u a r e  inch  (1 .10 
f o r  t h e  p o l y e s t e r  t o  600,000 p s i  (4 .13  f o r  t h e  S- glass .  The s t i f f n e s s e s  
c o v e r  t h e  range from 2,000,000 p s i  (13.8  f o r  t h e  p o l y e s t e r  t o  o v e r  
50,000,000 p s i  (345 f o r  t h e  ca rbon  f i b e r s ,  boron ,  s i l i c o n  
c a r b i d e  and aluminum o x i d e .  One or more t y p e s  o f  f i b e r s  may b e  combined w i t h  any 
o f  a number of  m a t r i x  m a t e r i a l s .  Thus ,  t h e  compos i t e  d e s i g n e r  h a s  a v a i l a b l e  t o  him 
a f a r  wider  select i o n  o f  mechan ica l  p r o p e r t i e s  t h a n  a r e  a v a i l a b l e  i n  c o n v e n t i o n a l  
s t r u c t u r a l  m a t e r i a l s .  

Almost a l l  o f  t h e s e  r e i n f o r c e m e n t  m a t e r i a l s  ( a n  e x c e p t i o n  t h e  p o l y e s t e r )  a r e  
c h a r a c t e r i z e d  by a l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  o v e r  t h e i r  e n t i r e  t e n s i l e  load  
r a n g e ,  a s  shown f i g u r e  1.1. A s  c a n  be  s e e n ,  t h e  v e r y  h i g h  modulus f i b e r s  a r e  
l i m i t e d  t o  one p e r c e n t  s t r a i n ,  o r  less.  Kevla r  and t h e  g l a s s e s  c a n  accommodate 
s t r a i n s  o f  t h r e e  t o  f o u r  p e r c e n t .  I n  c o m p o s i t e s ,  however,  t h e  same l i n e a r  r ange  o f  
r e s p o n s e  as i n  t h e  f i b e r s  a l o n e  may no t  be  ach ieved ,  because  of n o n l i n e a r  r e s p o n s e s  
o f  t h e  m a t r i x  m a t e r i a l .  

o M a t r i x  M a t e r i a l s  

M a t r i x  m a t e r i a l s  c o v e r  t h e  range  from polymers t o  m e t a l s  t o  c e r a m i c s .  The 
polymers a r e  c h a r a c t e r i z e d  by low d e n s i t i e s ,  r e l a t i v e l y  low s t r e n g t h s  and a non-
l i n e a r  s t r e s s - s t r a i n  r e l a t i o n s h i p  ( see  f i g u r e  b u t  r e l a t i v e l y  h i g h  s t r a i n s  t o  
f a i l u r e .  I m p o r t a n t l y ,  polymeric  m a t r i x  compos i t es  c a n  more r e a d i l y  be  manufac tu red  
and c a n  i n c o r p o r a t e  h i g h e r  volume f r a c t i o n s  of  t h e  r e i n f o r c i n g  f i b e r s  t h a n  compos-
i t e s  w i t h  m e t a l  or ceramic  m a t r i c e s .  Hence,  polymers a r e  t h e  most g e n e r a l l y  used 
m a t r i x  m a t e r i a l s .  Accord ing ly ,  t h e  emphasis th roughout  t h i s  t e x t  w i l l  b e  upon t h e  
t echno logy  of polymeric  m a t r i x  c o m p o s i t e s ,  and upon methods o f  d e s i g n ,  a n a l y s i s  and 
e v a l u a t i o n  t o  e x p l a i n  and minimize t h e i r  shor tcomings  and maximize t h e i r  advan tages .  

Polymeric  m a t r i x  m a t e r i a l s  may b e  e i t h e r  t h e r m o p l a s t i c  o r  t h e r m o s e t t i n g .  The 
t h e r m o p l a s t i c s  ( m a t e r i a l s  t h a t  c a n  be  h e a t e d  and formed r e p e t i t i v e l y )  a r e  u s u a l l y  
used f o r  i n j e c t i o n  molding,  or p o s s i b l y  f o r  g r a p h i t e  l a m i n a t e s .  The 
r e s i n s  employed i n  i n j e c t i o n  mold ing ,  u s u a l l y  w i t h  chopped f i b e r  r e i n f o r c e m e n t s ,  
i n c l u d e :  t h e  a c r y l i c s ,  n y l o n ,  t h e  v i n y l s  ( p o l y v i n y l  c h l o r i d e ,  v i n y l  a c e t a t e ,  
v i n y l i d e n e  c h l o r i d e ) ,  p o l y e t h y l e n e s ,  p o l y p r o p y l e n e ,  and ABS ( a c r y l o n i t r i l e -

; t h e  r e s i n s  used f o r  l a m i n a t e s  a l s o  i n c l u d e  t h e  a c r y l i c s  and 
p o l y s u l f o n e  o r  p o l y e t h e r  s u l f o n e .  I n  g e n e r a l ,  t h e s e  t h e r m o p l a s t i c  r e s i n s  a r e  chosen 
p r i m a r i l y  f o r  composi te  a p p l i c a t i o n s  i n  which economy o f  manufac tu re ,  e s p e c i a l l y  
f o r  t o  complex s h a p e s ,  a t  a premium. For s t r u c t u r a l  compos i t es  t h e  
t h e r m o s e t t i n g  r e s i n s  a r e  more g e n e r a l l y  t h e  c h o i c e .  These  i n c l u d e :  t h e  p o l y e s t e r s  
f o r  low c o s t  and h i g h  r e s i s t a n c e  t o  chemica l  d e g r a d a t i o n ;  t h e  v i n y l  e s t e r s  f o r  
s t r e n g t h  combined w i t h  e a s e  of  p r o c e s s i n g ;  and t h e  e p o x i e s  f o r  h i g h e s t  s t r e n g t h ,  
Other  t h e r m o s e t t i n g  r e s i n s  may b e  employed f o r  s p e c i a l  p r o p e r t i e s  a s  r e q u i r e d :  
b u t a d i e n e  f o r  improved e l e c t r i c a l  p r o p e r t i e s ;  t h e  and s i l i c o n e s  f o r  u s e  
a t  e l e v a t e d  t e m p e r a t u r e s .  Because of  i t s  s u p e r i o r  s t r u c t u r a l  p r o p e r t i e s ,  epoxy may 
w e l l  be c o n s i d e r e d  t h e  b a s e l i n e  m a t e r i a l  f o r  f i b e r  c o m p o s i t e s ,  and w i l l  be 
t r e a t e d  h e r e i n .  

1 . 2  FIBER COMPOSITE MATERIAL. 

The fundamental  b u i l d i n g  b l o c k  upon which f i b e r  compos i t es  a r e  based an e lement  
c u t  from a u n i d i r e c t i o n a l  a r r a y  o f  f i b e r s  i n  a s u r r o u n d i n g  m a t r i x ,  a s  i l l u s t r a t e d  
i n  f i g u r e  1 . 3 .  In t h e  e lement  or l amina ,  t h e  b a s i c  f i b e r  u n i t  i s  g e n e r a l l y  a 
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F I G U R E  

Metal 

Strain 

1.2. C H A R A C T E R I S T I C  S T R E S S- S T R A I N  FOR THREE C L A S S E S  
O F  MATRIX MATERIALS.  THE HAVE L I N E A R  S T R E S S-

FOR METALS HAVE AN A P P R E C I A B L E  P O R T I O N ,  Y I E L D  
BEFORE F A I L U R E ,  AND HAVE MANY T I M E S  F A I L U R E  S T R A I N S  
O F  CERAMICS.  POLYMERS Y I E L D  AT LOW S T R E S S E S  AND ELONGATE 
EVEN MORE THAN METALS AT F A I L U R E .  

STRAIN CURVES FAILURE AND LOW FAILURE STRAINS. CURVES 
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Unidirectional Unidirectional Composite 
Composite Lamina 

BASIC FIBER COMPOSITE ELEMENTS AND AXIS SYSTEMS, AF I G U R E  1 . 3 .  
LAMINA THE LETTERS AND ARE USED AS SUBSCRIPTS TO 
IDENTIFY THE "LONGITUDINAL" AND DIRECTIONS 
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m u l t i- f i l a m e n t  y a r n  c o n t a i n i n g  hundreds  o f  i n d i v i d u a l  f i l a m e n t s .  These  f i l a m e n t  
bundles  may r e t a i n  t h e i r  i n d i v i d u a l  i d e n t i t y  a s  shown i n  f i g u r e  1 . 4  or, more 
commonly, t h e y  may d i s p e r s e  and i n t e r m i n g l e  t o  form a more or less un i fo rm b u t  
random d i s t r i b u t i o n  of  f i l a m e n t s  th roughout  t h e  c r o s s- s e c t i o n  ( f i g u r e  1 . 5 ) .  

F i g u r e  1 .5  shows t h e  t y p i c a l  d i s a r r a y  encounte red  a compos i t e :  i r r e g u l a r  gaps ,  
some c o n t i g u i t y .  The p a r t i c u l a r  c r o s s- s e c t i o n  shown t h a t  o f  g l a s s  f i l a m e n t s ;  
ca rbon  f i b e r s  would be  s i m i l a r l y  random d i s t r i b u t i o n  and a d d i t i o n a l l y  would have 
some i r r e g u l a r i t y  i n  f i b e r  c r o s s- s e c t i o n .  S i m i l a r  shape  i r r e g u l a r i t i e s  a r e  a l s o  
e v i d e n t  i n  t h e  c r y s t a l  s t r u c t u r e  of  m e t a l s  a t  t h e  a p p r o p r i a t e  l e v e l  of  magni f i-
c a t i o n .  I n  b o t h  m e t a l s  and compos i t es  a k ind  of  o r d e r l y  d i s o r d e r  which v a r i e s  w i t h  
t h e  m a g n i f i c a t i o n  c a n  be  s e e n .  

The i m p l i c a t i o n s  o f  such a change w i t h  m a g n i f i c a t i o n  l e v e l s  are impor tan t  f o r  
u n d e r s t a n d i n g  t h e  development o f  t h e  a n a l y s i s  o f  t h e  mechanics  o f  compos i t es .  
Cons ider ,  f o r  example,  t h e  s i l i c o n  c a r b i d e  f i b e r s  embedded i n  a p y r o l y t i c  g r a p h i t e  
m a t r i x  shown f i g u r e  1 . 6 .  I n  t h e  upper  pho tograph ,  a t  t h e  h i g h e s t  l e v e l  o f  
m a g n i f i c a t i o n ,  t h e  i n d i v i d u a l  c o n s t i t u e n t s  a r e  i d e n t i f i a b l e .  A t  t h i s  l e v e l ,  i t  
appears  a p p r o p r i a t e  t o  c o n s i d e r  the p r o p e r t i e s  of  t h e  l o c a l  c o n s t i t u e n t s .  Thus,  
t h e  f i b e r s ,  f o r  example, would be  t r e a t e d  a s  b r i t t l e  m a t e r i a l s  hav ing  a s t a t i s t i c a l  
s t r e n g t h  d i s t r i b u t i o n  and some d e f i n a b l e  geometry.  T h i s  c o n s t i t u e n t  i n f o r m a t i o n  
d e f i n e s  a c h a r a c t e r i s t i c  u n i t  c e l l  a t  t h e  m i c r o  l e v e l .  A t  t h e  nex t  lower l e v e l  o f  
m a g n i f i c a t i o n  ( a t  t h e  c e n t e r  of  t h e  f i g u r e )  a l a r g e  number o f  t h e s e  u n i t  c e l l s  a r e  
s e e n .  Toge ther  t h e s e  may b e  c o n s i d e r e d  t o  d e f i n e  a t y p i c a l  r e g i o n ,  which may be 
c a l l e d  a r e p r e s e n t a t i v e  volume element  The p r o p e r t i e s  of  t h i s  e lement  may 
be c o n s i d e r e d  t o  d e f i n e  t h e  c h a r a c t e r i s t i c s  o f  t h e  m a t e r i a l .  I t  i s  a t  t h e  l e v e l  o f  
t h e  RVE, c o r r e s p o n d i n g  t o  f i b e r  b u n d l e s  and t h e i r  a s s o c i a t e d  m a t r i x ,  t h a t  t h e  
e f f e c t i v e  p o i n t  p r o p e r t i e s  o f  a compos i t e  m a t e r i a l  can  be  d e f i n e d .  These  a r e  t h e  
d e s i r e d  m a t e r i a l  p r o p e r t i e s  which r e l a t e  t h e  average  v a l u e s  o f  t h e  s t a t e  v a r i a b l e s .  
From t h e  RVE, t h e  p r o p e r t i e s  c a n  b e  t r a n s l a t e d  from t h e  m i c r o  t o  t h e  macro l e v e l .  
The p r o p e r t i e s  o f  t h e  assemblage o f  e l e m e n t s  a r e  p o i n t  p r o p e r t i e s  which v a r y  
from p o i n t  t o  p o i n t ,  t h e  v a r i a t i o n  d e f i n i n g  t h e  s t a t i s t i c a l  v a r i a b i l i t y  on t h e  
macro s c a l e  ( t h e  nex t  l e v e l  of  m a g n i f i c a t i o n ,  a s  t h e  lower pho to  on t h e  f i g u r e ) .  
These assemblages  a r e  s t i l l  o f  v e r y  s m a l l  d imensions  compared t o  t h e  o v e r a l l  
m a t e r i a l ,  and, i m p o r t a n t l y ,  s m a l l  compared t o  t h e  c h a r a c t e r i s t i c  d imens ion  o v e r  
which any of  t h e  average  s t ress  or s t r a i n  v a r i a b l e s  would change s i g n i f i c a n t l y .  

o Terminology 

Before  c o n t i n u i n g  w i t h  t h e  d i s c u s s i o n  o f  m i c r o  and macro p r o p e r t i e s ,  l e t  u s  
d e f i n e  p r e c i s e l y  t h e  t e rmino logy  t o  be  used .  P h y s i c a l  p r o p e r t i e s ,  such a s  s t i f f -
n e s s ,  expans ion  c o e f f i c e n t ,  e t c . ,  a r e  q u a n t i t i e s  r e l a t i n g  s t a t e  v a r i a b l e s  such  a s  
s t ress ,  s t r a i n ,  t e m p e r a t u r e ,  e t c . ,  in a m a t e r i a l .  I f  t h e  p r o p e r t i e s  v a r y  from 
p o i n t  t o  p o i n t ,  a s  f o r  example a t  t h e  RVE l e v e l  t h e  compos i t e ,  t h e  m a t e r i a l  i s  
i d e n t i f i e d  a s  h e t e r o g e n e o u s .  I f ,  as i s  o f t e n  t h e  c a s e  i n  compos i t es ,  t h e  average  
v a l u e s  o f  t h e  s t a t e  v a r i a b l e s  w i t h i n  an RVE a r e  o f  c o n c e r n ,  t h e  term " e f f e c t i v e  
p r o p e r t i e s ' '  w i l l  be  used .  T h i s  " e f f e c t i v e  p r o p e r t i e s "  concep t  i s  i l l u s t r a t e d  i n  
f i g u r e  1 . 7 ,  i n  which a h e t e r o g e n e o u s  m a t e r i a l  s u b j e c t e d  t o  a un i fo rm s t r e s s  
t h e  y- d i r e c t i o n  h a s  an i n t e r n a l  s t ress  d i s t r i b u t i o n  t h a t  v a r i e s  from p o i n t  t o  p o i n t  
i n  t h e  x- d i r e c t i o n  abou t  an average  v a l u e  which i s  e q u i v a l e n t  t o  t h e  un i fo rm 
s t ress  i n  a homogeneous m a t e r i a l .  

I f  t h e  p r o p e r t i e s  v a r y  w i t h  d i r e c t i o n ,  t h e  m a t e r i a l  is i d e n t i f i e d  as  an i so-
t r o p i c .  There  are many t y p e s  o f  a n i s o t r o p i c  m a t e r i a l s .  Those which e x h i b i t  
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FIGURE 1.4. IDEALIZED LAMINA CROSS-SECTION PERPENDICULAR TO THE FIBERS 
SHOWING THE DISCRETE YARNS MADE UP OF A MULTIPLICITY OF 
FILAMENTS. 

in 

FIGURE 1.5. TYPICAL NON-UNIFORM DISPERSION OF FIBERS IN A LAMINA 
CROSS-SECTION 
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FIGURE 1.6 SCANNING ELECTRON MICROSCOPE VIEWS OF A COMPOSITE AT 
VARIOUS MAGNIFICATIONS SHOWING THE BLENDING OF THE 

CONSTITUENTS EVIDENT AT THE MAGNIFICATION 
INTO THE UNIFORMLY DISTRIBUTED ASSEMBLAGE OF THE COMPOSITE 
AS A WHOLE. 
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FIGURE 1 . 7 .  SCHEMATIC REPRESENTATION OF AVERAGING OF NON-UNIFORM 
STRESSES I N HETEROGENEOUS MATERIALS FOR EQUIVALENCE 
UNIFORM S T R E S S  I N  A HOMOGENEOUS MATERIAL 
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p a r t i c u l a r  have s p e c i a l  names, such as o r t h o t r o p i c ,  c u b i ,  e t c .  T h i s  i s  
i n  t h e  p o l a r  p l o t  of  f i g u r e  1.8, i n  which t h e  d i s t a n c e  from t h e  o r i g i n  

i n  any d i r e c t i o n  a measure  of  t h e  m a t e r i a l  e f f e c t i v e  s t i f f n e s s .  Here bo th  a 
u n i d i r e c t i o n a l  c a r b o n  f i b e r  composi te  and a b i a x i a l  f i b e r g l a s s  f a b r i c  a r e  shown 
t o  be a n i s o t r o p i c  b u t  i n  very d i f f e r e n t  ways, w h i l e  t h e  aluminum i s  shown t o  be  
i s o t r o p i c .  The f i b e r  compos i t e  shows a maximum s t i f f n e s s  i n  t h e  f i b e r  d i r e c t i o n  
0" and a minimum a t  The f a b r i c  shows t h e  c h a r a c t e r i s t i c  minimum s t i f f n e s s  
i n  t h e  b i a s  ( 4 5 )  d i r e c t i o n  o f  woven b i a x i a l  f a b r i c s .  The aluminum i s  
s t i f f  i n  a l l  d i r e c t i o n s .  

Fiber Glass 

Fiber 
Comcosite 

0 

FIGURE 1.8. THE DIRECTIONAL NATURE OF COMPOSITES, INDICATED 
BY THE RADIAL DISTANCE FROM THE O R I G I N  AT A N Y  ANGLE. 
THUS THE ISOTROPIC PROPERTIES OF ALUMINUM PLOT AS A 
CIRCULAR ARC, A FABRIC HAS A M I N I M U M  AT 
AND A UNIDIRECTIONAL COMPOSITE A MAXIMUM I N  THE 
FIBER DIRECTION. 

o Basic E l a s t i c  P r o p e r t i e s  

A u n i d i r e c t i o n a l  f i b e r  composi te  behaves  l i k e  a homogeneous, a n i s o t r o p i c  
m a t e r i a l .  I n  g e n e r a l ,  t h e  d i s t r i b u t i o n  of  f i b e r s  o v e r  a g i v e n  c r o s s - s e c t i o n  

a d e q u a t e l y  random so t h a t  t r a n s v e r s e l y  they  p rov ide  no p r e f e r e n t i a l  
d i r e c t i o n  o f  r e i n f o r c e m e n t .  Thus,  t h e  u n i d i r e c t i o n a l  compos i t e  e f f e c t i v e l y  
t r a n s v e r s e l y  i s o t r o p i c .  c a n  b e  shown t h a t  t h e  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  
o f  a t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l  can be  f u l l y  c h a r a c t e r i z e d  by f i v e  e l a s t i c  
c o n s t a n t s ,  a s  i l l u s t r a t e d  i n  f i g u r e  1 . 9 ,  and d e f i n e d  a s  f o l l o w s :  ( n o t e  t h a t  t h e  
t r a n s v e r s e ,  or TT, p l a n e  i s o t r o p i c )  

1 .  2 .  A l o n g i t u d i n a l  Young's modulus and a s s o c i a t e d  P o i s s o n ' s  
r a t i o  The former  d e f i n e d  by t h e  i n v e r s e  r a t i o  of  
l o n g i t u d i n a l  s t r a i n  t o  s i m p l e ,  uniform u n i d i r e c t i o n a l  
s t r ess  a p p l i e d  i n  t h e  f i b e r  d i r e c t i o n  t h u s :  

LE = -
L 

1 



T 

0 0 0  0 

T 

Unidirectional Lamina 

I 
T T  

T LT 

FIGURE 1.9. LOADING CONDITIONS FOR THE EVALUATION OF 
BASIC ELASTIC PROPERTIES 
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and t h e  l a t t e r  by t h e  n e g a t i v e  o f  t h e  r a t i o  o f  t h e  a s s o c i a t e d  
transverse s t r a i n  t o  t h e  l o n g i t u d i n a l  s t r a i n ,  

3 .  A l o n g i t u d i n a l  s h e a r  modulus d e f i n e d  by t h e  i n v e r s e  r a t i o  o f  
s h e a r  t o  p u r e  s h e a r  s t r e s s  i n  t h e  l o n g i t u d i n a l  p l ane  

4. A t r a n s v e r s e  s h e a r  modulus s i m i l a r  t o  bu t  f o r  pu re  shea r  
stress and s t r a i n  i n  t h e  t r a n s v e r s e  p l ane  

TT 

5 .  A t r a n s v e r s e  b u l k  modulus k d e f i n e d  f o r  t h e  c a s e  of e q u a l  t r a n s v e r s e  
stresses which produce e q u a l  t r a n s v e r s e  s t r a i n s  ( i n  t h e  
absence  of  l o n g i t u d i n a l  s t r a i n s ) .  Then 

- k -A . 

With t h e s e  f i v e  b a s i c  e l a s t i c  c o n s t a n t s  e v a l u a t e d ,  any o t h e r  d e s i r e d  
may b e  c a l c u l a t e d .  For example, t h e  t r a n s v e r s e  Young's modulus E T , which t h e  
same a l l  d i r e c t i o n s  i n  t h e  TT p l a n e ,  i s  g i v e n  by: 

. 

Such p r o p e r t i e s  and v a r i o u s  r e l a t i o n s  w i l l  be d i s c u s s e d  i n  d e t a i l  
i n  S e c t i o n  2 . 2 .  

With b a s i c  e l a s t i c  c o n s t a n t s  d e f i n e d  i n  terms of l oad ing  c o n d i t i o n s ,  t h e  way 
i s  c l e a r  f o r  t h e  measurement of t h e  e l a s t i c  p r o p e r t i e s  needed f o r  d e s i g n  and 
a n a l y s i s .  For m e t a l s ,  t h i s  e m p i r i c a l  approach bo th  n e c e s s a r y  and s u f f i c i e n t ,  as 

is f o r  t h e  c o n s t i t u e n t  p r o p e r t i e s  i n  compos i t e s .  Because compos i tes  add the  
complex i ty  t h a t  t h e i r  c o n s t i t u e n t s  may be  combined i n  v a r i o u s  ways, however,  t h e  
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expe r imen ta l  of t h e  p r o p e r t i e s  of t h e  many combina t ions  becomes a 
p r a c t  i c a l  i m p o s s i b i l i t y .  Acco rd ing ly ,  a n a l y t i c a l  methods have been developed 
p e r m i t t i n g  t h e  d e r i v a t i o n  of compos i te  p r o p e r t i e s  from t h e  p r o p e r t i e s  of  t h e i r  
c o n s t i t u e n t s .  These methods w i l l  be  d i s c u s s e d  i n  subsequent  c h a p t e r s .  

o Typ ica l  F i b e r  Composite M a t e r i a l  P r o p e r t i e s  

Before  proceeding  t o  t h e  d e t a i l e d  d i s c u s s i o n  o f  t h e  t e chno logy  involved  
u t i l i z i n g  t h e  p o t e n t i a l s  f o r  performance o f f e r e d  by f i b e r  p r o p e r t i e s  such  as t h o s e  
d i s p l a y e d  i n  f i g u r e  1.1, i t  i s  pe rhaps  wise t o  e s t a b l i s h  a p r o p e r  p e r s p e c t i v e  from 

of  what ha s  been  done.  To t h a t  end, t a b l e  1 . 2  and f i g u r e  1.10 have  
prepared  summarizing t y p i c a l  p r o p e r t i e s  a t t a i n e d  t h e  c u r r e n t  s t a t e  of t h e  

a r t .  

Table  1 . 2  p r e s e n t s  d a t a  on t h e  mechanica l  p r o p e r t i e s  o f  t y p i c a l  f i b e r  
- a l l  employing epoxy a s  t h e  m a t r i x  m a t e r i a l  - and r e i n f o r c e m e n t s  

K e v l a r ,  T-300, T-50 and GY-70) c o v e r i n g  t h e  range  of  s t i f f n e s s e s  
t o  77,000,000 p s i  (72 .3  t o  530 ( s e e  t a b l e  c u r r e n t l y  
(New f i b e r s  c o n t i n u e  t o  become a v a i l a b l e . )  Also i nc luded  f o r  

s u n  i n  t a b l e  1 . 2  a r e  p r o p e r t i e s  f o r  t h e  aluminum a l l o y s  and and t h e  
s t e e l  4130. Evident  from t h e  t a b l e  and c h a r a c t e r i s t i c  of a l l  t h e  

compos i tes  i s  t h e  e f f e c t i v e n e s s  of  u t i l i z a t i o n  of  t h e  f i b e r  p r o p e r t i e s  a s  r e i n-
forcements  i n  t h e  f i b e r  d i r e c t i o n  and t h e  i n e f f e c t i v e n e s s  r e in fo rcemen t  t r a n s-
v e r s e  t o  t h e  f i b e r s .  These a r e  t h e  f a c t s  o f  l i f e  of t o d a y ' s  compos i t e s ,  and much 
of t h e  m a t e r i a l  i n  t h e  remainder  of  t h i s  book i s  concerned w i t h  t h e  i m p l i c a t i o n s  
and t r e a t m e n t  of t h e s e  l a r g e  d i s p a r i t i e s  i n  p r o p e r t i e s .  

That t h e  d i s p a r i t i e s  c an  be s u c c e s s f u l l y  accommodated obv ious  from t h e  e v e r  
widening range  of a p p l i c a t i o n  of f i b e r  compos i t e s .  A p rope r  p e r s p e c t i v e  f o r  t h i s  
s u c c e s s  can  be a t t r i b u t e d  t o  who d e f i n e d  an impor t an t  measure  of  a m a t e r i a l  
as t h e  l o n g e s t  l e n g t h  o f  a un i form b a r  t h a t  cou ld  be hung v e r t i c a l l y  from a h e i g h t  
w i thou t  b r eak ing .  T h i s  measure  of  " s t r u c t u r a l  e f f i c i e n c y " i s  s imply  t h e  s t r e n g t h /  
d e n s i t y  r a t i o  of t h e  m a t e r i a l ,  i n  t h e  u n i t s  of t a b l e  1 . 2  e q u a l  t o  , i nLthousands  of  inches  ( m e t e r s ) .  A s i m i l a r  measure  of  s t r u c t u r a l  e f f i c i e n c y  when 
d e f l e c t i o n  i s  of  concern  as w e l l  as  s t r e n g t h  is  t h e  r a t i o ,  as 
from t a b l e  1 . 2 ,  ano the r  of t h e  measures  of  s t r u c t u r a l  e f f i c i e n c y .  These and o t h e r  
more d e t a i l e d  e f f i c i e n c y  measures  w i l l  be employed l a t e r  c h a p t e r s  f o r  t he  
e v a i u a t i o n  of v a r i o u s  a p p l i c a t i o n s  of  compos i t e s .  For g e n e r a l i z e d  comparisons of  
m a t e r i a l s ,  t h e  s imp le  measures  and a r e  adequa te  t o  d i s p l a yLt h e  p o t e n t i a l s  f o r  weight  s a v i n g  i n  s t r u c t u r a l  compos i t e s .  

L 

A comparison of t h i s  k ind  i s  p r e s e n t e d  f i g u r e  1 .10,  on which a r e  p l o t t e d  
t h e  v a l u e s  of  s p e c i f i c  t e n s i l e  s t r e n g t h  and s p e c i f i c  modulus f o r  
a w i d e  range  of types  o f  compos i tes  and s t r u c t u r a l  m e t a l s .  For t h e  m e t a l s ,  t h e  
ranges  of  s t r e n g t h s  a v a i l a b l e  th rough  changes h e a t  t r e a t m e n t ,  a l l o y  c o n t e n t ,  
e t c .  , a r e  r e p r e s e n t e d  by t h e  range  of v a l u e s  of  covered  by t h e  v e r t i c a lLb a r s ;  t h e  moduli  a r e  not  a f f e c t e d  by such changes .  For t h e  compos i t e s ,  
however,  bo th  s t r e n g t h  and s t i f f n e s s  may be  s u b s t a n t i a l l y  a l t e r e d  by changes 
r e in fo rcemen t  c o n f i g u r a t i o n  and volume f r a c t i o n  r e i n f o r c e m e n t .  Hence, t h e  b a r s  
r e p r e s e n t i n g  t h e  compos i tes  cover  a range  of v a l u e s  of  bo th  L 

and . 
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TABLE 1 . 2 .  OF TYPICAL COMPOSITES AND 
STRUCTURAL METALS 

i Composites 

Metalst 
E-Class 2 0 2 4- T I  4130 

Density, 0.070 0 .059  0 0.100 0 . 1 0 1  

6 3 3 . 2  46 .4  10.5  30.0 

1.7 1 . 5  1 2 .2  10.5 

0.64 0 . 3  0 .95  0 . 0  7.5 0 . 6  4 12 .0  

0 .25  0 .34 0 .25  0 .25  0 .25  0 .25 0 . 3 1  0.25 

tu , 150 200 170 1001 9 0  67 79  

tu , ksi 5 6 .5  6 65 66 77 

cu , ksi 80 40 9 0100  360 50 69  160 

cu , 20 20 20 20 20 6 9  160 

ksi 6 8 9 11 1 4  4015 47 55 

SI 

Unidirectional Composites 

E-Class Kevlar 49 T- 300 VSB-32 Boron CY- 70 7 07 5-T6 4 1 1 0  

Dcnsity. 1.94 1 .  30 1 . 4 7  1 . 6 3  1 . 8 6  1 . 6 1  2 . 7 7  2 . 8 0  7.84 

4 5  7 6  1 3 2  2 2 9  274 3 2 0  7 2 . 3  7 1 . 0  

2 12 5 . 5  1 5  5 . 5  7 2 . 3  7 1 . 0  207 

2 4 . 4  2 . 1  6 . 5  5 . 5  5 2  4 . 1  2 7 . 6  2 7 . 6  82 .7  

LT 0 . 2 5  0 . 3 4  0 .25  0 . 2 5  0 . 2 5  0 . 3 1  0 . 3 1  0.25 

1000 1380 1240 1170 1310 690  462 544 655 

34 2 8  45  4 1  3 4  4 1  4 5 5  5 30 655 

cu , 5 5 0  280 690 2480  620  3 4 5  475  1100 

cu , 140 140 140 1 4 0  3 1 0  140 3 4 5  4 7 5  1100 

su 40 55 62  680  100 9 6  2 7 6  324 380 
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Specific 
Tensile 
Strength 

tu 
in 

. 

I I I I I 

4x10 '  1 x 1 0 '  4x10' 1x10 
Specific Tensile Modulus 

in 

1.10. APPROXIMATE RANGES VALUES AND 
RATIOS FOR STRUCTURAL METALS, AND FOR 

COMPOS OF CONFIGURATIONS. TOP 
VALUES FOR THE COMPOSITE ARE FOR UNIDIRECTIONAL REINFORCE-
MENTS IN ALL CASES 
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The maximum values of and corresponding to the tops of the barsLrepresent the substantial potentials for weight saving provided by fiber 
composites - factors of 2 to 3 ,  most cases, for either specific strength or 
modulus, or both. Unfortunately, the practical attainment of these potentials is 
complicated by many less favorable factors, primarily low transverse properties. 
To provide improved transverse properties, composites are commonly made up into 
laminates with individual layers at different angles, like plywood. Thus, the 
laminate has enhanced transverse properties at the expense of some of the potential 
apparent in the unidirectional material. This loss  of potential is evidenced by 
the lower portions of the bars on figure 1.10. 

o Reinforcement Forms Other Than Continuous Filaments 

In addition to the continuous filaments with which this text is primarily con-
cerned, and which, generally speaking, offer the greatest potential for perform-
ance, a variety of other forms of reinforcement are used in fiber composites. 
These inc lude : 

Chopped fibers, usually used in molding compounds, for ease of forming 
to complex shapes. 

Continuous strand multiple filament bundles, for economy of 
manufacture of thick sections. 

Mats, random or semi-oriented arrays of fibers of varying lengths, to 
provide economical reinforcement in bulk together with ease of 
forming to complex shapes for which performance requirements are 
less important than economy. 

Woven fabrics, in various weave configurations, providing a compromise 
between the maximum performance attainable with unidirectional fibers 
and the ease of handling and formability of chopped fibers and mats. 

For many manufacturing processes the reinforcements, whatever their form, are 
preimpregnated with resin to form a partially cured composite called a prepreg. 
This form can be converted to the desired final shape during the final curing step 
of the fabrication process. 

o Fabrication Processes 

Fabrication processes for fiber composites general involve some kind of die 
or mandrel to establish the desired shape, some means of fitting the fibers and 
resin to this shape, and means of applying proper curing conditions (temperature, 
pressure, and time along with provision for removal of excess resin and 
Various ways by which these processes are carried out, which will be considered in 
detail in a later chapter, include: 

Contact molding, in which the reinforcements are placed in an open mold 
and cured. A flexible bag may be used to cover the composite, and 
pressure or vacuum and heat applied to speed the cure and improve 
the quality of the part, in which case the process called bag 
molding. Further increases in pressure can be achieved by t h e  use of an 
autoclave. Contact molding is generally used when the quantities to be 
produced are not great enough to justify the cost of closed dies. 
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Compression and I n j e c t i o n  Molding, i n  which matched d i e s  (male and 
female)  are used and t h e  compos i te  is  e i t h e r  p l aced  i n t o  t h e  mold 
b e f o r e  is c l o s e d  (compress ion  mold ing)  o r  i n j e c t e d  i n t o  t h e  
c l o s e d  mold ( i n j e c t  i o n  mold ing) .  With t h e  a d d i t i o n  of  h e a t  and 
pressure, p a r t s  o f  uniform q u a l i t y  c a n  be  produced.  

F i lament  winding,  a s  t h e  name i m p l i e s ,  i n v o l v e s  wrapping t h e  f i l a m e n t s  
around t h e  p a r t .  F i lament  winding machines o f  a h i g h  d e g r e e  of  
s o p h i s t i c a t i o n  have been deve loped  f o r  winding complex shapes  w i t h  
p r e c i s e l y  o r i e n t e d  r e i n f o r c e m e n t s .  

P u l t r u s i o n ,  a c o n t i n u o u s ,  e x t r u s i o n - l i k e  p r o c e s s ,  p roduces  i n  a 
con t inuous  p r o c e s s  a c c u r a t e ,  f i n i s h e d  shapes  o f  c o n s t a n t  c r o s s-
s e c t i o n ,  e f f i c i e n t l y  and c o s t - e f f e c t i v e l y .  

Th i s  v a r i e t y  of  f a b r i c a t i o n  p r o c e s s e s  makes a v a i l a b l e  t o  t h e  d e s i g n e r  freedom 
t o  t a i l o r  f i b e r  compos i tes  c h a r a c t e r i s t i c s  t o  meet h i s  r equ i r emen t s  by p r e c i s e l y  
p l a c i n g  a s  many f i b e r s  a s  he wants  where h e  wants  them, i n  t h e  d i r e c t i o n  t h a t  he  
wants  them. For compos i t e s ,  a c c o r d i n g l y ,  t h e  d e s i g n  p r o c e s s  becomes a comple t e  
c y c l e ,  from s e l e c t i o n  of c o n s t i t u e n t s  t o  f i n a l  c o n f i g u r a t i o n ,  a s  d i s c u s s e d  i n  t h e  
f o l l o w i n g  s e c t i o n .  

1 . 3  THE DESIGN CYCLE FOR COMPOSITE STRUCTURES. 

I n  any s t r u c t u r a l  d e s i g n  problem, t h e  f i r s t  r equ i r emen t  is t h e  d e t e r m i n a t i o n  of  t h e  
gove rn ing  d e s i g n  r equ i r emen t s ,  i n c l u d i n g  no t  o n l y  f u n c t i o n a l  r e q u i r e m e n t s ;  
mechan i ca l ,  t h e r m a l ,  e l e c t r i c a l ,  and chemica l  p r o p e r t y  r e q u i r e m e n t s ,  b u t  a l s o  
economic and performance o b j e c t i v e s .  To meet t h e s e  r e q u i r e m e n t s ,  t h e  d e s i g n e r  must 
s e l e c t  a m a t e r i a l ,  a c o n f i g u r a t i o n ,  and a p r o c e s s  f o r  manufac tu r e .  T h i s  d e s i g n  
p r o c e s s  is  e s s e n t i a l l y  t h e  same f o r  compos i tes  and f o r  c o n v e n t i o n a l  m a t e r i a l s .  
With compos i t e s ,  however,  t h e r e  is an a d d i t i o n a l  r equ i r emen t  t h a t  t h e  m a t e r i a l  be 
de s igned  a long  w i th  t h e  s t r u c t u r e .  Thus, t h e r e  a r e  more s t e p s  r e q u i r e d  t h e  
d e s i g n  c y c l e  t h a n  h e r e t o f o r e  w i t h  m e t a l l i c  s t r u c t u r e s ,  a s  i l l u s t r a t e d  i n  f i g u r e
1.11. 

The f i r s t  o f  t h e s e  s t e p s  f i g u r e  1 . 1 1 )  t h e  s e l e c t i o n  o f  compos i te  c o n s t i t u -
e n t s  and t h e i r  volume f r a c t i o n s .  These s e l e c t i o n s  d e f i n e  t h e  u n i d i r e c t i o n a l  
compos i te  (11 i n  f i g u r e  1 .11 )  which i s  t h e  b a s i c  e lement  o f  t h e  compos i te  s t r u c t u r a l  
m a t e r i a l .  I n  g e n e r a l ,  however,  m u l t i d i r e c t i o n a l  p r o p e r t i e s  are r e q u i r e d ,  and t o  
p r o v i d e  t h e s e ,  a s u i t a b l e  m u l t i d i r e c t i o n a l  l ayup  o f  t h e  u n i d i r e c t i o n a l  b a s i c  
e lement  m u s t  b e  de s igned  i n  f i g u r e  I t  i s  o n l y  a t  t h i s  s t a g e  t h a t  t h e  
compos i te  d e s i g n  c y c l e  f i r s t  r e a c h e s  t h e  s t a r t i n g  p o i n t  f o r  d e s i g n  w i t h  i s o t r o p i c  
m e t a l s .  From t h i s  s t a g e ,  t h e  d e s i g n e r  p roceeds  t o  t h e  d e t e r m i n a t i o n  o f  t h e  con-
f i g u r a t i o n  of each of  t h e  s t r u c t u r a l  e l emen t s  i n  f i g u r e  and t o  t h e  
o v e r a l l  s t r u c t u r a l  d e s i g n  c o n f i g u r a t i o n  i n  f i g u r e  1 . 1 1 ) .  

With compos i t e s ,  t h e  p o s s i b i l i t i e s  o f  improvement t h e  d e s i g n  by r e i t e r a t i o n  o f  
t h e  d e s i g n  c y c l e  a r e  i n c r e a s e d  by t h e  added s t e p s  i n  t h e  d e s i g n  c y c l e .  Thus,  by 
t h e  performance of  a s t r u c t u r a l  e f f i c i e n c y  a n a l y s i s  of t h e  s t r u c t u r a l  d e s i g n  of  V ,  
g u i d e l i n e s  may b e  g e n e r a t e d  f o r  changes i n  c o n s t i t u e n t  p r o p e r t i e s  and l a m i n a t e  
c o n f i g u r a t i o n s ,  l e a d i n g  t o  improvements i n  per formance  o f  t h e  compos i te  s t r u c t u r e .  
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F I G U R E  1.11. THE D E S I G N  CYCLE FOK COMPOSITE STRUCTUKES INTRODUCES THE 
REQUIREMENT FOR D E S I G N I N G  AS WELL AS STRUCTURE 

o Designs for Applications 

For commercial applications, the motivation for the use of composites more 
toward long life and low manufacturing costs than improved strength and stiffness 
and attendant weight reductions. Here the design process must place emphasis on 
the minimization of fabrication costs, as by integration of structural elements for 
reduction in part count. Here again the designer has the new flexibility provided 
by the ability to design the material as well as the structure, as suggested in 
figure 1.12. A l l  of the usual constraints and requirements of the design process 
are amendable to treatment by design of both structure and material. The tech-
nology of structural design is long established; that of material design is new,  
but today sufficiently advanced that if understood adequate depth, 

may be applied with confidence. The following chapters are directed toward the 
development of that understanding. 
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FIGURE 1.12. CHARACTERISTIC RELATIONSHIPS BETWEEN FIBER AND COMPOSITE 
STIFFNESS - DIRECTLY PROPORTIONAL IN THE FIBER DIRECTION, 
BUT LESS THAN PROPORTIONAL TRANSVERSELY 

1.4 SERVICE CHARACTERISTICS. 

The greatest backlog of experience with composites in service has been established 
by marine applications. While the performance of composites this area has been 
exemplary almost all respects - structural integrity, ease of maintenance and 
long service life -much of this durability derives from what would be considered 
over-design in aircraft. Service characteristics for aircraft applications must be 
more thoroughly evaluated. 

DURABILITY. Durability of fiber composites aircraft is influenced by factors 
addressed quantitatively design, such as fatigue loadings and environments to be 
encounter, and by service factors such as damage tolerance and inspection and 
repair in the field. 

Fatigue. Fatigue (to be treated detail succeeding chapters) charac-
teristics of composites are different in many respects from those of metals. For 
simple tension of unidirectionally reinforced composites, fatigue limits are 
generally at higher percentages of tensile ultimate strengths. Thus, the composite 
durability this regard might be expected to be superior to that of metals. For 
more complex loadings o r  reinforcement configurations, however, the superiority 
diminishes. In particular, compressive or fully reversed tension-compression load 
cycles tend t o  develop relatively more damage in composites than in metals. 
laminar cracks and interlaminar defects grow from points of stress concentration 

often than not at some interior layer where they are not evident to visual 
inspection. While methods of analysis are, indeed, complex, they can only be 
supplemented by tests, as the number of tests required t o  define fatigue properties 
adequately is prohibitive. Progress has been made in analytical methods , however, 
as will be described. 
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Environmental  E f f e c t s .  Environmental  e f f e c t s  upon t h e  d u r a b i l i t y  o f  compos-
i t e s  f u r t h e r  c o m p l i c a t e  t h e  a n a l y s i s  o f  f a t i g u e  l i f e t i m e s .  Temperature  c y c l e s  
between sunny t r o p i c a l  l a n d i n g  f i e l d s  and c o n d i t i o n s  a t  h i g h  a l t i t u d e s  
induce the rmal  s t resses  due t o  d i f f e r e n t i a l  e x p a n s i o n s  of  f i b e r s  and m a t r i x  i n  t h e  
composi te  and due t o  d i f f e r e n t i a l  expans ions  of  a d j o i n i n g  s t r u c t u r a l  components. 
Absorbed m o i s t u r e  t h e  compos i t e  induces  expans ions  s i m i l a r  t o  t h o s e  accompanying 
t e m p e r a t u r e  i n c r e a s e s .  Both t e m p e r a t u r e  and m o i s t u r e  i n c r e a s e s  t h e  m a t e r i a l  
reduce i t s  p r o p e r t i e s .  Allowances f o r  a l l  t h e s e  i n t e r a c t i n g  e f f e c t s  must be  made 
i n  t h e  d e s i g n  and a n a l y s i s  of  t h e  composi te .  

Damage T o l e r a n c e .  A s  a g e n e r a l  r u l e ,  t h e  g r e a t e r  t h e  d u c t i l i t y  o f  a m a t e r i a l ,  
t h e  g r e a t e r  i t s  impact t o l e r a n c e ,  and f i b r o u s  composi tes  l a c k  d u c t i l i t y .  Of 
g r e a t e s t  c o n c e r n  t h i s  a r e a  i s  t h e  random, i n a d v e r t e n t  type  o f  damage i n e v i t a b l e  
i n  t h e  long r u n  i n  s e r v i c e .  The s t o n e  bouncing up from t h e  runway, t h e  wrench 
dropped on t h e  wing, t h e  b i r d  o r  h a i l s t o n e  t h a t  does  no t  y i e l d  r i g h t  o f  way t o  t h e  
a i r p l a n e  - any o f  which c a n  c a u s e  a type  of  damage t o  which t h e  composi te  i s  
s u s c e p t i b l e ,  t h a t  of  l a t e r a l  impac t .  L a t e r a l  impact on a f i b e r  composi te  can 
induce  a c r a z i n g ,  c r a c k i n g  t y p e  of damage which is  u s u a l l y  most s e v e r e  on t h e  i n n e r  
s u r f a c e ,  o f t e n  w i t h o u t  d e t e c t a b l e  damage on t h e  o u t e r  s u r f a c e .  Accompanying t h e  
i n n e r  s u r f a c e  damage may b e  i n t e r n a l  d i s b o n d s  and l o c a l  s e p a r a t i o n  of  p l i e s  
d e l a m i n a t i o n ) .  While much r e s e a r c h  has  been done,  d i r e c t e d  toward t h e  a l l e v i a t i o n  
o f  t h i s  problem, as by t h e  a d d i t i o n  of toughening a g e n t s  t o  m a t r i x  m a t e r i a l s ,  
p r o g r e s s  h a s  no t  been s i g n i f i c a n t .  F o r t u n a t e l y ,  most l a t e r a l  impact damage i s  no t  
c a t a s t r o p h i c  and c a n  be  accommodated by adequa te  i n s p e c t i o n  and r e p a i r .  

T e s t ,  I n s p e c t i o n  and R e p a i r .  D e t e r m i n a t i o n  o f  t h e  adequacy o f  a composi te  a t  
any s t a g e  o f  i t s  service l i f e  i s  more complex t h a n  f o r  m e t a l s .  In t h e  b e g i n n i n g ,  
t h e  f a c t  t h a t  t h e  compos i t e  m a t e r i a l  i t s e l f  des igned  and manufactured r e q u i r e s  
t h a t  i t  be i n s p e c t e d  and q u a l i f i e d .  I n  s e r v i c e ,  a d d i t i o n a l  complex i ty  a r i s e s  
because  damage may d e v e l o p  i n t e r n a l l y  a s  w e l l  as  on t h e  s u r f a c e .  O f t e n  i n t e r n a l  
damage such  a s  d i s b o n d s  may d e v e l o p  w i t h  no t e l l t a l e  s u r f a c e  e v i d e n c e .  

For  q u a l i t y  c o n t r o l  of t h e  manufac tu red  m a t e r i a l ,  bo th  d e s t r u c t i v e  and 
n o n- d e s t r u c t i v e  t e s t i n g  may b e  employed. D e s t r u c t i v e  t e s t i n g  i n v o l v e s  c u t t i n g  
specimens from t h e  m a t e r i a l  and i d e n t i f y i n g  them a s  r e p r e s e n t a t i v e  o f  t h a t  m a t e r i a l  
f o r  t h a t  s t r u c t u r e ,  and i s  employed, f o r  ( u s u a l l y  s i m p l e )  t e s t s  of  
s t r e n g t h- such  a s  f l e x u r e  o r  s h o r t  beam s h e a r ,  o r  q u a l i t y  - such as  volume 
f r a c t i o n  re in forcement  o r  v o i d  c o n t e n t .  N o n d e s t r u c t i v e  t e s t i n g  o r  e v a l u a t i o n  
o r  methods employ t h e  t r a n s m i s s i o n  o f  n o n d e s t r u c t i v e  s i g n a l s  through t h e  
m a t e r i a l .  The s i g n a l s  may be t h e r m a l ,  e l e c t r i c a l ,  u l t r a - s o n i c  o r  x- ray.  Automated 
s c a n n i n g  equipment used t o  map t h e  a r e a  q u e s t i o n  and i d e n t i f y  c r a c k s ,  v o i d s ,  
d i s b o n d s  and t h e  l i k e .  D e t a i l s  o f  equipment and methodology f o r  NDE a r e  g i v e n  i n  
t h e  a p p r o p r i a t e  c h a p t e r  i n  t h e  t e x t ,  

Repa i r  t e c h n i q u e s  have been developed f o r  t h e  v a r i o u s  t y p e s  of damage encoun-
t e r e d  i n  s e r v i c e .  The u s u a l  approach t h e  replacement  o f  t h e  damaged m a t e r i a l  
t o g e t h e r  w i t h  t h e  bonding or b o l t i n g  of m e t a l  or  composi te  r e i n f o r c i n g  p l a t e s  t o  
a d j a c e n t  s u r f a c e s  t o  b r i d g e  t h e  damaged a r e a .  Methods used and examples a r e  
d e s c r i b e d  subsequen t  t e x t .  
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1.5 SCOPE OF THIS TEXT. 

In o r d e r  t o  u t i l i z e  p r o p e r l y  t h e  advantages  of compos i te  m a t e r i a l s ,  i t  is  n e c e s s a r y  
t o  deve lop  an unde r s t and ing  o f  t h e  a n a l y t i c a l  t o o l s  and methodolog ies  t h a t  a r e  
employed i n  t h e  d e s i g n  p r o c e s s .  T h i s  s e c t i o n  g i v e s  a b r i e f  overview o f  t h e s e  
d e s i g n  concep t s  and was w r i t t e n  t o  d e l i n e a t e :  

1. t h e  d i f f e r e n c e s  encounte red  i n  t h e  c h a r a c t e r i s t i c s  of  s t r u c t u r e s ,  
because of  t h e  f a c t  t h a t  t h e y  a r e  made from compos i te  m a t e r i a l s  
i n s t e a d  of  m e t a l s ;  and 

2 .  t h e  methods of e v a l u a t i o n ,  bo th  a n a l y t i c a l  and e x p e r i m e n t a l ,  
t h a t  a r e  a v a i l a b l e  t o  be brought  t o  b e a r  upon t h e  e v a l u a t i o n  of  
t h o s e  d i f f e r e n c e s .  

T h u s ,  a b a s i s  i s  provided by t h e  avoidance  o f  problems w i t h  t h e  u s e  of compos i tes  
and, hence ,  t h e  s u c c e s s f u l  u t i l i z a t i o n  of  t h e i r  p o t e n t i a l s .  

The scope  o f  t h e  m a t e r i a l  t o  be p r e s e n t e d  t o  ach i eve  t h e  f o r e g o i n g  o b j e c t i v e s  
b road ,  r ang ing  from fundamental  mechanics  t o  p r a c t i c a l  methods of  manufac ture .  
Moreover,  i n  each c a t e g o r y  t h e  m a t e r i a l  must be s u f f i c i e n t l y  d e t a i l e d  t o  d e f i n e  no t  
on ly  p o s s i b l e  problem a r e a s  bu t  a l s o  t h e  r e a s o n s  f o r  t h e i r  e x i s t e n c e ,  and hence ,  
t h e  a p p r o p r i a t e n e s s  o f  t h e  methods f o r  t h e i r  e v a l u a t i o n .  S p e c i f i c a l l y ,  t h e  
m a t e r i a l  t o  be unders tood  can  be o rgan i zed  i n t o  t h e  f o l l o w i n g  c a t e g o r i e s :  

U n i d i r e c t i o n a l  Composites 
Laminates  
Test Methods 
S t r u c t u r a l  A n a l y s i s  
S t r u c t u r a l  Design 

The remainder  of t h i s  s e c t i o n  devoted  t o  an overview o f  each  of t h e s e  c a t e g o r i e s  
t o  i n d i c a t e  i t s  s cope ,  and t h e  d e g r e e  t o  which t h e  m a t e r i a l  t h e r e i n  d e t a i l e d  
t h e  t e x t .  

o U n i d i r e c t i o n a l  Composites 

Var ious  p r o p e r t i e s  o f  u n i d i r e c t i o n a l  compos i tes  must be c o n s i d e r e d  i n  d e t a i l  
i n  t h e  c h a r a c t e r i z a t i o n  of t h i s  fundamental  b u i l d i n g  b lock  upon which t h e  tech-
nology of  f i b e r  compos i tes  i s  based .  These a r e  a l l  " e f f e c t i v e  p r o p e r t i e s , "  
r e l a t i o n s h i p s  between s t a t i s t i c a l  ave rages  of  s t a t e  v a r i a b l e s  ove r  r e p r e s e n t a t i v e  
volume e lements  s u f f i c i e n t l y  l a r g e  t o  c h a r a c t e r i z e  t h e  compos i te ,  as i l l u s t r a t e d  i n  
f i g u r e  1.7 f o r  t e n s i l e  s t ress .  P r o p e r t i e s  t o  be unders tood  i n c l u d e :  

E l a s t i c  p r o p e r t i e s  
Thermal expans ion  c o e f f i c i e n t s  
Moi s tu r e  s w e l l i n g  c o e f f i c i e n t s  
V i s c o e l a s t i c  p r o p e r t i e s  
Thermal and e l e c t r i c a l  c o n d u c t i v i t i e s  
T e n s i l e ,  compress ive  and s h e a r  s t r e n g t h s  
S t r e n g t h  under  combined stresses 
F a t i g u e  f a i l u r e  c h a r a c t e r i s t i c s  
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Properties can be evaluated for various volume fraction reinforcement and for 
anisotropic as well as isotropic constituents. Both linear and non-linear 
relationships exist between constituent properties and composite properties. For 
example, with a given matrix material, the composite Young's modulus is a linear 
function of the fiber modulus the fiber direction but a highly nonlinear func-
tion of the fiber modulus transversely, as illustrated in figure 1.12. In all 
cases, formulae can be derived relating composite properties to the properties of 
the constituents. 

o Laminate Properties 

The objective of laminate analysis is to develop methods for calculating over-
all laminate properties given the unidirectional composite ply properties, as 
illustrated in figure 1.13. The outline of the concepts directed toward the 
achievement of this objective (table 1.3 )  reveals some of the complications 
encountered due to the many possible ways in which the individual laminae may be 
combined. Thus, while the stress-strain relations for each lamina can be found 
from the equations for the unidirectional composite, the combined behavior as a 
laminate must make assumptions about modes of deformation, account for symmetries 
of stacking, and develop models for overall failure, including interlaminar effects. 

The lamination process does provide the designer with a powerful tool for 
adjusting properties to meet his requirements, as long as he is mindful of the 
interactions of those properties. For example, as shown figure 1.14, the low 
oriented plies can be raised an order of magnitude by changes in ply orientations, 
with only a 50 percent decrease longitudinal stiffness and no change in shear 
stiffness. 

o Test Methods 

A conceptual outline of composite test methods given table 1 . 4 .  
Testing of composites, like their analysis and design, involves additional, 
separate procedures for constituents as well as for the composites themselves. 
Further, the sensitivity of composites to temperature and humidity demands tests in 
appropriate environments. For quality control, nondestructive evaluations are 
needed both on the production line and in the field, and adequate methods of repair 
must be applied for any damage found. In all of these areas, the techniques 
involved have enough differences from those associated with metals t o  deserve due 
consideration, with emphasis on aspects not encountered the testing of conven-
tional materials. The main thrust of the treatment of these various aspects of 
test methods for composites is toward the delineation of possible misleading 
results arising due to the unique response characteristics, not only those associ-
ated with unusual configurations, but especially those intrinsic to composites in 
general such as transverse and shear weaknesses. 

The fundamentals of these problems are introduced in figure 
1.15. At the top of the figure, possible shearing distortions associated with 
simple tensile loadings are illustrated. These may arise, simply due to the 
stacking sequences of the plies in a laminate. The lower illustration suggests how 
such distortions may interact to yield complex modes of distortions under combined 
stresses. Among the implications is the important one that methods of load appli-
cation end fixtures) can be crucial to the outcome of even simple tests, 
and may even be grossly misleading under complex conditions. 
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Given: Lamina Properties 

T 

Find: 

FIGURE 1.13.  THE OBJECTIVE OF LAMINATE ANALYSIS: TO DETERMINE THE OVERALL 
PROPERTIES OF THE LAMINATE I N  TERMS OF THE PROPERTIES OF THE 
I N D I V I D U A L  PLIES AND THEIR ORIENTATION 

TABLE 1 .3 .  CONCEPTUAL OUTLINE OF LAMINATE ANALYSIS 

1.  
2 .  Lamina S t r e s s - S t r a i n  R e l a t i o n s  
3 .  Laminat i o n  Theory  
4 .  Laminate  Behav io r  

Symmetric and Unsymmetric 
Bending and Membrane 
Thermo and M o i s t u r e  E f f e c t s  

5. N e t t i n g  A n a l y s i s  
6 .  S t r e n g t h  and F a i l u r e  
7 .  I n e l a s t i c  Behavior  
8. Hygroscopic  Analys  
9 .  I n t e r l a m i n a r  S t r e s s e s  

10. F r  ac  t u r e 
11. F a t i g u e  
1 2 .  Impact and Damage T o l e r a n c e  
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FIGURE 1.14. CHARACTERISTIC VARIATIONS IN LAMINATE PROPERTIES WITH PLY 
ORIENTATION ARE SUGGESTED BY A SIMPLE CONFIGURATION 
AS IS VARIED FROM THE AXIAL-STIFFNESS DECREASES 
FROM ITS MAXIMUM WITH ALL REINFORCEMENTS AT 0" TO A MINIMUM 
WITH THE SHEAR STIFFNESS PASSES THROUGH A MAXIMUM 
AT = + 

TABLE 1.4. CONCEPTUAL OUTLINE OF COMPOSITE TEST METHODS 

1. Constituent Test Methods 
2. Physical Property Test Methods 
3 .  Composite Test Methods 
4 .  Environmental Test Methods 
5 .  Structural Test Methods 
6 .  Nondestructive Evaluation 
7 .  Repair Techn ques 
a .  Evaluation of Design Allowables 
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FIGURE 1.15. THE DIRECTIONAL PROPERTIES OF COMPOSITES MAY LEAD TO 
PROBLEMS IN TESTING, SUCH AS SHEAR DISTORTIONS DUE TO 
ASYMMETRIES WHEN AXIAL LOAD IS APPLIED AS SUGGESTED IN 
THE UPPER FIGURE, OR LATERAL DISTORTIONS DUE TO LOW 
TRANSVERSE STIFFNESS AS IN THE LOWER FIGURE 

Translation of test results to the establishment of design allowables is an 
area of composites technology which is still a state of development. The 
definition of just what constitutes failure a composite - a far more complex 
definition than metals, and even for metals, still a controversial one many 
cases - will require more guidance from field experience than has yet accumulated. 

o Structural Analysis 

The analysis of composite structures is more complex than that of metal 
structures. Although it often possible to utilize the effective properties of 
composites in conventional analysis procedures, sometimes necessary to 
distinguish between the macro and micro response and carry the analysis into the 
detail provided at the minor level. To employ the methodologies of structural 
analysis, including the topics listed in table 1.5, one must be able to define 
when one or the other of these levels of analysis appropriate. One must also 
comprehend the differences encountered structural response at the macro level 
from those f o r  metals. 

TABLE CONCEPTUAL OUTLINE OF COMPOSITES STRICTIRAL ANALYSIS 

1. Stress Analysis of Structural Elements 
Beams 
Plates 
Shells 

2. Stability of Structural Elements 
3 .  Vibrations of Structural Elements 
4 .  Design and Analysis of Structural Joints 

Application of Numerical Analysis 
Techniques to Composite 
Structures 
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The d i f f e r e n c e s  c a n  be  s u b s t a n t i a l .  For example, c o n s i d e r  t h e  b u c k l i n g  of 
a long,  s imply- supported f l a t  p l a t e  i n  compress ion .  As i l l u s t r a t e d  i n  f i g u r e  1 . 1 6 ,  
t h e  b u c k l i n g  stress c a n  be i n c r e a s e d  a p p r e c i a b l y  by s imply  r o t a t i n g  a ba lanced  
( f i f t y  p e r c e n t  0', f i f t y  p e r c e n t  l a m i n a t e  t h rough  an ang le  o f  45" 
( g i v i n g  e q u i v a l e n t l y  a r e in fo rcemen t  c o n f i g u r a t i o n ) ,  o r  i n t e r m e d i a t e  v a l u e s  
may be  o b t a i n e d  at  a n g l e s  less For m e t a l s ,  o f  c o u r s e ,  t h e r e  i s  no 
d i r e c t i o n a l  c h a r a c t e r i s t i c  a t  a l l .  

Elastic 
Buckling 

Stress 

0 15 30 45 60 75 90 
deg. 

0 25 50 75 100 
90" 

FIGURE 1.16. REINFORCEMENT CONFIGURATION HAS A MARKED INFLUENCE ON 
THE BUCKLING STRENGTH OF COMPOSITE PLATES IN COMPRESSION 
AS SHOWN BY THIS COMPARISON OF AND LAMINATE. 
A LAMINATE HAS A SUBSTANTIALLY HIGHER BUCKLING STRESS 
THAN THE SAME COMPOSITE AT 0" and 90' 

Because such  d i f f e r e n c e s  c a n  be e n c o u n t e r e d ,  one  must u n d e r s t a n d  t h e  a d d i t i o n a l  
f a c t o r s  t h a t  need t o  be c o n s i d e r e d  i n  composi te  a n a l y s i s  and,  second,  t o  u t i l i z e  
a p p r o p r i a t e  methods f o r  t h e i r  t r e a t m e n t .  

o S t r u c t u r a l  Design 

The u l t i m a t e  g o a l  of t h i s  t e x t  t o  p r o v i d e  an u n d e r s t a n d i n g  of t h e  employ-
ment of f i b e r  composi tes  s t r u c t u r a l  d e s i g n .  A s  t h e  o u t l i n e  i n d i c a t e s  ( t a b l e  

many a s p e c t s  of t h e  d e s i g n  p r o c e s s  m u s t  be c o n s i d e r e d  i n  l i g h t  of t h e  d i f f e r -
ences  i n  c h a r a c t e r i s t i c s  between composi tes  and m e t a l s  beg inn ing  w i t h  t h e  d i f f e r -
ences  d e s i g n  c r i t e r i a  and p roceed ing  th rough  d e t a i l e d  development of  methodolo-
g i e s  d e s i g n  and e v a l u a t i o n  t o  s p e c i f i c  components o f  t h e i r  a p p l i c a t i o n .  
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TABLE 1.6 .  CONCEPTUAL OUTLINE FOR COMPOSITES DESIGN 

1. Review o f  C h a r a c t e r i s t i c  D i f f e r e n c e s  i n  Design and E v a l u a t i o n :  
Compos 

E f f e c t s  of  M a t e r i a l  P r o p e r t i e s  
T y p i c a l  S t r u c t u r a l  Elements  

2 .  Design C r i t e r i a  

3 .  Development of Des ign  and E v a l u a t i o n  Methodology 
Minimum-Weight Des ign  
Cost  E f f e c t i v e n e s s  
Trade- off  S t u d i e s  

4. Review o f  F a b r i c a t i o n  Techniques 

5. Design and E v a l u a t i o n  o f  A i r c r a f t  S t r u c t u r a l  Components 

One of  t h e  methodologies  t h a t  i s  e s p e c i a l l y  impor t an t  i n  compos i tes  because  o f  
i t s  p e r t i n e n c e  t o  bo th  t h e  d e s i g n  p r o c e s s  and t h e  p r o c e s s  of  e v a l u a t i o n  t h a t  of  
minimum-weight d e s i g n .  The p r i n c i p l e s  of  minimum weight  d e s i g n  are e s p e c i a l l y  
u s e f u l ,  no t  o n l y  f o r  gu idance  i n  s e l e c t i o n s  of b o t h  c o n s t i t u e n t  materials and t h e i r  
c o n f i g u r a t i o n s ,  b u t  a l s o  t o  p rov ide  a y a r d s t i c k .  f o r  comparison among v a r i o u s  
app roaches ,  i n c l u d i n g  a s se s smen t s  of  c o s t  e f f e c t i v e n e s s .  

1 CONCLUDING REMARKS 

The overv iew p re sen t ed  i n  t h i s  s e c t i o n  d e s c r i b e s  t h e  m a t e r i a l  t o  be  p r e s e n t e d  
t h e  two-volume t e x t ,  of  which t h i s  is t h e  f i r s t .  The m a t e r i a l  h a s  been d i v i d e d  
i n t o  two major  c a t e g o r i e s ;  compos i te  m a t e r i a l s  and l a m i n a t e s ,  t r e a t e d  h e r e i n ,  and 
s t r u c t u r e s ,  t r e a t e d  volume T h i s  s e p a r a t i o n  i s  a m a t t e r  o f  convenience .  An 
a p p r e c i a t i o n  of t h e  i n t e r r e l a t i o n s h i p s  among t h e  v a r i o u s  major  t o p i c s  i m p e r a t i v e  
t o  t h e  s u c c e s s f u l  a p p l i c a t i o n  of  compos i t e s .  

An assessment  of  t h e  i m p l i c a t i o n s  of  t h i s  overview i s  f i b e r  compos i te  
y i e l d s  a p o s i t i v e  c o n c l u s i o n .  Soundly based  r a t i o n a l  methods e x i s t  f o r  a n a l y s i s  
and d e s i g n  of composi te  m a t e r i a l s  and s t r u c t u r e s .  Through t h e  a p p l i c a t i o n s  of 
t h e s e  methods,  t h e  u s e  of  advanced f i b e r  compos i t e s ,  i n  combina t ion  w i t h  each  o t h e r  
and w i th  o t h e r  m a t e r i a l s ,  w i l l  c o n t i n u e  t o  grow. Accord ing ly ,  t h e  number o f  peop l e  
t o  be t r a i n e d  i n  t h i s  t echnology  w i l l  i n c r e a s e  d r a m a t i c a l l y .  

The impact o f  f i b e r  compos i tes  on s t r u c t u r a l  d e s i g n  l e a d i n g  t o  c r e a t i v e  new s t r u c-
t u r a l  c o n f i g u r a t i o n s  is o n l y  beg inn ing .  Cur r en t  and f u t u r e  e f f o r t s  w i l l  l e a d  t o  
widespread  u t i l i z a t i o n  of compos i t e s .  Improvements i n  p r o p e r t i e s ,  t h e  g e n e r a t i o n  
of  unique combinat ions of p r o p e r t i e s ,  and t h e  development of  f a b r i c a t i o n  s i m p l i f i -
c a t i o n s ,  which can r e s u l t  from t h e  u s e  of  f i b e r  compos i tes ,  w i l l  l e a d  t o  t h e i r  u s e  
a s  t h e  prominent m a t e r i a l s  of  c o n s t r u c t i o n  i n  a l l  e n g i n e e r i n g  d i s c i p l i n e s .  
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Chapter Unidirectional Fiber Composites 

The concept  o f  d e s i g n i n g  a m a t e r i a l  t o  y i e l d  a d e s i r e d  set  o f  p r o p e r t i e s  has  
r e c e i v e d  impetus  from t h e  growing a c c e p t a n c e  o f  compos i t e  m a t e r i a l s .  T h i s  u t i l i z a -
t i o n  o f  t h e  d i v e r s i t y  o f  contemporary h i g h  s t r e n g t h  and h i g h  s t i f f n e s s  f i b e r s  i n  
v a r i o u s  s t r u c t u r a l  a p p l i c a t i o n s  h a s  mot iva ted  a new i n t e r e s t  i n  t h e  s t u d y  o f  
r e l a t i o n s h i p s  between t h e  mechan ica l  and p h y s i c a l  p r o p e r t i e s  of  composi tes  and 
t h o s e  o f  t h e i r  c o n s t i t u e n t s .  The aims of such s t u d i e s  a r e ,  f i r s t ,  t o  p r o v i d e  t h e  
a b i l i t y  t o  a n a l y z e  t h e  performance of s t r u c t u r e s  u t i l i z i n g  t h e s e  he te rogeneous  
m a t e r i a l s ,  and second ,  t o  p r o v i d e  g u i d e l i n e s  f o r  t h e  development of improved 
m a t e r i a l s .  

I n c l u s i o n  i n  t h e  s t r u c t u r a l  d e s i g n  p r o c e s s  o f  t h e  m a t e r i a l  d e s i g n  phase  h a s  had a 
s i g n i f i c a n t  impact upon t h e  e n t i r e  d e s i g n  p r o c e s s ,  p a r t i c u l a r l y  upon t h e  p r e l i m i-
nary  d e s i g n  phase .  I n  t h i s  p r e l i m i n a r y  d e s i g n ,  t h e  number o f  m a t e r i a l s  which may 
b e  c o n s i d e r e d  f o r  a d e s i g n  g e n e r a l l y  w i l l  i n c l u d e  many f o r  which e x p e r i m e n t a l  
m a t e r i a l  p r o p e r t i e s  d a t a  are no t  a v a i l a b l e .  Thus,  p r e l i m i n a r y  m a t e r i a l  s e l e c t i o n  
may b e  based on a n a l y t i c a l l y  p r e d i c t e d  p r o p e r t i e s .  These  a n a l y t i c a l  methods a r e  
t h e  r e s u l t  o f  s t u d i e s  o f  t h e  r e l a t i o n s h i p  between e f f e c t i v e  p r o p e r t i e s  of  compos-
i t e s  and t h e  p r o p e r t i e s  of t h e i r  c o n s t i t u e n t s  ( s t u d i e s  which,  a l though  not t r u l y  
conducted a t  a m i c r o s c o p i c  l e v e l ,  are f r e q u e n t l y  d e s c r i b e d  by t h e  term "micro-
mechanics" ).  The u n d e r s t a n d i n g  of  t h e  r e l a t i o n s h i p s  between t h e  o v e r a l l  or average  
r e s p o n s e  of a composi te  and t h e  p r o p e r t i e s  o f  i t s  c o n s t i t u e n t s  p e r m i t s  t h e  repre-
s e n t a t i o n  o f  t h e  inhomogeneous composi te  by an e f f e c t i v e  homogeneous (and gener-
a l l y ,  a n i s o t r o p i c )  m a t e r i a l .  The p r o p e r t i e s  o f  t h i s  homogeneous m a t e r i a l  a r e  
t h e  e f f e c t i v e  p r o p e r t i e s  o f  t h e  compos i t e ;  t h a t  i s ,  t h e y  a r e  t h e  p r o p e r t i e s  which 
r e l a t e  t h e  average  v a l u e s  o f  t h e  s t a t e  v a r i a b l e s  i n  t h e  compos i t e .  When t h e  
e f f e c t i v e  p r o p e r t i e s  of an u n i d i r e c t i o n a l  composi te  have been  d e t e r m i n e d ,  t h e  
m a t e r i a l  may be viewed a s  a homogeneous a n i s o t r o p i c  m a t e r i a l  f o r  many a s p e c t s  of 
t h e  d e s i g n  p r o c e s s .  The e v a l u a t i o n  of  t h e s e  e f f e c t i v e  p r o p e r t i e s  i s  t h e  major 
t o p i c  o f  t h i s  c h a p t e r .  

2 .1  CONSTITUENT PROPERTIES. 

C h a r a c t e r i s t i c s  of  compos i t es  i n e v i t a b l y  stem from t h e  p r o p e r t i e s  of t h e i r  c o n s t i t u-
e n t s .  C o n s t i t u e n t  p r o p e r t i e s  were c o n s i d e r e d  a g e n e r a l  way i n  Chap te r  I .  a 
b a s i s  f o r  e n g i n e e r i n g ,  however,  a more d e t a i l e d ,  t e c h n i c a l  r ev iew o f  a v a i l a b l e  
c o n s t i t u e n t  m a t e r i a l s  i s  needed. The c o n s t i t u e n t s  a r e  t h e  b u i l d i n g  b l o c k s  - t h e  
s o p h i s t i c a t e d  b u i l d i n g  b l o c k s  - t h a t  have been developed which,  p r o p e r l y  used ,  
c a n  make t r u l y  advanced s t r u c t u r e s .  D e s p i t e  t h e  s o p h i s t i c a t i o n ,  however,  d e f i c i e n-
c i e s  s t i l l  e x i s t ,  and p r o p e r  u s e  demands t h a t  d i s t i n c t i o n s  be made between merits 
and d e m e r i t s .  Accord ing ly ,  i n  t h e  f o l l o w i n g  rev iew,  emphasis  i s  d i r e c t e d  toward 
a d e q u a t e  d e f i n i t i o n  of  s t r e n g t h s  and weaknesses ,  and r e p r e s e n t a t i v e  
v a l u e s  a r e  g i v e n  f o r  p r o p e r t i e s  r a t h e r  t h a n  d e t a i l e d  v a l u e s  a p p l i c a b l e  t o  s p e c i f i c  
f o r m u l a t i o n s .  
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2 . 1 . 1  F i b e r s .  

Only two c l a s s e s  of  m a t e r i a l s  have r e a l l y  q u a l i f i e d  a s  s u c c e s s f u l  r e i n f o r c e m e n t s !  
The g l a s s e s  and g r a p h i t e s .  
s u c c e s s e s .  Boron, FP and s i l i c o n  c a r b i d e  c a n  b e  c o n s i d e r e d  of  
i n t e r e s t  o n l y  f o r  s p e c i a l  a p p l i c a t i o n s .  
t r e a t  t h e  g l a s s e s  and g r a p h i t e s  g r e a t e s t  d e p t h ,  and for t h e  o t h e r s  c o n s i d e r  
p r i m a r i l y  t h e i r  o u t s t a n d i n g  p r o p e r t i e s ,  b o t h  good and bad. 

The aramids  (Kevla r  29 and have  had q u a l i f i e d  

Accord ing ly ,  t h e  f o l l o w i n g  d i s c u s s i o n  w i l l  

2 .1 .1 .1  G l a s s .  

G l a s s  f i b e r s  a r e  f a r  and away t h e  most common r e i n f o r c e m e n t s .  Two composi-
t i o n s  of  g l a s s  predominate :  E- glass  and 
S- glass  A1203 P r o p e r t i e s  of t h e s e  f i b e r s  a r e  
l i s t e d  i n  t a b l e  2 .1 .  S i g n i f i c a n t l y ,  d e s p i t e  t h e  b e t t e r  mechan ica l  p r o p e r t i e s  
a l l  c a t e g o r i e s  shown f o r  S- g l a s s ,  t h e  bot tom l i n e  economy of E- glass  h a s  made i t  
overwhelmingly t h e  m a t e r i a l  o f  c h o i c e .  

TABLE 2 .1  PROPERTIES OF GLASS FIBERS 

PropertyI 
Young's Modulus, E, 

Shear Modulus, G ,  

Poisson's Ratio. v 

Tensile Strength, ksi 

Strain at Tensile 

Coefficient of Thermal Expansion, 

Thermal Conductivity. 
hr- f 

Density, pci 

SI 

PropertyI 
Modulus, E, 2 

2Shear nodulus, 

Poisson's Ratio, v 

Tensile Strength, 

Strain at Tensile Ultimate. 

coefficient of Thermal Expansion, 

2 

Thermal Conductivity, 

Density, 

E-Glass 

10.5 

0.20 

500 

6 . 7  

0 . 0 9 2  

E-Glass 

7 2 . 3  

3 0 . 3  

0 . 2 0  

3 . 4  

6 

2 . 5 5  

0 . 0 9 0  

35.1 

0.22 

4 . 5  

2.49 



o Method o f  Manufacture  

G l a s s  f i b e r s  a r e  made by p u l l i n g  from t h e  mol ten s t a t e  th rough  r e l a t i v e l y  
l a r g e  m u l t i p l e  o r i f i c e s  a t  h igh  v e l o c i t i e s ,  t h e  f i n a l  b e i n g  c o n t r o l l e d  by 
t h e  s t r e t c h i n g  e x t e r n a l  t o  t h e  o r i f i c e .  I n d i v i d u a l  f i l a m e n t s  a r e  c o a t e d  w i t h  a 
s i z i n g  such as  s t a r c h  t o  avoid  damage a s  t h e  s t r a n d s  are g i v e n  a s l i g h t  t w i s t  t o  
b r i n g  them t o g e t h e r  t o  form a y a r n .  A common number o f  i n d i v i d u a l  f i l a m e n t s  f o r  
y a r n  i s  204. 

o A v a i l a b l e  Forms 

G l a s s  f i b e r s  a r e  a v a i l a b l e  i n  a v a r i e t y  of  forms: Yarns ( b u n d l e s  of  f i l a -
m e n t s ) ,  p l i e d  y a r n s  ( y a r n s  t w i s t e d  t o g e t h e r ) ,  r o v i n g  ( l a r g e  bund les  o f  f i l a m e n t s ,  
u s u a l l y  u n t w i s t e d ) ,  mat ( c o n t i n u o u s  s t r a n d s  mat ted  t o g e t h e r ) ,  and chopped s t r a n d s  
( u s u a l l y  less t h a n  2 i n c h e s  l o n g ) .  F i b e r  diameters v a r y  from 0.00015 t o  
0.00052 i n c h e s  (0.0038 t o  0 .0132 A s t a n d a r d  nomenc la tu re  has  been developed 
t o  i d e n t i f y  g l a s s  y a r n s ;  t h u s ,  

ECG 150 4 /2  

where 

E E- glass 
C c o n t i n u o u s  f i l a m e n t  
G 0.00036 i n  (0.0091 f i l a m e n t  d i a m e t e r  

150 y a r n  we igh t  i n  hundreds  of  y a r d s  p e r  pound 
4 4 b a s i c  y a r n  s t r a n d s  
2 2 p l i e s  of t h e  4- yarn s t r a n d s  

and where t h e  t h i r d  l e t t e r  d i a m e t e r  key as  f o l l o w s :  

B 0.00015 i n .  (0.0038 
C 0.00018 i n .  (0.0046 
D 0.00021 i n .  (0.0053 
E 0.00029 i n .  (0.0074 
G 0.00036 i n .  (0 .0091 
H 0.00042 i n .  (0.0107 
K 0.00051 i n .  (0.0130 

G l a s s  f i b e r s  a r e  a l s o  a v a i l a b l e  i n  a v a r i e t y  o f  woven f a b r i c  For a i r -
c r a f t  a p p l i c a t i o n s  t h e  most commonly encounte red  an e i g h t- h a r n e s s  s a t i n  weave, 
d e s i g n a t e d  181 s t y l e ,  d e s i g n e d  t o  p r o v i d e  long " f l o a t s "  o f  t h e  y a r n s  ( o n e  up,  
seven  down, a s  i l l u s t r a t e d  i n  f i g u r e  2 . 1 )  f o r  minimum o u t - o f - s t r a i g h t n e s s  a long  
t h e  f i l a m e n t s .  
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( A )  P l a i n  Weave 
1 up ,  1 down 

Weave 
1 up ,  7 down 

FIGURE 2.1. THE LONG "FLOATS" BETWEEN CROSS-OVERS I N  BOTH WARP 
AND FILL DIRECTIONS, AS I N  THE E I G H T  HARNESS SATIN 
WEAVE SHOWN, PROVIDE NEAR STRAIGHT YARNS I N  A 
BIAXIAL REINFORCING PATTERN, APPROXIMATING I N  ONE 
PLY THE PROPERTIES OF A CROSS-PLY LAMINATE 

o S u r f a c e  Treatment  

For u s e  as  r e i n f o r c e m e n t s ,  g l a s s  f i b e r s  g e n e r a l l y  r e q u i r e  s u r f a c e  t r e a t m e n t  
f o r  b e t t e r  adherence  t o  t h e  m a t r i x .  Most commonly used f o r  t h i s  purpose  a r e  s i l a n e  
r e s i n s  hav ing  molecu les  c o m p a t i b l e  w i t h  b o t h  t h e  i n o r g a n i c  m o l e c u l e s  of  t h e  g l a s s  
and t h e  o r g a n i c  molecu les  of  t h e  r e s i n .  

o O u t s t a n d i n g  C h a r a c t e r i s t i c s  

The o u t s t a n d i n g  meri ts  t h e  g l a s s  f i b e r s  a r e  h i g h  s t r e n g t h s  combined w i t h  a 
r e l a t i v e l y  h i g h  s t r a i n  t o  f a i l u r e  and low c o s t .  They e x h i b i t  no o u t s t a n d-
i n g  u n f a v o r a b l e  p r o p e r t i e s .  

2 . 1 . 1 . 2  .  

"Graphi te"  f i b e r s  (o r  p e r h a p s  more a c c u r a t e l y  ' 'carbon" f i b e r s ,  s i n c e  f u l l  
g r a p h i t i z a t i o n  not  ach ieved  t h e i r  m a n u f a c t u r e )  have  t h e  p o t e n t i a l  f o r  achiev-
i n g  a wide a c c e p t a n c e  f o r  a i r c r a f t  a p p l i c a t i o n s  b e c a u s e  o f  t h e i r  advanced p roper-
t i e s .  Two c a t e g o r i e s  o f  c a r b o n  f i b e r s  p redomina te ,  d i s t i n g u i s h e d  p r i m a r i l y  by 
t h e i r  e l a s t i c  modul i :  The one i n  t h e  r a n g e  30-32 (207-220 t h e  o t h e r  
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appr ox i m  1t 50-55 (345-380 P r o p e r t i e s  o f  t h e s e  f i b e r s  a r e  g i v e n  
i n  t a b l e  2.2.  O the r  h i g h e r  modulus ca rbon  f i b e r s  w i t h  moduli  up t o  100 (690 

o r  more a r e  a l s o  a v a i l a b l e .  

Both p r o p e r t i e s  and c o s t s  of  g r a p h i t e  f i b e r s  a r e  i n  a s t a t e  o f  f l u x  r e l a t i n g  
t o  t h e  methods o f  manufac tu re ,  as d e s c r i b e d  below. 

o Methods o f  Manufac ture  

G r a p h i t e  f i b e r s  a r e  manufac tured  by c a r b o n i z a t i o n  and g r a p h i t i z a t i o n  from 
o r g a n i c  f i b e r  p r e c u r s o r s ,  p r i m a r i l y  r ayon ,  ( P A N )  and p i t c h .  For  
bo th  rayon and PAN, i n  a d d i t i o n  t o  c a r b o n i z a t i o n  and g r a p h i t i z a t i o n  ( a t  tempera-
t u r e s  o f  2400" -2700" F and 5400" F (1300" -1500" C and  3000" r e s p e c t i v e l y ) ,  
s t r e t c h i n g  o f  t h e  f i b e r s  i s  r e q u i r e d  t o  o r i e n t  t h e  mo lecu la r  s t r u c t u r e  f o r  maximum 
s t i f f n e s s  i n  t h e  f i b e r  d i r e c t i o n .  The p i t c h  f i b e r s  do not r e q u i r e  t h e  s t r e t c h i n g  
p r o c e s s ,  and t h e  times a t  t empera tu re  r e q u i r e d  f o r  them a r e  l e s s  t han  f o r  t h e  rayon 
and PAN p r e c u r s o r s .  P i t c h  b a s e  f i b e r s ,  a c c o r d i n g l y ,  a r e  p o t e n t i a l l y  t h e  c h e a p e s t .  

A l l  g r a p h i t e  f i b e r s  r e q u i r e  s u r f a c e  t r e a t m e n t  f o r  adhes ion  t o  t h e  m a t r i x ,  most 
commonly a wet o x i d a t i o n  p r o c e s s  t o g e t h e r  w i t h  t h e  a p p l i c a t i o n  of  an o r g a n i c  
c o a t i n g .  

o A v a i l a b l e  Forms 

G r a p h i t e  f i b e r s  a r e  a v a i l a b l e  i n  most o f  t h e  same forms a s  g l a s s .  The 
i n d i v i d u a l  f i b e r  d i a m e t e r s  are  app rox ima te ly  0.0004 i n c h e s  ( 0 . 0 1  

o Ou t s t and ing  C h a r a c t e r i s t i c s  

G r a p h i t e  f i b e r s  a r e  d i s t i n g u i s h e d  not  o n l y  f o r  t h e i r  h i g h  s t i f f n e s s  and 
f o r  t h e i r  ex t r eme ly  h i g h  r a t i o s ,  b u t  a l s o  f o r  t h e i r  n e a r  z e r o  
thermal  expans ion  c o e f f i c i e n t s  a long  t h e  f i b e r  d i r e c t i o n .  T h e i r  d e f i c i e n c i e s  a r e  

t h e  d i r e c t i o n  t r a n s v e r s e  t o  t h e  f i b e r ,  where t h e  h i g h e r  t h e  l o n g i t u d i n a l  
modulus, t h e  lower t h e  t r a n s v e r s e  modulus. 

2 .1 .1 .3  Kev la r .  

Kevlar  ( a r amid )  f i b e r s  a r e  a v a i l a b l e  two forms ,  Kev la r  29 and Kev la r  4 9 ,  
p r i m a r i l y  by  t h e i r  Young's moduli of  and 18 (62 124 

r e s p e c t i v e l y .  For compos i t e s ,  Kev la r  49 of  i n t e r e s t  and w i l l  be t h e  one 
t r e a t e d  h e r e .  P r o p e r t i e s  o f  Kev la r  49 a r e  g i v e n  t a b l e  2 . 3 .  

o A v a i l a b l e  Forms 

Kevlar  a v a i l a b l e  as  u n t w i s t e d  ya rns  of 134,  267 o r  f i l a m e n t s .  Each 
f i l a m e n t  nominal ly  0.00047 i n c h e s  (0.0119 i n  d i a m e t e r .  I t  i s  a l s o  a v a i l-
a b l e  i n  two we igh t s  of  r o v i n g  (4560 and 7100) f i l a m e n t s ,  and a s  woven f a b r i c  i n  
v a r i o u s  c o n s t r u c t i o n s .  

o S u r f a c e  Treatment  

Nominally, Kev la r  a v a i l a b l e  w i t h  no s i z i n g  o r  f i n i s h ,  and r e q u i r e s  none f o r  
c o m p a t i b i l i t y  w i t h  r e s i n  m a t r i x  m a t e r i a l s .  
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TABLE 2 . 2 .  P R O P E R T I E S  OF GRAPHITE FIBERS 

Property AS and 
T-300 

HMS and 

Longitudinal Young's Modulus, 32 5 4  

Transverse Young Modulus , 3.2 1.1 

Longitudinal Shear Modulus, 3.2 2.2 

Transverse Shear Modulus, 1.2 0 .4  

Longitudinal Poisson's Ratio, 0 . 3 0  0 . 4 1  

Transverse Poisson's Ratio, 0 . 3 5  0 . 4 5  

Tensile Strength, k s i  400 175 

Strain at Tensile ultimate, 1.3 0 . 3  

Coefficient of Lonqitudinal Thermal 
Expansion, 

Coefficient of Transverse Thermal 
Expansion, 

Longitudinal Thermal conductivity, 
1 4 0  580 

Transverse Thermal Conductivity, 
tu-in 10 12 

Density, pci 0 . 0 6 2  0.072 

SI 

Property 
AS and and 

Longitudinal Young's Modulus, 220  370 

Transverse Modulus, 22 7.6 

Longitudinal Shear Modulus, 22 15.2 

Transverse Shear Modulus. , 8.1 2.8 

Longitudinal Ratio, 0 . 3 0  0 . 4 1  

Transverse Poisson's Ratio, 0.35 0 . 4 5  

Tensile Strength. 2.8 1.2 

Strain at Tensile Ultimate, 1 . 3  0 . 3  

Coefficient of Longitudinal Thermal 
Expansion, c 

Coefficient of Transverse Thermal 
Expansion, 

Longitudinal Thermal Conductivity, 
4 2 

-cm- C 

Transverse Thermal Conductivity, 
ca 1 3 .  

Density, 1.72 1.99 
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TABLE 2 . 3 .  PROPERTIES OF KEVLAR FIBERS 

Longitudinal Young's Modulus, 

Transverse Young's Modulus, 

Longitudinal Shear nodulus, 

Transverse Shear Modulus, 

Longitudinal Poisson's Ratio, 

Transverse Poisson's 

Tensile Strength, ksi 

Strain at Tensile Ultimate, 

Coefficient Of Longitudinal Expansion, 

Coefficient of Transverse Thermal Expansion, 

Longitudinal Thermal Conductivity, 

Transverse Thermal Conductivity. Btu-in 

Density, pci 

SI 

Young's nodulus, 2 

Shear Modulus, 2 
Transvarra Young' Nodulus, 

Shear nodulus. 

transverse Ratio, 

Stranqth, 
at tu , 

Coefficient of Thermal Expansion. 

of 
c 

Thermal Conductivity, 

Density, 3 

1 

1 

0.4 

0.4 

0 . 3 3  

0 . 3 3  

4 0 0  

2 . 5  

-

20 

3 

0 . 0 5 2  

124 

6 . 9  

2 . 8  

2 . 8  

0 . 3 3  

0 . 3 3  

2 . 8  

2.5 

1 . 4 4  
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o Ou t s t and ing  C h a r a c t e r i s t i c s  

The o u t s t a n d i n g  f a v o r a b l e  c h a r a c t e r i s t i c s  o f  Kev la r  are i t s  low d e n s i t y  (0 .052  
o r  1.44 and h i g h  t e n s i l e  s t r e n g t h ,  a maximum o f  525 (3.6 for 

optimum c o n d i t i o n s  o f  y a r n  impregna t i on  and t w i s t .  I t s  u n f a v o r a b l e  p r o p e r t i e s  are 
low t r a n s v e r s e  s t i f f n e s s  and low compress ive  s t r e n g t h .  compos i te  
e x h i b i t  h igh  r e s i s t a n c e  t o  impact  damage. 

2 . 1 . 1 . 4  Boron, S i l i c o n  Ca rb ide  and FP. 

Boron, s i l i c o n  c a r b i d e  and FP (aluminum o x i d e )  f i b e r s  a r e  i n  a d i f f e r e n t  
c a t e g o r y  from g l a s s ,  g r a p h i t e  and Kev la r  w i t h  r e g a r d  t o  immediacy o f  use  i n  
commercial  a i r c r a f t ,  b u t  t hey  a l l  have  c h a r a c t e r i s t i c s  of  meri t  and may w e l l  
be used i n  s p e c i a l  a p p l i c a t i o n s .  Accord ing ly ,  t h e i r  c h a r a c t e r i s t i c s  a r e  reviewed 
h e r e  w i t h  t h e  pr imary  o b j e c t i v e  of  i d e n t i f y i n g  p r o p e r t i e s  which a r e  un ique  and of  
p o t e n t i a l  i n t e r e s t  o r  concern .  

o Boron 

Boron f i l a m e n t s ,  f a b r i c a t e d  by vapo r  d e p o s i t i o n  on f i n e  t u n g s t e n  o r  g r a p h i t e  
f i l a m e n t s ,  have much g r e a t e r  d i a m e t e r s  (0 .004 i n c h e s  or 0 . 1  t h a n  o t h e r  f i b e r s .  
The l a r g e  d i ame te r  makes them i n d i v i d u a l l y  s t i f f  and d i f f i c u l t  t o  t o  any b u t  
g e n t l e  r a d i i .  The manufac tu r ing  p r o c e s s  h o l d s  l i t t l e  p o t e n t i a l  for c o s t  r e d u c t i o n .  

P r o p e r t i e s  of  boron f i b e r s  a r e  g i v e n  i n  t a b l e  2 .4 .  Most f a v o r a b l e  i s  t h e  
combina t ion  of  h igh  s t r e n g t h s ,  b o t h  i n  t e n s i o n  and compress ion ,  and modulus of  
e l a s t i c i t y ,  no t  on ly  a long  t h e  f i b e r s  b u t  a l s o  t r a n s v e r s e l y .  Not i n d i c a t e d  i n  t h e  
t a b l e  bu t  a l s o  f a v o r a b l e  t h e  f a c t  t h a t  boron compos i tes  e x h i b i t  compress ive  
s t r e n g t h s  g e n e r a l l y  h i g h e r  t han  t h o s e  of g r a p h i t e .  

o S i l i c o n  Ca rb ide  

Like  boron ,  s i l i c o n  c a r b i d e  f i l a m e n t s  have been made by vapor  d e p o s i t i o n ,  and 
t h e i r  f i l a m e n t  p r o p e r t i e s  a r e  s i m i l a r  ( s e e  t a b l e  a l t hough  t h e  d e n s i t y  of  
s i l i c o n  c a r b i d e  i s  s u b s t a n t i a l l y  h i g h e r  (0.115 p c i  o r  3.19 S i l i c o n  c a r b i d e  
f i l a m e n t s  a r e  no t  a commercial  p roduc t  a t  t h i s  w r i t i n g  because  of  t h e i r  h i g h  c o s t  
of  manufac ture  and l i m i t e d  a v a i l a b i l i t y ,  and a r e  h e r e  o n l y  because  o f  
t h e i r  p o t e n t i a l  f o r  f u t u r e  u se .  

S i l i c o n  c a r b i d e  i s  a l s o  under  development i n  a more economical  form o f  
a m i x t u r e  o f  wh i ske r s  and p a r t i c l e s  produced by c a r b o n i z a t i o n  o f  r i c e  h u l l s .  
Used p r i m a r i l y  w i th  aluminum a s  t h e  m a t r i x  m a t e r i a l ,  t h e  p roduc t  o f f e r s  p o t e n t i a l  
f o r  an i n c r e a s e d  v a l u e  of  Young's modulus w i t h  modera te  d e n s i t y  i n c r e a s e  r e l a t i v e  
t o  t h e  aluminum. 

o FP 

FP i s  a r e f r a c t o r y ,  aluminum ox ide  f i l a m e n t  produced by hav ing  e l a s t i c  
p r o p e r t i e s  s i m i l a r  t o  boron and s i l i c o n  c a r b i d e  b u t  e x h i b i t i n g  v e r y  h i g h  compress-
i v e  and r e l a t i v e l y  low t e n s i l e  s t r e n g t h s .  L i k e  t h e  m i x t u r e ,  
FP used w i th  me ta l  m a t r i c e s  (magnesium and aluminum). The d e n s i t y  o f  FP i s  t h e  
g r e a t e s t  o f  any of t h e  r e i n f o r c e m e n t s  (0.143 p c i  o r  3.96 T h i s  
h i g h  d e n s i t y ,  t o g e t h e r  w i th  low t e n s i l e  s t r e n g t h  ( t a b l e  l i m i t s  i t s  
a p p l i c a b i l i t y  t o  s p e c i a l  a r e a s .  
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TABLE 2 . 4 .  PROPERTIES O f  BORON, SILICON 
CARBIDE AND FP FIBERS 

Property sic 

Young's Modulus, E, Msi 

Shear Modulus, C, Msi 

Poisson's Ratio. 

Tensile Strenqth. 

in at Tensile Ultimate, 
8 

Coefficient of Thermal Expansion, 

Thermal Conductivity, 

55 

24 

15 

400 

0.7 

20 

70 

29 

0.2 

300 

0 .4  

2. 

55 

200 

0.4 

Density, pci 0.115 0.143 

.SI 

Property 

2
Young's Modulus, E, 

2
Shear Modulus, 

Ratio, 

Strength, 

Strain at Ultimata. 
8 

of Thermal 

Thermal Conductivity , 
3Denrity, 

380 

165 

0.15 

2 . 8  

0 . 7  

4. 

2.63 

470 

200 

0.2 

2.1 

0 . 4  

4 

3.19 

380 

1 . 4  

3 . 4  

.96 
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2.1.2 Matrix Materials. 

While reinforced plastics general use, f o r  which structural performance 
subsidiary to cost and ease of manufacture, employ a variety of resins (predomi-
nately polyester and vinyl ester), epoxies are the resins most often used f o r  the 
more demanding requirements aircraft. Because o f  the widespread use of poly-
esters in general, however, a brief description of their characteristics pre-
sented here as background material. The epoxies are discussed some detail. 

2.1.2.1 Polyesters. 

The polyesters derive from unsaturated dibasic acids condensed with glycol. 
They are generally supplied as solutions reactive monomers, such as styrene, 
methyl methacrylate or vinyl toluene. With the addition of heat or an initiator 
and catalyst, the polyester and monomer polymerize. The polymerization process 
exothermic and the resin shrinkage substantial: 7 %  to 9%. Typical resulting 
resin properties are approximately: 

Tensile strength 10 (69 
Compressive strength 24 (165 
Young's modulus 500 (3.45 
Density 0.044 pci (1.12 

2.1.2.2 . 

Although there are only two main types resins, condensation 
products of and and the same with novolac resins 
instead of the variety of characteristics available through the use of 
additives, changes in cure cycle, etc. is virtually unlimited. Available modifying 
and curing agents provide great latitude in the formulation of epoxy materials, 
with the result that most manufacturers have their own proprietary formulations and 
cure cycles, and resulting individualized properties. Thus, the 1980-81 edition of 
the Modern Plastics Encyclopedia lists the following ranges of properties for epoxy 
resins: 

Tensile strength 2-12 (13.8-82.7 
Compressive strength 1-24 (6.9-165 
Young's modulus 1-500 ksi (6.9 -3.45 
Density pci 

Typical properties actually achieved i n  aircraft applications are likely to be 
of the following magnitudes: 

Tensile strength 10 (69 
Compressive strength 24 (165 
Young's modulus 500 (3.45 
Dens 0.045 ( 1 . 2 5  

but all concerned must be aware of the ease with which variations from such "typi-
cal" values can be achieved. Factors involved in such variations are considered 
below. 
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o Curing 

Epoxies are  normal ly  c u r e d  by c r o s s - l i n k i n g  r e a c t i o n s  w i t h  a c u r i n g  a g e n t .  In 
most no v o l a t i l e  byproduc t s  a r e  formed, and t h e  r e a c t i o n  c a n  b e  completed a t  
low o r  c o n t a c t  pressure. Epoxies  s h r i n k  much less  on c u r i n g  t h a n  p o l y e s t e r s  ( 3 %  
v e r s u s  and t h e  exotherm d u r i n g  p o l y m e r i z a t i o n  can  g e n e r a l l y  be a c c e l e r a t e d  by 
t h e  a p p l i c a t i o n  of h e a t .  I n d e e d ,  epoxy p o l y m e r i z a t i o n  r e a c t i o n s  seldom proceed t o  
a complete  c u r e  w i t h o u t  an ex tended  p o s t- c u r e  c y c l e  a t  e l e v a t e d  t e m p e r a t u r e .  
A c c e l e r a t o r s  such as dimethylamine c a n  speed up t h e  p r o c e s s .  O n e  
added p e r c e n t  of  BDMA c a n  d e c r e a s e  t h e  c u r e  t i m e  from s e v e r a l  h o u r s  t o  one 
hour  a s  well  as lower t h e  r e q u i r e d  c u r e  t e m p e r a t u r e .  There  i s  s t r o n g  e v i d e n c e  
( r e f e r e n c e  2 . 1 )  t h a t  t h e s e  sys tems  have not y e t  had t h e  b e n e f i t s  of  p r o c e s s  
o p t i m i z a t i o n .  

o A d d i t i v e s  

The a d d i t i o n  of m o d i f i e r s ,  such as  polyamide r e s i n s  o r  w i l l  produce 
epoxy f o r m u l a t i o n s .  The u s u a l  o b j e c t i v e  h e r e  i s  an i n c r e a s e  i n  "tough-

ness"  for shock a b s o r b i n g  p r o p e r t i e s  and h i g h  impact s t r e n g t h .  The 
is g e n e r a l l y  accompanied by d e c r e a s e ,  however,  and h e r e  a g a i n  an 
o p t i m i z a t i o n  needed. 

o F a c t o r s  

Epoxies  absorb  m o i s t u r e ,  g e n e r a l l y  up t o  by we igh t .  The absorbed 
m o i s t u r e  c a u s e s  a growth o f  t h e  r e s i n ,  s i m i l a r  t o  a the rmal  e x p a n s i o n ,  and a l s o  
c a u s e s  a d e g r a d a t i o n  i n  mechan ica l  p r o p e r t i e s .  Because of  i t s  l a r g e  the rmal  
expans ion  c o e f f i c i e n t ,  epoxy a l s o  changes  volume a t  a r a t e  approx imate ly  t e n  times 
t h a t  of  g las s  and many times t h a t  o f  g r a p h i t e  r e i n f o r c e m e n t .  Methods f o r  t h e  
e v a l u a t i o n  of t h e s e  env i ronmenta l  e f f e c t s  w i l l  be t r e a t e d  i n  l a t e r  c h a p t e r s .  

o O u t s t a n d i n g  C h a r a c t e r i s t i c s  

Epoxies  have proven t o  be  v e r s a t i l e  r e s in s  p o s s e s s i n g  t h e  b e s t  combina t ion  o f  
p r o p e r t i e s  y e t  found for a wide range  o f  composi te  r e q u i r e m e n t s .  They c a n  be used 
for c a s t i n g ,  impregna t ing ,  p o t t i n g ,  l a m i n a t i n g  and s u r f a c e  c o a t i n g ,  and t h e y  a r e  
o u t s t a n d i n g  f o r  adhes ion  t o  t h e  r e i n f o r c i n g  f i l a m e n t s  and between p l i e s .  

