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EXECUTIVE SUMMARY 

At an Air Route Traffic Control Center (ARTCC), horizontal separation of air­
craft is based on estimates of current and future positions as provided by auto­
matic tracking filters. Tracker input data are obtained by means o-f a series of 
arithmetic operations on the measurement of slant range, azimuth, and altitude 
to form a two-dimensional representations of target position. Tracking perfor­
mance, and, hence, maintenance of the horizontal separation standards, is a 
function of the statistical quality of the tracker input data. This, in turn, 
is dependent upon the measurement accuracy of the sensor and the method used to 
convert target radar coordinates into a two-dimensional point. Accordingly, this 
report deals with the interdependent relationship between measurement errors and 
distortions in the representations of target position. In addition, considera­
tion is afforded the statistical characterization of errors which must be known 
in order to evaluate tracker performance in an Air Traffic Control Radar Beacon 
System (ATCRBS) or a Mode S sensor environment. 

iii 



1 . INTRODUCTION 

This report deals with linear formulations of the effect of measurement errors in 
the planar representation of targets in multiple radar surveillance systems in the 
domestic en route air traffic control (ATC) environment. Specifically, it pertains 
to those instances where such representations are derived via a two-stage pro­
cedure based on the method of stereographic projection (reference 1). The first 
stage involves a conversion of reported altitude, measured target slant range, and 
measured azimuth (measurements relative to a specific radar site) into a point on 
a local radar plane. The second stage involves a transformation to carry points 
in the local plane into a single, master plane. Every local plane corresponds to 
a radar, and each is mapped onto the master plane to establish the final planar 
representation of target positions within the coverage region of the surveillance 
system. 

Section 2 summarizes some parameter constraints that are consistent with the opera­
tion of an ARTCC. Section 3 reviews formulas by which measurements of target posi­
tion can be mapped into the master plane in such multiple radar data processing sys­
tems. Consideration is given to both a mlnim,~x and a correction technique for con­
trolling the so-called conversion error. Section 4 treats several types of measure­
ment errors. Approximations for analyzing the effect of such errors on the repre­
sentation of targets in the master plane are described in section 5. In section 6, 
these approximations are used to derive the second moments of fluctuations in the 
master plane due to random measurement errors. Section 7 is concerned with the 
design of elliptical confidence regions for the master plane image of actual target 
position under the two-stage conversion and transformation procedure. Concluding 
remarks appear in section 8. 

2. CONSTRAINTS ON SLANT RANGE AND ALTITUDE 

This section deals with the location of geophysical points relative to the reference 
ellipsoid ( reference 1). This is an ellipsoid of re'9'olution with semirita_i or and 
semiminor axes 

a= 3444.0540 nmi and b = 3432.4579 nmi 

that closely approximates the equipotential surface of gravity at mean sea level. 
By altitude, we mean altitude above mean sea level, or equivalently, the distance 
between a point and its orthogonal projection onto the reference ellipsoid. In 
particular, we will be concerned with a radar site located at an altitude HR above 
a point on the ellipsoid that is removed a distance Es from its geometric center. 

Radar measurements of the positions of a point target consist of the reported tar-
get altitude, H, an observed target slant range, S, and an observed target azimuth,(). 
In the absence of a measurement error, His the altitude of the target above mean 
sea level, Sis the distance between the radar site and the target, and 0 is the 
angle in the radar platform plane measured in the direction of platform rotation 
from the plane passing through the polar axis of the ellipsoid and the meridian 
defining the longitude of the radar site. 
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Some combinations of reported altitude and slant range measurement are unacceptable. 
For example, admissible values of Sare limited by both the radar's maximum effec­
tive range SM and its minimum range Sm (due to interference phenomena). In addi­
tion, the altitude, H, of targets of interest is assumed as limited by some constant 
HM. Moreover, the radar cone of silence constrains the ratio IH - HRI to S below 
some constant J. Thus, Sand Hare restricted by the following inequalities in 
practical application: 

(1) 

In this paper, it is assumed that: (1 m = 0.3048 ft and 1 nmi = 1,852 m). 

SM= 200 nmi, Sm= 2 nmi, J = sin 70°. 

This assumption is consistent with the current operation of ARTCC's within the 
National Airspace System (NAS) as well as existing specifications concerning future 
sensor enhancement through the introduction of Mode S. Moreover, since controlled 
traffic consists mainly of aircraft at altitudes less than 60,000 feet, we will 
assume that: 

HM= 9.88 nmi 

Finally, we will refer to the vector (S,H) as an admissible point only if it satis­
fies the constraints (1). Thus, admissibility is compatible with requirements 
governing the utility of reported altitude and slant range measurement to the con­
trol function under typical operating conditions in the en route environment, both 
now and in the forseeable future. 