While t h e  e p o x i e s  have demons t ra ted  s u p e r i o r i t y ,  t h e y  s t i l l  have d e f i c i e n c i e s  
s t r e n g t h  and impact r e s i s t a n c e .  Much o f  t h e  emphasis f o l l o w i n g  c h a p t e r s  i s  

d i r e c t e d  toward t h e  d e t e r m i n a t i o n  of  t h e  i n f l u e n c e  o f  t h e s e  d e f i c i e n c i e s  upon 
o v e r a l l  composi te  performance.  

2 . 2  FIBER COMPOSITES: PHYSICAL PROPERTIES. 

no 
deduced t h e  phenomena is t o  be  
an a n d  h y p o t h e s e s ,  

on o o c c u l t  
m e c h a n i c a l ,  n o  i n  

e x p e t h e n t a t  p k i l o b o p h y .  
Ph losoph  ae Na t s 
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A u n i d i r e c t i o n a l  f i b e r  compos i t e  c o n s i s t s  of  a l i g n e d  c o n t i n u o u s  f i b e r s  which 
a r e  embedded i n  a m a t r i x  ( f i g u r e s  2 . 2 ,  2 . 3 ) .  F i b e r s  used a r e  g l a s s ,  
ca rbon ,  g r a p h i t e  and boron ;  m a t r i c e s  a r e  po lymer ic ,  such  as  epoxy and l i g h t  meta l-
l i c ,  p r i m a r i l y  aluminum a l l o y s .  The p h y s i c a l  p r o p e r t i e s  o f  a UDC a s  measured by 
means of  l a b o r a t o r y  specimens w i l l  be c a l l e d  e f f e c t i v e  p r o p e r t i e s .  A t y p i c a l  
specimen i s  a f l a t  coupon c o n t a i n i n g  many f i b e r s .  E v i d e n t l y ,  t h e  e f f e c t i v e  
p h y s i c a l  p r o p e r t i e s  a r e  f u n c t i o n s  o f  f i b e r  and m a t r i x  p h y s i c a l  p r o p e r t i e s ,  o f  t h e i r  
volume f r a c t i o n s  and perhaps  a l s o  of  s t a t i s t i c a l  p a r a m e t e r s  a s s o c i a t e d  w i t h  f i b e r  
d i s t r i b u t i o n .  The f i b e r s  have ,  g e n e r a l ,  c i r c u l a r  c r o s s - s e c t i o n s  w i t h  l i t t l e  
v a r i a b i l i t y  of  d i a m e t e r s .  A UDC c l e a r l y  a n i s o t r o p i c ,  s i n c e  p r o p e r t i e s  i n  t h e  
f i b e r  d i r e c t i o n  a r e  v e r y  d i f f e r e n t  from p r o p e r t i e s  t r a n s v e r s e  t o  t h e  f i b e r s .  

E f f e c t i v e  p r o p e r t i e s  of  i n t e r e s t  t o  t h e  e n g i n e e r  a r e :  

E l a s t i c  P r o p e r t i e s  
Thermal Expansion C o e f f i c i e n t s  
Mois tu re  S w e l l i n g  C o e f f i c i e n t s  
V i s c o e l a s t i c  P r o p e r t i e s  - S t a t i c  and Dynamic 
Conduct i v i  t y  
Mois tu re  

T r a d i t i o n a l l y ,  m a t e r i a l  p r o p e r t i e s  have been o b t a i n e d  e x p e r i m e n t -a l l y  and have  been  
compiled handbooks,  b u t  such  an approach no t  p r a c t i c a l  f o r  f i b e r  compos i t es  
because  o f  t h e i r  l a r g e  v a r i e t y .  There  a r e  many k i n d s  o f  c a r b o n  and g r a p h i t e  f i b e r s  
w i t h  d i f f e r e n t  a n i s o t r o p i c  p r o p e r t i e s  and t h e r e  a r e  many k i n d s  o f  m a t r i x  p r o p e r t i e s  
t o  be  c o n s i d e r e d  f o r  r e a s o n s  b o t h  o f  c h o i c e  of m a t r i x  m a t e r i a l  and o f  e n v i r o n m e n t a l  
change of  p r o p e r t i e s  o f  a s p e c i f i e d  m a t r i x .  The e x p e r i m e n t a l  d e t e r m i n a t i o n  of  a l l  
o f  t h e  e f f e c t i v e  a n i s o t r o p i c  p r o p e r t i e s  o f  i n t e r e s t  i s  c l e a r l y  an i m p o s s i b l e  
u n d e r t a k i n g .  i s  n e c e s s a r y ,  t h e r e f o r e ,  t o  d e v i s e  a n a l y t i c a l  p r o c e d u r e s  t o  
d e t e r m i n e  t h e  e f f e c t i v e  p r o p e r t i e s  on t h e  b a s i s  o f  f i b e r  and m a t r i x  p r o p e r t i e s  and 
volume f r a c t i o n s  and p e r h a p s  some a d d i t i o n a l  ion  about  f i b e r  d i s t r i b u t i o n .  
The t a s k  o f  exper iment  i s  t o  check  t h e  v a l i d i t y  o f  t h e  a n a l y t i c a l  p r o c e d u r e s .  
Thus ,  t h e  p r o p e r t i e s  a r e  t o  b e  d e t e r m i n e d  from t h e  p o i n t  of  v iew o f  s t r u c t u r a l  
mechan ics ,  no t  o f  m a t e r i a l s  s c i e n c e .  I n d e e d ,  compos i t e  m a t e r i a l s  a r e  c o m p l i c a t e d  
s t r u c t u r e s  and no t  m a t e r i a l s  i n  t h e  c l a s s i c a l  s e n s e .  

I n  t h e  we s h a l l  d i s c u s s  a v a r i e t y  o f  r e s u l t s  which may be 
used t o  t h e  v a r i o u s  p r o p e r t i e s  o f  a UDC which a r e  o f  e n g i n e e r i n g  i n t e r e s t .  
D e t a i l s  of d e r i v a t i o n s  a r e  beyond t h e  s c o p e  of  t h e  p r e s e n t  work and may b e  found 
r e f e r e n c e s  2 . 2  and 2 . 3 .  

E l a s t i c  .  

The e l a s t i c  p r o p e r t i e s  o f  a m a t e r i a l  a r e  a measure  of  i t s  s t i f f n e s s  and a r e  neces-
s a r y  i n f o r m a t i o n  t o  d e t e r m i n e  t h e  d e f o r m a t i o n s  which a r e  produced by l o a d s .  I n  a 
U D C ,  t h e  s t i f f n e s s  p rov ided  by t h e  f i b e r s ;  t h e  r o l e  of  t h e  m a t r i x  i s  t o  p r e v e n t  
l a t e r a l  d e f l e c t i o n  o f  t h e  f i b e r s .  To i l l u s t r a t e  t h i s ,  l e t  u s  compare a bund le  o f  
s t i f f  f i b e r s  w i t h  a UDC c o n t a i n i n g  t h e  same amount of  f i b e r s  embedded i n  a poly-
m e r i c  m a t r i x .  I f  t h e  s t i f f n e s s  o f  t h e  polymer n e g l e c t e d  by compar i son  w i t h  
f i b e r  s t i f f n e s s ,  t h e n  t h e  b u n d l e  and t h e  UDC w i l l  have t h e  same s t i f f n e s s  f o r  a 
t e n s i l e  l o a d ;  i n  t h i s  c a s e ,  t h e  b u n d l e  f u l f i l l s  t h e  f u n c t i o n  of  a rope .  I f ,  
however,  compress ive  load  i n  t h e  f i b e r  d i r e c t i o n  i s  a p p l i e d ,  t h e  b u n d l e  w i l l  b u c k l e  
a t  once and, t h u s ,  i t s  s t i f f n e s s  f o r  t h i s  load  z e r o .  By c o n t r a s t ,  t h e  UDC h a s  
t h e  same s t i f f n e s s  f o r  compress ive  and t e n s i l e  load s i n c e  t h e  m a t r i x  w i l l  p r e v e n t  
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FIGURE 2.2. PROPERTIES OF UNIDIRECTIONAL COMPOSITES 

f 
3 

FIGURE 2.3. UNIDIRECTIONALLY REINFORCED LAMINA 
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f i b e r  b u c k l i n g  u n t i l  q u i t e  e l e v a t e d  v a l u e s  of l o a d .  T h i s  w i l l  be  d i s c u s s e d  l a t e r  
under  compress ive  s t r e n g t h .  S i m i l a r l y ,  t h e  bund le  h a s  no t r a n s v e r s e  t e n s i l e  
s t i f f n e s s  s i n c e  t h e  f i b e r s  w i l l  s e p a r a t e  a t  once.  T h i s  a g a i n  w i l l  be  p r e v e n t e d  i n  
t h e  UDC by t h e  m a t r i x .  

I n  t h i s  s e c t i o n ,  we s h a l l  b e  concerned  w i t h  t h e  s u b j e c t  o f  a n a l y t i c a l  d e t e r -
m i n a t i o n  of  t h e  e l a s t i c  p r o p e r t i e s  o f  a UDC. O b v i o u s l y ,  such  p r o p e r t i e s  of  f i b e r s  
and m a t r i x  and o f  t h e i r  r e l a t i v e  volumes i n  t h e  composi te  m a t e r i a l .  C l e a r l y ,  t h e  
s t i f f n e s s  t h e  f i b e r  d i r e c t i o n  much l a r g e r  t h a n  t h e  s t i f f n e s s  t r a n s v e r s e  t o  
t h e  f i b e r s .  I f  a load i s  a p p l i e d  t h e  f i b e r  d i r e c t i o n ,  t h i s  c a r r i e d  p r i m a r i l y  
by t h e  f i b e r s ,  which deform v e r y  l i t t l e  and a l s o  c o n s t r a i n  t h e  m a t r i x  t o  v e r y  s m a l l  
de format ion .  On t h e  o t h e r  hand,  i n  t h e  d i r e c t i o n  normal t o  t h e  f i b e r s ,  t h e  m a t r i x  

a c o n t i n u o u s  load  c a r r y i n g  s t r u c t u r e  and t h e  f i b e r s  move w i t h  t h e  de forming  
m a t r i x ,  t h u s  no t  s i g n i f i c a n t l y  impeding t h e  d e f o r m a t i o n .  T h e r e f o r e ,  t h e  s t i f f n e s s  

t h e  d i r e c t i o n  t r a n s v e r s e  t o  t h e  f i b e r s  i s  much s m a l l e r  t h a n  t h e  s t i f f n e s s  i n  t h e  
f i b e r  d i r e c t i o n  and, t h u s ,  t h e  m a t e r i a l  i s  v e r y  a n i s o t r o p i c .  

2 .2 .1 .1  Composite P r o p e r t i e s .  

Fo r  e n g i n e e r i n g  p u r p o s e s ,  i t  is n e c e s s a r y  t o  d e t e r m i n e  such  p r o p e r t i e s  as Young‘s 
modulus i n  t h e  f i b e r  d i r e c t i o n  ( l a r g e ) ,  Young’s modulus t r a n s v e r s e  t o  t h e  f i b e r s  
( s m a l l ) ,  s h e a r  modulus a l o n g  t h e  f i b e r s  and s h e a r  modulus i n  t h e  p l a n e  t r a n s v e r s e  
t o  t h e  f i b e r s ,  a s  wel l  a s  v a r i o u s  P o i s s o n ’ s  r a t i o n s .  T h i s  c a n  be  done terms of  
s imple  a n a l y t i c a l  e x p r e s s i o n s ,  a s  w i l l  be  e x p l a i n e d  i n  t h i s  s e c t i o n .  

E l a s t i c  p r o p e r t i e s  o f  homogeneous m a t e r i a l s  a r e  d e f i n e d  by r e l a t i o n s  between homo-
geneous ( c o n s t a n t )  s t ress  and s t r a i n .  I n  t h e  g e n e r a l  a n i s o t r o p i c  case, such  
r e l a t i o n s  a r e  w r i t t e n  

E . .  

where a l l  t h e  s u b s c r i p t s  r a n g e  o v e r  1,  2 ,  3 ;  r e p e a t e d  s u b s c r i p t s  d e n o t e  summation; 
t h e  f o u r t h  rank  e l a s t i c  modul i  t e n s o r ;  and t h e  f o u r t h  rank  e l a s-

t i c  compliance t e n s o r .  The n o t a t i o n  f o r  t h e s e  f o u r t h  r a n k  t e n s o r s  f r e q u e n t l y  
s i m p l i f i e d  by an e n g i n e e r i n g  r e p r e s e n t a t i o n  u t i l i z i n g  two s u b s c r i p t s  f o r  each 
c o n s t a n t .  T h i s  i s  accomplished by r e p l a c i n g  each  p a i r  o f  s u b s c r i p t s  i n  t h e  s t i f f -
n e s s  and compliance w i t h  a s i n g l e  s u b s c r i p t  a c c o r d i n g  t o  t h e  
f o l l o w i n g  p l a n :  

11 1 22 2 33 3 
23 32 4 5 

A s  a r e s u l t  o f  t h e s e  s u b s t i t u t i o n s ,  t h e  e n g i n e e r i n g  c o n s t a n t s  r e p l a c e  t e n s o r  
components a s  shown by t h e  f o l l o w i n g  examples :  

= 
= s12 
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For t h e  c o n s t a n t s  r e l a t i n g  s h e a r  s t r e s s  and s t r a i n ,  conven i en t  t o  t a k e  advan-
t a g e  of  t h e  symmetry of t h e  s t ress  and s t r a i n  components Thus, 
f o r  example t h e  e x p r e s s i o n  

+‘1122‘22 ‘1133‘33 

‘1132‘32 ‘1131‘31 + 

‘1113‘13 ‘1112‘12 ‘1121‘21 

may be w r i t t e n  as: 

c E + +11 11 

Because of t h e  v a r i o u s  symmetries, t h e r e  a r e  i n  t h e  most g e n e r a l  c a s e  21 indepen-
den t  e l a s t i c  modul i  o r  compl iances .  

When t h e  m a t e r i a l  i s  i s o t r o p i c ,  t h e  s t r e s s - s t r a i n  r e l a t i o n s  a r e  

E + E11 + 3 3  

+ + E 3 3  

+ + -
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E ,  G a r e  Young’s modulus,  P o i s s o n ‘ s  r a t i o  and s h e a r  modulus,  r e s p e c t i v e l y  
A is c a l l e d  t h e  Lame’ modulus,  g i v e n  by Another  impor tan t  

is t h e  b u l k  modulus K d e f i n e d  by 

I n  t h e  even t  t h a t  i t  f o l l o w s  from 

T h e  modulus k c a l l e d  t h e  p l a n e  s t r a i n  b u l k  modulus.  The i s o t r o p i c  e l a s t i c  
m a t e r i a l  h a s  two independen t  e l a s t i c  modul i .  There  a r e  t h u s  v a r i o u s  i n t e r r e l a t i o n s  

t h e  moduli  e n t e r i n g  i n t o  

T h e  above s t r e s s - s t r a i n  r e l a t i o n s  a r e  s u i t a b l e  f o r  po lymer ic  and metal m a t r i c e s  and 
f o r  g l a s s  f i b e r s .  Carbon and g r a p h i t e  f i b e r s ,  on t h e  o t h e r  hand,  a r e  h i g h l y  
a n i s o t r o p i c .  T h e i r  m i c r o s t r u c t u r e s  ( f i g u r e  2 .4 )  r e v e a l  t h a t  t h e  f i b e r s  a r e  
t r a n s v e r s e l y  i s o t r o p i c  w i t h  r e s p e c t  t o  t h e  f i b e r  a x i s  The s t r e s s - s t r a i n  
r e l a t i o n s  o f  such a m a t e r i a l  have t h e  form 

= + + 
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STRUCTURE OF GRAPHITE TYPES OF FIBER 
CRYSTAL MICROSTRUCTURE 
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RIBBON TYPE STRUCTURE OF 
CARBON FIBERS 

2.4.  STRUCTURE OF CARBON AND G R A P H I T E  FIBERS 
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3 V L= - - -11 22 3 3EL 

Young's modulus i n  f i b e r  d i r e c t i o n-
Young's modulus t r a n s v e r s e  d i r e c t  i o n  
l o n g i t u d i n a l  P o i s s o n ' s  r a t i o-
t r a n s v e r s e  P o i s s o n ' s  r a t i o  
l o n g i t u d i n a l  s h e a r  modulus-
t r a n s v e r s e  s h e a r  modulus 

- t r a n s v e r s e  b u l k  modulus 
n e l a s t i c  modulus,  a l s o  
a e l a s t i c  modulus,  a l s o  

The m a t e r i a l  h a s  f i v e  independent  e l a s t i c  modul i .  T h e r e  a r e ,  t h u s ,  v a r i o u s  
i n t e r r e l a t i o n s  among t h e  above modul i ,  some of which w i l l  be  g i v e n  f u r t h e r  b e l o w .  
The p h y s i c a l  i n t e r p r e t a t i o n  of e l a s t i c  p r o p e r t i e s  of a t r a n s v e r s e l y  i s o t r o p i c  
m a t e r i a l  w i l l  be d i s c u s s e d  f u r t h e r  below c o n t e x t  of  a UDC and may b e  a p p l i e d  
t o  t h e  p r o p e r t i e s  a p p e a r i n g  i n  ( 2 . 5 ) .  

The fundamental  p r o p e r t y  o f  a f i b e r  compos i te  o r  any o t h e r  compos i te  m a t e r i a l  
s t a t i s t i c a l  homogeneity.  T h i s  i m p l i e s  t h a t  t h e  p r o p e r t i e s  of a l a r g e  enough 
e lement  c o n t a i n i n g  f i b e r s  a r e  t h e  same as t h o s e  of  t h e  e n t i r e  specimen.  S i n c e  
t h e  f i b e r s  a r e ,  i n  g e n e r a l ,  randomly p l a c e d ,  t h e r e  i s  no p r e f e r r e d  d i r e c t i o n  
t h e  t r a n s v e r s e  p l a n e ,  which i m p l i e s  t h a t  t h e  s t a t  t r a n s v e r-
s e l y  i s o t r o p i c .  
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Exper imenta l  d e t e r m i n a t i o n  of t h e  p r o p e r t i e s  of  "homogeneous" m a t e r i a l s  i s  based on 
i n d u c t i o n  of homogeneous s t a t e s  of  s t r e s s  and s t r a i n  i n  s u i t a b l e  specimens.  
The mathemat ica l  i n t e r p r e t a t i o n  i s  t h e  a p p l i c a t i o n  of  s u i t a b l e  boundary c o n d i t i o n s  

terms of t r a c t i o n s  o r  d i s p l a c e m e n t s  which produce homogeneous s t a t e s  of s t ress  
and s t r a i n ,  o r  s o- c a l l e d  homogeneous boundary c o n d i t i o n s .  Examples a r e  s imple  
t e n s i o n ,  pure s h e a r  and h y d r o s t a t i c  l o a d i n g .  An e x p e r i m e n t e r  would n a t u r a l l y  a p p l y  
t h e  same homogeneous boundary c o n d i t i o n s  t o  composi te  specimens.  I n  t h i s  c a s e ,  
however, the s ta tes  of s t ress  and s t r a i n  i n  t h e  specimen a r e  no l o n g e r  homogeneous 
but  h i g h l y  complex. The v a r i a t i o n s  of  s t r ess  and s t r a i n  on any p l a n e  through t h e  
composi te  m a t e r i a l  are random: There  n o t h i n g  s p e c i f i c  which d i s t i n g u i s h e s  t h e  
v a r i a t i o n  on one p l a n e  from t h a t  on a n o t h e r .  Such s t ress  and s t r a i n  f i e l d s  a r e  
c a l l e d  s t a t i s t i c a l l y  homogeneous. They c o n s i s t  e s s e n t i a l l y  of c o n s t a n t  averages  
wi th  superposed random " noise"  and are produced i n  g e o m e t r i c a l l y  s t a t i s t i c a l l y  
honogeneous specimens which a r e  s u b j e c t e d  t o  homogeneous boundary c o n d i t i o n s .  See  
f i g u r e s  2.5- 6 f o r  examples.  Consequen t ly ,  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  a r e  d e f i n e d  
by r e l a t i o n s  between average s t ress  and average  s t r a i n .  

A t y p i c a l  t r a n s v e r s e  s e c t i o n  of  a u n i d i r e c t i o n a l  f i b e r  compos i t e  i s  shown 
f i g u r e  1.5. Because of t h e  random n a t u r e  of f i b e r  p lacement ,  t h e  m a t e r i a l  i s  
s t a t i s t i c a l l y  t r a n s v e r s e l y  i s o t r o p i c .  I t s  e f f e c t i v e  t i c  s t r e s s - s t r a i n  r e l a -
t i o n s  have t h e  form 

33 
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FIGURE 2.5 VARIATION OF STRESS AND IN FIBER DIRECTION - AXIAL LOADING 

AVERAGE STRESS 

a 

AVERAGE STRAIN 

FIGURE 2.6 VARIATION OF STRESS AND STRAIN TRANSVERSE TO FIBERS - TRANSVERSE LOADING 
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I t  i s  s e e n  t h a t  i s  t h e  p r e c i s e  analogue of w i t h  average  stresses and 
s t r a i n  r e p l a c i n g  stresses and s t r a i n s ,  and e f f e c t i v e  m o d u l i ,  i n d i c a t e d  by a s t e r i s k s ,  
r e p l a c i n g  modul i .  

The e f f e c t i v e  p r o p e r t i e s  appear ing  above a r e  t o  be i n t e r p r e t e d  a s :  

- l o n g i t u d i n a l  Young's modulus,  i n  f i b e r  d i r e c t i o n  

L - a s s o c i a t e d  l o n g i t u d i n a l  P o i s s o n ' s  r a t i o  

- t r a n s v e r s e  Young's modulus,  normal t o  f i b e r s  

T - a s s o c i a t e d  t r a n s v e r s e  P o i s s o n ' s  r a t i o  ( i n  t r a n s v e r s e  p l a n e )  

- t r a n s v e r s e  s h e a r  modulus 

- l o n g i t u d i n a l  s h e a r  modulus 

- t r a n s v e r s e  b u l k  modulus 

n*, - e f f e c t i v e  e l a s t i c  moduli  ( s e e  eq.  2 . 7 )  

I t  shou ld  be emphasized t h a t  t h e  u n i d i r e c t i o n a l  f i b e r  compos i t e  m a t e r i a l  
r e g a r d e d  a s  an e f f e c t i v e l y  t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l .  Thus,  t h e r e  a r e  f i v e  
independen t  e l a s t i c  c o n s t a n t s .  However, t h e r e  a r e  numerous ways t o  w r i t e  t h e  
s t r e s s - s t r a i n  r e l a t i o n s  u t i l i z i n g  v a r i o u s  e l a s t i c  c o n s t a n t s .  Any se t  of  f i v e  
independen t  c o n s t a n t s  may b e  chosen f o r  conven ience .  I n t e r r e l a t i o n s h i p s  e x i s t  
among many o f  t h e  c o n s t a n t s  d i s c u s s e d  h e r e i n ,  s i n c e  o n l y  f i v e  a r e  independen t .  

F i g u r e  2 . 7  i l l u s t r a t e s  t h e  l o a d i n g s  which a r e  a s s o c i a t e d  w i t h  t h e s e  p r o p e r t i e s .  
an a b b r e v i a t e d  n o t a t i o n  f o r  which d e f i n e s  t h e

LTl a t e r a l  s t r a i n  i n  t h e  t r a n s v e r s e  d i r e c t i o n  due t o  a s t r e s s  i n  t h e  f i b e r  d i r e c t i o n .  
t h e  

TTd e f i n e s  s t r a i n  i n  t r a n s v e r s e  d i r e c t i o n  3 due t o  s t r e s s  i n  t r a n s v e r s e  d i r e c t i o n  2 ,  
or v i c e  v e r s a .  There  i s  a l s o  a P o i s s o n ' s  r a t i o n  which d e f i n e s  s t r a i n  i n  t h eTL 
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l o n g i t u d i n a l  d i r e c t i o n  due t o  s t ress  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  T h i s  i s  seldom 
and does  no t  e n t e r  i n t o  t h e  s t r e s s - s t r a i n  r e l a t i o n s  a s  p r e s e n t e d  h e r e .  I t s  

i s  g i v e n  by A l l  o f  t h e s e  P o i s s o n ' s  r a t i o s  a r e  i l l u s t r a t e dTL LT T Lf i g u r e  2 . 7 .  

The l o n g i t u d i n a l  s h e a r  modulus 
L LTw i t h  s h e a r  a c t i n g  on p e r p e n d i c u l a r  l o n g i t u d i n a l  and r a n s v e r s e  p l a n e s .  

S i m i l a r l y ,  t h e  t r a n s v e r s e  s h e a r  modulus i s  an a b b r e v i a t i o n  of a s s o c i a t e dT TTs h e a r  o r  t r a n s v e r s e  p e r p e n d i c u l a r  p l a n e s .  

e f f e c t i v e  modulus o b t a i n e d  by s u b j e c t i n g  a specimen t o  t h e  average  s t a t e  
s t r a i n  

a l l  o t h e r s  v a n i s h  

c a s e  f o l l o w s  from ( 2 . 4 )  t h a t  

= 

t h e  o t h e r  p r o p e r t i e s  l i s t e d  above,  of  l i t t l e  e n g i n e e r i n g  s i g n i f i c a n c e  
bu t  i s  of  c o n s i d e r a b l e  a n a l y t i c a l  impor tance .  

A comparison of  t h e  a l t e r n a t e  forms of  w r i t i n g  t h e  s t r e s s - s t r a i n  r e l a t i o n s  shows 
t h a t  t h e  e f f e c t i v e  p r o p e r t i e s  are  i n t e r r e l a t e d  as  f o l l o w s :  

= + 2 

= 

+ + *  

= 1 + k*/ 
( 2 . 7 )  

The same i n t e r r e l a t i o n s  are  v a l i d  f o r  t h e  c o n s t i t u e n t  p r o p e r t i e s  of  
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O r d i n a r i l y ,  a t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l  h a s  f i v e  independen t  e l a s t i c  
p r o p e r t i e s ;  however,  i t  h a s  been  shown by H i l l  ( r e f .  2 . 4 )  t h a t  f o r  t h e  p a r t i c u l a r  
c a s e  o f  t h e  e f f e c t i v e  modul i  o f  a U D C ,  t h e  f o l l o w i n g  a d d i t i o n a l  r e l a t i o n s  e x i s t :  

Here  

I 
= + 

v = + 

i 
V 

m - d e n o t e s  m a t r i x  
- d e n o t e s  f i b e r  

V - volume f r a c t i o n  

and t h e  c a s e  under  c o n s i d e r a t i o n  is i s o t r o p i c  m a t r i x  and t r a n s v e r s e l y  i s o t r o p i c  
f i b e r s .  R e l a t i o n s  ( 2 . 8 )  a r e  g e n e r a l  and a r e  v a l i d  f o r  any f i b e r  shapes  and d i s t r i -
b u t i o n .  They app ly  s o l e l y  f o r  a two phase  u n i d i r e c t i o n a l  f i b e r  compos i t e .  I n  view 
o f  t h e s e  t h e  number o f  independen t  e f f e c t i v e  e l a s t i c  modul i  r e d u c e s  t o  
t h r e e .  T h i s  means t h a t  one of  t h e  t h r e e  e f f e c t i v e  modul i  ( 2 . 8 )  c a n  b e  found 
a s  a f u n c t i o n  o f  c o n s t i t u e n t  p r o p e r t i e s ,  t h e  o t h e r  two w i l l  b e  d e f i n e d  by ( 2 . 8 ) .  

2 .2 .1 .2  R e l a t i o n s  Between Composite and C o n s t i t u e n t  P r o p e r t i e s .  

Computation of e f f e c t i v e  e l a s t i c  modul i  i s  a v e r y  d i f f i c u l t  problem i n  e l a s t i c i t y  
t h e o r y .  I t  f i r s t  n e c e s s a r y  t o  assume a s u i t a b l e  arrangement  of  f i b e r s ,  t h u s ,  a 
g e o m e t r i c a l  model o f  t h e  UDC. S u i t a b l e  homogeneous boundary c o n d i t i o n s  a r e  t h e n  
a p p l i e d  t o  f i b e r  r e i n f o r c e d  specimens.  For  example,  t o  compute i t  i s  c o n v e n i e n t  
t o  app ly  t h e  d i s p l a c e m e n t  boundary c o n d i t i o n s  
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on t h e  s u r f a c e  of  a c y l i n d r i c a l  specimen ( f i g u r e  2 .2 ) .  T h i s  i m p l i e s  t h a t  t h e r e  
no e x t e r n a l  l o n g i t u d i n a l  de fo rma t ion  and t h a t  t h e  p l ane  i s  i s o t r o p i c ,  p r e s e r v i n g  
t h e  shape  of t h e  c r o s s- s e c t i o n .  I t  fo l l ows  from t h e  average  s t r a i n  theorem 
( r e f .  2 . 2 )  t h a t  

a l l  o t h e r  average  s t r a i n s  v a n i s h .  Hence, from 

- -

To f i n d  t h i s  average  stress, however,  i t  i s  n e c e s s a r y  t o  de t e rmine  i n  d e t a i l  
t h e  e l a s t i c  d i sp l acemen t  f i e l d s  i n  m a t r i x  and f i b e r s .  These d i sp l acemen t s  m u s t  

t h e  d i f f e r e n t i a l  e q u a t i o n  of  e l a s t i c i t y  t h e o r y  i n  m a t r i x  and f i b e r s ,  t h e  
d i sp l acemen t  and t r a c t i o n  c o n t i n u i t y  c o n d i t i o n s  a t  f i b e r- m a t r i x  i n t e r f a c e s  and t h e  
e x t e r n a l  boundary c o n d i t i o n s  ( 2 . 1 0 ) .  Once t h e s e  d i s p l a c e m e n t s  a r e  known, t h e  
s t r a i n  f i e l d s  are computed by d i f f e r e n t i a t i o n ,  t h e  s t ress  f i e l d s  from t h e  l o c a l  
Hooke's laws and t h e n  t h e  s t ress  average  which i s  n e c e s s a r i l y  p r o p o r t i o n a l  
t o  Then 2k* t h e  c o e f f i c i e n t  of  p r o p o r t i o n a l i t y .  

To compute E*, c o n s i d e r  t h e  specimen shown f i g u r e  2 .3 .  Apply the  uniformTstress t o  t h e  two p a r a l l e l  f a c e s ,  w i t h  normal t h e  d i r e c t i o n .  411 o t h e r  
t r a c t i o n  components on t h e  specimen s u r f a c e  v a n i s h .  I t  t hen  fo l l ows  from t h e  
ave rage  stress theorem ( r e f .  2 .2)  t h a t  t h e  on ly  s u r v i v i n g  ave rage  s t r e s s  i s  

Then from ( 2 . 6 )  

E 3 3  
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- I t  i s  s een  t h a t  t h e  two e f f e c t i v e  p r o p e r t i e s  E* and a r e  de te rmined  byT T
of and T h i s  aga in  r e q u i r e s  s o l u t i o n  of t h e  a p p r o p r i a t e  e l a s t i c i t y  

b o u n d a r y  v a l u e  problem f o r  t h e  f i b e r  compos i te  specimen.  

In view o f  t h e  d i f f i c u l t y  of  t h e  problem, o n l y  a v e r y  l i m i t e d  number of  s imple  
models p e r m i t  e x a c t  a n a l y s i s .  One k i n d  o f  model is p e r i o d i c  a r r a y s  of i d e n t i c a l  
c i r c u l a r  f i b e r s ,  s q u a r e  p e r i o d i c  a r r a y s  and hexagona l  p e r i o d i c  a r r a y s  ( f i g u r e  
2 . 8 ) .  These models a r e  analyzed by numer ica l  f i n i t e  d i f f e r e n c e  o r  f i n i t e  e lement  
p rocedu re s .  I t  is  n e c e s s a r y  i n  each c a s e  t o  i d e n t i f y  a s u i t a b l e  r e p e a t i n g  element  
o f  t h e  f i b e r  compos i te  and t o  e x p r e s s  i t s  boundary c o n d i t i o n s  on t h e  b a s i s  of  
symmetry r equ i r emen t s  i n  terms o f  t h e  e x t e r n a l  boundary c o n d i t i o n s  ( s e e  
r e f .  2 . 2 ) .  I t  appears  t h a t  t h e  hexagonal  a r r a y  has  f i r s t  been ana lyzed  r e f e r -
e n c e  2 . 5  and t h e  s q u a r e  a r r a y  i n  r e f e r e n c e  2 .6 .  See r e f e r e n c e  2.7 f o r  f u r t h e r  
r e f e r e n c e s  on p e r i o d i c  a r r a y s ,  I t  should  be no t ed ,  however,  t h a t  t h e  s q u a r e  a r r a y  
i s  n o t  a s u i t a b l e  model f o r  t h e  u s u a l  UDC s i n c e ,  i t  i s  no t  t r a n s v e r s e l y  i s o t r o p i c  
a n d ,  t h u s ,  ha s  s i x  independent  e l a s t i c  p r o p e r t i e s .  I n  p a r t i c u l a r ,  t h e  t r a n s v e r s e  
s h e a r  modulus depends on t h e  d i r e c t i o n  o f  a p p l i e d  s h e a r  t h e  p l ane .  On t h e  
o t h e r  hand, t h e  hexagonal  a r r a y  f u l f i l l s  t h e  t r a n s v e r s e  i s o t r o p y  requi rement  s i n c e  
hexagonal  e q u i v a l e n t  t o  t r a n s v e r s e  i s o t r o p y .  

SQUARE ARRAY HEXAGONAL ARRAY 

FIGURE 2.8, MODELS FOR NUMERICAL COMPUTATION OF PROPERTIES 

The o n l y  e x i s t i n g  model which p e r m i t s  e x a c t  a n a l y t i c a l  d e t e r m i n a t i o n  o f  e f f e c-
t i v e  e l a s t i c  i s  t h e  compos i te  c y l i n d e r  i n t r o d u c e d  i n  
r e f e r e n c e  2.8.  To c o n s t r u c t  t h e  model,  imagine t h a t  we have a t  our  d i s p o s a l  a 
c o l l e c t i o n  of composi te  c y l i n d e r s  each of which c o n s i s t s  of  a c i r c u l a r  f i b e r  c o r e  
and a c o n c e n t r i c  m a t r i x  s h e l l ,  The s izes of  o u t e r  r a d i i  of  t h e  c y l i n d e r s  a r e  
a t  our  d i s p o s a l .  The s i z e  of f i b e r  c o r e  r a d i i ,  is r e s t r i c t e d  by t h e  r equ i r emen t  
t h a t  each c y l i n d e r  t h e  r a t i o n  is t h e  same, which a l s o  i m p l i e s  t h a t  m a t r i x  
and f i b e r  volume f r a c t i o n s  a r e  t h e  same i n  each compos i te  c y l i n d e r .  I t  may b e  
shown t h a t  f o r  v a r i o u s  l o a d i n g s  o f  i n t e r e s t ,  each compos i te  c y l i n d e r  behaves a s  
some e q u i v a l e n t  homogeneous c y l i n d e r .  A h y p o t h e t i c a l  homogeneous c y l i n d r i c a l  
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is assigned these equivalent properties and is progressively filled out 
composite cylinders. Since the radii of the cylinders c a n  be arbitrarily 

s m a l l ,  the remaining volume can be made arbitrarily small, In the limit, the 
properties of the assemblage converge to the properties of one composite cylinder. 
The construction a is shown schematically figure 2.9  and the resulting 
composite in figure 2.10. A desirable feature of the model is the randomness of 
f i b e r  placement, while an undesirable feature is the large variation of fiber 
sizes. I t  will soon become apparent, however, that the latter is not of serious 
concern. 

T h e  analysis of the CCA gives closed form results for the effective properties 
and c l o s e  bounds for the properties Such results 

will now be for isotropic fibers with the necessary modifications for trans-T 
versely isotropic fibers. For details of derivation see references 2.2 and 2 . 9 .  

( 2 . 1 3 )  

= + + 

- 

2 v v 
m f  

v 
m 

m  m  

The last an excellent approximation for all U D C .  

( 2 . 1 5 )  
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FIGURE 2.9. COMPOSITE CYLINDER ASSEMBLAGE - CONSTRUCTION 

FIGURE 2.10. COMPOSITE CYLINDER ASSEMBLAGE 
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As i n d i c a t e d  e a r l i e r ,  t h e  r e s u l t  of a p a i r  of bounds on  t h e  a c t u a l  v a l u e .  
One o r  t h e  o t h e r  of t h e s e  bounds is recommended, depending upon t h e  r a t i o s  of 
t h e  c o n s t i t u e n t  p r o p e r t i e s .  (To compute t h e  r e s u l t i n g  E* and u s e  made of 

T 

When and t h e  upper  bound i sTrecommended:T 

-
+ 

a =  

When and t h e  lower bound i s  recommended. For  t h i s  c a s e :  
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The companion lower bound t o  ( 2 . 1 7 )  and t h e  companion upper  bound f o r  ( 2 . 1 8 )  
a r e  bo th  g i v e n  by t h e  same e x p r e s s i o n :  

(2 .19)  

The r e su l t  i s  o f  i n t e r e s t  f o r  m e t a l  m a t r i x  compos i t es  c o n s i s t i n g  of  c a r b o n  
and g r a p h i t e  f i b e r s  i n  an aluminum m a t r i x ,  f o r  i n  t h a t  c a s e  t h e  e l a s t i c  p r o p e r t i e s  

and o f  t h e  m a t r i x  a r e  l a r g e r  t h a n  t h e  and of t h e  f i b e r s .  Note t h a t  
k,, ( 2 . 1 3 )  is t h e  i s o t r o p i c  p l a n e  s t r a i n  b u l k  modulus g i v e n  by ( 2 . 4 ) .  

F o r  t r a n s v e r s e l y  i s o t r o p i c  f i b e r s ,  t h e r e  a r e  t h e  f o l l o w i n g  m o d i f i c a t i o n s  
( r e f e r e n c e s  2 and 

For t h e  f i b e r  t r a n s v e r s e  b u l k  modulus 

For L as  above 

A d i s c u s s i o n  o f  bounds f o r  e f f e c t i v e  e l a s t i c  moduli  of  f i b e r  compos i t es  g i v e n  
t h e  appendix t o  t h i s  c h a p t e r .  

approximate  T 
and L o  ( r e f .  2 . 3 ) .  They have assumed t h a t  any compos i t e  c y l i n d e r  behaves  as 
were embedded t h e  e f f e c t i v e  medium w i t h  e f f e c t i v e  s h e a r  modulus 
o f  t h e  r a t h e r  invo lved  c a l c u l a t i o n  
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and were d e f i n e d  i n  ( 2 . 1 7 ) .  I n  t h e  f o l l o w i n g ,  r e s u l t s  based on 
( 2 . 2 1 )  w i l l  be denoted EA (Embedding Approx imat ion) .  

Numerical  a n a l y s i s  o f  t h e  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  of  t h e  hexagonal  a r r a y  
model r e v e a l s  t h a t  t h e i r  v a l u e s  a r e  e x t r e m e l y  c l o s e  t o  t h o s e  p r e d i c t e d  by t h e  CCA 
model as g i v e n  by t h e  above e q u a t i o n s .  Examples a r e  shown i n  t a b l e  2 . 5  and f i g u r e  
2 .11 .  Also n o t e  t h e  c l o s e  agreement between as  p r e d i c t e d  by and t h eThexagonal  a r r a y  r e s u l t s  i n  t h e  t a b l e .  T h i s  numer ica l  c o i n c i d e n c e  i s  remarkab le ,  
s i n c e  t h e  two models a r e  q u i t e  d i f f e r e n t .  I t  l e a d s  us  t o  b e l i e v e  t h a t  t h e  a c t u a l  
d i s t r i b u t i o n  of c i r c u l a r  f i b e r  and f i b e r  placement i s  of  l i t t l e  numerical  
impor tance  as  long  a s  t h e  f i b e r s  do  not  touch and t h e  compos i t e  i s  t r a n s v e r s e l y  
i s o t r o p i c .  I f  s o ,  t h e  s i m p l e  e x a c t  r e s u l t s  a r e  v a l i d  a l s o  f o r  random 
d i s t r i b u t i o n  o f  c i r c u l a r  f i b e r s  o f  e q u a l  d i a m e t e r s  ( f i g u r e  which i s  t h e  c a s e  
o f  p r a c t i c a l  i n t e r e s t .  

Comparisons o f  a n a l y t i c a l  p r o p e r t y  p r e d i c t i o n s  w i t h  e x p e r i m e n t a l  r e s u l t s  a r e  shown 
in f i g u r e s  2 .13 and 2 .14  f o r  t h e  t r a n s v e r s e  Young's moduli  of and 

R e s u l t s  based on a r e  deno ted  CCA and r e s u l t s  based on 
( 2 . 2 1 )  a r e  deno ted  E A .  I t  is  s e e n  t h a t  t h e  a n a l y t i c a l  r e s u l t s  a r e  c l o s e  and a g r e e  
w i t h  exper iment  d a t a .  

The s i m p l e  a n a l y t i c a l  r e s u l t s  g i v e n  h e r e  p r e d i c t  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  
w i t h  s u f f i c i e n t  e n g i n e e r i n g  accuracy .  They a r e  o f  c o n s i d e r a b l e  p r a c t i c a l  importance 
f o r  two r e a s o n s :  t h e y  pe rmi t  e a s y  d e t e r m i n a t i o n  o f  e f f e c t i v e  p r o p e r t i e s  
f o r  a v a r i e t y  o f  m a t r i x  p r o p e r t i e s ,  f i b e r  p r o p e r t i e s  and volume f r a c t i o n s ,  and 
t h e y  a r e  t h e  o n l y  approach known today f o r  e x p e r i m e n t a l  d e t e r m i n a t i o n  of ca rbon  
f i b e r  p r o p e r t i e s .  
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r e f e r e n c e  t o  w e  n o t e  t h a t  t h e  v a r i e t y  o f  m a t r i x  p r o p e r t i e s  t o  be c o n s i d e r e d  
does not a r i s e  o n l y  from c h o i c e  o f  d i f f e r e n t  m a t e r i a l s  b u t  a l s o ,  and p e r h a p s  more 
i m p o r t a n t l y ,  from env i ronmenta l  changes  o f  p r o p e r t i e s  of  a s p e c i f i e d  m a t r i x .  
Impor tan t  examples a r e  p r o p e r t y  changes  due t o  t e m p e r a t u r e ,  m o i s t u r e  a b s o r p t i o n ,  
f a t i g u e  damage accumula t ion  and r a d i a t i o n .  Thus,  e n v i r o n m e n t a l  changes  of  compos i t e  
s t i f f n e s s  c a n  be  de te rmined  by measurement o f  env i ronmenta l  m a t r i x  s t i f f n e s s  
changes and computa t ion  of  such changes  f o r  t h e  composi te .  T h i s  a v o i d s  a g r e a t  
d e a l  o f  e x p e n s i v e  exper iment  a t  ion .  

I n  r e f e r e n c e  t o  w e  r e c a l l  t h a t  a ca rbon  or g r a p h i t e  f i b e r  h a s  f i v e  
independent  e l a s t i c  p r o p e r t i e s  and t h a t  i t s  d i a m e t e r  i s  o f  t h e  o r d e r  
0 .01 mm. I t  i s  t h u s  q u i t e  i m p o s s i b l e  t o  measure  d i r e c t l y  t h e  e l a s t i c  p r o p e r t i e s  
excep t  f o r  i n  t h e  f i b e r  d i r e c t i o n .  A remain ing  a l t e r n a t i v e  i s  t o  measure  t h e  
e l a s t i c  moduli  o f  t h e  m a t r i x  and t h e  f i v e  e f f e c t i v e  e l a s t i c  moduli o f  t h e  compos i t e  
and t h e n  t o  compute t h e  f i v e  f i b e r  e l a s t i c  p r o p e r t i e s  from e q s .  w i t h  t h e  
m o d i f i c a t i o n  The c u r r e n t  s t a n d a r d  method f o r  d o i n g  t h i s  i s  t o  p r e p a r e  a 
f l a t  u n i d i r e c t i o n a l  f i b e r  compos i t e  specimen and t o  measure  t h e  e f f e c t i v e  e l a s t i c  
p r o p e r t i e s  by u l t r a s o n i c  wave p r o p a g a t i o n .  The p r i n c i p l e  o f  t h e  method i s  t o  
measure v a r i o u s  wave v e l o c i t i e s  v a r i o u s  d i r e c t  ions  r e l a t i v e  t o  t h e  f i b e r  d i r e c-
t i o n .  S i n c e  wave v e l o c i t i e s  a r e  d e f i n e d  i n  terms of  e l a s t i c  moduli and d e n s i t y ,  
t h e i r  measurement d e t e r m i n e s  t h e  e l a s t i c  modul i .  T a b l e  2 . 6  l i s t s  t h e  a n i s o t r o p i c  
e l a s t i c  p r o p e r t i e s  o f  Thorne l  50 f i b e r  de te rmined  i n  t h i s  f a s h i o n  by u s e  of  
Thorne l  50 specimens.  The f i b e r  p r o p e r t i e s  o b t a i n e d  have t h e n  been used t o  compute 
t h e  e l a s t i c  p r o p e r t i e s  o f  a UDC c o n s i s t i n g  o f  aluminum m a t r i x  and T h o r n e l  50. Also  
shown t h e  comparison between measured and computed compos i t e  e l a s t i c  p r o p e r t i e s  
based o n  t h e  r e s u l t s  (2.13- 16, 2 . 1 8 )  of r e f e r e n c e  2 . 1 0 .  I t  i s  s e e n  t h a t  t h e  agree-
ment i s  e x c e l l e n t .  T a b l e  2.7 l i s t s  t h e  p r o p e r t i e s  o f  v a r i o u s  ca rbon  and g r a p h i t e  
f i b e r s  o b t a i n e d  by t h i s  method, based on t h e  u l t r a s o n i c  measurements i n  r e f e r e n c e  
2 .12 .  

The r e s u l t s  g i v e n  above a r e  o f  s u f f i c i e n t  a c c u r a c y  and r e l i a b i l i t y  t o  p r o v i d e  t h e  
e n g i n e e r  w i t h  a p r e d i c t i v e  t o o l  f o r  e v a l u a t i o n  of  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  of 
f i b e r  compos i t es .  V a r i o u s  approximate  t r e a t m e n t s  g i v e n  i n  t h e  l i t e r a t u r e  a r e  a t  
l e a s t  a s  complex and a r e  less  r e l i a b l e  t h a n  t h e  p r e s e n t  r e s u l t s .  T h e r e  have a l s o  
been  a t t e m p t s  t o  d e v i s e  e m p i r i c a l  o r  semi- empi r ica l  e q u a t i o n s  f o r  e f f e c t i v e  e l a s t i c  
p r o p e r t i e s ,  b u t  i n  view o f  t h e  complex i ty  o f  t h e  problem,  t h i s  i s  not a h e l p f u l  
approach.  

H a l p i n  and T s a i  ( r e f .  2 .11)  have  e m p i r i c a l l y  proposed a se t  o f  e x p r e s s i o n s  
f o r  UDC which a r e  p a r t i a l l y  r e l a t e d  t o  t h e  ones  g i v e n  above.  F o r  E* and 
t h e y  p ropose  t h e  e x p r e s s i o n s  and ( 2 . 1 6 ) .  For  t h e y  u s e  tke

Ltwo terms of  b u t  t h e  l a s t  term i s  s i g n i f i c a n t  and i t s  o m i s s i o n  may r e s u l t  
an e r r o r  o f  t h e  o r d e r  of  20%. For  t h e y  p ropose  which a g e n e r a l  

lower bound f o r  a r b i t r a r y  c y l i n d r i c a l  geometry ,  a s  i s  e x p l a i n e d  i n  t h e  
appendix t o  t h i s  c h a p t e r ,  and may c o n s i d e r a b l y  u n d e r e s t i m a t e  t h e  e f f e c t i v e  s h e a r  
modulus. F i n a l l y ,  E* i s  r e p r e s e n t e d  by an e m p i r i c a l  e x p r e s s i o n .T 

F o r  purposes  o f  l a m i n a t e  a n a l y s i s ,  i t  i s  impor tan t  t o  c o n s i d e r  t h e  p l a n e  s t ress  
v e r s i o n  o f  t h e  e f f e c t i v e  s t r e s s - s t r a i n  r e l a t i o n s .  Le t  be  t h e  normal t o  t h e  
p l a n e  o f  a t h i n  u n i d i r e c t i o n a l l y  r e i n f o r c e d  lamina.  The p l a n e  s t r e s s  c o n d i t i o n  
d e f i n e d  by 
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TABLE 2 . 7 .  E L A S T I C  P R O P E R T I E S  O F  CARBON AND G R A P H I T E  F I B E R S  
COMPUTED FROM ULTRASONIC MEASUREMENT O F  E F F E C T I V E  
F I B E R  COMPOSITE MODULI 

T h o r n e l  2 5  

T h o r n e l  4 0 0  

T  - - lksi ksi 

6 9 5  
, 5 5 0  

4 5 0  

3 5 0  

362 
2 4 5  

6 2 3 5  1 7 0 0  2 2 5 0  9 4 0  

2 8 8 6 0  2 2 0 0  1 8 3 0  9 4 0  

2 6 1 0 0  1 6 8 0  1 4 2 0  6 4 0  

2 6 4 0 0  1 9 0 0  1 8 6 0  7 1 0  

9 4 0  

9 6 0  
9 6 0  

9 3 0  

1 0 4 5  
1 1 3 0  

1060  

T 

0 . 3 1  

0 . 2 3  0 . 2 8  

0 . 2 3  

0 . 2 3  

0 . 3 7  0 . 4 0  

0 . 4 0  0 . 5 5  

0 . 3 0  - 0 . 1 0  

0 . 3 3  0 . 1 6  

0 . 3 4  0 . 1 9  
0 . 2 6  

SI 

Graphi te  

5 3 . 9 5  1 2 . 4 7  1 1 . 3 0  4 . 7 9  6 . 4 8  0 . 1 4  
9 . 7 8  0 . 2 33 . 7 9  6 . 6 1  0 . 2 8  

4 0  
Thornel 2 5  

8 . 4 1258 .72  6 . 9 9  0 . 2 33 . 1 0  6 . 6 1  0 . 3 5  

7 . 7 93 8 7 . 9 1  6 . 9 9  0 . 2 32 .41  6 . 7 9  0 . 4 5  
6 . 9 94 0 3 . 7 5  6 . 6 1  0 . 3 7  0 . 4 02 .49  6 . 9 95 0 5  

5 5 9 . 4 7  5 . 2 0  0 . 4 06 . 4 1  1 . 6 9  6 . 4 1  0 .  

Carbon 
42 .96  1 1 . 7 1  1 5 . 5 0  6 . 4 8  7 . 2 0  0 . 3 0  - 0 . 1 0  

1 9 8 . 8 5  1 5 . 1 6  1 2 . 6 1  6 . 4 8  7 . 7 9  0 . 3 3  0 .  16Exp. PAN 
1 7 9 . 8 3  1 1 . 5 8  9 . 7 8  4 . 4 1  7 .30  0 . 3 4  0 . 1 9  

Thornel 400 
HTS 

1 3 . 0 9  1 2 . 8 2  4 . 8 9  7 . 6 8  0 . 2 6  0 .  34 
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Then from ( 2 . 5- 6 )  

( 2 . 2 3 )
- - 222 all + 

The i n v e r s i o n  of  ( 2 . 2 3 )  i s  

( 2 . 2 4 )  

= L 12 

where 

( 2 . 2 5 )  
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The v a l u e  of f o r  polymeric  m a t r i x  compos i t es  a t  t h e  u s u a l  60% f i b e r  volumeLf r a c t i o n  is  of  t h e  o r d e r  of 0.25 w h i l e  t h e  r a t i o  i s  of  t h e  o r d e r  ofLConsequen t ly ,  t h e  denominator  i s  p r a c t i c a l l y  e q u a l  t o  u n i t y .  
Hence, t h e  approximat i o n  

= 

2 .2 .2  Thermal Expansion and M o i s t u r e  S w e l l i n g .  

The e l a s t i c  b e h a v i o r  o f  compos i t e  m a t e r i a l s  d i s c u s s e d  i n  t h e  p r e v i o u s  s e c t i o n  i s  
concerned w i t h  d e f o r m a t i o n s  produced by s t r esses ,  t h u s  by l o a d s .  Deformat ions  a r e  
a l s o  produced by t e m p e r a t u r e  changes  and by a b s o r p t i o n  of  m o i s t u r e ,  t h u s  by 
' env i ronmenta l  changes .  The two phenomena a r e  s i m i l a r  and t h e r e f o r e  w i l l  be  d i s c u s-
sed t o g e t h e r .  A change o f  t e m p e r a t u r e  a f r ee  body produces  the rmal  s t r a i n s  
w h i l e  m o i s t u r e  a b s o r p t i o n  p roduces  s w e l l i n g  s t r a i n s .  The r e l e v a n t  p h y s i c a l  parame-
ters  t o  q u a n t i f y  t h e s e  phenomena a r e  the rmal  expans ion  c o e f f i c i e n t s  and s w e l l i n g  
c o e f f i c i e n t s .  

F i b e r s  have s i g n i f i c a n t l y  s m a l l e r  the rmal  expans ion  c o e f f i c i e n t s  t h a n  do  po lymer ic  
m a t r i c e s .  The expans ion  c o e f f i c i e n t  of g l a s s  f i b e r s  is w h i l e  a 
t y p i c a l  epoxy v a l u e  i s  Carbon and g r a p h i t e  f i b e r s  a r e  a n i s o t r o p i c  i n  
the rmal  expans ion .  The expans ion  c o e f f i c i e n t s  t h e  f i b e r  d i r e c t i o n  a r e  m o s t l y  
e x t r e m e l y  s m a l l ,  e i t h e r  p o s i t i v e  o r  n e g a t i v e  o f  t h e  o r d e r  of  I t  f o l l o w s  
t h a t  a UDC w i l l  have a v e r y  s m a l l  expans ion  c o e f f i c i e n t s  i n  t h e  f i b e r  d i r e c t i o n  
s i n c e  t h e  f i b e r s  w i l l  r e s t r a i n  m a t r i x  e x p a n s i o n .  On t h e  o t h e r  hand,  t r a n s v e r s e  
expans ion  c o e f f i c i e n t s  w i l l  be much l a r g e r  s i n c e  t h e  f i b e r s  move w i t h  t h e  expanding 
m a t r i x  and, t h u s ,  p r o v i d e  less r e s t r a i n t  t o  m a t r i x  e x p a n s i o n .  

These  phenomena a r e  of c o n s i d e r a b l e  p r a c t i c a l  impor tance ,  i n  p a r t i c u l a r  f o r  
l a m i n a t e s  which a r e  made o f  u n i d i r e c t i o n a l l y  r e i n f o r c e d  l a y e r s .  When such a 
l a m i n a t e  i s  h e a t e d ,  t h e  f r e e  e x p a n s i o n  of any l a y e r  is p r e v e n t e d  by t h e  a d j a c e n t  
l aminae  s i n c e  t h e  f i b e r  d i r e c t i o n s  i n  a l l  l a y e r s  a r e  d i f f e r e n t .  T h e r e f o r e ,  in-
t e r n a l  s tresses d e v e l o p  which may b e  c o n s i d e r a b l e .  To compute t h e s e  s t r e s s e s ,  i t  
i s  o b v i o u s l y  n e c e s s a r y  t o  know t h e  t h e r m a l  e x p a n s i o n  c o e f f i c e n t s  o f  t h e  l a y e r s .  
P r o c e d u r e s  t o  d e t e r m i n e  t h e s e  c o e f f i c i e n t s  i n  terms of t h e  e l a s t i c  p r o p e r t i e s  and 
t h e  expans ion  c o e f f i c i e n t s  component f i b e r s  and m a t r i x  w i l l  be  d i s c u s s e d  i n  t h i s  
s e c t i o n .  

A p h y s i c a l l y  s i m i l a r  s i t u a t i o n  a r i s e s  t h e  c a s e  of  m o i s t u r e  s w e l l i n g .  Polymers  
a b s o r b  m o i s t u r e  i n  a wet environment  and c o n s e q u e n t l y  swel l .  When t h i s  s w e l l i n g  i s  
r e s t r a i n e d ,  stresses a r e  produced. I f  a UDC i s  p laced  a wet env i ronment ,  t h e  
m a t r i x  a b s o r b s  m o i s t u r e  b u t ,  w i t h  t h e  e x c e p t i o n  of  K e v l a r ,  t h e  f i b e r s  do  n o t .  
T h e r e f o r e ,  t h e  f i b e r s  r e s t r a i n  - l i t e r a l l y  p r e v e n t  - s w e l l i n g  t h e  f i b e r  
d i r e c t i o n  b u t  not  t h e  d i r e c t i o n  t r a n s v e r s e  t o  t h e  f i b e r s .  Thus,  t h e  UDC v e r y  
a n i s o t r o p i c  w i t h  r e s p e c t  t o  m o i s t u r e  s w e l l i n g .  
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When a l a m i n a t e  a b s o r b s  m o i s t u r e ,  t h e r e  o c c u r s  t h e  same phenomenon a s  i n  t h e  c a s e  
o f  h e a t i n g .  F r e e  s w e l l i n g  o f  t h e  l a y e r s  canno t  t a k e  p l a c e  and c o n s e q u e n t l y  
i n t e r n a l  s t resses  d e v e l o p  which c a n  be computed i f  t h e  UDC s w e l l i n g  c o e f f i c i e n t s  
a r e  known. I n  t h i s  s e c t i o n ,  we  s h a l l  a l s o  d i s c u s s  p r o c e d u r e s  t o  compute t h o s e  
c o e f f i c i e n t s .  

The the rmal  expans ion  c o e f f i c i e n t s  o f  homogeneous s o l i d s  a r e  d e f i n e d  by t h e  
s t r a i n s  produced by u n i t  change o f  t e m p e r a t u r e  i n  b o d i e s  which a r e  f r e e  of load  
and, t h u s ,  f r e e  of s t ress .  The main e n g i n e e r i n g  impor tance  o f  the rmal  e x p a n s i o n  i s  
i n  t h e  stresses produced when t e m p e r a t u r e  changes  o c c u r  under  c o n d i t i o n s  of  
s t r a i n t  and, t h u s ,  f r e e  expans ion  i s  p r e v e n t e d .  

A s  w i l l  be e x p l a i n e d  below, t h e  t h e r m a l  expans ion  c o e f f i c i e n t s  of  a compos i t e  a r e  
d e f i n e d  by t h e  average  s t r a i n s  produced by u n i t  t e m p e r a t u r e  change.  I t  s h o u l d  
be  no ted ,  however, t h a t ,  i n  t h i s  c a s e  f r e e  t h e r m a l  e x p a n s i o n  canno t  t a k e  p l a c e  on 
t h e  mic ro- sca le ,  f o r  t h e  d i f f e r e n c e  o f  the rmal  e x p a n s i o n  c o e f f i c i e n t s  of  t h e  
c o n s t i t u e n t s  w i l l  p roduce  m i c r o- s t r e s s e s  when t h e  t e m p e r a t u r e  changes .  Thus, i t  i s  
p o s s i b l e  t o  f a i l  a compos i t e  m a t e r i a l  by chang ing  i t s  t e m p e r a t u r e .  The the rmal  
expans ion  c o e f f i c i e n t s  o f  a UDC a r e  i n d i s p e n s a b l e  i n f o r m a t i o n  f o r  s t r e s s  a n a l y s i s  
of  l a m i n a t e s  which a r e  s u b j e c t e d  t o  t e m p e r a t u r e  changes .  

When an i s o t r o p i c  homogeneous body i s  s u b j e c t e d  t o  a t e m p e r a t u r e  change t h e  
the rmal  expans ion  c o e f f i c i e n t  a i s  d e f i n e d  by 

( 2 . 2 7 )  

where t h e  Kronecker  d e l t a  

1 i = j  
= 

0 

and a r e  t h e  s t ress  f r e e  s t r a i n s ,  which t h i s  c a s e  a r e  i s o t r o p i c ,  t h u s  e q u a l  
i n  a l l  d i r e c t i o n s .  For  an a n i s o t r o p i c  homogeneous body assumes t h e  form 

Eij i j  AT ( 2 . 2 8 )  

where t h e  the rmal  e x p a n s i o n  t e n s o r .  For a t r a n s v e r s e l y  i s o t r o p i c  body such 
as  a s i n g l e  ca rbon  o r  g r a p h i t e  f i b e r  i s  o f  t h e  form 

aL 

2 = 33 = 
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- 

- 

- 

where 

- a x i a l  expans ion  c o e f f i c i e n t  
- t r a n s v e r s e  expans ion  c o e f f i c i e n t  

I f  t h e r e  a r e  a l s o  mechanical  s t r a i n s  produced by s t resses ,  t h e n  t h e s e  a r e  g i v e n  by 
or I t  is  t h e  fundamental  premise of  uncoupled t h e r m o e l a s t i c-

t h a t  t h e  mechan ica l  s t r a i n s  and f r e e  the rmal  s t r a i n s  c a n  be superposed  t o  g i v e  
t h e  e f f e c t  o f  s i m u l t a n e o u s  l o a d i n g  and t e m p e r a t u r e  change.  

M A 

Eij = 

Next w e  c o n s i d e r  a f r e e  c y l i n d r i c a l  specimen of  UDC under  un i fo rm t e m p e r a t u r e  
change AT. T h i s  i m p l i e s  t h a t  t h e  boundary t e m p e r a t u r e  o f  t h e  specimen changed 
from T t o  I t  may b e  e a s i l y  shown t h a t  when a compos i t e  body s u b j e c t e d  t o  
uniform boundary t e m p e r a t u r e ,  t h e  t e m p e r a t u r e  w i l l  a l s o  be  un i fo rm th roughout  t h e  
c o n s t i t u e n t s .  On t h e  o t h e r  hand ,  t h e  s t resses  and s t r a i n s  i n  t h e  phases  a r e  
nonuniform and complex. The e f f e c t i v e  the rmal  expans ion  c o e f f i c i e n t s  a r e  
d e f i n e d  by 

= a* ATj i j  

where a r e  t h e  average  s t r a i n s .  Note  t h a t  t h e  average  s t r e s s e s  v a n i s h  
s i n c e  t h e  specimen i s  n o t  loaded .  ( T h i s  f o l l o w s  from t h e  average  s t ress  theorem,  
r e f e r e n c e  I f  s t a t i s t i c a l  t r a n s v e r s e  i s o t r o p y  i s  assumed, ( 2 . 3 1 )  i s  ana logous  
t o  ( 2 . 2 9 )  and t h e r e  remain o n l y  t h e  e f f e c t i v e  a x i a l  e x p a n s i o n  c o e f f i c i e n t  a *  andLt h e  t r a n s v e r s e  expans ion  c o e f f i c i e n t  ( f i g u r e  2 . 1 5 ) .  The s t r e s s - s t r a i n  r e l a t i o n s  

Tt h e  p r e s e n c e  of  t e m p e r a t u r e  change AT t h e n  assume t h e  form 
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FIGURE 2.15.  

d e f i n i t i o n  (2.31) would i n d i c a t e  t h a t  i n  r d e r  t o  compute would oe 
t o  compute t h e  d e t a i l e d  s t r a i n  f i e l d s  t h e  two of a composi te  

s u b j e c t e d  t o  uni form t e m p e r a t u r e  r i s e .  F o r t u n a t e l y ,  however,  i t  i s  no t  n e c e s s a r y  
t o  proceed by t h i s  d i f f i c u l t  r o u t e .  I t  has  been shown by Lev in  ( r e f .  2 .14 )  i n  a 
fundamental  paper  t h a t  t h e r e  i s  a un ique  mathemat ica l  r e l a t i o n  between t h e  e f f e c-
t i v e  thermal  expans ion  c o e f f i c i e n t s  and t h e  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  o f  a 
phase  composi te .  For  t h e  g e n e r a l  r e l a t i o n s  s e e  r e f e r e n c e s  2 . 2  and 2 .17 .  Here we 
s h a l l  c o n f i n e  ourselves t o  s p e c i f i c  c a s e s  of i n t e r e s t  f o r  a When f i b e r s  and 
m a t r i x  a r e  i s o t r o p i c  we  have 

( 2 . 3 3 )  
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where 

- matrix, fiber isotropic expansion 
coefficients 

- matrix, fiber three dimensional bulk 
modulus 

- effective axial Young's modulus, axial 
Poisson's ratio, transverse bulk 
modulus 

These e q u a t i o n s  are s u i t a b l e  f o r  and f o r  or 
compos i tes .  They have  a l s o  been  d e r i v e d  r e f e r e n c e s  2.15 and 2 .16 .  

For carbon  and g r a p h i t e  f i b e r s ,  i t  is n e c e s s a r y  t o  c o n s i d e r  t h e  c a s e  o f  
t r a n s v e r s e l y  i s o t r o p i c  f i b e r s  whose e l a s t i c  and t he rma l  i o n  behav io r  i s  
c h a r a c t e r i z e d  by (2 .3 )  and T h i s  c o m p l i c a t e s  t h e  r e s u l t s  c o n s i d e r a b l y  
( r e f e r e n c e s  2 .7 ,  and 2 . 9 ) :  
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I 

where 

+ + 2 

F r  thermal  expans ion  c o e f f i c i e n t s  o and m a t r i x  are f u n c t i o n s  
of  t empera tu re .  I n  t h i s  c a s e ,  t h e s e  a r e  two u s e f u l  d e f i n i t i o n s  of expans ion  
c o e f f i c i e n t .  Assuming t h a t  t h e  r e f e r e n c e  s t a t e  o f  z e r o  s t r a i n  and t h e  
t empe ra tu r e  r a i s e d  t o  T ,  w e  may w r i t e  t h e  f r e e  t he rma l  s t r a i n s  i n  t h e  forms 
r a i s e d  

Eij = S AT 

= i j  

where a ? ,  a r e  t h e  s e c a n t  expans ion  c o e f f i c i e n t s  and a r e  t h e  t angen t  expans ion
i j  

c o e f f i c i e n t s .  The two expans ion  c o e f f i c i e n t s  a r e  o b v i o u s l y  r e l a t e d  i n  t h e  form 

S ( 2 . 3 6 )= + 
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Assuming t h a t  e l a s t i c  p r o p e r t i s  a r e  a l s o  t e m p e r a t u r e  dependen t ,  t h e r m o e l a s t i c  
s t r e s s - s t r a i n  r e l a t i o n s  such a s  ( 2 . 3 0 )  assume t h e  form 

( 2 . 3 7 )  

I t  i s  no t  d i f f i c u l t  t o  show t h a t  remain  v a l i d  f o r  t e m p e r a t u r e  
dependent  p r o p e r t i e s  i f  e l a s t i c  p r o p e r t i e s  a r e  t aken  a t  f i n a l  t e m p e r a t u r e  and 
expans ion  c o e f f i c i e n t s  a r e  t a k e n  as  s e c a n t  a t  t h a t  t e m p e r a t u r e .  

To e v a l u a t e  t h e  t he rma l  expans ion  c o e f f i c i e n t s  from o r  i t  
neces sa ry  t o  know t h e  e f f e c t i v e  e l a s t i c  p r o p e r t i e s  K*, E*, These may b e  t aken  
a s  t h e  v a l u e s  p r e d i c t e d  by t h e  CCA model a s  g i v e n  by w i t h  t h e  modi f ica-
t i o n  ( 2 . 2 0 )  when t h e  f i b e r s  a r e  t r a n s v e r s e l y  i s o t r o p i c .  Comparison of  t h e  v a l u e s  
t h u s  ob t a ined  w i t h  a numer ica l  a n a l y s i s  performed f o r  a hexagonal  a r r a y  o f  
f i b e r s  epoxy ( r e f .  2 . 1 8 )  shows t h a t  t h e  r e s u l t s  o b t a i n e d  a r e  n u m e r i c a l l y  

nd s t shab l e .  

The t he rma l  expans ion  c o e f f i c i e n t s  o f  ca rbon  and g r a p h i t e  f i b e r s  can  be  
measured d i r e c t l y  o n l y  t h e  f i b e r  d i r e c t i o n ,  t h u s  o b t a i n i n g  D i r e c t  measure-
ment of  t r a n s v e r s e  no t  p o s s i b l e  because  of  t h e  minu te  f i b e r  d i a m e t e r s .  
Again,  t h e  only p o s s i b l e  method t o  e v a l u a t e  t o  measure  and e x p e r i-
m e n t a l l y  f o r  a s p e c i f i e d  compos i t e  and t o  t h e n  compute from 
a r e  w r i t t e n  i n  t h e  form 

= + a11 +  1 2  
( 2 . 3 8 )  

+ - + 

fo l l ows  t h a t  
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F g u r e s  2.16-17 show t y p i c a l  p l o t s  of t h e  e f f e c t i v e  the rmal  expans ion  
c i e n t s  of  and o f  Note t h a t  for  50% volume f r a c t i o n  of  
f i b e r s  t h e  a x i a l  expans ion  c o e f f i c i e n t  i s  p r a c t i c a l l y  e q u a l  t o  of t h e  
f i b e r s  Many ca rbon  and g r a p h i t e  f i b e r s  have s m a l l  n e g a t i v e  a x i a l  e x p a n s i o n  
c o e f f i c i e n t s  and c o n s e q u e n t l y  many compos i t es  w i t h  such  f i b e r s  have  s m a l l  n e g a t i v e  
or p r a c t i c a l l y  v a n i s h i n g  a x i a l  e x p a n s i o n  c o e f f i c i e n t s .  Also, n o t e  t h e  i n t e r e s t i n g  
phenomenon t h a t  f o r  s m a l l  f i b e r  volume f r a c t i o n s  t h e  t r a n s v e r s e  the rmal  e x p a n s i o n  
c o e f f i c i e n t  becomes l a r g e r  t h a n  t h e  m a t r i x  e x p a n s i o n  c o e f f i c i e n t  , which i s  t h e  
maximum c o n s t i t u e n t  expans ion  c o e f f i c i e n t .  T a b l e  2 . 8  l i s t s  v a l u e s  of  expans ion  
c o e f f i c i e n t s  f o r  t y p i c a l  compos i t es .  

We now c o n s i d e r  t h e  c a s e  of  d e f o r m a t i o n  due t o  moisture. When a body which 
a b s o r b s  m o i s t u r e  i s  p laced  i n  a wet env i ronment ,  m o i s t u r e  w i l l  d i f f u s e  th rough  t h e  
e x t e r n a l  boundary.  The i n t e r n a l  m o i s t u r e  c o n c e n t r a t i o n  C i s  d e f i n e d  by t h e  mass of  
m o i s t u r e  accumulated p e r  u n i t  volume and i s  i n i t i a l l y  a f u n c t i o n  o f  s p a c e  and t i m e .  
U l t i m a t e l y  t h e  m o i s t u r e  c o n c e n t r a t i o n  w i l l  " s e t t l e  down" and become time 
independen t .  The t i m e  dependent  s t a g e  is  c a l l e d  t h e  t r a n s i e n t  s t a g e  w h i l e  t h e  
u l t i m a t e  t i m e  independent  s t a g e  i s  t h e  s t a t i o n a r y  s t a g e .  There  i s  comple te  mathe-
m a t i c a l  analogy between t h e  e q u a t i o n s  d e s c r i b i n g  h e a t  c o n d u c t i o n  and m o i s t u r e  
d i f f u s i o n ,  b o t h  i n  t h e  t r a n s i e n t  and i n  t h e  s t a t i o n a r y  s t a g e s .  Thus,  i n  t h e  l a t t e r  
s t a g e  t h e  c o n c e n t r a t i o n  C s a t i s f i e s  t h e  L a p l a c e  e q u a t i o n .  

When a compos i t e  w i t h  a po lymer ic  m a t r i x  i s  p laced  i n  a w e t  env i ronment ,  
t h e  m a t r i x  w i l l  b e g i n  t o  absorb  m o i s t u r e .  However, t h e  m o i s t u r e  a b s o r p t i o n  
of  most f i b e r s  used i n  p r a c t i c e  i s  n e g l i g i b l e .  Kev la r  f i b e r s  a l o n e  do absorb  
s i g n i f i c a n t  amounts of  m o i s t u r e  when exposed t o  h i g h  humid i ty .  The t o t a l  m o i s t u r e  
absorbed by a compos i t e ,  however,  may not  be g r e a t e r  
t h a n  o t h e r  epoxy c o m p o s i t e s .  

most c o m p o s i t e s ,  t h e  f i b e r s  a c t  a s  b a r r i e r s  t o  m o i s t u r e  d i f f u s i o n ,  analog-
ous t o  p e r f e c t  i n s u l a t o r s  h e a t  c o n d u c t i o n .  A f t e r  s u f f i c i e n t  time has  e l a p s e d ,  
t h e  m a t r i x  w i l l  be i n  an e q u i l i b r i u m  m o i s t u r e  s t a t e  w i t h  un i fo rm c o n c e n t r a t i o n  on 
t h e  boundary.  A f t e r  a long  t i m e  i n  t h i s  s t a g e ,  t h e  m o i s t u r e  c o n c e n t r a t i o n  through-
o u t  m a t r i x  w i l l  a l s o  b e  un i fo rm,  t h u s  t h e  same as t h e  boundary c o n c e n t r a t i o n .  
It i s  customary t o  d e f i n e  t h e  s p e c i f i c  m o i s t u r e  c o n c e n t r a t i o n  c by  

c = 

where t h e  d e n s i t y .  Thus c t h e  mass o f  m o i s t u r e  p e r  u n i t  mass and t h u s  
a nondimensional  number. The s w e l l i n g  s t r a i n s  due t o  m o i s t u r e  a r e  o b v i o u s l y  
f u n c t i o n s  o f  c and t o  a f i r s t  approx imat ion  a r e  g i v e n  by 

= 
'ij ( 2 . 4 1 )  

where a r e  t h e  s w e l l i n g  c o e f f i c i e n t s .  For  an i s o t r o p i c  m a t e r i a l ,  which t h e  
c a s e  f o r  a l l  polymeric  m a t r i c e s ,  s i m p l i f i e s  t o  
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Thus 

where 6 is the isotropic moisture swelling coefficient. 

If there are also mechanical stresses and strains, then the swelling strains 
are superposed on the latter and thus for an isotropic material 

etc. 

etc. 

which are exactly analogous to the thermoelastic stress-strain relations of an 
isotropic material where 6 replaces the expansion coefficient and c the 
temperature. The swelling coefficients of most fibers are zero since their 
moisture absorption can be neglected. (Kevlar fiber swelling coefficients are 
unknown.) It follows that moisture swelling of a unidirectional composite is 
mathematically analogous to thermal expansion of such a composite with vanishing 
fiber expansion coefficients. Therefore, all of the results previously given for 
thermal expansion can be transcribed to moisture swelling. The effective swelling 
coefficients are defined by the average strains produced in a free sample 

subjected to uniform unit change of specific moisture concentration in the matrix. 

Thus 

where 



For i s o t r o p i c  f i b e r s  g l a s s )  i t  fo l l ows  from t h a t  

1 

For t r a n s v e r s e l y  i s o t r o p i c  f i b e r s  c a rbon  and g r a p h i t e ) ,  i t  f o l l o w s  from 
t h a t  

(2.47 

where t h e  rest o f  t h e  n o t a t i o n  (2.34) remains  t h e  same. 

Table  2.9 shows t h e  r a t i o s  of  l o n g i t u d i n a l  and t r a n s v e r s e  s w e l l i n g  c o e f f i c e n t s  
t o  m a t r i x  s w e l l i n g  c o e f f i c i e n t  f o r  two t y p i c a l  compos i tes  a s  a f u n c t i o n  o f  f i b e r  
volume f r a c t i o n .  I t  i s  s e e n  t h a t  t h e  l o n g i t u d i n a l  s w e l l i n g  c o e f f i c i e n t s  a r e  
n e g l i g i b l e ,  wh i l e  t h e  t r a n s v e r s e  s w e l l i n g  c o e f f i c i e n t s  a r e  l i t e r a l l y  c o n s t a n t  and 
l a r g e r  t h a n  m a t r i x  s w e l l i n g  c o e f f i c i e n t s .  T h i s  seemingly  c u r i o u s  phenomenon i s  
e x p l a i n e d  by t h e  l a r g e  m a t r i x  compress ive  stresses i n  t h e  f i b e r  d i r e c t i o n  due t o  
t h e  r e s t r a i n i n g  e f f e c t  o f  f i b e r s  on a x i a l  s w e l l i n g .  Because o f  t h e  P o i s s o n  e f f e c t ,  
t h e s e  compress ive  stresses produce s u b s t a n t i a l  t r a n s v e r s e  s t r a i n s ,  which appear  a s  
t r a n s v e r s e  s w e l l i n g .  I t  shou ld  be  emphasized t h a t  t h e  above is  concerned  w i t h  t h e  
c a s e  of  m o i s t u r e  e q u i l i b r i u m .  S i n c e  m o i s t u r e  c o n t e n t  changes s l o w l y ,  i t  i s  impor-
t a n t  t o  p r e d i c t  t h e  m o i s t u r e  s w e l l i n g  c o e f f i c i e n t s  t h e  t r a n s i e n t  s t a t e .  To t h e  
b e s t  of  our  knowledge, t h i s  problem u n r e s o l v e d  a t  t h e  p r e s e n t  t i m e .  
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TABLE 2 . 9 .  EFFECTIVE SWELLING COEFFICIENTS 

E p o x y  Epoxy 

0.2 0.160 1.30 0 . 0 3 0  1 . 3 4  

0.4 0.067 1 . 3 4  0 . 0 1 1  1 . 3 5  

0.6 0 . 0 3 1  1 . 3 5  0 . 0 0 5  1 . 3 5  

0.8 0 .011  1.36 0 . 0 0 2  1 . 3 5  

For d i s c u s s i o n  of o t h e r  a s p e c t s  of m o i s t u r e  a b s o r p t i o n ,  t r a n s i e n t  and s t e a d y  
a see r e f e r e n c e  2 . 1 9 ,  which a l s o  c o n t a i n s  o t h e r  i n t e r e s t i n g  s u r v e y  a r t i c l e s  on 

t h i r  and r e f e r e n c e  2 . 2 0 .  

F i n a l l y ,  we  c o n s i d e r  t h e  impor tan t  q u e s t i o n  of s i m u l t a n e o u s  m o i s t u r e  s w e l l i n g  
and t e m p e r a t u r e  r i se .  T h i s  o f t e n  c a l l e d  hygro thermal  b e h a v i o r .  The s i m p l e s t  
approach i s  t o  assume t h a t  the rmal  expans ion  s t r a i n s  and m o i s t u r e  s w e l l i n g  s t r a i n s  
can  be superposed .  Thus,  f o r  a f r e e  specimen 

I n  t h i s  e v e n t ,  t h e  m a t r i x  e l a s t i c  p r o p e r t i e s  i n  and i n  ( 2 . 4 7 )  may 
be f u n c t i o n s  of  t h e  end t e m p e r a t u r e  and t h e  e q u i l i b r i u m  m o i s t u r e  c o n c e n t r a t i o n  
and t h i s  dependence must b e  known i n  o r d e r  t o  e v a l u a t i o n  and Ti n  

2 . 2 . 3  V i s c o e l a s t i c  P r o p e r t i e s .  A l l  polymers e x h i b i t  t h e  phenomenon of  t i m e  
dependence.  T h i s  m a n i f e s t s  i t s e l f  by t h e  i n c r e a s e  of d e f o r m a t i o n s  w i t h  t i m e  under  
c o n s t a n t  l o a d ,  which c a l l e d  c r e e p ,  and,  c o n v e r s e l y ,  by t h e  d e c r e a s e  o f  s t r e s s e s  
w i t h  t i m e  under  d e f o r m a t i o n  c o n s t r a i n t s ,  which i s  c a l l e d  r e l a x a t i o n .  Another  
impor tan t  e f f e c t  o f  time dependence i s  t h e  damping o f  v i b r a t i o n s  due t o  energy  
d i s s i p a t i o n  i n  t h e  po lymer ic  m a t r i x .  The s i g n i f i c a n c e  of  a l l  t h e s e  phenomena 
i n c r e a s e s  w i t h  r i s e  i n  t e m p e r a t u r e .  

The e f f e c t s  d e s c r i b e d  a r e  of  c o n s i d e r a b l e  e n g i n e e r i n g  impor tance  f o r  f i b e r  
compos i t e  s t r u c t u r e s ,  s i n c e  stresses and d e f o r m a t i o n s  de te rmined  on  t h e  b a s i s  of  
e l a s t i c  a n a l y s i s  may change c o n s i d e r a b l y  w i t h  t i m e  due t o  po lymer ic  m a t r i x  t i m e  
dependence.  V i b r a t i o n  damping i s  a b e n e f i c i a l  e f f e c t  which i s  of  p a r t i c u l a r  
s i g n i f i c a n c e  for t h e  h i g h e r  v i b r a t i o n  modes which o f t e n  become n e g l i g i b l e  due t o  
damping. 
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The s i m p l e s t  o f  t i m e  dependence i s  l i n e a r  v i s c o e l a s t i c i t y .  
V i s c o e l a s t i c  b e h a v i o r  of polymers m a n i f e s t s  i t s e l f  p r i m a r i l y  i n  s h e a r  and i s  
n e g l i g i b l e  f o r  i s o t r o p i c  s t r e s s  and s t r a i n .  T h i s  i m p l i e s  t h a t  t h e  e l a s t i c  stress-
s t r a i n  r e l a t i o n  

+ + = + E22 + 

where K i s  t h e  th ree- dimens iona l  b u l k  modulus ,  remains  v a l i d  f o r  polymers .  When a 
po lymer ic  specimen is  s u b j e c t e d  t o  s h e a r  s t r a i n  E O which d o e s  n o t  v a r y  w i t h  t ime,

12 
t h e  s t ress  needed t o  m a i n t a i n  t h i s  s h e a r  s t r a i n  i s  g i v e n  by 

and i s  d e f i n e d  a s  t h e  s h e a r  r e l a x a t i o n  modulus.  When a specimen s u b j e c t e d  
t o  s h e a r  s t ress  c o n s t a n t  t i m e ,  t h e  r e s u l t i n g  s h e a r  s t r a i n  is g i v e n  by 

12  

and i s  d e f i n e d  a s  t h e  s h e a r  c r e e p  compl iance .  

I f  t h e  a p p l i e d  s h e a r  s t r a i n  i s  an a r b i t r a r y  f u n c t i o n  o f  t ime,  commencing 
a t  t i m e  z e r o ,  i s  r e p l a c e d  by 

S i m i l a r l y ,  f o r  a p p l i e d  s h e a r  s t ress  which is a f u n c t i o n  o f  t i m e  i s  
r e p 1aced by 

The v i s c o e l a s t i c  c o u n t e r p a r t  o f  t h e  Young's modulus i s  o b t a i n e d  by s u b j e c t i n g  
a c y l i n d r i c a l  specimen t o  a x i a l  s t r a i n  E O c o n s t a n t  i n  s p a c e  and t i m e .  Then 

11 

and i s  t h e  Young's r e l a x a t i o n  modulus.  I f  t h e  specimen i s  s u b j e c t e d  t o  a x i a l  
c o n s t a n t  i n  s p a c e  and t i m e  t h e n  

11 

and t h e  Young's c r e e p  compl iance .  T h i s  i s  s c h e m a t i c a l l y  shown f i g u r e  
2.18.  

2-54 



. 
I-

ll 
b W 

\ 

3 
0 

\ 

W a 

I 

2-5 5 



These m a t e r i a l  p r o p e r t i e s  may ge f i c a  n t l y  w i t h  t e m p e r a t u r e ;  t h e  
r e l a x a t i o n  modulus w i th  t empe ra tu r e  and t h e  eep compliance as  e s  
w i th  t e m p e r a t u r e ,  which i m p l i e s  t h a t  s t i f f n e s s  d e c r e a s e s  w i t h  t empera tu re .  The 
change of  c r e e p  compliance w i t h  t empe ra tu r e  f o r  an epoxy r e s i n  i s  i l l u s t r a t e d  

f i g u r e  2.19. The i n i t i a l  v a l u e s  of  t h e s e  p r o p e r t i e s  a t  " t ime zero"  - t h u s  a t  
t h e  beg inn ing  of  d e f o r m a t i o n- a r e  denoted  and and a r e  t h e  e l a s t i c  p roper-
t i e s  of  t h e  m a t r i x .  Note t h a t  

Obvious ly  i s  r e l a t e d  t o  K and and r e l a t e d  t o  k and 
The r e l a t i o n s  a r e  no t  s imp le  and t h e  i n t e r e s t e d  r e a d e r  r e f e r r e d  t o  r e f e r e n c e  
2 . 2 1 .  To w r i t e  t h e  v i s c o e l a s t i c  s t r e s s - s t r a i n  r e l a t i o n s  f o r  g e n e r a l  s t a t e s  of 
t h r ee- d imens iona l  s t ress  and s t r a i n ,  cus tomary  t o  s e p a r a t e  s t ress  and s t r a i n  
i n t o  i s o t r o p i c  (or h y d r o s t a t i c )  and p a r t s .  

T h u s  

1 
= + si j  = + + 

(2 .56 )  

= = + ei j  3 11 + + 

Then 

t 
= + 2 

0 

The b a s i c  problem i s  t o  e v a l u a t e  t h e  e f f e c t i v e  v i s c o e l a s t i c  p r o p e r t i e s  of  a 
u n i d i r e c t i o n a l  f i b e r  compos i te  i n  terms o f  polymeric  m a t r i x  v i s c o e l a s t i c  p r o p e r t i e s  
and t h e  e l a s t i c  p r o p e r t i e s  of  t h e  f i b e r s .  ( I t  assumed t h a t  t h e  f i b e r s  them-
s e l v e s  do not  e x p e r i e n c e  any t i m e  dependent  e f f e c t . )  T h i s  problem has  been 
r e s o l v e d  i n  g e n e r a l  f a s h i o n  i n  r e f e r e n c e s  2 . 2 2  and 2 .23 ,  where i t  has  been shown 
t h a t  t h e  Lap l ace  t r a n s f o r m s  o f  t h e  e f f e c t i v e  r e l a x a t i o n  modul and c r e e p  compl iances  
o f  a composi te  can  be w r i t t e n  i n  terms of  e x p r e s s i o n s  for e f f e c t i v e  e l a s t i c  moduli  
i n  which e l a s t i c  m a t r i x  p r o p e r t i e s  a r e  r e p l a c e d  by Lap l ace  t r a n s f o r m s  of  v i s c o e l a s -
t i c  m a t r i x  p r o p e r t i e s .  The main d i f f i c u l t y  i s  t h e  i n v e r s i o n  o f  t h e s e  Lap l ace  
t r a n s f o r m s  i n t o  t h e  t i m e  domain. D e t a i l s  and a p p l i c a t i o n s  of such p rocedu re s  have 
been g i v e n  i n  r e f e r e n c e  2 .2 .  Here we s h a l l  o n l y  be  concerned w i t h  some s i m p l e  
i l l u s t r a t i v e  c a s e s .  

D e t a i l e d  a n a l y s i s  shows t h a t  t h e  v i s c o e l a s t i c  e f f e c t  i n  a u n i d i r e c t i o n a l  f i b e r  
compos i te  i s  s i g n i f i c a n t  o n l y  f o r  a x i a l  s h e a r ,  t r a n s v e r s e  s h e a r  and t r a n s v e r s e  
u n i a x i a l  s t ress .  T h i s  i l l u s t r a t e d  i n  f i g u r e s  2.20-21. The 
s t r e s s - s t r a i n  r e l a t i o n s  i n  t h e s e  c a s e s  a r e :  
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For average  s t r a i n s  E22,  and c o n s t a n t  i n  t i m e ,  t h u s  s t r e s s  r e l a x a t i o n  

For s t r e s s e s  and c o n s t a n t  i n  t i m e ,  t h u s  c r e e p  d e f o r m a t i o n  

where t h e  m a t e r i a l  p roper t ies  i n  a r e  e f f e c t i v e  r e l a x a t i o n  modul i  and 
t h e  p r o p e r t i e s  a r e  a s s o c i a t e d  e f f e c t i v e  c r e e p  f u n c t i o n s .  All o t h e r  
e f f e c t i v e  p r o p e r t i e s  may be c o n s i d e r e d  e l a s t i c .  T h i s  i m p l i e s  i n  p a r t i c u l a r  
t h a t  i f  a f i b e r  composi te  i s  s u b j e c t e d  t o  s t ress  t h e  f i b e r  
t hen  

(2.60) 

where E* and a r e  t h e  e l a s t i c  r e su l t s  w i t h  m a t r i x  p r o p e r t i e s  t a k e n  a sL Li n i t i a l  ( e l a s t i c )  m a t r i x  p r o p e r t i e s .  S i m i l a r  c o n s i d e r a t i o n s  s p p l y  t o  t h e  r e l a x a-
t i o n  modulus k*. 

L 

The s i m p l e s t  c a s e  of  t h e  p r o p e r t i e s  e n t e r i n g  i n t o  i s  
t h e  r e l a x a t i o n  modulus and i t s  a s s o c i a t e d  c r e e p  compl iance  A v e r y  
s imple  r e s u l t  h a s  been o b t a i n e d  f o r  f i b e r s  which a r e  i n f i n i t e l y  more r i g i d  t h a n  t h e  
m a t r i x ,  r e f e r e n c e  2 . 2 .  I n  t h i s  c a s e ,  t h e  e l a s t i c  r e s u l t  reduces  t o  

= 
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For a v i s c o e l a s t i c  m a t r i x ,  t h e  c o r r e s p o n d i n g  r e s u l t s  a r e  

T h i s  r e s u l t  i s  an a c c e p t a b l e  a p p r o x i m a t i o n  f o r  g l a s s  f i b e r s  i n  po lymer ic  
m a t r i x  and an e x c e l l e n t  approx imat ion  f o r  boron f i b e r s  a po lymer ic  m a t r i x .  
However, t h e  r e s u l t  i s  no t  a p p l i c a b l e  t o  t h e  c a s e  o f  c a r b o n  o r  g r a p h i t e  f i b e r s  i n  a 
polymeric  m a t r i x  s i n c e  t h e  a x i a l  s h e a r  modulus o f  t h e s e  f i b e r s  not  l a r g e  enough 

r e l a t i o n  t o  t h e  m a t r i x  s h e a r  modulus t o  j u s t i f y  r i g i d  f i b e r  a p p r o x i m a t i o n .  I n  
t h i s  c a s e ,  i t  is  n e c e s s a r y  t o  u s e  t h e  c o r r e s p o n d e n c e  p r i n c i p l e  ment ioned above.  
L a p l a c e  t r a n s f o r m  i n v e r s i o n  c a n  b e  c a r r i e d  o u t  by r e p r e s e n t i n g  t h e  m a t r i x  i n  t e r m s  
o f  a v i s c o e l a s t i c  sp r ing- dashpot  model.  The i n t e r e s t e d  r e a d e r  r e f e r r e d  t o  
r e f e r e n c e s  2.2 and 2.22 where d e t a i l s  o f  such  a n a l y s i s  have been g i v e n .  

A somewhat d r a s t i c  a p p r o x i m a t i o n  f o r  e v a l u a t i o n  o f  v i s c o e l a s t i c  p r o p e r t i e s  o f  
compos i t es  h a s  been  i n t r o d u c e d  i n  r e f e r e n c e  2 .24  and h a s  been  f u r t h e r  d i s c u s s e d  
r e f e r e n c e  2 .25.  According t o  t h e  scheme proposed t h e  e f f e c t i v e  p r o p e r t y  a t  t i m e  t 
g i v e n  by t h e  c o r r e s p o n d i n g  e f f e c t i v e  e l a s t i c  modulus e x p r e s s i o n ,  which m a t r i x  
e l a s t i c  modul i  a r e  r e p l a c e d  by m a t r i x  r e l a x a t i o n  moduli  a t  t i m e  t .  Thus f o r  
t h i s  approx imat ion  s t a t e s  t h a t  

( 2 . 6 2 )  

t h e  s i m p l i c i t y  o f  t h i s  scheme a t t r a c t i v e ,  t h e  range  of  i t s  
i s  n o t  e s t a b l i s h e d .  

The s i t u a t i o n  f o r  t r a n s v e r s e  s h e a r  more c o m p l i c a t e d  and i n v o l v e s  compli-
c a t e d  L a p l a c e  t r a n s f o r m  i n v e r s i o n s .  An assessment  o f  t h e  e f f e c t i v e  ion  
modulus c a n  p e r h a p s  be  o b t a i n e d  by u s i n g  t h e  p r e v i o u s l y  ment ionedTi l l u s t r a t e d  by ( 2 . 6 2 ) .  A c c o r d i n g l y ,  t h e  m a t r i x  s h e a r  modulus o r  
i n  i s  r e p l a c e d  by and must be  i n t e r p r e t e d  a s  

W i t h i n  t h e  f rame of  t h e  same approx imat ion  i t  t h e n  f o l l o w s  from ( 2 . 1 7 )  t h a t  

We now c o n s i d e r  t h e  s u b j e c t  o f  t h e  e f f e c t  o f  po lymer ic  m a t r i x  v i s c o e l a s t i c i t y  
on s t e a d y  s t a t e  v i b r a t i o n s  o f  a UDC. M a t r i x  v i s c o e l a s t i c i t y  b e n e f i c i a l  s i n c e  
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produces damping of  f r e e  v i b r a t i o n s  and a t t e n u a t i o n  of resonance  peaks .  I t  w i l l  be 
r e c a l l e d  t h a t  when an e l a s t i c  s t r u c t u r e  v i b r a t e s  a t  c r i t i c a l  f r equency ,  deforma-
t i o n s  and stresses become, t h e o r e t i c a l l y ,  i n f i n i t e .  I f  t h e  s t r u c t u r a l  m a t e r i a l  i s  
v i s c o e l a s t i c ,  however,  t h e r e  a r e  f i n i t e  resonance  peaks which r a p i d l y  d i m i n i s h  €or 
h i g h e r  o r d e r  c r i t i c a l  f r e q u e n c i e s .  

For t h e  purpose  of d i s c u s s i o n ,  we f i r s t  summarize some b a s i c  concep t s  f o r  
v i b r a t i o n s  of v i s c o e l a s t i c  homogeneous m a t e r i a l s .  For  s i m p l i c i t y ,  w e  f i r s t  c o n s i d e r  
t h e  c a s e  of a s imp le  e l a s t i c  c y l i n d r i c a l  t e s t  specimen which i s  s u b j e c t e d  t o  
s i n u s o i d a l l y  o s c i l l a t i n g  u n i a x i a l  stress i n  e i t h e r  one of  t h e  forms 

( 2 . 6 4 )- cos sin ut-
where is  t h e  f requency  and t h e  amp l i t ude .  The s t r a i n  r e sponses  i n  t h e s e  
two c a s e s  a r e  

E = cos = 0 
C 

I t  i s  customary t o  summarize such r e s u l t s  by t h e  s i n g l e  r e l a t i o n  

= 

( 2 . 6 5 )  

where 

= cos ut + 

The impor tan t  f e a t u r e  of  t h e s e  r e su l t s  i s  t h a t  s t ress  and s t r a i n  v i b r a t i o n s  
a r e  i n  phase.  

The s i t u a t i o n  d i f f e r e n t  f o r  a v i s c o e l a s t i c  specimen,  which c a s e  s t ress  
and s t r a i n  v i b r a t i o n s  w i l l  no l onge r  be phase .  I t  cus tomary  t o  e x p r e s s  t h i s  
i n  terms of  t h e  complex modulus.  I f  

t hen  
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T h e  complex number E d e f i n e d  as  t h e  complex modulus.  To e x p l a i n  t h e  phys i-
c a l  meaning of  t h i s  seeming ly  a b s t r u s e  r e s u l t ,  w e  u s e  t h e  r u l e s  f o r  complex 
numbers t o  wri te  t h e  form 

( 2 . 6 7 )
E = e 

where 

= E '  +E 

t a n 6  = 

The v a r i o u s  q u a n t i t i e s  a r e  c a l l e d :  modulus ,  modulus ,  and 
t a n  t a n g e n t .  I f  (2 .67)  i s  i n t r o d u c t e d  i n t o  i t  assumes t h e  form 

and t a k i n g  r e a l  and imaginary  p a r t s  w e  have  

= 

( 2 . 6 9 )
0 

The s t r a i n  i s  t h e  r e s p o n s e  t o  a s  g i v e n  i n  and t h e  s t r a i n  
t h e  response  t o  I t  s e e n  t h a t  t h e r e  a phase  l a g  and t h e  s t r a i n s  a r e  
f requency  dependen t .  

The loss t a n g e n t  i s  an i m p o r t a n t  q u a n t i t y  f o r  d e t e r m i n a t i o n  o f  t h e  
d e g r e e  of  v i b r a t i o n  damping of a v i s c o e l a s t i c  m a t e r i a l  and f o r  computa t ion  of  
s t r u c t u r a l  r e sonance  peaks .  I t  a s m a l l  q u a n t i t y  a t  t e m p e r a t u r e ,  o f  t h e  
o r d e r  of  0.05,  f o r  t h e  e p o x i e s  used compos i t e  m a t e r i a l s .  

I n  a UDC, t h e  s t a t e  o f  s t ress  t h e  m a t r i x  q u i t e  complex and,  t h e r e f o r e ,  
t h e  s imple  d e s c r i p t i o n  g i v e n  above f o r  u n i a x i a l  s t r e s s  i s  not  s u f f i c i e n t .  I t  w i l l  
be r e c a l l e d  t h a t  i t  may g e n e r a l l y  be  assumed t h a t  a polymer behaves  e l a s t i c a l l y  
under  i s o t r o p i c  h y d r o s t a t i c )  s t ress  and f o r  t h i s  s i t u a t i o n  i s  c h a r a c t e r i z e d  
by an e l a s t i c  b u l k  modulus K ( s e e  equ.  T h i s  s i m p l i f i c a t i o n  c a n  a l s o  be  
adopted f o r  t h e  c a s e  o f  v i b r a t i o n s .  The v i s c o e l a s t i c  o c c u r s  p redominan t ly  

s h e a r ;  t h e r e f o r e ,  w e  d e f i n e  a complex s h e a r  modulus G comple te  ana logy  t o  
t h e  complex Young's modulus d i s c u s s e d  above.  We may imagine t h a t  a t h i n  w a l l e d  
c i r c u l a r  tube is s u b j e c t e d  t o  s i n u s o i d a l  s h e a r  v i b r a t i o n  by means of  an o s c i l l a t i n g  
t o r q u e .  The r e s p o n s e  i s  an o s c i l l a t i n g  a n g l e  of t w i s t  which d e t e r m i n e s  t h e  o s c i l l a -
t o r y  s h e a r  s t r a i n .  I n  t h e  v i s c o e l a s t i c  c a s e ,  t h e  two a r e  r e l a t e d  by t h e  complex 
s h e a r  modulus 
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(2 .70)  

I t  may be  noted t h a t  E r e l a t e d  t o  G and K by t h e  u s u a l  e l a s t i c  r e l a t i o n .  

The v i s c o e l a s t i c  r e s p o n s e  o f  a UDC t o  s t e a d y - s t a t e  v i b r a t i o n  i s  epxressed  
of  e f f e c t i v e  complex modul i .  S i n c e  t h e  m a t e r i a l  i s  a n i s o t r o p i c ,  i t  has  many 

s u c h  complex modul i ,  j u s t  a s  i t  h a s  a v a r i e t y  o f  e f f e c t i v e  e l a s t i c  modul i .  A 
comple te  d i s c u s s i o n  i s  beyond t h e  scope  o f  p r e s e n t  t r e a t m e n t ,  and t h e  i n t e r e s t e d  

i s  r e f e r r e d  t o  r e f e r e n c e  2 .2 .  Here we s h a l l  c o n f i n e  o u r s e l v e s  t o  some s imple  
r e s u l t s  which a r e  o f  e n g i n e e r i n g  i n t e r e s t .  

The b a s i s  f o r  t h e  a n a l y t i c a l  t r e a t m e n t  i s  a cor respondence  p r i n c i p l e  d e r i v e d  
r e f e r e n c e  2 .26,  which s t a t e s  t h a t  an e f f e c t i v e  complex modulus o f  a composi te  

de te rmined  by t h e  c o r r e s p o n d i n g  e x p r e s s i o n  f o r  e f f e c t i v e  e l a s t i c  modulus i n  which 
c o n s t i t u e n t  e l a s t i c  p r o p e r t i e s  a r e  r e p l a c e d  by v i s c o e l a s t i c  c o n s t i t u e n t  p r o p e r t i e s  

t h e  form of  complex modul i .  As a s i m p l e  example f o r  t h i s  p r o c e d u r e ,  w e  c o n s i d e r  
t h e  c a s e  of  o s c i l l a t o r y  s t ress  i n  t h e  f i b e r  d i r e c t i o n .  I n  t h e  e l a s t i c  c a s e ,  t h i s  
c h a r a c t e r i z e d  by t h e  e f f e c t i v e  l o n g i t u d i n a l  Young's modulus E* which a c c u r a t e l yLg i v e n  by t h e  s i m p l e  e x p r e s s i o n  The e f f e c t i v e  complex modulus is  t h e n  

ven by 

where r e p r e s e n t e d  by S e p a r a t i n g  i n t o  r e a l  and imaginary  
p a r t s ,  w e  have 

from which i t  f o l l o w s  t h a t  t h e  l o s s  t a n g e n t  is 

. 
'The numerator  i s  t h e  m a t r i x  loss  t a n g e n t .  S i n c e  t h e  f i b e r s  a r e  much s t i f f e r  

t h a n  t h e  m a t r i x ,  t h e  r a t i o  t h e  denominator  is a number t h e  range  25-100 f o r  
g l a s s ,  ca rbon  and g r a p h i t e  f i b e r s .  I t  is  s e e n ,  t h e r e f o r e ,  t h a t  t h e  f i b e r s  s i g n i f i -
c a n t l y  reduce  t h e  v i s c o e l a s t i c  e f f e c t  i n  l o n g i t u d i n a l  v i b r a t i o n s  t h e  f i b e r  
d i r e c t i o n ,  indeed  t o  t h e  p o i n t  where i t  is n e g l i g i b l e .  
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Another impor tan t  c a s e  l o n g i t u d i n a l  s h e a r  o s c i l l a t i o n s .  T h i s  
c h a r a c t e r i z e d  by a complex which o b t a i n e d  by rep lacement  of byL

( 2 . 1 6 ) .  S e p a r a t i n g  i n t o  r e a l  and imaginary  p a r t s ,  we f i n d  ( r e f .  2.26): 

= 

L = 

(2.74) 

Then h e  l o s s  i s  d e f i n e d  by 

E v a l u a t i o n  of  t h i s  loss t a n g e n t  f o r  shows t h a t  i t  i s  about  0.90 
o f  t h e  m a t r i x  l o s s  t a n g e n t ,  w h i l e  f o r  i t  about  0.50-0.60 
of  t h e  m a t r i x  loss  t a n g e n t .  T h i s  i m p l i e s  t h a t  t h e  v i s c o e l a s t i c  e f f e c t  
l o n g i t u d i n a l  s h e a r  of  t h e  o r d e r  of  t h a t  o f  t h e  m a t r i x ,  and t h u s  i s  s i g n i f i c a n t .  

An i l l u m i n a t i n g  c a s e  is  t h e  t r a n s v e r s e  v i b r a t i o n  of a beam which i s  made of  a 
UDC w i t h  f i b e r s  i n  t h e  beam a x i s  d i r e c t i o n .  The bend ing  s t r e s s e s  a r e  i n  t h e  
d i r e c t i o n  and, t h e r e f o r e ,  do not produce n o t i c e a b l e  v i s c o e l a s t i c  e f f e c t .  However, 
t h e  s h e a r  stresses from beam t h e o r y  a r e  l o n g i t u d i n a l  and,  t h e r e f o r e ,  produce 
s i g n i f i c a n t  v i b r a t i o n  damping. 

L o n g i t u d i n a l  s h e a r  is  a l s o  produced i n  t o r s i o n a l  v i b r a t i o n s  o f  an a x i a l l y  
r e i n f o r c e d  c y l i n d e r .  F i g u r e  shows a p l o t  of  t h e  ampl i tude  of  a n g l e  o f  t w i s t  
v e r s u s  f requency  o f  f o r c i n g  t o r q u e  f o r  such  a c y l i n d e r  made o f  I n  t h e  
c a s e  o f  assumed e l a s t i c  b e h a v i o r ,  t h e r e  a r e  resonances  a t  c r i t i c a l  f r e q u e n c i e s  as 
shown. I f  m a t r i x  v i s c o e l a s t i c i t y  t a k e n  i n t o  account  complex l o n g i t u d i-
n a l  s h e a r  modulus,  t h e r e  a r e  f i n i t e  r esonance  peaks  which q u i c k l y  damped o u t .  

Another  c a s e  of  e n g i n e e r i n g  i n t e r e s t  i s  damping due t o  t r a n s v e r s e  o s c i l l a t o r y  
s t r e s s  as e x p r e s s e d  by complex modulus E*. The r e s u l t s  f o r  t h i s  c a s e ,  however,  a r eTc o m p l i c a t e d .  i n t e r e s t e d  r e a d e r  i s  r e f e r r e d  t o  r e f e r e n c e  2.2. 

A l l  polymer ic  m a t r i x  v i s c o e l a s t i c  p r o p e r t i e s  such as  c r e e p  and r e l a x a t i o n  
f u n c t i o n s  and complex modul i  a r e  s i g n i f i c a n t l y  t e m p e r a t u r e  d e p e n d e n t .  I f  t h i s  
t e m p e r a t u r e  dependence i s  known, a l l  o f  t h e  r e s u l t s  g i v e n  i n  t h i s  s e c t i o n  c a n  be  
o b t a i n e d  f o r  t h e  t e m p e r a t u r e  of  i n t e r e s t  by i n t r o d u c i n g  i n t o  t h e  r e s u l t s  m a t r i x  
p r o p e r t i e s  a t  t h a t  t e m p e r a t u r e .  

A t  e l e v a t e d  t empera tues  t h e  v i s c o e l a s t i c  b e h a v i o r  o f  t h e  po lymer ic  m a t r i x  may 
become n o n l i n e a r .  I n  t h i s  even t ,  t h e  UDC w i l l  a l s o  be n o n l i n e a r l y  v i s c o e l a s t i c  and 
a l l  o f  t h e  r e s u l t s  g i v e n  are n o t  v a l i d .  The problem o f  a n a l y t i c a l  of  
n o n l i n e a r  p r o p e r t i e s  i s ,  o f  c o u r s e ,  much more d i f f i c u l t  t h a n  t h e  l i n e a r  problem. 
Some r e s u l t s  have been o b t a i n e d  i n  r e f e r e n c e  2.25. 
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2 . 2 . 4  Conduct ion and M o i s t u r e  D i f f u s i o n .  We s h a l l  d i s c u s s  h e r e  t h e  s u b j e c t  
o f  t h e  c o n d u c t i v i t y  o f  a UDC. T h i s  i m p l i e s  b o t h  the rmal  and e l e c t r i c a l  conduc-
t i v i t y .  S i n c e  a l l  o f  t h e  c o n d u c t i v i t y  problems a r e  governed by s i m i l a r  e q u a t i o n s ,  
t h e  r e s u l t s  o b t a i n e d  a l s o  a p p l y  t o  t h e  c a s e s  of d i e l e c t r i c  and magne t ic  p r o p e r t i e s  
and t o  s t e a d y- s t a t e  m o i s t u r e  d i f f u s i o n .  The v a r i o u s  e q u i v a l e n t  p h y s i c a l  q u a n t i t i e s  
i n  t h e s e  d i f f e r e n t  a r e a s  a r e  l i s t e d  i n  t a b l e  2.10. The w i l l  be  g i v e n  i n  
t h e  language of  the rmal  c o n d u c t i v i t y .  

L e t  be  a s t e a d y- s t a t e  t e m p e r a t u r e  f i e l d  i n  a homogeneous body. The 
t r a t  ad ent i s  g n by 

( 2 . 76 )  

and t h e  h e a t  f l u x  v e c t o r  by 

where  t h e  c o n d u c t i v i t y  t e n s o r .  The i n v e r s e  of  

where i s  t h e  r e s i s t i v i t y  t e n s o r .  I n  an i s o t r o p i c  m a t e r i a l  

= 

= 

F o r  a t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l ,  ca rbon  and g r a p h i t e  f i b e r s  w i t h  
t h e  a x i s  o f  t r a n s v e r s e  i s o t r o p y  ( f i b e r  a x i s )  

(2.80) 
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l o n g i t u d i n a l  c o n d u c t i v i t y  and t r a n s v e r s e  c o n d u c t i v i t y .  

A s i m p l e  common example h e a t  c o n d u c t i o n  th rough  a s l a b ,  f i g u r e  2 . 2 3 ,  whose 
a r e  main ta ined  a t  d i f f e r e n t  t e m p e r a t u r e s  T and Then 

AT 
h 

t h e  conduct  c o e f f i c i e n t  normal t o  t h e  f a c e s  o f  t h e  s l a b .  

T 

FIGURE 2.23. ONE-DIMENSIONAL HEAT CONDUCTION THROUGH A SLAB 

S i n c e  a UDC s t a t i s t i c a l l y  t r a n s v e r s e l y  i s o t r o p i c ,  h a s  two d i f f e r e n t  
e f f e c t i v e  c o n d u c t i v i t i e s ,  t h e  f i b e r  d i r e c t i o n  and t r a n s v e r s e  t o  t h eTf i b e r s .  The e f f e c t i v e  r e l a t i o n s  a r e  ana logous  t o  (2 .80  
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where o v e r b a r s  d e n o t e  averages  o v e r  t h e  r e p r e s e n t a t i v e  volume e lement  

I t  may b e  e a s i l y  shown ( r e f .  2 . 2 )  t h a t  f o r  i s o t r o p i c  m a t r i x  and f i b e r s  t h e  
a x i a l  c o n d u c t i v i t y  g i v e n  b y  L 

= + 

and f o r  t r a n s v e r s e l y  i s o t r o p i c  f i b e r s  

= + (2 .83)  

where t h e  l o n g i t u d i n a l  c o n d u c t i v i t y  o f  t h e  f i b e r s .  The r e s u l t s  (2.82-83) 
a r e  v a l i d  f o r  any f i b e r  d i s t r i b u t i o n  and any f i b e r  c r o s s- s e c t i o n s .  

The problem of t r a n s v e r s e  c o n d u c t i v i t y  i s  m a t h e m a t i c a l l y  ana logous  t o  t h e  
problem o f  l o n g i t u d i n a l  s h e a r i n g ,  r e f e r e n c e  2 . 2 .  I t  f o l l o w s  t h a t  a l l  r e s u l t s  f o r  
t h e  e f f e c t i v e  l o n g i t u d i n a l  s h e a r  modulus c a n  be i n t e r p r e t e d  a s  r e s u l t s  f o r  
t r a n s v e r s e  e f f e c t i v e  c o n d u c t i v i t y  T I n  Lp a r t i c u l a r ,  f o r  t h e  compos i t e  c y l i n d e r  
assemblage model 

V f+ 
m 

These r e s -u l t s  a r e  f o r  i s o t r o p i c  f i b e r s .  For c a r b o n  and g r a p h i t e  f i b e r s  
shou ld  be r e p l a c e d  by t h e  t r a n s v e r s e  c o n d u c t i v i t y  o f  t h e  f i b e r s ,  r e f e r e n c e  2.9.  

As t h e  e l a s t i c  c a s e ,  t h e r e  i s  r e a s o n  t o  b e l i e v e  t h a t  r e p r e s e n t  w i t h  
g r e a t  a c c u r a c y  a l l  c a s e s  of  c i r c u l a r  f i b e r s  which a r e  randomly d i s t r i b u t e d  and are 
not  i n  c o n t a c t .  The r e a s o n s  is a g a i n  t h e  numer ica l  c o i n c i d e n c e  o f  hexagona l  a r r a y  
numer ica l  a n a l y s i s  r e s u l t s  w i t h  t h e  number p r e d i c t e d  by 

To i n t e r p r e t  t h e  r e s u l t s  f o r  t h e  c a s e  of  m o i s t u r e  d i f f u s i o n  t h e  q u a n t i t y  i s  
i n t e r p r e t e d  a s  t h e  d i f f u s i v i t y  o f  t h e  m a t r i x .  S i n c e  m o i s t u r e  a b s o r p t i o n  o f  f i b e r s  
is n e g l i g i b l e  i s  s e t  t o  z e r o .  The r e s u l t s  a r e  t h e n  
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which l e a d s  t o  t h e  i n t e r e s t i n g  r e l a t i o n  

= L T  (2 .86)  

2.3  FIBER COMPOSITES: STRENGTH AND FAILURE. 

made i n  
The E p i s t l e  o f  P a u l  t h e  A p o s t l e  

t o  t h e  G l a t  i a n s  

The ma thema t i ca l  t r e a t m e n t  o f  t h e  r e l a t i o n s h i p s  between t h e  s t r e n g t h  of  a 
compos i te  and t h e  p r o p e r t i e s  o f  i t s  c o n s t i t u e n t s  is  c o n s i d e r a b l y  less deve loped  
t h a n  t h e  a n a l y s e s  f o r  t h e  o t h e r  p h y s i c a l  p r o p e r t y  r e l a t i o n s h i p s  d i s c u s s e d  t h e  
p r e v i o u s  s e c t i o n s  of t h i s  c h a p t e r .  One o f  t h e  r e a s o n s  f o r  t h i s  is  t h a t  f a i l u r e  
l i k e l y  t o  i n i t i a t e  i n  a l o c a l  r e g i o n  due t o  t h e  i n f l u e n c e  of  t h e  l o c a l  v a l u e s  of 
c o n s t i t u e n t  p r o p e r t i e s  and geometry t h a t  r e g i o n .  Thus, t h e  h i g h  d e g r e e  o f  
v a r i a b i l i t y  of l o c a l  geometry r e l a t i v e  l o c a t i o n s  o f  a d j a c e n t  f i b e r s )  and t h e  
h i g h  d e g r e e  of  v a r i a b i l i t y  o f  t h e  l o c a l  s t r e n g t h  o f  t h e  f i b e r s  b o t h  c o n t r i b u t e  to  
t h e  o n s e t  o f  i n i t i a l  l o c a l i z e d  damage w i t h i n  t h e  compos i te .  T h i s  dependence upon 
l o c a l  c h a r a c t e r i s t i c s  makes t h e  a n a l y s i s  o f  t h e  compos i te  f a i l u r e  mechanisms much 
more complex t h a n  t h e  a n a l y s e s  of t h e  p h y s i c a l  p r o p e r t i e s  d i s c u s s e d  e a r l i e r .  

The s t r e n g t h  o f  a f i b e r  compos i te  c l e a r l y  depends  upon t h e  o r i e n t a t i o n  of  t h e  
a p p l i e d  load  w i t h  r e s p e c t  t o  t h e  d i r e c t i o n  i n  which t h e  f i b e r s  a r e  o r i e n t e d  
a s  w e l l  as upon whether  t h e  a p p l i e d  load  i s  t e n s i l e  o r  compres s ive .  The f o l l o w i n g  
s e c t i o n s  p r e s e n t  a d i s c u s s i o n  o f  f a i l u r e  mechanisms and c o m p o s i t e - c o n s t i t u t e n t  
p r o p e r t y  r e l a t i o n s h i p s  f o r  each of t h e  p r i n c i p a l  l o a d i n g  c o n d i t i o n s .  

2 .3 .1  Axial T e n s i l e  S t r e n g t h .  

One o f  t h e  most a t t r a c t i v e  p r o p e r t i e s  o f  advanced f i b e r  compos i tes  is t h e i r  h i g h  
t e n s i l e  s t r e n g t h .  The s i m p l e s t  model f o r  t h e  t e n s i l e  f a i l u r e  of  a u n i d i r e c t i o n a l  
f i b e r  compos i te  s u b j e c t e d  t o  a t e n s i l e  l oad  i n  t h e  f i b e r  d i r e c t i o n  i s  based upon 
t h e  e l a s t i c i t y  s o l u t i o n  of  un i form a x i a l  s t r a i n  th roughout  t h e  compos i te .  
G e n e r a l l y ,  t h e  f i b e r s  have  a lower s t r a i n  t o  f a i l u r e  t h a n  t h e  m a t r i x ,  and compos i te  
f r a c t u r e  o c c u r s  a t  t h e  f a i l u r e  s t r a i n  o f  t h e  f i b e r s  a l o n e .  T h i s  r e s u l t s  i n  a 
compos i te  t e n s i l e  s t r e n g t h ,  g i v e n  by: 

= + v u  m m  

2-70 



dimension. 

where - t h e  f i b e r  t e n s i l e  s t r e n g t h ;- t h e  stress i n  t h e  m a t r i x  a t  a s t r a i n  e q u a l  t o  
t h e  f i b e r  f a i l u r e  s t r a i n ,  

The problem w i t h  t h i s  approach  t h e  v a r i a b i l i t y  o f  f i b e r  s t r e n g t h .  Non- uniform 
s t r e n g t h  i s  c h a r a c t e r i s t i c  of  most c u r r e n t  h i g h  s t r e n g t h  f i l a m e n t s .  T h i s  i s  i l l u s -
t r a t e d  i n  f i g u r e  2 . 2 4 ,  which shows s t r e n g t h  d i s t r i b u t i o n s  f o r  s i n g l e  f i l a m e n t s  o f  
two d i f f e r e n t  t y p e s  o f  g l a s s  f i b e r s .  T h i s  s t a t i s t i c a l  d i s t r i b u t i o n  o f  
s i n g l e  f i l a m e n t  s t r e n g t h  is  g e n e r a l l y  c o n s i d e r e d  t o  r e su l t  from a d i s t r i b u t i o n  o f  
i m p e r f e c t i o n s  a l o n g  t h e  l e n g t h  o f  t h e s e  b r i t t l e  f i b e r s .  T h e r e  are two i m p o r t a n t  
consequences  o f  a wide d i s t r i b u t i o n  o f  i n d i v i d u a l  f i b e r  s t r e n g t h s .  ( N o t e  t h a t  t h e  
word " f i b e r "  is used  t o  d e n o t e  a s i n g l e  f i l a m e n t ,  g e n e r a l l y  on  t h e  o r d e r  o f  10 
mic rons  i n  a d i a m e t e r ) .  F i r s t ,  a l l  f i b e r s  w i l l  n o t  be  s t r e s s e d  t o  t h e i r  maximum 
v a l u e  a t  t h e  same t i m e .  Thus ,  t h e  s t r e n g t h  o f  a g r o u p  of  f i b e r s  w i l l  n o t  e q u a l  t h e  
sum o f  t h e  s t r e n g t h s  o f  t h e  i n d i v i d u a l  f i b e r s ;  no r  w i l l  i t  e q u a l  t h e  mean s t r e n g t h  
of  t h e s e  f i b e r s .  The second  i m p o r t a n t  f a c t o r  i s  t h a t  t h o s e  f i b e r s  which b r e a k  
e a r l i e s t  d u r i n g  t h e  l o a d i n g  p r o c e s s  w i l l  c a u s e  p e r t u r b a t i o n s  of  t h e  stress f i e l d  i n  
t h e  v i c i n i t y  o f  t h e  b r e a k ,  r e s u l t i n g  i n  l o c a l i z e d  h i g h  f i b e r - m a t r i x  i n t e r f a c e  s h e a r  
stresses.  These  s h e a r  stresses t r a n s f e r  t h e  load  a c r o s s  t h e  i n t e r f a c e  and also 
i n t r o d u c e  stress c o n c e n t r a t i o n s  i n t o  a d j a c e n t  unbroken  f i b e r s .  

A t  e ach  l o c a l  f i b e r  b r e a k ,  t h e  s tress i n  t h e  v i c i n i t y  o f  t h e  b r o k e n  f i b e r  changes  
so t h a t  t h e  a x i a l  stress i n  t h e  f i b e r  v a n i s h e s  a t  t h e  f i b e r  b r e a k  and g r a d u a l l y  
b u i l d s  back  up a l o n g  t h e  f i b e r  l e n g t h  t o  i t s  u n d i s t u r b e d  s t ress  v a l u e .  The g e n e r a l  
form of  t h e  l o c a l  s t ress  p a t t e r n  i n  t h e  f i b e r  shown s c h e m a t i c a l l y  i n  f i g u r e  
2 . 2 5 .  Here i t  is s e e n  t h a t  t h e  i n t e r f a c i a l  s t r e s s  a maximum c l o s e  t o  t h e  f i b e r  
b r e a k  and decays  r a p i d l y  a l o n g  t h e  l e n g t h  o f  t h e  f i b e r .  As a r e su l t ,  t h e  a x i a l  
f i b e r  s t r e s s  b u i l d s  up t o  i t s  i n i t i a l  u n d i s t u r b e d  v a l u e  o v e r  a r e l a t i v e l y  s h o r t  

T h i s  stress d i s t r i b u t i o n  may c a u s e  s e v e r a l  p o s s i b l e  f a i l u r e  e v e n t s  t o  o c c u r .  The 
s h e a r  stresses may c a u s e  a c r a c k  t o  p r o g r e s s  a l o n g  t h e  i n t e r f a c e .  I f  t h e  i n t e r f a c e  
i s  weak, such  p r o p a g a t i o n  c a n  be e x t e n s i v e ;  i n  t h i s  c a s e ,  t h e  s t r e n g t h  of  t h e  
c o m p o s i t e  material  may d i f f e r  o n l y  s l i g h t l y  from t h a t  of  a b u n d l e  of  unbonded 
f i b e r s .  T h i s  u n d e s i r a b l e  mode o f  f a i l u r e  c a n  be p r e v e n t e d  by t h e  a t t a i n m e n t  of  a 
s t r o n g  f i b e r - m a t r i x  i n t e r f a c e  or by t h e  u s e  of a s o f t  d u c t i l e  m a t r i x  which p e r m i t s  
t h e  r e d i s t r i b u t i o n  o f  t h e  h i g h  s h e a r  s t r e s s e s .  When t h e  bond s t r e n g t h  i s  h i g h  
enough t o  p r e v e n t  i n t e r f a c e  f a i l u r e ,  t h e  l o c a l  s t ress  c o n c e n t r a t i o n s  may c a u s e  t h e  
f i b e r  b r e a k  t o  p r o p a g a t e  t h r o u g h  t h e  ma t r ix ,  t o  and t h r o u g h  a d j a c e n t  f i b e r s .  
A l t e r n a t i v e l y ,  t h e  stress c o n c e n t r a t i o n  i n  a d j a c e n t  f i b e r s  may c a u s e  one  or  more 
o f  such  f i b e r s  t o  b r e a k  p r i o r  t o  t h e  o c c u r r e n c e  of  f a i l u r e  o f  t h e  i n t e r m e d i a t e  
m a t r i x .  I f  such  a c r a c k  or such  f i b e r  b r e a k s  c o n t i n u e  t o  p r o p a g a t e ,  t h e  s t r e n g t h  
o f  t h e  compos i t e  may b e  no g r e a t e r  t h a n  t h a t  of  t h e  weakes t  f i b e r .  T h i s  f a i l u r e  
mode is d e f i n e d  a s  a weakes t  l i n k  f a i l u r e  ( s e e  s e c t i o n  2 . 3 . 1 . 2 ) .  I f  t h e  m a t r i x  and 
i n t e r f a c e  p r o p e r t i e s  are o f  s u f f i c i e n t  s t r e n g t h  and t o u g h n e s s  t o  p r e v e n t  o r  a r r e s t  
t h e s e  f a i l u r e  mechanisms,  t h e n  c o n t i n u e d  load  i n c r e a s e s  w i l l  p roduce  new f i b e r  
f a i l u r e s  a t  o t h e r  l o c a t i o n s  i n  t h e  m a t e r i a l ,  r e s u l t i n g  i n  an a c c u m u l a t i o n  
d i s p e r s e d  i n t e r n a l  damage a s  t h e  l o a d i n g  c o n t i n u e s .  

I t  c a n  be e x p e c t e d  t h a t  a l l  o f  t h e s e  e f f e c t s  w i l l  o c c u r  p r i o r  t o  m a t e r i a l  f a i l u r e .  
Tha t  i s ,  l o c a l  f r a c t u r e s  w i l l  p r o p a g a t e  f o r  some d i s t a n c e s  a l o n g  t h e  f i b e r s  and 
normal  t o  t h e  f i b e r s .  These  f r a c t u r e s  w i l l  i n i t i a t e  and grow a t  v a r i o u s  p o i n t s  
w i t h i n  t h e  compos i t e .  I n c r e a s i n g  t h e  l o a d  w i l l  p roduce  a s t a t i s t i c a l  a c c u m u l a t i o n  
o f  d i s p e r s e d  damage r e g i o n s  u n t i l  a s u f f i c i e n t  number of  such  r e g i o n s  i n t e r a c t  t o  
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I 
prov ide  a weak s u r f a c e ,  r e s u l t i n g  compos i te  t e n s i l e  f a i l u r e .  Expe r imen ta l  
o b r e r v a t i o n s  of  d i s p e r s e d  f i b e r  f r a c t u r e s  a t  r e l a t i v e l y  low l o a d s  and o f  i r r e g u l a r  
f a i l u r e  s u r f a c e s  showing combina t i ons  of  c l u s t e r s  of  b roken  f i b e r s  and a x i a l  s h e a r  
failure p l a n e s  s u g g e s t  t h a t  t h i s  complex f a i l u r e  mechanism r e p r e s e n t s  t h e  p r a c t i c a l  
c a r e  i n  most ,  i f  no t  a l l ,  compos i tes  o f  i n t e r e s t .  

Contemporary f i l a m e n t s  e x h i b i t  v e r y  h igh  t e n s i l e  s t r e n g t h s .  The o b j e c t i v e ,  when 
i n c o r p o r a t i n g  t h e s e  f i l a m e n t s  i n t o  a compos i te  m a t e r i a l ,  i s  t o  e n s u r e  t h a t  t h i s  
high s t r e n g t h  c a n  be u t i l i z e d .  The d e g r e e  t o  which t h i s  c a n  be done is  dependent  
upon  m a t r i x  c h a r a c t e r i s t i c s ,  which may v a r y  w i th  t h e  s e r v i c e  and env i ronmen ta l  

o f  t h e  compos i te  m a t e r i a l .  Fur thermore ,  new materials are c o n s t a n t l y  under  
development t o  improve compos i te  r e s i s t a n c e  t o  t e m p e r a t u r e ,  impac t ,  e t c .  Also ,  
m a t r i x  m a t e r i a l s  a r e  b e i n g  deve loped  t o  a c h i e v e  lower c o s t  manufac tu r i ng  p r o c e s s e s .  
An u n d e r s t a n d i n g  of  t h e  i n f l u e n c e  of  t h e s e  changes upon compos i te  t e n s i l e  s t r e n g t h  
appears t o  be  e s s e n t i a l .  

2 . 3 . 1 . 1  F i b e r  S t r e n g t h .  

F i b e r  t e n s i l e  s t r e n g t h  is g e n e r a l l y  r e p o r t e d  a s  t h e  average  s t r e n g t h  o f  a g roup  of  
of a p a r t i c u l a r  t y p e .  I n  a c t u a l i t y ,  t h e  s t r e n g t h  r a r e l y  o b t a i n e d  by 

t e s t i n g  s i n g l e  f i l a m e n t s  and o b t a i n i n g  a numer ica l  average  o f  t h e i r  s t r e n g t h  
v a l u e s .  G e n e r a l l y ,  a bund le  of y a r n  of such f i b e r s  i s  impregnated w i t h  a polymer 
and loaded t o  f a i l u r e .  The average  f i b e r  s t r e n g t h  t hen  d e f i n e d  by t h e  maximum 
load d i v i d e d  by t h e  c r o s s- s e c t i o n a l  a r e a  o f  t h e  f i b e r s  a l o n e .  I t  impor t an t  t o  
r ecogn ize  t h e  d i f f e r e n c e  between t h e s e  two t e c h n i q u e s  f o r  measur ing  f i b e r  s t r e n g t h .  
A t  c o n s t a n t  gage l e n g t h ,  t h e  s t r e n g t h  of s i n g l e  f i l a m e n t s  w i l l  e x h i b i t  a c e r t a i n  
amount of d i s p e r s i o n  due t o  f i b e r  i m p e r f e c t i o n s .  The p r o b a b i l i t y  o f  f i n d i n g  an 
i m p e r f e c t i o n  o f  g i v e n  s e v e r i t y  i n c r e a s e s  w i t h  gage  l e n g t h ;  hence ,  t h e  ave rage  
s t r e n g t h  of  t h e  f i b e r  can  be  expec t ed  t o ,  and indeed does ,  d e c r e a s e  w i t h  i n c r e a s i n g  
gage  l e n g t h .  An example o f  t h i s  e f f e c t  shown by t h e  d a t a  o f  f i g u r e  2.26.  The 
q u e s t i o n  of  which v a l u e  of f i b e r  s t r e n g t h  i n f l u e n c e s  compos i te  s t r e n g t h  can  be  
r e s o l v e d  o n l y  by d e t e r m i n i n g  t h e  f a i l u r e  mechanism. I t  w i l l  be shown t h a t  a 
c h a r a c t e r i s t i c  l e n g t h  of  t h e  f i b e r  which i s  e f f e c t i v e  w i t h i n  t h e  compos i te  can  be 
d e f i n e d .  

I t  should  be emphasized t h a t  d e s p i t e  t h e  f a c t o r s  d i s c u s s e d  above,  t h e  p r e v a l e n t  
t e chn ique  € o r  d e f i n i n g  f i b e r  s t r e n g t h  i n  t h e  i n d u s t r y  t oday  i s  t o  t e s t  a s t r a n d  of 
f i b e r s  impregnated w i th  a low q u a l i t y  m a t r i x  m a t e r i a l  and t o  u t i l i z e  t h e  f a i l u r e  
l oad  t o  d e f i n e  average  s t r e n g t h  ( s e e  r e f .  
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It has been found that a Weibull distribution provides a good fit to experimental 
data of the type shown in figure 2.26. The cumulative distribution function for 
this case can be expressed in the form: 

1 - B 

and the Weibull strength distribution function then 

where: a ,  - two parameters to be fit to the experimental fiber tensile 
strength data 

L - the fiber length 

For  the Weibull distribution of equation the mean strength, can 
be found to be: 

where is the standard gamma function. 
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The s t a n d a r d  d e v i a t i o n ,  s, is :  

Thus, t h e  c o e f f i c i e n t  of va f o r  t h i s  d i s t r i b u t i o n  i s  g i v e n  by :  

I t  now p o s s i b l e  t o  a s s i g n  some p h y s i c a l  s i g n i f i c a n c e  t o  t h e  pa rame te r s  of t h e  
d i s t r i b u t i o n  f u n c t i o n  of e q u a t i o n  F i r s t  o f  a l l ,  i t  i s  s een  t h a t  t h e  
c o e f f i c i e n t  o f  v a r i a t i o n  a f u n c t i o n  o n l y  of t h e  parameter  Indeed ,  c an  be 
shown t h a t  e q u a t i o n  (2 .91 )  i s  approximated t o  w i t h i n  f o r  0.05 0 .50 ,  

- 0 .92  (2 .92 )  

Thus e s s e n t i a l l y  an i n v e r s e  measure  of t h e  c o e f f i c i e n t  o f  v a r i a t i o n ,  and f o r  
p r a c t i c a l  f i b e r s :  

1 (2 .93 )  

Also ,  s i n c e  f o r  1 ,  t h e  f u n c t i o n  i s  c l o s e  t o  u n i t y ,  i t  can  be s e e n  t h a t  
f o r  a u n i t  l e n g t h :  

a ( 2 . 9 4 )  

Thus t h e  q u a n t i t y  may be  viewed as a r e f e r e n c e  s t r e s s  l e v e l .  ’With t h e s e  
d e f i n i t i o n s ,  e q u a t i o n  may be  p l o t t e d  i n  t h e  form shown f i g u r e  2 . 2 7 ,  Here, 
t h e  t e n s i l e  s t r e n g t h  of s i n g l e  f i b e r s  of  l e n g t h  L i s  shown as  a f u n c t i o n  of some 
normal ized  f i b e r  l e n g t h  f o r  d i f f e r e n t  v a l u e s  of  8 . The upper  c u r v e ,  where i s  
i n f i n i t y ,  a p p l i e s  t o  a se t  o f  f i b e r s  hav ing  i d e n t i c a l  s t r e n g t h  For t h i s  
c a s e ,  t h e r e  no l e n g t h  dependence.  For of 1 0 ,  which i s  approximate ly  a 12% 
c o e f f i c i e n t  of  v a r i a t i o n ,  an o r d e r  of  magni tude change i n  t h e  f i b e r  l e n g t h  produces 
about  a 20X d rop  i t s  average  s t r e n g t h ,  and f o r  of  4 ,  an o r d e r  o f  magni tude  
change i n  l e n g t h  produces almost  a 50% drop  i n  s t r e n g t h .  

2.3.1.2 Weakest L ink  F a i l u r e .  

When a u n i d i r e c t i o n a l  compos i te  loaded a x i a l  t e n s i o n ,  s c a t t e r e d  f i b e r  b r e a k s  
occu r  t h rough  t h e  m a t e r i a l  a t  v a r i o u s  s t r e s s  l e v e l s .  I t  is p o s s i b l e  t h a t  one of 
t h e s e  f i b e r  b r eaks  may t r i g g e r  a s t ress  wave or i n i t i a t e  a c r a c k  i n  t h e  m a t r i x  
r e s u l t i n g  i n  l o c a l i z e d  stress c o n c e n t r a t i o n s  which c a u s e  t h e  f r a c t u r e  of one o r  
more a d j a c e n t  f i b e r s .  I n  t u r n ,  t h e  f a i l u r e  of  t h e s e  f i b e r s  may r e s u l t  i n  a d d i t i o n a l  
stress waves or m a t r i x  c r a c k s ,  l e a d i n g  t o  o v e r a l l  f a i l u r e .  Th i s  produces a 
c a t a s t r o p h i c  mode of f a i l u r e  a s s o c i a t e d  w i t h  t h e  occu r r ence  of  one ,  o r  a sma l l  
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o f ,  i s o l a t e d  f i b e r  b r e a k s .  T h i s  r e f e r r e d  t o  a s  t h e  ' 'weakest l i n k"  mode 
o f  f a i l u r e .  The lowes t  s t ress  a t  which t h i s  t ype  of  f a i l u r e  c a n  occur  is t h e  
s t r e s s  a t  which t h e  f i r s t  f i b e r  w i l l  b r eak .  The e x p r e s s i o n s  f o r  t h e  expec t ed  v a l u e  
of t h e  weakest  e lement  a s t a t i s t i c a l  p o p u l a t i o n  ( s e e ,  r e f .  2 .28)  have been 
a p p l i e d  by Zweben 2.29)  t o  d e t e r m i n e  t h e  expec t ed  s t r e s s  a t  which t h e  f i r s t  
f i b e r  w i l l  b reak .  Assuming t h a t  t h e  f i b e r  s t r e n g t h  is  c h a r a c t e r i z e d  by a Weibul l  
d i s t r i b u t i o n ,  t h e  expec ted  f i r s t  f i b e r  b r eak  w i l l  o ccu r  a t  a s t r e s s  

where N t h e  number o f  f i b e r s  t h e  m a t e r i a l .  Thus,  e q u a t i o n  p r o v i d e s  an 
e s t i m a t e  of  t h e  f a i l u r e  s t ress  a s s o c i a t e d  w i t h  t h e  weakest  l i n k  mode. 

I t  b e  noted t h a t  t h e  o c c u r r e n c e  of t h e  f i r s t  f i b e r  b r e a k  i s  a n e c e s s a r y ,  b u t  
no t  a s u f f i c i e n t ,  c o n d i t i o n  f o r  f a i l u r e .  

I n  g e n e r a l ,  i t  i s  r a r e  t h a t  t h e  o c c u r r e n c e  of a s i n g l e  f i b e r  b r eak  produces  
c a t a s t r o p h i c  f a i l u r e ;  however, i n  v e r y  s m a l l  samples c o n t a i n i n g  f i b e r s  hav ing  a 
v e r y  narrow d i s p e r s i o n  of  s t r e n g t h ,  t h i s  a p o s s i b l e  f a i l u r e  mechanism. For 
p r a c t i c a l  m a t e r i a l s  r e a l i s t i c  s t r u c t u r e ,  t h e  c a l c u l a t e d  weakes t  l i n k  f a i l u r e  
s t r e s s  is  q u i t e  s m a l l  and ,  i n  g e n e r a l ,  f a i l u r e  canno t  be  expec t ed  t o  occu r  i n  t h i s  

2 .3 .1 .3  Cumulat ive Weakening F a i l u r e .  

If t h e  weakest  l i n k  f a i l u r e  mode does  no t  o c c u r ,  p o s s i b l e  t o  c o n t i n u e  
l o a d i n g  t h e  composi te  and, w i t h  i n c r e a s i n g  s t r e s s ,  f i b e r s  w i l l  c o n t i n u e  t o  b r e a k  
randomly throughout  t h e  m a t e r i a l .  When a f i b e r  b r e a k s ,  t h e r e  a r e d i s t r i b u t i o n  
o f  s t r e s s  t h e  v i c i n i t y  o f  t h e  f r a c t u r e  s i t e  ( f i g u r e  2 . 2 5 ) .  T h i s  s t ress  p e r t u r-
b a t i o n  is t h e  o r i g i n  of  impor t an t  mechanisms involved  i n  composi te  f a i l u r e .  When a 
f i b e r  break  o c c u r s ,  t h e  broken  s u r f a c e s  d i s p l a c e  a x i a l l y ,  i nduc ing  stresses i n  t h e  
m a t r i x  and l a r g e  s h e a r  s t r e s ses  a t  t h e  f i b e r- m a t r i x  i n t e r f a c e .  The i n t e r f a c e  s h e a r  
s t r e s s  a c t i n g  on t h e  broken  f i b e r  l o c a l i z e s  t h e  a x i a l  f i b e r  d imens ion  o v e r  which 
t h e  s t r e s s  i n  t h e  broken  f i b e r  i s  g r e a t l y  reduced .  Were i t  n o t  f o r  some form of  
i n t e r f a c i a l  s h e a r  s t r e s s ,  a broken  f i b e r  would be unab le  t o  c a r r y  any load  and t h e  
composi te  would be ,  i n  e f f e c t ,  a bund le  of  s e p a r a t e  f i b e r s  from t h e  s t a n d p o i n t  of  
r e s i s t i n g  a x i a l  t e n s i l e  l o a d i n g .  

An f u n c t i o n  of t h e  m a t r i x  i s  t o  l o c a l i z e  t h e  r e d u c t i o n  of  f i b e r  s t ress  
when a f i b e r  b r eaks .  The a x i a l  d imens ion  ove r  which t h e  a x i a l  f i b e r  s t ress  i s  
s i g n i f i c a n t l y  reduced r e f e r r e d  t o  a s  t h e  i n e f f e c t i v e  l e n g t h ,  I t  a 
s i g n i f i c a n t  l e n g t h  parameter  i nvo lved  i n  t h e  f a i l u r e  o f  f i b e r  composi te  m a t e r i a l s .  
The magnitude of  depends on  t h e  s t ress  d i s t r i b u t i o n  i n  t h e  r e g i o n  of  t h e  f i b e r  
b r e a k .  T h i s  d i s t r i b u t i o n  is  q u i t e  complex and i n f l u e n c e d  by f i b e r  and matr ix  
e l a s t i c  p r o p e r t i e s  a s  w e l l  a s  by any i n e l a s t i c  phenomena, such  a s  debonding ,  m a t r i x  
f r a c t u r e  o r  y i e l d ,  e t c . ,  t h a t  may o c c u r .  Also ,  t h e  d e f i n i t i o n  of  6 somewhat 
a r b i t r a r y ,  s i n c e  t h e  s t ress  t h e  broken f i b e r  a c o n t i n u o u s l y  v a r y i n g  q u a n t i t y  
t h a t  asyinptot approaches  t h e  average  s t r e s s  unbroken f i b e r s .  

The concept  of  r e p r e s e n t i n g  t h i s  v a r i a b l e  s t r e s s  f i e l d  and a compos i t e  
m a t e r i a l  having.  d i s t r i b u t e d  f r a c t u r e s  by an assemblage o f  e l emen t s  of  l e n g t h  
6 was in t roduced  by Rosen ( r e f e r e n c e  I n  t h i s  model ,  as shown f i g u r e  
2 .28 ,  t h e  composi te  may be  c o n s i d e r e d  t o  be a of  l ayers  o f  d imens ion  e q u a l  t o  

i n e f f e c t i v e  l e n g t h .  Any f i b e r  which f r a c t u r e s  w i t h i n  t h i s  l a y e r  w i l l  be unab le  
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t r a n s m i t  a load  a c r o s s  t h e  l a y e r .  The a p p l i e d  load a t  t h a t  c r o s s - s e c t i o n  is  
assumed t o  be  d i s t r i b u t e d  among t h e  unbroken f i b e r s  i n  each  l a y e r ,  (The 

load c o n c e n t r a t i o n s ,  which would i n t r o d u c e  a non- uniform r e d i s t r i b u t i o n  
t h e s e  l o a d s ,  a r e  n o t  c o n s i d e r e d  i n i t i a l l y . )  A segment o f  a f i b e r  w i t h i n  one o f  

l a y e r s  may be c o n s i d e r e d  a s  a l i n k  i n  t h e  c h a i n  which c o n s t i t u t e s  an 
Each l a y e r  o f  t h e  compos i t e  i s  t h e n  a b u n d l e  o f  such  l i n k s ,  and t h e  

i t s e l f  i s  a se r i es  o f  such  b u n d l e s ,  a s  shown i n  f i g u r e  2 . 2 8 .  

i n  each b u n d l e  a c t  i n  p a r a l l e l ,  and i t  i s  well known t h a t  t h e  
of  a bund le  of  f i l a m e n t s  whose members a r e  not o f  un i fo rm s t r e n g t h  not 
t h e  mean f i b e r  s t r e n g t h .  Fol lowing t h e  work of Coleman ( r e f .  , one 

t h e  r e s u l t s  shown f i g u r e  2 . 2 9 .  T h i s  shows t h e  v a r i a t i o n  o f  b u n d l e  
( a g a i n  a s t a t i s t i c a l  c h a r a c t e r i z a t i o n ,  s o  t h a t  t h e  b u n d l e  s t r e n g t h  i n  
measured by t h e  mode of  t h e  s t r e n g t h )  normal ized  w i t h  r e s p e c t  t o  t h e  mean 

of  i n d i v i d u a l  f i b e r s  o f  t h e  same l e n g t h  as t h e  b u n d l e s .  T h i s  p l o t t e d  
of  t h e  f i b e r  p o p u l a t i o n ' s  c o e f f i c i e n t  o f  v a r i a t i o n  and i t  i s  s e e n  

t h e  g e n e r a l  r e s u l t  i s  t h a t  t h e  average  s t r e n g t h  o f  t h e  bund le  i s  somewhat l e s s  
t h e  average  s t r e n g t h  o f  t h e  f i b e r s ,  and a d e c r e a s i n g  f u n c t i o n  o f  t h e  

o f  v a r i a t i o n  of  t h e  f i b e r s .  

o f  a f i b e r  a s  a c h a i n  o f  l i n k s  i s  a p p r o p r i a t e  t o  t h e  h y p o t h e s i s  t h a t  
i s  due t o  l o c a l  i m p e r f e c t i o n s .  The l i n k s  may be c o n s i d e r e d  t o  have a 

i s t i c a l  s t r e n g t h  d i s t r i b u t i o n  which i s  e q u i v a l e n t  t o  t h e  s t a t i s t i c a l  f l a w  
d i s t r i b u t i o n  a long  t h e  f i b e r s .  The v a l i d i t y  o f  such  a model f o r  t h e  f i b e r s  
demonstra ted by t h e  l e n g t h  dependence of  f i b e r  s t r e n g t h .  For t h i s  model ,  

t o  d e f i n e :  t h e  l i n k  d i m e n s i o n ,  ; t h e  p r o b a b i l i t y  o f  f a i l u r e  o f  f i b e r  
e lements  o f  t h a t  l e n g t h ;  and t h e n  t h e  s t a t i s t i c a l  s t r e n g t h  d i s t r i b u t i o n  o f  t h e  
assemblage.  T h i s  a n a l y s i s  l e a d s  t o  t h e  " cumula t ive  weakening" mode o f  f a i l u r e .  
The d e f i n i t i o n  of  i n e f f e c t i v e  l e n g t h  i s  d i s c u s s e d  f u r t h e r  below. The d e t e r m i n a t i o n  
of  t h e  l i n k  s t r e n g t h  d i s t r i b u t i o n  t r e a t e d  r e f e r e n c e  2 .30.  When t h e s e  a r e  
known, t h e  r e l a t i o n s h i p  o f  t h e  s t r e n g t h  o f  t h e  assemblage t o  t h e  s t r e n g t h  o f  t h e  
e l e m e n t s ,  or l i n k s ,  c a n  be  t r e a t e d  by t h e  methods o f  r e f e r e n c e  2 . 2 8 .  The r e s u l t  
f o r  f i b e r s  hav ing  a s t r e n g t h  d i s t r i b u t i o n  o f  t h e  form g i v e n  r e f e r e n c e  
2 . 3 0  a s :  

* where i s  t h e  s t a t i s t i c a l  mode o f  t h e  compos i t e  t e n s i l e  s t r e n g t h  based on f i b e r  
a r e a .  

As p o i n t e d  o u t  above,  t h e  c u m u l a t i v e  weakening model r e p r e s e n t s  t h e  v a r y i n g  s t ress  
n e a r  a f i b e r  b r e a k  by a s t e p  f u n c t i o n  i n  s t ress .  The model a l s o  n e g l e c t s  t h e  
p o s s i b i l i t y  o f  f a i l u r e s  i n v o l v i n g  p a r t s  o f  more t h a n  one l a y e r .  More i m p o r t a n t l y ,  
t h e  o v e r s t r e s s  i n  unbroken f i b e r s  a d j a c e n t  t o  t h e  b roken  f i b e r s  h a s  no t  been  
c o n s i d e r e d .  T h i s  s t ress  c o n c e n t r a t i o n  i n c r e a s e s  t h e  p r o b a b i l i t y  o f  f a i l u r e  f o r  
t h e s e  a d j a c e n t  e l e m e n t s ,  and c r e a t e s  t h e  p r o b a b i l i t y  o f  p r o p a g a t i o n  o f  f i b e r  
b r e a k s .  T h i s  combina t ion  o f  v a r i a b l e  f i b e r  s t r e n g t h  and v a r i a b l e  f i b e r  s t r e s s  can  
be  expec ted  t o  l e a d  t o  a growth i n  b o t h  t h e  number o f  damaged r e g i o n s  and i n  t h e  
s i z e  o f  a g i v e n  damaged r e g i o n .  T h i s  r e p r e s e n t e d  s c h e m a t i c a l l y  f i g u r e  2 . 3 0 ,  
where in  t h e  c ross- ha tched  r e g i o n s  a t  t h e  ends  o f  c r a c k s  r e p r e s e n t  t h e  i n e f f e c t i v e  
l e n g t h s  o f  t h e  b roken  g r o u p s .  

* 
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STATISTICAL TENSILE FAILURE 
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FIGURE 2.28 GEOMETRY OF COMPOSITE FOR STATISTICAL TENSILE FAILURE MODEL 
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FIGURE DAMAGE FIBER COMPOSITE 
MATERIAL RESULTING AN APPLIED TENSILE LOAD 
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I n  t h e  s i t u a t i o n  d e s c r i b e d  above,  t h e r e  e x i s t s  t h e  p o s s i b i l i t y  t h a t  one damaged 
group may p r o p a g a t e ,  c a u s i n g  f a i l u r e ,  o r  t h a t  t h e  c u m u l a t i v e  e f f e c t  of  many s m a l l e r  
damaged g roups  w i l l  weaken a c r o s s- s e c t i o n ,  c a u s i n g  f a i l u r e .  The l a t t e r  
is d i s c u s s e d  s u b s e q u e n t l y .  The former  p o s s i b i l i t y ,  which was proposed by Zweben 
( r e f .  i s  reviewed below. F i r s t ,  a d i s c u s s i o n  of  t h e  s t resses  i n  t h e  v i c i n i t y  
of  a b roken  f i b e r  i s  o r d e r .  

2 . 3 . 1 . 4  I n t e r n a l  S t r e s s e s .  

The s t ress  f i e l d  around a b roken  f i b e r  h a s  been s t u d i e d  by many a u t h o r s .  Among t h e  
e a r l y  s t u d i e s  a r e  t h o s e  of  r e f e r e n c e s  2 . 3 2  and 2 . 3 3 .  These or s i m i l a r  s t ress  
d i s t r i b u t i o n s  were used r e f e r e n c e s  2 . 3 0  and 2 . 3 4  t o  d e f i n e  i n e f f e c t i v e  l e n g t h s .  
More r e c e n t l y ,  t h e  s t u d i e s  o f  r e f e r e n c e s  2 . 3 5 - 2 . 3 8  have d e f i n e d  s t ress  d i s t r i b u -
t i o n s  i n  two- and th ree- dimens iona l  u n i d i r e c t i o n a l  f i b e r  c o m p o s i t e s .  These r e s u l t s  
c a n  be used t o  d e t e r m i n e  t h e  stresses i n  unbroken f i b e r s  r e q u i r e d  t o  a s s e s s  t h e  
p r o b a b i l i t y  o f  p r o p a g a t i o n .  

The n a t u r e  o f  load  c o n c e n t r a t i o n s  i n  f i l a m e n t a r y  compos i t es  was s t u d i e d  a n a l y t i -
c a l l y  by Hedgepeth and Van Dyke ( r e f s .  2 . 3 5 ,  2 . 3 6  and 2 . 3 8 ) .  The r e s u l t s  o f  t h e s e  
i n v e s t i g a t i o n s  showed t h a t  e l a s t i c  load  c o n c e n t r a t i o n s  i n  two- dimensional ( p l a n a r )  
a r r a y s  o f  p a r a l l e l  f i b e r s  i n  a x i a l  t e n s i o n  a r e  l a r g e  and i n c r e a s e  d r a s t i c a l l y  w i t h  
t h e  number of  a d j a c e n t  b roken  f i l a m e n t s .  T h i s  c o n c l u s i o n  was s u p p o r t e d  by a series 
o f  exper iments  performed by Zender and Deaton ( r e f .  2 . 3 9 ) .  E l a s t i c  load  concentra-
t i o n s  f o r  th ree- dimens iona l  a r r a y s  o f  p a r a l l e l  f i b e r s  a r e  much less  s e v e r e .  The 
e f f e c t s  of  f i b e r  debonding,  o r  m a t r i x  c r a c k i n g ,  and m a t r i x  p l a s t i c i t y  f o r  t h e  c a s e  
of  one broken f i b e r  was s t u d i e d  i n  r e f e r e n c e s  2 . 3 5  and 2 . 3 6 .  I t  was found t h a t  
e l a s t i c  e f f e c t s  such  as  comple te  debonding and m a t r i x  p l a s t i c i t y  c a n  s i g n i f i c a n t l y  
reduce  load c o n c e n t r a t i o n  f a c t o r s .  T h i s  would s e r v e  t o  reduce  t h e  l i k e l i h o o d  o f  
f i b e r  b r e a k  p r o p a g a t i o n .  

A r e a s o n a b l e  d e f i n i t i o n  of  i n e f f e c t i v e  l e n g t h  f o r  t h e  c a s e  o f  an e l a s t i c ,  
bonded m a t r i x  was proposed by Friedman ( r e f .  2 . 3 4 ) .  H e  d e f i n e d  t h e  i n e f f e c t i v e  
l e n g t h  on each s i d e  o f  t h e  b r e a k  by t a k i n g  t h e  a r e a  under  t h e  c u r v e  of  stress 
v e r s u s  t h e  a x i a l  d i s t a n c e  from t h e  f r a c t u r e  s u r f a c e  and e q u a t i n g  i t  t o  a s tress 
d i s t r i b u t i o n  t h e  form of  a s t e p  f u n c t i o n  t h a t  i s  z e r o  o v e r  t h e  i n e f f e c t i v e  
l e n g t h  and e q u a l  t o  t h e  a p p l i e d  s t ress  everywhere  e l se .  The r e s u l t i n g  e l a s t i c  
i n e f f e c t i v e  l e n g t h ,  f o r  a s i n g l e  b roken  f i b e r  i s :  

1/2 1/2 1/2 
= 

m 

The e f f e c t s  o f  an e l a s t i c - p e r f e c t l y  p l a s t i c  m a t r i x  and i n t e r f a c i a l  f a i l u r e  on t h e  
p e r t u r b e d  r e g i o n  a d j a c e n t  t o  a s i n g l e  b roken  f i b e r  were s t u d i e d  by Hedgepeth and 
Van Dyke ( r e f s .  2 . 3 5  and 2 . 3 6 ) .  They found t h a t  i f  t h e r e  i s  a f i n i t e  i n t e r f a c i a l  
s t r e n g t h  w i t h  non p o s t - f a i l u r e  s h e a r  t r a n s f e r  a c r o s s  t h e  i n t e r f a c e ,  broken f i b e r s  
w i l l  debond comple te ly  when t h e  load  i s  i n c r e a s e d  o n l y  s l i g h t l y  above t h e  f i b e r  
f r a c t u r e  l o a d .  E x p e r i e n c e  w i t h  r e a l  m a t e r i a l s  i n d i c a t e s  t h a t  complete  debonding 

r a r e l y  obse rved  and t h u s  t h e  assumption of  no p o s t - f a i l u r e  s h e a r  t r a n s f e r  
a p p e a r s  t o  be u n r e a l i s t i c .  The r e s u l t s  f o r  t h e  e l a s t i c - p l a s t i c  m a t r i x  m a t e r i a l  
p r e d i c t  a more g r a d u a l  e x t e n s i o n  of t h e  p e r t u r b e d  r e g i o n  w i t h  i n c r e a s i n g  s t ress .  
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- 

For r e a l  m a t e r i a l s  t h e  p o s t - f a i l u r e  s h e a r  t r a n s f e r  l i e s  somewhere 
between t h e  ex t remes  o f  z e r o  s t r e s s  t r a n s f e r  and p e r f e c t  p l a s t i c i t y  ( c o n s t a n t  s h e a r  
s t r e s s ) .  

For  t h e  c a s e  of  a p e r f e c t l y  p l a s t i c  m a t r i x  m a t e r i a l  i n  which t h e  e l a s t i c  s t r a i n s  
a r e  n e g l e c t e d ,  t h e  p l a s t i c  i n e f f e c t i v e  l e n g t h ,  i s :  

- Y 

where - f i b e r  t e n s i l e  s t r e n g t h  
- m a t r i x  s h e a r  y i e l d  s t r e n g t h  
- f i b e r  d i a m e t e r  

G e n e r a l l y ,  t h e  s i z e  of  t h e  i n e f f e c t i v e  l e n g t h ,  even  when i n e l a s t i c  e f f e c t s  a r e  
p r e s e n t ,  i s  no t  g r e a t e r  t h a n  1 0 0- f i b e r  d i a m e t e r s .  

For groups  o f  a d j a c e n t  b roken  f i b e r s ,  F i c h t e r  ( r e f e r e n c e  2 . 3 7 )  s t u d i e d  t h e  v a r i a-
t i o n  o f  t h e  l e n g t h  o f  t h e  p e r t u r b e d  r e g i o n  w i t h  t h e  number o f  broken 
f i b e r s  i n  a two- dimensional a r r a y  o f  f i b e r s  w i t h  an e l a s t i c  m a t r i x .  He 
found t h a t  t h e  i n e f f e c t i v e  l e n g t h  o f  t h e  a f f e c t e d  r e g i o n  grows w i t h  t h e  number o f  
b roken  f i b e r s  i n  t h e  group.  The e f f e c t  o f  i n e l a s t i c i t y  i n  t h e  m a t r i x  o r  f a i l u r e  o f  
t h e  i n t e r f a c e  on i n e f f e c t i v e  l e n g t h  f o r  g roups  o f  a r b i t r a r y  s i z e  was t r e a t e d  
r e f e r e n c e  2.40 .  The i n d i c a t e d  s i z e  of t h e  i n e f f e c t i v e  l e n g t h  a p p e a r s  t o  be o r d e r s  
o f  magni tude s m a l l e r  t h a n  t h e  l i n e a r  d imens ions  o f  a r e a l i s t i c  s t r u c t u r e ,  or even 
o f  a l a b o r a t o r y  t es t  coupon. T h i s  s i n c e  mean f i b e r  s t r e n g t h  
l e n g t h  dependen t .  A t  t h e s e  s h o r t  i n e f f e c t i v e  l e n g t h s ,  mean f i b e r  t e n s i l e  s t r e n g t h s  
a r e  g r e a t e r  t h a n  mean s t r e n g t h s  a t  t h e  gage l e n g t h s  commonly used t o  e v a l u a t e  f i b e r  
s t r e n g t h  ( u s u a l l y  1 or 2 i n c h e s ) .  T h i s  f o l l o w s  from t h e  l e n g t h  dependence i l l u s -
t r a t e d  i n  f i g u r e  2 . 2 6 .  

2 . 3 . 1 . 5  F i b e r  Break P r o p a g a t  i o n  F a i l u r e .  

The e f f e c t s  o f  s t ress  p e r t u r b a t i o n s  on f i b e r s  a d j a c e n t  t o  b roken  ones  a r e  o f  
s i g n i f i c a n c e .  When a f i b e r  b r e a k s ,  e q u i l i b r i u m  r e q u i r e s  t h a t  t h e  n e t  load  on t h e  
c r o s s- s e c t i o n  c o n t a i n i n g  t h e  b roken  f i b e r  be  unchanged. T h e r e f o r e ,  t h e  average  
s t ress  i n  t h e  remain ing  f i b e r s  must i n c r e a s e .  Because of  t h e  m a t r i x ,  t h e  s t r e s s  
r e d i s t r i b u t i o n  i s  h i g h l y  non-uniform. The s h e a r  s t ress  t h a t  a r i s e s  t h e  m a t r i x  
when a f i b e r  b r e a k s  r e su l t s  i n  l o c a l i z e d  i n c r e a s e s  o f  average  s t r e s s  t h e  f i b e r s  
s u r r o u n d i n g  t h e  b reak .  I n  o r d e r  t o  d i f f e r e n t i a t e  t h i s  i n c r e a s e  i n  t h e  average  
s t r e s s  o v e r  a f i b e r  c r o s s- s e c t i o n  from t h e  i n c r e a s e  a t  a p o i n t ,  the  t e r m  " load 
c o n c e n t r a t i o n"  used f o r  t h e  former  and t h e  c o n v e n t i o n a l  term "stress concen-
t r a t i o n "  f o r  t h e  l a t t e r .  

The load c o n c e n t r a t i o n  i n  t h e  f i b e r s  a d j a c e n t  t o  a b roken  one i n c r e a s e s  t h e  proba-
b i l i t y  t ha t  one o r  more of  them w i l l  b r e a k .  When such  an even t  o c c u r s ,  t h e  load  
c o n c e n t r a t i o n  n e i g h b o r i n g  f i b e r s  i n t e n s i f i e s ,  i n c r e a s i n g  t h e  p r o b a b i l i t y  o f  
a d d i t i o n a l  f i b e r  b r e a k s ,  and s o  on. From t h i s  d e s c r i p t i o n ,  no t  d i f f i c u l t  t o  
i d e n t i f y  t h e  p r o p a g a t i o n  o f  f i b e r  b r e a k s  a s  a mechanism o f  f a i l u r e .  The proba-
b i l i t y  o f  o c c u r r e n c e  o f  t h i s  mode o f  f a i l u r e  i n c r e a s e s  w i t h  t h e  average  f i b e r  
s t ress  because  o f  t h e  i n c r e a s i n g  number o f  s c a t t e r e d  f i b e r  b r e a k s  and t h e  i n c r e a s-
i n g  s t ress  level  i n  o v e r- s t r e s s e d  f i b e r s .  
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T h e  f i b e r  b r e a k  p r o p a g a t i o n  mode of  f a i l u r e  was s t u d i e d  by Zweben ( r e f .  2 .291,  
proposed t h a t  t h e  o c c u r r e n c e  o f  t h e  f i r s t  f r a c t u r e  o f  an o v e r s t r e s s e d  f i b e r  

c o u l d  be used as a measure o f  t h e  t endency  f o r  t h e  f i b e r  b r e a k s  t o  p r o p a g a t e  and, 
h e n c e ,  a s  a f a i l u r e  c r i t e r i o n  f o r  t h i s  mode, a t  l e a s t  f o r  s m a l l  volumes o f  m a t e r i a l .  
T h e  e f f e c t s  o f  load c o n c e n t r a t i o n s  upon f i b e r  p r o p a g a t i o n  3D u n i d i r e c t i o n a l  
compos i t es ,  as wel l  a s  upon c u m u l a t i v e  weakening f a i l u r e s ,  was t r e a t e d  i n  r e f e r e n c e  
2 . 4 1 .  I n  r e f e r e n c e  2 . 4 2 ,  Zweben reviewed e x p e r i m e n t a l  d a t a  a v a i l a b l e  f o r  v a r i o u s  
f i b e r- m a t r i x  systems t o  s u p p o r t  t h e  c o n t e n t i o n  t h a t  t h e  f i r s t  m u l t i p l e  b r e a k  a 

bound t o  s t r e n g t h .  Although t h e  f i r s t  m u l t i p l e  b r e a k  c r i t e r i o n  may p r o v i d e  
c o r r e l a t i o n  w i t h  e x p e r i m e n t a l  d a t a  f o r  s m a l l  specimens and may b e  a lower 

bound on t h e  s t ress  a s s o c i a t e d  w i t h  f i b e r  b r e a k  p r o p a g a t i o n ,  i t  g i v e s  v e r y  l o w  
stresses €or  l a r g e  volumes of m a t e r i a l s ,  which a p p e a r s  t o  c o n f l i c t  w i t h  p r a c t i c a l  
e x p e r i e n c e  w i t h  compos i t es .  There  does  no t  appear  t o  be  any a v a i l a b l e  r e l i a b l e  

however, which shed l i g h t  on t h e  i n f l u e n c e  o f  m a t e r i a l  s i z e  on s t r e n g t h .  

The approximate  model o f  r e f e r e n c e  2.41 f o r  i n c l u d i n g  e f f e c t s  o f  load  
t h e  cumula t ive  weakening model was a l s o  o f  l i m i t e d  s u c c e s s .  The r e s u l t i n g  

e x p r e s s i o n  f o r  compos i t e  s t r e n g t h  i s  a sequence  i n  which each  term 
c o r r e s p o n d s  t o  a g roup  o f  broken f i b e r s  o f  i n c r e a s i n g  s i z e .  A v e r y  l a r g e  number of  

i s  r e q u i r e d  f o r  convergence.  Cont inu ing  i n v e s t i g a t i o n s  of  p r o c e d u r e s  f o r  
r e  f t such  a t i s t have been u n d e r t a k e n  by Phoenix and Harlow ( r e f e r e n c e  

They have t r e a t e d  t h e  c o n d i t i o n  p r o b a b i l i t i e s  which r e s u l t  from s e q u e n t i a l  
of  a d j a c e n t  f i b e r s  i n  o r d e r  t o  o b t a i n  manageable  e x p r e s s i o n s  f o r  f a i l u r e  

p r o b a b i l i t i e s .  Such approaches  r e q u i r e  assumpt ions  r e g a r d i n g  t h e  r e d i s t r i b u t i o n s  
o f  load from t h e  broken f i b e r s .  V a r i o u s  such load  s h a r i n g  r u l e s  have been e x p l o r e d .  
The f a i l u r e  mode remains  a c u m u l a t i v e  weakening o f  t h e  m a t e r i a l .  

2.3.1.6 Cumulat ive  Group Mode F a i l u r e .  

As m u l t i p l e  b roken  f i b e r  groups  grow, t h e  magni tude o f  t h e  l o c a l  a x i a l  s h e a r  stress 
i n c r e a s e s  and a x i a l  c r a c k i n g  c a n  o c c u r .  T h i s  e f f e c t  h a s  been  t r e a t e d  i n  t h e  
f a i l u r e  model ( r e f .  2 .401,  f o r m u l a t e d  t o  i n c o r p o r a t e  t h e  f o l l o w i n g  t h r e e  e f f e c t s  
which were deemed t o  be  o f  impor tance  i n  t h e  t e n s i l e  f a i l u r e  o f  h i g h  s t r e n g t h  
f i b r o u s  compos i t es :  

1. The v a r i a b i l i t y  o f  f i b e r  s t r e n g t h  w i l l  r e s u l t  d i s t r i b u t e d  
f i b e r  f r a c t u r e s  a t  s t ress  l e v e l s  w e l l  below t h e  compos i t e  s t r e n g t h .  

2.  Load c o n c e n t r a t i o n s  i n  f i b e r s  a d j a c e n t  t o  broken f i b e r s  w i l l  
i n f l u e n c e  t h e  growth i n  s i z e  of  t h e  c r a c k  r e g i o n s  t o  i n c l u d e  
a d d i t i o n a l  f i b e r s .  

3 .  High s h e a r  s t resses  w i l l  c a u s e  m a t r i x  s h e a r  f a i l u r e  or i n t e r f a c i a l  
debonding which w i l l  s e r v e  t o  a r r e s t  t h e  p r o p a g a t i n g  c r a c k .  

Thus ,  a s  t h e  s t r e s s  l e v e l  i n c r e a s e s  from t h a t  a t  which f i b e r  b r e a k s  a r e  i n i t i a t e d  
toward t h a t  a t  which t h e  compos i t e  f a i l s ,  t h e  m a t e r i a l  w i l l  have d i s t r i b u t e d  g roups  
of  b roken  f i b e r s .  Each g roup  w i l l  have an i n e f f e c t i v e  l e n g t h  which i n c r e a s e s  w i t h  
g roup  s i z e  and,  a f t e r  m a t r i x  f a i l u r e ,  w i t h  s t r e s s .  T h i s  s i t u a t i o n  may b e  viewed as 
a g e n e r a l i z a t i o n  of  t h e  cumula t ive  weakening model o f  r e f e r e n c e  2 .30 ,  where in  t h e  
e f f e c t  o f  t h e  i s o l a t e d  b r e a k s  was modeled by a " c h a i n  o f  bund les"  model such  a s  
t h a t  used i n  r e f e r e n c e  2.28.  
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In p r a c t i c a l  m a t e r i a l s ,  t h e  problem i s  by t h e  p r e sence  of  bund le s  of  
v a r i o u s  s i z e s .  Tha t  i s ,  bo th  t h e  number of broken f i b e r s  i n  a bundle  and t h e  
i n e f f e c t i v e  l e n g t h  o f  t h a t  bundle  v a r y .  Thus ,  t h e  b a s i c  problems of  d e f i n i n g  t h e  
r e q u i r e d  i n p u t  i n f o r m a t i o n  f o r  t h e  a n a l y s i s  of t h e  ' 'chain of bundles ' '  model a r e  o f  
i n c r e a s e d  complex i ty .  The s i z e  of  t h e  b a s i c  e lement  m u s t  f i r s t  be  d e f i n e d  and t h e n  
t h e  p r o b a b i l i t y  of  f a i l u r e  of  t h a t  e lement  can  be de t e rmined .  

A t  s t ress  l e v e l s  above t h o s e  r e q u i r e d  t o  c a u s e  some number o f  i s o l a t e d  b r e a k s  
t h e  compos i te ,  t h e r e  is an i n c r e a s i n g  p r o b a b i l i t y  of  o c c u r r e n c e  of  m u l t i p l e  
a d j a c e n t  b r eaks  a s  a r e s u l t  of  s t ress  c o n c e n t r a t i o n s .  Thus, a t  modera te  s t ress  
l e v e l s  i t  w i l l  be  u s u a l  t o  have  a n o n- n e g l i g i b l e  p r o b a b i l i t y  o f  of  a 
c r a c k  c o n t a i n i n g  n broken f i b e r s ,  f o r  many v a l u e s  of  n. For each c r a c k  s i z e  n,  
t h e r e  is  a d i f f e r e n t  e l a s t i c  i n e f f e c t i v e  l e n g t h  and a l s o  d i f f e r e n t  v a l u e s  o f  b o t h  
s h e a r  load  c o n c e n t r a t i o n  and f i b e r  load  c o n c e n t r a t i o n  f a c t o r s .  Thus, f o r  d i f f e r e n t  
s i z e  c r a c k s  t h e r e  a r e  d i f f e r e n t  s t ress  l e v e l s  at  which m a t r i x  f a i l u r e  i n i t i a t e s  and 
d i f f e r i n g  d i s t a n c e s  ove r  which p r o p a g a t e s .  

The s t a t  i s t i c a l  problem r e p r e s e n t e d  by t h e  s i t u a t i o n  d e s c r i b e d  above i s  e x c e e d i n g l y  
complex. Va r ious  a u t h o r s  have t a k e n  d i f f e r e n t  approaches  i n  an a t t emp t  t o  o b t a i n  a 
r e l i a b l e  model. Phoenix and Harlow have pursued  t h e  development o f  t h e  s t a t i s t i c s  
by f o c u s i n g  t h e i r  e f f o r t s  on two- dimensional  m a t e r i a l s  and s p e c i f i e d  load  s h a r i n g  
ru l e s .  Rosen and Zweben have pursued  an approximate  model which i s  based on t h e  
d e f i n i t i o n  of  a c h a r a c t e r i s t i c  g roup  s i z e .  T h i s  g roup  s i z e  de t e rmined  by an 
e s t i m a t e  o f  t h e  s i z e  a t  which growth would be a r r e s t e d  by a x i a l  s h e a r  c r a c k s .  
Ba tdo r f  ( r e f .  2.45) h a s  u t i l i z e d  s i m p l i f y i n g  app rox ima t ions  of  t h e  s t a t i s t i c a l  
f u n c t i o n s  which r e s u l t  i n  a p r o p a g a t i o n  f a i l u r e  mode hav ing  a d e f i n e d  c r i t i c a l  
c r a c k  s i z e .  

Each o f  t h e s e  models have s e v e r e  l i m i t a t i o n s  w i t h  r e g a r d  t o  t h e  q u a n t i t a t i v e  
p r e d i c t i o n  of t e n s i l e  s t r e n g t h .  However, t h e  model show t h e  impor tance  of  v a r i -
a b i l i t y  o f  f i b e r  s t r e n g t h  and o f  m a t r i x  s t r e s s - s t r a i n  c h a r a c t e r i s t i c s  upon 
compos i te  t e n s i l e  s t r e n g t h .  

2 . 3 . 1 . 7  F r a c t u r e  Mechanics .  

, I n  t h i s  d i s c u s s i o n  of  compos i te  f a i l u r e  mechanics ,  a number o f  b a s i c  modes of  
f a i l u r e  have  b e e n -d e s c r i b e d ,  i n c l u d i n g  t h o s e  a s s o c i a t e d  w i th  p r o p a g a t i o n  e f f e c t s .  
Yet i n  t h e  d i s c u s s i o n  of  t h e  a n a l y t i c a l  t r e a t m e n t  of t h e s e  modes, no ment ion  h a s  
been  made of  c l a s s i c a l  f r a c t u r e  mechanics .  S i n c e  t h e r e  exis ts  a l a r g e ,  w e l l  
deve loped  body o f  knowledge d e a l i n g  w i th  t h e  f a i l u r e  o f  homogeneous m a t e r i a l s ,  
i s  i n s t r u c t i v e  t o  examine t h e  p o s s i b i l i t y  o f  app ly ing  c l a s s i c a l  f r a c t u r e  mechanics  
t e c h n i q u e s  t o  ana lyze  t h e  f a i l u r e  o f  compos i te  m a t e r i a l s .  A b a s i c  p r i n c i p l e  o f  
c l a s s i c a l  f r a c t u r e  mechanics  t h a t  a c r a c k  w i l l  grow when t h e  ene rgy  r e q u i r e d  t o  
ex t end  a c r a c k ,  a g i v e n  amount, i s  e q u a l  t o  t h e  change i n  s t r a i n  ene rgy  i n  t h e  body 
r e s u l t i n g  from t h a t  c r a c k  advance.  The i m p l i c a t i o n s  o f  t h i s  c o n d i t i o n  f o r  t h e  
a n a l y s i s  o f  t h e  modes of  f a i l u r e  t r e a t e d  e a r l i e r  are d i s c u s s e d  below. 

F i r s t ,  c o n s i d e r  t h e  weakes t  l i n k  mode o f  f a i l u r e ,  which a s i n g l e  f i b e r  b r eak  
r e s u l t s  a c a t a s t r o p h i c  c r a c k  p r o p a g a t i o n .  I f  f a i l u r e  r e s u l t s  from a c r a c k  t h a t  
p r o p a g a t e s  i n  a c o n t i n u o u s  manner t h rough  b o t h  p h a s e s ,  f i b e r  and m a t r i x ,  is  
r e a s o n a b l e  t o  expec t  t h a t  t h e  f r a c t u r e  mechanics  approach can  be used t o  d e s c r i b e  
t h e  p r o c e s s ,  a l t hough  i t  may be  n e c e s s a r y  t o  c o n s i d e r  p r o p a g a t i o n  th rough  t h e  two 
phases  s e p a r a t e l y .  A d d i t i o n a l l y ,  when t h e  c r a c k  s i z e  becomes l a r g e  w i t h  r e s p e c t  t o  
f i b e r  d i a m e t e r  and i n t e r f i b e r  s p a c i n g  d i s t a n c e ,  i t  seems r e a s o n a b l e  t o  expec t  t h a t  
t h e  m a t e r i a l  can  be  adequa t e ly  t r e a t e d  as a homogeneous, a n i s o t r o p i c  m a t e r i a l .  
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I n  t h e  c a s e  of  t h e  f i b e r  b r eak  p ropaga t i on  mode, t h e  o n s e t  o f  u n s t a b l e  c r a c k  growth 
i s  governed by f i b e r  load  c o n c e n t r a t i o n s  and t h e  s t a t i s t i c a l  a s p e c t s  of  m a t e r i a l  
s t r e n g t h .  T h i s  mode o f  f a i l u r e  need not  resul t  from a c r a c k  p r o p a g a t i n g  through, 
t h e  m a t r i x .  Thus, t h e  t o t a l  ene rgy  of  f r a c t u r e  of t h e  compos i te  h a s  no r e l a t i o n  t o  
t h e  c o n d i t i o n  p r e c i p i t a t i n g  f i b e r  b r eak  p ropaga t ion .  However, i t  i s  r e a s o n a b l e  t o  
expec t  t h a t  when t h e  c r a c k  grows t o  some l a r g e  s i z e ,  t h e  form o f  t h e  damage r e g i o n  
w i l l  become s t a b i l i z e d  and w i l l  advance th rough  t h e  m a t e r i a l  w i t h o u t  s i g n i f i c a n t  
change. I f  t h i s  shou ld  o c c u r ,  i t  is  r e a s o n a b l e  t o  b e l i e v e  t h a t  i t  would be poss-
i b l e  t o  r e l a t e  increments  o f  s t r a i n  energy  t o  t h e  energy  expended i n  e x t e n d i n g  
the  damaged r e g i o n .  I t  shou ld  be emphasized t h a t  t h i s  t ype  o f  energy  b a l a n c e ,  
which may b e  v a l i d  when t h e  c r a c k  s i z e  i s  l a r g e  w i th  r e s p e c t  t o  f i b e r  d i a m e t e r  and 
s p a c i n g ,  would not  b e  expec ted  t o  be a p p l i c a b l e  a t  t h e  e a r l y  s t a g e s  o f  i n s t a b i l i t y ,  
when t h e  c r a c k  small  and t h e  e f f e c t s  o f  h e t e r o g e n e i t y  a r e  impor t an t .  

The remain ing  modes o f  f a i l u r e  d i s c u s s e d  e a r l i e r  a r e  a s s o c a i t e d  w i t h  f a i l u r e  due  t o  
an accumula t ion  of  weakened a r e a s .  T h i s  is not  d i r e c t l y  r e l a t e d  t o  c r a c k  
t ion .  T h e r e f o r e ,  seems r e a s o n a b l e  t o  assume t h a t  c l a s s i c a l  f r a c t u r e  mechanics  
ha s  no r e l e v a n c e  t h i s  c a s e .  

A m u l t i p l i c i t y  of  i n t e r n a l  p l a n e s  o f  weakness c r e a t e s  t h e  p o s s i b i l i t y  f o r  v a r i o u s  
f a i l u r e  modes i n  compos i tes .  I t  appea r s  t h a t  t h e  h e t e r o g e n e i t y  must be  c o n s i d e r e d  
i n  t h e  development of  f a i l u r e  c r i t e r i a .  A f t e r  an u n d e r s t a n d i n g  o f  f a i l u r e  modes i s  
o b t a i n e d ,  i t  may be  p o s s i b l e  t o  f o r m u l a t e  " e f f e c t i v e  f r a c t u r e  mechanics ' '  p a r ame te r s  
f o r  some compos i tes  under  some, as y e t ,  unknown l o a d i n g  c o n d i t i o n s .  

2 . 3 . 1 . 8  Concluding Remarks. 

U n i a x i a l  t e n s i l e  s t r e n g t h  is  one of  t h e  most a t t r a c t i v e  p r o p e r t i e s  of  contemporary 
advanced f i b e r  compos i tes .  D e s p i t e  i t s  impor tance ,  however,  g e n e r a l l y  viewed 
i n  a rud imentary  f a s h i o n .  Thus, manufac tu r e r s  of  f i b e r s  p e r s i s t  measur ing  t h e  
s t r e n g t h  o f  t h e i r  p roduc t  by u s i n g  y a r n s  impregnated w i t h  room t e m p e r a t u r e  c u r i n g  
r e s i n  sys tems  of  u n c e r t a i n  p r o p e r t i e s .  The of  t h e  measured t e n s i l e  s t r e n g t h  
of  a sound u n i d i r e c t i o n a l  compos i te  t o  t h e  t e n s i l e  s t r e n g t h  o f  t h i s  non- uniform 
impregnated s t r a n d  i s  i d e n t i f i e d  as a measure  of  t h e  e f f i c i e n c y  o f  t h e  compos i te .  
The accep t ance  of t h i s  p rocedu re  a p p a r e n t l y  stems from t h e  f a c t  t h a t ,  f o r  c u r r e n t  
t e s t  specimen d imens ions  and m a t e r i a l s ,  t h i s  r a t i o  i s  app rox ima te ly  u n i t y .  

I t  can  be expec ted  t h a t  when improved m a t e r i a l s  a r e  deve loped ,  t h e y  w i l l  be t r e a t e d  
by improved methods. The s t a t i s t i c a l  methods p r e s e n t e d  h e r e i n  p r o v i d e  t h e  b a s i s  
f o r  such  a t r e a t m e n t .  Al though t h e s e  methods a r e  not  y e t  adequa t e  f o r  d e f i n i t i v e  
q u a n t i t a t i v e  p r e d i c t i o n ,  t h e y  can  be v e r y  u s e f u l  f o r  assessment  o f  t h e  r e l a t i v e  
m e r i t s  o f  d i f f e r e n t  m a t e r i a l s .  The " r u l e  of  m ix tu r e s"  need no l o n g e r  be a s u b s t i -
t u t e  f o r  an u n d e r s t a n d i n g  of  m a t e r i a l  behav io r .  Assessment of  merit shou ld  u t i l i z e  
bo th  cumula t i ve  and p r o p a g a t i o n  t ype  models t o  d e f i n e  b o t h  t h e  r e l a t i v e  l e v e l  of 
s t r e n g t h  and t h e  expec ted  mode of  f a i l u r e .  

For p r e l i m i n a r y  e s t i m a t e s ,  cumula t i ve  weakening 2 . 9 0 )  can  be used w i t h  an 
i n e l a s t i c  i n e f f e c t i v e  l e n g t h  2 . 9 2 )  t o  p r o v i d e  an o v e r e s t i m a t e  of  t h e  a c t u a l  
v a l u e  and an i n d i c a t i o n  of t h e  r o l e  of  t h e  p r o p e r t i e s  o f  each c o n s t i t u e n t .  

2 . 3 . 2  A x i a l  Compressive S t r e n g t h .  

For compress ive  l o a d s  a p p l i e d  p a r a l l e l  t o  t h e  f i b e r s  of  a u n i d i r e c t i o n a l  compos i te ,  
bo th  s t r e n g t h  and s t a b i l i t y  f a i l u r e s  must be  c o n s i d e r e d .  
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was proposed as a f a i l u r e  mechanism by  Dow ( r e f e r e n c e  2 . 4 6 ) .  I t  
was sugges ted  t h a t  sma l l  wavelength m i c r o - i n s t a b i l i t y  of t h e  f i b e r s  o c c u r s  i n  a 
f a s h i o n  analogous t o  t h e  buck l ing  of  a column on an e l a s t i c  f o u n d a t i o n .  I t  h a s  
been demons t ra ted  t h a t  t h i s  w i l l  occur  even  f o r  a b r i t t l e  m a t e r i a l ,  such  a s  g l a s s .  
For example, f i g u r e  2.31 ( f rom r e f e r e n c e  2 .49)  shows a s i n g l e  E- glass  f i l a m e n t  
embedded i n  a b l o c k  of  epoxy which has  been f o o l e d  t o  p roduce  a compress ive  s t r a i n .  
The specimen c o n t a i n s  a f i b e r  of  0.003 inch  d i a m e t e r .  The p h o t o e l a s t i c  stress 
p a t t e r n  i n  t h e  epoxy emphasizes  t h e  r e p e t i t i v e  n a t u r e  of  t h e  de fo rma t ion  p a t t e r n  
f o r  each f i b e r  and s u p p o r t s  t h e  c o n t e n t i o n  t h a t  t h e  de fo rma t ions  r e s u l t  from an 
e l a s t i c  i n s t a b i l i t y .  

Analyses  o f  t h i s  i n s t a b i l i t y  were performed independen t ly  i n  r e f e r e n c e s  2.47 and 
2 .48 .  The a n a l y s e s  approximate  t h e  problem by t r e a t i n g  a l a y e r e d  two- dimensional 
medium, a s  shown f i g u r e  2.32. The model c o n s i s t s  o f  p l a t e s  o f  t h i c k n e s s  h 
s e p a r a t e d  by a matrix o f  d imens ion  Each f i b e r  is  s u b j e c t e d  t o  a compress ive  
l o a d ,  P ,  and t h e  f i b e r  l e n g t h  is g i v e n  by t h e  d imens ion ,  L .  Two p o s s i b i l i t i e s  a r e  
c o n s i d e r e d  f o r  t h e  i n s t a b i l i t y  f a i l u r e  mode. F i r s t ,  t h e  f i b e r s  may buck l e  i n  
o p p o s i t e  d i r e c t i o n s  i n  a d j a c e n t  f i b e r s ,  a s  shown on t h e  l e f t  p o r t i o n  o f  t h e  f i g u r e ,  
and t h e  s o- c a l l e d  e x t e n s i o n  mode o c c u r s .  T h i s  mode r e c e i v e s  i t s  name from t h e  f a c t  
t h a t  t h e  major  de fo rma t ion  of t h e  m a t r i x  m a t e r i a l  is  an e x t e n s i o n  of  t h e  d i r e c t i o n  
p e r p e n d i c u l a r  t o  t h e  f i b e r s .  The a n a l y s i s  t r e a t s  t h e  f i b e r s  a s  s t i f f ,  r e l a t i v e  t o  
t h e  m a t r i x  so t h a t  s h e a r  de fo rma t ions  i n  t h e  f i b e r  c an  be n e g l e c t e d  r e l a t i v e  t o  
t h o s e  i n  t h e  m a t r i x .  

The second p o s s i b i l i t y  shown on t h e  r i g h t  p o r t i o n  o f  t h e  f i g u r e  where a d j a c e n t  
f i b e r s  buck l e  i n  t h e  same wavelength  and i n  phase  w i t h  one a n o t h e r ,  so t h a t  t h e  
de fo rma t ion  o f  t h e  m a t r i x  material between a d j a c e n t  f i b e r s  i s  p r i m a r i l y  a s h e a r  
de fo rma t ion .  Hence, t h e  s h e a r  mode l a b e l  f o r  t h i s  p o t e n t i a l  mode. 

The energy  method f o r  e v a l u a t i o n  of  t h e  b u c k l i n g  stress f o r  t h e s e  modes h a s  been 
u t i l i z e d ,  where t h e  p rocedu re  is t o  c o n s i d e r  t h e  compos i te  s t r e s s e d  t o  t h e  b u c k l i n g  
load  and t h e n  t o  compare t h e  s t r a i n  energy  t h i s  compressed bu t  s t r a i g h t  d e f o r-
ma t ion  p a t t e r n  t o  a d e f o r m a t i o n  p a t t e r n  f o l l o w i n g  an assumed buck l ing  shape  under  
t h e  same load .  Thus, a change i n  t h e  s t r a i n  ene rgy  o f  t h e  compos i te  c o n s i s t i n g  o f  
t h e  s t r a i n  energy  change i n  t h e  f i b e r  and t h e  m a t r i x  can  b e  compared t o  t h e  
change i n  t h e  p o t e n t i a l  ene rgy  a s s o c i a t e d  w i t h  t h e  s h o r t e n i n g  o f  t h e  d i s t a n c e  
between t h e  a p p l i e d  l o a d s  at  t h e  end of t h e  f i b e r s .  The c o n d i t i o n  f o r  i n s t a b i l i t y  
is  g i v e n  by e q u a t i n g  t h e  s t r a i n  energy  change t o  t h e  work done by t h e  e x t e r n a l  
l o a d s  d u r i n g  buck l ing .  I t  i s  found t h a t  b u c k l i n g  o c c u r s  a t  a r e l a t i v e l y  s h o r t  
wave length  (10  t o  100 f i b e r  d i a m e t e r s ) .  

The r e s u l t s  f o r  t h e  compress ive  s t r e n g t h ,  f o r  t h e  e x t e n s i o n  mode g i v e n  by 

The r e s u l t s  f o r  t h e  s h e a r  mode i s  g i v e n  by 

= 
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FIGURE 2.31 PHOTOLASTIC STRESS PATTERN FOR AN INDIVIDUAL E-GLASS FIBER 
EMBEDDED IN AN EPOXY MATERIAL 
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FIGURE 2.32 ANALYTICAL MODEL FOR COMPRESSIVE STRENGTH OF FIBROUS 
COMPOSITE 
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These r e s u l t s  a r e  p l o t t e d  f i g u r e  2 .33  f o r  E- glass  f i b e r s  embedded an epoxy 
m a t r i x .  The compress ive  s t r e n g t h  of t h e  compos i te  p l o t t e d  as a f u n c t i o n  of t h e  
f i b e r  volume f r a c t i o n ,  The two c u r v e s  r e p r e s e n t  t h e  two f a i l u r e  modes con-
s i d e r e d .  I t  seen  t h a t  f o r  t h e  low f i b e r  volume f r a c t i o n s  t h e  e x t e n s i o n  mode i s  
t h e  lower stress,  wh i l e  f o r  h i g h  volume f r a c t i o n s  o f  f i b e r s  t h e  s h e a r  mode 

The compress ive  s t r e n g t h  o f  r e a s o n a b l e  g l a s s  r e i n f o r c e d  p l a s t i c  
c o n t a i n i n g  f i b e r  colume f r a c t i o n s  on t h e  o r d e r  o f  0.6 t o  0.7 i s  s e e n  t o  be  on t h e  
o r d e r  of 450 t o  600 Values o f  t h i s  magni tude do not  appear  t o  have  been 
measured f o r  any r e a l i s t i c  spec imens .  However, t h e  achievement o f  a s t r e n g t h  o f  
h a l f  a m i l l i o n  p s i  a compos i te  o f  t h i s  t y p e  would r e q u i r e  an average  s h o r t e n i n g  
of g r e a t e r  t h a n  5 p e r c e n t .  For  t h e  epoxy materials u sed ,  such  a s h o r t e n i n g  
would r e s u l t  i n  a d e c r e a s e  i n  t h e  e f f e c t i v e  s h e a r  s t i f f n e s s  o f  t h e  b i n d e r  m a t e r i a l  

t h e  p r o p o r t i o n a l  l i m i t  o f  t h e  matrix would b e  i t  is  
n e c e s s a r y  t o  modify t h e  a n a l y s i s  t o  c o n s i d e r  i n e l a s t i c  de fo rma t ion  of  t h e  m a t r i x  

A f i r s t ,  s imp le  app rox ima t ion  t o  t h i s  c a n  be p rov ided  be  r e p l a c i n g  t h e  
b i n d e r  modulus i n  t h e  formulas  p r e v i o u s l y  shown by a reduced modulus. As an 

a reduced modulus is assumed which v a r i e s  l i n e a r l y  f o r  t h e  epoxy from i t s  
c l a s t i c  v a l u e  at 1 p e r c e n t  s t r a i n  t o  a z e r o  v a l u e  a t  5 p e r c e n t  s t r a i n .  The r e s u l t  
o f  t h i s  assumption t h e  c u r v e  l a b e l e d  i n e l a s t i c  f i g u r e  2 . 3 3 .  Here seen  
t h a t  €or v e r y  h i g h  f i b e r  volume f r a c t i o n s  t h e  s t r e n g t h  i s  bounded and, a l t hough  

t h a n  any r e s u l t s  o b t a i n e d  t o  d a t e ,  t h e y  are not  un rea sonab ly  h i g h .  

A more g e n e r a l  r e s u l t  c an  b e  o b t a i n e d  by mode l l i ng  t h e  m a t r i x  a s  an e l a s t i c ,  
p e r f e c t l y  p l a s t i c  m a t e r i a l .  For t h i s  m a t r i x ,  t h e  s e c a n t  modulus v a  u e  a t  each 

s t r a i n  v a l u e  may b e  assumed t o  govern  t h e  i n s t a b i l i t y .  These assumpt ions  
( r e f e r e n c e  2 . 4 9 )  y i e l d  t h e  f o l l o w i n g  r e s u l t ,  i n  p l a c e  of e q u a t i o n  2 100 f o r  t h e  
dominant s h e a r  mode: 

3 

where a t h e  matr ix  y i e l d  stress l e v e l .Y 

For t h e  g e n e r a l l y  dominant s h e a r  mode, t h e  e l a s t i c  r e s u l t s  o f  e q u a t i o n  2.100 
a r e  independent  o f  t h e  f i b e r  y e t  t h e  compress ive  s t r e n g t h  of  

much g r e a t e r  t h a n  t h a t  o f  compos i t e s .  One h y p o t h e s i s  t o  e x p l a i n  
t h i s  t h a t  u s e  of t h e  s t i f f e r  boron  f i b e r s  y i e l d  lower m a t r i x  s t r a i n s  and less 
of  a s t r e n g t h  r e d u c t i o n  due  t o  i n e l a s t i c  e f f e c t s .  Thus, t h e  r e s u l t s  of e q u a t i o n  

show a r a t i o  o f  o f  2.4 for t h e  r e l a t i v e  s t r e n g t h  o f  bo ron  as compared 
t o  g l a s s  f i b e r s  i n  t h e  same m a t r i x .  

A l l  o f  t h e  a n a l y t i c a l  r e s u l t s  above i n d i c a t e  t h a t  compress ive  s t r e n g t h  i s  
d e n t  o f  f i b e r  d i ame te r .  Yet, d i f f e r e n t  d i a m e t e r  f i b e r s  may y i e l d  d i f f e r e n t  com-
p r e s s i v e  f o r  compos i tes  because  l a r g e  d i a m e t e r  f i b e r s  such  as boron  

are b e t t e r  c o l l i m a t e d  t h a n  smaller d i a m e t e r  f i b e r s ,  such  a s  g l a s s  . 
For  , smal l  f i b e r s ,  such  as Kev la r  and ca rbon ,  l o c a l  o u t - o f- s t r a i g h t n e s s  can  
i n t r o d u c e  m a t r i x  s h e a r  stresses, c a n  c a u s e  f i b e r- m a t r i x  debonding,  and can  produce  
lower i n s t a b i l i t y  stress levels.  The e f f e c t s  o f  f i b e r  e c c e n t r i c i t i e s  were t r e a t e d  

r e f e r e n c e  2 . 5 0 ,  and of i n t e r f a c e  s e p a r a t i o n  i n  r e f e r e n c e s  2 . 5 0  and 2 . 8 .  Both 
t h e s e  e f f e c t s  were shown t o  be c a p a b l e  o f  c a u s i n g  l a r g e  d e c r e a s e s  i n  t h e  c a l c u l a t e d  
compress ive  s t r e n g t h .  However, i t  is v e r y  d i f f i c u l t  t o  d e f i n e  a r e a l i s t i c  q u a n t i-
t a t i v e  measure  o f  t h e  e x t e n t  o f  i n t e r f a c e  debonding  o r  of  f i b e r  e c c e n t r i c i t y .  
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Carbon and Kevlar  f i b e r s  are a n i s o t r o p i c  and have ex t r eme ly  low a x i a l  s h e a r  moduli .  
A s  a r e s u l t ,  t h e  p l a s t i c  b u c k l i n g  stress i n  t h e  s h e a r  mode reduced .  T h i s  was 
s t u d i e d  i n  r e f e r e n c e  2.50,  where in  t h e  f o l l o w i n g  result was o b t a i n e d :  

where i s  t h e  f i b e r  l o n g i t u d i n a l  s h e a r  modulus ,  

T h i s  r e s u l t  r educes  t o  t h a t  o f  e q u a t i o n  2.100 f o r  h i g h  f i b e r  s h e a r  modul i .  

Another f a i l u r e  mechanism which h a s  been observed  ( r e f e r e n c e  2 .50 )  f o r  o r i e n t e d  
polymeric  f i b e r s ,  such as Kevlar- 49, a f o r m a t i o n  a t  a s p e c i f i c  ang l e  t o  
t h e  d i r e c t i o n  of  t h e  compress ive  stress. A t y p i c a l  f o rma t ion  of  s l i p  p l a n e s  i n  
Kevlar-49 f i b e r s  is i l l u s t r a t e d  f i g u r e  2.34. The fo rma t ion  o f  k inkbands  
main ly  a t t r i b u t e d  t o  t h e  f i b r i l l a r  s t r u c t u r e  o f  t h e  h i g h l y  a n i s o t r o p i c  f i b e r  and 
i t s  poor s h e a r  s t r e n g t h .  Breakup o f  t h e  f i b e r  i n t o  v e r y  s m a l l  d i a m e t e r  f i b r i l s  
r e s u l t s  i n  t h e  d e g r a d a t i o n  of  s h e a r  s t i f f n e s s  and hence t h e  compress ive  s t r e n g t h .  

The r e s u l t s  o f  t h e  a n a l y s e s  o f  compress ive  s t r e n g t h  i n d i c a t e  t h a t  f o r  t h e  e l a s t i c  
c a s e  t h e  b i n d e r  Young's modulus is  t h e  dominant pa r ame te r .  For t h e  i n e l a s t i c  c a s e ,  
however, t h e r e  a r e  s t r e n g t h  l i m i t a t i o n s  which depend upon t h e  f i b e r  modulus and 
upon t h e  b i n d e r  s t r e n g t h .  The n a t u r e  o f  changes made m a t r i x  p r o p e r t i e s  t o  
improve t h e  compress ive  s t r e n g t h  o f  compos i tes  o f  a g i v e n  f i b e r  depends upon t h e  
ba se  o f  r e f e r e n c e .  I n  some c a s e s ,  performance is  l i m i t e d  by a b i n d e r  y i e l d  s t ress  
a t  a g i v e n  f i b e r  modulus,  whereas ,  f o r  o t h e r  c a s e s  a g a i n  compress ive  s t r e n g t h  
could  be ach ieved  by improving t h e  b i n d e r  modulus. The a n a l y t i c a l  resul ts  p r o v i d e  
gu idance  f o r  d e t e r m i n a t i o n  of  r e a s o n a b l e  changes m a t r i x  p r o p e r t i e s  t o  y i e l d  
improved compos i te  compress ive  s t r e n g t h .  

2 .3 .3 Ma t r i x  Mode S t r e n g t h .  

The remaining f a i l u r e  modes o f  i n t e r e s t  are transverse t e n s i o n  and compress ion ,  and 
a x i a l  s h e a r .  For each o f  t h e s e  l o a d i n g  c o n d i t i o n s ,  p o s s i b l e  t o  have  m a t e r i a l  
f a i l u r e  w i thou t  f r a c t u r e  o f  t h e  f i b e r s ,  hence  t h e  t e rmino logy  " ma t r i x  or  

modes o f  f a i l u r e . "  

a n a l y s e s  o f  t h e s e  f a i l u r e  modes a r e  complex because ,  u n l i k e  t h e  
a x i a l  f a i l u r e  modes t r e a t e d  above, f o r  t h e s e  m a t r i x  modes t h e  c r i t i c a l  s t ress  
s ta tes  are i n  t h e  matr ix ,  are h i g h l y  non- uniform, and a r e  v e r y  dependent  upon l o c a l  
d e t a i l s  o f  t h e  geometry. As a r e s u l t ,  i t  appea r s  t h a t  t h e  most f r u i t f u l  approaches  
w i l l  be  t h o s e  t h a t  c o n s i d e r  ave rage  s t a t e s  of stress r a t h e r  t h a n  l o c a l  d e t a i l s .  

Under t r a n s v e r s e  t e n s i l e  stress,  f a i l u r e  may occu r  w i t h i n  t h e  m a t r i x  o r  a long  t h e  
f i b e r - m a t r i x  i n t e r f a c e .  I t  is not  expec ted  t h a t  compos i te  t r a n s v e r s e  t e n s i l e  
s t r e n g t h s  w i l l  be s i g n i f i c a n t l y  i n  e x c e s s  o f  m a t r i x  t e n s i l e  s t r e n g t h .  I ndeed ,  
pe rhaps  t h e  a d d i t i o n  of  f i b e r s  w i l l  weaken t h e  m a t r i x  i n  t h i s  d i r e c t i o n  due t o  
l o c a l  stress c o n c e n t r a t i o n s  or weak i n t e r f a c e s ,  e t c .  

For t r a n s v e r s e  compress ion ,  f a i l u r e  may occu r  by s h e a r i n g  a long  a s u r f a c e  th rough  
t h e  m a t r i x  p a r a l l e l  t o  t h e  f i b e r  axes i n  a f a s h i o n  somewhat s i m i l a r  t o  t h e  compres-
s i v e  f a i l u r e  of a homogeneous m a t e r i a l .  Thus,  t h e r e  are two t y p e s  o f  s h e a r i n g  
stresses which are of  in te res t  f o r  m a t r i x  dominated f a i l u r e s :  i n  a p l a n e  which 
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c o n t a i n s  t h e  f i l a m e n t s ,  and i n  a p l a n e  normal t o  t h e  f i l a m e n t s .  I n  t h e  f i r s t  
c a s e ,  a s  t he  f o l l o w i n g  d i s c u s s i o n  w i l l  show, t h e  f i l a m e n t s  p r o v i d e  v e r y  l i t t l e  
re inforcement  t o  t h e  compos i te  and t h e  s h e a r  s t r e n g t h  depends upon t h e  s h e a r  
s t r e n g t h  of  t h e  m a t r i x  m a t e r i a l .  I n  t h e  second case, some r e in fo rcemen t  may occu r  
and, a t  h igh  volume f r a c t i o n s  o f  f i l a m e n t s ,  may be  s u b s t a n t i a l .  Because t h e  
a n a l y s i s  shows t h a t  r e in fo rcemen t  does  not  t a k e  p l a c e  i n  p l a n e s  or s u r f a c e s  
p a r a l l e l  t o  t h e  f i l a m e n t s ,  t h e s e  p l a n e s  may be c o n s i d e r e d  p l a n e s  of  s h e a r  weakness.  
S u r f a c e s  of s h e a r  weakness do indeed  e x i s t  i n  f i l a m e n t a r y  compos i t e s .  I t  i s  
impor tan t  t o  r ecogn ize  t h a t  f i l a m e n t s  p r o v i d e  l i t t l e  r e s i s t a n c e  t o  s h e a r i n g  i n  any 
s u r f a c e s  p a r a l l e l  t o  them. 

The approach t o  t h e  s h e a r  f a i l u r e  a n a l y s i s  is  t o  c o n s i d e r  t h a t  a u n i a x i a l  f i b r o u s  
composi te  i s  comprised o f  s t r o n g  and s t i f f  f i b e r s  embedded i n  a m a t r i x  which is  
c h a r a c t e r i z e d  by i t s  i n i t i a l  e l a s t i c  modulus and by a maximum stress ' l eve l .  
Accord ing ly ,  t h e  m a t r i x  i s  i d e a l i z e d  so t h a t  i t s  s t r e s s - s t r a i n  r e l a t i o n  is t h a t  of  
an e l a s t i c ,  p e r f e c t l y  p l a s t i c  m a t e r i a l .  For  homogeneous m a t e r i a l s  t h e  e x i s t e n c e  o f  
t h i s  p l a s t i c  r e g i o n  g e n e r a l l y  s i g n i f i e s  t h e  p o s s i b i l i t y  o f  unbounded s t r u c t u r a l  
de fo rma t ions  beyond some l i m i t i n g  load .  