Since all NAS radar site altitudes are below 10,000 feet sea level, HR can be con~ 
sidered to be constrained by the inequality: 

0 < HR.S 1.646 nmi 

3. COMPLEX REPRESENTATIONS OF TARGET POSITION 

The corrected slant range defined by: 

R(S,H) = [s2 - (H - HR)2] 1/ 2 (2) 

is of fundamental importance in the formation of planar representations of the datum 
(S,0, H). In particular, the datum is mapped into a point on the so-called local 
radar plane represented by the complex number: 

7r 
i( 2 - 0) 

z(p,0) =PE (3) 

where pis a function of the reported altitude and the product of Rand a parameter, 
ll'., defined hy: 
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The relationship between p, H, and aR depends on the method used to control the 
conversion error. For example, in the minimax method currently employed in NAS, the 
relationship is expressed as: 

p(aR,H)=aR (5) 

In the error correction method introduced in (reference 1), it is: 

(6) 

where: 

K = 10.039 nmi (61,000 ft) 

In either case, p can be considered an approximate measure of the distance between 
the orthogonal projections of the radar site and the target on the reference ellipsoid. 

Unfortunately, the effective range of a single radar is not sufficient to cover the 
airspace under the control of an ARTCC. Consequently, representations of the type 
(3) cannot, by themselves, provide a meaningful measure of the overall spatial re­
lationship between targets. However, it is possible to map the elements of each 
local radar plane onto a single master plane so that the images of elements in two 
or more local planes corresponding to the same target, or several targets with identi­
cal latitude and longitude but different altitudes, are essentially the same (in 
fact, they are the same in the absence of measurement error and conversion error). 
This is accomplished by the bilinear transformation (reference 1): 

(7) 

where w
0

, is the image of the radar site, w
0

* is the complex conjugate of w
0

, Er is 
the radius of the so-called conformal sphere that supports the master plane, and~ 
is an angle determined by both the latitude and longitude coordinates of the radar 
site and those selected for the point of tangency where the master plane and its 
spherical support meet. 

Discounting measurement conversion error (reference 1), the resultant representa­
tions based on equations (3) and (7) are identical. 

4 . MEASUREMENT ERRORS 

In practice, some difference is expected between the actual position of the target 
and its positional measurement derived via observation at the radar site. Thus, 
the m,·asured vectoral position (S ,(} ,H) can be incremented by .6. S, .6..i, and .6.H so 
tk1t 1.S + .ls,0 + .l0.H + ~H) represents the actual location of the target in terms 
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of slant range, azimuth, and altitude above mean sea level. In this sense, the 
vector ( ~S, ~ 0, ~ H) represents the measurement error. 

Two types of errors that arise in a series of consecutive observations of any one 
of the three coordinates of target position will be considered. First, there is 
an error due to stochastic phenomena such as thermal noise in the components of the 
radar receiver. These random errors can vary widely from observation to observa­
tion, and they are often treated as a sequence of independent and identically dis­
tributed stochastic variables with zero mean and finite variance. The second type 
of error can be conceived as a signal of very low frequency relative to the obser­
vation rate and it can often be effectively modelled as a constant over many con­
secutive observations. 

Apparently, little effort has been expended to quantitatively characterize the 
difference between reported altitude and the actual altitude of the target above 
mean sea level. However, reports from a variety of aircraft have been compared 
with those from a reference aircraft using the so-called pacer method, and a recent 
investigation (reference 2) indicates an upper bound of 0.0183 nmi for the standard 
deviation of the random altitude error. Moreover, in a comparison (reference 3) 
between assigned flight levels of 31 commercial aircraft and high precision radar 
measurements of geometric altitude, average altitude differences were less than 
1,200 feet. This, of course, cannot be construed as conclusive evidence that alti­
tude bias errors rarely exceed 1,200 feet or ?UY other prescribed level. Never­
theless, since it is the only data base currently available, the scope of this study 
will be restricted to those cases where l~HI is less than 0.329 nmi (2,000 feet). 

A real time quality control (RTQC) system within NAS provides estimates of bias 
errors in slant range and azimuth. These estimates are used to adjust the sensor 
system to minimize such biases. In all but extreme cases, RTQC should detect and 
eliminate a bias error before it can exceed three standard deviations of the random 
error in the same coordinate. The standard deviations of random errors in slant 
range and azimuth exhibited in table 1 are representative of sensor measurement 
accuracies in Mode Sand the current ATCRBS. Evidently, a bias error in slant range 
(azimuth) exceeding 0.375 nmi (0.0138) rad is unlikely to occur in the presence of 
an adequate RTQC function. 