For t h e  compos i te ,  t h e  theorems o f  l i m i t  a n a l y s i s  o f  p l a s t i c i t y  r e f s .  2 .51 
and 2.52) may b e  u t i l i z e d  t o  ' o b t a i n  u p p e r  and lower bounds of a compos i t e  l i m i t  
load  ( r e f .  2 .53 ) .  T h i s  i s  d e f i n e d  a s  t h e  load  a t  which t h e  m a t r i x  y i e l d  s t ress  
p e r m i t s  compos i te  de fo rma t ion  t o  i n c r e a s e  w i t h  no i n c r e a s e  i n  l oad .  T h i s  l i m i t  
load h a s  been d e f i n e d  a s  compos i te  f a i l u r e  and may be  c o n s i d e r e d  a s  an approxima-
t i o n  t o  t h e  s t r e n g t h  o f  a compos i t e  h a v i n g  a d u c t i l e  m a t r i x .  The assumpt ions  a r e  
made t h a t  t h e  f i l a m e n t s  a r e  e l a s t i c - b r i t t l e  and t h a t  t h e  m a t r i x  i s  e l a s t i c -
p e r f e c t l y  p l a s t i c  and obeys t h e  von y i e l d  c r i t e r i o n .  

The lamina ana lyzed  i s  comprised o f  a m a t r i x  c o n t a i n i n g  a u n i a x i a l  se t  o f  f i l a m e n t s .  
The r e in fo rcemen t s  a r e  assumed i n  t h e  CCA a r r a y  c o n f i g u r a t i o n  d e s c r i b e d  i n  r e f e r -
ence 2 .8  so t h a t  a l l  f i l a m e n t s  are c o n s i d e r e d  sur rounded  by c i r c u l a r  c y l i n d r i c a l  
s u r f a c e s  such t h a t  t h e  r a t i o s  o f  f i l a m e n t  r a d i u s  t o  s u r r o u n d i n g  c i r c u l a r  b i n d e r  
r a d i u s  a r e  t h e  same f o r  a l l  c y l i n d e r s .  One of  t h e s e  c y l i n d e r s ,  c o n s i s t i n g  of  a 
f i l a m e n t  and a s s o c i a t e d  c o n c e n t r i c  b i n d e r  s h e l l ,  w i l l  be r e f e r r e d  t o  a s  a compos i te  
cy1 r . 
The procedure  i s  t o  s e l e c t  " admis s ib l e"  s t ress  and v e l o c i t y  f i e l d s  f o r  c o n s t r u c t i o n  
of  t h e  lower and upper  bounds, r e s p e c t i v e l y .  ( D e t a i l s  a r e  p r e s e n t e d  r e f .  2 .53)  
An a d m i s s i b l e  stress f i e l d  must s a t i s f y  t h e  e q u i l i b r i u m  e q u a t i o n s  everywhere and 
t h e  t r a c t i o n  boundary c o n d i t i o n s  where s p e c i f i e d .  I n  t h e  approach u t i l i z e d ,  a 
uniform stress f i e l d  was used as t h e  a d m i s s i b l e  stress f i e l d  a l l  c a s e s .  A 
k i n e m a t i c a l l y  a d m i s s i b l e  v e l o c i t y  f i e l d  i s  a c o n t i n u o u s  f i e l d  ( w i t h  c e r t a i n  
p e r m i s s i b l e  e x c e p t i o n s )  which s a t i s f i e s  t h e  d i sp l acemen t  and v e l o c i t y  boundary 
c o n d i t i o n s .  For t h i s  p r e s e n t  approach ,  t h e  e l a s t i c  d i sp l acemen t  f i e l d s  of  r e f e r -
ence 2 . 8  were used a s  a d m i s s i b l e  v e l o c i t y  f i e l d s  t o  o b t a i n  t h e  upper  bounds f o r  t h e  
two s h e a r  s t r e n g t h s  d e s c r i b e d  above. The r e s u l t s  o b t a i n e d  from t h i s  bounding 
p rocedu re  f o r  a x i a l  s h e a r  are p r e s e n t e d  i n  f i g u r e  2.35.  The upper  bound is  p l o t t e d  
a s  a f u n c t i o n  o f  as shown by t h e  s o l i d  c u r v e ,  c o i n c i d i n g  w i t h  t h e  lower bound 
a t  0 and approaching  t h e  v a l u e  a s  From f i g u r e  2 .35  appea r s  
t h a t  t h e  maximum p o s s i b l e  i n c r e a s e  i n  i n- p lane  s h e a r  s t r e n g t h  due  t o  t h e  f i l amen-
t a r y  r e i n f o r c e m e n t s  app rox ima te ly  27 p e r c e n t .  F i g u r e  2 .36  i s  a s chema t i c  
i l l u s t r a t i o n  of t h i s  mode of  f a i l u r e .  
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For t r a n s v e r s e  s h e a r ,  t h e  bounds a r e  p l o t t e d  i n  f i g u r e  2 . 3 7  a s  a f u n c t i o n  of  
I n  t h i s  c a s e  t h e  upper  bound approaches  i n f i n i t y  ( b e c a u s e  of  t h e  of  
r i g i d  f i l a m e n t s )  as  The h e r e  t h a t  r e in fo rcemen t  a g a i n s t  
t r a n s v e r s e  s h e a r  may i n  f a c t  t a k e  p l a c e ,  p a r t i c u l a r l y  i n  compress ion .  

2 .3 .4  Remarks on S t r e n g t h  A n a l y s i s .  

The developments  of  s e c t i o n s  2.3.1 and 2 .3 .3  demons t r a t e  t h a t  t h e  a n a l y t i c a l  
d e t e r m i n a t i o n  of  t h e  u l t i m a t e  stresses o f  a u n i d i r e c t i o n a l  compos i te  terms of 

and c o n s t i t u e n t  s t r e n g t h  c h a r a c t e r i s t i c s  i s  ex t r eme ly  complex, 
perhaps  t o  t h e  p o i n t  of  b e i n g  r ega rded  a s  an i n t r a c t a b l e  problem. The q u a l i t a t i v e  
t r e a t m e n t s  d i s c u s s e d  p r o v i d e  v a l u a b l e  i n s i g h t s  i n t o  t h e  problem o f  s t r e n g t h  and 
g u i d e l i n e s  f o r  t h e  development of  improved m a t e r i a l s ,  bu t  d e s i g n  v a l u e s  of  t h e  
u l t i m a t e  stresses m u s t  be  de te rmined  e x p e r i m e n t a l l y .  Even such  e x p e r i m e n t a l  
i n f o r m a t i o n ,  however, i s  not  s u f f i c i e n t  f o r  c h a r a c t e r i z a t i o n  o f  t h e  s t r e n g t h  of a 
UDC. S i n c e  i n  most s t r u c t u r a l  a p p l i c a t i o n s  t h e  m a t e r i a l  s u b j e c t e d  t o  s t a t e s  of  
combined stress.  The r e a s o n  t h a t  t h e  most common s t r u c t u r a l  usage  of  a UDC i s  

form of u n i d i r e c t i o n a l l y  r e i n f o r c e d  laminae which a r e  j o i n e d  t o  form a 
l amina t e .  As w i l l  be shown l a t e r ,  t h e  s t a t e  of  s t ress  i n  such  a lamina  i s  a t  l e a s t  
p l a n e ;  t h u s  i t  has  t h r e e  components:  t h e  f i b e r  d i r e c t i o n ,  t r a n s v e r s e  
t o  t h e  f i b e r s  and i n  a x i a l  s h e a r .  I t  i s  n e c e s s a r y ,  t h e r e f o r e ,  t o  d e t e r m i n e  
t h e  s t r e n g t h  of  a UDC under  a s t a t e  o f  combined s t ress .  I n  view o f  t h e  ex t reme 
d i f f i c u l t y  of  t h e  a n a l y t i c a l  d e t e r m i n a t i o n  of  s t r e n g t h  f o r  a s i n g l e  s t ress  compo-
n e n t ,  i t  is  i m p r a c t i c a l  t o  a t t emp t  t o  r e s o l v e  t h e  problem f o r  combined stress by 

a n a l y s i s .  On t h e  o t h e r  hand,  a l s o  i m p r a c t i c a l  t o  r e s o l v e  t h e  
problem by e x p e r i m e n t a t i o n ,  s i n c e  t h e  number of  tes ts  r e q u i r e d  t o  deve lop  t h e  f u l l  
f a i l u r e  s u r f a c e  would be  enormous and some of t h e  combined s t ress  t e s t s  a r e  v e r y  
d i f f i c u l t  t o  perform.  The remain ing  a l t e r n a t i v e  t o  e s t a b l i s h  t h e  u l t i m a t e  
s t ress  v a l u e s  f o r  s i n g l e  s t ress  components by exper iment  and c o n s t r u c t  a n a l y t i c a l  
f a i l u r e  c r i t e r i a  i n  terms o f  t h e s e  v a l u e s  by g l o b a l  c o n s i d e r a t i o n s .  

2 .3 .5  S t r e n g t h  Under Combined S t r e s s .  

The f a i l u r e  of  a UDC under  s i n g l e  s t ress  components ha s  been shown t o  i n v o l v e  a 
number of v e r y  d i f f e r e n t  f a i l u r e  mechanisms. I t  is  now d e s i r e d  t o  u s e  t h i s  know-
ledge  and q u a n t i t a t i v e  e x p e r i m e n t a l  d a t a  f o r  s i n g l e  s t r e s s  components t o  f o r m u l a t e  
p r a c t i c a l  f a i l u r e  c r i t e r i a  f o r  combined s t resses .  For s i m p l i c i t y ,  t h e  d i s c u s s i o n  
w i l l  d e a l  w i th  t h e  c a s e  of p l a n e  stress. R e s u l t s  f o r  more compl i ca t ed  s t ress  
s y s t e m s  w i l l  be  quo ted ,  s u b s e q u e n t l y .  The stresses c o n s i d e r e d  a r e  ave rages  ove r  an 
RVE. The fundamental  assumpt ion  t h a t  t h e r e  e x i s t s  a f a i l u r e  c r i t e r i o n  o f  t h e  
form: 

which c h a r a c t e r i z e s  t h e  f a i l u r e  of  t h e  UDC. A conven i en t  d e s c r i p t i o n  of  is  
a s u r f a c e  stress s p a c e  w i t h  c o o r d i n a t e s  and f i g u r e  2 .38 .  S i n c e  
a l l  f a i l u r e  stresses are f i n i t e ,  t h e  s u r f a c e  m u s t  be  c l o s e d .  Each p o i n t  i n  s t r e s s  
s p a c e  r e p r e s e n t s  a s t a t e  o f  stress.  P o i n t s  i n s i d e  t h e  s u r f a c e  i n d i c a t e  no f a i l u r e ,  
p o i n t s  on t h e  s u r f a c e  i n d i c a t e  f a i l u r e  and p o i n t s  o u t s i d e  t h e  s u r f a c e  are not  
r e a l i z a b l e  stress s ta tes .  A f a i l u r e  s u r f a c e  can  a l s o  be  exp re s sed  i n  terms o f  
s t r a i n s .  The stress and s t r a i n  f a i l u r e  s u r f a c e s  must be  connec ted  by t h e  stress-
s t r a i n  r e l a t i o n s  o f  t h e  UDC. 

2-94 



10 

5 

0 0 . 5  1.0 
V f 

F I G U R E  2 . 3 7 .  BOUNDS ON THE L I M I T  LOAD FOR A SHEAR S T R E S S  A P P L I E D  
I N  A PLANE NORMAL TO THE F I B E R S  O F  A U N I A X I A L  F I B R O U S  
COMPOSITE (NORMALIZED WITH R E S P E C T  TO MATRIX SHEAR 
STRENGTH 

2- 95 



-20 
12' 

ksi 

\ I I I I * 

12 
ksi 

ksi 

ksi 

FIGUKE 2 . 3 8 .  FAILURE SURFACES IN S T R E S S  SPACE 
60%F I B E R S  

2-96 



+ + + 

+ 

The most p r i m i t i v e  f a i l u r e  c r i t e r i o n  c o n s i s t s  o f  t h e  assumpt ion  t h a t  f a i l u r e  will 
occur  whenever any s i n g l e  s t r e s s  component r e a c h e s  i t s  u l t i m a t e  v a l u e ,  r e g a r d l e s s  
of  t h e  v a l u e s  o f  t h e  o t h e r  s t ress  components.  T h i s  "maximum s t r e s s ' '  f a i l u r e  c r i -
t e r i o n  is no t  r e a l i s t i c ,  s i n c e  i t  d i s r e g a r d s  t h e  combined e f f e c t s  of s t r e s s e s  on 
f a i l u r e .  Al though i s  s imp le  t o  u t i l i z e  i n  p r a c t i c e ,  such a c r i t e r i o n  non-
c o n s e r v a t i v e  s i n c e  i t  o v e r e s t i m a t e s  t h e  s t r e n g t h  o f  t h e  m a t e r i a l  under  combined 
s t ress .  A s i m i l a r  p o s s i b i l i t y  i s  t h e  assumpt ion  t h a t  f a i l u r e  occu r s  whenever any 
s t r a i n  component r eaches  i t s  value'  r e g a r d l e s s  of  t h e  o t h e r s .  This  
"maximum s t r a i n " c r i t e r i o n  i s  a l s o  f r e q u e n t l y  u sed ,  a l t hough  i t  i s ,  of  c o u r s e ,  open 
t o  s i m i l a r  c r i t i c i s m .  

The u s u a l  approach t o  c o n s t r u c t i o n  of  a f a i l u r e  c r i t e r i o n  t o  assume t h a t  can  
be r e p r e s e n t e d  by a q u a d r a t i c  po lynomia l  i n  t h e  s t resses .  The c o e f f i c i e n t  of  t h e  
polynomial  shou ld  be exp re s sed  i n  terms o f  s imple  expe r imen ta l  i n f o r m a t i o n  such a s  
u l t i m a t e  stresses under i n d i v i d u a l  load  components.  The v a r i o u s  f a i l u r e  c r i t e r i a  
which have been proposed a l l  a t t emp t  t o  u t i l i z e  t h e s e  b a s i c  t e s t  d a t a  t o  d e f i n e  a 
s u r f a c e  of t h e  form ( 2 . 1 0 2 ) .  No fundamental  s i g n i f i c a n c e  shou ld  be a t t a c h e d  t o  t h e  
c h o i c e  of a q u a d r a t i c  form. T h i s  shou ld  be r ega rded  as t h e  s i m p l e s t  c h o i c e  which 
c a n  adequa t e ly  d e s c r i b e  t h e  expe r imen ta l  d a t a .  I t  seems t h a t  such an approach has  
been s i m u l t a n e o u s l y  i n i t i a t e d  i n  r e f e r e n c e s  2 . 5 4  and 2 . 5 5 .  A g e n e r a l  q u a d r a t i c  
f a i l u r e  c r i t e r i o n  i n c l u d i n g  l i n e a r  terms has  been  p r e s e n t e d  and d i s c u s s e d  
r e f e r e n c e  2 . 5 6 .  A comprehensive g e n e r a l  d i s c u s s i o n  of  q u a d r a t i c  f a i l u r e  c r i t e r i a  
h a s  been g i v e n  i n  r e f e r e n c e  2 . 5 7 .  A l l  of  t h e  q u a d r a t i c  f a i l u r e  c r i t e r i a  r e f e r r e d  t o  
a r e  smooth, which imp l i e s  t h a t  t h e  f a i l u r e  c r i t e r i o n  i s  r e p r e s e n t e d  i n  terms of a 
s i n g l e  po lynomia l .  For example, t h e  c a s e  of  p l a n e  s t r e s s ,  t h e  g e n e r a l  q u a d r a t i c  
v e r s i o n  of  e q u a t i o n  2 . 1 0 2  would be 

L L 
+ 

+ + + . F6 12 

The m a t e r i a l  h a s  d i f f e r e n t  s t r e n g t h s  i n  u n i a x i a l ,  l o n g i t u d i n a l  and t r a n s v e r s e  
t e n s i o n s  and compress ions ,  bu t  e v i d e n t l y  t h e  s h e a r  s t r e n g t h  i s  not  a f f e c t e d  by t h e  
s i g n  of  t h e  s h e a r  s t r e s s .  I t  fo l l ows  t h a t  a l l  powers of  s h e a r  s t ress  i n  t h e  
f a i l u r e  c r i t e r i o n  must  be even and t h e r e f o r e  a l l  t h e  te rms  c o n t a i n i n g  a s h e a r  
s t ress  t o  power one m u s t  be  r e j e c t e d .  Consequent ly ,  t h e  c r i t e r i o n  s i m p l i f i e s  t o  

2 2 2 
+ + + 

F a  11 11 + = 

L e t  t h e  u l t i m a t e  s t r e s s e s  f o r  s i n g l e  s t ress  components be  denoted 

- t e n s i l e  u l t i m a t e ,  f i b e r  d i r e c t i o nL 

- compress ive  u l t i m a t e ,  f i b e r  d i r e c t i o nL 

- t e n s i l e  u l t i m a t e ,  t r a n s v e r s e  t o  f i b e r sT 

2-97 



- - - 

- 

- 
- 

- compress ive  u l t i m a t e ,  t r a n s v e r s e  t o  f i b e r sT 

- l o n g i t u d i n a l  s h e a r  s t r e s sL 

T h e s e  v a l u e s  d e t e r m i n e  t h e  p o i n t s  on t h e  axes  th rough  which 
r u r f a c e  (2 .103)  must p a s s .  I t  f o l l o w s  t h a t  

1 1 -
L L  T 

1 1 1 1 
=-tu cu- -t u  UT 

However, canno t  be de te rmined  i n  terms of  t h e  u l t i m a t e  s t r e s s e s  arid 
n e i e s s a r y  t o  perform f a i l u r e  t es t s  under  b i a x i a l  s t r e s s  t o  f i n d  t h i s  c o e f f i c i e n t .  
F r e q u e n t l y ,  t h i s  c o e f f i c i e n t  is e s t a b l i s h e d  by r e l a t i n g  ( 2 . 1 0 3 )  t o  t h e  

c r i t e r i o n  f o r  i s o t r o p i c  m a t e r i a l s .  T h i s  y i e l d s  

The above f a i l u r e  c r i t e r i o n  t h e  two d imens iona l  v e r s i o n  of  t h e  c r i t e r i o n  
( r e f e r e n c e  2 . 5 6 ) .  I t s  implementa t ion  r a i s e s  s e v e r a l  problems:  

1. The c o e f f i c i e n t  must be  de te rmined  by b i a x i a l  t e s t i n g .  
I t  i s  n e c e s s a r y  t o  s e l e c t  t e n s i o n  o r  compress ion v a l u e s  f o r  
bo th  and f o r  t h e s e  t e s t s .  I t  i s  r e a s o n a b l e  t o  expec t  
t h a t  w i l l  have f o u r  d i f f e r e n t  v a l u e s  c o r r e s p o n d i n g  t o  t h e s e  
c h o i c e s .  T h i s  c o n t r a d i c t s  t h e  premise  of  t h e  d e s c r i p t i o n  of  
t h e  f a i l u r e  c r i t e r i o n  by a s i n g l e  po lynomia l .  

2 .  S i n c e  t h e  c o e f f i c i e n t s  a r e  e x p r e s s e d  terms o f  b o t h  t e n s i l e  
and compress ive  s t r e n g t h s ,  i t  f o l l o w s  t h a t  i n  a b i a x i a l  t e n s i o n-
t e n s i o n  t e s t ,  t h e  f a i l u r e  w i l l  depend on t h e  compress ive  u l t i m a t e  
stresses.  T h i s  not s a t i s f a c t o r y  from a p h y s i c a l  p o i n t  of  v iew.  

3.  The f a i l u r e  c r i t e r i o n  i g n o r e s  t h e  d i f f e r e n t  f a i l u r e  modes of  a 
and does  no t  s p e c i f y  how t h e  compos i t e  f a i l s .  

These  f i r s t  two q u e s t i o n s  l e a v e  room f o r  argument.  However, i n  view of  t h e  d i v e r s e  
f a i l u r e  mechanisms d i s c u s s e d  e a r l i e r ,  t h e  l a s t  shor tcoming  p a r t i c u l a r l y  s e v e r e .  
It p o s s i b l e  t o  u s e  t h e  i d e n t i f i c a t i o n  o f  t h e  d i f f e r e n t  f a i l u r e  modes of  a UDC t o  
l e a d  t o  p h y s i c a l l y  more r e a l i s t i c  and,  a t  t h e  same t ime,  s i m p l e r  f a i l u r e  c r i t e r i a  
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( r e f e r e n c e  2 .58) .  T e s t i n g  o f  a polymer m a t r i x  UDC r e v e a l s  t h a t  t e n s i l e  s t ress  i n  
t h e  f i b e r  d i r e c t i o n  p roduces  a j a g g e d ,  i r r e g u l a r  f a i l u r e  s u r f a c e ,  w h i l e  t e n s i l e  
s t ress  t r a n s v e r s e  t o  t h e  f i b e r s  produces  a smooth,  s t r a i g h t  f a i l u r e  s u r f a c e  
( f i g u r e s  2.39, 2 . 4 0 ) .  The u n d e r l y i n g  m i c r o s t r u c t u r a l  phenomena a r e  a s  f o l l o w s :  i n  
t h e  c a s e  of t e n s i o n  t h e  f i b e r  d i r e c t i o n ,  f i b e r s  b r e a k  p r o g r e s s i v e l y  a t  random 
p l a c e s ,  l e a d i n g  t o  s m a l l  t r a n s v e r s e  c r a c k s  and a l s o  l o n g i t u d i n a l  c r a c k s  a long  t h e  
f i b e r s  ( f i g u r e  2 .41) .  The load  c a r r y i n g  c a p a c i t y  t h e  f i b e r  d i r e c t i o n  d e t e r i o-
r a t e s  because  of  t h e  t r a n s v e r s e  c r a c k s  u n t i l  a s u f f i c i e n t  number c o a l e s c e  t o  r e s u l t  
i n  c a t a s t r o p h i c  f a i l u r e .  

Such f a i l u r e  w i l l  be i d e n t i f i e d  a s  t h e  f i b e r  mode. S i n c e ,  i n  t h i s  mode, 
t h e  c a r r y i n g  c a p a c i t y  d e t e r i o r a t i o n  i s  due t o  t r a n s v e r s e  c r a c k s ,  and s i n c e  t r a n s-
v e r s e  s t ress  h a s  no e f f e c t  on such  c r a c k s  ( a l t h o u g h  i t  may a f f e c t  l o a d  t r a n s-
f e r  a f t e r  c r a c k i n g ) ,  i t  is  assumed t h a t  t h e  p l a n e  t e n s i l e  mode i s  o n l y  dependen t  on 
t h e  s t resses  and 

I n  t h e  c a s e  of  compress ive  f a i l u r e  i s  due t o  f i b e r  b u c k l i n g ,  a s  h a s  been 
d i s c u s s e d  i n  s e c t i o n  2 .3 .2 .  The f i b e r s  b u c k l e  i n  t h e  s h e a r  mode, and t h e r e f o r e ,  i t  
may a g a i n  b e  assumed t h a t  t h e  t r a n s v e r s e  stress h a s  l i t t l e  e f f e c t  on t h e  
compress ive  f a i l u r e .  Thus,  t h i s  compress ive  f i b e r  mode, f a i l u r e  a g a i n  depends 
p r i m a r i l y  on and a l s o  on The dependence of no t  known and 
arguments may b e  o f f e r e d  f o r  and a g a i n s t ,  i n c l u d i n g  i t  t h e  f a i l u r e  c r i t e r i o n .  

I n  t h e  c a s e  o f  t e n s i o n  t r a n s v e r s e  t o  t h e  f i b e r s ,  f a i l u r e  o c c u r s  by a sudden c r a c k  
i n  t h e  f i b e r  d i r e c t i o n ,  f i g u r e  2 .42.  The phenomenon i s  so a b r u p t  t ha t  i t  is  
e x t r e m e l y  d i f f i c u l t  t o  d e t e c t  i t s  i n i t i a t i o n  and e x t e n s i o n .  T h i s  f a i l u r e  mode w i l l  
be  c a l l e d  t h e  t e n s i l e  m a t r i x  mode. S i n c e  s t ress  i n  t h e  f i b e r  d i r e c t i o n  h a s  no 
e f f e c t  on a c r a c k  i n  t h e  f i b e r  d i r e c t i o n ,  t h e  a x i a l  s t ress  d o e s  no t  e n t e r  i n t o  
t h i s  f a i l u r e  mode, which is t h u s  dependent  o n l y  on and 

For  compress ive  s t ress  t r a n s v e r s e  t o  t h e  f i b e r s ,  f a i l u r e  o c c u r s  on some p l a n e  
p a r a l l e l  t o  t h e  f i b e r s ,  n o t  n e c e s s a r i l y  normal t o  t h e  d i r e c t i o n  o f  T h i s  
c a l l e d  t h e  compress ive  m a t r i x  mode and i s  produced by normal stress and s h e a r  
s t r e s s  on t h e  f a i l u r e  p l a n e .  Again,  t h e  s t ress  d o e s  no t  a f f e c t  t h e  f a i l u r e .  

Each o f  t h e  f a i l u r e  modes d e s c r i b e d  c a n  be  model led s e p a r a t e l y  by a q u a d r a t i c  
polynomial .  ( F o r  d e t a i l s ,  see r e f .  2 .58,  i n  which t h e  g e n e r a l  c a s e  o f  t h r e e-
dimens iona l  s t ress  c o n s i d e r e d . )  T h i s  r e s u l t s  f o u r  i n d i v i d u a l  f a i l u r e  
c r i t e r i a .  

I t  s h o u l d  b e -n o t e d  t h a t  t h e  c h o i c e  o f  stress components i n c l u d e d  i n  each  of  t h e s e  
c r i t e r i a ,  and t h e  p a r t i c u l a r  m a t h e m a t i c a l  form used a r e  s u b j e c t s  which a r e  not 
f u l l y  r e s o l v e d  a t  t h i s  p o i n t  t ime. The f o l l o w i n g  c r i t e r i a  appear  t o  be  a 
r e a s o n a b l e  se t  which s a t i s f y  t h e  d e s i r e  t o  d e a l  s e p a r a t e l y  w i t h  d i f f e r e n t  modes of  
f a i l u r e .  
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FIGURE 2.39. TYPICAL FAILURE OF UNIDIRECTIONAL LAMINATES 
SUBJECTED TO TRANSVERSE TENSION-TENSION FATIGUE LOADING 
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FIGURE 2 . 4 0 .  TYPICAL FAILURE OF SUBJECTED TO 
LONGITUDINAL TENSION-TENSION FATIGUE LOADING 
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FIGURE 2 . 4 1 .  TENSILE FIBER FAILURE MODE 

C A T A S T R O P H I C  
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FIGURE 2.42. TENSILE MATRIX FAILURE MODE 
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i n  shou ld  be t a k e n  w i t h  i t s  a b s o l u t e  v a l u e .  The u l t i m a t eT 
t r a n s v e r s e  s h e a r ,  is v e r y  d i f f i c u l t  t o  measure. However, a r e a s o n a b l e  

T 
approximat ion  f o r  t h i s  q u a n t i t y  i s  t h e  u l t i m a t e  s h e a r  s t r e s s  f o r  t h e  po lymer ic  

m a t r i x .  For any g i v e n  s t a t e  of s t ress ,  one of each o f  and i s  

chosen  acco rd ing  t o  t h e  s i g n s  o f  and The s t ress  components a r e  i n t r o-

duced i n t o  t h e  a p p r o p r i a t e  p a i r  and whichever  c r i t e r i o n  i s  s a t i s f i e d  f i r s t  i s  t h e  

o p e r a t i v e  c r i t e r i o n .  

The advantages  of  (2 .105 and 2 .106)  a r e  a s  f o l l o w s :  

1. The f a i l u r e  c r i t e r i a  a r e  exp re s sed  i n  terms of  s i n g l e  component 
u l t i m a t e  stresses.  No b i a x i a l  t e s t  r e s u l t s  a r e  needed. 

2. The f a i l u r e  mode i s  i d e n t i f i e d  by t h e  c r i t e r i o n  which 
s a t i s f i e d  f i r s t ,  
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The l a s t  f e a t u r e  o f  fundamental  impor tance  fo r  a n a l y s i s  of  f i b e r  compos i te  
s t r u c t u r a l  e l emen t s ,  s i n c e  i t  p e r m i t s  t he  n a t u r e  of  i n i t i a l  
damage. Moreover, i n  c o n j u n c t i o n  w i t h  a f i n i t e  e lement  a n a l y s i s ,  i t  i s  p o s s i b l e  t o  
i d e n t i f y  t h e  n a t u r e  of t h e  f a i l u r e  e l e m e n t s ,  modify t h e i r  s t i f f n e s s  a c c o r d i n g l y ,  
and proceed w i t h  t h e  a n a l y s i s  t o  p r e d i c t  new f a i l u r e ,  e t c .  

A conven i en t  method t o  examine t h e  f a i l u r e  c r i t e r i a  e x p e r i m e n t a l l y  i s  by means of 
o f f - a x i s  specimens,  f i g u r e  2.43. I n  such a specimen,  t h e  s t r e s s e s  a r e  g i v e n  by 

2 = ucos 

2 = 

= 

T e s t i n g  t e n s i o n  shows, ( r e f e r e n c e  t h a t  f o r  v e r y  s m a l l  r e in fo rcemen t  
a n g l e s ,  specimens f a i l  t h e  f i b e r  mode, wh i l e  f o r  i n c r e a s e d  a n g l e s  t hey  f a i l  
t h e  m a t r i x  mode. T h i s  shown s c h e m a t i c a l l y  i n  f i g u r e  2 .44 .  The ang le  
s e p a r a t i n g  t h e  two modes i s  o b t a i n e d  when 2.105 and 2.106 a r e  s a t i s f i e d  s imu l t ane-
o u s l y  terms of  of (2 .107 ) .  T h i s  l e a d s  t o  

(2 .108)  

F i g u r e  2.45 shows comparison of  t h e  p r e d i c t i o n  of t h e  f a i l u r e  c r i t e r i a  
w i t h  expe r imen ta l  d a t a  f o r  o f f - a x i s  spec imens ,  ( r e f .  

showing e x c e l l e n t  agreement .  

For a g e n e r a l  s t a t e  of ave rage  th ree- dimens iona l  s t ress ,  t h e  f a i l u r e  c r i t e r i a  a r e  
( r e f e r e n c e  2 .58) :  

Fiber Modes 

2 2 

u 2  
+ 

2 2 
1  

11 
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FIGUKE 2 . 4 3 .  OFF-AXIS SPECIMEN 
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FIGURE 2.44. FAILURE MODES - OFF AXIS SPECIMENS 
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2 .3 .6  F a t i g u e  F a i l u r e .  

Unders tand ing  t h e  r e s p o n s e  of  compos i t es  t o  r e p e a t e d  load a p p l i c a t i o n s  i s  o f  
p r imary  importance s i n c e  a e r o n a u t i c a l  s t r u c t u r e s  a r e  s u b j e c t e d  t o  many l o a d  c y c l e s  
d u r i n g  t h e i r  l i f e t i m e .  Loca l  a r e a s  of  damage may be i n i t i a t e d  by c y c l i c  l o a d i n g .  
Such l o c a l i z e d  damage may a l s o  e x i s t  a s  a r e s u l t  of  d e f i c i e n c i e s  of  t h e  f a b r i c a t i o n  
p r o c e s s ,  o r  a s  a r e s u l t  o f  u n a n t i c i p a t e d  e v e n t s  i n  s e r v i c e ,  such  as  f o r e i g n  o b j e c t  
damage. Damage r e s u l t i n g  from a l l  of  t h e s e  c a u s e s  may be expec ted  t o  p r o p a g a t e  a s  
a r e s u l t  of  subsequent  c y c l i c  l o a d i n g .  T h i s  i n c r e a s e  t h e  amount of  damage may 
l e a d  t o  a l o s s  i n  s t r u c t u r a l  performance and e v e n t u a l l y  t o  f a i l u r e .  

F o r  m e t a l  s t r u c t u r e s ,  f a t i g u e  problems have been approached w i t h  some s u c c e s s  by 
u s e  of t h e  methodology of f r a c t u r e  mechan ics .  I n  m e t a l s  f a t i g u e ,  f a i l u r e  c o n s i s t s  
o f  t h e  i n i t i a t i o n  and p r o p a g a t i o n  of  one dominant c r a c k .  Over t h e  y e a r s ,  t h e r e  has  
emerged a f r a c t u r e  mechanics  d e s i g n  p rocedure  f o r  f a t i g u e  of  m e t a l  a e r o n a u t i c a l  
s t r u c t u r e s  which i s  based on p e r i o d i c  i n s p e c t i o n  and m o n i t o r i n g  o f  v i s i b l e  c r a c k s  
( s e e ,  r e f e r e n c e  2 . 6 1 ) .  As w i l l  be d i s c u s s e d  below, t h e r e  a r e  s i g n i f i c a n t  
d i f f e r e n c e s  between t h e  f a t i g u e  f a i l u r e  p r o c e s s e s  i n  m e t a l s  and t h o s e  i n  f i b e r  
compos i t es .  T h i s  r e q u i r e s  n e w  d e s i g n  p r o c e d u r e s ,  which have not y e t  been e s t a b-
l i s h e d  i n  d e f i n i t i v e  form, f o r  f i b e r  composi te  s t r u c t u r e s .  

is  a g a i n  emphasized t h a t  i n  t h e  d e s i g n  p r o c e s s  of  a f i b e r  compos i t e  s t r u c t u r e ,  
t h e  l a m i n a t e  c o n f i g u r a t i o n ,  and a l s o  t h e  c o n s t i t u e n t s  o f  t h e  U D C ,  a r e  d e s i g n  
v a r i a b l e s .  C l e a r l y ,  i s  p r o h i b i t i v e l y  e x p e n s i v e  t o  o b t a i n  t h e  n e c e s s a r y  l a m i n a t e  
f a t i g u e  d a t a  by t e s t i n g  a l l  p o s s i b l e  c a n d i d a t e  l a m i n a t e s  f o r  a l l  c o n d i t i o n s  
of  i n t e r e s t .  I t  t h e r e f o r e  becomes n e c e s s a r y  t o  e i t h e r  s e v e r e l y  l i m i t  t h e  number of  
a l t e r n a t i v e s  t o  be examined, o r  t o  d e v e l o p  an a n a l y t i c a l  p r o c e d u r e .  Again,  i t  
a p p e a r s  d e s i r a b l e  t o  a s s e s s  t h e  f a t i g u e  c h a r a c t e r i s t i c s  of  a l a m i n a t e  f o r  g e n e r a l  
l o a d i n g  c o n d i t i o n s  i n  terms of  t h e  f a t i g u e  c h a r a c t e r i s t i c s  o f  t h e  l a m i n a t e  and t h e  
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l amina te  geometry. The f a t i g u e  r e sponse  o f  t h e  UDC would be de te rmined  e x p e r i-
men ta l l y .  T h e r e f o r e ,  t h e  p r e s e n t  d i s c u s s i o n  concerned  w i t h  f a t i g u e  f a i l u r e  of  

J u s t  as  t h e  c a s e  of s t a t i c  f a i l u r e  ( s e c t i o n s  h e r e  t h e  
po in t  of  view adopted t h a t  t h e  c o m p l e x i t i e s  o f  t h e  m i c r o s t r u c t u r a l  f a i l u r e  
p roces s  p r o h i b i t  q u a n t i t a t i v e  a n a l y t i c a l  d e t e r m i n a t i o n  of f a t i g u e  f a i l u r e  i n  te rms  

m i c r o c h a r a c t e r i s t i c s  of  t h e  compos i te .  The observed  n a t u r e  of 
is of g r e a t  q u a l i t a t i v e  impor tance ,  however,  p r i m a r i l y  f o r  t h e  d e t e c t i o n  and 

of d i f f e r e n t  f a i l u r e  modes. 

S i n g l e  C y c l i c  S t r e s s  Components 

t r a d i t i o n a l  f a t i g u e  t e s t ,  a specimen s u b j e c t e d  t o  un i form s i n u s o i d a l  
s t ress ,  f i g u r e  2.46.  The mean, and a l t e r n a t i n g ,  p a r t s  o f  t h e  

I C s t r e s s  a r e  d e f i n e d  by 

m 1 a = - ( a  
(2 .111 )  

t h e  s t ress  ampl i tude  r a t i o  by 

=  

The magnitude and t h e  a l g e b r a i c  s i g n  of  t h i s  r a t i o  c h a r a c t e r i z e  t h e  g e n e r a l  
type  of  load  combina t ions  b e i n g  a p p l i e d .  T h i s  i s  i l l u s t r a t e d  f i g u r e  2.47 f o r  
v a r i o u s  k i n d s  of  s i n u s o i d a l  c y c l i n g s .  

T h e  most common f a t i g u e  c h a r a c t e r i z a t i o n  i s  a p l o t  of  number of c y c l e s  t o  f a i l u r e  -
a l s o  c a l l e d  l i f e t i m e  - v e r s u s  t h e  maximum ampl i t ude  i n  a c o n s t a n t  s i n u s o i d a l  
c y c l i n g .  T h i s  i s  known as t h e  S-N c u r v e ,  and i s  g e n e r a l l y  p r e s e n t e d  f o r  s t ress  
r a t i o s ,  R ,  o f  e i t h e r  z e r o  or one .  S i n c e  l i f e t i m e s  may a t t a i n  m i l l i o n s  of  c y c l e s  
and s i n c e  most of  t h e  f a t i g u e  damage d e v e l o p s  towards t h e  end of  t h e  l i f e t i m e ,  i t  

convenien t  t o  p l o t  l o g  N v e r s u s  amp l i t ude ,  and sometimes v e r s u s  l og  amp l i t ude .  
An example of  an S-N c u r v e ,  f o r  c y c l i c  s t ress  o f  t h e  f i b e r  
d i r e c t i o n ,  i s  shown i n  f i g u r e  2.48. N o t i c e  t h e  r e l a t i v e l y  s m a l l  d e c r e a s e  
maximum s t ress  ove r  t h e  r ange  i n  l i f e t i m e  o u t  t o  c y c l e s .  I t  shou ld  be  
remembered t h a t  l o a d i n g  i s  c h a r a c t e r i z e d  by two numbers,  and 

or a l t e r n a t i v e l y ,  by and R .  The r e l a t i v e  e f f e c t  of  d i f f e r e n t  l o a d i n g s  
shown f i g u r e  2 .49 ,  f o r  a compos i t e .  The t e n s i o n- t e n s i o n  cu rve  

i l l u s t r a t e s  t h e  c h a r a c t e r i s t i c  o f  t h e  UDC t o  r e p e a t e d  t e n s i l e  
l o a d i n g s  i n  t h e  f i b e r  d i r e c t i o n .  T h i s  i s  i n  c o n t r a s t  t o  t h e  a x i a l  compress ion  
r e s u l t s  which demons t r a t e  s i g n i f i c a n t  f a t i g u e  d e g r a d a t i o n .  For b o t h  l o a d i n g  
c o n d i t i o n s ,  however,  t h e  maximum s tress  v a l u e s  are s u b s t a n t i a l l y  g r e a t e r  t han  t h e  
r e s u l t s  o b t a i n e d  f o r  a good aluminum a l l o y .  The f i g u r e  a l s o  c o n t a i n s  a r e p r e s e n t -
a t i v e  result  f o r  compress ive  c y c l i c  l o a d i n g  t r a n s v e r s e  t o  t h e  f i b e r s .  I n  t h i s  
mode, t h e  S-N c u r v e  i s  f l a t  b u t  s u b s t a n t i a l l y  below a l l  t h e  o t h e r  c u r v e s .  

An i n t r i n s i c  c h a r a c t e r i s t i c  of f a t i g u e  f a i l u r e  is  l a r g e  s c a t t e r  l i f e t i m e  
d a t a  f i g u r e  which i m p l i e s  t h a t  r e p e a t e d  t e s t s  o f  t h e  same c y c l i c  
l o a d i n g  produce v e r y  d i f f e r e n t  l i f e t i m e s .  T h i s  s c a t t e r  due t o  t h e  complex i t y  of 
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t h e  deve lop ing  microdamage under  c y c l i c  l o a d i n g ,  which i s  d i f f e r e n t  d e t a i l  f o r  
every  specimen t e s t e d .  Such s c a t t e r  i s  i n h e r e n t  t o  f a t i g u e  f o r  a l l  m a t e r i a l s  and 
m u s t  be  c o n s i d e r e d  i n  t h e  a n a l y t i c a l  methodology. 

S i n c e  most o f  t h e  e x p e r i e n c e  i n  f a t i g u e  f a i l u r e  h a s  been accumulated f o r  m e t a l s ,  i t  
i s  of  impor tance  t o  p o i n t  o u t  some fundamental  d i f f e r e n c e s  between f a t i g u e  f a i l u r e  
o f  m e t a l s  and compos i t es .  Meta l s  a r e  p o l y c r y s t a l l i n e  a g g r e g a t e s .  Dur ing  s t r e s s  
c y c l i n g ,  microdamage d e v e l o p s  i n  t h e  form of  m i c r o c r a c k s  and of  
s i n g l e  c r y s t a l s ,  t h e  l a t t e r  b e i n g  known a s  p e r s i s t e n t  s l i p  bands  A t  some 
s t a g e s  o f  t h e  c y c l i n g ,  a c r a c k  d e v e l o p s  which grows w i t h  c o n t i n u e d  c y c l i n g  u n t i l  
t h e  specimen f a i l s .  These  two s t a g e s  a r e  known as  i n i t i a t i o n  and p r o p a g a t i o n .  
T h i s  i s  shown s c h e m a t i c a l l y  f i g u r e  2 .50 .  A t  t h e  p r e s e n t  t i m e ,  t h e  f r a c t i o n  o f  
l i f e t i m e  s p e n t  i n  i n i t i a t i o n  canno t  be  p r e d i c t e d .  I n  t h e  p r o p a g a t i o n  s t a g e ,  
however,  t h e  growth o f  t h e  c r a c k  w i t h  c y c l i n g  c a n  b e  r e a s o n a b l y  w e l l  p r e d i c t e d  
( s e e ,  r e f .  2 .62) .  The u s e  of  a c r a c k  growth law a l o n g  wi th  a measured or assumed 
s i z e  of t h e  e x i s t i n g  c r a c k  forms t h e  b a s i s  f o r  d e s i g n  methods f o r  f a t i g u e  o f  
m e t a l s .  These  methods t a k e  i n t o  account  p o s s i b l e  c r a c k  l o c a t i o n s  ad c h a r a c t e r i s -
t i c s  of  a v a i l a b l e  i n s p e c t i o n  methods t o  d e f i n e  s a f e  i n s p e c t i o n  p e r i o d s .  

For  t h e  c a s e  of a UDC, t h e  o f  damage growth q u i t e  d i f f e r e n t .  The 
m i c r o s t r u c t u r e  c o n s i s t s  o f  a po lymer ic  m a t r i x  c o n t a i n i n g  s t i f f ,  s t r o n g  f i b e r s .  The 
m a t e r i a l  i s  v e r y  a n i s o t r o p i c  and c r a c k s  p r o p a g a t e  e a s i l y  i n  t h e  m a t r i x  a long  
s u r f a c e s  p a r a l l e l  t o  t h e  f i b e r s .  When a u n i d i r e c t i o n a l  specimen c y c l e d  i n  
t e n s i o n- t e n s i o n  i n  t h e  f i b e r  d i r e c t i o n ,  damage accumula tes  i n  t h e  form of  random 
f i b e r  r u p t u r e s  which a r e  t h e  s o u r c e  o f  s m a l l  c r a c k s  i n  t h e  m a t r i x  a l o n g  t h e  f i b e r s ,  
f i g u r e  2.41.  More and more c r a c k s  d e v e l o p  b o t h  p e r p e n d i c u l a r  and p a r a l l e l  t o  t h e  
f i b e r s  w i t h  a d d i t i o n a l  c y c l i n g  u n t i l  some of  t h e s e  c o a l e s c e  t o  produce c a t a s t r o p h i c  
f a i l u r e .  The f a i l u r e  s u r f a c e  j agged  and i r r e g u l a r ,  a s  s u g g e s t e d  i n  f i g u r e  2 .41  
and i l l u s t r a t e d  f i g u r e  2 .40.  The f a i l u r e  mode i s  s i m i l a r  t o  t h e  s t a t i c  t e n s i l e  
f i b e r  mode d i s c u s s e d  ( s e c t i o n  For some f i b e r s ,  i t  may happen t h a t  
f a i l u r e  w i l l  o c c u r  by p r o p a g a t i o n  of  one  sudden  t r a n s v e r s e  c r a c k .  O b s e r v a t i o n s  of  
t h i s  mode a r e  rare. 

T h i s  damage accumula t ion  mechanism of  f a t i g u e  f a i l u r e  w i l l  be c a l l e d  t h e  t e n s i o n-
t e n s i o n  f i b e r  mode. I t s  main c h a r a c t e r i s t i c s  a r e :  f a i l u r e  o c c u r s  because  of  
f i b e r  r u p t u r e ,  and t h e  e n t i r e  l i f e t i m e  c o n s i s t s  o f  damage i n i t i a t i o n .  

When t h e  c y c l i n g  o t h e r  t h a n  t e n s i o n- t e n s i o n ,  t h e  s i t u a t i o n  l e s s  c l e a r .  I t  
may be argued t h a t  f o r  t ens ion- compress ion  c y c l i n g  t h e  same phenomena s h o u l d  be 
e x p e c t e d  because  of t h e  t e n s i o n  component. The m a t t e r  o f  t h e  f a i l u r e  mechanism 
compress ion- compress ion c y c l i n g  i s  an open q u e s t i o n .  I t  is  p o s s i b l e  t h a t  f i b e r s  
w i l l  b u c k l e  a t  a c y c l i c  load  much lower  t h a n  a s t a t i c  b u c k l i n g  load because  of  
d e t e r i o r a t i o n  of  t h e  m a t r i x  s h e a r  modulus due  t o  c y c l i n g  due t o  t h e  opening 
o f  l o n g i t u d i n a l  c r a c k s  a t  f i b e r- m a t r i x  i n t e r f a c e s .  C a r e f u l  e x p e r i m e n t a t i o n  i s  
needed t o  uncover  t h e  g o v e r n i n g  mechanisms. 

A s  i n  t h e  s t a t i c  c a s e ,  t h e  second pr imary  f a i l u r e  mode c o n s i s t s  o f  a sudden c rack-
i n g  i n  a p l a n e  a long  t h e  f i b e r s  and i s  c a l l e d  t h e  m a t r i x  mode. T h i s  shown 
s c h e m a t i c a l l y  i n  f i g u r e  2 .42,  and i l l u s t r a t e d  for t h e  t e n s i o n- t e n s i o n  l o a d i n g  of  
a compos i t e  i n  f i g u r e  2 . 3 9 .  Pending  thorough  e x p e r i m e n t a l  i n v e s t i g a-
t i o n ,  i t  seems r e a s o n a b l e  t o  e x p e c t  t h a t ,  t h e  c a s e s  of  t ens ion- compress ion  and 
compress ion- compress ion c y c l i n g ,  t h e  d i r e c t i o n a l i t y  o f  t h e  f i b e r s  w i l l  l e a d  t o  t h e  
same k i n d  of p l a n e  mat r ix  f a i l u r e  mode. 
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The main c h a r a c t e r i s t i c s  of  t h e  m a t r i x  f a i l u r e  mode are: f a i l u r e  occu r s  by 
p l ane  c r a c k i n g  along f i b e r s ,  and t h e  c r a c k  p ropaga t e s  s u d d e n t l y ;  t h u s  t h e  
e n t i r e  f a t i g u e  l i f e  c o n s i s t s  of  i n i t i a t i o n ,  

The S-N cu rve  d e s c r i b e s  t h e  r e l a t i o n  between maximum c y c l i c  ampl i tude  
and l i f e t i m e  f o r  a s i n g l e  c y c l i c  s t ress  component hav ing  a s p e c i f i e d  s t r e s s  
r a t i o .  I t  has  been i n t r o d u c e d  i n  t h e  i n v e s t i g a t i o n  of  f a t i g u e  of m e t a l  s t r u c t u r e s  
where t h e r e  a r e  many cases of  a s i n g l e  component c y c l i c  s t r e s s .  For  a g i v e n  s t ress  
r a t i o ,  R ,  o f  a s i n g l e  s t ress  component, t h e  S-N c u r v e  d e f i n e s  t h e  l i f e t i m e ,  N, as a 
f u n c t i o n  of t h e  maximum a p p l i e d  s t ress ,  Another  u s e f u l  format  for p r e s e n t a t i o n  
of  f a t i g u e  d a t a  t h e  Goodman diagram, i l l u s t r a t e d  i n  f i g u r e  2 .51 ,  which p r e s e n t s  
v a r i o u s  combina t ions  of  u n i a x i a l  mean and a l t e r n a t i n g  s t ress  f o r  f a i l u r e  a t  a 
s p e c i f i e d  l i f e t i m e .  By v i r t u e  o f  e q u a t i o n s  2.111 and 2.112,  i t  c l e a r  t h a t  
c o n s t a n t  v a l u e s  of R a r e  r e p r e s e n t e d  by s t r a i g h t  l i n e s  th rough  t h e  o r i g i n .  Thus, 
d i f f e r e n t  regimes o f  f a t i g u e  l o a d i n g ,  a s  shown i n  f i g u r e  2 .47 ,  c an  be  l o c a t e d  a s  
shown i n  f i g u r e  2.51.  T h i s  format  i s  convenien t  f o r  i n t e r p o l a t i o n  f o r  d i f f e r e n t  
v a l u e s  of  s t ress  r a t i o .  R e p r e s e n t a t i v e  u n i a x i a l  f a t i g u e  d a t a  f o r  s e v e r a l  UDC 
m a t e r i a l s  a r e  p r e s e n t e d  i n  f i g u r e  2 .52 .  

I n  p r a c t i c a l  me ta l  s t r u c t u r e s ,  i t  i s  t o  be expec ted  t h a t  f a t i g u e  f a i l u r e  w i l l  occur  
f i r s t  i n  t h e  v i c i n i t y  of  a d i s c o n t i n u i t y  which c a u s e s  a s t ress  c o n c e n t r a t i o n .  
A p p r o p r i a t e  S-N c u r v e s  may b e  of v a l u e  f o r  p r e d i c t i n g  t h e  o n s e t  of such f a i l u r e .  
Fo l lowing  such an i n i t i a l  c r a c k ,  t h e  dominant e f f e c t  may become t h e  subequent  
growth o f  t h a t  c r a c k .  As i n d i c a t e d  e a r l i e r ,  me ta l  f a t i g u e  f a i l u r e s  a r e  a s c r i b e d  t o  
f r a c t u r e  fo l l owing  a s t a b l e  c r a c k  growth.  Thus, d e s i g n  methods r e q u i r e  t h e  d e f i n i -
t i o n  of  an a p p r o p r i a t e  c r a c k  growth law. I t  has  been customary m e t a l  f a t i g u e  t o  
u se  notched specimens f o r  t h i s  purpose .  

I n  a p l a i n  specimen,  t h e  s t ress  i n  t h e  t e s t  s e c t i o n  is  un i form and e q u a l  t o  t h e  
a p p l i e d  s t r e s s .  Thus a dominant c r a c k  may s t a r t  a t  any p l a c e  i n  t h e  test  s e c t i o n .  
I n  a notched specimen,  t h e r e  i s  s i g n i f i c a n t  m a g n i f i c a t i o n  ( s t r e s s  c o n c e n t r a t i o n )  of  
a p p l i e d  s t r e s s  a t  t h e  n o t c h ,  where t h e  s t a t e  of s t ress  is  l o c a l l y  u n i a x i a l  t e n s i o n .  
Thus, a f a t i g u e  c r a c k  w i l l  d eve lop  and grow a t  t h i s  l o c a t i o n .  The no tched  specimen,  
however,  does  no t  p rov ide  u s e f u l  i n f o r m a t i o n  f o r  t h e  f a t i g u e  c h a r a c t e r i s t i c s  of  a 
UDC, s i n c e  i t  i n i t i a t e s  d i f f e r e n t  k i n d s  of f a t i g u e  f a i l u r e .  A c a s e  
t h e  p ropaga t i on  of a c r a c k  a long  t h e  f i b e r s ,  and not  a t r a n s v e r s e  c r a c k  as  
metals. T h i s  s i t u a t i o n  i s  much more compl i ca t ed  i n  a l a m i n a t e ,  where a no t ch  
produces a compl ica ted  s t a t e  of  t h r ee- d imens iona l  s t r e s s  which m u s t  be found 
numer i ca l l y  by t h e  use of  complex computer programs. Fur thermore ,  a s  h a s  been 
e x p l a i n e d ,  t h e  s i m p l e s t  c a s e  of i n t e r e s t  f o r  s t a t i c  l oad ing  of  a UDC i s  p l ane  
stress w i t h  t h r e e  s t ress  components.  T h i s  i s  of  p r a c t i c a l  i n t e r e s t  s i n c e  a p l a n a r  
stress s t a t e  e x i s t s  a l amina  away from t h e  f r e e  edges of  t h e  l amina t e .  There-
f o r e ,  t h e  S-N cu rve  f o r  a s i n g l e  s t ress  component of a UDC i s  by i t s e l f  of v e r y  
l i m i t e d  impor tance .  The c o n c l u s i o n s  a r e  t h a t  f o r  a UDC t h e  r e q u i r e d  f a t i g u e  
i n fo rma t ion  for f a i l u r e  under  p l a n e  c y c l i c  s t r e s s ,  and t h a t  notched specimens 
are no t  h e l p f u l  f o r  d e t e r m i n a t i o n  of f a t i g u e  c h a r a c t e r i s t i c s .  

Combined C y c l i c  S t r e s s .  

I n  o r d e r  t o  d i s c u s s  f a t i g u e  under  combined c y c l i c  s t r e s s ,  i t  is n e c e s s a r y  t o  
i n t r o d u c e  t h e  concept  o f  a f a t i g u e  f a i l u r e  c r i t e r i o n  f o r  such  a s t ress  s t a t e .  T h i s  

a g e n e r a l i z a t i o n  o f  t h e  f a i l u r e  c r i t e r i o n  f o r  combined s t a t i c  s t ress  d i s c u s s e d  
i n  s e c t i o n  2 . 3 . 5 .  I n  t h e  g e n e r a l  c a s e  of t h r ee- d imens iona l  c y c l i c  s t ress ,  each  
s t ress  component has  a mean component, and an a l t e r n a t i n g  component,  as 
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i n  ( 3 . 2 5 ) .  I n  a d d i t i o n ,  t h e  s t r e s s  c y c l e s  a r e  not  n e c e s s a r i l y  phase  and 
may have phase l a g s ,  Suppose t h a t  t h e  l i f e t i m e ,  N, under  such  stress c y c l i n g  
i s  d e f i n e d  by t h e  q u a n t i t i e s  c i t e d .  Then t h e  r e l a t i o n  among a l l  of  t h e s e  i s  
w r i t t e n  

Nothing seems t o  be known about  such a g e n e r a l  r e l a t i o n .  

Even i f  i t  i s  assumed t h a t  t h e r e  a r e  no phase  l a g s  ( t h i s  i s  t h e  case when t h e  
a p p l  ed c y c l i c  l oads  are phase  and t h e  m a t e r i a l  i s  l i n e a r  e l a s t i c ) ,  e s t a b l i s h -
ment of a g e n e r a l  f a i l u r e  c r i t e r i o n  i n  terms of  means and a l t e r n a t i n g  stresses is a 
form d a b l e  problem. The on ly  e x i s t i n g  work t h e  l i t e r a u t r e  seems t o  b e  f o r  t h e  
c a s e  of one stress component and i s  p u r e l y  e m p i r i c a l .  I n  t h i s  case, is custom-
a r y  t o  p l o t  t h e  e x p e r i m e n t a l l y  o b t a i n e d  pa i r s  o f  . and which l e a d  t o  t h e  
same l i f e t i m e .  T h i s  i s  c a l l e d  a Goodman d iagram,  was i n  t h e  p r eced ing  
s e c t  ion .  

To s i m p l i f y  m a t t e r s  f u r t h e r ,  i s  assumed t h a t  a l l  s t ress  components have t h e  same 
r a t i o ,  R .  Thus from (2 .111  and 2 .112)  

min maxij R  

I n s e r t i n g  t h i s  i n t o  (2 .113)  w e  o b t a i n  

(2 .115)  

The c a s e  d e s c r i b e d  o c c u r s  p r a c t i c e  when a l l  c y c l i c  l o a d s  are i n  phase  and c y c l e  
w i th  t h e  same r a t i o ,  R .  

J u s t  as t h e  c a s e  o f  s t a t i c  f a i l u r e  c r i t e r i a ,  conven i en t  t o  r e p r e s e n t  
(2 .115)  as a s u r f a c e  i n  s t ress  s p a c e ,  where i n  t h e  p r e s e n t  c a s e  t h e  s t ress  v a r i a b l e s  
a r e  (which w i l l  be c a l l e d  s imp ly  Suppose t h a t  R h a s  some f i x e d  v a l u e .  
Then may b e  i n t e r p r e t e d  as a o f  s u r f a c e s ,  each  o f  which a s s o c i a t e d  
w i th  a d i f f e r e n t  N ( f i g u r e  2 .53 ) .  Each s u r f a c e  t h e  l o c u s  of  a l l  c y c l i c  s t ress  
s t a t e s  which produce f a t i g u e  a f t e r  same l i f e t i m e  N. T h i s  d e s c r i p t i o n  i g n o r e s  
s c a t t e r  and t h e r e f o r e  N m u s t  be i n t e r p r e t e d  i n  some mean s e n s e .  The s t a t i c  f a i l u r e  
c r i t e r i o n  is  a s p e c i a l  c a s e ,  A t  t h e  o t h e r  e x t r e m i t y  t h e r e  a r e  s t ress  s t a t e s  
of  such low ampl i t udes  t h a t  f a t i g u e  f a i l u r e  does  no t  o c c u r .  T h i s  d e f i n e s  t h e  
f a t i g u e  (or endurance)  l i m i t  r e g i o n  f i g u r e  which i s  a g e n e r a l i z a t i o n  of  
t h e  u s u a l  f a t i g u e  (or endurance)  l i m i t  o f  an S-N c u r v e .  I t  shou ld  be no ted  t h a t  
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t h e  f ami ly  o f  s u r f a c e s  i s  f o r  a f i x e d  R ;  a d i f f e r e n t  f ami ly  w i l l  be a s s o c i a t e d  
w i t h  a d i f f e r e n t  R. 

FATIGUE 
LIMIT 
REGION 

FIGURE 2 . 5 3 .  FATIGUE FAILURE SURFACE FAMILY 

A s  i n  t h e  s t a t i c  c a s e ,  t h e  f a i l u r e  s u r f a c e s  w i l l  be d e s c r i b e d  terms of quadra-
t i c s  t h e  s t ress  ampl i t udes  S i n c e  t h e  s u r f a c e s  v a r y  w i t h  N and R ,  t h e  
c o e f f i c i e n t s  of t h e  q u a d r a t i c s  m u s t  a l s o  be  f u n c t i o n s  of  N and R. T h i s  approach 
w i l l  be a p p l i e d  t o  t h e  c a s e  of p l a n e  c y c l i c  s t ress .  The problem may b e  posed i n  
t h e  fo l l owing  f a s h i o n :  For s p e c i f i e d  R ,  t h e  S-N c u r v e s  a r e  g i v e n  f o r  c y c l i c  stress 
i n  t h e  f i b e r  d i r e c t i o n ,  t r a n s v e r s e  t o  t h e  f i b e r s  and i n  s h e a r .  What is  t h e  S-N 
c u r v e  f o r  t h e  combined s t a t e  of c y c l i c  s t r e s s ?  T h i s  i s  i l l u s t r a t e d  i n  f i g u r e  2 . 5 4 .  
As t h e  s t a t i c  c a s e ,  t h e  approach i s  t o  d e s c r i b e  f i b e r  and m a t r i x  f a i l u r e  modes 
by d i f f e r e n t  q u a d r a t i c  po lynomia ls .  The outcome of t h i s  p rocedu re  i s :  

Fiber  mode 

Matrix mode (2 .116)  
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where and a r e  t h e  S- N cu rve  stresses i n  t h e  f i b e r  
L T L 

d i r e c t i o n ,  t r a n s v e r s e  t o  t h e  f i b e r s  and i n  s h e a r ,  f i g u r e  2.55. For d e t a i l s ,  see 

r e f e r e n c e s  2.60, 2.63. 

I t  is aga in  of  i n t e r e s t  t o  c o n s i d e r  t h e  c a s e  of  an o f f - a x i s  specimen s u b j e c t e d  t o  

c y c l i c  s t r e s s  , f i g u r e  2.43. The s t r e s s e s  t h e  specimen a r e  g i v e n  by 

The e x t e r n a l  c y c l i c  s t ress  w i t h  stress r a t i o  R which produces f a i l u r e  a f t e r  N 

c y c l e s  is  denoted  I t  may be denoted  t h e  f i b e r  mode and f o r  

f a i l u r e  o c c u r r i n g  i n  t h e  m a t r i x  mode. Then from (2.107) and 

For sma l l  ang l e s  f a i l u r e  occu r s  i n  t h e  f i b e r  mode and f o r  l a r g e r  ang l e s  i n  t h e  

m a t r i x  mode, f i g u r e  2.56. The ang le  of  t r a n s i t i o n  from f i b e r  mode t o  m a t r i x  mode 

is g i v e n  by 
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(a) Fiber Failure Mode, Matrix Failure Mode, 

FIGURE 2 . 5 6 .  FAILURE MODES 
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Equat ions  a r e  a convenien t  d e v i c e  t o  o b t a i n  i n d i r e c t l y  t h e  S-N c u r v e s  of 

and a r e  d i f f i c u l t  t o  o b t a i n  d i r e c t l y .  For  t h i s  purpose ,  a 
T L 

s e t  of  o f f - a x i s  specimens w i th  d i f f e r e n t  r e in fo rcemen t  a n g l e s  are f a i l e d  by 

c y c l i c  load  t h e  m a t r i x  mode. T h i s  d e t e r m i n e s  e x p e r i m e n t a l l y  from 

which and can  be  computed. Such a p rocedu re  h a s  been used  fo r  
T 

specimens i n  r e f e r e n c e  2.60. Having o b t a i n e d  t h i s  i n f o r m a t i o n ,  o t h e r  

o f f - a x i s  specimens were f a i l e d  i n  f a t i g u e  and test d a t a  f o r  were compared 

w i t h  t h e  p r e d i c t i o n s .  The r esu l t s  a r e  shown i n  f i g u r e s  2 . 5 7  and 2.58, and 

s e e n  t h a t  t h e  f i t  i s  r e a s o n a b l y  good. 

F a t i g u e  f a i l u r e  c r i t e r i a  f o r  a g e n e r a l  t h r ee- d imens iona l  s t a t e  of  c y c l i c  s t ress  

( a l l  components w i t h  t h e  same have  been g i v e n  i n  r e f e r e n c e  2.65.  These r e su l t s  

a r e  

2 
‘23 ‘12 12 f 2  

A“‘:I““)’ + 

where and a r e  t h e  S-N c u r v e  s t resses:  normal 
L T L T 

stress i n  t h e  f i b e r  d i r e c t i o n ,  normal s t ress  t r a n s v e r s e  t o  t h e  f i b e r s ,  l o n g i t u d i n a l  

s h e a r  stress and t r a n s v e r s e  s h e a r  stress. There  i s  as  y e t  no known method t o  

o b t a i n  t h e  l as t  one e x p e r i m e n t a l l y ,  b u t  a r e a s o n a b l e  approximat  i o n  t o  assume 

t h a t  i t  is e q u a l  t o  m a t r i x  c y c l i c  s h e a r  f a i l u r e  stresses.  

2.3.6 .3  Res idua l  S t r e n g t h .  

Repeated a p p l i c a t i o n s  o f  stresses which are not  l a r g e  enough t o  produce s t a t i c  

f a i l u r e  e v e n t u a l l y  c a n  c a u s e  f a i l u r e .  Th i s  concept  s u g g e s t s  a c o n t i n u a l  d e t e r i -

o r a t i o n  i n  m a t e r i a l  s t r e n g t h .  The r e s i d u a l  s t r e n g t h  is d e f i n e d  as t h e  s t a t i c  

s t r e n g t h  a f t e r  n c y c l e s  have  e l a p s e d .  A specimen is  f i r s t  c y c l e d  f o r  n c y c l e s  w i t h  

s p e c i f i e d  and e q u i v a l e n t l y ,  s p e c i f i e d  ( a m p l i t u d e )  and R (2 .111  
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I 

and 2 .112) .  I t  is  t h e n  removed from t h e  t e s t i n g  machine and f a i l e d  s t a t i c a l l y .  
The r e s i d u a l  s t r e n g t h  c l e a r l y  a d e c r e a s i n g  f u n c t i o n  of  n ,  s i n c e  i n c r e a s i n g  n 
w i l l  i n c r e a s e  t h e  i n t e r n a l  damage and, t h e r e f o r e ,  d e c r e a s e  t h e  s t r e n g t h .  I t  
u s u a l l y  argued t h a t  f a t i g u e  f a i l u r e  w i l l  o c c u r  when t h e  res s t r e n g t h  becomes 
e q u a l  t o  implying t h a t  t h e n  t h e  l a s t  q u a r t e r  c y c l e  i s  e q u i v a l e n t  t o  a 
s t a t i c  f a i l u r e  exper iment .  Thus ,  N t h e  l i f e t i m e  f o r  t h e  c y c l i c  s t ress  under  
c o n s i d e r a t i o n ,  we have 

(2 .121)  

The r e l a t i o n s h i p  (2 .121)  can  o n l y  be  o b t a i n e d  e x p e r i m e n t a l l y .  Fur the rmore ,  i s  
no t  a w e l l  d e f i n e d  r e l a t i o n s h i p  s i n c e  b o t h  and N a r e  s c a t t e r e d  ( t h u s  random) 
v a r i a b l e s ,  The s u b j e c t  has  been c o n s i d e r e d  i n  a number of  p a p e r s ,  n o t a b l y  r e f e r -
e n c e s  2.64 and 2.66.  The s t a t i s t i c a l  r e l a t i o n  between and N has  been  o b t a i n e d  
on t h e  b a s i s  v a r i o u s  assumpt ions .  The r e l a t i o n  i n v o l v e s  s e v e r a l  p a r a m e t e r s  
which must be  found i n  terms of  a c o n s i d e r a b l e  amount of  t e s t  d a t a .  

A l l  of  t h e  work done f o r  r e s i d u a l  s t r e n g t h  seems t o  be  c o n f i n e d  t o  t h e  c a s e  of  a 
s i n g l e  s t ress  component. The. problem of  r e s i d u a l  s t r e n g t h  f o r  combined s t a t e s  of 
s t r ess  does  no t  appear  t o  have r e c e i v e d  a t t e n t i o n  t h e  l i t e r a t u r e .  

The s u b j e c t  of  r e s i d u a l  s t r e n g t h  w i l l  be addressed  more f u l l y  Chap te r  

2 . 3 . 6 . 4  Cumulat ive  Damage. 

Another  c e n t r a l  problem of  f a t i g u e  f a i l u r e  i s  known as  t h e  cumula t ive  damage 
problem. Most f a t i g u e  t e s t i n g  i s  conducted f o r  t h e  c a s e  of  c o n s t a n t  ampl i tude  
c y c l i n g  r e s u l t i n g  t h e  S-N c u r v e .  Cons tan t  ampl i tude  c y c l i n g ,  however,  o n l y  
r a r e l y  o c c u r s  p r a c t i c e .  A s  an example,  c o n s i d e r  t h e  wing of  an a i r p l a n e .  
During t a k e o f f ,  maneuver ing,  c r u i s i n g ,  and l a n d i n g  t h e  wing s u b j e c t e d  t o  v e r y  
d i f f e r e n t  aerodynamic l o a d s .  V a r i a b l e  wea ther  c o n d i t i o n s  r e s u l t  i n  g u s t  l o a d s  of 
d i f f e r e n t  i n t e n s i t i e s .  I t  t h u s  s e e n  t h a t  t h e  l o a d s  a r e  s i g n i f i c a n t l y  v a r i a b l e  

t i m e  and t h a t  t h e  wing i s  s u b j e c t e d  t o  a program of  c y c l i c  l o a d i n g .  The problem 
t h a t  a r i s e s  t o  p r e d i c t  t h e  l i f e t i m e  of  a s t r u c t u r a l  member which s u b j e c t e d  t o  
a c y c l i c  l o a d i n g  program of  v a r i a b l e  a m p l i t u d e ;  f i g u r e  2 . 5 9 .  T h i s  has  become 
known as  t h e  cumula t ive  damage problem. 

I t  shou ld  be  emphasized t h a t  t h e r e  i s  l i t t l e  hope t o  t r e a t  t h e  c u m u l a t i v e  damage 
problem on t h e  b a s i s  o f  t h e  m i c r o s t r u c t u r e  of  a U D C ,  s i n c e  t h e  f a i l u r e  p r o c e s s  
c o n s i s t i n g  of  damage accumula t ion  t e r m i n a t i n g  c a t a s t r o p h i c  f a i l u r e  much 
t o o  complex and u n p r e d i c t a b l e  t o  be  handled by a n a l y t i c a l  means. A t  t h e  p r e s e n t  
t i m e ,  t h e  o n l y  v i a b l e  approach seems t o  c o n s i s t  of l i f e t i m e  p r e d i c t i o n  under  
complex c y c l i c  load i n  terms of  l i f e t i m e  t e s t  d a t a  f o r  s i m p l e  c y c l i c  l o a d i n g ;  

terms of  t h e  u s u a l  S-N c u r v e s  f o r  spec imens .  From t h i s  p o i n t  o f  v iew,  t h e  
problem h a s  been t h e  s u b j e c t  of  numerous t h e o r e t i c a l  and e x p e r i m e n t a l  i n v e s t i g a-
t i o n s  t h e  c o n t e x t  o f  m e t a l  f a t i g u e .  For a r ev iew of t h i s  s u b j e c t ,  see r e f e r -
e n c e s  2.62 and 2 .67 .  

The s i m p l e s t  and most w e l l  known procedure  f o r  l i f e t i m e  e v a l u a t i o n  an e m p i r i c a l  
fo rmula  which h a s  become known as M i n e r ' s  Rule o r  t h e  Palmgren-Miner Rule  and w i l l  
b e  r e f e r r e d  t o  h e r e  a s  t h e  PM r u l e .  Cons ider  a c y c l i c  l o a d i n g  program where t h e  
ampl i tude  v a r i e s  i n  jumps from one c o n s t a n t  v a l u e  t o  a n o t h e r .  L e t  t h e  number of  
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FIGURE 2 .59 .  CUMULATIVE DAMAGE PROBLEM 

c y c l e s  a p p l i e d  a t  ampl i tude  be  and l e t  be  t h e  l i f e t i m e  u n d e r  con-
s t a n t  ampl i tude  c y c l i n g  a s  d e f i n e d  by t h e  S-N c u r v e .  The PM r u l e  a s s e r t s  t h a t  

T h i s  d e f i n e s  t h e  l a s t  which t e r m i n a t e s  a t  f a i l u r e ,  and t h u s  t h e  t o t a l  l i f e -
t i m e  i s  

L = i 

The p r o c e d u r e  i l l u s t r a t e d  i n  f i g u r e  2 .60 .  

E x p e r i e n c e  w i t h  m e t a l  f a t i g u e  h a s  shown t h a t  t h e  s i m p l e  PM r u l e  not  r e l i a b l e .  
The major  problem t h a t  s i n c e  a l i n e a r  s u p e r p o s i t i o n  r u l e ,  i t  canno t  t a k e  
i n t o  account  a sequence  o f  l o a d i n g  e f f e c t s .  For  example ,  t h e  l o a d i n g  
s t a g e ,  f i r s t  c y c l e s  a t  ampl i tude  and t h e n  c y c l e s  t o  f a i l u r e  a t  
a m p l i t u d e  t h e n  t h e  t o t a l  l i f e t i m e  i s  c y c l e s .  I f  t h e  sequence  o f  
l o a d i n g  i s  r e v e r s e d  and i s  f i r s t  a p p l i e d  f o r  c y c l e s ,  t h e n  t h e  PM r u l e  
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p r e d i c t  t h e  same t o t a l  l i f e t i m e ,  Expe r i ence  w i t h  m e t a l  f a t i g u e  
t h a t  t h e  sequence  of  l o a d i n g  does s i g n i f i c a n t l y  a f f e c t  t h e  l i f e -

t i n e .  t h e  l i f e t i m e  l a r g e r  f o r  t h a n  f o r  two- stage 

Many a l t e r n a t i v e  cumula t i ve  damage approaches have been proposed f o r  m e t a l s  ( r e f e r -
ences  2.62,  g e n e r a l l y  on an e m p i r i c a l  o r  semi- empir ica l  b a s i s .  A g e n e r a l  
cumula t i ve  damage t h e o r y ,  based on t h e  concept  of damage cu rves  and an e q u i v a l e n t  
c y c l i c  l oad ing  p o s t u l a t e ,  h a s  been deve loped  i n  r e f e r e n c e  2.68.  A cumula t i ve  
damage t h e o r y  based on r e s i d u a l  s t r e n g t h  d e g r a d a t i o n  has  been proposed r e f e r e n c e  
2 . 6 9 .  A d e f i n i t i v e  t h e o r y ,  however,  i s  not  a v a i l a b l e  a t  t h e  p r e s e n t  t i m e ,  e i t h e r  
f o r  m e t a l s  or for compos i tes .  Consequent ly ,  many e n g i n e e r s  s t i l l  c o n t i n u e  t o  u s e  
t h e  s i m p l e  PM r u l e  s p i t e  of  i t s  s e v e r e  l i m i t a t i o n s .  

Most o f  cumula t i ve  damage work concerned  w i t h  one component c y c l i c  s t ress .  
I t  i s  aga in  emphasized t h a t  t h i s  is  not  of  g r e a t  i n t e r e s t  f o r  UDC s i n c e  t h e  l a y e r s  
i n  a l a m i n a t e  a r e  a t  l e a s t  i n  s t a t e s  of  p l ane  c y c l i c  s t ress .  I t  i s  n e c e s s a r y ,  
t h e r e f o r e ,  t o  c o n s t r u c t  a cumula t i ve  damage t h e o r y  f o r  UDC under  combined s ta tes  of  
c y c l i c  s t ress .  Such a t h e o r y  i s  no t  a v a i l a b l e  a t  t h e  p r e s e n t  t i m e .  

2 . 3 . 6 . 5  Concluding Remarks. 

The s u b j e c t  of f a t i g u e  f a i l u r e  of  f i b e r  compos i tes  is  s t i l l  i n  a d e v e l o p i n g  
s t a g e .  I t  i s  c l e a r ,  however,  t h a t  f a t i g u e  f a i l u r e  mechanisms o f  compos i tes  
d i f f e r  s i g n i f i c a n t l y  from t h o s e  of  m e t a l s .  F u r t h e r ,  t h e  w ide ly  used ca rbon  f i b e r ,  
po lymer ic  compos i tes  have demons t ra ted  e x c e l l e n t  f a t i g u e  c h a r a c t e r i s t i c s  when 
loaded i n  t h e  f i b e r  d i r e c t i o n .  U t i l i z a t i o n  of t h e s e  p r o p e r t i e s  w i l l  be d i s c u s s e d  
i n  Chap t e r  

Much of  t h e  c u r r e n t  r e s e a r c h  on f a t i g u e  of compos i tes  concerned  w i t h  l a m i n a t e s ,  
r a t h e r  t h a n  u n i d i r e c t i o n a l  spec imens .  I n  view of  t h e  enormous d i v e r s i t y  o f  candi-
d a t e  l a m i n a t e s ,  t h e o r i e s  r e l a t i n g  l a m i n a t e  f a t i g u e  f a i l u r e  t o  u n i d i r e c t i o n a l  l a y e r s  
i s  c l e a r l y  needed and, t h e r e f o r e ,  t h e  u n i d i r e c t i o n a l  m a t e r i a l  merits more a t t e n t i o n .  
Many i n t e r e s t i n g  and impor t an t  f a t i g u e  s t u d i e s  have been performed.  The r e a d e r  

t h e  c h a p t e r s  on f a t i g u e  of compos i tes  i n  t h e  p roceed ings  of  t h e  ASTM 
compos i te  con fe r ences  of  r e c e n t  y e a r s  ( r e f e r e n c e s  2 .76 ) .  
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APPENDIX A - GENERAL BOUNDS FOR EFFECTIVE ELASTIC MODULI 

The e f f e c t i v e  e l a s t i c  modul i  depends p r i n c i p l e  on t h e  d e t a i l s  of  t h e  i n t e r n a l  
geometry  of  t h e  compos i t e .  S i n c e  such d e t a i l s  a r e  never  known p r a c t i c e ,  t h e r e  
a r e  two avenues o f  approach:  t h e  f i r s t  t o  a n a l y z e  a model which is  known 
d e t a i l ,  which h a s  been d i s c u s s e d  ( 2 . 2 . 1 ) ;  t h e  second t o  c o n s t r u c t  upper  and 
lower bounds o n  t h e  e f f e c t i v e  p r o p e r t i e s  terms of  p a r t i a l  i n f o r m a t i o n .  The most 
r u d i m e n t a r y  g e o m e t r i c a l  i n f o r m a t i o n  is volume f r a c t i o n s  o f  t h e  c o n s t i t u e n t s  and 
m a c r o- t r a n s v e r s e  i s o t r o p y  of  t h e  m a t e r i a l .  Bounds terms of  such i n f o r m a t i o n  
have been e s t a b l i s h e d  f o r  UDC r e f e r e n c e s  2 . 4  and 2 . 1 3 .  The approach i s  t o  d e f i n e  
t h e  e f f e c t i v e  e l a s t i c  c o n s t a n t s  by s t r a i n  energy  e x p r e s s i o n s  u t i l i z i n g  s t resses  
and s t r a i n s  s e p a r a t e l y .  ( T h i s  d e f i n i t i o n  i s  e q u i v a l e n t  t o  d e f i n i n g  e l a s t i c  
c o n s t a n t s  as r a t i o s  o f  average  s t resses  t o  average  s t r a i n s . )  Then extremum 
p r i n c i p l e s  a r e  employed t o  bound t h e  s t r a i n  energy  and t h e r e b y  bound t h e  e l a s t i c  
modul i .  S i n c e  t h e  t r e a t m e n t  i s  q u i t e  i n v o l v e d ,  o n l y  f i n a l  r e s u l t s  w i l l  b e  g i v e n  
h e r e .  L e t  t h e  m a t r i x  m a t e r i a l  b e  deno ted  1 and t h e  f i b e r  m a t e r i a l  2 .  Upper and 
lower bounds are i d e n t i f i e d  by s u b s c r i p t s  and r e s p e c t i v e l y .  Then, f o r  
i s o t r o p i c  m a t r i x  and f i b e r s  

= + + v k k 12 2' 

= + v k k (A-2
2 1 

The upper  s u b s c r i p t  s i g n s  t h e  l e f t  o f  ( 2 )  app ly  when 

and t h e  lower s u b s c r i p t  s i g n s  app ly  when 

The f i r s t  c a s e  u s u a l l y  a p p l i e s  f o r  polymer UDC s i n c e  m a t r i x  P o i s s o n ' s  
r a t i o  i s  l a r g e r  t h a n  t h a t  of  f i b e r ,  and m a t r i x  k s m a l l e r  than  t h a t  of 
f i b e r .  Bounds f o r  t h e  o t h e r  moduli  f o l l o w :  

(A-3 

V.  

- + 
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Th above r e  u l t s  apply  t o  i s o t r o p i c  f i b e r s .  When t h e  f i b e  a r e  t r a n s v  r s e l y  
i s o t r o p i c  ( c a r b o n  and g r a p h i t e ) ,  t h e  bound m o d i f i c a t i o n  g i v e n  by t h e  r e p l a c e-
ments (2.20). Bounds have  been d e r i v e d  i n  r e f e r e n c e  2 .4  and bounds 
r e f e r e n c e  2.13. The m o d i f i c a t i o n  t o  t r a n s v e r s e l y  i s o t r o p i c  f i b e r s  ha s  been g i v e n  
i n  r e f e r e n c e s  2.2 and 2.9. I t  shou ld  be  emphasized t h a t  t h e  bounds a r e  v a l i d  f o r  
s t a t i s t i c a l l y  t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l s  o f  a r b i t r a r y  f i b r o u s  
geometry. 

Bounds € o r  E* a r e  g i v e n  terms of t h e  above bound byT 

(A-6 
4 1 1 . 

where 

= E v1 1  + (A-7 

is  of i n t e r e s t  t o  n o t e  t h a t  a l l  bounds excep t  f o r  (A- 4) a r e  compos i te  c y l i n d e r  
assemblage s o l u t i o n s .  For d e t a i l s  see r e f e r e n c e s  2 .2  and 2.9.  Note t h a t  ( 2 .19 )  
i s  t h e  e q u i v a l e n t  o f  t h e  lower bound (A-4). 
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The bounds a r e  e x t r e m e l y  c l o s e  f o r  a l l  UDC and a r e  f o r  a l l  p r a c t i c a l  purposes  
b o t h  e q u a l  t o  The bounds a r e  f a i r l y  c l o s e .  The bounds a r e  not 
s u f f i c i e n t l y  c l o s e  f o r  o r  UDC b u t  t h e i r  m o d i f i c a t i o n s  
f o r  t r a n s v e r s e l y  i s o t r o p i c  f i b e r s  a r e  e x t r e m e l y  c l o s e  f o r  and 

UDC. The r e a s o n  t h a t  t h e  modul i  k, and of t h e s e  
f i b e r s  a r e  much lower i n  r e l a t i o n  t o  polymer modulus t h a n  a r e  t h e  and o f  
g l a s s  and boron f i b e r s .  T a b l e  2 .11  l i s t s  t h e  bounds f o r  I t  i s  s e e n  
t h a t  t h e  bounds a r e  s o  c l o s e  t h a t  t h e y  a c t u a l l y  are r e s u l t s .  

TABLE A- 1. BOUNDS FOR ELASTIC PROPERTIES OF ARBITRARY 
TRANSVERSE PHASE GEOMETRY 

Epoxy  M a t r i x  G r a p h i t e  F i b e r s  

E 500 5 0 , 0 0 0  300 
G 1 8 5  1 4 0 0  0 . 2 0  i n  k s i )  

k = 612  540  0 . 3 0  
= 0 . 3 5  k = 1 0 0 0  

k s i  

500 

8 1 3  

1 1 6 4  

1 4 0 0  

TI-) 
k s i  

. 3 5  . 3 5  

2 2 3  

272  

. 3 0  300 

222  

2 8 1  

3 3 1  347 

415  4 3 1  

540  540  

k s i  

9 3 1  

1 1 3 2  

1 4 0 0  

6 1 2  

679  

7 4 5  

e 2 1  
9 0 3  

1 0 0 0  

525  

248 

212 
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Equa t ions  p r e sen t ed  t h i s  c h a p t e r  f o r  c a l c u l a t i o n  of  t h e  e l a s t i c  c o n s t a n t s  and 
t he rma l  expans ion  c o e f f i c i e n t s  o f  u n i d i r e c t i o n a l  f i b e r  compos i te  have been incor-
pora t ed  i n t o  a compu ta t i ona l  p rocedu re  f o r  a Hewlett Packard o r  s imi lar  
c a l c u l a t o r ,  The program c a l c u l a t i o n s  u t i l i z e  t h e  upper  bound v a l u e s  f o r  t h e  
composi te  c y l i n d e r  f o r  t r a n s v e r s e l y  i s o t r o p i c  c o n s t i t u e n t s .  The program 
t i t l e  U N I  and t h e  c o n s t i t u e n t  d a t a  a r e  p rov ided  i n t e r a c t i v e l y  t o  s u b r o u t i n e  
INPUT. 

PROGRAM EXECUTION 

e x e c u t i o n  i n i t i a t e d  by key ing  i n  INPUT. T h i s  i s  t h e  r o u t i n e  which 
r e a d s  i n  t h e  f i b e r  and matrix p r o p e r t i e s  acco rd ing  t o  t h e  f o l l o w i n g  fo rma t .  

Each r e q u i r e d  i n p u t  i d e n t i f i e d  by a s t a t e m e n t  ending  w i th  a q u e s t i o n  
mark. The keyboard i s  used t o  d e f i n e  t h e  r e q u i r e d  d a t a  and t h e  key i s  used t o  

t h e  d a t a  and c o n t i n u e  t h e  program, 

S e n t i n e l  f o r  t he rma l  expans ion  i n p u t :  

ALPH - Inpu t  0 means t he rma l  expans ion  c o e f f i c i e n t s  a r e  not  i n p u t  
f o r  t h e  f i b e r  and matrix,  o t h e r w i s e  i npu t  1. I f  0 i s  i n p u t ,  t h e n  
f i b e r  bundle  t he rma l  expans ion  c o e f f i c i e n t s  w i l l  not  be  computed. 

Matrix P r o p e r t i e s :  

EL - Young's Modulus t h e  a x i a l  d i r e c t i o n .  
ET - Young's Modulus i n  t h e  t r a n s v e r s e  d i r e c t i o n .  
NU L - P o i s s o n ' s  r a t i o  f o r  stress i n  t h e  a x i a l  d i r e c t i o n .  
NU T - P o i s s o n ' s  r a t i o  t h e  t r a n s v e r s e  p l ane .  
GL - Shear  modulus i n  an axial  p l a n e .  
AL L - Thermal expans ion  c o e f f i c i e n t  t h e  a x i a l  d i r e c t i o n .  ( T h i s  

is  n o t  i n p u t  ALPH was set t o  
AL T - Thermal expans ion  c o e f f i c i e n t  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  

( T h i s  no t  i n p u t  i f  ALPH was set t o  

F i b e r  P r o p e r t i e s :  

EL - Young's Modulus i n  t h e  a x i a l  d i r e c t i o n .  
ET L - Young's Modulus i n  t h e  t r a n s v e r s e  d i r e c t i o n .  
NU L - P o i s s o n ' s  r a t i o  f o r  s t ress  i n  t h e  axial  d i r e c t i o n .  
NU T - P o i s s o n ' s  r a t i o  t h e  t r a n s v e r s e  p l ane .  
GL - Shear  modulus i n  an a x i a l  p l ane .  

1 - Thermal expans ion  c o e f f i c i e n t  t h e  a x i a l  d i r e c t i o n .  ( T h i s  
is  not  i n p u t  ALPH was set  t o  

AL T - Thermal expans ion  c o e f f i c i e n t  i n  t h e  t r a n s v e r s e  d i r e c t i o n .  
( T h i s  no t  i n p u t  i f  ALPH was set  t o  

Once t h e  f i b e r  and m a t r i x  p r o p e r t i e s  a r e  i n p u t ,  t h e  program a u t o m a t i c a l l y  e x e c u t e s  
t h e  U N I  r o u t i n e  which r e q u i r e s  as i n p u t  t h e  f i b e r  volume f r a c t i o n s  VF. 

B-1 
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ou tpu t  c o n s i s t s  of  t h e  f o l l o w i n g  f i b e r  bund le s  p r o p e r t i e s :  

E*L - Young's Modulus i n  t h e  a x i a l  d i r e c t i o n .  
E*T - Young's Modulus i n  t h e  t r a n s v e r s e  

- P o i s s o n ' s  r a t i o  f o r  stress i n  t h e  axial  d i r e c t i o n .  
- P o i s s o n ' s  r a t i o  i n  t h e  t r a n s v e r s e  p l a n e .  

G*L - Shear  modulus an a x i a l  p l a n e .  
- Thermal expans ion  c o e f f i c i e n t  i n  t h e  axial  d i r e c t i o n .  

- Thermal expans ion  c o e f f i c i e n t  t h e  t r a n s v e r s e  d i r e c t i o n .  

( T h i s  
no t  o u t p u t  i f  ALPH was set  t o  

(Th i s  i s  no t  o u t p u t  i f  ALPH was set t o  

c a s e s  may be  run  f o r  v a r i o u s  f i b e r  volume f r a c t i o n s  by key ing  i n  XEQ 
T h e  program w i l l  u s e  t h e  f i b e r  and m a t r i x  p r o p e r t i e s  which were i n p u t  

See f i g u r e  2 . 7  f o r  d i r e c t i o n  nomencla ture .  

CASE: 
C o n s t i t u e n t  P r o p e r t i e s  

I 

. 
V aEL I  

i 
67.7 32 0.146 7.01 I 
1.46 1.46 0.13 0.13 0.646 2.29 2.29 

a a
L L T

V 
L

E*
T

E*
LV 

msi msi 

0.40 28.0 1.43 0.251 0.275 0.230 4.46 
0.50 34.6 1.41 0.279 0.306 1.19 0.205 4.91 
0.55 37.9 1.40 0.293 0.321 1.28 0.196 5.14 
0.60 41.2 1.40 0.306 0.336 1.36 0.188 5.35 

44.5 1.39 0.320 0.351 1.46 0.180 5.57 
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SAMPLE CASE 

RUN 

RUN 
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SAMPLE CASE (cont'd.) 

FIR-

I 
I 

194 

276 

XEG 

i 

386 

RUN 

336 

189 

329 

462 

-

https://E*L=34.61


* 

- 

* 

- 

* 

- - 

PROGRAM LISTING 

92 

13 
53 Xt2 
54 RCL 
55 
56 4 
57 

-
59 RCL 11 

RCL 12 
61 
62 

64 STO 
65 
66 -
67 
68 RCL 06 
69 RC? 07 

71 
72 RCL 

74 
75 RCL 
76 

RCL 06 
4 

STO 21 

82 
83 IHD 26 1!5 3 

RCL 
as 

10 
28 

88 

RCL 18 

93 

183 
+ 

197 

199 

4 
112 

RCL 13 
RCL 

115 -
Xt2 

117 
118 STO 29 
119 1 
129 20 
121 XEQ 02 
122 RCL 29 

124 STO 22 
125 RCL 13 
126 83 

-
128 RCL 06 

132 
1?3 
134 28 

+ 
24 

159 
169 
161 RCL 97 
162 2 
163 
164 
165 
166 
167 16 
168 
169 

17 
171 2 
172 

29 
176 RCL 
177 RCL 

181 
RCL 28 

183 
X O Y  

185 1 
186 
!57 

137 02 

23 
R C I  15 

-
144 

RCL 05 
2 

189 RCL . 

142 
193 

195 
-

t 

RCL 16 
97 

. 

+ 
RCL RC? 

153 t 

+ 154 287 RCL 
182 RCL 97 155 RCL 85 
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* 
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* 
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PROGRAM LISTING (cont'd.) 

84 
FIX 3 

278 RVIEY 
PSE 

2?? 

276 25 

279 RPCL 23 
289 PROHPT 

282 RPCL 27 
2?! 

285 RPCL 24 

257 02 
288 CT? 

291 

293 RPCL 
294. 

86 
399 RCL 

392 RCL 
393 

-

-
12 

1 

94 -
314 RCL 92 
315 
316 -

STO 
318 RCL 23 
319 RCL 22 
324 

e3 

-
325 16 
326 RCL 13 
327 RCL 11 

323 a3 
339 

-
?33 17 
z34 RCL 

RCL 91 

-
339 

1 
RCL 27 -

343 26 
344 
545 1 

-

-
351 

RCL 
353 87 
354 8 

RCL 17 

-

361 86 

* 
364 RCL 16 

17 

368 * 
368 -
379 18 
371 RCL 88 
372 -
373 8 

RCL 
375 17 
376 * 

RCL 28 
388 

382 19 
. 

-
355 

RCL 31 

392 
3a3 28 

16 
395 
356 RCL 97 
347 * 

17 
39 

t 

RCL 
-
* 

29 
RCL 

488 
RCL 

-
415 15 

e9 
417 -

- B- 6 -

RCL 
421 

RCL 
423 
424 STO 29 
425 64 

.INPUT 
427 

429 PSE 
439 CF 92 

9 
433 PROHPT 
434 
435 92 

4?7 
438 PSE 
439 
449 

94 
479 14 
471 CLU 
472 (IRCL 22 

171 

476 
477 15 
478 
479 

CLU 
RRCL 22 

482 
483 PROMPT 
484 

88 
486 18 

488 22 
489 

499 PROMPT 
91 

492 e9 
493 19 

495 
496 

497 

499 
590 I 

592 CF 
87 

594 



APPENDIX C - CALCULATION PROGRAM FOR LAMINATE ELASTIC PROPERTIES 

Equa t ions  p r e s e n t e d  i n  t h i s  c h a p t e r  f o r  c a l c u l a t i o n  o f  t h e  e x t e n s i o n a l  and bending 
s t i f f n e s s  of l a m i n a t e s  have been i n c o r p o r a t e d  i n t o  a compu ta t i ona l  p rocedure  f o r  a 
Hewlett Packard o r  s i m i l a r  c a l c u l a t o r .  The program i s  a p p l i c a b l e  o n l y  
t o  symmetric ba l anced  l a m i n a t e s .  

The program a c c e p t s  as l a y e r  m a t e r i a l  p r o p e r t i e s ,  o r i e n t a t i o n s ,  and t h i c k-
nesses. Output  c o n s i s t s  o f  l amina t e  p r o p e r t i e s ;  namely, e x t e n s i o n a l  moduli ,  
P o i s s o n ' s  r a t i o ,  and bending s t i f f n e s s e s .  

Note t h a t  t h e  in- plane p r o p e r t i e s  are modul i ,  not  t o t a l  p l a t e  m u l t i p l i e d  by t o t a l  
l amina t e  t h i c k n e s s  t o  o b t a i n  in- plane  s t i f f n e s s e s ,  i f  d e s i r e d .  The bending proper-
t i e s  a r e  s t i f f n e s s e s  based on t h e  a c t u a l  l amina t e  t h i c k n e s s  ( i n c l u d i n g  bo th  t h e  
i n p u t  h a l f  and t h e  symmetric h a l f  o f  t h e  l a m i n a t e ) .  

The program, which i s  t i t l e d  LAM, r e q u i r e s  270 program s t e p s  and 28 r e g i s t e r s  t o  
load  and execu t e .  Program e x e c u t i o n  i s  s i m p l i f i e d  th rough  t h e  
i n f o r m a t i o n  s u p p l i e d  on t h e  c a l c u l a t o r  d i s p l a y .  

use  of  d e s c r i p t i v e  

PROGRAM EXECUTION 

Once e x e c u t i o n  i s  i n i t i a t e d ,  XEQ LAM, t h e  program prompts t h e  u s e r  f o r  t h e  
i n p u t ;  each  i t e m  o f  which e n t e r e d  fo l lowed by t h e  key. The fo l l owing  a r e  t h e  
n e c e s s a r y  i n p u t  d a t a  i n  t h e  o r d e r  which is r e q u i r e d  by t h e  program. 

Each r e q u i r e d  i n p u t  parameter  is  i d e n t i f i e d  by a statement ending wi th  a q u e s t i o n  
mark. The keyboard is  used t o  d e f i n e  t h e  r e q u i r e d  d a t a  and t h e  key used t o  
e n t e r  t h e  d a t a  and c o n t i n u e  t h e  program. 

M a t e r i a l  D e f i n i t i o n  

Number o f  d i f f e r e n t  materials t o  be  used i n  t h e  a n a l y s i s .  (The program l i m i t e d  
t o  a maximum o f  2 m a t e r i a l s ) .  M a t e r i a l  p r o p e r t i e s  f o r  m a t e r i a l .  (These i t e m s  
are r e p e a t e d  f o r  each m a t e r i a l . )  

E l  - Young's modulus i n  f i b e r  d i r e c t i o n  
E2 - Young's modulus i n  t r a n s v e r s e  d i r e c t i o n- P o i s s o n ' s  r a t i o  f o r  load  t h e  X d i r e c t i o n  and P o i s s o n ' s  

s t r a i n  i n  t h e  d i r e c t i o n  
G12 - In- plane  s h e a r  modulus 

Laminate  D e f i n i t i o n :  

(These  items are r e p e a t e d  u n t i l  a l l  of  t h e  l a y e r  i n f o r m a t i o n  has been e n t e r e d . )  

J MATL - Material d e f i n i t i o n  number t o  be  used f o r  l a y e r  
LYR J THETA - O r i e n t a t i o n  o f  l a y e r  i n  d e g r e e s  ( s e e  f i g u r e  3.1) 
LYR J - Thicknes s  of l a y e r  

The g e n e r a l  l amina t e  c o n f i g u r a t i o n  i n  f i g u r e  3.4 i s  l i m i t e d  t o  t h i s  program 
symmetric l a m i n a t e s .  T h i s  o f  an a r b i t r a r y  number 

hav ing  any o r i e n t a t i o n  and t h i c k n e s s .  The numbering system the  
m e t r i c  l a m i n a t e  is  d e s c r i b e d  i n  t h e  f o l l o w i n g  paragraph .  
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The program assumes t h a t  l a y e r  1 l i e s  d i r e c t l y  above t h e  o f  t h e  l a m i n a t e  
and c o n s t r u c t s  a symmetric l a m i n a t e  by r e p e a t i n g  t h e  i n p u t  for t h e  t o p  h a l f  o f  
t h e  l a m i n a t e  as i n p u t  for t h e  bot tom h a l f .  A f t e r  t h e  u s e r  i n p u t  N t h e  
l a m i n a t e  l ayup  is :  

Layer  
Layer  

Layer  t 3  
Layer  
Layer--------- c e n t e r 1i n e  
Layer  
Layer  1 2  
Layer  

Layer  #N-1 
Layer  

T h e r e f o r e ,  by e n t e r i n g  N l a y e r s  a symmetric l a m i n a t e  composed o f  l a y e r s  
i s  ana lyzed .  

The program w i l l  c o n t i n u e  t o  a s k  f o r  l a y e r  i n f o r m a t i o n  u n t i l  t h e  p r o c e d u r e  t o  
compute t h e  e n g i n e e r i n g  c o n s t r a i n t s  i n i t i a t e d ,  XEQ ELA. T h i s  e n t e r e d  
when t h e  l a y e r  m a t e r i a l  d e f i n i t i o n  number i s  r e q u e s t e d  and a l l  t h e  l a y e r s  compris-
i n g  t h e  l a m i n a t e  have been  i n p u t .  

Program c a p a b i l i t i e s  a l low f o r  unequal  l a y e r  t h i c k n e s s e s  a s  well  as a r b i t r a r y  l a y e r  
o r i e n t a t i o n s  and l a m i n a t e  t h i c k n e s s .  

Program o u t p u t  c a n  b e  o b t a i n e d  when t h e  c a l c u l a t o r  d i s p l a y s  "LAM PROP." T h i s  
accomplished by p r e s s i n g  t h e  key t o  o b t a i n  each  l a m i n a t e  e n g i n e e r i n g  c o n s t a n t .  
Output  c o n s i s t s  of  t h e  f o l l o w i n g :  

EX - Laminate  Young's modulus i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  
EY - Laminate  Young's modulus i n  t h e  t r a n s v e r s e  d i r e c t i o n  
NUXY - Laminate  P o i s s o n ' s  r a t i o  f o r  load  i n  t h e  l o n g i t u d i n a l  

d i r e c t  i o n  
GXY - Laminate  s h e a r  modulus i n  t h e  l a m i n a t e  p l a n e  

- Laminate l o n g i t u d i n a l  bend ing  s t i f f n e s s  
D22 - Laminate  t r a n s v e r s e  bend ing  s t i f f n e s s  
D66 - Laminate  t w i s t i n g  s t i f f n e s s  

Once t h e  o u t p u t  has  been o b t a i n e d ,  t h e  u s e r  may a n a l y z e  a n o t h e r  l a m i n a t e  composed 
o f  t h e  same m a t e r i a l  p r o p e r t i e s  which were i n p u t  a t  t h e  s t a r t  of program e x e c u t i o n .  
T h i s  accomplished by key ing  i n  XEQ STRT. I t  no t  n e c e s s a r y  t o  i n p u t  t h e  
m a t e r i a l  p r o p e r t i e s  a g a i n  s i n c e  t h e y  remain  unchanged s t o r a g e .  
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I 

SAMPLE PROBLEM 

For demons t r a t i on ,  t h e  l amina t e  p r o p e r t i e s  of  t h r e e  l a m i n a t e  c o n f i g u r a t i o n s  a r e  
computed. Laminates  1 and 2 a r e  comprised of 6 l a y e r s  each and l a m i n a t e  3 c o n s i s t s  
of 10 l a y e r s .  Layer  m a t e r i a l  p r o p e r t i e s  and l amina t e  t o  be used a s  i n p u t  
a r e  g iven  below a long  w i th  t h e  co r r e spond ing  o u t p u t  l a m i n a t e  e l a s t i c  c o n s t a n t s .  
Note t h a t  s i n c e  t h e  program assumes t h a t  a l l  l amina t e s  a r e  symmetr ic ,  o n l y  h a l f  of  
t h e  layup  is  used 

Layer  P r o p e r t i e s :  

E l  
E2 
12 
G12 

Laminate 1: 

Layer  

1 
2 
3 

EX 11.19 
EY = 11.19 

Laminate 2 :  

Layer  

1 
2 
3 

EX = 11.57 
EY 3.58 

Laminate  3: 

Layer  

EX 9.20 
EY = 2.50 

a s  i n p u t .  

Material 1 M a t e r i a l  

30.28 6.52 
1.389 2.309 
0.372 0.300 
0.773 0.8628 

Material The t a  Thickness  

-60 
0 

60 

NUXY = 0.320 = 6.96 
GXY 4.24 D22 = 9.10 

D66 3.07 

M a t e r i a l  The t a  Th knes s 

2 -60 
1 0 
2 60 

NUXY = 0.319 = 6.57  
' GXY 1.36 D22 = 2 .63  

D66 0.949 

M a t e r i a l  T h e t a  Th knes s 

-4 5 
45 

-20 
20 
0 

NUXY 0.479 1.4740 
GXY = 1.44  D22 0.1672 

D66 = 0.0902 
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LAM SAMPLE CASE 

LYP 
2. RUM 2.

MU.= 1 LYP 1. LYR 1. THETA: 
-68. -45. RUN36.288 LYP 1. LYP 1. 

RUN i1.389 RUN LYP 2. LYR 2.
1. RUM 2. RUHRUN LYR 2. LYR 2.
8. RUN 45.RUN LYR 2. 2.= RUN 

LYP 3. 
2. 2.

LYR 3. LYP 3.
RUM 

LYR 3. LYR 3. 
RUN4. 4. 

2.
I Y P  1. PROP. LYR 4.

1. RUN 
LYP 1. EX LYR 4. -68. 
LYP 1. EY 

,333 RUN 
2. =O. 3188 LYR ti. THETA=

1. RUN RUM 8. RUP2. G%Y =1 LYP 5.e. RUM RUNLYP 2. 6.
RUN RUM XEQ3. =? D22 PROP.1. RUND66 EX 

RUH4, =e. 

EY 

I 
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* 

LAM PROGRAM LISTING 

87 -FLU-
46 64 ;!! 4 

81 47 96 193 2?8 PROYPT 
e2 1 48 93 194 RCL 22 239 CLA 

03 49 RDN 3 
PRONPT 99 - 1% RCL 23 RTN58 STO 20 

e5 51 RDN 96 158 Xt2 e3 
96 52 4 161 04 151 RCL 18 Xt2 
67 53 102 3 . 199 - 243 28 
68 54 9 153 F IX  0 
69 3 245 FIX 0 

19 1' 56 iW5 24 246 
11 12 ?63 RPCL 
12 PSE RCL04 
13 GTO 58 05 !9? . + 2 PROMPT 

59 04 
01 YEQ 05 207 91 
= 63 111 00 28 

16 62 STO 00 112 2 RCL 01 e4 253 
17 PSE 63 XEQ 05 113 218 RCL 21 254 PROYPT 

64 114 164 02 36 
02 65 22 

19 CLP 66 XEQ 85 116 166 RCL 02 213 81 257 28 
6720 117 A 1  214 03 258 

21 03 68 26 215 PPOP.' 259 PROYPT 
22 69 1 RCL a7 169 RCL 215 PROMPT 266 31 
23 03 RCL 80 129 RCL 84 217 1.1 RCL 29 
24 71 RCL 03 121 e9 218 RCL 
25 XEQ 03 72 122 172 27 219 'EX 263 RCL 31 
26 73 - 123 RCL 173 220 XEQ 99 RTY 
27 XEQ 03 74 124 01 174 RTN 221 'EY 
28 75 e2 125 02 12 
29 CTO 01 76 RCL 125 RCL 08 223 266 CLQ 

93 127 81 e9 224 267 CLX 
78 128 e2 DSE 225 258 END 

129 PTH e979 84 
32 PROYPT 130 227 25.180 RCL 01

IND 81 RCL 02 131 4 06 228 
34 82 - 132 RCL 229 

53 05 133 RCL 83 230 09 
36 134 0984 2 

183 RCL 232 e985 
87 18486 93 

38 18.031 87 RCL 02 136 RCL 18 a 134 
137 PCL IHD 235 12 

49 9 
06 

DSF 
92 s i t  RTH 

43 83 99 
44 DSE 
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Chapter Laminates 

in 
And t h o u g h  a l l  t h i n g s  a l l  

Alexander  Pope 
Cas t l e  

p r o p e r t i e s  o f  u n i d i r e c t i o n a l  compos i t es  d e s c r i b e d  t h e  p r e v i o u s  c h a p t e r  have 
shown t o  be d e c i d e d l y  d i f f e r e n t  from c o n v e n t i o n a l  m e t a l l i c  m a t e r i a l s .  The 

d i f f e r e n c e  from an a n a l y t i c a l  v iewpoin t  r e s u l t s  from t h e  m a t e r i a l  
These m a t e r i a l s  t y p i c a l l y  have e x c e p t i o n a l  p r o p e r t i e s  t h e  d i r e c t i o n  

! r e i n f o r c i n g  f i b e r s  w h i l e  p r o p e r t i e s  p e r p e n d i c u l a r  ( t r a n s v e r s e )  t o  t h e  f i b e r s  
t o  mediocre .  Thus,  w i t h  t h e  e x c e p t i o n  o f  one- dimens iona l ly  loaded  members 

t r u s s  members), u n i d i r e c t i o n a l  compos i t es  would b e  expec ted  t o  pe r fo rm 
wi th  r e s p e c t  t o  c o n v e n t i o n a l  m a t e r i a l s .  The problem t h e n  i s  how t o  b e s t  

t h e  e x c e p t i o n a l  f i b e r  d i r e c t i o n a l  p r o p e r t i e s  w h i l e  min imiz ing  t h e  e f f e c t s  
t h e  low t r a n s v e r s e  p r o p e r t i e s .  One obv ious  s o l u t i o n  is t o  u t i l i z e  t h e  approach 

i n  t h e  manufac tu re  o f  plywood. 

a s  i s  w e l l  known, i s  made up o f  l a y e r s  o r  p l i e s  o f  wood bonded t o g e t h e r  
w i t h  t h e  wood g r a i n  each p l y  o r i e n t e d  p e r p e n d i c u l a r l y  t o  t h e  a d j a c e n t  p l i e s .  

o r i e n t i n g  t h e  p l i e s  o f  wood t h i s  way, t h e  lesser  p r o p e r t i e s  of  t h e  wood 
t o  t h e  g r a i n  a r e  augmented by t h e  s u p e r i o r  p r o p e r t i e s  i n  t h e  

t h e  wood g r a i n .  A t  t h e  same t i m e ,  however,  t h e  s u p e r i o r  p r o p e r t i e s  t h e  
d i r e c t i o n  cannot be  f u l l y  u t i l i z e d ,  due t o  t h e  p r e s e n c e  o f  t h e  p e r p e n d i c u l a r  

T h i s  bonding t o g e t h e r  of  i n d i v i d u a l  p l i e s  used w i t h  u n i d i r e c t i o n a l  compos i t es  t o  
form l a m i n a t e s .  The p l i e s  o r  laminae a r e  o r i e n t e d  such  t h a t  t h e  e f f e c t i v e  proper-
t i e s  of  t h e  l a m i n a t e  match t h e  l o a d i n g  env i ronment .  The t a i l o r i n g  o f  l a m i n a t e  
e f f e c t i v e  m a t e r i a l  p r o p e r t i e s  t o  cor respond  t o  performance r e q u i r e m e n t s  i s  accom-
p l i s h e d  th rough  t h e  u s e  of  l a m i n a t i o n  t h e o r y .  

Laminat ion t h e o r y  c a n  be c o n s i d e r e d  a form o f  s t r u c t u r a l  a n a l y s i s .  Here, however,  
t h e  s t r u c t u r a l  m a t e r i a l  i s  b e i n g  d e s i g n e d .  T h i s  adds a n o t h e r  l e v e l  of  e f f o r t  t o  
t h e  d e s i g n  p r o c e s s ,  b u t  a t  t h e  same t i m e  a l lows  t h e  s t r u c t u r a l  m a t e r i a l  t o  be  
t a i l o r e d  t o  match t h e  l o a d i n g s .  Thus,  i f  a b i a x i a l  l o a d i n g  environment  i s  
p r e s c r i b e d ,  t h e  s t r u c t u r a l  l a m i n a t e  used c a n  be d e s i g n e d  f o r  a s t r e n g t h .  I n  
t h i s  f a s h i o n ,  t h e  amount o f  m a t e r i a l  is  minimized i n  a way which i s  no t  p o s s i b l e  
w i t h  c o n v e n t i o n a l  m a t e r i a l s .  

T h i s  c h a p t e r  s t a r t s  w i t h  a t r e a t m e n t  of  t h e  s t r e s s - s t r a i n  r e l a t i o n s  of  t h e  uni-
d i r e c t i o n a l  f i b e r  composi te  i n  t h e -f o r m s  a p p r o p r i a t e  f o r  a n a l y s i s  o f  t h i n  p l i e s  of 
m a t e r i a l .  I n  t h e  f o l l o w i n g  s e c t i o n  t h e  a n a l y s i s  deve loped  f o r  an assemblage of 
p l i e s ,  a l a m i n a t e .  The s t r e s s - s t r a i n  r e l a t i o n s  for a t h i n  l amina ted  p l a t e  a r e  
developed f o r  t h e  c a s e  of p l a t e  membrane f o r c e s  and bending moments. 

For purposes  o f  s t r u c t u r a l  a n a l y s i s ,  i t  is d e s i r a b l e  t o  r e p r e s e n t  a l a m i n a t e  by a 
se t  o f  e f f e c t i v e  s t i f f n e s s e s ,  j u s t  a s  a homogeneous p l a t e  i s  d e f i n e d  by i t s  exten-
s i o n a l  and bending s t i f f n e s s e s .  The c a l c u l a t i o n  of  t h e s e  l a m i n a t e  mechan ica l  
p r o p e r t i e s  i s  d e f i n e d  and i l l u s t r a t e d  i n  s e c t i o n  3 . 4 .  Also  t h a t  s e c t i o n ,  t h e  
a n a l y s i s  i s  expanded t o  i n c l u d e  t r e a t m e n t  o f  l a m i n a t e  expans ion  r e s u l t i n g  from 
t e m p e r a t u r e  and m o i s t u r e  changes .  
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S e c t i o n  3 .5  a d d r e s s e s  t h e  c a l c u l a t i o n  of  t empe ra tu r e  and m o i s t u r e  d i s t r i b u t i o n s  
th rough  t h e  t h i c k n e s s  of  a l a m i n a t e .  With t h i s  i n f o r m a t i o n ,  and t h e  d e f i n i t i o n  'of 
a p p l i e d  l oads  o r  d e f o r m a t i o n s ,  t h e  s t r e s s e s  i n  each p l y  can  be c a l c u l a t e d .  Pro-
c e d u r e s  f o r  do ing  t h i s  a r e  p r e s e n t e d  and i l f u s t r a t e d  i n  s e c t i o n  3.6.  

Up t o  t h i s  p o i n t ,  t h e  c h a p t e r  d e a l s  w i t h  what may b e  c l a s s i f i e d  a s  t h e  non-
d e s t r u c t i v e  r e sponse  of  t h e  l a m i n a t e  t o  e x t e r n a l  load  and envi ronment .  The remain-
ing  s e c t i o n s  add re s s  l a m i n a t e  f a i l u r e  r e s u l t i n g  from s t a t i c ,  c y c l i c ,  and impact 
l o a d i n g  c o n d i t i o n s ,  r e s p e c t i v e l y .  

3 . 1  TERMINOLOGY. 

Lamina t ion  t h e o r y ,  a s  w i t h  a l l  t e c h n i c a l  endeavo r s ,  i n v o l v e s  a c e r t a i n  amount of  
s p e c i a l i z e d  te rminology  o r  nomencla ture .  I n  o r d e r  t h a t  t h e  r e a d e r  of  t h i s  t e x t  no t  
be confused  by t h e  u s e  of  t h i s  t e rmino logy ,  some of t h e  more f r e q u e n t l y  used terms 
a r e  b r i e f l y  d e s c r i b e d  h e r e .  

Lamina 
Laminat e 
S t a c k i n g  Sequence 

ymmet r ic Lamin a t  e 

Balanced L a m i n a t e  

Laminate  

I s o t r o p i c  

A n i s o t r o p i c  
O r t h o t r o p i c  

Quas t 

Homogeneous 

Extens iona l- Shear  
Coup1ing 

ing 

Extens iona l- Bending  
ing  

I n t r a l a m i n a r  
I n t e r l a m i n a r  
Lamina Coord ina t e s  

A l a y e r  o r  p l y  of  m a t e r i a l .  
A number of  laminae bonded t o g e t h e r .  
A d e s c r i p t i o n  of a l a m i n a t e  which 

d e t a i l s  t h e  p l y  o r i e n t a t i o n s  and t h e i r  
sequence  i n  t h e  l a m i n a t e .  

A l a m i n a t e  which t h e  c o n s t r u c t i o n  
above t h e  mid- sur face  i s  a m i r r o r  image . 

of t h e  c o n s t r u c t i o n  below t h e  mid- sur face .  
A l a m i n a t e  i n  which a l l  p l i e s  o r i e n t e d  

a t  a n g l e s ,  o t h e r  t h a n  0" and 90" 
occur  i n  p a i r s  ( n o t  n e c e s s a r i l y  a d j a c e n t ) .  

A l amina t e  which has  p l i e s  o r i e n t e d  a t  
0" and 90" on ly .  

A m a t e r i a l  d e s c r i p t i o n  which i n d i c a t e s  
i d e n t i c a l  m a t e r i  a1 p r o p e r t i e s  1 d i r e c t  i o n s .  

No i s o t r o p i c .  
A m a t e r i a l  d e s c r i p t i o n  i n d i c a t i n g  t h r e e  

mu tua l l y  o r t h o g o n a l  axes o f  e l a s t i c  symmetry. 
A l a m i n a t e  which t h e  e l a s t i c  

w i t h i n  t h e  l a m i n a t e  p l a n e  a r e  i s o t r o p i c .  
Laminate  s t r e n g t h s  a r e  t y p i c a l l y  n o t  i s o t r o p i c .  

A m a t e r i a l  d e s c r i p t i o n  i n d i c a t i n g  no 
m a t e r i a l  w i th  s p a t i a l  c o o r d i n a t e s .  

A p r o p e r t y  of  c e r t a i n  c l a s s e s  o f  
l amina t e s  which e x h i b i t  s h e a r  s t r a i n s  when 
s u b j e c t e d  t o  e x t e n s i o n a l  l o a d i n g .  

A p r o p e r t y  o f  c e r t a i n  c l a s s e s  o f  l a m i n a t e s  
which e x h i b i t  bending  c u r v a t u r e s  when s u b j e c t e d  
t o  bending moments , 

A p r o p e r t y  of c e r t a i n  c l a s s e s  o f  l a m i n a t e s  which 
e x h i b i t  bending  c u r v a t u r e s  when s u b j e c t e d  t o  

s i o n a l  l o a d s .  
R e l a t i n g  t o  e f f e c t s  w i t h i n  a p l y .  
R e l a t i n g  t o  e f f e c t s  between p l i e s .  
Coord ina t e  sys tem hav ing  axes  i n  t h e  p r i n c i p a l  

m a t e r i a l  d i r e c t i o n s  of a 

2 



Laminate C o o r d i n a t e s  - A r e f e r e n c e  c o o r d i n a t e  sys tem (used  t o  
d e s c r i b e  t h e  p r o p e r t i e s  o f  a l a m i n a t e ) ,  
g e n e r a l l y  i n  t h e  d i r e c t i o n  of  p r i n c i p a l  
axes, when t h e y  e x i s t .  

3.2 LAMINA STRESS-STRAIN RELATIONS. 

A l a m i n a t e  i s  composed o f  u n i d i r e c t i o n a l l y  r e i n f o r c e d  l aminae  o r i e n t e d  i n  v a r i o u s  
d i r e c t i o n s .  Each l amina  t h e  t y p e  o f  UDC d i s c u s s e d  Chap te r  T h e r e f o r e ,  
t h e  e l a s t i c  s t r e s s - s t r a i n  r e l a t i o n s  o f  t h e  lamina a r e  d e s c r i b e d  by ( C h a p t e r  
These  s t r e s s - s t r a i n  r e l a t i o n s  w i l l  be  w r i t t e n  h e r e  m a t r i x  form u s i n g  a d i f f e r e n t  
n o t a t i o n  for e l a s t i c  p r o p e r t i e s .  With t h e  f i b e r  d i r e c t i o n ,  t r a n s v e r s e  
t o  t h e  f i b e r s  i n  t h e  p l a n e  of t h e  lamina and normal t o  t h e  p l a n e  of  t h e  l amina  
( s e e  f i g u r e  t h e  m a t e r i a l  p r o p e r t i e s  d e f i n e  t h e  lamina p r o p e r t i e s  a s  f o l l o w s :  

- L 

( 3 . 1 )  

T 

- 3 = 

Fur the rmore ,  t h e  l aminae ,  a t  t h i s  p o i n t ,  a r e  t r e a t e d  a s  e f f e c t i v e  homogeneous 
t r a n s v e r s e l y  i s o t r o p i c  materials  and t h e  s t r a i n s  a r e  w r i t t e n  w i t h o u t  o v e r b a r s .  
Thus : 

1 0 

2 0 
22  

3 0 

0 0 0'2 3 0 0 23 

0 0 0 03 0 13 

0 0 0 0 
12 

/  

where account  h a s  been t a k e n  t h e  symmetry r e l a t i o n s :  

- 

- 

- - -  - -  - - = -  '23 - 
- 

-- 
V 2 1  '32 

E, 
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The l i t e r a t u r e  on l amina t e s  f r e q u e n t l y  c o n s i d e r s  t h e  c a s e  o f  o r t h o t r o p i c  laminae ,  
which i n v o l v e  n i n e  e l a s t i c  p r o p e r t i e s  i n s t e a d  of  t h e  p r e s e n t  f i v e  of t h e  t r a n s -
v e r s e l y  i s o t r o p i c  m a t e r i a l .  I n  t h e  o r t h o t r o p i c  c a s e  t h e  s t r e s s - s t r a i n  r e l a t i o n s  
(3.2) are r e p l a c e d  by 

= 

I 
The o r t h o t r o p i c  c a s e  is  o f  l i m i t e d  p r a c t i c a l  i n t e r e s t .  I t  h a s  been used i n  t h e  
c a s e  o f  boron f i b e r  r e i n f o r c e d  laminae ,  which t y p i c a l l y  c o n t a i n  o n l y  a few f i b e r s , 
or even o n l y  one f i b e r ,  th rough  t h e  t h i c k n e s s .  Such a lamina i s  not  a compos i te  
m a t e r i a l  i n  t h e  s e n s e  d e s c r i b e d  i n  Chapte r  which r e q u i r e s  t h e  concept  of  
r e p r e s e n t a t i v e  volume e lements  c o n t a i n i n g  a m u l t i t u d e  of  f i b e r s .  

I t  has  been common p r a c t i c e  i n  t h e  a n a l y s i s  o f  l a m i n a t e s  t o  u t i l i z e  e n g i n e e r i n g  
s h e a r  s t r a i n s  r a t h e r  t h a n  t e n s o r  s h e a r  s t r a i n s .  Thus,  t h e  f a c t o r  of 2 h a s  been 
i n t roduced  i n t o  t h e  s t r e s s - s t r a i n  r e l a t i o n s  of  and The r e l a t i o n s h i p  
between t e n s o r  and e n g i n e e r i n g  s h e a r  s t r a i n s  is  

The most s t a t e  of stress i n  a lamina p l a n e .  

‘13 ‘23 
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- 

- 
I 

s i n c e  i t  o c c u r s  f o r  b o t h  in- plane l o a d i n g  and bending a t  s u f f i c i e n t  d i s t a n c e  from 
t h e  l a m i n a t e  edges .  I n  t h i s  c a s e  r e d u c e s  t o  

/E 012 1 

0 0 

which may be w r i t t e n :  

Here t h e  compliance m a t r i x ,  r e l a t e s  t h e  s t ress  and s t r a i n  components i n  t h e  
p r i n c i p a l  m a t e r i a l  d i r e c t i o n s .  These  a r e  c a l l e d  lamina c o o r d i n a t e s  and a r e  deno ted  
i n  t h e  condensed n o t a t i o n  by t h e  s u b s c r i p t  . These e q u a t i o n s  a r e  e q u i v a l e n t  t o  
e q u a t i o n s  i n  Chap te r  

The t h r e e  p a r t s  o f  e q u a t i o n  r e l a t e  t h e  in- plane  s t r a i n  components t o  t h e  
th ree  in- plane  s t ress  components.  For t h i s  p l a n e  s t ress  s t a t e ,  t h e  t h r e e  addi-
t i o n a l  s t r a i n s  c a n  be  found t o  b e  

E 23 13 

13
V 

"23 
33 

and t h u s  t h e  complete  s t a t e  o f  s t ress  and s t r a i n  de te rmined .  

The r e l a t i o n s  c a n  be  i n v e r t e d  t o  y i e l d  

or  

The m a t r i x  i s  d e f i n e d  a s  t h e  i n v e r s e  of t h e  compliance m a t r i x  and i s  known 
a s  t h e  reduced lamina s t i f f n e s s  m a t r i x .  I t s  terms c a n  be  shown t o  b e  g i v e n  by 
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- - 

- - 

- 

= 

1 
Q12 

-

Q12 

Q22!0 0 

12 2 

/E12 2 

/E -
2 

The n o t a t i o n  used f o r  t h e  m a t r i x  r e s u l t s  from t h e  p rocedu re  d i s c u s s e d  
Chapte r  f o r  s i m p l i f i e d  e n g i n e e r i n g  r e p r e s e n t a t i o n  of  t h e  f o u r t h  r a n k  s t i f f n e s s  
s e n s o r .  Each p a i r  o f  s u b s c r i p t s  o f  t h e  s t i f f n e s s  components i s  r e p l a c e d  by a 
s i n g l e  s u b s c r i p t  a cco rd ing  t o  t h e  f o l l o w i n g  scheme: 

22 2 33 3 
23 4 5 12 6 

The reduced s t i f f n e s s  and compl iance  m a t r i x e s  and r e l a t e  stresses and 
s t r a i n s  i n  t h e  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  o f  t h e  m a t e r i a l .  I n  o r d e r  t o  d e f i n e  
t h e  m a t e r i a l  r e sponse  i n  d i r e c t i o n s  o t h e r  t h a n  t h o s e  m a t e r i a l  c o o r d i n a t e s ,  
n e c e s s a r y  t o  deve lop  t r a n s f o r m a t i o n  r e l a t i o n s  f o r  t h e  m a t e r i a l  s t i f f n e s s e s .  

I n  f i g u r e  3.1, two sets  o f  c o o r d i n a t e  sys tems  a r e  d e p i c t e d .  The 1-2 c o o r d i n a t e  
sys tem co r r e sponds  t o  t h e  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  f o r  a l amina ,  w h i l e  t h e  x-y 
c o o r d i n a t e s  are a r b i t r a r y  and r e l a t e d  t o  t h e  1-2 c o o r d i n a t e s  th rough  a r o t a t i o n  
about  t h e  a x i s  o u t  o f  t h e  p l a n e  of  t h e  f i g u r e .  The ang le  e d e f i n e d  a s  t h e  
r o t a t i o n  from t h a  a r b i t r a r y  x-y s y s t e m  t o  t h e  m a t e r i a l  1-2 sys tem.  
f o r  a c o u n t e r  c lockwi se  r o t a t i o n ) .  

i s  p o s i t i v e  

The t r a n s f o r m a t i o n  of  s t r e s s e s  from t h e  1-2 sys t em t o  t h e  x-y s y s t e m  f o l l o w s  t h e  
rules f o r  t r a n s f o r m a t i o n  of t e n s o r  components.  Thus 
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2 2 n 

2 m 

-mn 

-2mn 

m 2  2  

= 

where m n s i n e  

1 , 2  P r i n c i p a l  Material  Coordinates 
Laminate, or Arbitrary Coordinates 

F I G U K E  3 . 1 .  COORDINATE SYSTEMS 

I n  t h e s e  r e l a t i o n s ,  t h e  s u b s c r i p t  x i s  u s e d  as  s h o r t h a n d  t o  r e f e r  t o  t h e  l a m i n a t e  
c o o r d i n a t e  sys t em.  

The same t r a n s f o r m a t i o n  m a t r i x  c a n  a l s o  be  used  f o r  t h e  t e n s o r  s t r a i n  compo-
n e n t s .  However, s i n c e  t h e  e n g i n e e r i n g  s h e a r  s t r a i n s  have  been  u t i l i z e d ,  a 
d i f f e r e n t  t r a n s f o r m a t i o n  m a t r i x  i s  r e q u i r e d .  Thus:  
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\ /  

or = 

Both e q u a t i o n s  3 . 8  and 3 . 9  c a n  b e  i n v e r t e d  t o  y i e l d  

{a,) = 
and 

2 2where m n 2mn 

2 2 n m -2mn= 

2 2  -mn mn m 

2mn 

comparing ( 3 . 1 1 )  w i t h  and i t  c a n  e a s i l y  b e  s e e n  t h a t  i n  t h i s  p a r t i c u l a r  
c a s e ,  t h e  i n v e r s e  of each  t r a n s f o r m a t i o n  m a t r i x  can  b e  found s imply  by s u b s t i t u t i n g  
n e g a t i v e  a n g l e s  for t h e  v a r i o u s  terms w i t h i n  t h e  m a t r i x .  

Given t h e  t r a n s f o r m a t i o n s  f o r  stress and s t r a i n  t o  a r b i t r a r y  c o o r d i n a t e  sy s t ems ,  
t h e  r e l a t i o n s  between stress and s t r a i n  i n  t h e  l a m i n a t e  sys tem can  be  de t e rmined .  
S u b s t i t u t i n g  e q u a t i o n s  3.10 and 3.11 i n t o  3 . 6  y i e l d s  
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or 

or  

= ( 3 . 1 3 )  

The reduced stiffness matrix, relates the stress and strain components the 
laminate coordinate system. Here 

The terms within are defined by the matrix multiplication to be 

4 4 2 2= 

2 2  2 2 2  
n ) 

Q21 = Q12 
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t h e  s u b s c r i p t  6 ha s  been r e t a i n e d  i n  keep ing  w i th  t h e  d i s c u s s i o n  f o l l o w i n g  
e q u a t i o n  3 . 1 .  Thus 

A of t h e  m a t r i x  which i s  immediately  n o t i c e d  a s  b e i n g  d i s s i m i l a r  t o  
p r ev ious  c o n s t i t u t i v e  r e l a t i o n s  is  t h a t  is f u l l y  popu la t ed .  The a d d i t i o n a l  

which have appeared - - r e l a t e  s h e a r  s t r a i n s  t o  
e x t e n s i o n a l  l oad ing  and v i c e  v e r s a .  T h i s  e f f e c t  of a s h e a r  s t r a i n  r e s u l t i n g  from 

e x t e n s i o n a l  s t ress  d e p i c t e d  g r a p h i c a l l y  i n  f i g u r e  3 .2 .  

Deformed Shape unde r  

Loading  

FIGURE 3 . 2 .  EXTENSIONAL-SHEAR COUPLING 
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(3 .16)  
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- 

- - - 

- - - 
'26 

6 

R e f e r r i n g  t o  e q u a t i o n  3 .15 ,  each  o f  t h e  e x t e n s i o n a l- s h e a r  c o u p l i n g  terms can be 
t o  c o n t a i n  a m u l t i p l i e r  t e r m .  Obv ious ly ,  e i t h e r  s i n e  o r  

is z e r o ,  t h e  e x t e n s i o n a l- s h e a r  coup l ing  terms a r e  z e r o .  For t h e  produc t  s i n e  
t o  be zero, t h e  ang l e  must b e  o r  90'. P h y s i c a l l y ,  t h i s  means t h a t  t h e  f i b e r s  

e i t h e r  p a r a l l e l  or p e r p e n d i c u l a r  t o  t h e '  l o a d i n g  d i r e c t i o n .  For t h i s  c a s e ,  
e x t e n s i o n a l- s h e a r  coup l ing  does not  occur  i n  an o r t h o t r o p i c  m a t e r i a l ,  s i n c e  t h e  
l oad ings  a r e  i n  t h e  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  3 . 5 ) .  

procedure  used t o  deve lop  t h e  t r ans fo rmed  s t i f f n e s s  m a t r i x  can  a l s o  be used t o  
f i n d  t rans formed compliance m a t r i x .  Thus 

r e l a t i o n s  between t h e  terms i n  and a r e  deve loped  by a p rocedure  iden-
t i c . !  t o  t h a t  f o r  t h e  r e l a t i o n s  between and 

Noting t h a t  t h e  s t r e s s - s t r a i n  r e l a t i o n s  a r e  now d e f i n e d  i n  t h e  l amina t e  c o o r d i n a t e  
lamina s t i f f n e s s e s  can  a l s o  be d e f i n e d  t h i s  sys tem.  Thus expanding t h e  

of e q u a t i o n  3.17:  

The e n g i n e e r i n g  c o n s t a n t s  f o r  t h e  m a t e r i a l  can  be d e f i n e d  by s p e c i f y i n g  t h e  con-
d i t i o n s  f o r  an exper iment .  Thus,  t h e  r a t i o  f o r  = =: 0 ,  t h e  
Young's modulus i n  t h e  x d i r e c t i o n .  For t h i s  same s t ress  s t a t e ,  t h e  
P o i s s o n ' s  r a t i o .  I n  t h i s  f a s h i o n ,  t h e  lamina  s t i f f n e s s e s  i n  t h e  c o o r d r n a t e  system 
o f  e q u a t i o n  3.17 a r e  found t o  be: 
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I t  i s  sometimes d e s i r a b l e  t o  o b t a i n  e l a s t i c  c o n s t a n t s  d i r e c t l y  from t h e  reduced 
s t i f f n e s s e s ,  by u t i l i z i n g  e q u a t i o n  3 .13 .  I n  t h e  g e n e r a l  c a s e  where 
m a t r i x  is  f u l l y  p o p u l a t e d ,  t h i s  can  be accomplished by u s ing  e q u a t i o n  3.18 and t h e  
s o l u t i o n  f o r  a s  f u n c t i o n s  o b t a i n e d  from t h e  i n v e r s e  r e l a t i o n s h i p  of t h e  
two m a t r i c e s .  a l t e r n a t e  approac is t o  e v a l u a t e  e x t e n s i o n a l  p r o p e r t i e s  f o r  t h e  
c a s e  of z e r o  s h e a r  s t r a i n ,  E 0 ,  as opposed t o  t h e  p r e v i o u s  c a s e  o f  z e r o  s h e a r  
s t r e s s ,  0 .  For s i n g l e  s t ress  s t a t e s  and z e r o  s h e a r  s t r a i n  i t  i s  found t h a t ,  
i n  terms of  t h e  t rans formed s t i f f n e s s  m a t r i x  terms t h e  e l a s t i c  c o n s t a n t s  
a r e  

= 
Q22 

A l s o ,  

R e f e r r i n g  t o  t h e  terms i n  t h e  m a t r i x  and t h e  s t i f f n e s s  r e l a t i o n s  
i t  can  be  s e e n  t h a t ,  g e n e r a l ,  t h e  e l a s t i c  c o n s t a n t s  i n  an a r b i t r a r y  c o o r d i n a t e  
s y s t e m  are f u n c t i o n s  o f  a l l  o f  t h e  e l a s t i c  c o n s t a n t s  i n  t h e  p r i n c i p a l  m a t e r i a l  
d i r e c t i o n s  as w e l l  a s  t h e  ang l e  of  r o t a t i o n .  

The v a r i a t i o n  of  e l a s t i c  modulus w i th  angle  of  r o t a t i o n  i s  d e p i c t e d  i n  f i g u r e  
3 .3  f o r  a t y p i c a l  m a t e r i a l .  For demons t r a t i on  pu rposes ,  two 
d i f f e r e n t  s h e a r  moduli  have been used g e n e r a t i n g  t h e  f i g u r e .  The d i f f e r e n c e s  
between t h e  two cu rves  demons t r a t e  t h e  e f f e c t  of t h e  p r i n c i p a l  m a t e r i a l  s h e a r  
modulus on t h e  t ransformed e x t e n s i o n a l  s t i f f n e s s .  

Examining t h e  f i g u r e ,  i t  can  be s e e n  t h a t  t h e  two cu rves  a r e  i d e n t i c a l  a t  and 
T h i s  a s  expec ted  s i n c e  at  t h e s e  ang le s  t h e  e x t e n s i o n a l  s t i f f n e s s  

s imp le  or E2. Between t h e  two end p o i n t s ,  s u b s t a n t i a l  d i f f e r e n c e s  a r e  
p r e s e n t .  For t h e  s m a l l e r  s h e a r  modulus ,  from app rox ima te ly  50" t o  j u s t  less t h a n  

t h e  e x t e n s i o n a l  s t i f f n e s s  l e s s  t han  t h e  v a l u e .  T h i s  a most 
i n t e r e s t i n g  r e s u l t ,  i n d i c a t i n g  t h a t  f o r  t h e s e  a n g l e s  t h e  m a t e r i a l  s t i f f n e s s  i s  more 
s t r o n g l y  governed by t h e  p r i n c i p a l  m a t e r i a l  s h e a r  modulus t han  by t h e  t r a n s v e r s e  
e x t e n s i o n a l  s t i f f n e s s .  

The cu rves  o f  f i g u r e  3 .3  can  a l s o  be used t o  de t e rmine  t h e  modulus Th i s  
accomplished s imply  by r e v e r s i n g  t h e  ang l e  s c a l e .  Thus,  t h e  v a l u e s  shown a t  0" 
cor respond  t o  a t  90" and t h e  v a l u e s  a t  90" co r r e spond  t o  a t  0". 
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FIGURE 3.3. VARIATION OF WITH ANGLE AND FOR TYPICAL 
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With t h e  t r ans fo rmed  s t r e s s - s t r a i n  r e l a t i o n s ,  i t  is now p o s s i b l e  t o  deve lop  an 
a n a l y s i s  f o r  an  assemblage o f  p l i e s ,  a l a m i n a t e .  Thus,  we  p roceed  t o  lamina-
t i o n  t heo ry .  

3 .3  LAMINATION THEORY. 

The development o f  p rocedu re s  t o  e v a l u a t e  stresses and de fo rma t ions  of  l amina t e s  
c r u c i a l l y  dependent  on t h e  f a c t  t h a t  t h e  t h i c k n e s s  o f  l a m i n a t e s  is v e r y  much 
s m a l l e r  t h a n  t h e  in- plane  d imens ions .  T y p i c a l  t h i c k n e s s  v a l u e s  f o r  i n d i v i d u a l  
p l i e s  range  between 0.005" and 0.010". Consequent ly ,  a e ro space  l a m i n a t e s  u s i n g  
from 8 t o  50 p l i e s  are s t i l l  g e n e r a l l y  t h i n  p l a t e s  and, t h e r e f o r e ,  c an  be  ana lyzed  
on t h e  b a s i s  o f  t h e  u s u a l  s i m p l i f i c a t i o n s  o f  t h i n  p l a t e  t h e o r y .  

Ana lys i s  o f  i s o t r o p i c  t h i n  p l a t e s  is an o l d  and e s t a b l i s h e d  f i e l d  i n  which has  
become customary t o  a n a l y z e  t h e  cases o f  in- plane  l o a d i n g  and bending ,  s e p a r a t e l y .  
The former c a s e  is d e s c r i b e d  by p l a n e  s t ress  e l a s t i c  t h e o r y  and t h e  l a t t e r  by 
c l a s s i c a l  p l a t e  bending  t h e o r y .  T h i s  s e p a r a t i o n  i s  p o s s i b l e  s i n c e  t h e  two l o a d i n g s  
a r e  uncoupled;  when bo th  o c c u r ,  t h e  r e s u l t  i s  g i v e n  by s u p e r p o s i t i o n .  I n  t h e  c a s e  
of  a n i s o t r o p i c  l a m i n a t e s ,  in- plane  l o a d i n g  and bending ,  i n  g e n e r a l ,  a r e  coupled and 
have t o  be t r e a t e d  t o g e t h e r .  It is o n l y  f o r  summetric laminae s t a c k i n g  sequences  
t h a t  uncoupl ing  o c c u r s .  Consequent ly ,  f i r s t  l a m i n a t i o n  t h e o r y  w i l l  be developed 
f o r  t h e  g e n e r a l  c a s e  and t h e n  s i m p l i f i c a t i o n s  w i l l  be i n t r o d u c e d .  

The c l a s s i c a l  assumptions o f  t h i n  p l a t e  t h e o r y  a r e :  

The t h i c k n e s s  o f  t h e  p l a t e  much t h a n  t h e  
in- plane  d imens ions ;  

The shapes  o f  t h e  deformed p l a t e  s u r f a c e  a r e  s m a l l  
compared t o  u n i t y ;  

Normals t o  t h e  p l a t e  s u r f a c e  remain normal 
t o  t h e  deformed p l a t e  s u r f a c e ;  

V e r t i c a l  d e f l e c t i o n  does  no t  v a r y  th rough  t h e  t h i c k n e s s ;  

S t r e s s ,  normal t o  t h e  p l a t e  s u r f a c e  i s  n e g l i g i b l e .  

On t h e  b a s i s  o f  assumpt ions  t h e  d i sp l acemen t  f i e l d  i n  t h e  p l a t e  can  be 
exp re s sed  as : 

= u 
0 - -

X X 

= u 
0 - -

Y Y 
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with  t h e  x-y-z c o o r d i n a t e  sys tem d e f i n e d  as  i n  f i g u r e  3 .4 .  These r e l a t i o n s  
i n d i c a t e  t h a t  t h e  in- plane  d i s p l a c e m e n t s  c o n s i s t  of a mid- surf a c e  d i s p l a c e m e n t ,  
d e s i g n a t e d  by t h e  s u p e r s c r i p t  p l u s  a v a r i a t i o n  th rough  t h e  t h i c k n e s s .  
The two p a r t i a l  d e r i v a t i v e s  a r e  s imply  bend ing  r o t a t i o n s  o f  t h e  mid- sur face .  The 
use of  assumption p r e s c r i b e s  t h a t  not  v a r y  th rough  t h e  t h i c k n e s s .  The 
c o o r d i n a t e  measured from t h e  mid- surface  of t h e  p l a t e .  T h i s  a n a t u r a l  
conven t ion  f o r  a l a m i n a t e  which s y m m e t r i c a l l y  s t a c k e d  w i t h  r e f e r e n c e  t o  t h e  
mid- sur face  b u t  an a r b i t r a r y  one when t h i s  i s  not  t h e  c a s e .  

X 

Y 

TOTAL LAMINATE THICKNESS 

FIGURE 3 . 4 .  LAMINATE CONSTRUCTION 

W r i t i n g  t h e  l i n e r  s t r a i n  d i s p l a c e m e n t  r e l a t i o n s  

and per fo rming  t h e  r e q u i r e d  p a r t i a l  d i f f e r e n t i a t i o n s  
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( 3 . 2 5 )  

2 

-

Thus,  t h e  s t r a i n  a t  any p o i n t  t h e  p l a t e  d e f i n e d  as  t h e  o f  mid- sur face  
s t r a i n ,  and a c u r v a t u r e ,  m u l t i p l i e d  by t h e  d i s t a n c e  from t h e  mid- sur face  
( s e e  f i g u r e  3 . 5 ) .  

For conven ience ,  a s  u s u a l  p l a t e  t h e o r y ,  s t ress  and moment r e s u l t a n t s  w i l l  be 
used r a t h e r  t h a n  stresses f o r  t h e  remainder  of  t h e  development ( s e e  f i g u r e  3 . 6 ) .  
The s t r e s s  r e s u l t a n t s  a r e  d e f i n e d  a s  

N xx 
h 

dxYY X 

and t h e  moment r e s u l t a n t s  a r e  d e f i n e d  a s  

where t h e  i n t e g r a t i o n s  a r e  c a r r i e d  o u t  o v e r  t h e  p l a t e  t h i c k n e s s .  These  
a r e  g r a p h i c a l l y  d e p i c t e d  f i g u r e  3 . 7 .  

Not ing  e q u a t i o n s  3 .13  and 3 . 2 2 ,  r e l a t i o n s  between t h e  s t ress  and moment r e s u l t a n t s  
and t h e  mid- plane s t r a i n s  and c u r v a t u r e s  c a n  be w r i t t e n  as 
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Displacement at A :  

FIGURE 3.5. PLATE DEFORMATIONS AND STRAINS 

N
YY 

FIGURE 3.6. STRESS AND MOMENT RESULTANTS 
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i n t e g r a l s  can  b e  s e p a r a t e d  n t o  t h e i r  component p a r t s ,  y i e l d i n g  

( 3 . 3 1 ) .  

S i n c e  t h e  t r ans fo rmed  lamina s t i f f n e s s  m a t r i c e s  a r e  c o n s t a n t  w i t h i n  each  lamina and 
t h e  mid-plane s t r a i n s  and c u r v a t u r e s  a r e  c o n s t a n t  w i t h  r e s p e c t  t o  t h e  c o o r d i n a t e ,  
t h e  i n t e g r a l s  i n  e q u a t i o n s  3.30 and 3.31 c a n  be  r e p l a c e d  by summations y i e l d i n g  

where N is  t h e  t o t a l  number o f  p l i e s ,  d e f i n e d  a s  f i g u r e  3 .4  and super-
s c r i p t  d e n o t e s  a p r o p e r t y  of t h e  p l y .  Note t h a t  - e q u a l  to  t h e  
p l y  t h i c k n e s s .  

3-20 



In t roduc ing  t h r e e  m a t r i c e s  e q u i v a l e n t  t o  t h e  t h r e e  d i f f e r e n t  i ons  shown 
e q u a t i o n s  3.32 and 3.33, t h e  r e l a t i o n s  c a n  be w r i t t e n  a s  

or 

( 3 . 3 4 )  

where t h e  s t i f f n e s s  m a t r i x  composed o f  t h e  fo l l owing  m a t r i c e s :  

N 

where t h e  reduced lamina s t i f f n e s s e s  f o r  t h e  p l y  a r e  found from e q u a t i o n  3 .15  
u s i n g  t h e  p r i n c i p a l  p l y  p r o p e r t i e s  and o r i e n t a t i o n  ang le  o f  each p l y  i n  t u r n .  

Thus, t h e  c o n s t i t u t i v e  r e l a t i o n s  fo r  a l a m i n a t e  i n  terms of  stress and moment 
r e s u l t a n t s  have been deve loped .  

I n  examining t h e  r e l a t i o n s  t h e  f i r s t  i n t e r e s t i n g  f e a t u r e  r e v e a l e d  i s  a 
coup l ing  between bending and e x t e n s i o n .  The m a t r i c e s  r e l a t e  s t ress  r e s u l t a n t s  
t o  bending c u r v a t u r e s  and moment r e s u l t a n t s  t o  mid- plane s t r a i n s .  Thus, f o r  a 
g e n e r a l  l amina t e ,  t h e  a p p l i c a t i o n  of  a stress r e s u l t a n t  produces c u r v a t u r e s  and 
a p p l i c a t i o n  of a bending moment produces e x t e n s i o n a l  s t r a i n .  The f e a t u r e  i s  known 
as  bend ing- ex tens iona l  coup l ing .  

I n  t y p i c a l  s t r u c t u r a l  l a m i n a t e s ,  bend ing- ex tens iona l  coup l ing  i s  e l i m i n a t e d  by 
p rope r  s p e c i f i c a t i o n  of t h e  s t a c k i n g  sequence .  S t a c k i n g  sequence  r e f e r s  t o  t h e  
o r d e r  which t h e  v a r i o u s  p l i e s  a r e  put  t o g e t h e r .  Not ing  t h e  r e l a t i o n s  f o r  
computing t h e  m a t r i x  o r  i t  can  be s e e n  t h a t  i f  t h e  p l i e s  are 
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arranged i n  an even f u n c t i o n  (symmetr ic  about t h e  mid- p lane ) ,  t h e  m a t r i x  
e l i m i n a t e d .  Thus, t h e  l a m i n a t e  de s igned  w i t h  i d e n t i c a l l y  o r i e n t e d  p l i e s  a t  
equa l  d i s t a n c e s  from t h e  mid- sur face ,  bend ing- ex tens iona l  c o u p l i n g  i s  e l i m i n a t e d .  

There a r e  o t h e r  forms o f  c o u p l i n g  i n h e r e n t  i n  t h e  r e l a t i o n s  I n  o r d e r  t o  
examine t h e s e  v a r i o u s  c o u p l i n g s ,  i t  is n e c e s s a r y  t o  e v a l u a t e  i n d i v i d u a l  terms i n  
t h e  and m a t r i c e s .  The most g e n e r a l  form o f  t h e s e  m a t r i c e s  combined 
a s  i n  is  

2 6 

6 6 6 

6 6 6 

It can  be  s e e n  t h a t ,  i n  g e n e r a l ,  t h e  and m a t r i c e s  a r e  f u l l y  popu la t ed .  
Thus, t h e r e  is c o u p l i n g  between membrane e x t e n s i o n  and membrane s h e a r  
and coup l ing  between bending  and t w i s t i n g  Both o f  t h e s e  forms of 
coup l ing  can  be e l i m i n a t e d  by j u d i c i o u s  p l y  o r i e n t a t i o n  and s t a c k i n g  sequence  
s e l e c t i o n ,  bu t  i n  some c a s e s  t h i s  s e l e c t i o n  may b e  i m p r a c t i c a l .  E x t e n s i o n a l- s h e a r  
coup l ing  can  b e  e l i m i n a t e d  by s p e c i f y i n g  a ba l anced  c o n s t r u c t i o n .  Balance i n d i-
c a t e s  t h a t  f o r  eve ry  + e  p l y ,  t h e r e  is a These p l i e s  do not  have t o  be ad j a-
c e n t  t o  s a t i s f y  t h i s  r equ i r emen t .  

When bend ing- twi s t i ng  c o u p l i n g  i s  u n d e s i r a b l e ,  i t  c a n  be e l i m i n a t e d ,  b u t  on ly  by 
u s i n g  a u n i d i r e c t i o n a l  or c r o s s- p l y  c o n s t r u c t  i on .  U n i d i r e c t i o n a l  c o n s t r u c t i o n  
i m p l i e s  t h a t  a l l  l a y e r s  have t h e  same o r i e n t a t i o n ,  which a l i g n e d  w i t h  t h e  
l o a d i n g  d i r e c t i o n .  A c r o s s- p l y  l a m i n a t e  h a s  p l i e s  o r i e n t e d  a t  0" and o n l y ,  
a g a i n  o r i e n t e d  w i t h  t h e  l o a d i n g  d i r e c t i o n .  I t  a l s o  p o s s i b l e  t o  l i m i t  t h e  e f f e c t  
o f  bend ing- twi s t i ng  c o u p l i n g  by o t h e r  means. I f  a symmetr ic  l a m i n a t e  i s  c o n s t r u c-
t e d  w i th  many p l i e s ,  and p l i e s  w i t h  t h e  same angu la r  o r i e n t a t i o n  a r e  not  grouped 
t o g e t h e r ,  t h e  magni tude o f  t h e  and te rms  w i l l  be reduced w i t h  r e s p e c t  t o  
t h e  o t h e r  terms i n  t h e  (D) m a t r i x .  Thus, w h i l e  t h e  bend ing- twi s t i ng  c o u p l i n g  
n o t  e l i m i n a t e d ,  i t s  e f f e c t  is reduced .  I n  c e r t a i n  a p p l i c a t i o n s  such c o u p l i n g  may 
b e  des  i r a b l e .  
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3.4 LAMINATE PROPERTIES. 

The p rev ious  s e c t i o n  p r e s e n t e d  t h e  development of t h e  r e l a t i o n s  between t h e  middle  
s u r f a c e  s t r a i n s  and c u r v a t u r e s  and t h e  membrane s t ress  and moment r e s u l t a n t s .  The 
e l a s t i c  s t i f f n e s s e s  t h e s e  r e l a t i o n s h i p s  are f u n c t i o n s  o f  t h e  p l y  e l a s t i c  con-
s tan t s  and t h e  p l y  o r i e n t a t i o n s  and arrangement  o r  s t a c k i n g  sequence .  I n  t h e  
p r e s e n t  s e c t i o n ,  t h e s e  r e s u l t s  w i l l  b e  u t i l i z e d  t o  c a l c u l a t e  p l a t e  bending and 
e x t e n s i o n a l  s t i f f n e s s e s  s u i t a b l e  f o r  use  i n  s t r u c t u r a l  a n a l y s i s .  The e f f e c t s  of  
o r i e n t a t i o n  v a r i a b l e s  upon p l a t e  p r o p e r t i e s  w i l l  a l s o  be t r e a t e d .  

In a d d i t i o n  t o  t h e  mechanica l  l oad ing  c o n d i t i o n s  t r e a t e d  t h u s  f a r  i n  t h i s  c h a p t e r ,  
f o r  p r a c t i c a l  s t r u c t u r e s  i t  is n e c e s s a r y  t o  unde r s t and  t h e  effects  of  t e m p e r a t u r e  
changes upon l amina t e  behav io r .  Thus, t h e  thermal  expans ion  c h a r a c t e r i s t i c s  o f  
l amina t e s  w i l l  be  p r e s e n t e d .  F u r t h e r ,  f o r  po lymer ic  m a t r i x  compos i t e s ,  i t  h a s  been  
found t h a t  h igh  m o i s t u r e  c o n t e n t  c a u s e s  d imens iona l  changes .  T h i s  e f f e c t  is 
t r e a t e d  i n  t h i s  s e c t i o n  t o  d e f i n e  e f f e c t i v e  s w e l l i n g  c o e f f i c i e n t s .  

I n  t h e  p r ev ious  s e c t i o n ,  i t  was shown t h a t ,  g e n e r a l ,  l a m i n a t e s  e x h i b i t  c o u p l i n g  
between bending and e x t e n s i o n .  E l i m i n a t i o n  of  t h i s  c o u p l i n g  was shown t o  be 
p o s s i b l e  th rough  t h e  s p e c i f i c a t i o n  of mid- plane symmetric c o n s t r u c t i o n .  T h i s  l e a d s  
t o  a n a t u r a l  d i v i s i o n  of l a m i n a t e s  i n t o  symmetric and non- symmetric c a t e g o r i e s .  

P r i o r  t o  d i s c u s s i o n  of t h e s e  two l a m i n a t e  c a t e g o r i e s ,  t y p i c a l  l a m i n a t e  n o t a t i o n  
w i l l  be d e s c r i b e d .  A sho r thand  n o t a t i o n  has  been dev i sed  and i s  i n  common u s e .  
The b a s i s  f o r  t h e  n o t a t i o n  comes from t h e  f a c t  t h a t  s t r u c t u r a l  l amina t e s  t y p i c a l l y  
have r e p e a t i n g  groups of  p l i e s  and p a i r s  of  p l i e s  a t  and a n g l e s .  U t i l i z i n g  
t h e s e  g roup ings ,  t h e  l a m i n a t e  c o n s t r u c t i o n  

can  be s p e c i f i e d  a s  

The numer ica l  s u b s c r i p t  i n d i c a t e s  t h e  number of a d j a c e n t  i d e n t i c a l  p l i e s .  Adjacen t  
p l i e s  a r e  pumped t o g e t h e r ,  and t h e  s u b s c r i p t  s i n d i c a t e s  t h a t  t h e  

p a t t e r n  r e p e a t e d  i n  r e v e r s e  o r d e r  forming a symmetric l a m i n a t e .  The m u l t i p l i e r  
s u b s c r i p t  is a l s o  used t o  d e n o t e  m u l t i p l e  g roups  of  p l i e s .  Thus, t h e  l a m i n a t e  

is s p e c i f i e d  as 

When t h e  c e n t r a l  p l y  o f  a symmetr ic  l a m i n a t e  i s  not  r e p e a t e d ,  t h i s  i s  deno t ed  by an 
Thus, t h e  l a m i n a t e  

/O /O /- 4 4 
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i s  s p e c i f i e d  as 

S 

There a r e  a d d i t i o n a l  conven t ions  which can  b e  d e s i g n a t e d ,  b u t  t h o s e  shown h e r e  
g e n e r a l l y  a r e  s u f f i c i e n t .  

3.4.1 Symmetric Lamina tes .  

As has been s t a t e d ,  a symmetr ic  l a m i n a t e  does  no t  e x h i b i t  c o u p l i n g  between ex ten-
s i o n  and bending.  T h i s  l e a d s  t o  c o n s i d e r a b l e  s i m p l i f i c a t i o n  f o r  t h e  d e s i g n e r  of 
composi tes  i n  t h a t  symmetric c o n s t r u c t i o n s  behave t o  conven-
t i o n a l  m a t e r i a l s .  

R e c a l l i n g  e q u a t i o n s  3.34 and n o t i n g  t h a t  f o r  t h i s  case t h e  m a t r i x  z e r o ,  t h e  
r e l a t i o n s  can  be r e q r i t t e n  as 

xx 

N 
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- 
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S i n  he  e x t  and bending b e h a v i o r  are uncoupled ,  e f f e c t i v e  l a m i n a t e  
e l a s t i c  c o n s t a n t s  c a n  b e  r e a d i l y  de t e rmined .  I n v e r t i n g  t h e  stress r e s u l t a n t  
mid- plane s t r a i n  r e l a t i o n s  y i e l d s  
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f r o m  which t h e  l a m i n a t e  e l a s t i c  c o n s t a n t s  a r e  s e e n  t o  be 

1--

t h e  d i v i s o r  2h t o  t h e  laminate  t h i c k n e s s .  

t h a t  t h e  m a t r i x  comprised o f  m a t r i c e s  from each l a y e r  t h e  
is  obv ious  t h a t  t h e  l a m i n a t e  e l a s t i c  p r o p e r t i e s  a r e  f u n c t i o n s  of  t h e  

o r i e n t a t i o n  of t h e  p l i e s .  T h i s  i l l u s t r a t e d  f i g u r e  3 .8  f o r  a t y p i c a l  
m,>dulus g r a p h i t e / e p o x y  system.  

t a b l e  3 .1  and w i l l  be r e f e r r e d  t o  l a t e r  examples .  The laminae a r e  
i n  p a i r s  i n  a symmetr ic ,  ba lanced  c r e a t i n g  what c a l l e d  

a i  l a m i n a t e .  

The lamina p r o p e r t i e s  f o r  t h i s  m a t e r i a l  a r e  

3.8 i n d i c a t e s  a v a r i a t i o n  i n  e x t e n s i o n a l  modulus s i m i l a r  t o  t h a t  shown 
f t h e  o f f - a x i s  m a t e r i a l  and an ang le- ply  l a m i n a t e  a r e  due t o  t h e  e f f e c t s  of  

coupling. I n  an o f f - a x i s  m a t e r i a l ,  e x t e n s i o n a l  l o a d i n g s  produce 
s h e a r  d e f o r m a t i o n s  as  we l l  as e x t e n s i o n a l  I n  an angle- ply l a m i n a t e ,  

s h e a r  d e f o r m a t i o n s  a r e  e l i m i n a t e d  th rough  i n t e r n a l  c o n s t r a i n t s .  S i n c e  t h e  
s h e a r  s t r a i n s  a r e  e l i m i n a t e d ,  t h e  m a t e r i a l  e x h i b i t s  h i g h e r  e f f e c t i v e  s t i f f n e s s e s .  
The e f f e c t s  o f  s h e a r- e x t e n s i o n a l  c o u p l i n g  a r e  more f u l l y  d i s c u s s e d  below. 

. 

o t h e r  f e a t u r e s  a r e  noteworthy i n  f i g u r e  3 . 8 .  
modulus and P o i s s o n ' s  r a t i o .  
v a l u e  f o r  and 

combined s t a t e  of e q u a l  t e n s i o n  and compress ion  l o a d s  o r i e n t e d  a t  4 5 " .  
s h e a r  l o a d i n g  on a l a m i n a t e  i s  e q u i v a l e n t  t o  t e n s i l e  and l o a d i n g  
on a l a m i n a t e .  
h e n c e ,  t h e  l a r g e  s h e a r  s t i f f n e s s .  

These a r e  t h e  v a r i a t i o n  of  s h e a r  
The s h e a r  modulus is t o  t h e  u n i d i r e c t i o n a l  

The s h e a r  modulus r i ses  s h a r p l y  and reaches  a maximum 
The a t  45" can  be e x p l a i n e d  by n o t i n g  t h a t  s h e a r  i s  e q u i v a l e n t  t o  a 

Thus,  t h e  

E f f e c t i v e l y ,  t h e  f i b e r s  are  a l i g n e d  wi th  t h e  l o a d i n g  and, 

An even more i n t e r e s t i n g  e f f e c t  i s  s e e n  i n  t h e  v a r i a t i o n  of P o i s s o n ' s  r a t i o .  The 
peak v a l u e  i n  t h i s  example i s  g r e a t e r  t h a n  1 . 5 .  
would be i m p o s s i b l e .  I n  an o r t h o t r o p i c  m a t e r i a l ,  t h e  i s o t r o p i c  r e s t r i c t i o n s  not  
h o l d  and a P o i s s o n ' s  r a t i o  g r e a t e r  t h a n  one i s  v a l i d  and r e a l i s t i c .  I n  f a c t ,  
P o i s s o n ' s  r a t i o s  a r e  t y p i c a l  for l a m i n a t e s  c o n s t r u c t e d  o f  u n i d i r e c t i o n a l  m a t e r i a l s  
w i t h  t h e  p l i e s  o r i e n t e d  a t  approx imate ly  
e x p l a i n e d  w i t h  t h e  use of f i g u r e  3 . 9 .  

I n  an i s o t r o p i c  m a t e r i a l ,  t h i s  

T h i s  e f f e c t  can  r e a d i l y  be  

Depic ted  f i g u r e  3 .9  a r e  two s e p a r a t e  l o a d i n g s  on a lamina.  When a p o s i t i v e  
load  a p p l i e d ,  t h e  deformed shape  c o n t a i n s  a p o s i t i v e  

I n  t h e  l a m i n a t e ,  t h e  s h e a r  s t r a i n  i s  c o n s t r a i n e d  by t h e  p resence  
p l i e s .  T h i s  r e s u l t s  an i n t e r n a l  s h e a r  load e l i m i n a t e s  t h e  s h e a r  
The l a r g e  P o i s s o n ' s  r a t i o  i s  a r e s u l t  o f  i n t e r n a l  s h e a r  load .  Not ing 
second p a r t  of f i g u r e  3 . 9 ,  a compress ive  load  seen t o  promote a 
E 

produce a compress ive  

c o n s t r a i n  t h e  s h e a r  s t r a i n s  deve loped  by p o s i t i v e  i n  t h e  f i r s t  

and a n e g a t i v e  

Because of  m a t e r i a l  o f  a p o s i t i v e  
T h e r e f o r e ,  t h e  p o s i t i v e  i n t e r n a l  s h e a r  load r e q u i r e d  
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TABLE 3.1. PROPERTIES OF A HIGH MODULUS LAMINA 

"12 

6 = psi 

6 psi 

psi6 

3 = psi 

tu 3 
T = p s i  

U 3 
L = psi 

-6a = 1 

a2 = 

3 

320 

psi 

psi 

= 0.60 

P l y  thickness 0.0052 in. 
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FIGURE 3 . 8 .  LAMINATE ELASTIC CONSTANTS FOR 
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f i g u r e  3 .9  produces  a compress ive  E Thus,  t h e  P o i s s o n  induced s t r a i n  is  
of  two components: t h e  a p p l i e d  t e n s i l e  produces  a compress ive  E and,YY
second ,  t h e  induced p o s i t i v e  p roduces  compress ive  E Thus,  t h e  l a r g eY Y '
P o i s s o n ' s  r a t i o  is  s i m p l y  a f u n c t i o n  o f  t h e  i n d i v i d-
u a l  laminae.  

Because of t h e  i n f i n i t e  v a r i a b i l i t y  of t h e  a n g u l a r  o r i e n t a t i o n  o f  t h e  i n d i v i d u a l  
l aminae ,  one would assume t h a t  a l a m i n a t e  cou ld  be c o n s t r u c t e d  h a v i n g  a s t i f f n e s s  
which behaves  i n  t h e  p l a n e  of  t h e  l a m i n a t e  by u t i l i z i n g  a l a r g e  
number o f  p l i e s  hav ing  s m a l l ,  e q u a l  d i f f e r e n c e s  i n  t h e i r  o r i e n t a t i o n .  I t  c a n  be  
shown t h a t  a symmetr ic ,  q u a s i - i s o t r o p i c  l a m i n a t e  can  a l s o  be c o n s t r u c t e d  w i t h  as 
few as  s i x  p l i e s ,  t h r e e  p l i e s  above and t h r e e  below t h e  mid p l a n e .  The s i m p l e s t  
q u a s i - i s o t r o p i c  l a m i n a t e  is A g e n e r a l  r u l e  f o r  d e s c r i b i n g  a q u a s i-
i s o t r o p i c  l a m i n a t e  s t a t e s  t h a t  t h e  a n g l e s  between p l i e s  a r e  e q u a l  t o  where N 
i s  an i n t e g e r  g r e a t e r  t h a n  o r  e q u a l  t o  3 ,  and there  is an i d e n t i c a l  number of 
p l i e s  a t  each o r i e n t a t i o n ,  i n  a symmetric l a m i n a t e .  For p l i e s  o f  a g i v e n  m a t e r i a l ,  
a l l  such q u a s i - i s o t r o p i c  l a m i n a t e s  w i l l  have t h e  same e l a s t i c  p r o p e r t i e s ,  r egard-
less  of t h e  v a l u e  of N .  

A s  was s t a t e d ,  a q u a s i - i s o t r o p i c  l a m i n a t e  h a s  in- plane  s t i f f n e s s e s  which f o l l o w  
i s o t r o p i c  r e l a t i o n s h i p s .  

where t h e  s u b s c r i p t  i n d i c a t e s  any a r b i t r a r y  a n g l e .  

X=  xy ) 

There  a r e  two items which must be  remembered w i t h  r e s p e c t  t o  q u a s i - i s o t r o p i c  l ami-
n a t e s .  F i r s t  and f o r e m o s t ,  o n l y  t h e  e l a s t i c  in- plane  p r o p e r t i e s  a r e  i s o t r o p i c ;  t h e  
s t r e n g t h  p r o p e r t i e s ,  g e n e r a l ,  w i l l  v a r y  w i t h  d i r e c t i o n .  T h i s  w i l l  be d i s c u s s e d  

a l a t e r  s e c t i o n .  The second i tem i s  t h a t  two e q u a l  modul i  do  not  
n e c e s s a r i l y  i n d i c a t e  q u a s i- i s o t r o p y .  T h i s  second i t e m  g r a p h i c a l l y  d e m o n s t r a t e d  

t a b l e  3 . 2 ,  where t h r e e  l a m i n a t e s  each have i d e n t i c a l  and EY modul i .  

The f i r s t  two l a m i n a t e s  i n  t a b l e  3.2 a r e  a c t u a l l y  t h e  same. I f  one r o t a t e s  t h e  
l a m i n a t e  is e a s i l y  s e e n  t h a t  i t  becomes a l a m i n a t e .  Note  

t h a t  t h e  e x t e n s i o n a l  modul i  of  t h e s e  l a m i n a t e s  a r e  no t  t h e  same and t h a t  t h e  s h e a r  
modulus i n  each l a m i n a t e  i s  not  r e l a t e d  t o  t h e  e x t e n s i o n a l  modul i  and P o i s s o n ' s  
r a t i o .  For t h e s e  l a m i n a t e s ,  t h e  r e l a t i o n  h a s  no t  been s a t i s f i e d  and t h e y  a r e  
not quas  i - i s o t  r o p i c .  

The t h i r d  l a m i n a t e  h a s  p l i e s  o r i e n t e d  a t  t o  each  o t h e r  b u t  t h e r e  a r e  not  e q u a l  
numbers o f  p l i e s  a t  each a n g l e .  T h i s  l a m i n a t e  i s  a l s o  no t  q u a s i - i s o t r o p i c .  T h i s  
c a n  be v e r i f i e d  by computing a s h e a r  modulus u s i n g  t h e  i s o t r o p i c  r e l a t i o n .  

The d i s c u s s i o n  of  symmetric l a m i n a t e s  has  t h u s  f a r  c e n t e r e d  on membrane b e h a v i o r .  
I t  has  been shown t h a t  symmetric l a m i n a t e s  c a n  be  c o n s t r u c t e d  which a r e  v e r y  w e l l  
behaved t h e  membrane s e n s e .  The bend ing  b e h a v i o r  of symmetric l a m i n a t e s  
c o n s i d e r a b l y  more complex, p r i m a r i l y  due t o  t h e  arrangement  t h e  p l i e s  th rough  
t h e  t h i c k n e s s  o f  t h e  l a m i n a t e .  Before  p r o c e e d i n g  w i t h  t h e  d i s c u s s i o n  o f  l a m i n a t e  
bend ing ,  i t  w i l l  be h e l p f u l  t o  examine a numer ica l  example which w i l l  serve t o  
i l l u s t r a t e  t h e  d i s c u s s i o n .  
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TABLE 3.2.  ELASTIC PROPERTIES OF LAMINATES 

= EY 
V G 

106 psi 106 psi 

13.41 0.038 0.65 

2.38 0.829 6.46 

S 
10.97 0.213 2.59 

( s e e  T a b l e  3.1 f o r  l amina  p r o p e r t i e s )  

The l a m i n a t e  t o  be  s t u d i e d  is  a c o n s t r u c t i o n  ( f i g u r e  3 .10)  f a b r i c a t e d  
from h i g h  modulus w i t h  m a t e r i a l s  p r o p e r t i e s  s p e c i f i e d  i n  t a b l e  3.1. 
T h i s  l a m i n a t e  w i l l  a l s o  b e  used subsequen t  d i s c u s s i o n s  t h e  t e x t  an e f f o r t  
t o  g i v e  t h e  s t u d e n t  a s t ep- by- s tep  u n d e r s t a n d i n g  o f  t h e  l a m i n a t e  a n a l y s i s  p r o c e s s .  

The f i r s t  o b j e c t i v e  is t o  d e t e r m i n e  t h e  l a m i n a t e  e x t e n s i o n a l  s t i f f n e s s  m a t r i x  
It has  been shown 3.35 t h a t  t h e  ( A )  m a t r i x  i s  composed o f  t h e  

m a t r i c e s  and t h a t  t h e  m a t r i c e s  a r e  s i m p l y  t r a n s f o r m e d  m a t r i c e s  
3 .13) .  Thus, t h e  example must b e g i n  w i t h  t h e  d e t e r m i n a t i o n  o f  t h e  l a m i n a t e  
m a t r i c e s .  

S i n c e  each  p l y  i n  t h i s  l a m i n a t e  is t h e  same m a t e r i a l ,  t h e  m a t r i x  f o r  each  l a y e r  
is t h e  same. R e f e r r i n g  t o  e q u a t i o n  3 . 7 ,  t h e  l amina  s t i f f n e s s  m a t r i x  t h e  
p r i n c i p a l  m a t e r i a l  d i r e c t  i o n s  is 

= 

2A 0 
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- 

-0.0208 

-0.0156"i -0.0104 

-45 -0.0052 

MID-SURFACE 

= 0.0052 

= 0.0104 

= 0.0156 

= 0.0208 

FIGURE 3 . 1 0 .  LAMINATE EXAMPLE 

25.15 x 5.13 0 

1.71 x 106 
0 psi 

x 5 

The various p l i e s  wi th in  the  laminate are oriented d i f f e r e n t  d i r e c t i o n s  and, 
there fore ,  the lamina s t i f f n e s s  matrices  must be transformed i n t o  the laminate or  
reference coordinate system. The transformed lamina s t i f f n e s s  matrices  are found 
through the use o f  equation 3 . 1 5 .  Thus, f o r  the  two p l i e s  or iented  a t  
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- 

- 

- 

- 
= 

- 

5.86 x psi 

= 6.32 x 

6 = 5.86 psi 

= 7.62 xQ22 

6 = 5.86 x 10 psi 

66.45 psi
6 

7.62 x 106 6.32 x 5.86 x 

7.62 x 

6.45 x 

the p i l e s  oriented at 

m = cos = - n = sin = - -2 2 

6.45 x 10 

Note that  the only  d i f f e r e n c e  between the  and transformed s t i f f n e s s  
matrices  i s  the s i g n  o f  the shear- extensional coupling terms 

F i n a l l y ,  the  transformations f o r  the 90' p l i e s  y i e l d :  
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m = cos = 0 n = sin = 1 

which i s  the same as for  the 0" p l i e s  with terms transposed. 

Now that the transformed lamina s t i f f n e s s  matrices  have been computed, the  laminate 
s t i f f n e s s  can be determined. Reca l l ing  the  r e l a t i o n s  for  

N 
= 
i=l 

N i 
=i=l 

= 25.15 x (0.0052) + 7.62 x (0.0052) + 

7.62 x (0.0052) + 1.71 x (0.0052) + 

1.71 x (0.0052) + 7.62 x (0.0052) + 

7.62 x (0.0052) + 25.15 x (0.0052) 

= 4.38 x 

= x + x + 5.131 x 

= 1.42 x 
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- 

- 

-l 

- 

- 

= + x - x 1 0 6 + 

= 0 . 0  

= 4 . 3 8  x 

= 0.0 

Note t h a t  t h e  e x t e n s i o n a l- s h e a r  c o u p l i n g  terms t h e  and -45" p l i e s  have 
cance l ed  each  o t h e r  t h e  l a m i n a t e  m a t r i x .  T h i s  e x p l a i n s  why ba l anced  

do no t  e x t e n s i o n a l- s h e a r  c o u p l i n g .  

I n  o r d e r  t o  d e t e r m i n e  e f f e c t i v e  e l a s t i c  c o n s t a n t s  f o r  t h i s  l a m i n a t e ,  neces-
sary t o  i n v e r t  t h e  m a t r i x .  Though i t  h a s  not  been  shown e x p l i c i t l y ,  t h e  
m a t r i x  f o r  t h i s  l a m i n a t e  is z e r o  and t h u s  t h e  e x t e n s i o n a l  and bending  moduli  are 
uncoupled.  L a t e r  s e c t i o n s  d e s c r i b e  how t h e  p r e s e n c e  of a m a t r i x  can  be  handled .  

4 . 3 8  1 . 4 2  0 . 0  

4 . 3 8  x 1 0 5 
0.0 

1 . 4 8  x 

2 . 5 5  x 1 -6 - 8 . 2 9  x 0.0 

2 . 5 5  x 0.0 
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= - =  

- 
- 

I t o  e q u a t i o n  3.37 

1 1 
= 9.42 x 

X 2(0.0208) (2.55~10-~) 

E = 9.42 p s i
Y 

p s i  

0.325 

S i n c e  t h e  l a m i n a t e  s e l e c t e d  f o r  t h i s  example is  q u a s i - i s o t r o p i c ,  t h e  e x t e n s i o n a l  
m o d u l i  f o l l o w  t h e  i s o t r o p i c  r e l a t i o n s h i p s .  

The f i r s t  c o m p l i c a t i o n  which a r i s e s  i n  t h e  t r e a t m e n t  o f  l a m i n a t e  bending  d e a l s  w i th  
t h e  r e l a t i o n s h i p s  between e x t e n s i o n a l ,  (A) ,  and bending ,  e l a s t i c  p r o p e r t i e s .  
I n  l a m i n a t e s  t h e r e  is g e n e r a l l y  no d i r e c t  r e l a t i o n s h i p  between e x t e n s i o n a l  

bending s t i f f n e s s e s .  T h i s  u n l i k e  t h e  c a s e  of  a homogeneous m a t e r i a l  where in  
b e n d i n g  s t i f f n e s s ,  D ,  and e x t e n s i o n a l  s t i f f n e s s ,  A ,  are r e l a t e d  by:  

12 
I n  d e t e r m i n i n g  t h e  membrane s t i f f n e s s e s  ( A ) ,  t h e  p o s i t i o n  of t h e  p l y  t h rough  t h e  
t h i c k n e s s  o f  t h e  l a m i n a t e  does  not  m a t t e r .  T h i s  can  be s e e n  by examining t h e  
e x p r e s s i o n  f o r  3.35). I t  is  s e e n  t h a t  t h e  m u l t i p l i e r  on 
s i m p l y  t h e  p l y  t h i c k n e s s .  The r e l a t i o n s  f o r  t h e  bending  s t i f f n e s s e s  a r e  f u n c t i o n s  
o f  t h e  t h i r d  power of t h e  d i s t a n c e  of t h e  p l y  from t h e  mid s u r f a c e ,  and ,  t h e r e f o r e ,  
t h e  p o s i t i o n  of t h e  p l i e s  th rough  t h e  t h i c k n e s s  i s  c r i t i c a l ,  The e f f e c t s  of p l y  
p o s i t i o n  i n  a u n i t  t h i c k n e s s  l a m i n a t e  a r e  shown i n  t a b l e  3.3. 

The t h r e e  l a m i n a t e s  shown t a b l e  3.3 a r e  a l l  q u a s i - i s o t r o p i c ,  The membrane 
p r o p e r t i e s  are i s o t r o p i c  and i d e n t i c a l  f o r  each o f  t h e  l a m i n a t e s .  The bending  
s t i f f n e s s e s  can  be  s e e n  t o  be a s t r o n g  f u n c t i o n  of  t h e  t h i c k n e s s  p o s i t i o n  of  t h e  
p l i e s .  A d d i t i o n a l l y ,  bending s t i f f n e s s  c a l c u l a t i o n s  based on homogeneity 

do not  co r r e spond  t o  l a m i n a t i o n  t h e o r y  c a l c u l a t i o n s .  Thus, t h e  s imp le  
12  

r e l a t i o n s  between bending  and e x t e n s i o n a l  s t i f f n e s s e s  a r e  l o s t  and l a m i n a t i o n  
t h e o r y  m u s t  b e  used f o r  bending  p r o p e r t i e s .  T h i s  t a b l e  a l s o  t h a t  
q u a s i- i s o t r o p y  h o l d s  o n l y  f o r  e x t e n s i o n a l  s t i f f n e s s e s .  

Another  c o m p l i c a t i o n  s e e n  i n  t a b l e  3.3 i n v o l v e s  t h e  p r e sence  o f  t h e  bend ing- twi s t i ng  
c o u p l i n g  terms, The co r r e spond ing  e x t e n s i o n a l- s h e a r  c o u p l i n g  terms a r e  
z e r o  because  of  t h e  p r e s e n c e  o f  p a i r s  o f  l a y e r s  at  and -60' o r i e n t a t i o n s .  
Not ing  t h a t  t h e  bend ing- twi s t i ng  terms c a n  be o f  t h e  same o r d e r  o f  magni tude as  t h e  
p r i n c i p a l  bending t e rms ,  c an  be  s e e n  t h a t  t h e  b e n d i n g- t w i s t i n g  
e f f e c t  can  b e  s e v e r e .  
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TABLE 3.3. EXTENSIONAL AND BENDING STIFFNESSES 

mogen eo us 
Laminate 

7 7 71.05 x 10 1.05 1.05 x 10 1.05 x 10 

6 6 63.42 x 10 3.42 x 3.42 x 10 3.42 x 102 

7 7 71.05 x 10 1.05 x 10 1.05 x 10 1.05 

6 3.55 x 10 6 63.55 3.55 x 10 3.55 x 10 

51.55 3.36 7.42 x 10 8.75 x 

5 5 51.50 3.92 x 10 x 10 2.85 x 10 

54.74 9.50 1.42 x 10 0.0 

4.69 1.20 x 9.59 8.75 

5 2.81 x 10 5 x 4.22 0.0 

5 2.96x 10 x 105 

(Lamina properties from Table 3.1; unit thickness laminate) 

[ A ]  i n - l b  
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I t  was s t a t e d  p r e v i o u s l y  t h a t  b e n d i n g- t w i s t i n g  terms c a n  be reduced ;  t h i s  e f f e c t  i s  
demons t ra ted  t a b l e  3 . 4 .  Each o f  t h e  l a m i n a t e s  has  16 p l i e s  o r i e n t e d  a t  
and - 60".  The d i f f e r e n c e s  between t h e  l a m i n a t e s  c o r r e s p o n d s  t o  t h e  d i s t r i b u t i o n  
o f  p l i e s  through t h e  t h i c k n e s s .  I t  c l e a r l y  e v i d e n t  t h a t  t h e  b e n d i n g- t w i s t i n g  
terms a r e  reduced a s  t h e  p l i e s  a t  d i f f e r e n t  o r i e n t a t i o n s  a r e  d i s t r i b u t e d  more 
un i fo rmly  th rough  t h e  t h i c k n e s s  of t h e  l a m i n a t e .  A t  t h e  same t i m e ,  t h e  p r imary  
bending s t i f f n e s s e s  remain c o n s t a n t .  Obvious ly ,  i n  a t h i c k  l a m i n a t e  t h e  optimum 
c o n f i g u r a t i o n  h a s  t h e  p l i e s  a t  d i f f e r e n t  o r i e n t a t i o n s  d i s t r i b u t e d  t h r o u g h  t h e  
t h i c k n e s s  u n l e s s ,  of  c o u r s e ,  t h e  b e n d i n g- t w i s t i n g  c o u p l i n g  i s  d e s i r e d  due t o  d e s i g n  
c o n s i d e r a t i o n s .  

Re tu rn ing  t o  t h e  numer ica l  example,  t h e  nex t  s t e p  t o  d e t e r m i n e  t h e  l a m i n a t e  
and m a t r i c e s .  I t  was s t a t e d  p r e v i o u s l y  t h a t  t h e  m a t r i x  i s  z e r o  and t h i s  
w i l l  now be d e m o n s t r a t e d .  R e c a l l i n g  from e q u a t i o n  3 . 3 5  t h e  r e l a t i o n  f o r  

- 2( 0 . 0 2 0 8 )  + 

- 2( 0 . 0 1 5 6 )  + 

11 - 2(-0.0104) + 

- (- 0. 20052)  + 

2- + 

11 ( 0 . 0 1 0 2 )  - + 

11 - ( 0 . 0 1 0 2 )  2 + 

-

But , 
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- 

- 

l{C?l 

- Qll 

-

The r e f  ore 

-- 11 - + - (0.0208)2 

+ 2 - + - (0.0104)2 

+ - + - (0.0052)2 

+ 2 - + - (0.0052)2 

= 0.0 

Thus, f o r  a symmetric laminate,  0. 

The bending s t i f f n e s s e s  are found from equat ion 3 . 3 5  as 

N 
- 3 

1 -1 - (-0.0208) 3 +3 11 

- + 

-3 - (-0.0104) +3 

-4 3 - (-0.0052) + 

-5 - (0.0) +3 3 
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- 

= 

- - - - - - -  - - - - - - -  

I 

-6 - +(0.0052)3 

+ 

-

'11(5.2025 x +3 

+ x + x 

106.0 

106.0 17.2 
= 26.9 in-lb 

6.59 6.59 18.1 

The matrix i s  seen t o  be f u l l y  populated even though the laminate i s  balanced 
and symmetric. The presence o f  the bending- twisting coupl ing terms i s  due t o  the  
d i f f e r e n t  from the mid-surface of the 45' and -45' p l i e s .  

The f u l l  laminate s t i f f n e s s  matrix has been found to be 

0.0 I 0.0 0.0 
0.0 0.0 0.0 0.0 

0.0 0.0 - - - 0.0 0.0 
0.0 0.0 I 106.0 17.2 6.59 
0.0 0.0 0.0 17.2 26.9 

I 
0.0 0.0 0.0 I 6.59 6.59 

I 

; in-lb 
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3 . 4 . 2  Unsymmetric Lamina tes .  

The u s e  of  l a m i n a t e s  which are not mid- plane symmetric i n t r o d u c e s  some fundamental  
d i f f i c u l t i e s  f o r  t h e  d e s i g n e r  and a n a l y s t .  The f i r s t  and foremost  of  t h e s e  i s  
r e l a t e d  t o  how one d e f i n e s  t h e  membrane and bending s t i f f n e s s e s  o f  such  a m a t e r i a l .  
Because t h i s  type  of l a m i n a t e  bends when s u b j e c t e d  t o  membrane l o a d i n g ,  how i s  an 
e x t e n s i o n a l  modulus d e f i n e d ?  Converse ly ,  s i n c e  t h e  m a t e r i a l  e x t e n d s  when s u b j e c t e d  
t o  a bending l o a d ,  how a bend ing  s t i f f n e s s  d e f i n e d ?  B a s i c a l l y ,  t h e r e  a r e  two 
approaches  t o  d e f i n i n g  t h e s e  e l a s t i c  c o n s t a n t s .  A membrane s t i f f n e s s  c a n  be 
d e r i v e d  e i t h e r  w i t h  z e r o  c u r v a t u r e s  o r  w i t h  z e r o  bend ing  moments and a bending 
s t i f f n e s s  c a n  be d e f i n e d  w i t h  e i t h e r  z e r o  membrane s t r a i n s  o r  z e r o  membrane f o r c e s .  
I n  bo th  c a s e s ,  t h e  s t i f f n e s s  d e f i n e d  w i l l  be g r e a t e r  when t h e  b e n d i n g- e x t e n s i o n a l  
c o u p l i n g  is  r e s t r a i n e d .  The n a t u r e  of  t h e  problem c a n  sometimes h e l p  t h e  d e s i g n e r  
t o  d e t e r m i n e  which approach t o  u t i l i z e .  

I n  o r d e r  t o  d e f i n e  s t i f f n e s s e s  o f  unsymmetric l a m i n a t e s  w i t h  c o n s t r a i n e d  bending-
e x t e n s i o n a l  c o u p l i n g ,  i t  i s  n e c e s s a r y  t o  u s e  z e r o  c u r v a t u r e s  f o r  e x t e n s i o n  and z e r o  
mid- plane s t r a i n s  f o r  bending.  W r i t i n g  t h e  f u l l  c o n s t i t u t i v e  r e l a t i o n s  

t h e  e x t e n s i o n a l  s t i f f n e s s  c a n  be  found by s u b s t i t u t i n g  t h u s  

and t h e  bending s t i f f n e s s  c a n  be found,  s u b s t i t u t i n g  

( 3 . 4 0 )  

These r e l a t i o n s  a r e  i d e n t i c a l  t o  t h o s e  used symmetric l a m i n a t e s  and,  t h e r e f o r e ,  
t h e  c o n s t r a i n e d  s t i f f n e s s e s  a r e  i d e n t i c a l  t o  t h o s e  o f  symmetric l a m i n a t e s .  I t  must 
be r e c o g n i z e d ,  however, t h a t  moment r e s u l t a n t s  a r e  r e q u i r e d  t o  d e v e l o p  t h e  
c u r v a t u r e s  i n  e q u a t i o n  3 . 3 9  and s t ress  r e s u l t a n t s  a r e  r e q u i r e d  t o  d e v e l o p  t h e  z e r o  
mid- plane s t r a i n s  i n  e q u a t i o n  3 . 4 0 .  

The moment r e s u l t a n t s  which a r e  deve loped  due t o  t h e  p r e s c r i b e d  z e r o  c u r v a t u r e s  can 
e a s i l y  b e  de te rmined .  S o l v i n g  e q u a t i o n  3 . 3 9  f o r  t h e  r e s u l t i n g  mid- plane s t r a i n s  
y i e l d s  
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S u b s t i t u t i n g  t h e s e  i n t o  e q u a t i o n  4 . 3 ,  and remembering t h a t  t h e  c u r v a t u r e s  a r e  z e r o ,  
y i e l d s  

= 
o r  ( 3 . 4 2 )  

= [ B l  [AI 

S t r e s s  r e s u l t a n t s  developed due t o  c u r v a t u r e  r e s t r a i n t  c a n  b e  found s i m i l a r l y .  
Thus , 

= 

o r  

= [ B l  [ D ] - l { M \  

D e f i n i n g  s t i f f n e s s e s  w i t h o u t  c o n s t r a i n i n g  t h e  b e n d i n g- e x t e n s i o n a l  c o u p l i n g  r e q u i r e s  
a l i t t l e  more e f f o r t .  R e f e r r i n g  t o  e q u a t i o n  3 . 3 7 ,  t h e  e x t e n s i o n a l  s t i f f n e s s e s  c a n  
be found by s p e c i f y i n g  t h a t  0 .  T h e r e f o r e  

= + 

The c u r v a t u r e s  c a n  t h e n  be found t o  be 

-1 

S u b s t i t u t i n g  t h e s e  i n t o  t h e  f i r s t  o f  e q u a t i o n  3 . 3 7  y i e l d s  

+ [ B l  ( - [ D ] - l [ B ]  

o r  -
o r  = 

The e f f e c t i v e  l a m i n a t e  e x t e n s i o n a l  s t i f f n e s s e s  c a n  no t  be found u s i n g  t h e  r e l a t i o n s  
( 3 . 3 7 )  and t h e  m a t r i x .  

4n e f f e c t i v e  bending s t i f f n e s s  m a t r i x  c a n  be d e t e r m i n e d  s i m i l a r l y  by s p e c i f y i n g  
0 .  Thus 

+ 

Now t h e  mid- plane s t r a i n s  a r e  s e e n  t o  be  

( 3 . 4 9 )  
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and t h e  second o f  r e l a t i o n s  ( 4 . 3 )  i s  r e w r i t t e n  as  

= 

y i e l d i n g  an e f f e c t i v e  bending s t i f f n e s s  m a t r i x ,  

I t  was s t a t e d  e a r l i e r  t h a t  p r o p e r t i e s  computed on t h e  b a s i s  of  c o n s t r a i n e d  bending-
e x t e n s i o n a l  coup l ing  were h i g h e r  t h a n  t h o s e  computed w i thou t  t h i s  c o n s t r a i n t .  I t  
was shown t h a t  c o n s t r a i n e d  p r o p e r t i e s  a r e  i d e n t i c a l  t o  symmetric p r o p e r t i e s .  These 
two f e a t u r e s  are demons t ra ted  i n  t a b l e  3.5, where e l a s t i c  p r o p e r t i e s  a r e  l i s t e d  
w i th  and w i thou t  t h e  c o n s t r a i n t  o f  t h e  bend ing- ex tens iona l  coup l ing  e f f e c t s .  The 
l a m i n a t e  model led i s  hence ,  i t  i s  The p r o p e r t i e s  
computed w i th  z e r o  c u r v a t u r e  a r e  s e e n  t o  be The p r o p e r t i e s  
computed w i th  t h e  moment r e s u l t a n t s  equa l  t o  z e r o  a r e  s e e n  not  t o  be 
i s o t r o p i c ,  which a r e su l t  of  t h e  l a c k  of symmetry. Also ,  t h e  s t i f f n e s s e s  a r e  
c o n s i d e r a b l y  lower t h a n  t h e  z e r o  c u r v a t u r e  p r o p e r t i e s  i n  t h i s  p a r t i c u l a r  c a s e .  

TABLE 3.5. BENDING EXTENSIONAL COUPLING EFFECTS ON STIFFNESS OF A 
LAMINATE 

(See T a b l e  3.1. fo r  L a m i n a  P r o p e r t i e s )  

3.4.3 Thermal Expansion.  

As t h e  u s e  of  composi te  m a t e r i a l s  becomes more commonplace, t h e y  a r e  s u b j e c t e d  t o  
mechanc ia l  and envi ronmenta l  l o a d i n g  c o n d i t i o n s  which a r e  i n c r e a s i n g l y  more s e v e r e , 
and w i th  t h e  advent  o f  h igh  t empe ra tu r e  r e s i n  sy s t ems ,  t h e  range  o f  t e m p e r a t u r e s  
ove r  which t h e  composi te  sys tem can  be  used h a s  i n c r e a s e d .  Thus,  n e c e s s a r y  
t o  unde r s t and  t h e  r e sponse  of l a m i n a t e s  t o  and m o i s t u r e ,  as w e l l  as  t o  
a p p l i e d  l oads .  P r e v i o u s l y ,  l a m i n a t e  e x t e n s i o n a l  and bending s t i f f n e s s e s  were 

t h i s  l a m i n a t e  c o n d u c t i v i t i e s  end w i l l  be 
d e f i n e d  . 
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I 

The r e s u l t i n g  t h e r m o e l a s t i c  ( o r  p r o p e r t i e s  w i l l  be  used 
r u b r e q u e n t l y  f o r  s t r u c t u r a l  a n a l y s i s  i n  r e a l i s t i c  env i ronments .  The r e s u l t s  of 

a n a l y s e s  w i l l  b e  t h e  d e f i n i t i o n  of  stress and moment r e s u l t a n t s  th roughout  t h e  
The use o f  t h e s e  stress and moment r e s u l t a n t s ,  i n  c o n j u n c t i o n  w i th  t h e  

loca l  t h rough- the- th i cknes s  t empe ra tu r e  ( a n d / o r  m o i s t u r e )  g r a d i e n t s ,  t o  f i n d  
stresses w i l l  be t r e a t e d  i n  s e c t i o n  3.6.  

The pre sence  of stresses induced by f r e e  t he rma l  expans ion  new t o  t h e  d e s i g n e r  
a n a l y s t  of  c o n v e n t i o n a l  m a t e r i a l s .  The mechanism which produces such  stresses 

i s  q u a l i t a t i v e l y  d e s c r i b e d  i n  f i g u r e  3 .11 ,  i n  which i t  can  be  s e e n  t h a t  f r e e  
and bonded laminae ( l a m i n a t e )  expand d i f f e r e n t l y .  I n  t h e  d i r e c t  i o n  shown, 

p l i e s  w i l l  d eve lop  t e n s i l e  s t ress  wh i l e  t h e  90' p l y  w i l l  d eve lop  compress ive  
due t o  t h e  d i f f e r e n c e s  between t h e  laminae and l a m i n a t e  t he rma l  expans ion  

c o e f f i c i e n t s .  Th i s  e f f e c t  i s  s i m i l a r  t o  h e a t i n g  a c o n v e n t i o n a l  m a t e r i a l  and 
p r o v i d i n g  c o n s t r a i n t s  such t h a t  thermal  expans ion  s t r a i n s  cannot  deve lop .  

In o r d e r  t o  q u a n t i t a t i v e l y  d e t e r m i n e  t h e  l amina t e  thermal  expans ion  c o e f f i c i e n t s  
t h e r m a l l y  induced stresses,  i t  is n e c e s s a r y  t o  beg in  a t  t h e  p l y  l e v e l .  The 

r e l a t i o n s  for s t r a i n  i n  t h e  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  a r e  

The v e c t o r  r e p r e s e n t s  t h e  f r e e  thermal  expans ion  c o e f f i c i e n t s  of  a p ly .  The 
i n d i v i d u a l  components a r e  

and AT r e p r e s e n t s  a change i n  t empera tu re .  The t he rma l  s t r a i n s ,  AT ,  a r e  de-
noted  by t h e  s u p e r s c r i p t  T ,  and a r e  lamina free the rma l  expans ions .  They produce 
no stress  an uncons t r a ined  lamina.  The mechanica l  s t r a i n s  a r e  denoted  by t h e  
s u p e r s c r i p t  M. The thermal  expans ion  c o e f f i c i e n t s  and a r e  t h e  e f f e c t i v e* c o e f f i c i e n t s  and and d i s c u s s e d  Chapte r  

S u b s t i t u t i n g  f o r  t h e  mechanica l  s t r a i n  te rms  i n  y i e l d s  
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HEATING OF FREE LAMINAE 
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HEATING OF LAMINATE 

FIGURE 3 . 1 1 .  THERMALLY INDUCED LOADS 
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I n v e r t i n g  t h e s e  r e l a t i o n s  g i v e s  

The components i n  t h e  the rmal  s t ress  c o e f f i c i e n t  v e c t o r  c a n  b e  shown, by 
c a r r y i n g  ou t  t h e  i n d i c a t e d  m u l t i p l i c a t i o n ,  t o  be:  

"12 2 2+ 

A 

+ E a12 1 1 
A 

0 

E a  

= 

2where A 1 -
1 

The v e c t o r  p h y s i c a l l y  r e p r e s e n t s  a c o r r e c t i o n  t o  t h e  s t r e s s  v e c t o r  which 
r e s u l t s  from t h e  f u l l  c o n s t r a i n t  o f  t h e  f r e e  the rmal  s t r a i n s  a l amina .  

Both t h e  the rmal  expans ion  v e c t o r ,  and t h e r m a l  stress v e c t o r ,  c a n  
be t r ans formed  t o  an a r b i t r a r y  c o o r d i n a t e  sys tem u s i n g  t h e  r e l a t i o n s  deve loped  for 
s t r e s s  and s t r a i n  t r a n s f o r m a t i o n ,  e q u a t i o n s  3 . 8  and 3 . 9 .  Thus,  
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ore 

2 

= 1 + a a 
X 

2m 
Y 

2 2+ 
2+1n 

and m = n = s i n e  

I n  bo th  e q u a t i o n s  3 . 5 8  and 3 . 5 9 ,  s h e a r  terms have  appeared due t o  t h e  t ransforma-
t i o n .  T h i s  i s  s i m i l a r  to  t h e  e x t e n s i o n a l- s h e a r  c o u p l i n g  developed i n  t h e  t r a n s-
formed lamina s t i f f n e s s e s .  The p r e sence  o f  s h e a r  t he rma l  expans ions  and s t r e s s e s  
i n d i c a t e s  t h a t  h e a t i n g  of an o f f- a x i s  l amina  w i l l  produce s h e a r  s t r a i n s .  

With t h e  t ransformed the rma l  expans ion  and stress v e c t o r s ,  i t  is now p o s s i b l e  t o  
deve lop  t h e r m o e l a s t i c  r e l a t i o n s .  Fo l lowing  d i r e c t l y  t h e  development of e q u a t i o n s  
3.26 - 3 . 3 4 ,  and u s i n g  e q u a t i o n  3.57 ,  t h e  membrane r e l a t i o n s  a r e :  

( 3 .60 )  

where 

S i m i l a r l y ,  the bending r e l a t i o n s  are  
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or 

ox 

( 3 . 6 2 )  

where 

The i n t e g r a l  r e l a t i o n s  f o r  t h e  thermal  s t ress  r e s u l t a n t  v e c t o r  and 
moment r e s u l t a n t  v e c t o r  can  be  e v a l u a t e d  o n l y  when t h e  change t empe ra tu r e  
v a r i a t i o n  th rough  t h e  t h i c k n e s s  is  known. For t h e  c a s e  of un i form t e m p e r a t u r e  
change th rough  t h e  t h i c k n e s s  o f  t h e  l a m i n a t e ,  t h e  term AT c o n s t a n t  and can  be 
f a c t o r e d  o u t  of  t h e  i n t e g r a t i o n ,  y i e l d i n g :  

N 

With t h e  r e l a t i o n s  ( 3 . 6 0 )  and i t  i s  p o s s i b l e  t o  de t e rmine  e f f e c t i v e  l a m i n a t e  
c o e f f i c i e n t s  o f  thermal  expans ion  and c u r v a t u r e .  These q u a n t i t i e s  a r e  t h e  
e x t e n s i o n  and c u r v a t u r e  changes r e s u l t i n g  from a un i form t empera tu r e  d i s t r i b u t i o n .  

Not ing t h a t  f o r  f r e e  thermal  e f f e c t s  0 ,  t h e  r e l a t i o n s  and ( 3 . 6 2 )  
a r e  w r i t t e n  

= + + 

( 3 . 6 4 )  

Def in ing  a f r e e  t h e  thermal  expans ion  v e c t o r  as  

1 = 
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and a f r e e  thermal  c u r v a t u r e  v e c t o r  as  

t h e  r e l a t i o n s  ( 3 . 6 4 )  a r e  w r i t t e n  a s  

A f t e r  s u i t a b l e  m a t r i x  m a n i p u l a t i o n s ,  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  thermal  expan-
s i o n ,  and t he rma l  c u r v a t u r e ,  a r e  found: 

1 -1 -1 T 
= - ([B] -AT 

where 

The r e l a t i o n s  ( 3 . 6 7 )  and ( 3 . 6 8 )  a r e  s e e n  t o  be compl ica ted  e x p r e s s i o n s  c o n t a i n i n g  
t h e  (A), and m a t r i c e s .  I n  many p r a c t i c a l  c a s e s ,  t h e  l amina t e s  of in te res t  
are symmetr ic ,  which s i m p l i f i e s  t h e  e x p r e s s i o n s  c o n s i d e r a b l y  f o r  lami-
n a t e s ,  t h e  bend ing- ex tens iona l  coup l ing  v a n i s h e s  and t h e  r e l a t i o n s  
( 3 . 6 7 )  and are reduced t o  t h e  form 
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Examinat ion of  t h e  r e l a t i o n s  f o r  e q u a t i o n  3.63, shows t h a t  t h e  symmetry which 
e l i m i n a t e s  t h e  m a t r i x  a l s o  e l i m i n a t e s  t h e  v e c t o r .  t h u s  

= 

and no c u r v a t u r e s  o c c u r  due t o  un i fo rm t e m p e r a t u r e  changes  i n  symmetr ic  
es . 

The r e l a t i o n s  f o r  a r e  f u n c t i o n s  o f  t h e  m a t r i x  and, a s  s u c h ,  t h e  l a m i n a t e  
the rmal  expans ion  c o e f f i c i e n t s  a r e  f u n c t i o n s  o f  t h e  p l y  o r i e n t a t i o n s .  For i l l u s -
t r a t i o n ,  t h e  the rmal  expans ion  c o e f f i c i e n t s  o f  t h e  l a m i n a t e  t r e a t e d  t h e  example 
o f  t h e  p r e v i o u s  s e c t i o n  w i l l  be d e t e r m i n e d .  

I n  o r d e r  t o  d e t e r m i n e  t h e  l a m i n a t e  the rmal  expans ion  c o e f f i c i e n t s ,  i t  a g a i n  
n e c e s s a r y  t o  r e t u r n  t o  t h e  l aminae  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s .  I n  t h i s  
c o o r d i n a t e  sys tem,  t h e  f r e e  the rmal  e x p a n s i o n  v e c t o r  f o r  each p l y  is  i d e n t i c a l  and 
can  be w r i t t e n  d i r e c t l y .  R e f e r r i n g  t o  t a b l e  3 .1 ,  t h e  the rmal  e x p a n s i o n  v e c t o r  i n  
t h e  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  

-0.30 x 
= 2 = 

0 0.0 

Noting e q u a t i o n s  3.54 or 3.55, t h e  lamina the rmal  s t ress  v e c t o r  

T r a n s f o r m a t i o n  of t h e  lamina the rmal  s t ress  v e c t o r  t o  t h e  r e f e r e n c e  or l a m i n a t e  
c o o r d i n a t e  sys tem i s  performed f o r  each p l y  a c c o r d i n g  t o  t h e  r e l a t i o n s  (3.59).  
Thus,  for t h e  0" p l i e s  
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2.46 
33.2 
0.0 

for  the plies 

17.83 
17.83 
-15.37 

f o r  the plies 

and finally for the p l i e s  

33.2 

0 . 0  
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o r d e r  t o  de t e rmine  t h e  t h e r m o e l a s t i c  c o n s t i t u t i v e  r e l a t i o n s  t h e  
t h e r m a l  s t ress  r e s u l t a n t  v e c t o r  de te rmined  u s i n g  e q u a t i o n  3.61 and assum-

a uniform t empera tu r e  change. 

or 

i iT -AT 
N 

i=l P 

and 

= 

= 

YY 
m 

= 0.0 

or 

T = 

0.0 

Since  t h e  l amina t e  under  c o n s i d e r a t i o n  h e r e  i s  symmetr ic ,  t h e  m a t r i x  and t he rma l  
moment r e s u l t a n t  v e c t o r  a r e  z e r o .  The l amina t e  thermal  expans ion  v e c t o r  i s  
de te rmined  u t i l i z i n g  t h e  r e l a t i o n s  Thus 
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c o n s t a n t s .  I n  f a c t ,  any l a m i n a t e  which has  two i d e n t i c a l ,  o r t h o g o n a l  t he rma l  
expans ion  c o e f f i c i e n t s  and a z e r o  s h e a r  thermal  expans ion  c o e f f i c i e n t  i s  i s o t r o p i c  
i n  t he rma l  expans ion .  Thus,  and a r e  i s o t r o p i c  
t he rma l  expans ion  even though they  a r e  not  q u a s i - i s o t r o p i c  f o r  e l a s t i c  s t i f f n e s s e s .  

Lamina tes  which a r e  i s o t r o p i c  i n  t he rma l  expans ion  have  thermal  expans ions  of t h e  
form 

(3 .71 )  

where t h e  term can  be  shown t o  be a f u n c t i o n  of l amina  p r o p e r t i e s  o n l y ,  a s  
fo l l ows :  

Thus, a l l  l amina t e s  o f  t h e  same m a t e r i a l  which are i s o t r o p i c  thermal  expans ion  
have i d e n t i c a l  expans ion  c o e f f i c i e n t s .  