TABLE 1. STANDARD DEVIATION OF RANDOM ERRORS 

STANDARD DEVIATION 

SENSOR: Slant Range Azimuth 

ATCRBS 1.25 X 10-l nmi 4.60 X 10-3 rad 

Mode S 8.23 X 10-3 nmi 1.75 X 10-3 rad 
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In view of the preceding observations, the following examples would seem to repre­
sent fairly realistic situations of frequent occurrence and practical import. A 
simple, linear approximation of the complex, interrelation between the error 
( As., AO, AH) and the corresponding difference between the representations of 
(S, 0,H) and (S + AS, 0 + A.0 ,H + AH) in the master plane is useful in expediting 
the analyses in the following examples: 

Example 1: The datum (S,0,H) is acquired through an ATCRBS radar. As a result 
of RTQC, the bias errors in slant range and azimuth are negligible. In addition, 
\AS[ ::50.375 nmi, iA0 \-<0.0138 rad, and [AHL<0.329 nmi. Moreover, (S,H) is an 

admissible point for which: 

(8) 

where k is 4.13, i.e., the measured position of the target is not too close to the 
radar as illustrated in figure 1 (also see appendix A). 

Example 2: The situation is identical to that of example 1 except that the 
radar is a Mode S sensor, IAs\<0.0247 nmi, IAOI <0.00525 rad, and k = 1.98. 

Example 3: The RTQC subsystem is operating in an environment where the errors 
satisfy the inequalities IAsl::51 nmi, IAOl~0.03 rad, and IAHI ::50.329 nmi. ·Any 
datum (S,0,H) used for estimation must be such that (S,H) is an admissible point 
and S cannot be less than 20 nmi. 

5. APPROXIMATIONS 

The increment: 

AR R(S + As ,H + AH) - R(S ,H) 

can be expressed as: 

AR = [S/R(S ,H)] g(l + 711) 

where: 

g = As(l + AS/2S) - AH(l/S) (H - HR+ AH/2) 

In appendix A, it is shown that 1~11 is less than 0.05 for any of the examples 

1 through 3. It is further indicated that the increment: 

Ap =P (a [R + AR] ,H + AH) - p(aR,H) 

can be expressed in the form: 

(9) 

(11) 

(12) 

(13) 

where M = 0 when conversion error is controlled by the minimax method; M = 1 when 

5 
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control is effected by the error correction technique. Moreover, as shown in 
appendix B, both /112/ and jr,3 1 are less than 0.004 under the conditions cited in 
any one of the three examples. Finally, it is shown in appendix C that the in­
crement: 

Az = z(p +Ap,O +AO) - z(p,0) 

can be expressed as: 

where I ry4I is bounded above by: 

f(.:it}) = tan IAOJ + (1 + tan l~OI) (2 - cos(A/)) - sin~)) 

(14) 

(15) 

(16) 

71" 
as long as l~OI is less than 2 rad. The behavior of the function fin the neighbor-
hood of 0 is essentially that of I AO I, as illustrated in figure 2. 

0.03 

a:> 0.02 
<I 

0.01 

0.01 0.02 0.03 

IA81 (RAD) 

Figure 2. UPPER BOUND ON I r,4 1 
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Based on the preceding remarks, it is apparent that ~z is accurately represented 
by the approximation: 

i(,r_ - (J) 
{)z = [ (S/R) g - M(R/2b)AH - ipA(J] E 2 ... 

in examples 1 through 3. Under the constraints of section 2, and contingent on 
appendix B, it follows that: 

p( a R(S ,H) ,H) = R(S ,H) (1 + 7l5) 

where !17sl is less than 0.003 for any admissible point (S,H). Consequently, 8 
in each example is interchangeable with Rand does not introduce an appreciable 
change in the approximation error. The right side of (17) is a linear function 
of AO. Based on the definition of g, it is essentially a linear function of 
,is (All) if IS I /2S ( I H I /2) is small compared to unity ( I H - HRI ) . 

If \w0 I is less than 1,000 nmi: 

3357.9336 nmi = E0 -C:::Er<a. 