3 . 4 . 4  Mois tu r e  Expansion.  

The term h y g r o e l a s t i c  r e f e r s  t o  t h e  phenomenon i n  r e s i n  m a t r i x  compos i tes  when t h e  
m a r t i x  abso rbs  and d e s o r b s  m o i s t u r e  from and t o  t h e  envi ronment .  The pr imary  
e f f e c t  of  m o i s t u r e  s o r p t i o n  i s  a v o l u m e t r i c  change i n  t h e  laminae .  When a lamina  
abso rbs  m o i s t u r e ,  i t  expands and when m o i s t u r e  l o s t ,  t h e  lamina  c o n t r a c t s .  
Thus, t h e  e f f e c t  i s  v e r y  s imi lar  t o  t he rma l  expans ion .  

I n  a lamina ,  a f r e e  m o i s t u r e  expans ion  c o e f f i c i e n t  v e c t o r  can  be d e f i n e d  a s  

where 

and AC i s  m o i s t u r e  change by we igh t .  Not ing  t h a t  t h e  r e l a t i o n s  a r e  i d e n t-
i c a l  t o  t he rma l  expans ion  w i t h  s u b s t i t u t e d  f o r  and AC s u b s t i t u t e d  f o r  AT, 
i t  can  e a s i l y  b e  s e e n  t h a t  a l l  o f  t h e  r e l a t i o n s  deve loped  f o r  t he rma l  e f f e c t s  c an  
b e  used for m o i s t u r e  e f f e c t s .  I t  is r e q u i r e d  o n l y  t h a t  t h e  s u b s t i t u t i o n s  ment ioned 
b e  performed.  
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The procedure  r e q u i r e d  t o  de t e rmine  m o i s t u r e  g a i n s  o f  l o s s e s  w i l l  be d e s c r i b e d  i n  a 
l a t e r  s e c t i o n .  The a n a l y t i c a l  p rocedures  d e t a i l e d  h e r e  a l l o w  f o r  t h e  p r e d i c t i o n  of 
m o i s t u r e  induced stresses when t h e  pe rcen t  change i s  known f o r  t h e  
l amina t e .  As w i t h  t h e  t h e r m o e l a s t i c  a n a l y s i s ,  o n l y  e l a s t i c  e f f e c t s  have been 
t r e a t e d  . 

C o n d u c t i v i t y .  

The c o n d u c t i v i t y  ( t he rma l  o r  m o i s t u r e )  o f  a i n  t h e  d i r e c t i o n  normal t o  t h e  
s u r f a c e  e q u a l  t o  t h e  t r a n s v e r s e  c o n d u c t i v i t y  o f  a u n i d i r e c t i o n a l  f i b e r  compos i te .  
T h i s  f o l l ows  from t h e  f a c t  t h a t  normal c o n d u c t i v i t y  for a l l  p l i e s  i s  i d e n t i c a l  and 
u n a f f e c t e d  by t h e  p l y  o r i e n t a t i o n .  

The in- plane c o n d u c t i v i t i e s  w i l l  be r e q u i r e d  f o r  c e r t a i n  problems i n v o l v i n g  s p a t i a l  
v a r i a t i o n s  of t empe r tu r e  and m o i s t u r e .  For a g iven  un i form s t a t e  of m o i s t u r e  i n  a 
l a m i n a t e ,  t h e  e f f e c t i v e  thermal  c o n d u c t i v i t i e s  i n  t h e  and d i r e c t i o n s  
can be ob t a ined  by methods e n t i r e l y  ana logous  t o  t h o s e  used f o r  s t i f f n e s s e s  
i n  s e c t i o n  3 . 3 :  

( 3 . 7 4 )  

where 

p l y  c o n d u c t i v i t y  i n  t h e  f i b e r  d i r e c t i o n  

p l y  c o n d u c t i v i t y  t r a n s v e r s e  t o  t h e  f i b e r s  

= n s i n e '  

o r i e n t a t i o n  p l y  i 

t h i c k n e s s  of p ly  

N t h e  number of  p l i e s  

2h l amina t e  t h i c k n e s s  
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- 

The r e s u l t s  app ly  t o  symmetric a s  w e l l  a s  t h e  l a m i n a t e s .  The r e s u l t s  
f o r  m o i s t u r e  c o n d u c t i v i t y  a r e  i d e n t i c a l .  

THERMAL AND HYGROSCOPIC ANALYSIS. 

T h i s  s e c t i o n  is  concerned w i t h  t h e  d i s t r i b u t i o n  of  t e m p e r a t u r e  and m o i s t u r e  th rough  
t h e  t h i c k n e s s  o f  a l a m i n a t e .  The m a t h e m a t i c a l  d e s c r i p t i o n s  o f  t h e s e  two phenomena 
a r e  i d e n t i c a l  and t h e  p h y s i c a l  e f f e c t s  a r e  s i m i l a r .  Some of  t h e s e  as 'pects  have 
a l r e a d y  been d i s c u s s e d  i n  s e c t i o n s  2 . 2 . 2 . 4  and 

A f r e e  lamina undergoes  s t r e s s - f r e e  d e f o r m a t i o n  due t o  t e m p e r a t u r e  change o r  
m o i s t u r e  s w e l l i n g .  I n  a l a m i n a t e ,  s t r e s s - f r e e  d e f o r m a t i o n  i s  c o n s t r a i n e d  by 
a d j a c e n t  l a y e r s  and t h i s  produces  i n t e r n a l  s t r e sses .  I n  a d d i t i o n  t o  t h e  s w e l l i n g  
induced stresses,  t e m p e r a t u r e  and m o i s t u r e  c o n t e n t  also e f f e c t  t h e  p r o p e r t i e s  o f  
t h e  m a t e r i a l .  These e f f e c t s  a r e  p r i m a r i l y  r e l a t e d  t o  m a t r i x  dominated s t r e n g t h  
p r o p e r t i e s .  F i g u r e  3 .14 ( r e f e r e n c e  3 . 1 )  i n d i c a t e s  t h a t  for t h i s  t y p i c a l  g r a p h i t e /  
epoxy sys tem m o i s t u r e  h a s  l i t t l e  o r  no e f f e c t  on s t i f f n e s s .  F i g u r e s  3 .15 and 3.16 
( r e f e r e n c e  3 . 1 )  show a l a r g e  v a r i a t i o n  i n  s t r e n g t h  w i t h  t h e  e x c e p t i o n  of a x i a l  
t e n s i o n .  I n  each o f  t h e s e  f i g u r e s ,  t h e  p r e s e n c e  of m o i s t u r e  i s  s e e n  t o  d e c r e a s e  
t h e  e l e v a t e d  t e m p e r a t u r e  s t r e n g t h s  o f  t h e  m a t e r i a l  w h i l e  h a v i n g  no d e t r i m e n t a l  
e f f e c t  or i n c r e a s i n g  t h e  lower t e m p e r a t u r e  s t r e n g t h s .  

The p r i n c i p a l  s t r e n g t h  d e g r a d i n g  e f f e c t  r e l a t e d  t o  a change t h e  g l a s s  t r a n s-
i t i o n  t e m p e r a t u r e  of t h e  m a t r i x  m a t e r i a l .  A s  m o i s t u r e  i s  absorbed ,  t h e  t e m p e r a t u r e  
a t  which t h e  m a t r i x  changes  from a g l a s s y  s t a t e  t o  a v i s c o u s  s t a t e  d e c r e a s e s .  
Thus ,  t h e  e l e v a t e d  t e m p e r a t u r e  s t r e n g t h  p r o p e r t i e s  d e c r e a s e  w i t h  i n c r e a s i n g  mois-
t u r e .  L imi ted  d a t a  s u g g e s t ,  however,  t h a t  t h i s  p r o c e s s  is  r e v e r s i b l e .  When t h e  
m o i s t u r e  c o n t e n t  o f  t h e  compos i t e  is d e c r e a s e d ,  t h e  g l a s s  t r a n s i t i o n  tempera-
t u r e  i n c r e a s e s  and t h e  o r i g i n a l  s t r e n g t h  p r o p e r t i e s  r e t u r n .  

I n  a l l  of  t h e s e  f i g u r e s  " wet"  i n d i c a t e s  t h a t  t h e  m a t e r i a l  is  f u l l y  s a t u r a t e d .  T h i s  
c o n d i t i o n  c o r r e s p o n d s  t o  a s t a t e  o f  e q u i l i b r i u m  w i t h  t h e  environment  where t h e  
r e l a t i v e  h u m i d i t y  i s  n e a r l y  100%. The e q u i l i b r i u m  m o i s t u r e  c o n t e n t  a t  f u l l  s a t u r a-
t i o n  f o r  t y p i c a l  epoxy compos i t e  sys tems  ranges  from about  1 .0% t o  2.5% weight  
g a i n .  

A l l  of  t h e s e  c o n s i d e r a t i o n s  a l s o  a p p l y  t h e  c a s e  of  t e m p e r a t u r e  r i s e  t h e  
t h a t  t h e  m a t r i x  and t h e r e f o r e  t h e  l amina  l o s e  s t i f f n e s s  and s t r e n g t h  when t h e  

t e m p e r a t u r e  r ises .  

T h e r e f o r e ,  a g a i n ,  t h i s  e f f c t  i s  p r i m a r i l y  impor tan t  f o r  t h e  m a t r i x  dominated p roper-
t i e s  such as  and 

T T  
The d i f f e r e n t i a l  e q u a t i o n  g o v e r n i n g  t ime dependent  m o i s t u r e  s o r p t i o n  o f  an o r tho-
t r o p i c  homogeneous m a t e r i a l  i s  g i v e n  by 

2 2 2 a~ - --
+ + -2 -2 2 3t 

1 3 
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c 

r 
t = time 

= coordinates in principal material directions 
c = specific moisture concentration (see section 2.2.2) 

= moisture diffusivity coefficients 

3.75 i s  based on law of  m o i s t u r e  d i f f u s i o n  and e n t i r e l y  ana logous  
e q u a t i o n  govern ing  t ime dependent  h e a t  conduct  i o n  w i t h  t e m p e r a t u r e  

c and the rmal  r e p l a c i n g  t h e  m o i s t u r e  
For a t r a n s v e r s e l y  i s o t r o p i c  lamina w i t h  t h e  f i b e r  d i r e c t i o n ,  

t h e  t r a n s v e r s e  d i r e c t i o n  and t h e  d i r e c t i o n  normal t o  t h e  l amina ,  

= 

-

q u a n t i t i e s  a r e  ana logous  t o  t h e  t h e r m a l  c o n d u c t i v i t i e s  of  a u n i d i r e c t i o n a l  
compos i t e  and have been s e c t i o n  2 . 2 . 4 .  

A n  important  s p e c i a l  c a s e  one- dimensional  d i f f u s i o n  o r  c o n d u c t i o n  th rough  t h e  
t h i c k n e s s  o f  a lamina.  I n  t h i s  c a s e  r e d u c e s  t o  

2 cDT 3t 

T h i s  e q u a t i o n  a l s o  a p p l i e s  t o  m o i s t u r e  d i f f u s i o n  or the rmal  c o n d u c t i o n  th rough  a 
l a m i n a t e ,  t h e  d i r e c t i o n  normal t o  i t s  l aminae  p l a n e s ,  s i n c e  a l l  l aminae  a r e  
homogeneous t h e  d i r e c t i o n  w i t h  e q u a l  d i f f u s i o n  c o e f f i c i e n t s ,  

Equa t ion  3.77 a p p l i c a b l e  t o  t h e  impor tan t  problem o f  t i m e  dependent  m o i s t u r e  
d i f f u s i o n  th rough  a l a m i n a t e  where  t h e  two f a c e s  are  i n  d i f f e r e n t  m o i s t u r e  env i ron-
ments .  A f t e r  a s u f f i c i e n t l y  long  t i m e  h a s  e l a p s e d ,  t h e  c o n c e n t r a t i o n  " s e t t l e s  
down'' t o  a t i m e  i n d e p e n d e n t ,  s o- c a l l e d  s t a t i o n a r y ,  s t a t e .  In t h i s  s t a t e ,  s i n c e  c 
i s  no l o n g e r  t i m e  d e p e n d e n t ,  s i m p l i f i e s  t o  

2 
" - 0 

Thus c i s  a l i n e a r  f u n c t i o n  of  and t h e  l a m i n a t e  f a c e s  a r e  i n  env i ronments  w i t h  
c o n s t a n t  s a t u r a t i o n  c o n c e n t r a t i o n s  and t h e n  

1 
( 3 . 7 8 )  

where t h e  l a m i n a t e  t h i c k n e s s  i s  2h and o r i g i n a t e s  i n  t h e  m i d d l e  s u r f a c e .  

+ 
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5 

, I n  t h e  impor tan t  c a s e  where ( 3 . 7 8 )  r educes  t o  

c = = constant ( 3 . 7 9 )  

above d i s c u s s i o n  of  m o i s t u r e  a l s o  a p p l i e s  t o  h e a t  conduc t ion .  

ions  t o  t h e  t i m e  dependent  problem, e q u a t i o n  3 . 7 7 ,  a r e  r e a d i l y  a v a i l a b l e  and 

a r e a  o f  m o i s t u r e  s o r p t i o n  by S p r i n g e rwork has  been performed i n  t h e  

3 . 2 ) .  The most i n t e r e s t i n g  f e a t u r e  of t h e  s o l u t i o n s  t o  e q u a t i o n  5 . 3  r e l a t e s  

magnitude of t h e  c o e f f i c i e n t  D,. T h e  i s  a measure  o f  how 

d i f f u s i o n  can  occu r .  I n  t y p i c a l  epoxy m a t r i x  sys t ems ,  D of t h e  
The d i f f u s i o n  c o e f f i c i e n t  is s u f f i c i e n t l y  s m a l l ,  

S 
t h a t  f u l l  s a t u r a t i o n  of a r e s in  m a t r i x  composi te  may r e q u i r e  months or  y e a r s  t o  

even when s u b j e c t e d  t o  100% r e l a t i v e  humid i ty .  

A between a n a l y t i c a l  and e x p e r i m e n t a l  i n v e s t i g a t i o n s  i s  p r e s e n t e d  i n  
3.17.  The e f f e c t s  of  e l e v a t e d  t e m p e r a t u r e  on t h e  r a t e  of  d i f f u s i o n  and 

mo i s tu re  c o n t e n t  a r e  c l e a r l y  e v i d e n t .  A d d i t i o n a l l y ,  r e f e r e n c e  3 . 3  
t h a t  a p p l i e d  s t r e s s  may c a u s e  v a r i a t i o n  i n  m o i s t u r e  d i f f u s i o n .  Obv ious ly ,

of m o i s t u r e ,  thermal  e f f e c t s  and l o a d i n g  a r e  coup led ,  and an a n a l y s i s  
i n c l u d i n g  a l l  o f  t h e  e f f e c t s  would be d e s i r a b l e .  The development o f  such a 

however, h a s  been p rec luded  by i t s  complex i ty .  

approach t y p i c a l l y  t a k e n  f o r  d e s i g n  purposes  is  t o  assume a wor s t  c a s e  s c e n a r i o .  
I f  t he  m a t e r i a l  is  assumed t o  be f u l l y  s a t u r a t e d ,  i t  i s  p o s s i b l e  t o  compute reduced 

lowable s t r e n g t h s .  T h i s  a c o n s e r v a t i v e  approach ,  as t y p i c a l  s e r v i c e  envi ron-
ments do not  g e n e r a t e  f u l l  s a t u r a t i o n .  I t  i s  u t i l i z e d  s i n c e  i t  a l l ows  f o r  i n c l u-
s i o n  of t h e  e f f e c t s  o f  m o i s t u r e  a r e l a t i v e l y  s i m p l e  f a s h i o n .  I t  t o  be 
expec t ed  t h a t  as t h e  d e s i g n  d a t a  ba se  and a n a l y t i c a l  me thodo log ie s  m a t u r e ,  more 
p h y s i c a l l y  r e a l i s t i c  methods w i l l  be deve loped .  A t  p r e s e n t  , however,  t h e  

approach a p p r o p r i a t e .  

I n  t h e  of hea t  c o n d u c t i o n ,  t h e  t ime r e q u i r e d  t o  ach i eve  t h e  s t a t i o n a r y  s t a t e ,  
and ana log  of  s a t u r a t i o n ,  i s  ex t r eme ly  r a p i d  compared t o  c h a r a c t e r i s t i c  times f o r  
m o i s t u r e  c o n d u c t i v i t y ,  and t h u s  t h e  t r a n s i e n t  time dependent  s t a t e  t y p i c a l l y  o f  
no p r a c t i c a l  impor tance  f o r  l a m i n a t e s .  There  a r e ,  of c o u r s e ,  r a p i d  h e a t i n g  s i t u a -
t i o n s  i n  which t r a n s i e n t  thermal  r e sponse  may be  of impor tance .  

3 . 6  LAMINATE STKESS ANALYSIS. 

Tho p h y s i c a l  p r o p e r t i e s  d e f i n e d  i n  s e c t i o n  3 . 4  e n a b l e  any l a m i n a t e  t o  be r e p r e s e n t e d  
by  an e q u i v a l e n t  homogeneous a n i s o t r o p i c  p l a t e  o r  s h e l l  e l e m e n t  f o r  t h e  purpose  of 
s t r u c t u r a l  a n a l y s i s .  T h e  p rocedure s  t o  be used f o r  t h i s  a n a l y s i s  w i l l  be d i s c u s s e d  

11. The r e s u l t s  of  such a n a l y s e s  w i l l  be t h e  d e f i n i t i o n  o f  s t r e s s  
r e s u l t a n t s ,  bending moments, t e m p e r a t u r e ,  and m o i s t u r e  a t  any p o i n t  on t h e  

t h e  p l a t e .  (Tempera ture  and m o i s t u r e  d i s t r i b u t i o n s  through t h e  t h i c k n e s s  
o f  t h e  p l a t e  w i l l  a l s o  be d e f i n e d  when t h e y  e x i s t . )  With t h i s  d e f i n i t i o n  of t h e  
l o c a l  va lues  o f  t he  s t a t e  v a r i a b l e s ,  t h e  a n a l y s t  next  per forms a l a m i n a t e  a n a l y s i s  
t o  t h e  s t a t e - o f - s t r e s s  each lamina  i n  o r d e r  t o  a s s e s s  f o r  each  
c r i t i c a l  d e s i g n  c o n d i t i o n .  
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3.6 .1  S t r e s s e s  Due t o  Mechanical  Loads. 

I n  o r d e r  t o  de t e rmine  s t r e s s e s  i n  t h e  i n d i v i d u a l  p l i e s ,  i t  n e c e s s a r y  t o  u s e  t h e  
l amina t e  mid-plane s t r a i n  and c u r v a t u r e  v e c t o r s .  Wr i t i ng  t h e  l a m i n a t e  c o n s t i t u t i v e  
r e l a t i o n s  

i t  can  be s e e n  t h a t  a s imp le  i n v e r s i o n  of t h e  s t i f f n e s s  m a t r i x  w i l l  y i e l d  t h e  
r e q u i r e d  r e l a t i o n s  for  and Thus 

(3.81 

Given t h e  s t r a i n  and c u r v a t u r e  v e c t o r s ,  t h e  t o t a l  s t r a i n  t h e  l a m i n a t e  can  be 
w r i t t e n  as  

(3 .82)  

The s t r a i n s  at any po in t  th rough  t h e  l a m i n a t e  t h i c k n e s s  a r e  now g i v e n  as t h e  super-
p o s i t i o n  of t h e  mid- plane s t r a i n s  and t h e  c u r v a t u r e s  m u l t i p l i e d  by t h e  d i s t a n c e  
from t h e  mid- plane. Thus,  t h e  s t r a i n  f i e l d  a t  t h e  c e n t e r  o f  p l y  i n  a l a m i n a t e  
can  be  s e e n  t o  be 

1 i i+lwhere the term ) 

co r r e sponds  t o  t h e  d i s t a n c e  from t h e  mid- plane t o  t h e  c e n t e r  of  p l y  I t  is  
p o s s i b l e  t o  d e f i n e  c u r v a t u r e  induced s t r a i n s  a t  a p o i n t  th rough  t h e  l amina t e  
t h i c k n e s s  s imply  by s p e c i f y i n g  t h e  d i s t a n c e  t o  t h e  p o i n t  i n  q u e s t i o n  from t h e  
mid- plane. 

The s t r a i n s  d e f i n e d  i n  e q u a t i o n  3.83 co r r e spond  t o  t h e  a r b i t r a r y  l a m i n a t e  c o o r d i n a t e  
sys tem.  These s t r a i n s  can  be t ransformed i n t o  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  
f o r  t h i s  p l y  u t i l i z i n g  t h e  t r a n s f o r m a t i o n s  deve loped  p r e v i o u s l y  ( e q u a t i o n  3.10). 
Thus 

(3 .84)  
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where t h e  i n d i c a t e s  which p l y  and, t h e r e f o r e ,  which ang le  of  o r i e n t a -
t i o n  t o  be u sed .  The o r i e n t a t i o n s  of d i f f e r e n t  p l i e s  may be d i f f e r e n t  and, 
t h e r e f o r e ,  i t  is n e c e s s a r y  t o  u t i l i z e  t h e  t r a n s f o r m a t i o n  m a t r i x  co r r e spond ing  t o  
t h e  p rope r  p l y  o r i e n t a t i o n .  

With t h e  s t r a i n s  i n  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  d e f i n e d ,  s t r e s s e s  i n  t h e s e  
same c o o r d i n a t e s  a r e  w r i t t e n  u s i n g  t h e  lamina  reduced s t i f f n e s s  m a t r i x  ( e q u a t i o n  
3 . 6 ) .  Thus 

Again,  i t  is impor tan t  t h a t  t h e  s t i f f n e s s  m a t r i x  used cor respond  t o  t h e  c o r r e c t  
p l y ,  as each p l y  may be of a d i f f e r e n t  m a t e r i a l .  

The stresses i n  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  can  b e  de te rmined  w i thou t  t he  
u s e  o f  p r i n c i p a l  m a t e r i a l  s t r a i n s .  Using t h e  s t r a i n s  d e f i n e d  t h e  l a m i n a t e  
c o o r d i n a t e s  3 .83)  and t h e  t r ans fo rmed  lamina s t i f f n e s s  m a t r i x  ( e q n s .  3.13,  

stresses i n  t h e  l a m i n a t e  c o o r d i n a t i o n  s y s t e m  are w r i t t e n  as  

i (3 .86 )  

and t h e s e  stresses a r e  t h e n  t r ans fo rmed  t o  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  u s i n g  
t h e  r e l a t i o n s  Thus 

Reviewing t h e s e  r e l a t i o n s ,  i t  c a n  be s e e n  f o r  t h e  c a s e  of symmetric l a m i n a t e s  and 
membrane l o a d i n g  t h a t  t h e  c u r v a t u r e  v e c t o r  ze ro .  T h i s  i m p l i e s  t h a t  t h e  l amina t e  
c o o r d i n a t e  s t r a i n s  a r e  i d e n t i c a l  i n  each  p l y  and e q u a l  t o  t h e  mid- plane s t r a i n s .  
The d i f f e r i n g  angu la r  o r i e n t a t i o n  of t h e  v a r i o u s  p l i e s  w i l l  promote d i f f e r e n t  
s t ress  and s t r a i n  f i e l d s  i n  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  o f  each p ly .  

For t h e  purpose  of i l l u s t r a t i n g  t h e  stress a n a l y s i s  p r o c e d u r e s ,  i s  now app rop r i-
a t e  t o  r e t u r n  t o  t h e  l a m i n a t e  example. The a p p l i e d  l oad ing6  t o  be  used i n  t h i s  
example are: 

S i n c e  t h e  laminate is  symmetric and o n l y  membrane a r e  a p p l i e d ,  
t h e  c u r v a t u r e s  are z e r o  and t h e  membrane r e sponse  i s  uncoupled from t h e  bending 
r e sponse .  Thus, t h e  membrane r e l a t i o n s  can  be  w r i t t e n  d i r e c t l y :  
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The s o l u t i o n  f o r  t h e  mid-plane s t r a i n  v e c t o r  found by i n v e r s i o n  

2 . 5 5  x - 8 . 2 9  x 0.0 

- 8 . 2 9  x 2 . 5 5  x 0.0 

0 . 0  0 . 0  6 . 7 6  x 0.0  

= 

Since  t h e  c u r v a t u r e  v e c t o r  z e r o ,  t h e  s t r a i n s  each t h e  l a m i n a t e  
c o o r d i n a t e  sys t em are  i d e n t i c a l  t o  t h e  mid- plane s t r a i n s .  Thus 

S t r e s s e s  i n  t h e  l a m i n a t e  c o o r d i n a t e  sys tem c a n  be computed f o r  each p l y  u s i n g  t h e  
i ons  
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15.15 x 5.131 x 0.0 2.55 x 

5.131 x 1.71 x 0 . 0  -8.29 x 

- 
- 

- 

- 

- 

N 

For the  p l i e s  

For the p l i e s  

YY xx 

0.0 0.0 0.65 X 10 0.0 

6 3 . 7  

-0.11 p s i-
0.0 

In t h e  45’ p l i e s  

7.62 x 106 6.32 x 5 . 8 6  x 2.55 x= 

6.32 x 106 
7.62 x x 

x 5.86 x5.86 

14.20 

9.80 psi
xx 

10.10 
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-10.10 

In the  -45' p l i e s  

In the 90' p l i e s  

= 

With s t r e s s e s  defined the  laminate coordinate system, the appropriate transfor-
mations w i l l  determine the  pr inc ipa l  mater ia l  coordinate s t r e s s e s  

In the plies 

m = = n = = 

= N xx 
-0.11 

0 . 0  I 
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Nxx 

In the 45" p l i e s  

2 

1 
2 

1 
2 

1 
2 

psixx 

10.10 

= Nxx 

In the -45" p l i e s  

2 

= 22.10 
1.90 psi 
2.20 

In  the  p l i e s  

m = O  n = l  

The s t r e s s e s  i n  the pr inc ipa l  mater ia l  coordinates  can be found i n  a d i f f e r e n t  
fashion,  as fo l l ows .  The pr inc ipa l  mater ia l  coordinate  s t r a i n s  can be determined 
us ing  the  r e l a t i o n s  
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Then t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e  s t r e sses  a r e  found u s i n g  t h e  l amina  
t i v e  r e l a t i o n s  

The r e s u l t i n g  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e  s t r e s ses  a r e  i d e n t i c a l  u s i n g  e i t h e r  
approach.  

3 . 6 . 2  S t r e s s e s  Due t o  Temperature  and M o i s t u r e .  

I n  s e c t i o n  3 .4 .3 ,  e q u a t i o n s  f o r  t h e  t h e r m o e l a s t i c  r e s p o n s e  o f  compos i t e  l a m i n a t e s  
were deve loped .  I t  was i n d i c a t e d  t h a t  the rmal  l o a d i n g  l a m i n a t e s  w i l l  c a u s e  
s t r e s ses  w i t h i n  t h e  p l i e s  even  when t h e  l a m i n a t e  a l lowed t o  expand f r e e l y .  The 
s t r e s s e s  a r e  induced because  o f  a mismatch i n  the rmal  expans ion  c o e f f i c i e n t s  
between p l i e s  o r i e n t e d  d i f f e r e n t  d i r e c t i o n s .  

E i t h e r  t h e  mechanical  s t resses  of  t h e  p r e c e d i n g  s e c t i o n  or t h e  thermomechanical  
s t resses  t o  be c a l c u l a t e d  i n  t h i s  s e c t i o n  w i l l  be used i n  t h e  f o l l o w i n g  s e c t i o n  t o  
e v a l u a t e  l a m i n a t e  s t r e n g t h .  

I n  o r d e r  t o  d e t e r m i n e  t h e  magni tude of t h e r m a l l y  induced s t r e s s e s ,  t h e  
t i c  c o n s t i t u t i v e  r e l a t i o n s  ( e q u a t i o n s  3.60 and 3 .62 )  a r e  r e q u i r e d .  Not ing  t h a t  
f r e e  the rmal  e f f e c t s  r e q u i r e  t h a t  0 ,  t h e s e  r e l a t i o n s  a r e  w r i t t e n  as  

I n v e r t i n g  t h e s e  r e l a t i o n s  y i e l d s  t h e  f r e e  the rmal  s t r a i n  and c u r v a t u r e  v e c t o r s  f o r  
t h e  l a m i n a t e  

Proceed ing  as  b e f o r e ,  t h e  s t r a i n  f i e l d  i n  any p l y  is  w r i t t e n  as  

R e c a l l i n g  e q u a t i o n  3.57, s t resses  i n  t h e  l a m i n a t e  c o o r d i n a t e s  a r e  w r i t t e n  as  
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t h e n  be t r ans formed  t o  t h e  p r i n c i p a l  c o o r d i n a t e s .  Thus 

s h o w n  f o r  m e c h a n i c a l l y  induced l o a d i n g s ,  t h e  s t resses  c a n  be found an 
f a s h i o n .  Trans forming  t h e  s t r a i n s  of  e q u a t i o n  3.90 d i r e c t l y  y i e l d s  

e q u a t i o n  3 . 5 4 ,  s t resses  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  a r e  w r i t t e n  

( 3 . 9 4 )  

ng t o  t h e  lamina e example p rob lems ,  s t ress  due t o  the rmal  l o a d i n g s  can  
de te rmined .  For t h i s  example ,  a un i fo rm t e m p e r a t u r e  change AT i s  a p p l i e d .  
he  t e m p e r a t u r e  un i fo rm and t h e  l a m i n a t e  symmetr ic ,  t h e  mid- plane 
v e c t o r  is s imply  

c u r v a t u r e  v e c t o r  i s  z e r o .  

each p l y  t h e  l a m i n a t e  c o o r d i n a t e s  a r e :  

S t r e s s e s  i n  the  l a m i n a t e  c o o r d i n a t e s  a r e  found u s i n g  t h e  t h e r m o e l a s t i c  c o n s t i t u t i v e  
r e l a t i o n s  

I n  t h e  p l i e s  

i o  0 . 0  1.28 x 
5.131 x 1.71 x 10 0 . 0  1 . 2 8  'x 

50.0 0 .0  6 . 5  x 10 0 . 0  
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= 

t h e  p l i e s  

X '  7.62 x 6.32 x 5.86 x 1.28 x 
6.32 x 7.62 x 5.86 x 10 1.28 x AT 
5.86 x 5.86 x 0.0 

In t h e  -45' plies 

= AT 

p s i  
-30.4 

In t h e  p l i e s  

73 



- ~~~ ~~ - ~~~ ~~ 

Transforming t h e s e  s t r e s ses  i n t o  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  y i e l d s :  

0" p l i e s  

4 5 "  p l i e s  

- 4 5 O  p l i e s  

90' p l i e s  {a,) = AT 3 0 . 4  

- 3 0 . 4  p s i  I 1  0.0 

Examinat ion of  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e  s t resses  r e v e a l s  t h a t  a l l  p l i e s  
have i d e n t i c a l  s t ress  f i e l d s  i n  t h i s  example.  T h i s  i s  r e l a t e d  t o  t h e  f a c t  t h a t  t h e  
l a m i n a t e  i s  i s o t r o p i c  i n  the rmal  e x p a n s i o n .  A s i m p l i f i e d  method f o r  computing p l y  
stresses i n  l a m i n a t e s  which are i s o t r o p i c  i n  the rmal  e x p a n s i o n  w i l l  be d i s c u s s e d  
l a t e r  i n  t h i s  s e c t i o n .  

Some i n t e r e s t i n g  p h y s i c a l  i n t e r p r e t a t i o n s  can  be had by r e s t r i c t i n g  t h e  d i s c u s s i o n  
t o  un i fo rm t e m p e r a t u r e  f i e l d s  and symmetric l a m i n a t e s .  In t h e  p r e s e n c e  o f  t h e s e  
r e s t r i c t i o n s ,  t h e  c o u p l i n g  m a t r i x ,  (B), and t h e  the rmal  moment r e s u l t a n ' t  v e c t o r ,  
(MT), v a n i s h  and: 

{ E O )  = { a , ) a ~  

and 

{ K )  = Eo) 
The s t r a i n s  i n  t h e  l a m i n a t e  c o o r d i n a t e s  a r e  i d e n t i c a l  i n  each p l y .  Thus 

(3.95) 

{ E o )  = {ax)AT 

Transforming t h e s e  s t r e s ses  i n t o  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e s  y i e l d s :  

0" p l i e s  

p l i e s  

p l i e s  

p l i e s  = AT 3 0 . 4  

- 3 0 . 4  p s i10.0 

Examinat ion of  t h e  p r i n c i p a l  m a t e r i a l  c o o r d i n a t e  s t resses  r e v e a l s  t h a t  a l l  p l i e s  
have i d e n t i c a l  s t ress  f i e l d s  t h i s  example.  T h i s  r e l a t e d  t o  t h e  f a c t  t h a t  t h e  
l a m i n a t e  i s o t r o p i c  the rmal  e x p a n s i o n .  A s i m p l i f i e d  method f o r  computing 
stresses i n  l a m i n a t e s  which are i s o t r o p i c  i n  the rmal  e x p a n s i o n  w i l l  be d i s c u s s e d  
l a t e r  i n  t h i s  s e c t i o n .  

Some i n t e r e s t i n g  p h y s i c a l  i n t e r p r e t a t i o n s  can  be had by r e s t r i c t i n g  t h e  d i s c u s s i o n  
t o  un i fo rm t e m p e r a t u r e  f i e l d s  and symmetric l a m i n a t e s .  In t h e  p r e s e n c e  o f  t h e s e  
r e s t r i c t i o n s ,  t h e  c o u p l i n g  m a t r i x ,  and t h e  the rmal  moment r e s u l t a n ' t  v e c t o r ,  

v a n i s h  and: 

= 

and 

The s t r a i n s  t h e  l a m i n a t e  c o o r d i n a t e s  a r e  i d e n t i c a l  i n  each p l y .  Thus 

(3.95) 
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R e c a l l i n g  e q u a t i o n  3 . 5 7 ,  l a m i n a t e  c o o r d i n a t e  stresses a r e  w r i t t e n  as  

or 

The t e r m s  can be w r i t t e n  as 

T h e r e f o r e  

These r e l a t i o n s  i n d i c a t e  t h a t  s tresses induced by t h e  f r e e  the rmal  expans ion  of a 
l a m i n a t e  a r e  r e l a t e d  t o  t h e  d i f f e r e n c e s  between t h e  l a m i n a t e  and p l y  the rmal  
expans ion  v e c t o r s .  Thus ,  t h e  s t resses  a r e  p r o p o r t i o n a l  t o  t h e  d i f f e r e n c e  between 
t h e  amount t h e  p l y  would f r e e l y  expand and t h e  amount t h e  l a m i n a t e  w i l l  a l l o w  t o  
expand. 

A f u r t h e r  be found i f  t h e  l a m i n a t e  under  i n v e s t i g a t i o n  
i s o t r o p i c  the rmal  expans ion .  I t  c a n  be shown f o r  t h i s  c l a s s  of l a m i n a t e s ,  
s u b j e c t e d  t o  a uniform t e m p e r a t u r e  change,  t h a t  t h e  s t resses  i n  t h e  p r i n c i p a l  
m a t e r i a l  c o o r d i n a t e s  a r e  i d e n t i c a l  i n  e v e r y  p l y .  The s t r e s s  v e c t o r  c a n  be  shown t o  
be 

( 3 . 9 9 )  

where c a n  be  s e e n  t h a t  t h e  t r a n s v e r s e  d i r e c t i o n  s t r e s s  i s  e q u a l  and o p p o s i t e  
t h e  f i b e r  d i r e c t i o n  s t ress .  T h i s  i s  o f  impor tance  because  u n i d i r e c t i o n a l  t r a n s-
v e r s e  m a t e r i a l  s t r e n g t h s  a r e  t y p i c a l l y  an o r d e r  o f  magni tude lower t h a n  f i b e r  
d i r e c t i o n  s t r e n g t h s .  

A s i m i l a r  development c a n  be g e n e r a t e d  f o r  m o i s t u r e  induced s t resses .  t h e  
r e s u l t s  o f  t h i s  s e c t i o n  app ly  when t h e  m o i s t u r e  s w e l l i n g  c o e f f i c i e n t s ,  
s u b s t i t u t e d  f o r  t h e  the rmal  e x p a n s i o n  c o e f f i c i e n t s ,  
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XY 

3 . 6 . 3  N e t t i n g  A n a l y s i s .  

Another approach t o  t h e  c a l c u l a t i o n  of  p l y  s t r e s s e s  is sometimes used f o r  membrane 
T h i s  p rocedure  is  n e t t i n g  a n a l y s i s  and, a8 t h e  name i m p l i e s ,  l oad ing  of  l a m i n a t e s .  

t r e a t s  t h e  l amina t e  as  a n e t ;  i . e .  a l l  l o a d s  a r e  c a r r i e d  i n  t h e  f i b e r s  w h i l e  t h e  
matrix m a t e r i a l  i s  p r e s e n t  only t o  ho ld  t h e  geome t r i c  p o s i t i o n  of t h e  f i b e r s .  

S ince  on ly  t h e  f i b e r s  a r e  assumed t o  load  i n  t h i s  a n a l y t i c a l  model ,  s t r e s s - s t r a i n  
r e l a t i o n s  i n  t h e  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  can  be w r i t t e n  a s  

u 11 = E 1  E 11 
or 

1 E: = - 
9 1  11 El 

and  

E2 G12 0 

The t r a n s f o r m a t i o n  f o r  s t ress  and s t r a i n  a r e  c o n s i d e r a b l y  s i m p l i f i e d  due t o  t h e  
r e s t r i c t i o n  t h a t  on ly  one component of  s t r e s s  and s t r a i n  e x i s t s  i n  t h e  p r i n c i p a l  
m a t e r i a l  d i r e c t i o n s .  Thus 

tux} = 

or 

{ox) = all { e  1 

a n d  

t E X 1  = 

I 

l 

3 . 6 . 3  N e t t i n g  A n a l y s i s .  

Another approach t o  t h e  c a l c u l a t i o n  of  p l y  s t r e s s e s  is sometimes used f o r  membrane 
l oad ing  of  l a m i n a t e s .  T h i s  p rocedure  is  n e t t i n g  a n a l y s i s  and, t h e  name i m p l i e s ,  
t r e a t s  t h e  l amina t e  as  a n e t ;  a l l  l o a d s  a r e  c a r r i e d  t h e  f i b e r s  w h i l e  t h e  
matrix m a t e r i a l  i s  p r e s e n t  only t o  ho ld  t h e  geome t r i c  p o s i t i o n  of t h e  f i b e r s .  

S ince  on ly  t h e  f i b e r s  a r e  assumed t o  load  i n  t h i s  a n a l y t i c a l  model ,  s t r e s s - s t r a i n  
r e l a t i o n s  i n  t h e  p r i n c i p a l  m a t e r i a l  d i r e c t i o n s  can  be w r i t t e n  a s  

11 11 
or 

1= -
11 El 

and  

- - 1 2  0 

The t r a n s f o r m a t i o n  f o r  s t ress  and s t r a i n  a r e  c o n s i d e r a b l y  s i m p l i f i e d  due t o  t h e  
r e s t r i c t i o n  t h a t  on ly  one component of  s t r e s s  and s t r a i n  e x i s t s  i n  t h e  p r i n c i p a l  
m a t e r i a l  d i r e c t i o n s .  Thus 

2mxx 

2= n11YY 

, 

or 

= 

a n d  

2m 

2= 11 nYY 

or 

1 
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where m n sine. It interesting that the arbitrary coordinate 
system, three components of stress and strain can exist, while in the principal 
material directions only fiber direction stresses and strains exist. 

The transformation vector in equations 3.100 and 3.102 are simply the 
first columns of the transformation defined earlier 3.8 and 3.9).
The netting analysis transformation is a special case of that used lamination 
theory, Noting the similarities between lamination theory and netting analysis, a 
transformed stiffness matrix for netting analysis can be written directly. 

to equations 3.15 and noting that only the terms exist, the transformed 
netting analysis stiffness matrix can be written as 

where 

2 2m n  

n m  m n  

Utilizing equations 3.102, a laminate membrane stiffness matrix can be defined as 
before. Thus 

N 
= 

The laminate stiffnesses predicted with a netting analysis will be smaller than 
those predicted using lamination theory. This due to exclusion of the trans-
verse and shear stiffnesses from the formulation. This effect is demonstrated in 
table 3.6. for a quasiisotropic laminate comprised of high modulus 
The stiffness properties predicted using a netting analysis are on the order of 10% 
smaller than lamination theory predictions. Experimental work has consistently 
shown that lamination theory predictions are more realistic. 

TABLE 3.6. LAMINATE ELASTIC CONSTANTS 

Analysis E. p s i  E psi G psi V
Y 

0.32563.55 x 10
69.42 x 1 0

6Lamination 9 . 4 2  x 10 

0.333
63.13 x 106

8.33 x 10
6Netting 8.33 x 

Analysis 

Unit T h i c k n e s s  
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Although t h e  s t i f f n e s s  p r e d i c t i o n s  u s i n g  n e t t i n g  a n a l y s e s  a r e  of  l i m i t e d  v a l u e ,  t h e  
a n a l y s i s  can b e  used as  a approx imat ion  of  t h e  r e s p o n s e  of a compos i t e  which t h e  
m a t r i x  h a s  been damaged. I n  t h i s  s e n s e  i t  may be c o n s i d e r e d  a wors t  c a s e  a n a l y s i s  
and f r e q u e n t l y  used t o  p r e d i c t  u l t i m a t e  s t r e n g t h s  of  compos i t e  l a m i n a t e s .  
T h i s  w i l l  be d i s c u s s e d  more f u l l y  t h e  s e c t i o n  on S t r e n g t h  and F a i l u r e .  

3 . 6 . 4  I n t e r l a m i n a r  S t r e s s e s .  

The a n a l y t i c a l  p rocedures  which have been deve loped  t h i s  c h a p t e r  c a n  be used t o  
p r e d i c t  s t resses  w i t h i n  each l amina  i n  a l a m i n a t e .  The s t resses  p r e d i c t e d  a r e  
p l a n e  due t o  t h e  assumed s t a t e  of p l a n e  s t r e s s .  There  a r e  c a s e s  where t h e  assump-
t i o n  of  p l a n e  s t ress  is no t  v a l i d  and a th ree- dimens iona l  s t r e s s  a n a l y s i s  
r e q u i r e d .  

An example of  such a c a s e  e x i s t s  a t  c e r t a i n  f r e e  edges  l a m i n a t e s  where s t r e s s  
f r e e  boudary c o n d i t i o n s  must be  imposed. To i l l u s t r a t e  t h i s ,  c o n s i d e r  t h e  l a m i n a t e  
shown f i g u r e  3 .18.  When t h i s  l a m i n a t e  i s  s u b j e c t e d  t o  a membrane l o a d i n g  i n  t h e  
x d i r e c t i o n ,  P o i s s o n ' s  r a t i o  mismatches  between t h e  0" p l i e s  and t h e  p l i e s  
w i l l  i n t r o d u c e  a s t r e s s  t h e  y d i r e c t i o n  i n  each  p l y .  A d d i t i o n a l l y ,  e x t e n s i o n a l-
s h e a r  c o u p l i n g  e f f e c t s  w i l l  g e n e r a t e  e q u a l  b u t  o p p o s i t e  s h e a r  s t r esses  t h e  60' 
and -60' p l i e s .  R e f e r r i n g  t o  f i g u r e  3 .18,  c a n  be  s e e n  t h a t  a l l  and 
s t resses  must v a n i s h  a t  y o r d e r  t h a t  t h e  s t r e s s  f r e e  boundary c o n d i t i o n s  
be s a t i s f i e d .  T h i s  canno t  be  accomplished w i t h  l a m i n a t i o n  t h e o r y ;  a t h r e e-
d imens i o n a l  a n a l y s i s  i s  r e q u i r e d .  

2h 

I 

t 

0 
60 
-60 

6 0  
0 

Y 

FIGURE 3 . 1 8 .  LAMINATE CONSTRUCTION, INTERLAMINAR STRESS EXAMPLE 
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Using e q u i l i b r i u m  and symmetry c o n s i d e r a t i o n s ,  i t  i s  p o s s i b l e  t o  v i s u a l i z e  t h e  o t h e r  
components o f  s t r e s s  which a r i s e  a t  t h e  f r e e  edge.  I n  f i g u r e  3 . 1 9 ,  l a m i n a t i o n  
t h e o r y  stresses a r e  shown f o r  t h e  u n i a x i a l  l o a d i n g  d i s c u s s e d  above. As i n d i c a t e d  
i n  f i g u r e  3 .19 ,  t h e  l a m i n a t e  a n a l y s i s  s a t i s f i e s  e q u i l i b r i u m  i n  t h e  y d i r e c t i o n  b u t  
not  t h e  c o n d i t i o n s  a t  t h e  free boundary.  Thus ,  a d d i t i o n a l  f o r c e s  a r e  r e q u i r e d  t o  
s a t i s f y  t h e  boundary c o n d i t i o n s .  For example,  i n  t h e  0" p l i e s ,  a compress ive  Y

p r e d i c t e d  u s i n g  l a m i n a t i o n  t h e o r y .  T h i s  does  not  s a t i s f y  t h e  boundary c o n d i t i o n  
l o c a l l y .  A second,  s e t  o f  edge  s t r e s ses  may be  r ega rded  a s  a 
superposed s t ress  f i e l d  which b r i n g s  t h e  l a m i n a t i o n  t h e o r y  s t r e s ses  t o  t h e  neces-
s a r y  boundary v a l u e s .  Thus ,  an  i n t e r l a m i n a r  s h e a r  s t r e s s  d e v e l o p s  between t h e  
0 " and 60" p l i e s .  T h i s  i n t r o d u c e s  an x moment even though t h e  y 
d i r e c t i o n  f o r c e  e q u i l i b r i u m  h a s  been s a t i s f i e d .  o r d e r  t o  a c h i e v e  x moment 
e q u i l i b r i u m ,  a c o u p l e  needed.  The r e q u i r e d  c o u p l e  d e v e l o p s  as an i n t e r l a m i n a r  
normal s t r ess  d i s t r i b u t i o n  which f i g u r e  3 . 2 0  i s  s e e n  t o  be  compress ive  a t  
I n  o r d e r  t h a t  a c o u p l e  d e v e l o p ,  t h e  normal s t r e s s  must change s i g n  a s  t h e  d i s t a n c e  
from t h e  f r e e  edge  i n c r e a s e s .  

Lamina te  S t r e s s  F r e e  I n t e r l a m i n a r  
S o l u t i o n  Boundary S t r e s s e s  

F I G U K E  3 .19 .  E Q U I L I B R I U M  AND BOUNDARY C O N D I T I O N S  
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FIGURE 3 . 2 0 .  INTERLAMINAR NORMAL STRESSES AND MOMENT EQUILIBRIUM 

I n  f i g u r e  3.21, a s i m i l a r  s i t u a t i o n  e x i s t s  w i t h  r e s p e c t  t o  t h e  i n- p lane  s h e a r  
stresses A t  t h e  f r e e  edge t h e s e  stresses m u s t  v a n i s h .  T h e r e f o r e ,  t h e  
o t h e r  component o f  i n t e r l a m i n a r  s h e a r  s t ress ,  d e v e l o p s ,  and t h e  s t ress  f r e e  
boundary c o n d i t i o n s  are s a t i s f i e d .  I n  each  c a s e ,  i t  i s  s e e n  t h a t  l a m i n a t i o n  t h e o r y  
s a t i s f i e s  s t r a i n  c o m p a t i b i l i t y  and e q u i l i b r i u m  w h i l e  t h e  i n t e r l a m i n a r  s t r e s s e s  
s a t i s f y  t h e  s t ress  f r e e  boundary c o n d i t i o n s .  

The e l a s t i c i t y  s o l u t i o n  t o  p r e d i c t  edge s t resses  was deve loped  by P i p e s  and Pagano 
( r e f e r e n c e  3 . 4 ) .  Because of t h e  complex i ty  o f  t h e  problem, numer i ca l  s o l u t i o n  
t e c h n i q u e s  were used.  

F i g u r e  3.22 shows resu l t s  pub l i shed  r e f e r e n c e  3 . 4 .  -The l a m i n a t e  a con 
f i g u r a t i o n .  The o n l y  p l y  stresses which d e v e l o p  acco rd ing  t o  l a m i n a t i o n  t h e o r y  a r e  

and There  a r e  no P o i s s o n  c o n t r a c t i o n  induced s t r e s s e s ,  a s  t h e  45" and 
-45' p l i e s  have i d e n t i c a l  v a l u e s  f o r  I n  f i g u r e  3 . 2 2 ,  a q u a n t i t a t i v e  

t h e  e f f e c t s  d e s c r i b e d  f i g u r e  3 . 2 1  i l l u s t r a t e d .  The i n- p lane  s h e a r  
a t  t h e  f r e e  egde w h i l e  t h e  i n t e r l a m i n a r  s h e a r  s t r e s s  

One f e a t u r e  which was not  appa ren t  i n  t h e  q u a l i t a t i v e  d e p i c t i o n  i n  f i g u r e  3.21 i s  
t h e  v a r i a t i o n  of The d i f f e r e n c e  between l a m i n a t i o n  t h e o r y  and t h e  t h r e e-
d imens iona l  s o l u t i o n  i s  s e e n  t o  d i m i n i s h  as  t h e  d i s t a n c e  from t h e  free edge 

of  
is z e r o  
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FIGURE 3.22. INTERLAMINAR STRESS NORMALIZED WITH RESPECT 
TO THE APPLIED STRAIN (FROM REF. 3 . 4 )  
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i n c r e a s e s .  T h i s  s u g g e s t s  t h a t  t h e  v a r i a t i o n s  a r e  a boundary l a y e r  e f f e c t  ( s e e  
3 . 4 ) .  A l l  o f  t h e  s t ress  components which a r e  i n t r o d u c e d  o r  modi f i ed  near  

f r e e  edge v a n i s h  a t  a d i s t a n c e  of  t h e  p l a t e  t h i c k n e s s  from t h e  
Near t h e  f r e e  edge ,  a l l  s i x  components o f  s t r e s s  e x i s t  due t o  t h e  p h y s i c a l  

t h r e e- d i m e n s i o n a l i t y  of t h e  problem. The t h r e e  s t ress  components n o t  d e p i c t e d  
f i g u r e  3 .22 a r e  s m a l l  enough t o  be c o n s i d e r e d  i n s i g n i f i c a n t .  C e r t a i n  o f  t h e s e  

components c a n  be s i n g u l a r  a t  t h e  edge.  Cur ren t  r e s e a r c h  is d i r e c t e d  
t h i s  problem ( s e e  r e f e r e n c e  3 . 5 ) .  

3 .23 and 3 .24 ( r e f e r e n c e  r e s u l t s  of  th ree- dimens iona l  a n a l y s e s  f o r  
a r e  shown. Here t h e  c o n f i g u r a t i o n s  a r e  bo th  c r o s s- p l y  such t h a t  o n l y  

and i n t e r l a m i n a r  s t ress  components a r e  s i g n i f i c a n t .  F i g u r e  3 . 2 3  
, i n t e r  normal s t resses  which d e m o n s t r a t e  t h e  c o u p l e  which was 

d e s c r i b e d  f i g u r e s  3 .19 and 3 .21 .  A no tewor thy  f e a t u r e  t h e s e  f i g u r e s  
t h e  r e s u l t s  f o r  t h e  l a m i n a t e  a r e  e x a c t l y  o p p o s i t e  t o  t h e  r e s u l t s  

: l a m i n a t e .  T h i s  r e s p o n s e  of  t h e  two l a m i n a t e s  c a n  be e x p l a i n e d  by 
back t o  f i g u r e  3 .19.  Examining o n l y  t h e  ou te rmos t  p l y ,  obv ious  

t h e  s i g n  of t h e  s t ress  component w i l l  be  d i f f e r e n t  t h e  p l y  
r a t h e r  t h a n  T h i s  r e v e r s e s  t h e  s i g n  of  t h e  i n t e r l a m i n a r  s h e a r  s t ress  

which,  i n  t u r n ,  r e v e r s e s  t h e  d i r e c t i o n  of  t h e  moment d i s e q u i l i b r i u m  which 
by s t r esses .  I f  t h e  s i g n  o f  t h e  a p p l i e d  l o a d i n g  N were r e v e r s e d ,  

t h e s e  s t ress  c u r v e s  would r e v e r s e  and t h e  r e s p o n s e  i n  compress ion 
be i d e n t i c a l  t o  t h e  t e n s i l e  r e s p o n s e .  

s i g n  of  t h e  i n t e r l a m i n a r  normal s t r e s s  a t  t h e  f r e e  edge can  be  of  g r e a t  impor-
t t ’ .  A s  c a n  be  i n f e r r e d  from t h e  p r e v i o u s  d i s c u s s i o n s ,  l a r g e  P o i s s o n ’ s  r a t i o  
m i  between p l i e s  produces  l a r g e  i n t e r l a m i n a r  normal s t resses .  I f  t h e s e  
s t r e s s e s  a r e  t e n s i l e ,  t h e  l a m i n a t e  may s p l i t  between p l i e s ,  o r  d e l a m i n a t e ,  under  
membrane l o a d i n g .  Obvious ly ,  i f  t h e  l a m i n a t e  i s  d e s i g n e d  such  t h a t  expec ted  
l o a d i n g s  w i l l  p roduce o n l y  compress ive  i n t e r l a m i n a r  normal s t resses  a t  t h e  f r e e  
e d g e s ,  t h e n  d e l a m i n a t i o n  w i l l  not  o c c u r .  

The f r e e  edge problem o c c u r s  wherever  p l y  s t r e s s e s  must become z e r o  t o  s a t i s f y  
boundary c o n d i t i o n s .  Thus ,  any f r e e  e d g e ,  i n c l u d i n g  h o l e s ,  may i n t r o d u c e  i n t e r-
laminar  s t r e sses .  The consequences  of  t h e s e  s t r e sses  o b v i o u s l y  need t o  be evalu-
a t e d  f o r  s t r u c t u r a l  a p p l i c a t i o n s ,  p a r t i c u l a r l y  where l o a d i n g s  a r e  p r e s e n t .  
T h i s  w i l l  be d i s c u s s e d  l a t e r  i n  t h e  s e c t i o n  on f a t i g u e .  I t  c a n  become e x t r e m e l y  
complex t o  p r o v i d e  q u a n t i t a t i v e  a n a l y t i c a l  t r e a t m e n t  o f  f r e e  edge s t resses  a l l  
b u t  t h e  most s imple  geomet r i c  s h a p e s .  I n  most c a s e s ,  t h e  p o s s i b i l i t y  o f  delami-
n a t i o n s  due t o  t h e  e f f e c t s  of  f r e e  edge s t r e s s e s  t e s t e d  e x p e r i m e n t a l l y .  

3 . 6 . 5  Non- linear  S t r e s s  A n a l y s i s .  

A l l  of  t h e  p r e c e d i n g  m a t e r i a l  i n  t h i s  c h a p t e r  h a s  r e l a t e d  t o  laminae which behave 
i n  a l i n e a r  e l a s t i c  f a s h i o n .  Yet compos i t es  can  behave i n  a n o n- l i n e a r  f a s h i o n ,  
because  of  such f a c t o r s  as t h e  o c c u r r e n c e  of  i n t e r n a l  damage o r  because  o f  t h e  
non- l inear  s t r e s s - s t r a i n  b e h a v i o r  o f  t h e  po lymer ic  m a t r i x .  M a t r i x  n o n- l i n e a r i t y  

c a n  r e s u l t  i n  laminae which have non- l inear  s t r e s s - s t r a i n  c u r v e s  
f o r  t r a n s v e r s e  s t ress  or a x i a l  s h e a r  s t r e s s .  When t h i s  s i t u a t i o n  e x i s t s ,  
becomes n e c e s s a r y  t o  r e p l a c e  t h e  e l a s t i c  l a m i n a t e  s t r e s s  a n a l y s i s  o f  s e c t i o n  3 .6 .1  
by a non- l inear  a n a l y s i s .  A conven ien t  pcedure  f o r  d o i n g  t h i s  has  been p r e s e n t e d  
i n  r e f e r e n c e  3 . 7 .  
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FIGURE 3 . 2 3 .  INTERLAMINAR NORMAL STRESSES AND STACKING SEQUENCE 
NORMALIZED WITH RESPECT TO THE APPLIED STRAIN (REF. 3 . 6 )  

14.0 

12.0 
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FIGURE 3 . 2 4 .  INTERLAMINAR SHEAR STRESSES AND STACKING SEQUENCE 
NORMALIZED WITH RESPECT TO THE APPLIED STRAIN (REF. 3 . 6 )  
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A s u i t a b l e  r e p r e s e n t a t i o n  of non- l inear  one- dimensional s t r e s s - s t r a i n  r e l a t i o n s  has  
been g i v e n  by and Osgood ( r e f .  3 . 8 ) .  For u n i a x i a l  s t ress ,  f o r  example: 

E + 1 
U 

where E r e p r e s e n t s  t h e  e l a s t i c  Young's modulus ,  and k, and m a r e  t h r e e  para-
m e t e r s  t o  be o b t a i n e d  by durve  f i t t i n g .  The paramete r  i s  sometimes c a l l e d  
nominal y i e l d  s t ress .  E q u a t i o n  3.106 r e p r e s e n t s  a f a m i l y  of c u r v e s  w i t h  i n i t i a l  
s l o p e  and m o n o t o n i c a l l y  d e c r e a s i n g  s l o p e  wi th  i n c r e a s i n g  The c u r v e s  
f l a t t e n  ou t  w i t h  i n c r e a s i n g  m ( f i g u r e  3 . 2 5 ) .  S i m i l a r l y ,  a s t r e s s - s t r a i n  c u r v e  i n  
s h e a r  can  be r e p r e s e n t e d  i n  t h e  form: 

T- + (3.107)G 
T 

where G i s  t h e  e l a s t i c  s h e a r  modulus.  

m 
3 

5 

9 

I t  shou ld  be  emphasized t h a t  a r e  v a l i d  o n l y  f o r  one- dimensional  c a s e s .  
The q u e s t i o n  of  t h e i r  a p p l i c a t i o n  t o  g e n e r a l  s t a t e s  of  s t ress  and s t r a i n  i s  d i s c u s-
s e d ,  s u b s e q u e n t l y .  For t h e  c a s e  of a u n i a x i a l l y  r e i n f o r c e d  m a t e r i a l  i n  which t h e  
m a t r i x  non- l inear  ( w i t h  s t r e s s - s t r a i n  r e l a t i o n s  i n  Ramberg-Osgood form) and t h e  
compos i t e  i s  s u b j e c t e d  t o  u n i a x i a l  average  s t r e s s  i n  a d i r e c t i o n  t r a n s v e r s e  t o  
t h e  f i b e r s :  
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FIGURE 3.25. RAMBERG-OSGOOD STRESS-STKAIN CURVES 
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T 

- 22 22 

where t h e  n o t a t i o n  i n d i c a t e s  t h a t  a f u n c t i o n  of  S i m i l a r l y ,  t h e  
o n l y  non- vanishing a v e r a g e  s t r e s s  t h e  s h e a r  s t r e s s - s t r a i n  r e l a t i o n  o f  t h e  
composi te  i s  g i v e n  by ( w i t h  a f u n c t i o n  of  

(3 .109)  

The i n e l a s t i c  e f f e c t i v e  compl iances  and a r e  f u n c t i o n s  of  t h e  p a r a m e t e r s  
of  t h e  i n e l a s t i c  Ramberg-Osgood s t r e s s - s t r a i n  r e l a t i o n s  o f  t h e  m a t r i x ,  o f  t h e  
e l a s t i c  p r o p e r t i e s  o f  t h e  f i b e r s  and o f  t h e  i n t e r n a l  geometry  o f  t h e  compos i t e .  
A c t u a l  p r e d i c t i o n  i s  a v e r y  However, j u s t  a s  m a t r i x  s t ress-
s t r a i n  r e l a t i o n s  a r e  r e p r e s e n t e d  Ramberg-Osgood form, t h e  same t y p e  o f  c u r v e  
f i t t i n g  c a n  a l s o  be a p p l i e d  f o r  t h e  e f f e c t i v e  s t r e s s - s t r a i n  r e l a t i o n s  of  t h e  
composi te .  Thus a r e  w r i t t e n  i n  t h e  form: 

22 +-

10 

+ 
Y 

where is  t h e  e f f e c t i v e  t r a n s v e r s e  e l a s t i c  Young's modulus,  t h e  e f f e c t i v e  
a x i a l  e l a s t i c  s h e a r  modulus and , M and N a r e  c u r v e  f i t t i n g  p a r a m e t e r s  which 
may d i f f e r  from t h e  c o r r e s p o n d i n g  m a t r i x  p a r a m e t e r s .  

A q u e s t i o n  of  fundamental  and p r a c t i c a l  impor tance  i s  t h e  form o f  t h e  s t r e s s - s t r a i n  
r e l a t i o n s  f o r  t h e  c a s e  of  p l a n e  s t r e s s ,  t a k i n g  i n t o  account  i n t e r a c t i o n  among t h e  
v a r i o u s  s t ress  components.  I t  s h o u l d  be  no ted  i n  t h i s  r e s p e c t  t h a t  i n  (3 .110)  
s p e c i a l  s t r e s s - s t r a i n  r e l a t i o n s  which a p p l y  when o r  a c t  o n l y  by themse lves .  

S i n c e  t h e  t o t a l  s t r a i n  c a n  b e  c o n v e n i e n t l y  d i v i d e d  i n t o  l i n e a r  s t r a i n  and 
l i n e a r  t h e s et h e  t o t a l  s t r a i n  i s  g i v e n  by add ing  b o t h  o fi j '  

= + 
The l i n e a r  s t r a i n s  E ' a r e  g i v e n  a s  b e f o r e  by e q u a t i o n  3 .5 .  By assuming t h a t  t h ei j  
s t ress  i n  t h e  f i b e r  d i r e c t i o n  i s  c a r r i e d  p redominan t ly  b y  t h e  f i b e r  a l o n e  w i t h  

i n s i g n i f i c a n t  m a t r i x  c o n t r i b u t i o n ,  w h i l e  on t h e  o t h e r  hand t h e  t r a n s v e r s e  s t r e s s  

and t h e  s h e a r  stress are p r i m a r i l y  c a r r i e d  by t h e  m a t r i x  w i t h  l i t t l e  f i b e r  

c o n t r i b u t i o n ,  t h e  n o n- l i n e a r  s t r a i n s  a r e  g i v e n  by: 
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= 
- 
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The  f i n a l  form of  t h e  Ramberg-Osgood e q u a t i o n s  f o r  t h e  i n - e l a s t i c  s t r a i n  components 
of  such p l a n e  s t r e s s - s t r a i n  r e l a t i o n s  were shown r e f e r e n c e  3.7 t o  b e  a s  f o l l o w s :  

U 2 

2 2  
+ 

Y Y 
a 222[ + 2 
Y Y 

The paramete r s  N (3 .113)  a r e  t h o s e  of t h e  one- dimensional  
s t r e s s - s t r a i n  r e l a t i o n s  which may be regarded  a s  e x p e r i m e n t a l l y  (or p e r h a p s  
t h e o r e t i c a l l y )  known. 

The s t r e s s - s t r a i n  r e l a t i o n s  d e f i n e d  by and (3 .113)  a r e  used t h e  
l a m i n a t e  a n a l y s i s  p l a c e  of  ( 3 . 5 ) .  The l a m i n a t e  e q u i l i b r i u m  e q u a t i o n s  a r e  
d e f i n e d  by 

Also, a se t  o f  e q u a t i o n s  are d e f i n e d  i n  t h e  form 

k = 1, 2 .  . ( 3 . 1 5 )  

The t h r e e  e q u a t i o n s  3.114 and t h e  e q u a t i o n  3 .115 d e f i n e  3k e q u a t i o n  i n  t h e  
3k unknown s t r e s s  components. I t  h a s  been shown r e f e r e n c e  3 . 7  t h a t  t h e s e  
r e s u l t i n g  e q u a t i o n s  c a n  be  reduced i n  a s t r a i g h t f o r w a r d  f a s h i o n  t o  an e f f i c i e n t  
computer program f o r  e v a l u a t i o n  of l a m i n a t e  s t r e s s - s t r a i n  b e h a v i o r .  The conclu-
s i o n s  o f  t h a t  s t u d y  were t h a t  p r a c t i c a l  composi te  l a m i n a t e s  h a v i n g  f i b e r s  o r i e n t e d  
i n  t h r e e  or more d i r e c t i o n s  showed l i t t l e  d i f f e r e n c e  i n  t h e i r  o v e r a l l  s t r e s s - s t r a i n  
c u r v e s  f o r  i n e l a s t i c  b e h a v i o r  a s  compared w i t h  t h e  c o r r e s p o n d i n g  e l a s t i c  r e s u l t s .  
P l y  stresses w i l l  be d i f f e r e n t ,  however,  and t h i s  may be of some impor tance .  I n  
p a r t i c u l a r ,  when the rmal  s t r e s ses  a r e  i n c l u d e d  ( r e f .  3 . 9 )  , t h e  n o n- l i n e a r  a n a l y s i s  
does  show impor tan t  d i f f e r e n c e s  i n  l a m i n a t e  b e h a v i o r .  
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T h i s  s u b j e c t  a r e a  o f  impor tance  p r i m a r i l y  f o r  s p e c i a l i z e d  a p p l i c a t i o n s  such a s  
d i m e n s i o n a l l y  s t a b l e  s p a c e  s t r u c t u r e s .  Hence, f u r t h e r  t r e a t m e n t  c o n s i d e r e d  t o  
be beyond t h e  scope  o f  t h i s  t e x t .  

3.7 STRENGTH AND FAILURE. 

Methods of  s t ress  a n a l y s i s  of  l a m i n a t e s  s u b j e c t e d  t o  mechan ica l  l o a d s ,  t e m p e r a t u r e  
changes ,  and m o i s t u r e  a b s o r p t i o n  were p r e s e n t e d  i n  s e c t i o n  3 . 6 .  The r e a s o n  f o r  
s t r e s s  a n a l y s i s  i s  d e t e r m i n a t i o n  or assessment  o f  t h e  s t r e n g t h  o f  a l a m i n a t e .  The 
problem of  pr imary p r a c t i c a l  s i g n i f i c a n c e ,  s i n c e  d e s i g n  w i t h o u t  knowledge o f  
s t r e n g t h  c h a r a c t e r i s t i c s  i s  c l e a r l y  i m p o s s i b l e .  I t  is a l s o  q u i t e  c l e a r  t h a t  such  
i n f o r m a t i o n  f o r  l a m i n a t e s  canno t  be  o b t a i n e d  on a p u r e l y  e x p e r i m e n t a l  b a s i s ,  because  
t h e  number o f  c a n d i d a t e  l a m i n a t e s  immense and each  o f  them i s  an a n i s o t r o p i c  
s t r u c t u r a l  e l e m e n t .  Thus ,  i n  each  c a s e  would b e  n e c e s s a r y  t o  d e t e r m i n e  a s e t  of  
s t r e n g t h s  and t o  i n c o r p o r a t e  them i n t o  a f a i l u r e  c r i t e r i o n  f o r  a l a m i n a t e  u n d e r  
combined load .  The s i t u a t i o n  i s  much more complex t h a n  f o r  a UDC; f o r  t h a t  
c a s e ,  t h e  one- dimensional s t r e n g t h s  c a n  be  o b t a i n e d  exper iment  a l l y  and o n l y  
one f a i l u r e  c r i t e r i o n  under  combined s t ress  i s  needed. I n  t h e  p r e s e n t  c a s e ,  
however, t h e  one- dimensional  s t r e n g t h s  o f  a l a m i n a t e  a r e  by themse lves  of  g r e a t  
v a r i e t y ,  s i n c e  t h e y  depend on s t a c k i n g  sequence  and l a y e r  o r i e n t a t i o n s .  To make 
m a t t e r s  worse ,  i t  is  n e c e s s a r y  t o  c o n s i d e r  b o t h  in- plane  and bend ing  l o a d s .  

T h i s  s i t u a t i o n  c l e a r l y  r e q u i r e s  a n a l y t i c a l  c r i t e r i a  f o r  s t r e n g t h s  of  l a m i n a t e s .  
U n f o r t u n a t e l y ,  however, we  a r e  a s  y e t  f a r  removed from a c h i e v i n g  t h i s  d e s i r a b l e  
g o a l .  Consequent ly ,  approaches  and methods t o  be  d i s c u s s e d  w i l l  be b o t h  q u a n t i t a -
t i v e  and q u a l i t a t i v e .  

F i r s t ,  c o n s i d e r  t h e  c a s e  o f  a p e r f e c t  l a m i n a t e  which d o e s  not c o n t a i n  d e f e c t s  of  
any k ind .  When such a l a m i n a t e  i s  loaded  i n  i t s  p l a n e ,  a s i m p l e  s t ress  d i s t r i b u -
t i o n  r e s u l t s ,  c o n s i s t i n g  o f  p l a n e  s t ress  each  l a y e r  and a complex t h r e e-
dimens iona l  s t ress  d i s t r i b u t i o n  a t  t h e  edges  which i n v o l v e s  i n t e r l a m i n a r  normal and 
s h e a r  s t ress .  Some of  t h e s e  s t r e s s  components may become v e r y  l a r g e  a t  t h e  e d g e s ;  
t h e o r e t i c a l l y ,  t h e y  may become i n f i n i t e .  T h i s ,  a t  once ,  i n d i c a t e s  s e v e r a l  modes o f  
i n i t i a l  f a i l u r e .  Away from t h e  e d g e s ,  a l a m i n a t e  may f a i l  e i t h e r  i n  what may b e  
c a l l e d  a f i b e r  mode, imply ing  r u p t u r e  or b u c k l i n g  o f  f i b e r s ,  or i n  what may be 
c a l l e d  a m a t r i x  mode, implying l o n g i t u d i n a l  c r a c k i n g  p a r a l l e l  t o  t h e  f i b e r s .  The 
c r i t e r i a  f o r  t h e s e  are ( C h a p t e r  and,  s i n c e  t h e  s t a t e  of  s t r e s s  
p l a n e ,  t h e r e  a r e  no f a i l u r e  modes. The advan tage  of  t h e  c r i t e r i a  ( C h a p t e r  

i s  t h a t  they  e d i c t  n o t  o n l y  f a i l u r e  b u t  a l s o  t h e  mode. A t  t h e  edges  t h e  
i n t e r l a m i n a r  stresses may produce d e l a m i n a t i o n  as  t h e  i n i t i a l  f a i l u r e .  The major  
d i f f i c u l t i e s  of  a n a l y t i c a l  s t r e n g t h  d e f i n i t i o n  a r e  t o  d e t e r m i n e  subsequen t  f a i l u r e s  
beyond t h e  i n i t i a l  f a i l u r e  and t o  p r o v i d e  a c r i t e r i o n  f o r  when t h e s e  w i l l  produce 
u l t i m a t e  f a i l u r e  o f  t h e  l a m i n a t e .  

3.7.1 I n i t i a l  F a i l u r e .  

For a l a m i n a t e  which i s  loaded by in- plane  f o r c e s  and /or  bend ing  moments, t h e  
stresses i n  t h e  l a y e r s  at  a s u f f i c i e n t  d i s t a n c e  from t h e  edges  c a n  be o b t a i n e d  by 
t h e  methods developed i n  s e c t i o n  3 .6 .  I f  t h e r e  i s  no e x t e r n a l  bend ing ,  t h e  
membrane f o r c e s  a r e  c o n s t a n t  a l o n  t h e  e d g e s ,  and i f  t h e  l a m i n a t e  b a l a n c e d  and 
symmetr ic ,  t h e  stresses i n  t h e  l a y e r  a r e  c o n s t a n t  and p l a n e .  With r e f e r e n c e  
t o  t h e  m a t e r i a l  axes o f  t h e  l aminae ,  f i b e r  d i r e c t i o n  and t r a n s v e r s e  d i r e c t i o n  

t h e y  F a i l u r e  w i l l  o c c u r  when e i t h e r  one of  t h ea r e  w r i t t e n  
f a i l u r e  c r i t e r i a  (Chap te r  is  s a t i s f i e d .  Thus 
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t h e  s i m p l i s t i c  maximum s t ress  c r i t e r i o n  ( o r  any o t h e r  f a i l u r e  c r i t e r i o n ,  
ee  s e c t i o n  i s  used t o  a s s e s s  t h e  i n i t i a t i o n  o f  f a i l u r e .  For t h e  

t h e  maximurn s t ress  c r i t e r i o n  assumes t h e  form 

t s h o u l d  b e  no ted  t h a t  t h e  maximum s t r e s s  c r i t e r i o n  o v e r e s t i m a t e s  t h e  s t r e n g t h  o f  
I l amina ,  s i n c e  t h e  i n t e r a c t i o n  o f  s t r e s s  components i s  n e g l e c t e d .  Some s t r e s s  

o b t a i n e d  when t h e  maximum s t r a i n  c r i t e r i o n  used.  T h i s  i n v o l v e s  
t h e  s t resses  by and, and r e p l a c i n g  t h e  u l t i m a t e  s t resses  

y t h e  c o r r e s p o n d i n g  u l t i m a t e  s t r a i n s ,  

‘he f a i l u r e  c r i t e r i a  must be u t i l i z e d  f o r  each l a y e r .  The l a y e r  f o r  which 
he  c r i t e r i a  a r e  s a t i s f i e d  by t h e  lowes t  e x t e r n a l  load w i l l  d e f i n e  t h e  load which 

t h e  i n i t i a l  l a m i n a t e  f a i l u r e ,  i d e n t i f y i n g  t h e  l a y e r  which f a i l s  and 
h e  n a t u r e  of t h e  f a i l u r e  f i b e r  f a i l u r e  o r  c r a c k i n g  a l o n g  f i b e r s ) .  T h i s  
a l l e d  f i r s t - p l y  f a i l u r e .  
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Bending occu r s  when t h e r e  are e x t e r n a l  bending  and /o r  t w i s t i n g  moments or when t h e  
l amina t e  not  symmetr ic .  I n  t h e s e  c a s e s  t h e  s t r e s s e s  and i n  
a l a y e r  a r e  l i n e a r  i n  ( s e e  f i g u r e  3 . 7 ) .  Consequent ly ,  t h e  stresses assume t h e i r  
maximum and minimum v a l u e s  a t  t h e  l a y e r  i n t e r f a c e s  and t h u s  t h e  f a i l u r e  c r i t e r i a  
(3 .116)  m u s t  be  examined f o r  each l a y e r  a t  t h e s e  l o c a t i o n s .  

The s i t u a t i o n  i s  much more compl i ca t ed  f o r  t h e  edge s t resses .  Here t h e  s t a t e  of  
s t r e s s  i s  th ree- dimens iona l  and m u s t  be  o b t a i n e d  by numer i ca l  a n a l y s i s  each c a s e .  
The major problem i s  t h a t  t h e r e  a r e  edge s t ress  s i n g u l a r i t i e s ,  some i n t e r -
laminar  stresses become t h e o r e t i c a l l y  i n f i n i t e .  Numerical  methods cannot  uncover  
t h e  n a t u r e  of  a s i n g u l a r i t y ,  b u t  t h e r e  e x i s t  a n a l y t i c a l  t r e a t m e n t s  ( s e e  
r e f .  3 .5 )  which do t h i s .  The major  problem i s  how t o  a s s e s s  t h e  i m p l i c a t i o n  for 
f a i l u r e  of such  edge stress s i n g u l a r i t i e s .  T h i s  i s  a problem which not  r e s o l v e d  
a t  t h e  p r e s e n t  t i m e .  The s i t u a t i o n  r e m i n i s c e n t  o f  f r a c t u r e  mechanics  t h e  
s e n s e  t h a t  stresses a t  a c r a c k  t i p  are t h e o r e t i c a l l y  i n f i n i t e ,  t h u s  s i n g u l a r .  
F r a c t u r e  mechanics  copes  w i t h  t h i s  d i f f i c u l t y  i n  terms o f  a c r i t e r i o n  f o r  c r a c k  
p ropaga t i on  which i s  based  e i t h e r  on t h e  amount of  energy  r e q u i r e d  t o  open or c r a c k  
o r ,  e q u i v a l e n t l y ,  on t h e  v a l u e  of  t h e  stress i n t e n s i t y  f a c t o r .  I t  seems t h a t  
s i m i l a r  c o n s i d e r a t i o n s  app ly  f o r  edge s i n g u l a r i t i e s ,  b u t  t h e  s i t u a t i o n  i s  much more 
compl i ca t ed ,  s i n c e  a c r a c k  i n i t i a t i n g  a t  t h e  edge w i l l  p ropaga t e  between an iso-
t r o p i c  l a y e r s .  I t  appea r s ,  t h e r e f o r e ,  t h a t  a t  t h e  p r e s e n t  t i m e ,  t h e  problem o f  edge 
f a i l u r e  must be  r e l e g a t e d  t o  e x p e r i m e n t a t i o n ,  which i s  an u n s a t i s f a c t o r y  and 
h o p e f u l l y  temporary s t a t e  of a f f a i r s .  

3 .7 .2  Subseauent  F a i l u r e s .  

I n  many c a s e s  l a m i n a t e s  have c o n s i d e r a b l e  s t r e n g t h  remain ing  a f t e r  f i r s t - p l y  
f a i l u r e  and t h e r e  arises t h e  d i f f i c u l t  and import  an t  problem of  a n a l y t i c a l l y  
d e t e r m i n i n g  subsequent  f a i l u r e s .  As has  been s a i d  above,  t h i s  problem i s  f a r  from 
r e s o l v e d  and i s  today  one of t h e  a c t i v e  r e s e a r c h  s u b j e c t s  i n  compos i te  m a t e r i a l s .  
The f o l l o w i n g  o u t l i n e s  a s i m p l i s t i c ,  well  known approach t o  t h e  problem. When 
i n i t i a l  f a i l u r e  of  a l a y e r  t a k e s  p l a c e ,  t h e  f a i l u r e  may occu r  i n  t h e  f i b e r  mode or 

t h e  m a t r i x  mode. I n  t h e  f i r s t  c a s e ,  t h e  p l y  s t i f f n e s s  i n  t h e  f i b e r  d i r e c t i o n  
i s  reduced ,  and t h e  second c a s e  t h e  p l y  e l a s t i c  p r o p e r t i e s  and 

are reduced .  These e l a s t i c  p r o p e r t i e s  a r e  not  reduced t o  z e r o ,  f o r  t h e  i n i t i a l  
f a i l u r e  produces c r a c k s  i n  t h e  l a y e r  and t h e  uncracked r e g i o n s  remain bonded t o  
a d j a c e n t  l a y e r s .  A p r e c i s e  estimate of t h e s e  s t i f f n e s s  r e d u c t i o n s  is  not  a v a i l a b l e  
t oday .  The s i m p l e s t  ( b u t  q u i t e  d r a s t i c )  assumpt ion  t h a t  r educes  t o  z e r o  
t h e  f i b e r  mode and t h a t  E2 and r educe  t o  z e r o  i n  t h e  m a t r i x  mode. S i n c e  a 
l a m i n a t e ,  i n  most c a s e s ,  w i l l  not  s u r v i v e  a f i b e r  mode f a i l u r e ,  t h e  p r o g r e s s i v e  
f a i l u r e  cases o f  i n t e r e s t  are i n i t i a l  and subsequent  f a i l u r e s  i n  t h e  m a t r i x  mode. 
I f  i t  is  assumed t h a t ,  for f a i l u r e  of  a l amina  group  i n  t h e  m a t r i x  mode, and 

o f  t h a t  g roup  can  be se t  equa l  t o  z e r o ,  e v e n t u a l l y  t h e  b a s i c  assumpt ions  of 
n e t t i n g  a n a l y s i s  w i l l  be  approached ( s e e  s e c t i o n  For n e t t i n g  a n a l y s i s ,  t h e  
u l t i m a t e  load  d e f i n e d  by t h e  s t a t e  when and v a n i s h  a l l  l aminae .  

I n  o r d e r  t o  demons t r a t e  t h e  e f f e c t s  of  changes i n  p l y  s t i f f n e s s ,  some s p e c i f i c  
examples w i l l  be h e l p f u l .  I n  t h e s e  examples ,  o n l y  membrane l o a d i n g s  w i l l  be 
c o n s i d e r e d .  The u n i d i r e c t i o n a l  l amina  p r o p e r t i e s  used i n  t h e  examples are l i s t e d  
i n  t a b l e  3 .1 .  

The p r e d i c t e d  l o a d- s t r a i n  r e sponse  of  a l a m i n a t e  s u b j e c t e d  t o  t h r e e  
d i f f e r e n t  membrane l o a d i n g  envi ronments  is  d e p i c t e d  i n  f i g u r e s  3.26 t h rough  3 .28 .  
F a i l u r e  a n a l y s e s  for t h e s e  examples have been performed u t i l i z i n g  t h e  f a i l u r e  
c r i t e r i a  of  
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The l a m i n a t e  l oad ing  i n  f i g u r e  3 . 2 6  c o n s i s t s  of  u n i a x i a l  t e n s i o n  t h e  d i r e c t i o n  
o f  t h e  0' f i b e r s ,  or t h e  l a m i n a t e  x d i r e c t i o n .  The l a m i n a t e  r e s p o n s e  h e r e  s e e n  
t o  be l i n e a r  up t o  t h e  l oad  where t h e  0" f i b e r s  f a i l  i n  a x i a l  t e n s i o n .  S i n c e  t h e  
f a i l u r e  mode is  f i b e r  b r eakage ,  i t  i s  assumed t h a t  no a d d i t i o n a l  load  c a r r y i n g  
c a p a b i l i t y  exis ts .  

I n  f i g u r e  3 . 2 7 ,  t h e  l a m i n a t e  l o a d i n g  c o n s i s t s  of  u n i a x i a l  t e n s i o n  p e r p e n d i c u l a r  t o  
t h e  0' f i b e r  d i r e c t i o n ,  o r  t h e  l a m i n a t e  y d i r e c t i o n -.  The l a m i n a t e  r e sponse  h e r e  
no t  l i n e a r  up t o  f i r s t  f i b e r  f a i l u r e .  Two d i s t i n c t  knees  e x i s t  i n  t h e  l o a d - s t r a i n  
r e sponse .  The f i r s t  s l o p e  d i s c o n t i n u i t y  c o r r e s p o n d s  t o  a m a t r i x  t e n s i l e  mode 
f a i l u r e  i n  t h e  0" f i b e r s .  A t  t h i s  p o i n t ,  t h e  lamina  p r o p e r t i e s  f o r  t h e  p l i e s ,  
t h e  modul i  E2 and are set  e q u a l  t o  z e r o  and t h e  l a m i n a t e  p r o p e r t i e s  are 
r e f o r m u l a t e d .  

S u b j e c t i n g  t h i s  damaged l a m i n a t e  t o  a d d i t i o n a l  l oad ing  t h e n  y i e l d s  m a t r i x  t e n s i l e  
mode f a i l u r e  i n  bo th  t h e  45' and -45' p l i e s ,  r e s u l t i n g  i n  t h e  second knee  t h e  
l o a d- s t r a i n  cu rve .  A new l a m i n a t e  was a g a i n  fo rmu la t ed  w i th  a l l  p l i e s  hav ing  
modul i  and se t  t o  z e r o .  A d d i t i o n a l  l o a d i n g  t h e n  produced f i b e r  com-
p r e s s i v e  mode f a i l u r e  i n  t h e  p l i e s ,  ( f o l l o w e d  immediately  by f i b e r  t e n s i l e  mode 
f a i l u r e  i n  t h e  45" and p l i e s )  which co r r e sponds  t o  t h e  u l t i m a t e  s t r e n g t h  under  

l oad ing .  

The f i n a l  membrane l o a d i n g  s t a t e  c o n s i d e r e d  was an a p p l i e d  ( f i g u r e  3.28). The 
r e sponse  under  t h i s  s h e a r  l o a d i n g  produces  a s i n g l e  m a t r i x  f a i l u r e  p r i o r  t o  
u l t i m a t e ,  o r  f i b e r  mode, f a i l u r e .  

Examinat ion of  t h e s e  t h r e e  f i g u r e s  r e v e a l s  major  d i f f e r e n c e s  l a m i n a t e  r e sponse  
under  d i f f e r e n t  l o a d i n g  s t a t e s .  The r e a s o n  f o r  t h e s e  d i f f e r e n c e s  s imp ly  t h a t  
t h e  p l y  stress s ta tes  are v e r y  d i f f e r e n t  from each o t h e r .  T h i s  c a n  be s e e n  e a s i l y  
by r e f e r r i n g  t o  t a b l e  3 . 7  i n  which t h e  s t a t e s  o f  s t ress  i n  each p l y  o f  t h e  l a m i n a t e  
are l i s t e d  a t  f i r s t - p l y  f a i l u r e  under  t h e  t h r e e  membrane l o a d i n g s  a p p l i e d .  The 
stresses l i s t e d  i n  t a b l e  3 . 7  d e m o n s t r a t e  t h a t  a t  t h e  t h r e e  d i f f e r e n t  f i r s t - p l y  
f a i l u r e  loads, d i f f e r e n t  stress components i n  d i f f e r e n t  p l i e s  a r e  c r i t i c a l .  When 
s u b j e c t e d  t o  l o a d i n g ,  t h e  f i b e r  d i r e c t i o n  s t ress  i n  t h e  0" p l i e s  r eaches  t h e  
lamina  s t r e n g t h  v a l u e  f i r s t ,  hence  promoting f a i l u r e .  The o t h e r  p l y  s t r e s s e s  a r e  
no t  c r i t i c a l  a t  t h i s  l oad .  Under l o a d i n g ,  t h e  f i r s t  s t r e s s  component t o  
r e a c h  t h e  lamina s t r e n g t h  t h e  t r a n s v e r s e  s t r e s s  i n  t h e  p l i e s .  Shea r  l o a d i n g  
produces a c r i t i c a l  stress t h e  -45' p l i e s  i n  t r a n s v e r s e  t e n s i o n .  Thus,  t h e  
c r i t i c a l  stresses a r e  dependent  on l o a d i n g  d i r e c t i o n .  

The d i f f e r e n c e  between f i r s t - p l y  f a i l u r e  and u l t i m a t e  f a i l u r e  a r e  d e p i c t e d  graph-
i c a l l y  i n  f i g u r e  3 . 2 9 ,  i n  which t h e  l a m i n a t e  f a i l u r e  s u r f a c e  f o r  combined i n- p lane  
e x t e n s i o n a l  s tresses i s  shown f o r  t h e  l a m i n a t e  t r e a t e d  above. The dashed c u r v e  
d e f i n e s  t h e  combina t ion  of a p p l i e d  l a m i n a t e  stresses f o r  which t h e  f i r s t - p l y  
f a i l u r e  occu r s  i n  t h e  m a t r i x  mode. The s o l i d  c u r v e  d e f i n e s  t h e  combined l a m i n a t e  
stress s t a t e s  which r e s u l t s  f a i l u r e  of  a p l y  i n  t h e  f i b e r  mode. Note  t h a t  f o r  
most p o s i t i v e  v a l u e s  o f  a m a t r i x  mode f a i l u r e  p r ecedes  t h e  f i r s t  f i b e r  mode 
f a i l u r e .  Converse ly ,  f o r  n e g a t i v e  v a l u e s  of  t h e  f i r s t - p l y  f a i l u r e  always 
a f i b e r  mode f a i l u r e .  The l a r g e  r e g i o n  between t h e s e  two s u r f a c e s  i n d i c a t e s  t h e  
p o t e n t i a l l y  l i m i t i n g  e f f e c t  of low t r a n s v e r s e  and s h e a r  s t r e n g t h s  of t h e  

hence ,  t h e  l i m i t i n g  e f f e c t  of  t h e  m a t r i x  p r o p e r t i e s .  
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The r e l a t e d  f a i l u r e  s u r f a c e s  f o r  combined l a m i n a t e  membrane e x t e n s i o n a l  and s h e a r  
s t r e s s  a r e  p r e s e n t e d  i n  f i g u r e  3 . 3 0 .  Here, f o r  l a r g e  membrane s h e a r  s t r e s s e s ,  t h e  
f i r s t - p l y  f a i l u r e  i s  t h e  m a t r i x  mode. Again t h e  p o t e n t i a l  f o r  
improvement th rough  changes  m a t r i x  p r o p e r t i e s  a p p e a r s  t o  be worthy o f  
a t  ion .  

The f a i l u r e  s u r f a c e s  o f  f i g u r e s  3 . 2 9  and 3 . 3 0  i l l u s t r a t e  t h e  impor tance  o f  knowing 
t h e  d i f f e r e n c e  between t h e  l o a d s  c a u s i n g  f i r s t - p l y  f a i l u r e  and u l t i m a t e  f a i l u r e ,  
The f i r s t  need t h e  d e t e r m i n a t i o n  of whe ther  t h e r e  a d d i t i o n a l  load  c a p a c i t y  i n  
t h e  l a m i n a t e  beyond t h e  p o i n t  o f  f i r s t - p l y  f a i l u r e .  A n e c e s s a r y  c o n d i t i o n  f o r  t h i s  
i s  t h a t  t h e  l a m i n a t e  b e  s t a b l e  a b l e  t o  c a r r y  l o a d s )  a f t e r  t h e  loss of 
laminae s t i f f n e s s e s  a s s o c i a t e d  w i t h  m a t r i x  mode f a i l u r e .  For  example,  an ang le- ply  
l a m i n a t e  e x p e r i e n c i n g  m a t r i x  mode f a i l u r e  when s u b j e c t e d  t o  an a x i a l  load  
w i l l  be unab le  t o  c a r r y  t h a t  l o a d .  However, any l a m i n a t e  h a v i n g  f i b e r s  o r i e n t e d  
t h r e e  o r  more d i r e c t i o n s  c a n  g e n e r a l l y  c a r r y  load  a f t e r  m a t r i x  mode f a i l u r e .  An 
e s t i m a t e  o f  load  c a r r y i n g  c a p a b i l i t y  c a n  b e  o b t a i n e d  by u s i n g  n e t t i n g  a n a l y s i s .  

I n  t a b l e  3 . 8 ,  comparisons  between l a m i n a t e  a n a l y s i s  p r e d i c t i o n s  fo r  f i r s t - p l y  
f a i l u r e  s t r e n g t h  and u l t i m a t e  f a i l u r e  s t r e n g t h  and n e t t i n g  a n a l y s i s  p r e d i c t i o n s  f o r  
u l t i m a t e  f a i l u r e  s t r e n g t h  a r e  shown. I n  b o t h  t h e  N 
n e t t i n g s  a n a l y s i s  s t r e n g t h  p r e d i c t i o n s  a r e  l a r g e r  t h a n  t h e  f i r s t - p l y  
f a i l u r e  l a m i n a t e  a n a l y s i s  p r e d i c t i o n s .  T h i s  i n d i c a t e s  t h a t  c o n s i d e r a b l e  s t r e n g t h  
remains  beyond f i r s t - p l y  f a i l u r e .  The n e t t i n g  a n a l y s i s ,  however,  p r e d i c t s  a lower 
s t r e n g t h  t h a n  l a m i n a t i o n  t h e o r y  f o r  l o a d i n g s .  The i n d i c a t i o n  h e r e  t h a t  
f i r s t - p l y  f a i l u r e  c o r r e s p o n d s  t o  u l t i m a t e  f a i l u r e .  Because of  t h e  t r e n d s  of  t h e  
t y p e  i n d i c a t e d  i n  t h i s  t a b l e ,  n e t t i n g  a n a l y s i s -c a n  be  a u s e f u l  t o o l  i n  compos i t e  
s t r e n g t h  p r e d i c t i o n s .  

and l o a d i n g s ,  t h e  

3 . 7 . 3  S t r e n g t h .  

A c o n v e n t i o n a l  d e f i n i t i o n  o f  mater ia l  s t r e n g t h  t h e  maximum s t a t i c  s t r e s s ,  or 
combina t ion  of  s t resses ,  t h a t  c a n  b e  c a r r i e d  by t h e  m a t e r i a l .  Fo r  example ,  i n  a 
s i m p l e  u n i a x i a l  t e n s i l e  t e s t ,  s t r e n g t h  i s  t h e  h i g h e s t  s t r e s s  ach ieved  b e f o r e  t h e  
m a t e r i a l  b r e a k s .  I n  a m e t a l ,  i t  h a s  been found t h a t  o t h e r  p o i n t s  on t h e  m a t e r i a l  
s t r e s s - s t r a i n  c u r v e  a r e  a l s o  o f  s i g n i f i c a n c e  c o n s i d e r i n g  t h e  maximum s t r e s s  t o  
be  a p p l i e d  t o  a m a t e r i a l .  For  example,  t h e  p r o p o r t i o n a l  l i m i t  s t r e s s  and t h e  
m a t e r i a l  0.2% o f f s e t  y i e l d  s t ress  a r e  v a l u a b l e  measures  o f  m a t e r i a l  s t r e n g t h .  
S i m i l a r l y ,  i n  compos i t es  t h e r e  a r e  s e v e r a l  c h a r a c t e r i s t i c  s t ress  l e v e l s  which 
s h o u l d  be c o n s i d e r e d  t h e  e v a l u a t i o n  o f  s t r e n g t h .  The p r imary  s t r e s s  l e v e l s  o f  
i n t e r e s t  a r e :  t h e  s t ress  a t  which f i r s t - p l y  f a i l u r e  o c c u r s  and t h e  maximum s t a t i c  
s t ress  ( s t r e s s  r e s u l t a n t  d i v i d e d  by l a m i n a t e  t h i c k n e s s )  which t h e  l a m i n a t e  c a n  
c a r r y .  

I n  t h e  c a l c u l a t i o n  of  f i r s t - p l y  f a i l u r e ,  c o n s i d e r a t i o n  must be g i v e n  t o  r e s i d u a l  
t h e r m a l  stresses.  R e s i d u a l  stresses a r e  t h e  p l y  stresses induced i n  a l a m i n a t e  a s  
a r e s u l t  o f  f a b r i c a t i o n  p r o c e s s e s .  T y p i c a l  r e s i n  m a t r i x  c o m p o s i t e s  a r e  formed 
under  a i o n  o f  e l e v a t e d  t e m p e r a t u r e  and p r e s s u r e  which promotes m a t r i x  
c u r i n g .  When t h e  l a m i n a t e  i s  s u b s e q u e n t l y  c o o l e d  t o  room t e m p e r a t u r e ,  s i g n i f i c a n t  
r e s i d u a l  p r o c e s s i n g  stresses d e v e l o p .  A q u e s t i o n  e x i s t s  as  t o  how t o  i n c l u d e  t h e s e  
stresses i n  t h e  f a i l u r e  a n a l y s i s .  The r a t i o n a l e  f o r  i n c l u d i n g  them i s  obv ious :  
t h e  stresses ex i s t  a f t e r  p r o c e s s i n g  and,  t h e r e f o r e ,  t h e y  c a n  b e  e x p e c t e d  t o  
i n f l u e n c e  t h e  o c c u r r e n c e  o f  f i r s t - p l y  f a i l u r e .  However, t h e r e  a l s o  a r a t i o n a l e  
f o r  not  i n c l u d i n g  them. S i n c e  a l l  res in  mat r ix  m a t e r i a l s  e x h i b i t  v i s c o e l a s t i c ,  or 
t i m e  dependen t ,  e f f e c t s ,  i t  may b e  assumed t h a t  a s i g n i f i c a n t  p o r t i o n  o f  t h e  
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r e s i d u a l  p roces s ing  stresses w i l l  d i s s i p a t e  th rough  a p r o c e s s  of  s t ress  
A d d i t i o n a l l y ,  t h e  p r o c e s s i n g  stresses may be  reduced th rough  t h e  i n t r o d u c t i o n  of 
t r a n s v e r s e  m a t r i x  mic roc rack ing .  A l i m i t e d  amount o f  c r a c k i n g  may occu r  w i thou t  
s i g n i f i c a n t l y  a f f e c t i n g  t h e  l a m i n a t e  e l a s t i c  p r o p e r t i e s .  T h i s  problem compli-
c a t e d  by t h e  of  measur ing  t h e  r e s i d u a l  stresses i n  a l a m i n a t e  and of 
obse rv ing  f i r s t - p l y  f a i l u r e  d u r i n g  a l a m i n a t e  t e s t .  

From an a n a l y t i c a l  p o i n t  o f  view,  when laminae  p r o p e r t i e s  a r e  known, p o s s i b l e  
t o  c a l c u l a t e  a l a m i n a t e  s t r e s s - s t r a i n  c u r v e  ( i n c l u d i n g  or e x c l u d i n g  r e s i d u a l  
thermal  s t ress  e f f e c t )  and de t e rmine  f i r s t - p l y  f a i l u r e ,  subsequent  p l y  f a i l u r e s  and 
maximum s tress  a t  f a i l u r e .  From an e x p e r i m e n t a l  p o i n t  o f  view,  i t  i s  p o s s i b l e  t o  
measure a l a m i n a t e  s t r e s s - s t r a i n  c u r v e  and de t e rmine  p r o p o r t i o n a l  l i m i t  s t ress  and 
m a x i m u m  s t ress .  It i s  n e c e s s a r y  t o  r e c o g n i z e  t h a t  t h e r e  a r e  t h e s e  d i f f e r e n t  
c h a r a c t e r i s t i c  s t ress  l e v e l s  l amina t ed  compos i te  m a t e r i a l s ,  j u s t  as  b o t h  a y i e l d  
s t ress  and an u l t i m a t e  stress c h a r a c t e r i z e  m e t a l l i c  m a t e r i a l s .  These s t ress  l e v e l s  
f o r  compos i tes ,  as f o r  metals, must be used w i t h  d i f f e r e n t  f a c t o r s  of  s a f e t y .  
P r e s e n t l y ,  t h e  p rope r  a c t  i o n  seems t o  be  t o  u t i l i z e  a n a l y t i c a l  s t r e n g t h  p r e d i c t  i ons  
( b o t h  f i r s t - p l y  f a i l u r e  and u l t i m a t e  f a i l u r e )  i n  t h e  p r e l i m i n a r y  d e s i g n  phase  and 
expe r imen ta l  s t r e n g t h  v a l u e s  f o r  f i n a l  d e s i g n .  

When expe r imen ta l  s t r e n g t h  d a t a  a r e  used f o r  l a m i n a t e s ,  t h e  problem o f  combined 
l o a d i n g  c o n d i t i o n s  a r i s e s  aga in .  The d i f f i c u l t i e s  o f  combined load  t e s t i n g  pre-
c l u d e  t h e  p u r e l y  expe r imen ta l  approach;  t h e  u n c e r t a i n t i e s  o f  f a i l u r e  mechanism 
c loud  t h e  cho i ce  of  a n a l y t i c a l  i n t e r a c t i o n  c r i t e r i a .  A r e a s o n a b l e  approach t o  be 
r e p r e s e n t e d  by t h e  f o l l o w i n g  sequence :  a n a l y t i c a l  c a l c u l a t i o n  o f  u l t i m a t e  s t r e n g t h  
v i a  n e t t i n g  a n a l y s i s ,  or any o t h e r  s t r a i g h t f o r w a r d  method; u s e  of  t h e  a n a l y t i c a l  
r e su l t  t o  d e f i n e  t h e  shape  of  t h e  i n t e r a c t i o n  c u r v e ;  u s e  of t h e  expe r imen ta l  d a t a  
f o r  s i n g l e  s t ress  components t o  d e f i n e  t h e  amp l i t udes  o f  t h e  i n t e r a c t i o n  cu rve ;  and 
c o n f i r m a t i o n  v i a  l i m i t e d  combined s t ress  t e s t i n g  f o r  a c o n d i t i o n  o f  p r a c t i c a l  
i n t e r e s t .  

is common p r a c t i c e ,  i n  t h e  ae rospace  i n d u s t r y ,  t o  n e g l e c t  t h e  r e s i d u a l  t he rma l  
s t r e s s e s  i n  t h e  c a l c u l a t i o n  of p l y  f a i l u r e .  Da t a  t o  suppor t  t h i s  approach do not  
appear  t o  be a v a i l a b l e .  However, a t  t h e  p r e s e n t  t i m e ,  damage t o l e r a n c e  r e q u i r e-
ments l i m i t  a l l owab le  s t r a i n  l e v e l s  i n  l amina t e s  t o  3000 t o  4000 Thi s  
becomes dominant d e s i g n  r e s t r i c t i o n ,  a s  w i l l  be d i s c u s s e d  s u b s e q u e n t l y ,  and 
o b v i a t e s  t h e  need t o  r e s o l v e  t h e  e f f e c t s  of  r e s i d u a l  t he rma l  s t resses .  As materials 
of  improved impact r e s i s t a n c e  are deve loped ,  f i r s t - p l y  f a i l u r e  c a l c u l a t i o n s  w i l l  
become more s i g n i f i c a n t .  I t  appea r s  t h a t  thermal  stresses shou ld  be i nc luded  i n  
f i r s t - p l y  f a i l u r e  c a l c u l a t i o n s  u n l e s s  t h e i r  omi s s ion  c r e a t e s  an improved deg ree  of 
conse rva t i sm .  C a r e f u l  s t r e s s - s t r a i n  t e s t i n g  o f  l a m i n a t e  coupons shou ld  be  used t o  
d e f i n e  d e s i g n  a l l o w a b l e s .  

Whichever s t ress  v a l u e s  a r e  d e s i g n  c h a r t s  i n  t h e  form o f  s o- c a l l e d  " ca rpe t  
p l o t s "  a r e  of g r e a t  v a l u e  f o r  s e l e c t i o n  of  t h e  a p p r o p r i a t e  laminate. F i g u r e  3.31 
p r e s e n t s  a r e p r e s e n t a t i v e  p l o t  o f  t h i s  t ype  f o r  t h e  a x i a l  t e n s i l e  s t r e n g t h  of 
l amina t e s  hav ing  v a r i o u s  p r o p o r t i o n s  of p l i e s  o r i e n t e d  a t  0', and 90'. 
Approp r i a t e  s t r e n g t h  d a t a  s u i t a b l e  f o r  p r e l i m i n a r y  d e s i g n  can  be  found f o r  v a r i o u s  
m a t e r i a l s  i n  r e f e r e n c e s  3 . 1 ,  3 .10.  
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3 .7 .4  F r a c t u r e .  

The p re sence  of  a h o l e  or o t h e r  d i s c o n t i n u i t y  a s t r u c t u r e  i n t r o d u c e s  l o c a l  
s t ress  c o n c e n t r a t i o n s .  These h i g h  l o c a l  s t r e s s e s  can  r e s u l t  i n  i n i t i a l  l o c a l i z e d  
f a i l u r e .  I n  m e t a l s ,  a common consequence of  t h e s e  e f f e c t s  t h e  f o r m a t i o n  of  a 
sma l l  c r a c k  a t  t h e  r e g i o n  of  s t ress  c o n c e n t r a t i o n .  When t h e r e  i s  a combina t ion  of 
h igh  s t ress  i n t e n s i t y  and low r e s i s t a n c e  of t h e  me ta l  t o  c r a c k  p r o p a g a t i o n ,  t h e  
r e s u l t  i s  f a i l u r e  due t o  c r a c k i n g .  T h i s  f a i l u r e  mechanism g e n e r a l l y  denoted  
f r a c t u r e ,  The mathemat ica l  t echnology  which has  been b u i l t  u p  t o  t r e a t  t h i s  
problem u t i l i z e s  f r a c t u r e  mechanics  methods and i s  c a l l e d  s t r u c t u r a l  i n t e g r i t y  
t echnology  r e f .  3 . 1 ) .  

For composi te  t h e  problem i s  compl i ca t ed  by t h e  h e t e r o g e n e i t y  o f  t h e  
m a t e r i a l ,  bo th  a t  t h e  m i c r o s c a l e  and on a l a y e r- t o- l a y e r  b a s i s .  The complex i ty  o f  
t h i s  problem i s  i l l u s t r a t e d  by t h e  l a m i n a t e  a n a l y s i s  o f  a p l a t e  w i t h  a h o l e ,  
Cons ider  a symmetr ic ,  ba l anced  l a m i n a t e  hav ing  a c i r c u l a r  h o l e ,  s u b j e c t e d  t o  
in- plane  a x i a l  t e n s i o n .  The p l a t e  may be  r ega rded  a s  an o r t h o t r o p i c  p l a t e  whose 
p r o p e r t i e s  are t h e  e f f e c t i v e  l a m i n a t e  modul i  d e f i n e d  i n  s e c t i o n  3.4. S o l u t i o n s  
f o r  s t ress  c o n c e n t r a t i o n s  i n  such  a p l a t e  a r e  a v a i l a b l e  r e f .  The 
stresses o b t a i n e d  from such  a s o l u t i o n  d e f i n e  l o c a l  v a l u e s  of t h e  s t ress  result-
a n t s ,  which can  be  t r e a t e d  as t h e  s t ress  r e s u l t a n t s  a p p l i e d  t o  t h e  a c t u a l  l amina t e .  
I n  g e n e r a l ,  a t  any p o i n t  i n  t h e  p l a t e ,  t h i s  w i l l  d e f i n e  a combined l o a d i n g  w i th  a l l  
t h r e e  stress r e s u l t a n t s  b e i n g  non- zero. Fo l lowing  t h e  methods of  s e c t i o n  3.6, t h e  
s t ress  s t a t e  i n  each p l y  can  t h e n  be  found.  T h i s  d e f i n e s  t h e  v a r i a t i o n  of  p l y  
stresses throughout  t h e  p l a t e ,  
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Sample r e s u l t s ,  o b t a i n e d  by t h e  above p r o c e d u r e ,  are p r e s e n t e d  i n  f i g u r e  3 . 3 2 .  The 
t a n g e n t i a l  s t ress  around t h e  p e r i p h e r y  o f  h o l e  i s  p l o t t e d .  The s o l i d  l i n e s  
r e p r e s e n t  t h e  stress from t h e  o r t h o t r o p i c  p l a t e  a n a l y s i s ,  which is  e q u i v a l e n t  t o  
t h e  average  v a l u e  o f  t h e  in- plane p l y  s t resses .  A t  t h e  edge of  t h e  h o l e ,  t h e s e  
average  t a n g e n t i a l  a r e  t h e  o n l y  non- zero components of  t h e  s t ress  r e s u l t -
a n t s ;  e l sewhere  i n  t h e  a l l  t h r e e  s t ress  r e s u l t a n t s  g e n e r a l l y  w i l l  be  non-zero. 
The d o t t e d  l i n e s  are t h e  t a n g e n t i a l  s t resses  i n  t h e  i n d i v i d u a l  p l i e s  computed from 
l a m i n a t e  t h e o r y .  I n  g e n e r a l ,  a l l  t h e  s t ress  components each  p l y  w i l l  be  non-
z e r o ,  even a t  t h e  edge o f  t h e  h o l e .  T h i s  t h e  same e f f e c t  a s  was t r e a t e d  i n  t h e  
d i s c u s s i o n  of  i n t e r l a m i n a r  s t r ess  s e c t i o n  3 . 6 . 4 ;  namely, t h a t  t h e  boundary 
c o n d i t i o n s  a r e  s a t i s f i e d  i n  l a m i n a t e  a n a l y s i s  o n l y  by t h e  average  s t resses .  

Or -S T R E S S  
PLY STRESSES 

N- PLANE 

S T R E S S  
a e o  

0 
ANGLE, e 

FIGURE 3 . 3 2 .  LAMINATE THEORY CALCULATIONS FOR STRESSES AROUND A HOLE 

A t  t h e  edge of  t h e  h o l e ,  t h e  lamina s t r esses  i n  f i g u r e  3 . 3 2  w i l l  n o t  be c o r r e c t  and 
i n t e r l a m i n a r  stresses w i l l  e x i s t .  These  i n t e r l a m i n a r  s h e a r  s t r e sses  a r e  shown i n  
f i g u r e  3 . 3 3  a t  t h e  v a r i o u s  p l y  i n t e r f a c e s ,  and t h e  i n t e r l a m i n a r  normal s t resses  a r e  
shown f i g u r e  3 . 3 4  a t  t h e  midd le  s u r f a c e  i n t e r f a c e .  These  i n t e r l a m i n a r  stresses 
a r e  normal ized w i t h  r e s p e c t  t o  t h e  average  a p p l i e d  s t r e s s .  The magni tudes  o f  t h e s e  
s t resses  a r e  s u b s t a n t i a l .  

A s s o c i a t e d  w i t h  t h e  i n t e r l a m i n a r  s t resses  d e s c r i b e d  above a m o d i f i c a t i o n  of t h e  
in- plane  s t ress  s t a t e  i n  each  p l y .  Thus ,  a s  d e s c r i b e d  f o r  t h e  f r e e  edge problem 
s e c t i o n  3 . 6 . 4 ,  t h e  o n l y  non-zero in- plane  s t ress  component i n  each  p l y  a t  t h e  edge o f  
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t h e  h o l e  t h e  t a n g e n t a i l  s t ress ,  T h i s  combina t ion  o f  in- plane  and i n t e r -
stresses v a r i e s  s t r o n g l y  w i t h  c o o r d i n a t e .  The v a r i a t i o n  t a k e s  p l a c e  i n  t h e  

p rox imi ty  o f  h o l e ,  where t h e  average  in- plane  s t ress  components a r e  a l s o  v a r y i n g .  
T h i s  complex s t a t e  of  s t ress  c a n  c a u s e  v a r i o u s  f a i l u r e  mechanisms. C l e a r l y ,  
i n t e r l a m i n a r  i s  a p o s s i b i l i t y  a t  v a r i o u s  l o c a t i o n s  a t  o r  n e a r  t h e  edge 
of h o l e .  I n t r a - p l y  m a t r i x  mode f a i l u r e  i n  any p l y  i s  a n o t h e r  p o s s i b i l i t y .  A t  

l e v a t e d  s t ress  l e v e l s ,  i t  is r e a s o n a b l e  t o  expec t  d i v e r s e  l o c a l  m a t r i x  f a i l u r e s .  
A f o r  t r e a t i n g  t h i s  complex problem i s  d e s c r i b e d  below. 

t h e  methods p r e s e n t e d  i n  s e c t i o n  3 . 4 ,  t h e  e f f e c t i v e  in- plane  l a m i n a t e  
and may be c a l c u l a t e d  f o r  any l a m i n a t e .  With t h e s e  

s p e c i f i e d ,  a ba lanced  symmetric l a m i n a t e  may be r e g a r d e d ,  f o r  purposes  
s t r u c t u r a l  s t ress  a n a l y s i s ,  a s  a homogeneous o r t h o t r o p i c  p l a t e .  F a i l u r e  o f  such  

p l a t e  may b e  ana lyzed  w i t h i n  t h e  framework o f  a f r a c t u r e  mechanics  problem o r  as 
1 o v e r s t r e s s  problem. Both approaches  a r e  i n  c u r r e n t  u s e .  

t h e  f r a c t u r e  mechanics  approach,  t h e  concep t  of  an i n t e n s e  energy  r e g i o n  was 
i n t r o d u c e d  by Waddoups e t .  a l .  ( r e f .  3 . 1 1 ) .  I t  was assumed t h a t  t h i s  r e g i o n  h a s  a 

l e n g t h  based upon an t y p e  of  s i n g u l a r i t y .  Arguing t h a t  t h e  
b a l a n c e  i n  t h e  r e g i o n  i s  more impor tan t  t h a n  t h e  d e t a i l s  of  t h e  s t ress  f i e l d  

f o r  f r a c t u r e  mechanics  problem, a r e l a t e d  problem was t r e a t e d .  Thus ,  t h e  
a s s o c i a t e d  w i t h  a s m a l l  c r a c k  emanat ing from t h e  edge o f  a h o l e  an 

i s o t r o p i c  m a t e r i a l  were c o n s i d e r e d .  These c a n  be o b t a i n e d  from t h e  w e l l  known 
s o l u t i o n ,  due t o  For t h i s  s o l u t i o n ,  t h e  r a t i o  o f  t h e  s t r e n g t h  o f  an un-
notched specimen t o  t h a t  o f  a s i m i l a r  specimen w i t h  a c i r c u l a r  h o l e  c a n  be  shown t o  
be  a f u n c t i o n  o n l y  o f  t h e  r a t i o  of t h e  l e n g t h  o f  t h e  s m a l l  c r a c k  a t  t h e  edge of  t h e  
h o l e  t o  t h e  h o l e  r a d i u s .  Thus,  c o r r e l a t i o n  of  e x p e r i m e n t a l  d a t a  f o r  s t r e n g t h  a s  a 
f u n c t i o n  of  h o l e  s i z e  c a n  be used t o  d e f i n e  a b e s t - f i t  v a l u e  f o r  t h e  c h a r a c t e r i s t i c  
l e n g t h  of  t h e  i n t e n s e  energy  r e g i o n .  

T h u s ,  t h e  g e n e r a l  p rocedure  i s  t o  t es t  specimens b o t h  unnotched and w i t h  a s p e c i f i c  
no tch  geometry i n d u c i n g  a s t ress  c o n c e n t r a t i o o n ,  i n  o r d e r  t o  d e f i n e  t h e  m a t e r i a l  
p a r a m e t e r s .  Then t h e s e  v a l u e s  a r e  used t o  p r e d i c t  s t r e n g t h s  f o r  o t h e r  s t ress  
c o n c e n t r a t i o n  of  s i m i l a r  geometry .  One p a r t i c u l a r  a r e a  o f  a p p l i c a t i o n  f o r  t h i s  
method h a s  been w i t h  b o l t e d  j o i n t s .  

The o t h e r  major approach t o  a no tched  p l a t e  based upon t h e  assumpt ion  t h a t  
f a i l u r e  o c c u r s  when l o c a l  s t resses  exceed t h e  u l t i m a t e  s t r e n g t h  of s i m i l a r  un-
notched l a m i n a t e s .  O r t h o t r o p i c  e l a s t i c i t y  t h e o r y  may b e  used f o r  e v a l u a t i o n  o f  
s tresses around a h o l e  such  a p l a t e  ( r e f .  3 . 1 2 ) .  Examples of  t h e  r e s u l t i n g  
s t r e s s  c o n c e n t r a t i o n s  a r e  shown i n  f i g u r e  3 . 3 5  f o r  v a r i o u s  l a m i n a t e s .  
The laminae o r i e n t a t i o n  combina t ions  i n c l u e n c e  bo th  t h e  magni tude and s h e  shape  of  
t h e  s t ress  v a r i a t i o n  t h e  o f  t h e  h o l e .  The h i g h  a t  t h e  edge  o f  
t h e  h o l e  may i n i t i a t e  f r a c t u r e .  

I f  t h e  l a m i n a t e  f a i l s  a s  a b r i t t l e  m a t e r i a l ,  f r a c t u r e  w i l l  be  i n i t i a t e d  when t h e  
maximum t e n s i l e  s t ress  a t  t h e  edge o f  t h e  h o l e  e q u a l s  t h e  s t r e n g t h  of  t h e  unnotched 
m a t e r i a l .  In a t e n s i l e  coupon w i t h  a h o l e ,  a s  f i g u r e  3 . 3 5 ,  t h e  f a i l u r e  w i l l  
occur  a t  t h e  minimum c r o s s- s e c t i o n  and w i l l  i n i t i a t e  a t  t h e  edge of  t h e  h o l e ,  
where t h e  s t ress  c o n c e n t r a t i o n  i s  a maximum. The s t r e s s  c o n c e n t r a t i o n  f a c t o r  o f  
i n t e r e s t  one which i n c l u d e s  t h e  f i n i t e  w i d t h  e f f e c t .  T h i s  i l l u s t r a t e d  i n  
f i g u r e  3 . 3 6  f o r  an i s o t r o p i c  p l a t e  w i t h  a c e n t r a l  c i r c u l a r  h o l e .  S t r e s s  d i s t r i b u -
t i o n s  a r e  shown f o r  v a r i o u s  r a t i o s  o f  h o l e  d i a m e t e r ,  a ,  t o  p l a t e  w i d t h ,  W .  
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The b a s i c  s t ress  c o n c e n t r a t i o n  f a c t o r  f o r  t h i s  problem i s  t h e  r a t i o  t h e  a x i a l  
s t r e s s  a t  t h e  edge o f  t h e  h o l e  y t o  t h e  a p p l i e d  a x i a l  s t r e s s ,  
For s m a l l  h o l e s  an i s o t r o p i c  p l a t e ,  t h i s  f a c t o r  e q u a l  t o  3 .  For l a r g e  h o l e  
s i z e s ,  t h e  average  s t ress  a t  t h e  minimum s e c t i o n ,  i s  h i g h e r  t h a n  t h e  a p p l i e d  
s t r e s s ,  and i s  g i v e n  by t h e  f o l l o w i n g  r e l a t i o n :  

The n e t  s e c t i o n  s t r e s s  c o n c e n t r a t i o n  f a c t o r ,  t h e  r a t i o  o f  t h e  maximum s t r e s s  
t o  t h i s  average  s t ress .  Thus 

(3 .121)  

Laminate  f r a c t u r e  f o r  t h e  e l a s t i c - b r i t t l e  c a s e  w i l l  o c c u r  a t  s t r e s s  

(3 .122)  

A m a t e r i a l  which f a i l s  t h  s f a s h i o n  deno ted  as  a n o t c h- s e n s i t i v e  m a t e r i a l .  I n  
c o n t r a s t ,  a d u c t i l e  m a t e r i a l  w i l l  y i e l d  l o c a l l y  t o  a l l e v i a t e  t h e  s t r e s s  concen t ra-
t i o n  e f f e c t .  t h e  extreme, t h i s  w i l l  r e s u l t  i n  a un i fo rm s t r e s s  d i s t r i b u t i o n  a t  
t h e  n e t  s e c t i o n ,  a s  shown f i g u r e  3 .37.  For  t h i s  c a s e ,  f a i l u r e  w i l l  occur  when 
t h e  average  n e t  s e c t i o n  s t ress  e q u a l s  t h e  m a t e r i a l  s t r e n g t h ,  

(3 .123)  

A m a t e r i a l  which f a i l s  t h i s  f a s h i o n  i s  deno ted  a n o t c h- i n s e n s i t i v e  m a t e r i a l .  
P r a c t i c a l  l a m i n a t e s  may be expec ted  t o  f a i l  i n  a f a s h i o n  which i s  n e i t h e r  o f  t h e s e  
two ex t reme  c a s e s .  

A s  d i s c u s s e d  e a r l i e r ,  v a r i o u s  m a t r i x  damage e f f e c t s  a r e  expec ted  t o  o c c u r  a t  t h e  
maximum s t ress  l o c a t i o n s .  These  l o c a l i z e d  damages reduce  t h e  m a t e r i a l  s t i f f n e s s  
and d i m i n i s h  and s p r e a d  t h e  s t r e s s  c o n c e n t r a t i o n  e f f e c t s .  A s  a r e s u l t ,  
a n t i c i p a t e d  t h a t  a l though  f r a c t u r e  w i l l  o c c u r  due t o  s t r e s s  c o n c e n t r a t i o n ,  w i l l  
occur  due t o  lesser  s t ress  c o n c e n t r a t i o n  f a c t o r s  t h a n  t h o s e  c a l c u l a t e d  from 
t r o p i c  e l a s t i c  s t ress  a n a l y s i s  of t h e  no tched  l a m i n a t e .  methods f o r  
e v a l u a t i n g  t h i s  r e d u c t i o n  i n  s t r e s s  c o n c e n t r a t i o n  have been p roposed .  

The " p o i n t  s t r ess  theory"  ( r e f .  3 .12)  p roposes  t h a t  t h e  e l a s t i c  s t r e s s  d i s t r i b u t i o n  
c u r v e ,  t h o s e  of f i g u r e  3 .35 ,  b e  u s e d ,  b u t  t h a t  t h e  s t ress  c o n c e n t r a t i o n  be 
s e l e c t e d  a t  a d i s t a n c e ,  from t h e  edge of  t h e  h o l e .  Thus ,  t h e  numerator  of  
e q u a t i o n  3 .121.6  shou ld  be  e v a l u a t e d  a t  t h e  p o i n t  x + The c h a r a c t e r i s t i c  
l e n g t h ,  must be e v a l u a t e d  e x p e r i m e n t a l l y .  The " average  s t ress  ( r e f .  
3.13) t a k e s  a s i m i l a r  approach by p r o p o s i n g  t h a t  t h e  e l a s t i c  s t r e s s  d i s t r i b u t i o n  be  
averaged o v e r  a d i s t a n c e ,  t o  o b t a i n  t h e  s t r e s s  c o n c e n t r a t i o n .  Thus 
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Again, t h e  c h a r a c t e r i s t i c  d imens ion ,  must be  found e x p e r i m e n t a l l y .  The 
two approaches a r e  i l l u s t r a t e d  i n  f i g u r e  3.38. For bo th  methods,  t h e  r e s u l t i n g  
s t r e s s  c o n c e n t r a t i o n  i s  used i n  e q u a t i o n  3.122 t o  d e f i n e  t h e  f r a c t u r e  s t ress .  

R e p r e s e n t a t i v e  r e su l t s  a r e  p l o t t e d  i n  f i g u r e  3.39 t o  i l l u s t r a t e  t h e  d i f f e r e n c e s  
a s s o c i a t e d  w i th  t h e  d i f f e r e n t  t y p e s  o f  m a t e r i a l  behav io r .  The r a t i o  of  s t r e n g t h  o f  
t h e  p l a t e  w i t h  a h o l e ,  t o  t h a t  of  an unnotched l a m i n a t e ,  p l o t t e d  a s  a 
f u n c t i o n  of  h o l e  s i z e .  For t h e  no t ch  i n s e n s i t i v e  m a t e r i a l ,  t h i s  c o u r s e  c l e a r l y  
shows a l i n e a r  d e c r e a s e  i n  f a i l u r e  s t ress  w i t h  h o l e  s i z e  due t o  t h e  r e d u c t i o n  
n e t  c r o s s- s e c t i o n a l  a r e a .  The lower c u r v e ,  for a n o t c h- s e n s i t i v e  m a t e r i a l ,  shows 
an immediate d rop  i n  s t r e n g t h  w i t h  t h e  i n t r o d u c t i o n  o f  even a s m a l l  h o l e  due t o  t h e  
l o c a l  s t ress  c o n c e n t r a t i o n  The semi- empir ica l  t h e o r i e s  ( b o t h  have s i m i l a r  
e f f e c t s )  show a r a p i d  bu t  more modest d rop  due t o  s t ress  c o n c e n t r a t i o n .  Experi-
menta l  d a t a  f o r  l amina t e s  suppor t  t h e  u s e  of  e i t h e r  of  t h e  semi- empir ica l  t h e o r i e s  
f o r  f r a c t u r e  of  a l a m i n a t e  w i t h  a h o l e .  

3.8 FATIGUE. 

h a v e  t o  m i n d  
t o  u p  a n y  

b e l o v e d  ( a n d  7 c a n n o t  o n e  o n  
t o  b e  

to i t .  . c a n n o t  a 
w h i c h  h a d  a 

t i m e  h a v e  to b e  g i v e n  u p  b e  

C h a r l e s  Darwin 

A c r i t i c a l  d e s i g n  c o n d i t i o n  f o r  a e r o n a u t i c a l  s t r u c t u r e s  i s  t h e  r e p e a t e d  a p p l i c a t i o n  
of  l o a d s  of  v a r i o u s  amp l i t udes .  T h i s  c y c l i c  o r  f a t i g u e  l oad ing  a t  a m p l i t u d e s  below 
t h e  s t a t i c  s t r e n g t h  of t h e  m a t e r i a l  can cause  f a i l u r e .  I t  was shown e a r l i e r  ( s e e  
s e c t i o n  t h a t  f o r  f a t i g u e  of u n i d i r e c t i o n a l  m a t e r i a l s ,  t h e r e  a r e  d i f f e r e n t  
f a i l u r e  mechanisms depending upon t h e  d i r e c t i o n  and t y p e  of  l o a d ,  j u s t  as  t h e r e  a r e  
f o r  s t a t i c  l oad ing .  Hence, i t  is  r e a s o n a b l e  t o  expec t  t h a t  e v a l u a t i o n  of  f a t i g u e  
induced f a i l u r e  of l amina t e s  w i l l  i n v o l v e  at  l e a s t  t h e  complex i ty  of  s t a t i c  lami-
n a t e  f a i l u r e .  

I n  a f a s h i o n ,  which i s  somewhat s imilar  t o  t h e  s e p a r a t e  t r e a t m e n t s  of s t r e n g t h  and 
f r a c t u r e ,  t h e  f a t i g u e  problem may be  s e p a r a t e d  i n t o  t r e a t m e n t  of  con t i nuous  
l a m i n a t e s  and t r e a t m e n t  o f  l a m i n a t e s  c o n t a i n i n g  d i s c o n t i n u i t i e s .  A con t i nuous  
l a m i n a t e  i s  a g e o m e t r i c a l l y  r e g u l a r  one which i s  r e p r e s e n t a t i v e  of i t s  f a b r i c a t i o n  
p r o c e s s  and which s a t i s f i e s  i t s  accep t ance  c r i t e r i a .  However, a con t i nuous  lami-
nate may c o n t a i n  i n h e r e n t ,  or " b i r t h , "  d e f e c t s  o f  many t y p e s ,  i n c l u d i n g :  t w i s t e d  o r  
broken  ya rns  o r  p o r t i o n s  t h e r e o f ;  m a t r i x- r i c h  a r e a s  o r  m a t r i x  m i c r o c r a c k s ;  i n t e r p l y  
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d i s b o n d s ;  i n c l u s i o n s :  e t c .  Under c y c l i c  l o a d i n g ,  t h e s e  l o c a l  d e f e c t s  may grow 
s i z e  and number and may c o n t r i b u t e  t o  l a m i n a t e  f a t i g u e  f a i l u r e .  Cont inuous 
l amina t e s  are t r e a t e d  f i r s t ,  i n  s e c t i o n  3 .8 .1 .  

A d i s c o n t i n u o u s  l amina t e  h a s  i t  a major  d i s c o n t i n u i t y ,  such a s  a h o l e  or a 
n o t c h ,  which can  cause  a h igh  l o c a l  s t ress  c o n c e n t r a t i o n  and which may be  r ega rded  
as a l i k e l y  s o u r c e  of  damage which can  p ropaga t e  under  c y c l i c  l o a d i n g  c o n d i t i o n s ,  
c aus ing  f a i l u r e .  Laminates  o f  t h i s  t ype  a r e  d i s c u s s e d  s e c t i o n  

Cont inuous l amina t e s  may be  s u b j e c t e d  t o  damage i n  s e r v i c e  which r e s u l t s  l o c a l  
f a i l u r e .  T h i s  can  c r e a t e  a s i g n i f i c a n t  d i s c o n t i n u i t y  which w i l l  dominate  t h e  
subsequent  r e sponse  t o  c y c l i c  l oad .  T h i s  is d i s c u s s e d  i n  s e c t i o n  

3 .8 .1  Cont inuous Lamina tes .  

Laminate f a t i g u e  behav io r  can be examined from s e v e r a l  p o i n t s  of  view.  The f i r s t  
of  t h e s e  i s  t o  s a y  t h a t  l a m i n a t e  f a i l u r e  i s  a r e s u l t  of  a sequence  of  f a i l u r e s  of  
i n d i v i d u a l  p l i e s .  T h i s  i s  ana logous  t o  t h e  t r e a t m e n t  of s t a t i c  f a i l u r e ,  wherein 
f i r s t  p l y  f a i l u r e  s t a r t s  t h e  l a m i n a t e  f a i l u r e  p r o c e s s .  

Th i s  method o f  a n a l y s i s  o f  l a m i n a t e  f a t i g u e  c o n s i s t e n t  w i th  t h e  b u i l d i n g  b lock  
approach of  t h i s  t e x t ,  s i n c e  i t  u t i l i z e s  f a t i g u e  d a t a  f o r  u n i d i r e c t i o n a l  m a t e r i a l s  
a s  t h e  b a s i s  f o r  d e t e r m i n i n g  f a t i g u e  c h a r a c t e r i s t i c s  o f  l a m i n a t e s .  T h i s  approach 
i s  d e s c r i b e d  i n  t h e  f i r s t  f o l l o w i n g  s u b s e c t i o n .  A s  i n  t h e  c a s e  of  s t a t i c  l a m i n a t e  
s t r e n g t h ,  i t  is found t h a t  t h i s  method o f  a n a l y s i s  i s  h e l p f u l  f o r  u n d e r s t a n d i n g  
l amina t e  f a t i g u e  b e h a v i o r ,  f o r  comparisons among v a r i o u s  l a m i n a t e s ,  and f o r  genera-
t i n g  p r e l i m i n a r y  d a t a .  I t  i s  no t  t h e  s o l u t i o n ,  however,  f o r  f i n a l  d e s i g n  proper-
t i e s  f o r  f a t i g u e .  

The second method o f  a n a l y s i s  based upon t h e  concept  t h a t  f a i l u r e  t h e  r e s u l t  
of  t h e  con t inued  accumula t ion  and growth of  d i s p e r s e d  l o c a l  damage r e g i o n s .  T h i s  
approach assumes t h a t  t h e r e  i s  a q u a n t i t a t i v e  r e l a t i o n s h i p  (which may or may not  be  
known) between t h e  i n h e r e n t  s t a t e  of  damage and t h e  i n s t a n t a n e o u s  s t r e n g t h  (deno ted  
t h e  r e s i d u a l  s t r e n g t h )  of  t h e  compos i te .  U t i l i z i n g  an approach s i m i l a r  t o  t h a t  for 
m e t a l s ,  t h e  growth of  each of  t h e  e x i s t i n g  damage r e g i o n s  under  c y c l i c  load  can  be 
model led.  However, t h e  number and d i v e r s i t y  o f  l o c a l  damages p r e c l u d e s  such an 
approach.  I n s t e a d ,  t h e  method of  a n a l y s i s  t o  h y p o t h e s i z e  a law q u a n t i t a t i v e l y  
r e l a t i n g  i n c r e a s i n g  damage t o  d e c r e a s i n g  s t r e n g t h  and a law r e l a t i n g  damage growth 
t o  e x i s t i n g  damage and l o a d i n g .  As a consequence ,  t h e r e  w i l l  be a d e g r a d a t i o n  
o f  s t r e n g t h  w i t h  t i m e  ( c y c l e s  o f  l o a d )  l e a d i n g  t o  f a t i g u e  f a i l u r e .  T h i s  appraoch 
appea r s  t o  be  a c l o s e r  r e p r e s e n t a t i o n  o f  t h e  p h y s i c s  o f  f a i l u r e ,  b u t  i s  less 
a d a p t a b l e  t o  p r e c i s e  ma thema t i ca l  f o r m u l a t i o n  t h a n  t h e  s e q u e n t i a l  laminae f a i l u r e  
model.  It is d i s c u s s e d  s e c t i o n  3 . 8 . 1 . 2 .  

The t h i r d  c l a s s  o f  a n a l y s i s  methods f o r  f a t i g u e  f a i l u r e  of  c o n t i n u o u s  l amina t e s  i s  
mo t iva t ed  by t h e  d i f f i c u l t y  encoun te r ed  i n  f o r m u l a t i n g  t h e  d e t a i l e d  mathemat ica l  
model f o r  t h e  accumula t ion  of  damage approach .  S i n c e  a semi- empir ica l  method 
appea r s  n e c e s s a r y ,  t h e  macromechanical  approach deemphasizes  t h e  d e t a i l s  of t h e  
p h y s i c a l  p r o c e s s  and p o s t u l a t e s  ma thema t i ca l  e x p r e s s i o n s  d i r e c t l y  which a r e  t o  b e  
f i t t e d  t o  t h e  expe r imen ta l  d a t a .  T h i s  approach is t r e a t e d  s u b s e c t i o n  3 . 8 . 1 . 3 .  

Each of  t h e s e  methods may be  viewed a s  a d e t e r m i n i s t i c  p rocedu re  f o r  
l i f e t i m e  p r e d i c t i o n .  S i n c e  f a t i g u e  d a t a  e x h i b i t  s i g n i f i c a n t  s c a t t e r ,  however,  a 
s t a t i s t i c a l  approach t o  t h e  problem i s  n e c e s s a r y .  I t  is  t o  u t i l i z e  each 
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of  t h e  above t h r e e  a n a l y s i s  methods i n  a s t a t i s t i c a l  approach,  and t h i s  i s  d i s -
cussed  i n  s u b s e c t i o n  3 .8 .1 .4 .  That  d i s c u s s i o n  i s  p r e c e d e d -b y  t r e a t m e n t  o f  t h e  
f o r m u l a t i o n  o f  d e s i g n  c r i t e r i a  i n c l u d i n g  p r a c t i c a l i t i e s  o f  v a r i a b l e  l o a d s  
and v a r i a b i l i t y  of m a t e r i a l  r e s p o n s e .  

3 .8 .1 .1  F a i l u r e  Models Based Upon Lamina P r o p e r t i e s  I n i t i a l  F a i l u r e .  

When a l a m i n a t e  s u b j e c t e d  t o  c y c l i c  l o a d s ,  t h e  stresses i n  each p l y  a r e  a l s o  
c y c l i c .  As l o n g  a s  t h e  l a m i n a t e  remains  e l a s t i c  and no s i g n i f i c a n t  i n t e r n a l  damage 
o c c u r s  t h a t  which would reduce  lamina s t i f f n e s s e s ) ,  a l l  o f  t h e  p r o c e d u r e s  t o  
d e t e r m i n e  i n t e r n a l  s tresses i n  t h e  s t a t i c  c a s e  ( s e c t i o n  3 .6 )  remain v a l i d  f o r  
c y c l i c  l o a d s .  I f  t h e  membrane f o r c e s  and bend ing  moments a r e  s i n u s o i d a l  w i t h  t h e  
same R r a t i o  a m p l i t u d e )  and t h e  same f r e q u e n c y ,  as i s  u s u a l l y  the 
c a s e ,  t h e n  a l l  i n t e r n a l  s tresses w i l l  a l s o  be s i n u s o i d a l  w i t h  t h e  same R r a t i o  and 
t h e  same f requency .  F a t i g u e  damage c a n  occur  i n  d i f f e r e n t  ways. Cracks  a long  
f i b e r s  c a n  d e v e l o p  i n s i d e  laminae,  laminae c a n  s e p a r a t e  due t o  i n t e r l a m i n a r  
s t r e s ses  and t h e s e  two k i n d s  o f  c r a c k s  c a n  c o a l e s c e  t o  form c o m p l i c a t e d  c r a c k  
p a t  t e r n s .  

There  i s  a fundamental  d i f f e r e n c e  between m e t a l  and l a m i n a t e  f a t i g u e  damage. I n  
t h e  former c a s e ,  mic roscop ic  damage accumula tes  u n t i l  a dominant c r a c k  emerges .  
T h i s  i s  c a l l e d  t h e  i n i t i a t i o n  p e r i o d .  During c o n t i n u e d  c y c l i n g ,  t h e  c r a c k  s l o w l y  
p r o p a g a t e s  u n t i l  c a u s e s  f a i l u r e .  T h i s  i s  c a l l e d  t h e  p r o p a g a t i o n  p e r i o d .  For 
m e t a l s  t h i s  can  be t h e  dominant e f f e c t .  By c o n t r a s t ,  f i b e r  compos i t e  l a m i n a t e s  d o  
not  e x h i b i t  t h e  phenomenon of  p r o p a g a t i o n  of  a s i n g l e  dominant c r a c k .  Crack 
p a t t e r n s  i n  a l a m i n a t e  c a n  b e  e x t r e m e l y  c o m p l i c a t e d .  From a macroscop ic  p o i n t  o f  
view, a l a m i n a t e  may be c o n s i d e r e d  t o  spend i t s  e n t i r e  f a t i g u e  l i f e  i n  t h e  damage 
i n i t i a t i o n  p e r i o d .  

The tremendous complex i ty  o f  t h e  e v a l u a t i o n  of  f a t i g u e  damage l a m i n a t e s  poses  a 
p r a c t i c a l  On t h e  one hand,  t h e  f a t i g u e  f a i l u r e  p r o c e s s  t o o  complex t o  
be  hand led  a n a l y t i c a l l y ,  w h i l e  on t h e  o t h e r ,  t h e  v a r i e t y  of c a n d i d a t e  l a m i n a t e s  
such t h a t  t h e  t e s t i n g  of  one i s  t o t a l l y  i n a d e q u a t e  i n  terms of  o b t a i n i n g  s u f f i c i e n t  
f a t i g u e  f a i l u r e  i n f o r m a t i o n  f o r  a l l .  I t  w i l l  be  r e c a l l e d  t h a t  a s i m i l a r  problem 
i s  p r e s e n t e d  by s t a t i c  f a i l u r e  of l a m i n t e s  ( s e c t i o n  3 . 6 ) .  I t  i s  even  more s e r i o u s  

t h e  of f a t i g u e .  

The approach which w i l l  be fo l lowed  i s ,  i n  s p i r i t ,  s i m i l a r  t o  t h e  one adopted f o r  
s t a t i c  s t r e n g t h .  Some q u a n t i t a t i v e  methods c a n  be u t i l i z e d  for p r e d i c t i o n  of 
i n i t i a l  f a t i g u e  f a i l u r e s ,  and perhaps  f o r  subsequen t  f a i l u r e s .  Such methods c a n  
p r o v i d e  i n s i g h t  i n t o  t h e  r e l a t i v e  mer i t s  o f  d i f f e r e n t  l a m i n a t e  c o n f i g u r a t i o n s .  
Design d a t a  f o r  t h e  l a m i n a t e  of  c h o i c e  a r e  t o  be  o b t a i n e d  from e x p e r i m e n t a l  d a t a  
supplemented by a n a l y s i s .  

The p rocedure  f o r  t h e  f i r s t - p l y  f a i l u r e  c a l c u l a t i o n  f a t i g u e  i s  as  f o l l o w s :  
Given t h e  S-N c u r v e s  of  t h e  u n i d i r e c t i o n a l  f i b e r  composi te  f o r  c y c l i c  s t ress  i n  t h e  
f i b e r  d i r e c t i o n ,  t r a n s v e r s e  t o  t h e  f i b e r s  and a x i a l  s h e a r ,  S-N c u r v e s  f o r  p l a n e  
s t r e s s  s i m u l t a n e o u s l y  i n v o l v i n g  t h e s e  s t ress  components c a n  be  c o n s t r u c t e d  by t h e  
methods d i s c u s s e d  i n  ( C h a p t e r  based on r e f e r e n c e  3 .14 .  A s t r e s s  a n a l y s i s  
of  t h e  l a m i n a t e  i s  performed and t h u s  t h e  c y c l i c  s t resses  i n  a l l  t h e  l aminae  a r e  
known. F a i l u r e  o f  each lamina i s  examined of  t h e  l amina  s t resses  and t h e  
f a i l u r e  d i s c u s s e d  ( C h a p t e r  I n i t i a l  f a i l u r e  o c c u r s  t h e  
lamina which h a s  t h e  s m a l l e s t  l i f e t i m e  and t h e  f a i l u r e  mode ( f i b e r  o r  m a t r i x )  
de te rmined  a c c o r d i n g  t o  t h i s  p r o c e d u r e .  
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To u t i l i z e  t h i s  p rocedu re ,  conven i en t  t o  c o n s t r u c t  a c u r v e  of l i f e t i m e  v s .  
maximum stress ( f o r  a f i x e d  R v a l u e )  f o r  each f a i l u r e  mode i n  each  p l y  o f  t h e  
l amina t e .  For example, a l a m i n a t e ,  a s  shown f i g u r e  3 . 4 0 ,  
t h e r e  i s  a f iber- domina ted  mode t o  be c o n s i d e r e d  i n  t h e  0' p l y  and a ma t r i x-
dominated mode t o  be c o n s i d e r e d  t h e  90' p l y ,  a long  w i th  bo th  modes t h e  
m a t e r i a l s .  I n  t h e  s t a t i c  c a s e  or t h e  f i r s t  p l y  t o  f a i l  t h e  90' 
p l y  t h e  t r a n s v e r s e  p l y )  t h e  m a t r i x  mode. The same f a i l u r e  mode w i l l  a l s o  
occur  a t  l onge r  t imes  f o r  lower v a l u e s  o f  t h e  a p p l i e d  s t ress .  Each i n d i v i d u a l  mode 
has  an S-N c u r v e ,  and each  o f  t h e s e  c u r v e s  h a s  a d i f f e r e n t  shape .  I t  p o s s i b l e  
t h a t ,  a f t e r  a c e r t a i n  l i f e t i m e ,  an i n t e r c h a n g e  t h e  o r d e r  which t h e s e  f a i l u r e  
mechanisms occu r  could  t a k e  p l a c e .  I n  t h e  example of  f i g u r e  3 . 4 0 ,  t h e  
i n d i c a t e  t h a t  t r a n s v e r s e  f a i l u r e  t h e  90 c a s e  i s  always t h e  f i r s t - p l y  
For o t h e r  l a m i n a t e s ,  p o s s i b l e  f o r  t h e  t o  c r o s s  l i k e  t h o s e  shown 
f i g u r e  3 .40  f o r  t h e  +45 p l i e s ;  t h e r e f o r e ,  a change mode of  f a i l u r e  would 
occur  f o r  l o n g e r  l i f e t i m e s .  D a t a  t h a t  show t h i s  e f f e c t  i n  t h e  c r i t i c a l  f i r s t - p l y  
f a i l u r e  mode are d i f f i c u l t  t o  o b t a i n  because  of  t h e  u n c e r t a i n t y  o f  d e t e r m i n i n g  t h e  
occu r r ence  of  p l y  m a t r i x  mode f a i l u r e .  
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FIGURE 3.40.  INITIAL FATIGUE FAILURE /90 /&45' /90 

The f i r s t  a n a l y t i c a l  i n v e s t i g a t i o n  o f  i n i t i a l  f a t i g u e  f a i l u r e  o f  l a m i n a t e s  appea r s  
t o  be  r e f e r e n c e  3 . 1 4 ,  which was concerned  w i t h  a n g l e  p l i e s  and e x p e r i m e n t a l  v e r i f i -
c a t i o n  f o r  laminates and u t i l i z e d  t h e  f a t i g u e  f a i l u r e  c r i t e r i o n  g i v e n  

r e f e r e n c e  3.15,  which e s s e n t i a l l y  t h e  one  d i s c u s s e d  (Chap te r  The 
s p e c i a l  c h a r a c t e r i s t i c  of symmetric a n g l e  p l i e s  i s  t h a t ,  f o r  u n i a x i a l  s t ress  i n  t h e  
p r i n c i p a l  m a t e r i a l  d i r e c t i o n s ,  t h e  stress s ta tes  a l l  p l i e s  a r e  t h e  same and, 
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t h e r e f o r e ,  i n i t i a l  f a i l u r e  w i l l  o c c u r  s i m u l t a n e o u s l y  th roughout  t h e  l a m i n a t e .  
However, thod does  no t  n e c e s s a r i l y  imply f a i l u r e  o f  t h e  l a m i n a t e .  Lamina f a i l u r e  
i n  t h e  m a t r i x  mode c o n s i s t s  o f  p r o p a g a t i o n  c r a c k s  a l o n g  t h e  f i b e r s .  S i n c e  t h e s e  
c r a c k s  a r e  i n  d i f f e r e n t  d i r e c t i o n s  i n  a d j a c e n t  l a y e r s ,  t h e  l a y e r s  remain p a r t i a l l y  
bonded and t h e  f i b e r s  s t i l l  c a r r y  load .  Exper imenta l  work has  shown, r e f e r e n c e  
3 .14 ,  t h a t  a n g l e  p l i e s  f a i l  more or l e s s  a t  i n i t i a l  laminae f a i l u r e  load f o r  
r e i n f o r c e m e n t  a n g l e s  o f  w h i l e  f o r  s m a l l e r  a n g l e s  t h e  u l t i m a t e  f a i l u r e  load 
i s  l a r g e r  t h a n  t h e  i n i t i a l  f a i l u r e  l o a d ,  

I t  shou ld  be noted t h a t  t h e  a n g l e  p l y  i s  n o t ,  i n  g e n e r a l ,  a p r a c t i c a l  l a m i n a t e ,  
which w i l l  g e n e r a l l y  have f i b e r  l a y e r s  o r i e n t e d  t h r e e  o r  more d i r e c t i o n s  and 
u l t i m a t e  f a i l u r e  a s s o c i a t e d  w i t h  t h e  f i b e r  f a i l u r e  mode. O t h e r  i n v e s t i g a t i o n s  o f  
f a t i g u e  l a m i n a t e  f a i l u r e  u s i n g  v a r i o u s  lamina f a i l u r e  c r i t e r i a  have been r e p o r t e d  
i n  r e f e r e n c e  3 .16.  

The a n a l y s i s  method on t h e  p r e v i o u s  page does  no t  account  f o r  f a i l u r e  
between p l i e s .  P a r t i c u l a r l y  a f t e r  t h e  o n s e t  o f  some damage, d i s b o n d s  
become a r e a l i s t i c  p o s s i b i l i t y  d u r i n g  f a t i g u e  l o a d i n g .  

o R e s i d u a l  P r o p e r t i e s  

The above d i s c u s s i o n  h a s  d e s c r i b e d  t h e  f a c t  t h a t  f a t i g u e  f a i l u r e  t h e  r e s u l t  
o f  t h e  accumula t ion  of  d i s p e r s e d  damage. I t  i s  r e a s o n a b l e  t o  e x p e c t  t h a t  such 
d i s p e r s e d  damage w i l l  r e s u l t  i n  a d e c r e a s e  t h e  r e s i d u a l  p r o p e r t i e s  of  t h e  
l a m i n a t e ,  e v e n t u a l l y  t o  t h e  l e v e l  where f a i l u r e  o c c u r s .  T h e r e f o r e ,  t h e  loss i n  
r e s i d u a l  p r o p e r t i e s  must b e  t a k e n  i n t o  account  t h e  d e s i g n  o f  a l a m i n a t e ,  and 
c o n t i n u i n g  loss of  r e s i d u a l  p r o p e r t i e s  c a n  s e r v e  as  t h e  b a s i s  f o r  l i f e t i m e  p red ic-
t i o n ,  j u s t  a s  t h e  c r a c k  growth laws i n  f a t i g u e  c a n  l e a d  t o  t h e  d e f i n i t i o n  o f  l i f e -
t i m e  and s u i t a b l e  i n s p e c t i o n  p e r i o d s  f o r  m e t a l s .  T h i s  i s  s u g g e s t e d  s c h e m a t i c a l l y  
i n  f i g u r e  3 .41.  

t 
STRENGTH 

FATIGUE------------L I F E  

NUMBER CYCLES-

FIGURE 3 .41 .  RESIDUAL STRENGTH AND FATIGUE L I F E  
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A f t e r  c y c l i c  load a t  some p a r t i c u l a r  s t r e s s  l e v e l  f o r  some number o f  c y c l e s ,  
r e s i d u a l  s t r e n g t h ,  a s  shown by t h e  upper  c u r v e s  i n  f i g u r e  3 .41 ,  would be  lower 

than  t h e  i n i t i a l  u l t i m a t e  s t a t i c  s t r e n g t h  o f  t h e  m a t e r i a l .  E v e n t u a l l y ,  t h e  r e s i d u a l  
s t r e n g t h  w i l l  decay t o  where i t  e q u a l  t o  t h e  maximum a p p l i e d  s t ress ,  and t h a t  i s  

what d e f i n e s  a f a t i g u e  f a i l u r e .  A r e s i d u a l  s t r e n g t h  c u r v e  f o r  a p a r t i c u l a r  
V  C  ~  ~  Cs t ress  l e v e l  t e r m i n a t e s  when i n t e r s e c t s  t h e  S-N c u r v e .  I n  o t h e r  words,  

t h e r e  is a f a m i l y  of  r e s i d u a l  s t r e n g t h  c u r v e s  which i s  dependent  upon t h e  ampl i tude  
load ing  and t h e  l o c u s  o f  t h e  ends  o f  t h o s e  r e s i d u a l  s t r e n g t h  c u r v e s  i s  t h e  

f o r  t h e  m a t e r i a l .  Thus ,  t h e r e  a d e f i n e  i n t e r a c t i o n  between r e s i d u a l  
and f a t i g u e  l i f e .  

compos i t es ,  t h e  d i s p e r s e d  damage accumula t ion  may r e s u l t  i n  r e d u c t i o n s  i n  
s t i f f n e s s e s  as w e l l  a s  s t r e n g t h s .  T h i s  p a r t i c u l a r l y  pronounced i n  

r e i n f o r c e d  p l a s t i c s ,  which t h e  loss s t i f f n e s s  c a n  e a s i l y  become t h e  
d e s i g n  c o n d i t i o n ,  even  though i n i t i a l l y  t h e  s t r e n g t h  may be t h e  govern ing  

c o n d i t i o n .  F i g u r e  3.42 shows an example of f i b e r g l a s s  d a t a ,  w h e r e i n  an S-N 

zed r e s p e c t  t o  s t a t i c  s t r e n g t h .  The c u r v e  shows t h e  c o n d i t i o n s  f o r  a 
rtiffness l o s s  o f  15%. I t  is  s e e n  t h a t  t h i s  o c c u r s  f o r  a g i v e n  s t ress  l e v e l  much 
earlier t h a n  f a i l u r e .  A 15% l o s s  i n  s t i f f n e s s  o f  t h e  m a t e r i a l  may w e l l  mean t h a t  

m a t e r i a l  no l o n g e r  s u i t a b l e  for a p a r t i c u l a r  a p p l i c a t i o n .  T h i s  i s  an ex-
i n  which l i f e t i m e  would be  t e r m i n a t e d  due t o  s t i f f n e s s  l o s s  b e f o r e  i t  was 

t e r m i n a t e d  due t o  s t r e n g t h  loss. S i m i l a r  r e s u l t s  f o r  have been 
r e p o r t e d  i n  r e f e r e n c e  3.17.  

g i v e n  by t h e  dashed l i n e .  The maximum c y c l i c  s t ress  ( f o r  i s  normali-
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FIGURE 3.42.  RESIDUAL STIFFNESS 
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o Subsequent F a i l u r e s  

When f i r s t - p l y  f a i l u r e  is  t h e  matr ix-mode,  t h e  f a i l e d  laminae w i l l  have 
undergone a r e d u c t i o n  i n  t h e i r  s t r e n g t h  and s t i f f n e s s ,  a t  l e a s t  l o c a l l y .  Thus ,  the 
subsequen t  r e s p o n s e  o f  t h e  l a m i n a t e  t o  e x t e r n a l  l o a d s  w i l l  have been a l t e r e d .  
I n c r e a s i n g  load  w i l l  c a u s e  more widespread  damage and r e d i s t r i b u t i o n  of  s t resses  
among t h e  p l i e s .  E s t i m a t e s  o f  t h i s  r e s p o n s e  can  be o b t a i n e d  by u t i l i z i n g  reduced 
p l y  p r o p e r t i e s  a f t e r  i n i t i a l  f a i l u r e .  

T y p i c a l  f a i l u r e s  o f  t h r e e  nomina l ly  i d e n t i c a l  specimens o f  a boron/  
epoxy l a m i n a t e  s u b j e c t e d  t o  l o n g i t u d i n a l  t e n s i o n- t e n s i o n  l o a d i n g  a r e  i n  
f i g u r e  3.43. The l o a d i n g  h a s  g e n e r a t e d  p l y  m a t r i x  mode f a i l u r e  i n v o l v i n g  a 
s i g n i f i c a n t  amount o f  m a t e r i a l  t h e  f a i l u r e .  The p l i e s  a r e  c l e a r l y  v i s  b l e  
and t h e r e  is  a c o n s i d e r a b l e  amount o f  s e p a r a t i o n  i n t e r l a m i n a r  p l a n e s ,  wh ch 
p e r m i t s  specimen f a i l u r e .  S i g n i f i c a n t  f i b e r  pu l l- out  i s  no t  a c r o s s  t h e  
b r e a k ,  which e v i d e n c e  of  t h e  s u b s t a n t i a l  m a t r i x  damage t h a t  had o c c u r r e d  p r  o r  
t o  f i n a l  f r a c t u r e .  

I n  c o n t r a s t  t o  t h e  samples ,  a l a m i n a t e  hav ing  0" and f i b e r s  
( s e e  f i g u r e  3.44) shows an i r r e g u l a r  f a i l u r e  p a t t e r n  r e f l e c t i n g  d i s p e r s e d  damages 
accumula t ing  and l i n k i n g  t o g e t h e r  t o  form a f a i l u r e  s u r f a c e ,  as i s  normal ly  
obse rved  i n  s t a t i c  f a i l u r e  f o r  t h i s  m a t e r i a l .  T h i s  s u g g e s t s  t h a t  t h e  u s e  of  a 
method s i m i l a r  t o  t h e  s t a t i c ,  ply-by-ply f a i l u r e  c a l c u l a t i o n  c a n  l e a d  t o  u s e f u l  
r e s u l t s .  C h a r a c t e r i z a t i o n  of  t h e  i n d i v i d u a l  p l i e s  f a t i g u e ,  terms of  S-N 
c u r v e s  f o r  i n d i v i d u a l  s t ress  components a p p l i e d  t o  a u n i d i r e c t i o n a l  f i b e r  compos-
i t e ,  i s  t h e  f i r s t  s t e p  a b u i l d i n g  b l o c k  approach t o  f a i l u r e  a n a l y s i s  s t a r t i n g  
from a f i r s t - p l y  f a i l u r e  c r i t e r i o n .  

The p r o c e d u r e  t o  be  fo l lowed  s i m i l a r  t o  t h e  s t a t i c  f a i l u r e  
i n  which f i r s t - p l y  f a i l u r e  i s  de te rmined  i n i t i a l l y .  Then, p l a y  pro-

p e r t i e s  may b e  modi f i ed  t o  f i n d  how f a i l u r e  p r o g r e s s e d  from f i r s t - p l y  f a i l u r e  
t o  u l t i m a t e  f a i l u r e .  I t  appears  t o  be  i m p e r a t i v e  t o  c o n s i d e r  changes  i n  p l y  
p r o p e r t i e s  i n  t h e  f a t i g u e  c a s e  because  i t  i s  expec ted  t h a t ,  a t  some r e l a t i v e -
l y  s h o r t  l i f e t i m e s ,  micro- cracks  w i l l  be i n t r o d u c e d  t h e  m a t e r i a l .  I t  would 
appear  t o  be  u n d e s i r a b l e  t o  l i m i t  t h e  u s e f u l  l i f e t i m e  o f  t h e  s t r u c t u r e  t o  t h e  
number o f  c y c l e s  a t  which t h e s e  m i c r o c r a c k s  a r e  i n i t i a t e d ,  or t o  l i m i t  t h e  load  t o  
an ex t remely  low l e v e l  t o  p reven t  such mic ro- cracks .  Thus,  n e c e s s a r y  t o  have 
t h e  c a p a b i l i t y  of  p r o c e e d i n g  beyond i n i t i a l  mic ro- crack ing  f o r  l i f e t i m e  p r e d i c t i o n .  
The p rocedure  f o r  p r e d i c t i n g  f a t i g u e  f a i l u r e  i n  c o n t i n u o u s  compos i t e  laminates 
s u b j e c t e d  t o  s p e c i f i e d  c y c l i c  l o a d i n g  c a n  be d e s c r i b e d  a s  f o l l o w s :  

1. Determine t h e  lamina p l a n e  s t ress  c y c l i c  f a i l u r e  c r i t e r i a  on 
t h e  b a s i s  of  S-N c u r v e s  f o r  s i n g l e  s t ress  components.  

2 .  Find t h e  c y c l i c  s t r e sses  i n  a l l  l aminae  and d e t e r m i n e  which 
lamina h a s  f a i l e d  and which mode. 

3 .  Adjus t  f a i l e d  lamina s t i f f n e s s  and r e c a l c u l a t e  s t resses .  

4. Determine which lamina f a i l s  nex t  and which mode. 

5. Cont inue u n t i l  t h e  expec ted  mode of  f a i l u r e  f o r  a l amina  t h e  
f i b e r  mode. T h i s  d e f i n e s  l a m i n a t e  l i f e t i m e  f o r  t h e  g i v e n  
c y c l i c  l o a d i n g .  
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Figure 3.43 Typical Failures of 
Laminates Subjected to 
Tension-Tension Fatigue Loading 

16 



. -

Figure 3.44 Typical Failures of 
Laminates Subjected to 
Tension Loading 
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When p l y  f a i l u r e  i s  p r e d i c t e d  i n  t h e  m a t r i x  mode, i t  i s  expec t ed  t h a t  degrada-
t i o n  of t r a n s v e r s e  e x t e n s i o n a l  s t i f f n e s s  and a x i a l  s h e a r  s t i f f n e s s  would commence 
and c o n t i n u e  w i th  c y c l i n g  u n t i l  t h e s e  s t i f f n e s s e s  t o t a l l y  v a n i s h .  For  conven i ence ,  
t h i s  cont inuous  s t i f f n e s s  d e g r a d a t i o n  would g e n e r a l l y  b e  t a k e n  as a 
v a r  i a t  i on .  

No a p p l i c a t i o n  of  t h i s  approach t o  o t h e r  k i n d s  o f  l a m i n a t e s  r e p o r t e d  i n  
l i t e r a t u r e .  I t  e x p e c t e d ,  however,  t h a t  a c o n s e r v a t i v e ,  f i r s t  c u t  app rox ima t ion  
can be ob t a ined  i f  p r o g r e s s i v e  p l y  f a i l u r e s  are inc luded  by a d j u s t i n g  a p p r o p r i a t e  
lamina s t i f f n e s s e s .  Such p r e d i c t i o n s  may be  t o o  c o n s e r v a t i v e ,  however,  s i n c e  t h e  
p r e d i c t e d  f a i l u r e  of  each  p l y  does  not  a c t u a l l y  r e s u l t  comple te  loss s t i f f -
n e s s .  Ra the r ,  means t h a t  i n t r a l a m i n a r  c r a c k i n g  p a r a l l e l  t o  t h e  f i b e r s  w i l l  
occur  a t  l o a d s  a t  which f i r s t - p l y  f a i l u r e  (which i s  u s u a l l y  t h e  m a t r i x  mode) 
expec ted .  Growth o f  such c r a c k s  is u s u a l l y  c o n s t r a i n e d  because  of  t h e  p r e sence  of 
a d j a c e n t  l a y e r s ;  t h e y  t end  t o  grow i n t o  i n t e r l a m i n a r  d i s b o n d s ,  where more energy  i s  
d i s s i p a t e d .  T h i s  mechanism o f  damage growth i s  more n o t i c e a b l e  l a m i n a t e s  w i t h  
d i s c o n t i n u i t i e s ,  which are d i s c u s s e d  i n  s e c t i o n  3 .8 .2 .  

The complex i ty  o f  t r a c i n g  t h e  p r o g r e s s  o f  f a t i g u e  f a i l u r e  from i n i t i a t i o n  of  
f i r s t - p l y  f a i l u r e  t o  u l t i m a t e  f a i l u r e ,  i n c l u d i n g  i n t r a - and i n t e r - l a m i n a r  f a i l u r e s ,  
p r e c l u d e s  e x a c t  ana lys i s . .  One approach t h e  c o u n t e r p a r t  t o  n e t t i n g  a n a l y s i s  f o r  
e s t i m a t i n g  maximum s t r e n g t h .  For  t h i s  approach ,  t h e  a x i a l  s h e a r  and t h e  t r a n s v e r s e  
s t i f f n e s s e s  o f  a l l  p l i e s  are se t  t o  z e r o  and t h e  approach t o  f i r s t - p l y  f a i l u r e  
d e s c r i b e d  above is u t i l i z e d .  Here t h e  f i r s t - p l y  f a i l u r e  becomes a f i b e r  mode 
f a i l u r e  and may be  t a k e n  as a f i r s t  e s t i m a t e  of  t h e  u l t i m a t e  f a t i g u e  l i f e t i m e  
a s s o c i a t e d  w i th  f a i l u r e .  Such an approach may be  of v a l u e  f o r  p r e l i m i n a r y  d e s i g n  
purposes .  

When t h e  l a m i n a t e  l o a d i n g  compres s ive ,  a d d i t i o n a l  f a i l u r e  mechanisms e x i s t  
due t o  p o s s i b l e  l o c a l  i n s t a b i l i t i e s .  Thus,  e x t e n s i v e  c r a c k i n g ,  o r  i n t e r p l y  d i sbond-

may r e s u l t  l o c a l  b u c k l i n g  which cou ld  c a u s e  f u r t h e r  damage p r o p a g a t i o n .  

For  a c t u a l  d e s i g n  v a l u e s ,  t es t  d a t a  w i l l  be r e q u i r e d .  F a t i g u e  l i f e t i m e  d a t a  
f o r  some b a s i c  materials  are shown i n  f i g u r e  3.45.  Shown h e r e  a r e  t y p i c a l  S-N 
cu rves  f o r  components (AS-3501 compos i t e s )  f o r  t e n s i o n-
t e n s i o n  f a t i g u e  A v e r y  f l a t e  c u r v e  e x i s t s  f o r  t e n s i o n  t h e  f i b e r  
d i r e c t i o n .  For  u n i d i r e c t i o n a l  mater ia ls ,  t h e  comparison l o a d i n g  c u r v e  h a s  a much 
g r e a t e r  s l o p e  t h e n  t h e  t e n s i o n  l o a d i n g  c u r v e .  

(Although not  p r e s e n t e d  h e r e ,  d a t a  f o r  some m a t e r i a l s  show a s teeper s l o p e  t o  t h e  
S-N cu rve  f o r  t h e  case of  n e g a t i v e  R v a l u e  o r  combined t e n s i o n  and compress ion  
c y c l i c  l o a d i n g ) .  For comparison,  a 2024-aluminum a l l o y  f a t i g u e  c u r v e  at  t h e  same 

a l s o  shown t h e  f i g u r e .  The s l o p e  of  t h i s  c u r v e  i s  comparable  t o  t h a t  
o f  t h e  composi te  t h e  f i b e r  d i r e c t i o n .  The t r a n s v e r s e  compress ion  c u r v e  f o r  t h i s  
composi te  a l s o  v e r y  f l a t  b u t  at  a much lower l e v e l  t h a n  t h e  0' c u r v e .  Use of  
expe r imen ta l  f a t i g u e  d a t a  t o  g e n e r a t e  d e s i g n  d a t a  d i s c u s s e d  subsequen t  
s e c t  i o n s .  

o Concluding Remarks 

The above p o r t i o n s  of t h i s  s u b s e c t i o n  have  d e a l t  w i t h  t h e  p h y s i c a l  phenomena 
o c c u r r i n g  d u r i n g  c y c l i c  l o a d i n g  o f  f i b e r  compos i te  l a m i n a t e s .  Unde r s t and ing  o f  
t h e s e  e f f e c t s  is impor t an t  t h e  d e s i g n  o f  such  m a t e r i a l s .  
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FIGURE 3.45.  TYPICAL CURVES 

F a t i g u e  f a i l u r e  methodolog ies  based  upon c o n s i d e r a t i o n  o f  t h e  s t a t e  of  stress 
i n d i v i d u a l  p l i e s  are t h e  b a s i s  o f  r e f e r e n c e s  3 .14 ,  3 .16 ,  and 3.18.  These  
approaches ,  a s  d i s c u s s e d  e a r l i e r ,  are u s u a l l y  a d e q u a t e  f o r  f a t i g u e  o f  o f f- a x i s  
l o a d i n g  o f  u n i d i r e c t i o n a l  compos i t es  and a l s o  f o r  ang le- ply  l a m i n a t e s ,  a l t h o u g h  
i n t e r l a m i n a r  stresses c o u l d  c a u s e  s i g n f i c a n t  f a t i g u e  damage n e a r  t h e  f r e e  edges  o f  
s u c h  l a m i n a t e s .  F a t i g u e  p r o p e r t i e s  (S-N diagrams)  o f  a u n i d i r e c t i o n a l  m a t e r i a l  
t h e  a x i a l  and t r a n s v e r s e  d i r e c t i o n s  as wel l  a s  i n  l o n g i t u d i n a l  s h e a r  a r e  assumed t o  
b e  known. These  s h o u l d  be  known f o r  t h e  a p p r o p r i a t e  enviornment  o f  t e m p e r a t u r e ,  
m o i s t u r e ,  and f requency .  A s t r e n g t h  c r i t e r i o n  s i m i l a r  t o  t h o s e  used f o r  s t a t i c  
s t r e n g t h  p r e d i c t i o n  u t i l i z e d  f o r  f a t i g u e  l i f e t i m e  p r e d i c t i o n s .  For o t h e r  k i n d s  
o f  l a m i n a t e s ,  t h e s e  methods s h o u l d  y i e l d  a good e s t i m a t e  o f  f a t i g u e  
f a i l u r e .  I t  appears  t h a t  a ply- by- ply f a i l u r e  a n a l y s i s  may y i e l d  r e a s o n a b l e  
e s t i m a t e s  o f  l i f e t i m e  o n l y  c e r t a i n  l i m i t e d  c a s e s .  

The major  advan tage  of t h i s  approach t h a t  r e l a t i v e l y  s i m p l e  and l i m i t e d  
e x p e r i m e n t a l  d a t a  a r e  r e q u i r e d ,  t h e  p r o p e r t i e s  o f  u n i d i r e c t i o n a l  compos i t es  
under  s i n g l e  component c y c l i c  l o a d i n g  c o n d i t i o n s .  The major  d i s a d v a n t a g e  of  t h i s  
approach is  t h a t  i t  does  no t  accoun t  f o r  i n t e r l a m i n a r  f a i l u r e s ,  d i s b o n d s .  
( O t h e r  i n h e r e n t  d e f e c t s  which a r e  w i t h i n  a p l y  w i l l  have t h e i r  i n f l u e n c e  r e f l e c t e d  
i n  t h e  b a s i c  u n i d i r e c t i o n a l  e x p e r i m e n t a l  d a t a . )  The method seems s u i t a b l e  f o r  
p r e l i m i n a r y  d e s i g n  e v a l u a t i o n s  o f  t h e  r e l a t i v e  merits o f  v a r i o u s  l a m i n a t e s .  
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F a i l u r e  Models Based Upon D i s p e r s e d  D e f e c t s  

When a g e n e r a l  l a m i n a t e  i s  d e f i n e d  f o r  u s e  a s t r u c t u r e  f o r  which f a t i g u e  l i f e -
t ime i m p o r t a n t ,  a combina t ion  o f  t e s t  and a n a l y s i s  methods must g e n e r a l l y  be  
u t i l i z e d  f o r  d e s i g n .  An a n a l y t i c a l  s t r e n g t h  d e g r a d a t i o n  model i s  d e s i r a b l e  f o r  
t h i s  purpose .  

An approach which h a s  been u t i l i z e d  w i t h  s u c c e s s  for s t u d y i n g  f a t i g u e  of  m e t a l s  
based upon t h e  concep t  t h a t  c y c l i c  l o a d i n g  produces  i n t e r n a l  m i c r o c r a c k i n g  which 