If \zl does not exceed 200 nmi, and IAzl is less than 10 nmi (reference 1): 

Aw = w(z + .1z) - w(z) = Ce -ij3Az (1 + 176) 

where: 

and 
C =Er/Es+ lw 0 \

2
/4ErEs 

(relationships (20) - (22) are valid regardless of whether wz is defined 
by the right side of (7) or polynomial approximations thereof) . 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

In the case of control region geometries of the type associated with air traffic 
control centers in NAS, the restrictions on Er and lwol, and the requirements of 
sound design criteria regarding the structure of the master plane are easily met. 
It can be readily verified that the 200 nmi restriction on the ground range is 
innnediately satisfied whenever the point (S,H) is admissible. Moreover, as shown 
in appendix C, IAzl is substantially less than 10 nmi under the conditions cited 
in the examples of the preceding section. Finally, it is true that: 

(23) 

under the restrictions cited above for Er and lwol. Thus, (20) and (21) imply: 

.:iw =e -ij3~z(l +177) (24) 

where \111I is less than 0.04. 
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In consideration of the preceding observations, approximation (17) in conjunction 
with either relation (20) or (24) provides a viable vehicle for estimating the 
impact of measurement errors on the representation of targets in the master plane. 
In the next section, these results are used to approximate second moments of the 
noise generated in the master plane by random measurement errors. 

6. SECOND MOMENTS OF RANDOM FLUCTUATIONS IN THE MASTER PLANE 

The parameter M equals either O or 1, depending on the method used to control the 
conversion error. Hereafter, w will denote the image of the datum (S,0,H) in the 
master plane under the composition of mappings as described in section-3 in con­
junction with the value assigned M. Additionally, the image of (S +as,e +48,H +4H) 
will be approximated under the same mapping by the sum of wand the increment: 

(25) 

where: 

o P = (S/R)AS - (h/R + MR/2b)aH, (26) 

h represents the altitude H - HR above the radar, 1 is the sum of the angles ll 
and~' and R denotes the square root of s2 - h 2. The approximation (25) of the 
actual difference between the images of (S +~S,0 +~0,H +aH) and (S,0,H) is based 
on relationships (11), (17), and (20) under the assumption that (ASl/2S is small 
compared to unity and that lhJ is large relative to IAHl/2. 

If it is assumed that ~S,AB, and.AH are zero mean independent random variables with 
standard deviationsQ"s,<Z;e, andO'H, respectively, then the expected value ofow 
vanishes. Also, assumingq1(~2) represents the standard deviation of the real 
(imaginary) part of ow, it can be shown that: 

<Jl 2 = C2[(A2 -/\1) sin2-y +>-.1] (27) 

(28) 

where: 

(29) 

(30) 

Likewise, it can be shown that the covariance CJ. 12 of the real and imaginary parts 
of Ow is expressed by: 

(31) 
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and: 

is the corresponding correlation coefficient. 

Clearly, the standard deviations of the real and imaginary parts of ow lie be­

tween c.>i/12 and cA/12 . Moreover, Copcan be conceived as the component of Ow 
in the radial direction from the master plane representation w0 of the radar site 
trJ ,,, , :md CR.tlfj can be treated as the cross-radial component in the direction of 
increasing azimuth (see section 7). In these random, uncorrelated variables 
c~

2
172 and c>..1

1/ 2 represent the standard deviations of the former and latter, re­
spectively. Also, it is readily demonstrable that A 1 (A2) decreases (increases) mono·­
tonically with increasing values of \h\ (h). 

Thus, based on the definition: 

!!_(S) = min [HM, S sin 70°] 

it follows that: 

whenever h lies in the closed interval [0,h(S)]. In addition, for any h, it can 
be shown that: 

(x - 09) 

for i = 1 or 2, i.e., 

lim 1i (x,h)) /..,.,,i (x,o) = 1 

X - 00 

These relationships are illustrated in figures 3 and 4 for both the ATCRBS and 

(33) 

(34) 

(35) 

(36) 

(37) 

Mode S sensors. Note that A. 1 is independent of M, and figure 4 represents the case 
in which M = 1. If the bounds which fonn when M = 0 were plotted according to the 
scale of figure 4, the two would appear virtually identical. Thus, figure 4 is 
considered applicable to both cases. However, this does not mean that~ 2 is 
essentially invariant to M. Indeed, as x increases without bound, A2(x,h) approaches 
as2 when M = 0, and it becomes arbitrarily large when M = 1. 