p r o g r e s s e s  t o  c a u s e  f a i l u r e .  There  some a p p e a l  t o  u t i l i z i n g  t h e  m a t h e m a t i c a l  
t o o l s  o f  t h e  m e t a l s  approach i n  t h e  s t u d y  o f  f a t i g u e  o f  c o m p o s i t e s .  A d i s c u s s i o n  
of  t h i s  approach is  p r e s e n t e d  below. 

o A Wearout Model 

For a g i v e n  s t r u c t u r e ,  o r  component, o r  coupon, growth o f  damage i m p l i e s  t h a t  
t h e r e  is  a p r o b a b i l i t y  o f  f a i l u r e  t h a t  v a r i e s  w i t h  t ime. T h i s  i n f o r m a t i o n  t h e  
b a s i s  f o r  f a i l u r e  c a l c u l a t i o n s  u s i n g  t h e  f r a c t u r e  mechanics  methodology a p p l i e d  
t o  m e t a l s .  A r e l a t e d  approach h a s  a l s o  been u t i l i z e d  f o r  compos i t es  a s  w e l l  a s  
f o r  bonded o r  b o l t e d  j o i n t s .  T h i s  approach i s  c a l l e d  t h e  "wearout"  model 
( r e f s .  3.19 and which i s  based  on t h e  f o l l o w i n g  assumpt ions :  

1. There  e x i s t  some i n h e r e n t  f l a w s  t h e  m a t e r i a l .  

These  f l aws  grow a d e t e r m i n i s t i c  p a t t e r n  which depends on 
m a t e r i a l  p r o p e r t i e s ,  s t r e s s  s t a t e s  n e a r  t h e  f l aws  and h i s t o r y  of  
l o a d i n g  and environment  c o n d i t i o n s .  

3 .  I n c r e a s e d  f l a w  s i z e  c a u s e s  d e c r e a s e d  m a t e r i a l  s t r e n g t h .  

Because of  t h e  d i v e r s i t y  o f  f l a w s  compos i t e  l a m i n a t e s ,  t h e r e  w i l l  b e  many 
d i f f e r e n t  damage growth p a t t e r n s .  At tempts  t o  model t h e s e  a r e  beyond t h e  r e a c h  of  
a p r a c t i c a l  e n g i n e e r i n g  a n a l y s i s  method. Hence,  t h e  approach i s  t o  assume repre-
s e n t a t i v e  forms f o r  e f f e c t s  o f  damage and f o r  damage growth and t o  q u a n t i f y  t h e  
c o e f f i c i e n t  by t h e  u s e  o f  e x p e r i m e n t a l  d a t a .  The f u n c t i o n a l  r e l a t i o n s h i p s  u s u a l l y  
assumed i n  t h e  wearout  model are t h o s e  used i n  m e t a l  f r a c t u r e  mechan ics ,  a s  
d e s c r i b e d  i n  t h e  f o l l o w i n g .  The f l a w  growth r e l a t i o n s h i p  i s  o f  t h e  power law t y p e .  
Thus : 

da m (3 .125)-dn 
where A a m a t e r i a l  p r o p e r t y  

a t h e  c r a c k  s i z e  
n t h e  number o f  load  c y c l e s  
AK t h e  r a n g e  o f  t h e  s t ress  i n t e n s i t y  f a c t o r  
m an e m p i r i c a l  c o n s t a n t  

The s t ress  i n t e n s i t y  f a c t o r ,  K ,  d e f i n e d  by the  geometry  and l o a d i n g  
c o n d i t i o n s .  For  a s h a r p  l i n e  c r a c k  normal t o  t h e  a p p l i e d  t e n s i o n  an i s o t r o p i c  
i n f i n i t e  p l a t e ,  the result i s :  

= V (3 .126)G  
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where t h e  f a r  f i e l d  s t ress  

Equa t ion  3.126 v a l i d  f o r  a s h a r p  an i n f i n i t e  p l a t e .  For o t h e r  
boundary c o n d i t i o n s  t h e  r igh t- hand  s i d e  o f  t h e  e q u a t i o n  i s  m u l t i p l i e d  by a f u n c t i o n  
o f  t h o s e  boundary c o n d i t i o n s .  For compos i t es ,  u s e  of  t h i s  e q u a t i o n  i s  a hypo theses  
which may b e  h e l p f u l  c u r v e - f i t t i n g  approach t o  e x p e r i m e n t a l  d a t a .  

A t  any p o i n t  t i m e ,  t h e  f a i l u r e  s t ress  for a notched m a t e r i a l ,  
c o n s i d e r e d  t o  be t h e  s t ress  a t  which t h e  c r a c k  p r o p a g a t i o n  w i l l  become u n s t a b l e .  
Thus : 

(3.127 

I where t h e  c r i t i c a l  s t ress  i n t e n s i t y  f a c t o r  

The wearout  methodology d e p i c t e d  s c h e m a t i c a l l y  i n  f i g u r e  3 .46.  The 
i n i t i a l  s t a t i s t i c a l  d e s t r i b u t i o n ,  o f  m a t e r i a l  s t r e n g t h ,  can  be  r e l a t e d  
t o  an i n i t i a l  d i s t r i b u t i o n ,  of  m a t e r i a l  c r a c k s  of  s i z e  by use  o f  e q u a t i o n  

3 .127.  When t h e s e  c r a c k s  a r e  s u b j e c t e d  t o  c y c l i c  l o a d ,  t h e y  w i l l  grow i n  accordance 
w i t h  a c r a c k  growth law such as t h a t  of  e q u a t i o n  3 .127,  such  t h a t  a t  t ime t there  
w i l l  be a new d i s t r i b u t i o n ,  o f  m a t e r i a l  c r a c k s .  T h i s  new d i s t r i b u t i o n  of  
l a r g e r  c r a c k s  d e f i n e s ,  v i a  e q u a t i o n  3 .127,  a new d i s t r i b u t i o n  of  ( lower )  S t r e n g t h s ,  

/  f 

TO 

FIGURE 3.46.  METAL 

An impor tan t  e f f e c t  o f  wearout i s  i l l u s t r a t e d  i n  f i g u r e  3 .47.  T h i s  repre-
s e n t a t i o n  of t i m e  dependent  s t r e n g t h  shows t h e  i n i t i a l  s t a t i c  s t r e n g t h  d i s t r i b u t i o n  
f u n c t i o n  a t  time z e r o  and t h e  changes  t h i s  f u n c t i o n  w i t h  l i f e t i m e .  The changes 

from t h e  e f f e c t s  o f  r e p e a t e d  l o a d s  and env i ronmenta l  exposure .  A t  any 
P a r t i c u l a r  p o i n t  i n  t i m e ,  t h e r e  w i l l  be a s t r e n g t h  d i s t r i b u t i o n  f u n c t i o n .  T h i s  
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d e t e r i o r a t i o n  of r e s i d u a l  s t r e n g t h ,  wi th  t i m e ,  may e v e n t u a l l y  b r i n g  t h e  m a t e r i a l  
s t r e n g t h  down w i t h i n  t h e  a p p l i e d  load e n v e l o p e ,  t h u s  c a u s i n g  what commonly 
d e s c r i b e d  as a f a t i g u e  f a i l u r e .  F a t i g u e ,  t h i s  t e r m i n o l o g y ,  t h e  of 
t h e  r e s i d u a l  s t r e n g t h  c a p a b i l i t y  down t o  t h e  a p p l i e d  s t r e s s  l e v e l s .  

S T R E S S  

LOAD 

I 
I 

LIFETIME 

FIGURE 3 . 4 7 .  TIME-DEPENDENT STRENGTH 

I t  i s  impor tan t  t o  emphasize  h e r e  t h a t  r e s i d u a l  p r o p e r t y  c h a r a c t e r i z a t i o n  need 
not  n e c e s s a r i l y  b e  l i m i t e d  t o  s t r e n g t h .  I n  s i t u a t i o n s  where s t i f f n e s s  c r i t i c a l  
d e s i g n  o c c u r s ,  i t  may w e l l  be  a d e t e r i o r a t i o n  of  m a t e r i a l  s t i f f n e s s ,  i t  may be a 
change i n  m a t e r i a l  damping c h a r a c t e r i s t i c s ,  o r  i t  may b e  a change i n  t h e  s u s c e p t i -
b i l i t y  o f  t h e  m a t e r i a l  t o  any o f  t h e  v a r i o u s  a s p e c t s  o f  i t s  environment  t h a t  
becomes t h e  c r i t i c a l  d e s i g n  f a c t o r .  

o A p p l i c a t i o n  t o  Composites 

The c r i t i c a l  q u e s t i o n  h e r e  i s  how t h i s  methodology c a n  be  a p p l i e d  t o  compos-
i t e s .  The p r i n c i p l e  problem t h a t  t h e r e  a r e  m u l t i p l e  f a i l u r e  modes s o  t h a t  
i n i t i a l  d e f e c t s  do no t  n e c e s s a r i l y  p r o p a g a t e  i n  a s e l f - s i m i l a r  way. T h i s  
s u g g e s t e d  f i g u r e  3 . 4 8 .  A compos i t e  l a m i n a t e  i s  composed o f  l a y e r s  of m a t e r i a l  
which a r e  h i g h l y  a n i s o t r o p i c  t h e i r  s t r e n g t h  c h a r a c t e r i s t i c s .  Thus ,  t h e r e  a r e  
p o s s i b i l i t i e s  f o r  d e f e c t s  t o  grow p e r p e n d i c u l a r  o r  p a r a l l e l  t o  any of  t h e  d i f f e r e n t  
f i b e r  d i r e c t i o n s  t h e  compos i t e .  The same d e f e c t  may p r o p a g a t e  d i f f e r e n t  
modes depending upon t h e  load  h i s t o r y  and t h e  env i ronmenta l  e f f e c t s .  Thus ,  u n l i k e  
m e t a l s ,  f o r  which t h e  most impor tan t  damage growth mechanism i s  a s e l f - s i m i l a r  
p r o p a g a t i o n  of  an i n i t i a l  d e f e c t ,  i n  t h e  of  f lawed compos i t es  n e c e s s a r y  
t o  d e a l  w i t h  a m u l t i p l i c i t y  o f  f a i l u r e  modes. 
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FIGURE 3 . 4 8 .  DAMAGE GROWTH 

I n i t i a l  d e f e c t s  may i n c l u d e  f i b e r s  which a r e  b roken  and o r  
d e f e c t s  i n  t h e  m a t r i x .  T h i s  i n i t i a l  f l aw  geometry cou ld  change by p r o p a g a t i o n  
t h e  form of  a d j a c e n t  f i b e r  b r e a k s ,  which is  s i m i l a r  t o  a metal d e f e c t .  The i n i t i a l  
damage could  change due t o  m a t r i x  damage, r e s u l t i n g  i n  a c r a c k  p a r a l l e l  t o  t h e  
f i b e r s .  T h i s  w i l l  be  dependent  upon load  h i s t o r y  and environment  m o i s t u r e ) .  
Fur thermore ,  t h e r e  a r e  damage mechanisms which w i l l  r e s u l t  from t h e  i n t e r a c t i o n s  
between l a y e r s ,  which may cause  l o c a l  d e l a m i n a t i o n .  Thus,  even  f o r  
laminates, t h e  changes i n  t h e  m a t r i x  s t r e s s - s t r a i n  c h a r a c t e r i s t i c s  can  i n f l u e n c e  
t h e  n a t u r e  of  t h e  p ropaga t i on  and hence  t h e  d e s i g n  l i f e t i m e .  

The importance of  m a t r i x  e f f e c t s  i s  sugges t ed  i n  f i g u r e  3 . 4 9  by t h e  f a c t  t h a t  
even s i m p l e  notched l amina t e  t es t s  o f  l a m i n a t e s ,  t h e r e  a change 

f a i l u r e  mode as one s w i t c h e s  from s t a t i c  t o  f a t i g u e  l o a d s .  Thus,  f o r  t h e  two 
l amina t e s  - and - w i t h  a s h a r p  c e n t r a l  s l i t  n o t c h ,  s t a t i c  l oad ing  
r e s u l t s  a c o l l i n e a r  p ropaga t i on  t o  two-part f a i l u r e  of t h e  specimen.  S i m i l a r  
specimens s u b j e c t e d  t o  f a t i g u e  l o a d i n g  e x p e r i e n c e  f a i l u r e  mechanisms i n  which t h e  
p l a n e  o f  f a i l u r e  p a r a l l e l  t o  a f i b e r  d i r e c t i o n .  T h i s  change f a i l u r e  mechan-
i s m  can  have s e r i o u s  consequences i n  t h e  changes o c c u r r i n g  i n  t h e  f l a w  d i s t r i b u t i o n  
f u n c t i o n s  of f i g u r e  3 . 4 6 .  

One example o f  t h e  problems a s s o c i a t e d  w i t h  l i f e t i m e  p r e d i c t i o n  f o r  compos i tes  
i s  p r e s e n t e d  i n  f i g u r e  3.50. The c u r v e  t = O  i s  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n  
f o r  t h e  i n i t i a l  d e f e c t  s i z e s .  Two a l t e r n a t e  damage growth p a t h s  a r e  sugges t ed  on 
t h e  r i g h t  w i th  t h e  growth of  t h e  damage e i t h e r  a c o l l i n e a r  o r  s e l f - s i m i l a r  
f a s h i o n  o r  a mode which r e f l e c t s  some a d d i t i o n a l  l o c a l  f a i l u r e  mechanism i n  t h e  
m a t e r i a l .  The e x i s t e n c e  o r  non- exis tence  of  e i t h e r  of  t h o s e  modes of f a i l u r e  can  
change t h e  c h a r a c t e r  of  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  f l a w s .  For a 
s i m i l a r  p r o p a g a t i o n ,  t h e  r e s u l t s  a r e  t h e  c l a s s i c a l  e f f e c t s  o f :  t h e  l a r g e s t  
c r a c k s  growing f a s t e s t ,  t h e  mean s i z e  of  t h e  f l a w  growing,  and t h e  d i s p e r s i o n  
t h e  f l a w  growing because  t h e  r a t e  of  growth i s  p r o p o r t i o n a l  t o  some power of  t he  
i n i t i a l  s i z e .  In t h e  c a s e  of damage growth i n  t h e  p r e sence  of  secondary  f a i l u r e  
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mechanisms, t h e r e  c a n  be a l o c a l  b l u n t i n g  o f  some of t h e  s t r e s s  i r r e g u l a r i -
t i e s  and t h i s  c a n  serve t o  narrow t h e  d i s p e r s i o n  a s s o c i a t e d  w i t h  t h e  f l a w  d i s t r i -
b u t i o n .  Thus,  a l t h o u g h  t h e r e  i s  an i n c r e a s e  i n  t h e  mean f l a w  s i z e ,  t h e r e  w i l l  be a 
d e c r e a s e  i n  d i s p e r s i o n .  

The pr imary consequence of  t h e s e  m u l t i p l e  f a i l u r e  modes upon l i f e t i m e  i s  t h a t  
the d e s i r e d  t r a n s l a t i o n  from s t a t i c  s t r e n g t h  t o  l i f e t i m e  may no l o n g e r  be  v a l i d .  
F i g u r e  3 . 5 1  is a s i m p l e  schemat ic  r e p r e s e n t a t i o n  o f  t h i s  problem. The i n i t i a l  
s t a t i c  s t r e n g t h  d i s t r i b u t i o n  f u n c t i o n  h a s  been  broken down i n t o  two s e p a r a t e  
d i s t r i b u t i o n  f u n c t i o n s  which sum t o  g i v e  t h e  measured s t r e n g t h  f u n c t i o n .  I f  t h e s e  
two f a i l u r e  mechanisms a r e  of t h e  two t y p e s  shown i n  f i g u r e  3 . 5 0 ,  i t  is  e n t i r e l y  
c o n c e i v a b l e  t h a t  t h e  change i n  d i s p e r s i o n  of  one f a i l u r e  mode c a n  r e s u l t  i n  a 
s i t u a t i o n  which l i f e t i m e  p r e d i c t i o n  w i l l  be governed by a mechanism o f  f a i l u r e  
t h a t  d i f f e r s  from t h e  one t h a t  governs  t h e  i n i t i a l  s t a t i c  s t r e n g t h  d i s t r i b u t i o n .  
Thus ,  t h e  c r i t i c a l  l i f e - l i m i t i n g  d e f e c t s  may no t  be i d e n t i f i e d  by i n i t i a l  proof  
t e s t i n g .  The p o s s i b i l i t y  e x i s t s  t h a t  i t  w i l l  be n e c e s s a r y  t o  make a d d i t i o n a l  
n o n- d e s t r u c t i v e  i n s p e c t i o n s ,  or  pe rhaps  even a d d i t i o n a l  p roof  t e s t s ,  a f t e r  a 
p o r t i o n  of t h e  l i f e t i m e  environment has  been e x p e r i e n c e d  by t h e  s t r u c t u r e .  

L i f e t i m e  

FIGURE 3.51. TRANSLATION FROM STATIC STRENGTH TO LIFETIME 

o Concluding Remarks 

The m u l t i p l i c i t y  o f  f a i l u r e  modes compos i t e  l a m i n a t e s  c o n t r a s t s  w i t h  t h e  
s e l f - s i m i l a r  , p r o p a g a t i o n  of  m i c r o c r a c k s  i n  m e t a l s .  As a r e s u l t  , t h e  m a t h e m a t i c a l  
f r a c t u r e  mechanics  models which have been used w i t h  s u c c e s s  f o r  m e t a l s  may not  be  
u s e f u l  f o r  unnotched compos i t es .  However, i t  shou ld  be  r e c a l l e d  t h a t  a s i m i l a r  
s i t u a t i o n  e x i s t s  f o r  s t a t i c  f r a c t u r e  of  notched compos i t es .  I n  t h a t  c a s e ,  i t  was 
found t h a t  semi- empi r ica l  m o d i f i c a t i o n  of t h e  e q u a t i o n s  used f o r  t h e  m e t a l s  pro-
vided  r e a s o n a b l e  c o r r e l a t i o n  f o r  compos i t es  d a t a .  There  i s  a p o s s i b i l i t y  t h a t  
s i m i l a r  semi- empi r ica l  m o d i f i c a t i o n s  of  t h e  p r e c e d i n g  approach may y i e l d  v a l i d  
methods f o r  f a t i g u e  of compos i t es .  T h i s  i s  d i s c u s s e d  i n  s e c t i o n  3 . 8 . 1 . 3 .  

The merit  of t h i s  approach i s  t h a t  i t  r e l a t e s  t o  t h e  p h y s i c a l  r e a l i s m  o f  
damage growth from " b i r t h"  t o  f a i l u r e .  T h i s  s u g g e s t s  t h e  p o s s i b i l i t y  t h a t ,  t h e  
f u t u r e ,  n o n- d e s t r u c t i v e  e v a l u a t i o n  may p r o v i d e  d a t a  which c o u l d  be  used t o  a s s e s s  
remain ing  l i f e .  
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3 .8 .1 .3  Macromechanical Models f o r  F a t i g u e  L i f e t i m e .  

The v a l i d i t y  o f  a n a l y t i c a l  methodolog ies  f o r  f a t i g u e  of l a m i n a t e s  h a s  been  
demons t ra ted  f o r  on ly  a l i m i t e d  number of c a s e s .  I t  is  c l e a r  t h a t  a g e n e r a l  
approach t o  t h e  problem of  l i f e  p r e d i c t i o n  i s  v e r y  cumbersome because  o f  t h e  
accumula t ion  of  a m u l t i p l i c i t y  o f  damage modes. I n  a d d i t i o n ,  t h e  methodolog ies  
which a r e  u s e f u l  under  one c o n d i t i o n  may no t  be  a p p l i c a b l e  under  o t h e r  circum-
s t a n c e s .  Thus,  bo th  a n a l y s i s  and a r e  r e q u i r e d .  Even t h i s  may not 
r e s o l v e  a l l  u n c e r t a i n t i e s ,  however,  and so l a r g e  s a f e t y  f a c t o r s  are r e q u i r e d .  

The d i r e c t  measurement o f  f a t i g u e  p r o p e r t i e s ,  a p rocedu re  which h a s  been  
w ide ly  used i n d u s t r y  f o r  m e t a l s ,  d i f f i c u l t  f o r  compos i t e s .  The reasons for 
t h i s  are numerous. A p r i n c i p a l  r e a s o n  t h a t  compos i tes  do not  ap ear t o  shov  
f a t i g u e ,  o r  endurance ,  l i m i t .  Thus, d a t a  i n  t h e  r ange  o f  t o  10 c y c l e s  of 
l o a d i n g  s t i l l  i n d i c a t e  a n e g a t i v e  s l o p e  f o r  t h e  S-N cu rve .  Fur thermore ,  t h e r e  is 
g e n e r a l l y  i n t e r e s t  more t h a n  a s i n g l e  l a m i n a t e  c o n f i g u r a t i o n .  I f  t h e  a d d i t i o n a l  
c o m p l e x i t i e s  o f  combined stresses and spec t rum l o a d i n g  are added t o  t h e  need t o  run  
t e s t s  f o r  l a r g e  numbers o f  c y c l e s  for many t y p e s  o f  l a m i n a t e s ,  t h e  p u r e l y  e x p e r i-
ment approach becomes i m p r a c t i c a l .  

D e s p i t e  t h e  above problems ,  a comprehensive t es t  program n e c e s s a r y  t o  
g e n e r a t e  a d a t a  b a s e  for new components b e i n g  deve loped .  Th i s  d a t a  b a s e  h a s  t o  be  
f a i r l y  l a r g e ,  i n  view o f  t h e  c o n s i d e r a b l e  s c a t t e r  u s u a l l y  obse rved  i n  f a t i g u e .  
Moreover,  i t  is n e c e s s a r y  t o  conduct  tests w i t h  spec t rum l o a d i n g  t o  s i m u l a t e  t h e  
s e r v i c e  environment .  E m p i r i c a l  methods are a l s o  o f t e n  n e c e s s a r y  t o  assess e f f e c t s  
of f a t i g u e  i n  mee t ing  v a r i o u s  s p e c i f i c a t i o n s  a s s o c i a t e d  w i th  damage growth.  For 
new d e s i g n  o f  a i r c r a f t  components,  a comprehensive test  program on components o r  
coupons i s  u s u a l l y  mandatory. For a l l  of t h e s e  r e a s o n s ,  a n  e x p e r i m e n t a l  d a t a  b a s e  
i s  r e q u i r e d  f o r  most compos i te  components b e f o r e  t h e  component is  pu t  i n t o  s e r v i c e .  
The need f o r  g e n e r a t i n g  a l a r g e  d a t a  b a s e  can  be  r educed ,  however,  i f  u s e  made 
of  a n a l y t i c a l  methodolog ies  f o r  p r e d i c t i o n  o f  l i f e  and o f  r e s i d u a l  s t r e n g t h  or 
s t i f f n e s s .  

o Represen t  at  Models 

The methods d i s c u s s e d  t h e  p r e v i o u s  s e c t i o n  f o r  measur ing  f a t i g u e  p r o p e r t i e s  
were based upon p h y s i c a l  models o f  f a t i g u e  f a i l u r e .  Another  approach t o  pos tu-
l a t e  ma thema t i ca l  r e l a t i o n s h i p s  which c a n  be  used t o  f i t  e x i s t i n g  d a t a  and can  t h e n  
be e x t r a p o l a t e d  t o  p r e d i c t  stress l e v e l s  f o r  l ong  l i f e t i m e s .  A s imp le  e x p r e s s i o n  
of  t h i s  t ype  which h a s  been  used t o  f i t  e x p e r i m e n t a l  d a t a  (see r e f  3 .21)  i s  

where b and c a r e  m a t e r i a l  c o n s t a n t s  

Curves of  t h e  t y p e  d e s c r i b e d  by e q u a t i o n  3.128 p l o t  as  s t r a i g h t  l i n e s  on semi-
log  g r a p h s ,  such  as f i g u r e  3.45.  I t  c a n  be  s e e n  t h a t  a s t r a i g h t  l i n e  p r o v i d e s  a 
r e a s o n a b l e  f i t  t o  t h e  d a t a  shown t h a t  f i g u r e .  

Another  ma thema t i ca l  model used f o r  c h a r a c t e r i z a t i o n  of  S-N c u r v e s  t h e  
power l a w  

(3.129) 

3.130) 
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I 

where m and g a r e  m a t e r i a l  c o n s t a n t s  

A comparison between e q u a t i o n s  3.128 3.129 is  shown i n  f i g u r e  3.52 f o r  
d a t a  r e p r e s e n t a t i v e  of l a m i n a t e s .  

I t  i s  of i n t e r e s t  t o  n o t e  t h a t  t h e  power law e x p r e s s i o n ,  e q u a t i o n  3.129,  i s  
r e l a t e d  t o  t h e  p h y s i c a l  wearout  model of t h e  p r e v i o u s  s e c t i o n .  T h i s  is  addressed  
i n  r e f e r e n c e s  3.22 and 3 .23 and a s i m p l i f i e d  e x p l a n a t i o n  is p r e s e n t e d  h e r e .  

A c r a c k  growth law assumed t h e  form of  e q u a t i o n  3.125.  For s i m p l i c i t y ,  
t h e  f a t i g u e  l o a d i n g  i s  assumed t o  be  s i n u s o i d a l  from t o  Thus,  from equa-
t i o n s  3.125 and 3.126.  

da- A (3 .131)  

Th i s  may be w r i t t e n  a s :  

a 

(3.132) 
where = AT 

Equa t ion  3.132 may be  i n t e g r a t e d  from t o  n ,  w i t h  c r a c k  s i z e  v a r y i n g  from 
i n i t i a l  v a l u e ,  t o  a .  

Thus 

The c r a c k  s i z e s  can  be r e l a t e d  t o  s t r e n g t h  u t i l i z i n g  e q u a t i o n  3.127.  Thus 

F a t i g u e  f a i l u r e  w i l l  occur  a f t e r  N c y c l e s  when t h e  c r a c k  s i z e  h a s  grown t o  
where i t  t h e  c r i t i c a l  s i z e ,  f o r  f a i l u r e  a t  t h e  maximum c y c l i c  stress, S. 
T h u s ,  

S = 

S u b s t i t u t i o n  of e q u a t i o n s  3.134 and 3.135 i n t o  3.133 l e a d s  t o  

-m-2 
= A  

0 

where = 

= a constant 
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For c y c l i c  stresses which are a f u n c t i o n  of  s t a t i c  s t r e n g t h  and f o r  moderate  
values of m: 

2S 1 

and e q u a t i o n  3.136 e q u i v a l e n t  t o  t h e  power law of  e q u a t i o n  3.129.  

The r e l a t i v e  merits o f  t h e  v a r i o u s  " laws" p o s t u l a t e d  above can  o n l y  be  judged 
comparison w i t h  expe r imen ta l  d a t a .  Such a comparison i s  made more complex by 

s t a t i s t i c a l  v a r i a b i l i t y  of most f a t i g u e  b e h a v i o r .  T h i s  is  d i s c u s s e d  i n  s e c t i o n  
I . 4 .  

Concluding Remarks 

The d e t e r m i n i s t i c  f a i l u r e  models d i s c u s s e d  i n  s e c t i o n s  3 .8 .1 .1  and 3 . 8 . 1 . 2  a r e  
t o  p r e d i c t  f a i l u r e  based upon s p e c i f i c  assumptions r e g a r d i n g  f a i l u r e  

The mathemat ica l  e x p r e s s i o n s  p r e s e n t e d  t h e  f i r s t  p a r t  of  
a t t e m p t s  t o  c h a r a c t e r i z e  f a t i g u e  behav io r  w i thou t  r e s o r t  t o  a d e t a i l e d  under-

s t a n d i n g  of t h e  f a i l u r e  p r o c e s s .  Any of t h e s e  approaches  m u s t  t a k e  i n t o  
i o n  t h a t  v a r i a b i l i t y  o f  compos i te  s t r e n g t h ,  which i s  o f  p a r t i c u l a r  

a f t e r  c y c l i c  l o a d i n g .  These methods must be  u t i l i z e d  i n  c o n j u n c t i o n  w i th  
d a t a  from a w e l l  p lanned expe r imen ta l  program i n  o r d e r  t o  p r o v i d e  t h e  p rope r  
s t a t i s t i c a l  c h a r a c t e r i z a t i o n  of t h e  f a t i g u e  p r o p e r t i e s  of  f i b e r  compos i te  l amina t e s  
s u b j e c t e d  t o  un i form c y c l i c  l o a d i n g .  

U t i l i z a t i o n  of  macromechanical f a i l u r e  model i s  d e s i r a b l e  because  i t  avoids  
c o m p l e x i t i e s .  The d e f i c i e n c y  o f  t h e  s e q u e n t i a l  lamina f a i l u r e  model 

t h a t  i t  does not  i n c o r p o r a t e  a l l  t h e  impor t an t  f a i l u r e  mechanisms. The d e f i c i e n c y  
of  the model f o r  accumula t ion  of  d i s p e r s e d  damage i s  t h a t  t o o  complex t o  cope 
vith a l l  p r a c t i c a l  d e f e c t s .  A ma thema t i ca l  model a l o n e ,  however,  i nadequa t e ;  
wi thout  p h y s i c a l  unde r s t and ing ,  d e s i g n  w i t h  compos i tes  i s  haza rdous .  The combi-
n a t i o n  of t h e  meri ts  o f  t h e  approaches  of  t h e  s e c t i o n  appea r s  t o  b e  a 
d e s i r a b l e  p a t h  t o  fo l l ow .  

3 .8 .1 .4  P r o p e r t i e s  f o r  Design.  

o Allowable  S t r e s s e s  

There  a r e  means f o r  f o r m u l a t i n g  d e s i g n  c r i t e r i a  f o r  compos i te  
m a t e r i a l s .  One approach is  t o  s p e c i f y  d e t e r m i n i s t i c  s t a t i c  and f a t i g u e  p r o p e r t i e s .  
Thus, a s t a t i c  s t r e s s - s t r a i n  cu rve  d e f i n e s  y i e l d  and/or  u l t i m a t e  s t ress  f o r  s t a t i c  
l oad ing  and an S-N cu rve  d e f i n e s  s t r e s s  l e v e l s  f o r  f a t i g u e .  One or more s a f e t y  
f a c t o r s  can  t hen  be used;  t h e r e  cou ld  be one s a f e t y  f a c t o r  f o r  y i e l d  stress,  a 
d i f f e r e n t  s a f e t y  f a c t o r  f o r  t h e  u l t i m a t e  s t r e n g t h ,  and a l i f e t i m e  f a c t o r  f o r  t h e  
S-N c u r v e .  The d i f f i c u l t y  w i th  do ing  t h i s  a s s o c i a t e d  p r i m a r i l y  w i th  t h e  s t a t i s -
t i c a l  v a r i a b i l i t y ,  bo th  i n  c o n s t i t u e n t  material p r o p e r t i e s  and i n  l i f e t i m e  d a t a .  
I t  i s  p o s s i b l e  t o  account  f o r  t h i s  by c h a r a c t e r i z i n g  m a t e r i a l  p r o p e r t i e s  i n  a 
s t a t i s t i c a l  s e n s e .  For example, A or B b a s i s  m a t e r i a l  a l l o w a b l e s  ( s e e  Test 
Methods) can  b e  used t o  o b t a i n  a d e s i r e d  c o n f i d e n c e  l e v e l  f o r  s t a t i c  s t r e n g t h  
p r o p e r t i e s  ( e i t h e r  y i e l d  s t ress  or u l t i m a t e  s t r e s s ) .  S i m i l a r l y ,  c o n s i d e r a t i o n  of  
t h e  d i s t r i b u t i o n  i n  f a t i g u e  l i f e t i m e  d a t a  l e a d s  t o  t h e  e s t a b l i s h m e n t  of  a s c a t t e r  
f a c t o r  t h a t  is  l a r g e  enough t o  r educe  f a i l u r e  p r o b a b i l i t i e s  t o  t h e  d e s i r e d  l e v e l  
( s e e  f i g u r e  3 .53 ) .  The s t a t i s t i c a l  approach t o  f a t i g u e  f a i l u r e  r e q u i r e s  modi fy ing  
t h e  S-N cu rves  so t h a t  t hey  become P-S-N c u r v e s  of  
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c y c l e s ) ,  f i g u r e  3.54. These a r e  cu rves  d e f i n i n g  t h e  maximum c y c l i c  s t r e s s  l e v e l  
which l e a d s  t o  d i f f e r e n t  p r o b a b i l i t i e s  o f  f a i l u r e  a t  a s p e c i f i e d  l i f e t i m e .  Con-
s i d e r i n g  t h e  d e g r e e  of  l i f e t i m e  s c a t t e r  t h a t  i s  found i n  f a t i g u e  t e s t s ,  i s  
r ea sonab l e  t o  r e p l a c e  an S-N c u r v e ,  which might r e p r e s e n t  t h e  mean (or t h e  mode?) 
of t h e  d a t a  w i t h  a f ami ly  o f  c u r v e s  which t h e r e  a r e  d i f f e r e n t  p r o b a b i l i t i e s  of 
f a i l u r e .  The p rov ides  a d i r e c t  c o u n t e r p a r t  between t h e  s t a t i s t i c a l  c h a r a c t e r i -
z a t i o n  of  t h e  f a t i g u e  d a t a  and t h e  s t a t i s t i c a l  c h a r a c t e r i z a t i o n  o f  t h e  s t a t i c  
m a t e r i a l  p r o p e r t i e s  d a t a .  

0
A B  

FATIGUESTATIC 

FIGURE 3 .53 .  STATISTICAL MATERIAL PROPERTIES 

N N 
EXPERIMENTAL STATISTICAL 

FIGURE 3.54. P-S-N CURVES 
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I n  composi te  m a t e r i a l s ,  a s t a t i s t i c a l  approach t o  t h e  d e f i n i t i o n  o f  r e s i d u a l  
p r o p e r t i e s  c a n  a l s o  be t a k e n .  The r e s i d u a l  s t r e n g t h  d i s t r i b u t i o n s  a t  d i f f e r e n t  
l i f e t i m e s  c a n  b e  used t o  g e n e r a t e  c u r v e s  p r o b a b i l i t y  f o r  r e s i d u a l  s t r e n g t h  
a f t e r  s p e c i f i e d  numbers o f  c y c l e s  ( s e e  f i g u r e  3.55). T h i s  p r o v i d e s  a mechanism f o r  
i n c o r p o r a t i n g  s t a t i s t i c a l l y  based c o n c e p t s  i n t o  t h e  d e f i n i t i o n  o f  m a t e r i a l  

lowables . 

DIFFERENT PROBABILITIES 

TEST DATA RESULTS 

FIGURE 3.55. STATISTICAL RESIDUAL STRENGTH DATA 

I n  a d d i t i o n  t o  t h e  f a c t  t h a t  t h e r e  v a r i a b i l i t y  t h e  m a t e r i a l  p r o p e r t i e s ,  
t h e  load  a p p l i e d  t o  a e r o n a u t i c a l  s t r u c t u r e s  v a r i e s  i n  t i m e  and s h o u l d  be  d e s c r i b e d  
on a s t a t i s t i c a l  b a s i s .  A l o a d i n g  spec t rum f o r  a p a r t i c u l a r  component c a n  b e  
c h a r a c t e r i z e d  i n  terms o f  a load  exceedance  c u r v e ,  which s p e c i f i e s  t h e  f r e q u e n c y  
w i t h  which a load  w i l l  be  exceeded d u r i n g  a g i v e n  t i m e  p e r i o d  as  a f u n c t i o n  o f  t h e  
magni tude o f  t h e  l o a d .  T h i s  w i l l  show a l a r g e  number o f  l o a d i n g  c y c l e s  a t  low 
l o a d s ,  w i t h  a c o n t i n u a l l y  d e c r e a s i n g  number of  c y c l e s  a t  l a r g e  P r o c e d u r e s  
e x i s t  t o  t r e a t  t h e  e f f e c t s  o f  m a t e r i a l  v a r i a b i l i t y  a s  w e l l  as u n c e r t a i n  l o a d i n g  
c o n d i t i o n s .  A load  exceedance c u r v e  d e f i n e s  t h e  p r o b a b i l i t y  o f  e n c o u n t e r i n g  a g i v e n  
load  i n  a s p e c i f i e d  t i m e  p e r i o d .  T h i s  i s  combined w i t h  t h e  s t r e n g t h  d i s t r i b u t i o n  
c u r v e ;  namely t h e  p r o b a b i l i t y  o f  f a i l u r e  f o r  a g i v e n  l o a d .  The i n t e r s e c t i o n  of  
t h e s e  two c u r v e s  d e f i n e s  an e x p r e s s i o n  f o r  p r o b a b i l i t y  o f  f a i l u r e .  Thus,  t h e  
p r o b a b i l i t y  t h a t  any p a r t  f a i l s  i s  r e a l l y  t h e  p r o b a b i l i t y  o f  e n c o u n t e r i n g  a g i v e n  
l o a d  m u l t i p l i e d  by t h e  p r o b a b i l i t y  o f  f a i l u r e  when t h a t  load  i s  encounte red .  T h i s  
i s  o b t a i n e d  by e v a l u a t i n g  t h e  i n t e r s e c t i o n  of  t h e  load  exceedance  spec t rum w i t h  a 
r e s i d u a l  s t r e n g t h  d i s t r i b u t i o n  f u n c t i o n ,  a s  shown i n  f i g u r e  3.56. 
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FIGURE 3.56 .  PROBABILITY OF STATIC FAILURE 

If t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  of exceedance of load  and 
of r e s i d u a l  s t r e n g t h  a f t e r  time, t ,  a r e  known, t h e n  t h e  p r o b a b i l i t y  of  

f a i l u r e  for a maximum load  l e v e l  L o f  one number of  a s e t  can  be c a l c u l a t e d  by 
t h e  fo l l owing :  

and t h e  cumula t ive  d i s t r i b u t i o n  f u n c t i o n  i s  g i v e n  by:  

(3.138 

Hence, t h e  r e l i a b i l i t y ,  is d e f i n e d :  

= 1 

Cons ide r ing  a se t  of  n u n i t e  ( chosen  a random t h e  p r o b a b i l i t y  of 
z e r o  f a i l u r e s  of  n u n i t e  a t  time t ,  denoted  t h e r e f o r e :  

The p r o b a b i l i t y  o f  a t  least  one f a i l u r e  of group ,  i s :  

-
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The d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  t i m e  t o  f i r s t  f a i l u r e  c a n  t h e r e f o r e  be 
o b t a i n e d  by d i f f e r e n t i a t i o n  u s i n g  t h e  f o l l o w i n g  r e l a t i o n s h i p :  

From t h i s ,  any d e s i r e d  c h a r a c t e r i s t i c  of  t h i s  d i s t r i b u t i o n  c a n  b e  found.  For  
example,  t h e  expec ted  time t o  f i r s t  f a i l u r e ,  i s :  

T h i s  time a s u i t a b l e  measure  o f  t h e  l i f e t i m e  o f  a c l a s s  o f  s t r u c t u r e s .  
For  any g i v e n  member of t h i s  c l a s s ,  f a i l u r e  p r o b a b i l i t i e s  a r e  d e f i n e d  by e q u a t i o n  
3 .137 .  The f a i l u r e  p r o b a b i l i t y  f o r  t h e  d e s i r e d  l i f e t i m e  i s  used t o  c a l c u l a t e  t h e  
r e l i a b i l i t y  from e q u a t i o n  3.139. The d e s i r e d  r e l i a b i l i t y  i n  a component i s  e s t a b-
l i s h e d  by t h e  p r o c e s s  o f  b r e a k i n g  down sys tem r e l i a b i l i t i e s  i n t o  component 

I t  i s  t h e n  p o s s i b l e  t o  a s s i g n  a s p e c i f i c  component r e l i a b i l i t y  
g o a l .  For  a c e r t a i n  r e l i a b i l i t y  g o a l  we a l s o  have a c e r t a i n  p r o b a b i l i t y  o f  f a i l u r e  
a t  t h a t  l i f e t i m e .  

o Cumulative Damage 

The development o f  models f o r  t h e  c h a r a c t e r i z a t i o n  o f  f a t i g u e  l i f e t i m e  have 
a d d r e s s e d  t h e  c o n d i t i o n  of  un i fo rm c y c l i c  l o a d i n g .  I n  p r a c t i c e ,  however,  t h e  
s t r u c t u r a l  l o a d s  a r e  a complex combina t ion  o f  t i m e  v a r y i n g  l o a d s ,  a s  d i s c u s s e d  
Chap te r  A p p l i c a t i o n  o f  f a t i g u e  d a t a  f o r  s t e a d y  c y c l i c  l o a d s  t o  t h e  de te rmi-
n a t i o n  of  f a t i g u e  l i f e t i m e  under  spec t rum l o a d i n g  known a s  t h e  c u m u l a t i v e  damage 
problem. The b a s i c  concep t  i s  t h a t  each load  a p p l i c a t i o n  c a u s e s  a s m a l l ,  b u t  
d e f i n i t e ,  d e c r e a s e  i n  t h e  remaining l i f e t i m e  of  t h e  m a t e r i a l .  

I n  p r a c t i c e ,  a random l o a d i n g  spec t rum i s  o b t a i n e d  f o r  t h e  a i r c r a f t  s t r u c t u r e .  
T h i s  c a n  be r e p r e s e n t e d  by a sequence  of  uniform load  c y c l e s  o f  v a r i o u s  a m p l i t u d e s  
and s t ress  r a t i o s .  T h i s  sequence  of  b l o c k s  o f  c y c l i c  l o a d s  d e f i n e s  a s i m i l a r  
sequence of c y c l i c  stresses a t  any l a m i n a t e  l o c a t i o n .  These  s t r esses  may be viewed 
a t  t h e  l a m i n a t e  o r  lamina l e v e l  f o r  u s e  i n  l i f e t i m e  p r e d i c t i o n .  

Cumulative damage e f f e c t s  may be i n c o r p o r a t e d  i n t o  any o f  t h e  f a t i g u e  a n a l y s i s  
methods d i s c u s s e d  i n  t h i s  s e c t i o n .  A d e s i r a b l e  o b j e c t i v e  would be  t o  compute t h e  
t i m e  t o  f a i l u r e  o f  a l a m i n a t e  under  a c y c l i c  l o a d i n g  program i n  terms of  t h e  
f a t i g u e  c h a r a c t e r i s t i c s  and t h e  g e o m e t r i c a l  ar rangement  o f  t h e  l a y e r s .  T h i s  
approach would have t o  c o n s i s t  o f  t h e  f o l l o w i n g  s t e p s :  

1. C o n s t r u c t  a cumula t ive  damage t h e o r y  f o r  u n i d i r e c t i o n a l  laminae 
i n  s t a t e s  o f  p l a n e  s tress  (see s e c t i o n  

2 .  Per form a s t ress  a n a l y s i s  o f  t h e  l a m i n a t e  and d e t e r m i n e  f i r s t  f a i l u r e .  

3. Adjus t  l aminae  s t i f f n e s s e s  and r e p e a t  t h e  p r o c e d u r e  f o r  subsequen t  
f a i l u r e s  u n t i l  t h e  load  c a r r y i n g  c a p a c i t y  of t h e  l a m i n a t e  is  
exhaus ted .  
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U n f o r t u n a t e l y ,  such a fundamental  approach is  not  f e a s i b l e  today  because  a 
cumula t ive  damage t h e o r y  of u n i d i r e c t i o n a l  m a t e r i a l s  under  combined c y c l i c  

not  a v a i l a b l e .  A f u r t h e r  c o m p l i c a t i o n  a r i s e s  s i n c e  laminae s t i f f n e s s e s  
d e t e r i o r a t e  w i t h  t h e  number o f  e l a p s e d  c y c l e s .  T h i s  would have t o  be t aken  

account i n  t h e  s t ress  a n a l y s i s  of  t h e  l amina t e .  I t  i s  p o s s i b l e  t o  de t e rmine  
s t i f f n e s s  r e d u c t i o n  e x p e r i m e n t a l l y  f o r  c o n s t a n t  amp l i t ude  c y c l i n g ,  b u t  such an 

approach f o r  s t i f f n e s s  r e d u c t i o n  f o r  a sequence  of  c y c l i c  l o a d i n g s  
i m p r a c t i c a l  because  of  t h e  i n f i n i t e  v a r i e t y  of  p o s s i b l e  l o a d i n g  programs.  

would be r e q u i r e d  i s  a t h e o r y  f o r  s t i f f n e s s  r e d u c t i o n  due t o  c y c l i c  l o a d i n g  
p r  

F a i l u r e  a n a l y s i s  models based upon d e g r a d a t i o n  due t o  growth of d i s p e r s e d  
can a l s o  u t i l i z e  cumula t i ve  damage models .  Thus ,  a damage growth law 

f o r  a g i v e n  i n h e r e n t  d e f e c t ,  i t  would be known as  a f u n c t i o n  o f  a p p l i e d  
T h e r e f o r e ,  damage growth cou ld  be  de te rmined  by s e q u e n t i a l  a p p l i c a t i o n  

o f  t he  c y c l i c  load program. Then t h e  r e s i d u a l  s t r e n g t h  law cou ld  be r e l a t e d  t o  t h e  
damage a t  any t i m e .  The methodology d i s c u s s e d  s e c t i o n  3 .8 .1 .2  t h e n  

d i r e c t  l y  a p p l i c a b l e .  

The more common approach t o  i n c o r p o r a t i o n  of  cumula t i ve  damage e f f e c t s  i n t o  
l i f e t i m e  p r e d i c t i o n  methodology v i a  t h e  u se  macromechanical  f a i l u r e  models .  

For d e t e r m i n i s t i c  f a i l u r e  l a w  f o r  a l a m i n a t e  under  u n i a x i a l  c y c l i c  s t ress ,  
cumula t ive  damage e f f e c t s  are r e a d i l y  i n c o r p o r a t e d  th rough  t h e  u s e  of  a damage 
hypo thes i s  such a s  t h e  Palmgren-Miner Rule  ( s e e  A l t e r n a t i v e l y ,  r u l e s  f o r  
d e g r a d a t i o n  of  r e s i d u a l  s t r e n g t h ,  or f o r  damage c u r v e s  u s i n g  an e q u i v a l e n t  c y c l i c  
load ing  p o s t u l a t e  ( a s  d i s c u s s e d  e a r l i e r  f o r  u n i d i r e c t i o n a l  c o m p o s i t e s ) ,  cou ld  a l s o  
be a p p l i e d  a t  t h e  l a m i n a t e  level .  A l l  o f  t h e s e  ru les  a d d r e s s  o n l y  a s i n g l e  compo-
nent of c y c l i c  stress.  Cumulat ive damage t h e o r i e s  f o r  l a m i n a t e s  under  combined 

do not  e x i s t .  

The l i t e r a t u r e  on t h e  s u b j e c t  o f  damage of  l a m i n a t e s  i s  s p a r s e .  
One of t h e  ea r l i es t  i n v e s t i g a t i o n s  is r e f e r e n c e  3 .24 ,  which g i v e s  e x p e r i m e n t a l  d a t a  
f o r  f a i l u r e  of  c r o s s - p l i e s  under  two s t a g e  l oad ing  and a t t e m p t s  t o  
c o r r e l a t e  t h e  d a t a  i n  te rms  o f  a l i n e a r  s t r e n g t h  d e g r a d a t i o n  model.  More g e n e r a l  
t r e a t m e n t s  based upon more v e r s a t i l e  s t r e n g t h  d e g r a d a t i o n  models have been g i v e n  i n  
r e f e r e n c e  3.25.  The e x p e r i m e n t a l  d a t a  a r e  not  agreement w i t h  t h e  s imp le  Mine r ' s  
r u l e ,  e q u a t i o n s  Chapte r  11- 3.36, 3 .37 .  There  a r e  c a s e s  which t h e  d a t a  a r e  e i t h e r  
c o n s e r v a t i v e  o r  u n c o n s e r v a t i v e  w i t h  r e s p e c t  t o  M i n e r ' s  R u l e  ( s e e  r e f .  3 .26 ) .  

When s t a t i s t i c s  are i n c o r p o r a t e d  i n t o  t h e  f a i l u r e  model,  a s  t hey  m u s t  b e ,  
a d d i t i o n a l  u n c e r t a i n t y  a r i s e s .  As p o i n t e d  o u t  i n  r e f e r e n c e  27 ,  t h e  t h e o r i e s  o f  
cumula t ive  damage a r e  of d e t e r m i n i s t i c  d a t a .  Comparison p rocedu re s  f o r  e x p e r i-
menta l  r e s u l t s ,  which show s t a t i s t i c a l  s c a t t e r  under  i d e n t i c a l  l o a d i n g  c o n d i t i o n s ,  
are u n c e r t a i n .  I t  is n o t  obv ious  t h a t  t h e  mean o f  t h e  s t a t i s t i c a l  d a t a  t h e  
a p p r o p r i a t e  parameter  f o r  comparison;  pe rhaps  some o t h e r  s t a t i s t i c a l  pa r ame te r  
shou ld  be used.  A d i s c u s s i o n  of  s t a t i s t i c a l  c h a r a c t e r i z a t i o n  o f  f a t i g u e  l i f e t i m e  
f o l l o w s .  

o at is t i c a l  C h a r a c t e r i z a t i o n  

The d e s i g n  needs f o r  f a t i g u e  d a t a  have  been  d i s c u s s e d  and d e f i n e d  e a r l i e r .  I t  
h a s  been shown t h a t  t h e  c o n v e n t i o n  S-N c u r v e  i s  b u t  t h e  f i r s t  s t e p  i n  m a t e r i a l  
c h a r a c t e r i z a t i o n  f o r  f a t i g u e .  The s c a t t e r  l i f e t i m e  d a t a  makes P-S-N c u r v e s  an 
impe ra t i ve .  F u r t h e r ,  f o r  compos i tes  t h e r e  i s  l i t t l e  ev idence  t h a t  an endurance  
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l i m i t  e x i s t s .  Hence, long l i f e t i m e  d a t a  a r e  needed, and methods f o r  a c c e l e r a t e d  
l i f e t i m e  t e s t i n g  a r e  d e s i r e d .  C l e a r l y ,  i n  o r d e r  t o  avoid p r o h i b i t i v e l y  l a r g e  t es t  
programs, a v a i l a b l e  d a t a  should  be used t o  t h e  pa rame te r s  i n  an a p p r o p r i a t e  
mathemat ica l  model which can  t h e n  b e  used t o  g e n e r a t e  t h e  d e s i g n  d a t a .  

A common theme i n  t h e  e v a l u a t i o n  of  compos i te  f a t i g u e  d a t a  i s  t h e  u t i l i z a t i o n  
of  a two- parameter Weibul l  s t a t i s t i c a l  d i s t r i b u t i o n ,  which may be  exp re s sed  i n  t h e  
form: 

where t h e  cumula t i ve  d i s t r i b u t i o n  f u n c t i o n  
t h e  shape  parameter  

6 t h e  s c a l e  pa r ame te r  

The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  found from e q u a t i o n  8.20 by 
d i f f e r e n t i a t i o n :  

f = -
dx 

and t h i s  d i s t r i b u t i o n  can  be c h a r a c t e r i z e d  by i t s  moments, 

The mean v a l u e ,  and t h e  s t a n d a r d  d e v i a t i o n ,  s ,  a r e  d e f i n e d  by t h i s  moment 
f u n c t i o n  a s :  

x = 

2 1/2[M2  1  

S u b s t i t u t i o n  of e q u a t i o n s  3.144-3.146 i n t o  e q u a t i o n  3.147 y i e l d s :  

(3.148 

where deno te s  t h e  s t a n d a r d  f u n c t i o n ,  t h e  c o e f f i c i e n t  o f  v a r i a t i o n  i s :  
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I t  i s  s een  t h a t  t h e  mean v a l u e  depends on ly  upon t h e  pa r ame te r  and t h e  
c o e f f i c i e n t  of  v a r i a t i o n  o n l y  upon t h e  parameter  a ,  hence  t h e  r e a s o n  f o r  naming 
the  s c a l e  parameter  and shape  pa rame te r ,  r e s p e c t  v e l y  . 

A f i r s t  approach t o  t h e  d a t a  f o r  a s p e c i f i c  c y c l i c  l o a d i n g  c o n d i t i o n  a 
s p e c i f i e d  m a x i m u m  s t ress  and a s t ress  r a t i o )  i s  t o  f i t  d i s t r i b u t i o n  of t ime  t o  
f a i l u r e  u s ing  t h e  f u n c t i o n a l  form o f  e q u a t i o n  3.144. Thus,  f o r  example,  t h e  prob-
a b i l i t y ,  o f  a f t e r  N c y c l e s  may be  d e f i n e d  a s  

(3 .150)  

where t h e  s c a l e  pa r ame te r ,  o r  c h a r a c t e r i s t i c  t i m e  t o  f a i l u r e  
t h e  shape  pa rame te r  

The pa rame te r s  i n  t h i s  d i s t r i b u t i o n  can  be e v a l u a t e d  f o r  each of t h e  c y c l i c  
l oad ing  c o n d i t i o n s  f o r  which e x p e r i m e n t a l  d a t a  a r e  a v a i l a b l e .  With t h i s  informa-
t i o n ,  p o s s i b l e  t o  c o n s t r u c t  P-S-N c u r v e s  from t h e  d a t a .  Methods 
f o r  e s t a b l i s h i n g  pa rame te r s  i n  s t a t i s t i c a l  d i s t r i b u t i o n  f u n c t i o n s  from l i m i t e d  d a t a  
have r ece ived  e x t e n s i v e  t r e a t m e n t  i n  t h e  l i t e r a t u r e  r e l a t e d  t o  metals  f a t i g u e  

r e f . 3 . 2 8 ) .  Trea tment  o f  s t a t i s t i c a l  methods f o r  d a t a  e v a l u a t i o n  a r e  n o t  
unique t o  compos i tes  and are beyond t h e  s cope  of  t h i s  t e x t .  

The above t r e a t m e n t  o f  P- S- N c u r v e s  i s  o f  p r imary  v a l u e  f o r  i n t e r p o l a t i o n  ove r  
t h e  r e g i o n  which t es t  d a t a  have  been  o b t a i n e d .  These d a t a  can  be  ex tended  by 
t h e  u s e  of a ma thema t i ca l  f a t i g u e  h y p o t h e s i s  i n  c o n j u n c t i o n  w i th  a d i s t r i b u t i o n  
f u n c t i o n .  I n  r e f e r e n c e  3.22,  t h e  d i s t r i b u t i o n  f u n c t i o n  i s  u t i l i z e d  a long  
w i th  a f a t i g u e  power law, e q u a t i o n  3.129. I n  t h i s  approach ,  d a t a  f o r  v a r i o u s  load  
c o n d i t i o n s  are pooled t o  e s t a b l i s h  a s i n g l e  shape  f a c t o r  and t h e  f u n c t i o n a l  form o f  
t h e  r e l a t i o n s h i p  between stress and t h e  s c a l e  pa rame te r .  T h i s  p r o v i d e s  a format  
s u i t a b l e  f o r  e x t r a p o l a t i o n  of  a v a i l a b l e  d a t a  t o  l onge r  l i f e t i m e s .  

An a l t e r n a t e  approach t o  t h i s  problem is  t o  f o c u s  f i r s t  upon r e s i d u a l  s t r e n g t h  
c h a r a c t e r i s t i c s .  I n  p l a c e  e q u a t i o n  3.150,  a d i s t r i b u t i o n ,  of  r e s i d u a l  
s t r e n g t h ,  a f t e r  a s p e c i f i e d  number o f  c y c l e s ,  N ,  may be cons ide red ,  Thus: 

1 

The parameters  o f  t h i s  d i s t r i b u t i o n  can  be e v a l u a t e d  from e x p e r i m e n t a l  r e s i -
d u a l  s t r e n g t h  tests.  Then, i n  p l a c e  of t h e  f a t i g u e  power law, a r e s i d u a l  s t r e n g t h  
decay  law may be  p o s t u l a t e d  r e f s .  3 .24 ,  3 .29 ,  and 3.30). Yang and L i u  
( r e f .  3.23) chose  an e x p r e s s i o n  o f  t h e  form: 

-dn = 

where r t h e  stress r a t i o  f o r  c y c l i c  l o a d i n g  
t h e  f r equency  

c a c o n s t a n t  
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Since  f a t i g u e  f a i l u r e  o c c u r s  when t h e  r e s i d u a l  s t r e n g t h ,  is  reduced t o  
t h e  maximum a p p l i e d  c y c l i c  stress, S, e q u a t i o n s  3.151 and 3.152 can  a l s o  p rov ide  a 
framework f o r  f i t t i n g  e x i s t i n g  expe r imen ta l  ' da ta  w i t h  e x p r e s s i o n s  t h a t  can  be  used 
t o  p r e d i c t  l onge r  l i f e t i m e  b e h a v i o r .  

S t i l l  a n o t h e r  approach r e p r e s e n t e d  by t h e  e a r l y  work o f  Ha lp in ,  J e r i n a ,  and 
Johnson,  ( r e f .  who i n c o r p o r a t e d  s t a t i s t i c a l  v a r i a b i l i t y  i n t o  t h e  wearout  
model. O the r  approaches e x i s t  as well .  However, t h e  p o i n t  i s ,  t h a t  when assump-
t i o n s  are made w i t h  r ega rd  t o  t h e  form o f  l i f e t i m e  d a t a  o b t a i n e d  
fo r  g i v e n  c y c l i c  l oad ing  c o n d i t i o n s  (or f o r  r e s i d u a l  s t r e n g t h  d a t a  ob t a ined  a f t e r  a 
g iven  number of  c y c l e s ) ,  and t h e  f u n c t i o n a l  form of t h e  real t  between 
load  and mean l i f e t i m e  ( o r  mean r e s i d u a l  s t r e n g t h  and l i f e t i m e ) ,  i t  is  p o s s i b l e  t o  
e s t a b l i s h  a s t a t i s t i c a l  r e p r e s e n t a t i o n  of  s t ress  and l i f e t i m e  which is u s e f u l  f o r  
d e f i n i n g  P-S-N c u r v e s  ove r  t h e  f u l l - t i m e  s c a l e  of i n t e r e s t .  A t  t h e  p r e s e n t  t i m e ,  
t h i s  appears  t o  be t h e  most p romis ing  approach t o  f a t i g u e  e v a l u a t i o n  of  con t inuous  
l a m i n a t e s .  

Laminates  w i th  D i s c o n t i n u i t i e s .  

Unders tanding  t h e  f a t i g u e  f a i l u r e  of un i form l a m i n a t e s  s u b j e c t e d  t o  c y c l i c  l oad ing  
i s  b u t  a f i r s t  s t e p  i n  t h e  f a t i g u e  d e s i g n  o f  a e r o n a u t i c a l  s t r u c t u r e s .  P r a c t i c a l  
s t r u c t u r e s  w i l l  have  r e g i o n s  o f  s t ress  c o n c e n t r a t i o n s  which may be  t h e  o r i g i n  of 
c r a c k s  or o t h e r  damages which c a n  p r o p a g a t e  t o  f a i l u r e  d u r i n g  c y c l i c  l o a d i n g .  A s  a 
r e s u l t ,  t h e  d e s i g n  of  compos i te  a i r c r a f t  s t r u c t u r e s  f o r  s p e c i f i e d  l i f e t i m e  under  a 
d e f i n e d  spec t rum o f  l o a d s  is a complex t a s k .  An u n d e r s t a n d i n g  i s  r e q u i r e d  of 

f a i l u r e  mechanisms at  v a r i o u s  l o c a t i o n s  w i t h i n  t h e  s t r u c t u r e ,  
r e g i o n s  bo th  w i t h  and w i thou t  d i s c o n t i n u i t i e s .  

Eor known e x t e r n a l  l o a d i n g ,  t h e  membrane s t ress  s t a t e  a t  any p o i n t  i n  a s t r u c t u r e  
d e f i n e d ,  and l i f e t i m e  can  be de te rmined  by u s ing  t h e  methods of s e c t i o n  3.8.1.  

The l i f e t i m e  of a compos i te  s t r u c t u r e  can  t h e n  be de t e rmined  by u s ing  t h e s e  methods 
t o  f i n d  t h e  s t r u c t u r a l  l o c a t i o n  hav ing  t h e  s h o r t e s t  p r e d i c t e d  l i f e t i m e .  T h i s  
approach m u s t  be examined i n  more d e t a i l  when t h e  c r i t i c a l  l o c a t i o n  i s  at a f r e e  
edge of  a l a m i n a t e ,  such a s  around t h e  p e r i p h e r y  o f  a c u t o u t .  T h i s  approach 
even  more u n c e r t a i n  when t h e  l o c a t i o n  of i n t e r e s t  is i n  a r e g i o n  hav ing  a s h a r p  
g r a d i e n t  stress r e s u l t a n t s  due t o  s t ress  c o n c e n t r a t i o n  e f f e c t s .  

The problems r e s u l t i n g  from stress c o n c e n t r a t i o n s  and f r e e  edges a r e  b e s t  i l l u s -
t r a t e d  by c o n s i d e r i n g  a l a m i n a t e  c o n t a i n i n g  a c i r c u l a r  h o l e .  S t a t i c  f r a c t u r e  f o r  
t h i s  c a s e  was c o n s i d e r e d  i n  s e c t i o n  3.7.4.  The stress d i s t r i b u t i o n  d e s c r i b e d  
t h e r e i n  ( s e e  f i g u r e s  h e l p  e x p l a i n  t h e  n a t u r e  o f  t h e  f a t i g u e  problem. The 
in- plane  stress c o n c e n t r a t i o n s  ( f i g u r e  3.32)  may g i v e  rise t o  in- plane  c r a c k s ,  and 
t h e  i n t e r l a m i n a r  stresses ( f i g u r e s  3.33 and 3.34)  may g i v e  r i s e  t o  d i sbond ing  a t  
t h e  f r e e  edges .  Each o f  t h e s e  d e f e c t s  may grow as a r e s u l t  l o a d s  and 
t h e y  may grow a t  d i f f e r e n t  rates and i n  d i f f e r e n t  l e a d i n g  
t o  f a i l u r e .  T h i s  problem i s  d i s c u s s e d  i n  s e c t i o n  3 .8 .2 .1  below. 

Another  d i f f i c u l t y  a s s o c i a t e d  w i th  l i f e t i m e  p r e d i c t i o n  f o r  p r a c t i c a l  l amina t e s  
stems from t h e  f a c t  t h a t  an i n t e r l a m i n a r  d i sbond  i s  common d e f e c t  which can  
occu r  d u r i n g  manufac ture  or s e r v i c e .  When a d i sbond  e x i s t s  i n  a r e g i o n  where 
t h e  l a m i n a t e  s u b j e c t e d  t o  ou t- of- plane  l o a d s  or t o  t r a n s v e r s e  s h e a r ,  t h e  d i sbond  
may p ropaga t e  t o  c r i t i c a l  d imens ions  under  c y c l i c  l oad ing  c o n d i t i o n s .  T h i s  pro-
blem i s  d i s c u s s e d  i n  s e c t i o n  3.8.2 .2  below. 
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Regions of  d i s c o n t i n u i t y  and s t r e s s  c o n c e n t r a t i o n  may a l s o  be i n t r o d u c e d  by 
abnormal c o n d i t i o n s  such as  f o r e i g n  o b j e c t  impact .  Although t h i s  i s  d i s c u s s e d  
s e p a r a t e l y  i n  s e c t i o n  3 . 8 . 3 ,  s e r v i c e  damage is  a problem h a v i n g  much i n  common w i t h  
t h e  l o c a l  f a i l u r e  o c c u r r i n g  due t o  s t ress  c o n c e n t r a t i o n s  o r  due t o  i m p e r f e c t i o n s  
r e s u l t i n g  from t h e  f a b r i c a t i o n  p r o c e s s .  I n  a l l  t h e s e  c a s e s ,  t h e  c o n c e r n  i s  w i t h  
t h e  p o s s i b l e  s t a b l e  growth o f  l o c a l  d e f e c t s  under  c y c l i c  l o a d .  D e f e c t  r e g i o n s  may 
reach  a s i z e  a t  which t h e  s t r u c t u r e  i s  weakened so t h a t  i t  may no l o n g e r  be  a b l e  t o  
c a r r y  t h e  d e s i g n  u l t i m a t e  l o a d s .  

The s u b j e c t  o f  d e f e c t  c r i t i c a l i t y  t h e  f o c u s  o f  much c u r r e n t  r e s e a r c h .  i s  
not i n t e n d e d  t h a t  t h i s  t e x t  p r o v i d e  a d e t a i l e d  d i s c u s s i o n  o f  such contemporary 
r e s e a r c h ;  r a t h e r ,  t h e  f o l l o w i n g  m a t e r i a l  in tended  t o  d e s c r i b e  t h e  n a t u r e  of  t h e  
p o s s i b l e  damage growth and t o  a l e r t  t h e  r e a d e r  t o  t h e  n e c e s s i t y  o f  a sound t es t  
program t o  v a l i d a t e  t h e  s t r u c t u r a l  d e s i g n  a g a i n s t  t h e  p o s s i b l e  e f f e c t s  o f  d e f e c t s .  
Design p r o c e d u r e s  t o  a d d r e s s  t h e s e  d i f f i c u l t i e s  w i l l  be d i s c u s s e d  q u a l i t a t i v e l y .  

3 . 8 . 2 . 1  Damage I n i t i a t i o n  and Growth a t  Unloaded Holes .  

The growth o f  a c r a c k  from a h o l e  a p l a t e  s t r u c t u r e  t h e  c l a s s i c  r e p r e s e n t a-
t i o n  o f  a s i n g l e  i s o l a t e d  damage p r o p a g a t i o n  mechanism which domina tes  s t r u c t u r a l  
f a i l u r e .  I n  f a t i g u e  o f  m e t a l s ,  a h o l e  i n  a p l a t e  s u b j e c t e d  t o  c y c l i c  membrane 
l o a d i n g  g i v e s  r i s e  t o  c r a c k  i n i t i a t i o n  a t  t h e  edge of  t h e  h o l e ,  fo l lowed  by s t a b l e  
c r a c k  p r o p a g a t i o n  and t h e n  by c a t a s t r o p h i c  f a i l u r e .  For  c o m p o s i t e s ,  a number o f  
e x p e r i m e n t a l  s t u d i e s  o f  f a t i g u e  b e h a v i o r  of  l a m i n a t e s  w i t h  c i r c u l a r  h o l e s  have 
r e p o r t e d  a s i m i l a r  sequence o f  damage i n i t i a t i o n  and p r o p a g a t i o n  ( r e f s .  3 .15,  
3 . 2 6 ) .  Var ious  damage growth mechanisms a r e  g e n e r a l l y  obse rved  which i n d i c a t e  t h a t  
m a t r i x  mode f a i l u r e  w i t h i n  t h e  p l i e s  l e a d i n g  c r a c k s  p a r a l l e l  t o  t h e  f i b e r s  i s  
t h e  f i r s t  damage t o  i n i t i a t e .  A s  load  c y c l i n g  c o n t i n u e s ,  t h e s e  i n t r a l a m i n a r  c r a c k s  
a r e  fo l lowed  by i n t e r l a m i n a r  d i s b o n d s .  For t h e  c a s e  of c y c l i c  l o a d i n g ,  t h e  
p l e x i t y  o f  damage growth mechanisms i n c r e a s e d  because  o f  l o c a l  d e g r a d a t i o n s  i s  
r e s i d u a l  s t r e n g t h  (and perhaps  i n  r e s i d u a l  s t i f f n e s s ) .  Depending upon t h e  l a m i n a t e  
c o n s t r u c t i o n ,  t h i s  damage p r o g r e s s e s ,  w i t h i n  i n c r e a s i n g  c y c l e s ,  w i t h  e i t h e r  i n t e r -
laminar  o r  t r a n s l a m i n a r  ( t h r o u g h- t h e- t h i c k n e s s )  c r a c k i n g  p redomina t ing .  

Depending upon t h e  t y p e  and d i r e c t i o n  o f  damage g rowth ,  r e s i d u a l  s t r e n g t h  w i l l  
change;  g e n e r a l l y ,  w i l l  d e c r e a s e  m o n o t o n i c a l l y .  However, t h e  r e s i d u a l  s t r e n g t h  
o f  t h e  l a m i n a t e  a s  a whole  c a n  sometimes i n c r e a s e  because  of  a r e d u c t i o n  i n  s t r e s s  
c o n c e n t r a t i o n  due t o  l o c a l  c r a c k i n g  at  t h e  h o l e .  C o n s i d e r a t i o n  o f  changes  i n  
r e s i d u a l  s t r e n g t h ,  a s  w e l l  a s  s i m u l t a n e o u s  m o d e l l i n g  o f  growth o f  a l l  k i n d s  o f  
damage, pose  a d i f f i c u l t  problem. Mode l l ing  o f  i n t r a l a m i n a r  damage growth as w e l l  
a s  s t r e n g t h  d e g r a d a t i o n  h a s  been  a t t empted  i n  r e f e r e n c e  3 .31 f o r  c o r r e l a t i o n  w i t h  
e x p e r i m e n t a l  d a t a .  Growth o f  i n h e r e n t  i n t e r l a m i n a r  d i s b o n d s  h a s  been model led 
r e f e r e n c e  3 .32 by t h e  u s e  of  s e m i e m p i r i c a l ,  s e l f - s i m i l a r  c r a c k  growth l aws ,  which 
a r e  commonly used f o r  m e t a l s .  For compress ion ,  a wearout- type model t o  p r e d i c t  
r e s i d u a l  s t r e n g t h  and/or  l i f e t i m e  based on based on b u c k l i n g  o f  t h e  de lamina ted  
p l i e s  has  a l s o  been a t t empted  i n  r e f e r e n c e  3 .32 f o r  d a t a  c o r r e l a t i o n  p u r p o s e s .  An 
a t t e m p t  t o  model changes  i n  r e s i d u a l  s t r e n g t h  as  w e l l  a s  growth o f  i n t r a l a m i n a r  and 
i n t e r l a m i n a r  damage r e p o r t e d  i n  r e f e r e n c e s  3 .33 and 3 .34 .  These  s t u d i e s  c l e a r l y  
show two major  problems w i t h  which one  h a s  t o  d e a l  m o d e l l i n g  damage growth.  The 
f i r s t  problem i s  t h a t  a d a t a  b a s e  d o e s  n o t  e x i s t  f o r  t h e  changes  i n  r e s i d u a l  
s t r e n g t h  of t h e  u n i d i r e c t i o n a l  lamina under  t e n s i o n  and compress ion  l o n g i t u d i-
n a l  and t r a n s v e r s e  d i r e c t i o n s )  a s  wel l  a s  i n  s h e a r .  I n t e r l a m i n a r  s t r e n g t h s  may 
a l s o  degrade  under  c y c l i c  l o a d i n g .  The second problem i s  t h e  complex i ty  invo lved  

s t ress  a n a l y s i s  i n  t h e  p r e s e n c e  o f  b o t h  i n t r a l a m i n a r  and i n t e r l a m i n a r  damages. 
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s o l u t i o n  t o  t h e  f i r s t  problem c a n  be o b t a i n e d  by a comprehensive  t e s t  program. 
A l t e r n a t i v e l y ,  l i m i t e d  t e s t  d a t a  and r e a s o n a b l e  e s t i m a t i o n  p r o c e d u r e s  l i n e a r  
r e s i d u a l  s t r e n g t h  r e d u c t i o n )  may be u t i l i z e d .  

The s t r e s s  a n a l y s i s  problem d i s c u s s e d  above c a n  p o s s i b l y  be  hand led  by t h e  u s e  of  
f i n i t e  element f o r m u l a t i o n s .  One such a t t e m p t  is d e s c r i b e d  i n  r e f e r -

ence 3 . 3 5 ,  where has  been shown t h a t  f i b e r  b r e a k a g e ,  m a t r i x  c r a z i n g ,  c r a c k  
bridging, m a t r i x- f i b e r  debonding and a x i a l  s p l i t t i n g  c a n  o c c u r  n e a r  a b u i l t - i n  f l a w  

a u n i d i r e c t i o n a l  composi te  d u r i n g  q u a s i - s t a t i c  l o a d i n g  p r i o r  t o  c a t a s t r o p h i s  
Use of  t h i s  model f o r  s t u d y i n g  damage growth i n  l amina ted  compos i t es  i s  

t o  be t o o  cumbersome a s  w e l l  a s  e x p e n s i v e  and h a s  not been a t t empted  t o  
For compress ion l o a d s  , such  mic romechan ica l  models shou ld  a l s o  i n c l u d e  t h e  

r! of  i m p e r f e c t i o n s  and t h e  p o s s i b i l i t y  o f  o f  t h e  f i b e r s .  For 
s t u d y  o f  l amina ted  c o m p o s i t e s ,  u s e  o f  3-D f i n i t e  e l e m e n t s  h a s  been a t t empted  
p a s t .  Model l ing each lamina a s  an assembly o f  p l a t e- t y p e  e lements  may a l s o  be 

a t t empted .  Mode l l ing  damage growth r e q u i r e s  t h e  u s e  of  an i t e r a t i v e  t e c h n i q u e ,  
and,  t h e r e f o r e ,  u s e  of  3-D b r i c k  e l e m e n t s  or p l a t e  e l e m e n t s ,  which becomes an 

p r o p o s i t i o n .  For many t y p e s  o f  l a m i n a t e s  s u b j e c t e d  t o  t e n s i o n a l  load-
i n g s ,  t h e  e f f e c t s  o f  normal d i s p l a c e m e n t s  c a n  o f t e n  be  n e g l e c t e d ,  and such c a s e s  

lamina c a n  be model led u s i n g  membrane e l e m e n t s  t o  d e p i c t  t h e  in- plane  
response .  Such an approach has  been u t i l i z e d  i n  r e f e r e n c e  3 . 3 6 ,  where t h e  nodes 
a d j a c e n t  laminae a r e  assumed t o  be connected by s h e a r  s p r i n g s ,  which a r e  assumed t o  
b e  r i g i d  under e x t e n s i o n .  The s t i f f n e s s e s  of  t h e  s p r i n g s  a r e  c a l c u l a t e d  from t h e  
i n t e r l a m i n a r  s h e a r  modul i .  To model, damage growth under  q u a s i - s t a t i c  l o a d i n g  of  
notched l a m i n a t e s ,  t h e  model i s  loaded i n  s t e p s  and a f t e r  each  s t e p  a p p r o p r i a t e  
s t i f f n e s s e s  of each element a r e  reduced i f  f a i l u r e  i s  e x p e c t e d  i n  a p a r t i c u l a r  
mode, and t h e  load  r e c a l c u l a t e d  i n  an i t e r a t i v e  f a s h i o n .  To c o n s i d e r  load 
c y c l i n g  e f f e c t s  t e n s i o n  f a t i g u e ,  u s e  i s  made o f  assumed d e g r a d a t i o n  

o f  each s t r e n g t h  pa ramete r .  An i t e r a t i v e  t e c h n i q u e  i s  a g a i n  used f o r  number 
of  c y c l e s .  The methodology of  r e f e r e n c e  3 . 3 6  has  been  used f o r  a 
f a t i g u e  s t u d y  i n  r e f e r e n c e  3 . 3 7 .  

The model o f  r e f e r e n c e  3 . 3 6  d e s c r i b e d  h e r e  t o  i l l u s t r a t e  t h e  phenomenon of  dam-
age growth.  The model u t i l i z e d  t o  s t u d y  p r o g r e s s i v e  damage growth i n  laminated 
compos i t es  c o n s i d e r s  t h e  i n t e r a c t i o n s  o f  t h e  i n d i v i d u a l  p l i e s  and u s e s  m a t r i x  
f a i l u r e  aqd p l y  as  t h e  f a i l u r e  mechanisms. S t r e s s  a n a l y s i s  i n  t h e  

of v a r i o u s  damage modes i s  c a r r i e d  o u t  i n  an i t e r a t i v e  manner. The 
methodology c o n s i s t s  o f  a f i n i t e  e lement  s t r e s s  a n a l y s i s  and a f a i l u r e  a n a l y s i s .  A 
d e t a i l e d  s t u d y  o f  load c y c l i n g  e f f e c t s  i s  not c o n s i d e r e d ,  b u t  an a t t empt  is  made t o  
d e t e r m i n e  e f f e c t s  o f  d e g r a d a t i o n  o f  m a t r i x  m a t e r i a l  i n  each lamina and s t r e n g t h  
c h a r a c t e r i s t i c s  o f  t h e  i n t e r f a c e s  b e c a u s e  of  f a t i g u e .  However, u s e  can be  made of  
a f a t i g u e  a n a l y s i s  methodology s i m i l a r  t o  t h e  ones  u t i l i z e d  i n  r e f e r e n c e s  3 . 3 3 ,  
3 . 3 4 ,  and 3 . 3 6  t o  c o n s i d e r  t h e  e f f e c t s  of  load  c y c l i n g  on g r a d u a l  s t r e n g t h  degrada-
t i o n .  T h i s  approach has  t h e  a b i l i t y  t o  p r e d i c t  t h e  v a r i o u s  t y p e s  of  damages which 
may o c c u r  i n  r e a l i t y ,  i n  c o n t r a s t  t o  macromechanical  l i f e  p r e d i c t i o n  methodologies  
based on s t r e n g t h  d e g r a d a t i o n s  which a r e  t o  be  de te rmined  from t e s t  d a t a .  

The l a m i n a t e  i n  r e f e r e n c e  3 . 3 6  i s  model led w i t h  membrane and beam e lements .  The 
membrane e lements  a r e  used t o  r e p r e s e n t  t h e  p l i e s  and a r e  q u a d r i l a t e r a l  
p l a n e  s t r e s s  e lements  w i t h  o r t h o t r o p i c  e l a s t i c  p r o p e r t i e s .  The beam e l e m e n t s  a r e  
used t o  r e p r e s e n t  t h e  p l y  i n t e r f a c e s ;  t h e y  a l s o  have o r t h o t r o p i c  e l a s t i c  proper-
t i e s ,  b u t  do no t  have any a x i a l  d i s p l a c e m e n t s .  The moment of  i n e r t i a  of  t h e  
c r o s s- s e c t i o n  a d j u s t e d  t o  o b t a i n  t h e  n e c e s s a r y  s h e a r  d i sp lacement  from t h e  
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bending s t i f f n e s s .  The beams t h u s  a c t  a s  s h e a r  s p r i n g s .  T h i s  model a p p e a r s  
s u i t a b l e  t o  d e m o n s t r a t e  c o n c e p t s ;  f o r  a more d e t a i l e d  a n a l y s i s ,  u s e  
a more s o p h i s t i c a t e d  f i n i t e  e lement  model may be n e c e s s a r y .  

The o b j e c t i v e  o f  t h i s  a n a l y s i s  i s  t h e  p r e d i c t i o n  of  t h e  load a t  which t h e  d i f f e r -
e n t  e lements  t h e  model w i l l  f a i l .  Composite l a m i n a t e s  c a n  f a i l  v a r i o u s  
modes; hence ,  d i f f e r e n t  f a i l u r e  c r i t e r i a  a r e  r e q u i r e d  t o  d e t e r m i n e  t h e  l i k e l y  node 
o f  f a i l u r e .  The c r i t e r i a  used a r e  p r e s e n t e d  i n  t a b l e  3 . 9 .  These c r i t e r i a  
w i t h  t h r e e  t y p e s  o f  f a i l u r e :  m a t r i x  and f i b e r  f a i l u r e  w i t h i n  a l amina  and i n t e r -
l a m i n a r  f a i l u r e .  In- plane  ( l a m i n a )  and i n t e r l a m i n a r  f a i l u r e s  a r e  assumed t o  have 
no i n t e r a c t i o n ;  o n l y  t h e  in- plane  s t resses  a r e  involved i n  in- plane  f a i l u r e  
mechanisms and i n t e r l a m i n a r  f a i l u r e  r e s u l t s  o n l y  from i n t e r l a m i n a r  s h e a r  and normal 
s t r e s s e s .  

The f a i l u r e  a n a l y s i s  methodology is  o u t l i n e d  i n  f i g u r e  3 . 5 7 .  I n  e v e r y  load  s t e p ,  
s t a t i c  s t r e n g t h  i s  c o n s i d e r e d  f i r s t .  S t r e s s e s  a r e  c a l c u l a t e d  w i t h  a f i n i t e  element 
a n a l y s i s  f o r  a u n i t  l o a d .  For each  e l e m e n t ,  assuming l i n e a r  e l a s t i c  b e h a v i o r ,  
f a i l u r e  load r a t i o s  a r e  c a l c u l a t e d  from t h e  s t ress  d i s t r i b u t i o n  and a l l  t h e  f a i l u r e  
c r i t e r i a .  The lowes t  r a t i o  i s  de te rmined  and b o t h  t h e  f a i l u r e  load  and t h e  mode 
f a i l u r e  f o r  t h e  element a r e  p r e d i c t e d .  The f a i l u r e  l o a d s  f o r  a l l  e l e m e n t s  a r e  
compared t o  an a p p l i e d  load  s l i g h t l y  h i g h e r  t h a n  t h e  lowes t  f a i l u r e  load  and a l l  
e l e m e n t s  t h a t  have f a i l e d  a r e  i d e n t i f i e d .  The p o s s i b i l i t y  o f  g r o s s  l a m i n a t e  
f a i l u r e  i s  t h e n  examined by comparing t h e  a p p l i e d  load  t o  t h e  r e s i d u a l  l a m i n a t e  
s t r e n g t h .  I f  t h i s  p o s s i b i l i t y  does  no t  e x i s t ,  loss o f  s t r e n g t h  and s t i f f n e s s  of  
t h e  f a i l e d  e lements  i s  r e f l e c t e d  i n  t h e  nex t  s t e p  by r e d u c i n g  t h e i r  s t i f f n e s s e s  and 
l o a d- c a r r y i n g  c a p a c i t y .  T h i s  a n a l y t i c a l  p r o c e s s  c a n  be r e p e a t e d  u n t i l  t h e  l a m i n a t e  
f a i l s .  

Load c y c l i n g  e f f e c t s  c a n  be  c o n s i d e r e d  r e a d i l y  t h e  methodology assumes t h a t  t h e  
p r i n c i p l e  e f f e c t  o f  f a t i g u e  l o a d i n g  i s  t h e  r e d u c t i o n  m a t e r i a l  s t r e n g t h s  due t o  
accumula t ion  of l o c a l i z e d  damage. I n  p r a c t i c a l  f i b e r  c o m p o s i t e s ,  t h e  m a t r i x  
e s p e c i a l l y  s u s c e p t i b l e  t o  f a t i g u e  damage, b u t  t h e  f i b e r s  remain  l a r g e l y  u n a f f e c t e d .  
Due t o  m a t r i x  wearou t ,  t h e r e  is  s i g n i f i c a n t  r e d u c t i o n  s t r e n g t h ,  b u t  t h e  
s t i f f n e s s  remains  u n a l t e r e d .  Exper imenta l  r e s u l t s  ( r e f .  3 . 3 7 )  c o n f i r m  t h e  v a l i d i t y  
of t h i s  assumption.  F a t i g u e  f a i l u r e  l o a d s  a r e  c a l c u l a t e d  f o r  a l l  e l e m e n t s  based on 
r e s i d u a l  s t r e n g t h .  T h i s  d e f i n e s  t h e  f a i l e d  e l e m e n t s  a t  any load  l e v e l  a f t e r  t h e  
s p e c i f i e d  number of  c y c l e s .  Laminate  r e s i d u a l  s t r e n g t h  c a n  be de te rmined  by s t a t i c  
a n a l y s i s  u s i n g  t h e  r e s i d u a l  s t r e n g t h s  o f  a l l  e l e m e n t s .  

R e p r e s e n t a t i v e  i n t e r l a m i n a r  d i sbond  growth shown f i g u r e  3 . 5 8  ( f rom r e f .  
f o r  a t y p i c a l  l a m i n a t e .  D e l a m i n a t i o n  i n i t i a t e s  on b o t h  s i d e s  of  t h e  
no tch  ( a t  t h e  i n t e r f a c e  n e a r  t h e  s u r f a c e )  a t  t h e  a x i a l  t a n g e n t  p o i n t s  and 
p r o p a g a t e s  towards t h e  end t a b s .  The r e g i o n s  of  d e l a m i n a t i o n  i n i t i a l l y  d e v e l o p  
a l l  f o u r  q u a d r a n t s  around t h e  no tch  i n  a un i fo rm and symmetric manner.  Growth o f  
each r e g i o n  t h e n  p r o g r e s s e s  a l o n g  t h e  a x i a l  t a n g e n t  l i n e  t o  t h e  no tch  a s  w e l l  a s  
a long  t h e  c i rcumference  of t h e  no tch  towards  t h e  c e n t e r  of  t h e  specimen.  T h i s  
c i r c u m f e r e n t i a l  p r o g r e s s i o n  e v e n t u a l l y  r e su l t s  i n  t h e  b r i d g i n g  o f  t h e  d e l a m i n a t i o n  

t h e  upper  two q u a d r a n t s  and,  s i m i l a r l y ,  t h e  lower two q u a d r a n t s .  Upon comple-
t i o n  of t h e  j o i n i n g  o f  t h e s e  r e g i o n s ,  t h e  d e l a m i n a t i o n  c o n t i n u e s  towards  t h e  

c o n t a i n e d  w i t h i n  a r e g i o n  bounded by t h e  a x i a l  t a n g e n t  l i n e s  t o  t h e  
( f i g u r e  

Photomicrographs  of  t h e  a x i a l  and t r a n s v e r s e  s e c t i o n s  of  t h i s  specimen show t y p i c a l  
i n t r a l a m i n a r  damage. F i g u r e  3 . 5 9  shows an a x i a l  s e c t i o n  t a n g e n t  t o  t h e  c i r c u l a r  
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a t  t h e  u l t r a s o n i c  C-scans ( f i g u r e  becomes e v i d e n t  t h a t  
t h i s  s e c t i o n  c o n t a i n s  a damage zone a l o n g  t h e  r i g h t  s i d e  of  t h e  h o l e .  V i s u a l  

of  t h e  photomicrograph r e v e a l s  numerous i n t r a l a m i n a r  m i c r o c r a c k s  occur-
r i n g  i n  t h e  and -45" p l i e s .  C l o s e  e x a m i n a t i o n  shows t h a t ,  p r a c t i c a l l y  a l l  

t h e  c r a c k s  appear  t o  have e i t h e r  i n i t i a t e d  o r  t e r m i n a t e d  a t  t h e  0' p l y  
The d i s t r i b u t i o n  o f  c r a c k s  r e l a t i v e l y  random, and most cases t h e  

d i s t r i b u t i o n  i s  d i r e c t e d  p e r p e n d i c u l a r  t o  t h e  f i b e r  d i r e c t i o n .  

FIGURE 3.59. TRANSVERSE SECTION OF SPECIMEN OF 
LAMINATE 

A s e c t i o n  o f  t h i s  specimen which i s  a c u t  a t r a n s v e r s e  d i r e c t i o n  t a n g e n t  t o  t h e  
no tch  i s  shown i n  f i g u r e  3.60. As ide  from a s m a l l  number of randomly d i s t r i b u t e d  
c r a c k s ,  t h e  m a j o r i t y  of c r a c k s  a r e  shown t o  be o r i e n t e d  and c o n f i n e d  

t o  t h e  0" p l i e s .  The c r a c k s  e x t e n d  c o m p l e t e l y  th rough  each g roup  of 
two 0" p l i e s  and t e r m i n a t e  a t  t h e  a n g l e  p l y  i n t e r f a c e s .  I t  shou ld  be noted t h a t  
a l l  of  t h e  c r a c k s  i n  t h e  c o l l i n e a r  o r i e n t a t i o n  a r e  a l i g n e d  w i t h  t h e  c r a c k s  i n  t h e  
0" p l i e s  on the s u r f a c e s ,  which are observed  t o  o r i g i n a t e  a t  t h e  edge o f  t h e  h o l e  
on t h e  C-scan ( f i g u r e  3 . 5 7 ) .  The o n l y  o b v i o u s  d e l a m i n a t i o n  i s  found a t  t h e  
i n t e r f a c e  n e a r e s t  t o  t h e  s u r f a c e ,  a s  no ted  e a r l i e r .  T h i s  i n d i c a t e s  t h a t  while- the 
d e l a m i n a t i o n  is l i m i t e d  main ly  t o  t h e  s u r f a c e  l a y e r s ,  a s  i n d i c a t e d  on t h e  C- scans,  
t h e  a x i a l  c r a c k  p r o p a g a t i o n  shown on t h e  s u r f a c e  p l i e s  a l s o  e x t e n d s  a s i m i l a r  
f a s h i o n  th rough  each set of  0" p l i e s  th roughout  t h e  t h i c k n e s s .  
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Although v a r i o u s  a n a l y t i c a l  models and c r i t e r i a  have been developed f o r  
t h e- t h i c k n e s s  d e f e c t s  l i k e  c r a c k s ,  o r  h o l e s ,  and t h e  damage mechanisms which d e v e l o p  
under s t a t i c  and c y c l i c  l o a d i n g  a r e  r e l a t i v e l y  c l e a r ,  q u a n t i t a t i v e  assessment  of  
t h e  c r i t i c a l i t y  of  such d e f e c t s  remains  a compl ica ted  t a s k .  The r e a s o n  f o r  t h i s  
complex i ty  t h e  growth o f  d e l a m i n a t i o n s  between v a r i o u s  laminae and d i s b o n d s  i n  
t h e  m a t r i x  and/or  f i b e r- m a t r i x  i n t e r f a c e s  i n  t h e  i n d i v i d u a l  l a y e r s .  For t h i s  
r e a s o n ,  use  of f r a c t u r e  mechanics methodolog ies  t o  s o l v e  t h i s  problem h a s  m e t  w i t h  
o n l y  p a r t i a l  s u c c e s s .  

FIGURE 3.60. AXIAL SECTION OF SPECIMEN OF LAMINATE 

Under s t a t i c  l o a d i n g ,  u s e  of  a s t ress  c r i t e r i o n  a t  a p o i n t  a s h o r t  d i s t a n c e  away 
from t h e  ( r e f .  3 . 3 8 )  c o n s i d e r e d  a v i a b l e  method of  s t r e n g t h  p r e d i c t i o n  
by many d e s i g n e r s .  F i n i t e  e lement  m o d e l l i n g  o r  p r o g r e s s i v e  damage growth m o d e l l i n g  
may y i e l d  more r e a l i s t i c  a s s e s s m e n t s  of  damage growth,  a l t h o u g h  t h e y  have t h e i r  own 
l i m i t a t i o n s ,  e s p e c i a l l y  from t h e  p o i n t  of  accuracy  as  w e l l  a s  c o s t .  Mode l l ing  o f  
damage growth under  c y c l i c  l o a d i n g  s t i l l  t h e  s t a t e  of r e s e a r c h  and develop-
m e n t  ( s e e  r e f .  3 . 3 9 ) .  References  3 . 2 6 ,  3 . 3 9 ,  and 3.40 p r e s e n t  reviews o f  t h e  
s t a t u s  o f  t h i s  work. A c o n s i d e r a b l e  amount of  work s t i l l  t o  be performed t o  p u t  
t h e  a n a l y t i c a l  methodology f o r  a s s e s s i n g  two- dimensional growth o f  damage s t a r t i n g  
from t h e  edge of  a h o l e  on a sound f o o t i n g .  I n  t h e  i n t e r i m ,  e x p e r i m e n t a l  t r e a t m e n t  
of  p l a t e s  w i t h  h o l e s  i s  n e c e s s a r y .  

There  a r e  i n d i c a t i o n s  t h a t  t e n s i o n  f a t i g u e  of l a m i n a t e s  w i t h  h o l e s  may be less  
s e r i o u s  t h a n  compress ion f a t i g u e .  I n  t h e  l a t t e r  c a s e ,  t h e  d i s b o n d s  c a n  l e a d  t o  
l o c a l i z e d  compress ive  i n s t a b i l i t i e s  which a r e  c a t a s t r o p h i c .  Methods f o r  a s s e s s i n g  
d i sbond  growth a r e  t r e a t e d  t h e  f o l l o w i n g  s e c t i o n .  

3 . 8 . 2 . 2  Growth o f  I n t e r l a m i n a r  Disbonds.  

The d i sbond  r e f l e c t s  t h e  second major  r e p r e s e n t a t i v e  problem o f  f a t i g u e  i n  t h e  
p r e s e n c e  of d i s c o n t i n u i t i e s .  Growth o f  damage of t h i s  type  can occur  w i t h o u t  
b r e a k i n g  any f i b e r s .  S i n c e  t h e  m a t r i x  i s  t h e  weak c o n s t i t u e n t ,  t h i s  r e p r e s e n t s  a 
p o t e n t i a l l y  c r i t i c a l  f a i l u r e  mechanism. growth c a n  occur  w i t h o u t  any 
v i s i b l e  i n d i c a t i o n  on t h e  s u r f a c e  of t h e  p a r t .  Hence,  t h i s  f a i l u r e  mechanism i s  a 
s e r i o u s  hazard  t o  f l i g h t  s a f e t y .  
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Disbonds can p ropaga te  a s  a r e s u l t  o f  t r a n s v e r s e  s h e a r ,  out- of- plane l o a d i n g  o r  
in- plane  compress ion.  For a l l  o f  t h e s e  l o a d s ,  t h e r e  w i l l  be  i n t e r l a m i n a r  s h e a r  and 
normal s t resses  i n  t h e  p l a n e  o f  t h e  d i s b o n d ,  w i t h  s i n g u l a r i t i e s  a t  t h e  p e r i p h e r y .  
S i n c e  t h e  d i sbond  p r o p a g a t e s  e n t i r e l y  w i t h i n  t h e  m a t r i x  m a t e r i a l ,  methods o f  
c l a s s i c a l  f r a c t u r e  mechanics  appear  a p p r o p r i a t e .  There  a s t r o n g  r e l a t i o n s h i p  
between t h i s  t y p e  of  damage growth and t h e  f a i l u r e  of  an a d h e s i v e l y  bonded j o i n t .  
F r a c t u r e  p r o p a g a t i o n  can  occur  a c r a c k  opening mode, deno ted  Mode I ;  forward 
s h e a r  mode, denoted Mode o r  a l a t e r a l  s h e a r  mode, deno ted  Mode 

Growth o f  i s o l a t e d  d i s b o n d s  i n  Mode I ,  Mode o r  combined modes under  
o r  c y c l i c  l o a d i n g  h a s  been model led by v a r i o u s  i n v e s t i g a t o r s  u s i n g  f r a c t u r e  mechan-
i c s  methodolog ies  and f a t i g u e  c r a c k  growth laws.  T h i s  s u b j e c t  h a s  r e c e n t l y  been 
reviewed i n  r e f e r e n c e  3 .39 ,  i n  which i t  i s  r e p o r t e d  t h a t  growth of  d i s b o n d s  from 
s u r f a c e  f l aws  o r  from edges  has  a l s o  been s t u d i e d .  I n  a l l  such s t u d i e s ,  s t r a i n  
energy  r e l e a s e  r a t e s  o r  s t r e s s  i n t e n s i t y  f a c t o r s  a r e  c a l c u l a t e d  by a n a l y t i c a l  
numer ica l  methods ,  and o t h e r  s e m i e m p i r i c a l  p a r a m e t e r s  a r e  de te rmined  from c o r r e l a -
t i o n  w i t h  e x p e r i m e n t a l  d a t a .  I n  most o f  t h e s e  e x p e r i m e n t a l  s t u d i e s ,  t h e  growth of  
implan ted  f l a w s  e i t h e r  one- dimensional  o r  t h e  c o r r e l a t i o n  a t t empted  v i a  a 
one- dimensional  model.  

Two-dimensional f i n i t e  e lement  methods ( s e e  r e f s .  3.41- 3.47) appear  t o  be a t t r a c -
t i v e  f o r  numer ica l  c a l c u l a t i o n s  b e c a u s e  of  t h e i r  v e r s a t i l i t y  i n  c o n s i d e r i n g  v a r i o u s  
boundary c o n d i t i o n s ,  such as  f r e e  edges  or s u f a c e  f l a w s .  These  methods can  be 
e x p e n s i v e ,  however,  and t h e i r  a c c u r a c y  dependent  upon mesh s i z e  and e lement  
s h a p e .  No d e t a i l e d  i n v e s t i g a t i o n s  of  t h i s  t y p e  d e a l i n g  w i t h  l amina ted  compos i t es  
a r e  r e p o r t e d  t h e  l i t e r a t u r e .  One- dimensional t h e o r i e s  r e f s .  3.48- 3.50) 
and e l a s t i c i t y  s o l u t i o n s  r e f .  3 .51)  a r e  c o m p a r a t i v e l y  i n e x p e n s i v e ,  b u t  t h e y  
have been used f o r  i s o l a t e d  d i s b o n d s  o n l y .  E x t e n s i o n  o f  such methods t o  c o n s i d e r a-
t i o n  o f  d i s b o n d s  n e a r  f r e e  edges  o r  s u r f a c e  f l aws  i s  c o m p l i c a t e d  and h a s  not  y e t  
been a t t e m p t e d .  

Techniques  o f  m o d e l l i n g  d i sbond  growth a r e  w e l l  advanced,  b u t  b e f o r e  
t h e y  c a n  be used a s  p r a c t i c a l  d e s i g n  t o o l s ,  a s i g n i f i c a n t  amount o f  
a n a l y t i c a l  c o r r e l a t i o n  needed t o  e x t e n d  them t o  t h e  more g e n e r a l  c a s e  of  d i sbond  
growth which i s  n o t  s e l f - s i m i l a r .  Use of  f i n i t e  e lement  h a s  a l s o  been advanced 
a s  a method f o r  c a l c u l a t i o n  o f  s t r a i n  energy  r e l e a s e  r a t e s  i n  3 .52 .  I n  
t h i s  approach,  t h r e e- d i m e n s i o n a l  b r i c k  e l e m e n t s  a r e  used f o r  c a l c u l a t i o n  of s t r a i n  
energy  r e l e a s e  r a t e s  f o r  d i sbond  p r o p a g a t i o n .  The p r o c e d u r e  i n v o l v e s  t h e  r e l e a s e  
o f  a p a i r  of  nodes a t  a p o i n t  and a comparison of  t h e  s t r a i n  e n e r g y  i n  t h e  s t r u c-
t u r e  f o r  t h e  c a s e s  w i t h  t h e  nodes a t t a c h e d  and s e p a r a t e d .  When t h e  change i n  
s t r a i n  energy  exceeds  t h e  c r i t i c a l  s t r a i n  e n e r g y ,  t h e  d i sbond  i s  p e r m i t t e d  t o  
p r o p a g a t e .  R e s u l t s  o f  t h i s  approach have been  compared i n  r e f e r e n c e  3.52 t o  
exper iments  d e s i g n e d  t o  c r e a t e  one- dimensional  d i sbond  growth,  w i t h  f a v o r a b l e  
r e s u l t s .  

Few s t u d i e s  a r e  r e p o r t e d  t h e  l i t e r a t u r e  which d e a l  w i t h  two- dimensional growth 
o f  d i s b o n d s .  F i n i t e  e lement  methods a r e  a t t r a c t i v e  t o o l s  f o r  s t u d y i n g  t h e  s t ress  
f i e l d  n e a r  d i s b o n d s  w i t h  2-D p lanforms ,  and u s e f u l  r e s u l t s  f o r  such  problems have 
a l s o  been o b t a i n e d  by t h e  u s e  of modi f i ed  l a m i n a t e d  p l a t e  t h e o r i e s  ( r e f .  3 . 5 3 ) .  No 
s t u d y  on t h e  u s e  o f  o t h e r  3-D e l a s t i c i t y  t h e o r i e s  and methods has  y e t  been attemp-
t e d ,  b u t  f u r t h e r  work i n  t h i s  d i r e c t i o n  i s  needed t o  d e t e r m i n e  t h e  a c c u r a c y  o f  t h e  
t e c h n i q u e s  which are c u r r e n t l y  u s e .  A c o n s i d e r a b l e  amount o f  e x p e r i m e n t a l  work  
i s  s t i l l  n e c e s s a r y  t o  d e t e r m i n e  t h e  v a r i o u s  m a t e r i a l  c o n s t a n t s  a s  w e l l  a s  t h e  
s t a t i s t i c a l  v a r i a b i l i t y  o f  t h o s e  p a r a m e t e r s  which a r e  used m o d e l l i n g  growth of 
d i s b o n d s .  
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Although disbond d e f e c t s  r e p r e s e n t  a s e r i o u s  s o u r c e  of l a m i n a t e  f a i l u r e  f o r  which 
r e l i a b l e  a n a l y s i s  methods do not y e t  e x i s t ,  t h e y  a r e  d e f e c t s  which l end  themse lues  
t o  d e t e c t i o n  by n o n- d e s t r u c t i v e  i n s p e c t i o n  t e c h n i q u e s .  Methods f o r  N D I  a r e  
d i s c u s s e d  l a t e r .  Research a c t i v i t y  d i r e c t e d  towards  development of  improved analy-
s i s  and d e s i g n  methods f o r  d i s b o n d s  i s  p roceed ing  a t  a h i g h  l e v e l  of  e f f o r t  a t  
t h e  p r e s e n t  time. 

3 . 8 . 3  Impact and Damage T o l e r a n c e .  

The s u b j e c t  o f  impact and impact r e l a t e d  phenomena i n  compos i t e  m a t e r i a l s  h a s  been 
an a r e a  o f  v i g o r o u s  i n v e s t i g a t i o n  w i t h i n  t h e  m a t e r i a l s  and s t r u c t u r e s  communit ies .  
The i n t e r e s t  t h i s  s u b j e c t  stems p r i m a r i l y  from t h e  v a r i o u s  modes and l o c a t i o n s  
of  impact induced damage w i t h i n  compos i t e  s t r u c t u r e s .  I t  i s  q u i t e  p o s s i b l e  f o r  an 
impact event  t o  induce  c o n s i d e r a b l e  damage w i t h i n  a compos i t e  s t r u c t u r e  w i t h o u t  any 
v i s i b l e  i n d i c a t i o n  of  t h e  damage on t h e  exposed s u r f a c e s  of  t h e  compos i t e .  Thus,  a 
s t r u c t u r e  may be s i g n i f i c a n t l y  degraded  w i t h  r e s p e c t  t o  i t s  performance r e q u i r e-
ments w i t h o u t  any r e a d i l y  a v a i l a b l e  i n d i c a t i o n s  of  t h e  performance l o s s .  

D i r e c t l y  r e l a t e d  t o  t h e  s u b j e c t  o f  impact i s  t h e  q u e s t i o n  of  damage t o l e r a n c e .  I f  
a composi te  s t r u c t u r e  s u f f e r s  a d e l a m i n a t i o n ,  f o r  example,  how w e l l  w i l l  t h e  
s t r u c t u r e  respond t o  subsequen t  l o a d i n g  env i ronments?  Obvious ly ,  a c e n t r a l l y  
l o c a t e d  d e l a m i n a t i o n  w i l l  have no e f f e c t  on performance under  membrane l o a d i n g  b u t  
may be s e v e r e l y  d e t r i m e n t a l  under  bending and s h e a r  l o a d i n g .  Thus,  i t  i s  r e q u i r e d  
t h a t  damage be  de te rmined  such t h a t  subsequen t  e v a l u a t i o n s  c a n  be made t o  d e t e r m i n e  
whether  t h e  damaged s t r u c t u r e  can  t o l e r a t e  a d d i t i o n a l  l o a d i n g .  

E v a l u a t i o n s  o f  impact i n  compois tes  a r e  fundamenta l ly  d i f f e r e n t  from t h o s e  
m e t a l s .  I n  a m e t a l ,  t h e  e v a l u a t i o n  of  impact i s  t y p i c a l l y  performed u s i n g  an  I z o d  
or Charpy impact t e s t .  These  t e s t s  p r o v i d e  t h e  amount o f  energy  r e q u i r e d  t o  
promote f r a c t u r e  of  t h e  specimen.  I n  a compos i t e ,  however,  t h i s  approach y i e l d s  
l i t t l e ,  i f  any,  u s e f u l  i n f o r m a t i o n  f o r  d e s i g n .  A good measure  of  impact r e s i s t a n c e  

a composi te  m a t e r i a l  i s  t h e  energy  r e q u i r e d  t o  i n i t i a t e  f a i l u r e  one of 
s e v e r a l  modes, such a s  d e l a m i n a t i o n ,  b a c k f a c e  p l y  s p l i t t i n g ,  s u r f a c e  c r u s h i n g ,  
b a c k f a c e  p l y  s e p a r a t i o n  or s p a l l a t i o n ,  o r  f i b e r  b reakage .  

T y p i c a l l y ,  compos i t e  m a t e r i a l s  r equ i r e  a d i f f e r e n t  t y p e  of  t e s t  o r d e r  t o  d e t e r -
m i n e  t h e s e  energy  l e v e l s .  One of  t h e  more common t e s t  methods i s  t h e  d r o p  t e s t .  
Here a m e t a l l i c  impactor  i s  dropped from s u f f i c i e n t  h e i g h t  t o  a t t a i n  a s p e c i f i c  
amount of  k i n e t i c  energy  p r i o r  t o  impac t .  I f  h i g h e r  e n e r g i e s  a r e  r e q u i r e d ,  some 
s o r t  of  a c c e l e r a t i n g  mechanism such a s  an a i r  gun may be u s e d .  The major  i d e a  h e r e  
i s  t h a t  energy t o  promote t o t a l  f a i l u r e  i s  not  p a r t i c u l a r l y  u s e f u l ,  s i n c e  a p a r t i -
a l l y  damaged s t r u c t u r e  may o r  may n o t  be degraded  beyond u s e f u l  s e r v i c e .  

An i n t e r e s t i n g  f e a t u r e  i n  compos i t es  s u b j e c t e d  t o  impact l o a d i n g s  i s  t h e  v a r i a t i o n  
f a i l u r e  mode w i t h  impactor  v e l o c i t y .  A t  low v e l o c i t y ,  t h e  r e s p o n s e  t y p i c a l l y  

w i l l  be  s t r u c t u r a l  dynamics;  t h u s ,  f a i l u r e  w i l l  be r e l a t e d  t o  bending and s h e a r  
s t r e sses .  A t  v e r y  h i g h  v e l o c i t i e s ,  t h e  r e s p o n s e  w i l l  be  b a l l i s t i c :  damage t o  t h e  
s t r u c t u r e  w i l l  be a f u n c t i o n  of  t h e  p r o p a g a t i o n  and r e f l e c t i o n  o f  s t ress  waves,  and 
t h e  damage produced w i l l  c o n s i s t  o f  b a c k f a c e  s p a l l a t i o n  and s h e a r  f a i l u r e s  no t  
r e l a t e d  t o  bending.  Moderate v e l o c i t y  impact produces  a combina t ion  o f  a l l  o f  
t h e s e  r e s p o n s e s  and damage modes and i s  c o n s i d e r a b l y  more d i f f i c u l t  t o  e v a l u a t e .  

I n v e s t i g a t i o n s  i n t o  t h e  r e s p o n s e  of composi te  m a t e r i a l s  s u b j e c t e d  t o  impact load-
i n g s  can  be c l a s s i f i e d  i n t o  t h r e e  g roup :  c o n s i d e r a b l e  e x p e r i m e n t a l  work h a s  
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b e e n  performed,  ( 2 )  a n a l y t i c a l  m o d e l l i n g  o f  h i g h  v e l o c i t y  impact has  been per fo rmed ,  
and a n a l y s i s  o f  low v e l o c i t y  impact e v e n t s  has  been accomplished.  

e x p e r i m e n t a l  work ( r e f s .  c l o s e l y  fo l lowed  t h e  p r o c e d u r e s  used i n  
m e t a l s  by u t i l i z i n g  Charpy and Izod  impact t e s t i n g .  T h i s  t y p e  of  t e s t i n g  i s  prob-
a b l y  more s u i t e d  t o  q u a l i t y  a s s u r a n c e  t h a n  m a t e r i a l  p r o p e r t y  e v a l u a t i o n s .  L a t e r  
work h a s  inc luded  b a l l  d rop  t e s t i n g  w i t h  damage t h r e s h o l d  m o n i t o r i n g  ( r e f s .  3.57 
and 3 . 5 8 ) .  I n  a d d i t i o n  t o  m o n i t o r i n g  t h e  damage t h r e s h o l d  e n e r g y  l e v e l s ,  damage 

and combined s t a t i c  and impact l o a d i n g s  were e v a l u a t e d .  There  h a s  been a 
r e c e n t  t r e n d  toward s t a n d a r d i z a t i o n  o f  t h e  t e s t  methods f o r  e v a l u a t i n g  impact 
r e s i s t a n c e  ( s e e  r e f .  

T h e  e f f e c t s  o f  compress ive  p a n e l  l o a d i n g s  d u r i n g  p l a t e  impact have been shown t o  be 
v e r y  s i g n i f i c a n t  ( r e f .  a s  s e e n  i n  f i g u r e  3 .61.  The d a t a  r e p r e s e n t e d  i n  
f i g u r e  3 .61 d e m o n s t r a t e  t h a t ,  a s  t h e  a p p l i e d  s t a t i c  compress ive  s t r a i n  i s  i n c r e a s e d ,  
t h e  impact energy  r e q u i r e d  t o  promote a c a t a s t r o p h i c  f a i l u r e  d e c r e a s e s .  The c u r v e  
f i t  th rough  t h e  tes t  d a t a  r e p r e s e n t s  t h e  t h r e s h o l d  f o r  which an impact superposed  
on a compress ive  s t r a i n  w i l l  c a u s e  t o t a l  f a i l u r e .  

F i g u r e  3.62 p r e s e n t s  r e s i d u a l  compress ive  s t r e n g t h  d a t a  f o r  t h o s e  specimens which 
d i d  not  f a i l  c a t a s t r o p h i c a l l y  d u r i n g  impact ( f i g u r e  3 . 6 1 ) .  The f a i l u r e  t h r e s h o l d  
c u r v e  from 3.61 i s  reproduced  h e r e  f o r  d e m o n s t r a t i o n  p u r p o s e s .  C l e a r l y  
shown t h e s e  r e s u l t s  t h e  r e d u c t i o n  compress ive  s t r e n g t h  due t o  modera te  
v e l o c i t y  impact l o a d i n g .  A d d i t i o n a l l y ,  c a n  be s e e n  t h a t  t h e  r e s i d u a l  
s t r e n g t h  is  t y p i c a l l y  g r e a t e r  t h a n  t h e  f a i l u r e  t h r e s h o l d  s t r a i n s .  Rhodes ( r e f .  
3 .58)  i n t e r p r e t s  t h i s  a s  an i n d i c a t i o n  t h a t  f a i l u r e  t h r e s h o l d  l e v e l  may be 
c o n s i d e r e d  a lower bound f o r  t h e  r e s i d u a l  s t r e n g t h .  

The d a t a  p r e s e n t e d  i n  f i g u r e s  3 .61 and 3.62 would appear  t o  i n d i c a t e  t h a t  t h e  
d e l e t e r i o u s  e f f e c t s  o f  impact c a n  be  ignored  by s imply  l i m i t i n g  t h e  a l l o w a b l e  
compress ive  s t r a i n  i n  t h i s  l a m i n a t e  t o  0.25- 0.30%. The d a t a  would appear  t o  
i n d i c a t e  t h a t  t h e  f a i l u r e  t h r e s h o l d  l e v e l  and t h e  r e s i d u a l  
compress ive  a l l o w a b l e  s t r a i n  are a s y m p t o t i c a l l y  approach ing  0.25- 0.30% s t r a i n .  
C a r e f u l  r e v i e w  of  t h e s e  l i m i t e d  d a t a ,  however,  d e m o n s t r a t e s  t h a t  t h i s  i s  an e r r o n e-
ous  assumption.  F i r s t  and f o r e m o s t ,  o n l y  s t a t i c  compress ive  r e s i d u a l  s t r e n g t h  i s  
c o n s i d e r e d  i n  f i g u r e  3 .62.  The s t a t e  o f  a f f a i r s  under  subsequen t  f a t i g u e  l o a d i n g ,  
impact l o a d i n g ,  bend ing  l o a d i n g ,  e t c .  w i l l  p r o b a b l y  b e  v e r y  d i f f e r e n t .  Addi t ion-
a l l y ,  t h e  range  of  impact v e l o c i t i e s  s t u d i e s  c e r t a i n l y  no t  a l l  i n c l u s i v e .  Very 
h i g h  v e l o c i t y  impac t s  produce t y p e s  o f  f a i l u r e  d i f f e r e n t  from t h o s e  produced 
by low o r  modera te  v e l o c i t y  impac t s .  A f i n a l  c o n s i d e r a t i o n  i s  t h e  mass o f  t h e  
impac to r :  l a r g e r  masses a t  lower v e l o c i t i e s  c a n  g e n e r a t e  t h e  same amounts of  
k i n e t i c  energy  w h i l e  p roduc ing  d i f f e r e n t  damage modes and amounts of  damage. 

A l l  o f  t h e s e  l e a d  t o  t h e  r e a l i z a t i o n  t h a t  d e s i g n i n g  f o r  impact of  
compos i t es  must i n c l u d e  s p e c i f i c s  a s  t o  t h e  t y p e s  of  impact and subsequen t  l o a d i n g  
env i ronments .  C o n s i d e r a b l e  t e s t i n g  t o  v e r i f y  d e s i g n  msut be  performed i n  o r d e r  t o  
o b t a i n  t h e  d e s i r e d  c e r t a i n t y  o f  s t r u c t u r a l  i n t e g r i t y .  
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A n a l y t i c a l  endeavors  i n  impact work were i n i t i a l l y  l i m i t e d  t o  wave p r o p a g a t i o n  due 
t o  t h e  a p p l i c a t i o n  t o  b a l l i s t i c  r e s p o n s e .  Some of t h e  e a r l i e r  work t h i s  a r e a  
was performed by Moon ( r e f s .  3 .60 and 3 . 6 1 ) .  U t i l i z i n g  p l a t e  t h e o r y ,  which 
i n c o r p o r a t e s  s h e a r  d e f o r m a t i o n s ,  and i g n o r i n g  t h r o u g h- t h e- t h i c k n e s s  s t r e s s  waves, 
p r e d i c t i o n s  o f  in- plane  bending and e x t e n s i o n a l  s t r e s s  waves were made. Analyses  
were performed f o r  a l i m i t e d  number of a n g l e  p l y  l a m i n t e s .  The r e s u l t s  were most 
i n t e r e s t i n g  i n  t h a t  t h e  o r t h o t r o p y  o f  t h e  compos i t e  l a m i n a t e s  produced d i s t o r t e d  
wave f r o n t s .  I n  many c a s e s ,  c u s p s  were found and t h e  wave s u r f a c e s  were not 
convex. T h i s  was r e p o r t e d  as  i n d i c a t i n g  t h a t  t h e  s t r e s s  waves were b e i n g  focused 
by t h e  l a r g e  a x i a l - t o- t r a n s v e r s e  s t i f f n e s s  r a t i o  s y s t e m s .  

L a t e r  a n a l y t i c a l  work was invo lved  i n  t h e  r e s p o n s e  of compos i t e  m a t e r i a l s  s u b j e c t e d  
t o  lower v e l o c i t y  impact .  Work by ( r e f .  3.62) demons t ra ted  good c o r r e l a -
t i o n  between e x p e r i m e n t a l  r e s u l t s  and a s t r u c t u r a l  dynamics a n a l y s i s  f o r  low 
v e l o c i t y  impact .  T h i s  work showed an i n c r e a s i n g  p r o p o r t i o n  of  energy  b e i n g  con-
t a i n e d  i n  h i g h e r  f requency  bend ing  modes as  t h e  impactor  v e l o c i t y  was i n c r e a s e d .  
Even though t h i s  a n a l y s i s  was l i m i t e d  t o  beam s t r u c t u r e s ,  i t  d i d  p r o v i d e  c o r r e l a -
t i o n  w i t h  e x p e r i m e n t a l  work and v a l i d a t e d  t h e  s t r u c t u r a l  dynamics a n a l y s i s  approach 
f o r  low v e l o c i t y  impact .  With t h i s  approach v a l i d a t e d ,  o t h e r  r e s e a r c h e r s  ( r e f .  
3 .63)  expanded t h e  a n a l y s i s  t o  p l a t e  s t r u c t u r e s  and i n c l u d e d  damage i n i t i a t i o n  and 
p r o p a g a t i o n  e f f e c t s .  

A n a l y t i c a l  p rocedures  have been  deve loped  which c o u p l e  t h e  h i g h  v e l o c i t y  wave 
p r o p a g a t i o n  e f f e c t s  w i t h  t h e  low v e l o c i t y  s t r u c t u r a l  dynamics r e s p o n s e  ( r e f s .  3 .64 
and 3 . 6 5 ) .  The approach t a k e n  u t i l i z e d  a th ree- dimens iona l  f i n i t e  element a n a l y s i s  
w i t h  c o o r d i n a t e  d e f i n i t i o n s  t o  model t h e  l o c a l  impact r e g i o n  coupled w i t h  
a g e n e r a l  purpose  f i n i t e  e lement  code (NASTRAN) t o  model t h e  s t r u c t u r e  away from 
t h e  impact s i t e .  Wi th in  t h e  zone ,  m a t e r i a l  y i e l d i n g  and f l o w  a r e  pe rmi t-
t e d  f o r  i s o t r o p i c  m a t e r i a l s  and a p p r o p r i a t e  f a i l u r e  c r i t e r i a  a r e  used f o r  compos i t e  
m a t e r i a l s .  The compos i t e  modul i  are se t  t o  z e r o  as  f a i l u r e  o c c u r s .  T h i s  p a r t i c u-
l a r  methodology i s  b e s t  s u i t e d  t o  h i g h  v e l o c i t y  impac t ,  and s o l u t i o n  times a r e  
r e p o r t e d  t o  be l a r g e .  

The a n a l y s e s  which have been  d e s c r i b e d  c a n  be  complex and c o s t l y  t o  pe r fo rm.  The 
r a t i o n a l e  f o r  u t i l i z i n g  t h e s e  a n a l y t i c a l  models i s  t h e  requ i rement  f o r  t h e  de te rmi-
n a t i o n  of f a i l u r e  modes and l o c a t i o n s  i n  compos i t e  s t r u c t u r e s .  T h i s  q u a n t i t a t i v e  
d e s c r i p t i o n  of  damage i s  r e q u i r e d  i n  o r d e r  t o  e v a l u a t e  i n v e s t i g a t i o n s  of  t h e  
e f f e c t s  of  damage on subsequen t  performance.  

Each o f  t h e  a n a l y t i c a l  p r o c e d u r e s  d e s c r i b e d  u s e f u l  examining t h e  phenomenon 
o f  low v e l o c i t y  impact .  I n s i g h t  i n t o  damage modes and p r o p a g a t i o n  h a s  t o  be 
o b t a i n e d  u t i l i z i n g  t h e s e  t e c h n i q u e s .  For d e s i g n  p u r p o s e s ,  t h e s e  a n a l y s e s  have o n l y  
l i m i t e d  a p p l i c a t i o n ,  s i n c e  each must be c o n s i d e r e d  t o  be  t h e  r e s e a r c h  and 
development s t a g e .  

E v a l u a t i n g  t h e  e f f e c t s  of  damage compos i t es  i s  c o n s i d e r a b l y  more d i f f i c u l t  t h a n  
i n  c o n v e n t i o n a l  m a t e r i a l s .  The m a j o r i t y  o f  t h e  c o m p l i c a t i o n s  which a r i s e  damage 
t o l e r a n c e  e v a l u a t i o n s  a r e  r e l a t e d  t o  t h e  m u l t i p l i c i t y  o f  f a i l u r e  modes, l o c a t i o n s  
and s t r e n g t h s .  P r i m a r i l y ,  damage t o l e r a n c e  e v a l u a t i o n s  a r e  performed under  f a t i g u e  
l o a d i n g .  The r e p e t i t i v e  l o a d i n g s  have t h e  e f f e c t  o f  promoting damage growth due t o  
m a t e r i a l  d e g r a d a t i o n  and s t ress  c o n c e n t r a t i o n s ,  I n  c o m p o s i t e s ,  such  e v a l u a t i o n s  
a r e  d i f f i c u l t .  Because of  t h e  a n i s o t r o p y  and o f  t h e  m a t e r i a l ,  f a i l u r e  
modes f o r  low l o a d s  and many c y c l e s  may b e  d i f f e r e n t  from t h o s e  f o r  h i g h e r  l o a d s  
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and few c y c l e s .  T y p i c a l l y ,  c y c l i c  t r a n s v e r s e  l o a d i n g s  w i l l  produce more degra-
d a t i o n  t h a n  c y c l i c  a x i a l  l o a d s .  combined s t resses ,  t h e  f a i l u r e  
mode may change from a x i a l  t o  t r a n s v e r s e  as  t h e  number of  c y c l e s  t o  f a i l u r e  
i n c r e a s e s .  

A v e r y  i n t e r e s t i n g  phenomenon can  be  s e e n  t h e  f a t i g u e  of  notched l a m i n a t e s .  
Some l a m i n a t e s  show an i n c r e a s e d  notched s t r e n g t h  a f t e r  f a t i g u e  l o a d i n g ,  a s  
d i s c u s s e d  e a r l i e r .  The i n c r e a s e  produced th rough  a d e c r e a s e  t h e  e f f e c t i v e  
s t r e s s  c o n c e n t r a t i o n  f a c t o r  due t o  f a t i g u e  induced damage around t h e  n o t c h .  I n  
e f f e c t ,  t h e  shape and dimensions  of  t h e  no tch  change w i t h  damage, which changes  t h e  
s t r e s s  c o n c e n t r a t i o n  f a c t o r .  

Exper imenta l  e v a l u a t i o n s  o f  damage t o l e r a n c e s  a r e  t y p i c a l l y  performed u t i l i z i n g  
NDI. U l t r a s o n i c  C- scans, a c o u s t i c  e m i s s i o n ,  and o p t i c a l  and v i s u a l  i n s p e c t i o n  
appear  t o  be  t h e  most w i d e l y  used t o o l s  f o r  N D I  a t  t h i s  p o i n t  i n  t i m e .  X-ray 
rad iography  u s i n g  opaque p e n e t r a n t s  has  a good p o t e n t i a l  t h i s  d i r e c t i o n .  O t h e r  
t e c h n i q u e s  l i k e  thermography, dye p e n e t r a n t s ,  and a t t e n u a t i o n  measurements a r e  s t i l l  

t h e  s t a g e  of  r e s e a r c h  and development .  Very few of  t h e  NDI t e c h n i q u e s  have been 
shown t o  y i e l d  a c c u r a t e  q u a n t i t a t i v e  measurements o f  damage s i z e  and s h a p e .  O t h e r s  
a r e  u s e f u l  f o r  d e t e c t i n g  and l o c a t i n g  f l a w s .  U t i l i z i n g  t h e s e  t e c h n i q u e s  a t  v a r i o u s  
s t a g e s  a f a t i g u e  l o a d i n g  spec t rum i d e n t i f i e s  growth o r  damage. I d e n t i f i c a -
t i o n  of  t h e  mode of t h e  damage, however,  i s  s t i l l  v e r y  d i f f i c u l t .  

Contemporary m a t e r i a l s  r e s e a r c h  i s  o r i e n t e d  towards  development o f  r e s i n s  o f  
improved impact r e s i s t a n c e  ( s e e  r e f .  3 . 6 6 ) .  Test  methods f o r  q u a n t i t a t i v e  
assessment  o f  such improvements have r e c e n t l y  been proposed i n  r e f e r e n c e  3 . 5 9 .  
C o n s i d e r i n g  t h e  f a c t  t h a t  t h e  p o t e n t i a l  f o r  impact damage i s  c u r r e n t l y  t h e  dominant 
l i m i t a t i o n  i n  a l l o w a b l e  d e s i g n  s t r a i n  l e v e l s  f o r  f i b e r  compos i t e  l a m i n a t e s  i n  
a i r c r a f t  s t r u c t u r e s ,  i t  is r e a s o n a b l e  t o  e x p e c t  m a t e r i a l  improvements t h i s  a r e a .  

3 . 8 . 4  F a t i g u e  Design Ph i losophy .  

T h i s  s e c t i o n  on f a t i g u e  of  compos i t es  f i r s t  a d d r e s s e s  t h e  b e h a v i o r  of  a un i fo rm 
l a m i n a t e  under c y c l i c  l o a d i n g  c o n d i t i o n s .  Such a l a m i n a t e  may be regarded  as  
h a v i n g  d i s p e r s e d  i n i t i a l  f l a w s  which a r e  i n h e r e n t  t o  t h e  f a b r i c a t i o n  p r o c e s s  and 
which meet t h e  a c c e p t a n c e  c r i t e r i a  f o r  t h e  m a t e r i a l .  The l i f e t i m e  of  t h e s e  
m a t e r i a l s  may b e  d e f i n e d  a s  t h e  " d u r a b i l i t y "  problem. T h i s  i s  an economics i s s u e  
( s e e  r e f .  3.67) which i n f l u e n c e s  t h e  l i f e  c y c l e  c o s t  o f  ownersh ip .  

The second major a s p e c t  of  f a t i g u e  f a i l u r e  w i t h  t h e  d i s c o n t i n u i t y  from which 
a major  damage growth l e a d i n g  t o  f a i l u r e  c o u l d  o c c u r .  T h i s  may be d e f i n e d  as t h e  
"damage t o l e r a n c e"  problem. T h i s  i s  a s a f e t y  i s s u e  ( s e e  r e f .  3 .67)  which d e f i n e s  
t h e  i n s p e c t i o n  p e r i o d s  n e c e s s a r y  t o  e n s u r e  f l i g h t  s a f e t y .  

The d e s i g n  approach f o r  d u r a b i l i t y  r e q u i r e s  t h e  g e n e r a t i o n  of  e x p e r i m e n t a l  d a t a  on 
specimens r e p r e s e n t a t i v e  of t h e  a c t u a l  f a b r i c a t i o n  p r o c e s s .  

I d e a l l y ,  t h e s e  d a t a  cou ld  be t r e a t e d  by t h e  a n a l y s i s  methods based upon t h e  
s e q u e n t i a l  p l y  f a i l u r e  model ( s e e  3 . 8 . 1 . 1 )  upon t h e  growth o f  d i s p e r s e d  damage 
model ( s e e  3 . 8 . 1 . 2 ) .  A t  t h e  p r e s e n t  t i m e ,  however,  t h e  f e a s i b l e  approach appears  
t o  be  one which u t i l i z e s  a macromechanical  node ( s e e  3 . 8 . 1 . 3 ) .  
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I t  i s  w e l l  t o  r e c a l l  t h a t  each of  t h e  approaches  t o  t h e  a n a l y s i s  of  f a t i g u e  can  be 
de f ined  i n  a d e t e r m i n i s t i c  f a s h i o n .  I n  p r a c t i c e ,  a s p e c i f i c  l a m i n a t e ,  s u b j e c t e d  t o  
a s p e c i f i e d  se t  o f  c y c l i c  l o a d s ,  w i l l  f a i l  i n  f a t i g u e  i n  a d e t e r m i n i s t i c  ( a l t h o u g h ,  
ve ry  l i k e l y ,  unknown) f a s h i o n .  Because t h e  i n h e r e n t  d e f e c t s  each l a m i n a t e  a r e  
d i f f e r e n t ,  t h e  expe r imen ta l  d a t a  f o r  l i f e t i m e  under  s p e c i f i e d  c y c l i c  l o a d s  w i l l  
show s c a t t e r ,  and s t a t i s t i c a l  t r e a t m e n t  r e q u i r e d .  Thus,  f o r  example,  t h e  
c l a s s i c  S-N c u r v e s  must be  r ep l aced  by P-S-N c u r v e s  ( s e e  Because t h e  
c y c l i c  load program g e n e r a l l y  no t  known i n  a d e t e r m i n i s t i c  f a s h i o n ,  i t  i s  
neces sa ry  t o  have a cumula t ive  damage approach t o  t h e  f a t i g u e  d e s i g n  problem. T h i s  
must be t aken  i n t o  account  i n  t h e  e x p e r i m e n t a l  as  we l l  a s  t h e  a n a l y t i c a l  e f f o r t s .  
The o b j e c t i v e  of  t h e s e  e f f o r t s  i s  t h e  development of  a r e l i a b l e  s e t  of  P-S-N c u r v e s  
which can  be used t o  e s t a b l i s h  d e s i g n  s t r e s s  l e v e l s  a p p r o p r i a t e  f o r  d e s i r e d  l i f e -
t a t  t h e  de s  i r e d  conf idenc  l e v e l .  

The d e s i g n  approach f o r  damage t o l e r a n c e  h a s  two major  e l e m e n t s ,  namely, t h e  u s e  of  
a c o n s e r v a t i v e  a n a l y s i s ,  suppor t ed  by r e a l i s t i c  t e s t i n g .  The major  e l emen t s  of a 
c o n s e r v a t i v e  d e s i g n  a n a l y s i s  a r e :  u se  of  low s t r a i n  a l l o w a b l e s ,  s p e c i a l  a n a l y s i s  
of  c o m p l e x i t i e s ,  s p e c i a l  t r e a t m e n t  r e i n f o r c e m e n t )  f o r  problem a r e a s ,  
e s t a b l i s h m e n t  of  i n h e r e n t  d e f e c t  accep tance  c r i t e r i a ,  and t h e  u s e  of r e p r e s e n t a t i v e  
d e f e c t s  f o r  d e s i g n  a n a l y s e s  t o  i n c r e a s e  r e l i a b i l i t y .  R e a l i s t i c  t e s t i n g  i n v o l v e s  
bo th  coupon t e s t i n g  f o r  env i ronmen ta l  e f f e c t s ,  s t a t i s t i c a l  d a t a  b a s e ,  e t c . ,  and 
subcomponent t e s t i n g  f o r  v e r i f i c a t i o n  of  f a i l u r e  modes and l e v e l s .  Both t h e  
a n a l y s i s  and t h e  expe r imen t s  w i l l  a d d r e s s  t h e  b a s i c  problems of  l a m i n a t e s  w i t h  
h o l e s  and w i t h  d i s b o n d s .  Des ign  a l l o w a b l e s  w i l l  be g e n e r a t e d  f o r  b a s i c  l o a d i n g  
c o n d i t i o n s .  These  r e s u l t s  w i l l  be used t o  a d d r e s s  a c t u a l  d e s i g n  c o m p l e x i t i e s  by 
drawing upon t r e a t m e n t  o f :  combined s t r e s s e s ,  u t i l i z i n g  i n t e r a c t i o n  c u r v e s ;  load  
spec t rum e f f e c t s ,  u t i l i z i n g  cumula t ive  damage h y p o t h e s e s ;  env i ronmen ta l  e f f e c t s ,  
u t i l i z i n g  reduced  a l l o w a b l e s  and r e v i s e d  s t r e s s  a n a l y s e s ;  and l i f e t i m e  c a l c u l a-
t i o n s ,  u t i l i z i n g  r e s i d u a l  s t r e n g t h  d i s t r i b u t i o n s  a t  m o d e r a t e l y  l ong  t imes, 
c o n j u n c t i o n  w i t h  e f f e c t i v e  c r a c k  growth laws.  A l l  o f  t h e s e  me thodo log ie s  a r e  a 
c o n t i n u i n g  s t a t e  of  deve lopment .  Hence, i t  i s  n e c e s s a r y  t o  be c o n s e r v a t i o n .  I t  
d e s i r a b l e  t o  u se  a f a c t o r  of  s a f e t y  o v e r  t h e  weakes t  s t r e n g t h  o b t a i n e d  a t  t h e  
maximum l i f e t i m e  of i n t e r e s t .  I t  must be  r e c o g n i z e d ,  however,  t h a t  may no t  
always be  p o s s i b l e  t o  do t h a t  i n  a r e a l i s t i c ,  p r a c t i c a l  s t r u c t u r e .  Thus ,  t h i s  
b a s i c  d e s i g n  p rocedure  must be  supplemented by s t r u c t u r a l  t e s t i n g .  

The t e s t  program w i l l  g e n e r a l l y  i n v o l v e  a f u l l - s c a l e  s t r u c t u r e  under  f a t i g u e .  I t  
shou ld  be r ecogn ized ,  however, t h a t  f a t i g u e  e f f e c t s  c a n  be  v e r y  p ro found ly  i n f l u-
enced by env i ronmen ta l  e f f e c t s ,  and r e a l i s t i c  f u l l - s c a l e  env i ronmen ta l  t e s t i n g  can  
be  p r o h i b i t i v e l y  expens ive .  T h e r e f o r e ,  i t  i s  n e c e s s a r y  t o  an es t imate  of  
mean l i f e t i m e  w i t h  a f u l l - s c a l e  f a t i g u e  t es t  an ambient envi ronment .  Then cou-
pon and element  t e s t i n g  are  used t o  o b t a i n  a d e f i n i t i o n  of  m a t e r i a l  and s t r u c t u r a l  
v a r i a b i l i t y  e f f e c t s .  I t  is  n e c e s s a r y  t o  u t i l i z e  a p rocedure  whereby t e s t  coupons 
w i t h  h o l e s  e s t a b l i s h  t h e  s t a t i s t i c s  o f  f a i l u r e .  Such coupons a r e  a l s o  used t o  
t r e a t  t h e  env i ronmen ta l  e f f e c t s .  A t  t h e  second l e v e l ,  r e p r e s e n t a t i v e  s m a l l  compo-
n e n t s  t h a t  c o n t a i n  r e a l i s t i c  s t r e s s  f i e l d  shou ld  be t e s t e d  t o  d e m o n s t r a t e  t h e  
p o s s i b i l i t y  o f  u n a n t i c i p a t e d  c o m p l e x i t i e s  and t h e i r  i n f l u e n c e  upon f a i l u r e .  

A l l  of  t h e s e  c o m p l e x i t i e s  and appa ren t  d i f f i c u l t i e s  i n  development o f  d u r a b l e ,  
damage t o l e r a n t  composi te  s t r u c t u r e s  a r e  o f f s e t  by t h e  f a c t  t h a t  t h e  e x p e r i e n c e  
w i t h  composi te  s t r u c t u r e s  h a s  been v e r y  good.  T h i s  p r i m a r i l y  a r e s u l t  of t h e  
f a c t  t h a t  t h e  f i b e r  d i r e c t i o n  f a t i g u e  c h a r a c t e r i s t i c s  o f  ca rbon  f i b e r  compos i t e s  
a re  exemplary.  The f a c t o r s  o f  s a f e t y  f o r  s t a t i c  d e s i g n ,  and t h e  r e l i a b i l i t y  
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c o n s i d e r a t i o n s  f o r  s t a t i c  d e s i g n ,  g e n e r a l l y  reduce  o p e r a t i n g  s t ress  l e v e l s  so t h a t  
they  a r e  f a r  from t h e  s t a t i c  s t r e n g t h .  A s  a r e s u l t ,  f o r  a m u l t i d i r e c t i o n a l  l ami-
n a t e  w i t h  f i b e r s  c o n t r o l l i n g  t h e  b e h a v i o r  a l l  d i r e c t i o n s ,  i t  i s  f e a s i b l e  t o  
avoid  f a t i g u e  problems,  p a r t i c u l a r l y  f o r  d e s i g n s  governed by t h e  s t r a i n  l i m i t a t i o n s  
of 3000-5000 which a r e  wide ly  used a t  t h e  p r e s e n t  time o r d e r  t o  a c h i e v e  
impact r e s i s t a n c e .  I t  appears  r e a s o n a b l e  t o  expec t  t h a t ,  t h e  f u t u r e ,  enhanced 
u n d e r s t a n d i n g  w i l l  l e a d  t o  r e l i a b l e ,  c o s t - e f f e c t i v e  d e s i g n s  o p e r a t i n g  a t  h i g h e r  
s t r a i n  l e v e l s .  
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