As indicated in figures 3 and 4, /\1 dominates >,, 2 at large slant ranges. If M = 0, 
it can be shown that the condition Al> t-,2 is equivalent to the requirement that the 
point (S,h) lie to the right of the locus on the equation: 

(38) 

10 



E 
C: -0 
z 
::, 
0 cc 

0.140 

0.120 

0.100 

0.080 

0.060 

0.040 

/ 

0.020 

5 

---->-.1 (S,b(S)) 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 

10 

/ 
/ 

/ 

15 

/ 

/ 
/ 

/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ 

/~ 
// p'tJ-= 4.61J x ,o-3 R"D 

RAD 

20 25 30 

SLANT RANGES (nmi) 

Figure 3. BOUNDS FOR STANDARD DEVIATION IN CROSS-RADIAL DIRECTION 

11 



E 
C: -C 
z 
::, 
g 

nmi 

___ /_ ______________ _ 
10- 1 

aH == 1.83 x 10 •2 nmi 

--- A2 (S,h (S)) 

- - - A2 (S,O) 

nmi 

10 •2 

5 10 20 30 40 

SLANT RANGE S (nmi) 

Figure 4. BOUNDS FOR STANDARD DEVIATION IN RADIAL DIRECTION 

12 

50 



This is also essentially true when M = 1, provided that hqH2/b is much less than 
a s2 and Q'H2/4b2 is much less than a 2 0. This is certainly the situation for the 

standard deviations cited in section 4 under the constraints of section 2. Figure 
5 illustrates the locus of points (S,h) satisfying (39) for both the ATCRBS and 
Mode S sensors. 

The absolute value of the correlation coefficient between the real and imaginary 
parts of Ow is an increasing function of /sin 2)' I so that: 

max I P12 I 

o<a<.21r 

Obviously, from (29) and (30), this is a function of the vector (S,h) and: 

/\ 

P12 (x 'h) '\, P12 (x '0) (x - OQ) 

Suppose that A2(s,O) is less than A1(S,O). Then there exists a positive number 
h0 (S) such thatA1(S,h

0
(S)) and A2 (S,h

0
(S)) are identical. Moreover, it can be 

(39) 

(40) 

,I\ 
~hown that P12(S,h) monotonically decreases to Oas h increased through non-negative 
values to h0 (S) and thereafter becomes a monotonic increasing function of h. 
Contrarily, if A2(S,O) is not less than A1(S,O), then P-12(S,h) increases mono­
tonically ash increases from 0. Hence, when his a member of the interval 

[0 ,!!_(S)]: 

and 

otherwise 

(41) 

(42) 

These bounds are illustrated in figures 6 and 7 for the case where M = 1. If the 
bounds for the case M = 0 are plotted to the same scale, the results are essen­
tiallly reproductions of these figures. 

Random fluctuations in the master plane cannot be presumed to be independent of 
altitude measurement errors. In particular, it is easy to verify that the cor­
relation coefficient PiH between LlH and the real part of ~w is given by: 

The correlation coefficient P2H between Hand the imaginary part of Ow can be 
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obtained from this expression by replacing sin l with cos 1 
be verified that: 

Moreover, it can 

A I l IP l = (S2-h2) -l/2[h+M(S2-h2)/2b1~.-H/~21/2 p= max p1H = max__ . 2H v. /\ 

0<'}'<21r o<'}'<:21r 

This, of course, is a function of (S,h), with the result: 

'{J(x, h)-ji{x, O) 

lim p'(x,h) = p'(x,O) = 0 
X -oo 

if M = 1 

if M = 0 

(44) 

(45) 

(46) 

Moreover, it can be shown that f}(S,h) increased monotonically ash increases from 0. 
Consequently, when his in [O,.!!_(S)1: 

f}(s ,O)~f:l'(s, h)S g{s ,!!_(S)) (47) 

In the case where M = 1, the lower bound p'-(S,O) is a monotonic increasing function 
of S with limit 1. However, at a slant range of 200 nmi it is less than 0.0043 
(0.065) for the ATCRBS (Mode S) sensor. The upper bound is illustrated in figure 8 
for the case where Mis unity. 

7. CONFIDENCE REGION 

We define E to be the covariance matrix of the real and imaginary parts of Dw, i.e., 

(48) 

Letting I represent the identity matrix, the eigenvalues of E are the solutions 
of the quadratic equation in A obtained by setting the deterjinant of the dif­
ference between E and A I equal to zero. The solutions are C ~l and c212 , and, of 
course, the determinant of Eis the product of these solutions. Since Al and ~2 
are nonzero for any admissible point (S,H), it is clear that~-1 exists. More­
over, as the inverse of a covariance matrix, it must be positive definite. 

Assume that w denotes the column matrix [w1,w2 ]T where w1 (w2) represents the real 
(imaginary) part of wand T denotes the transpose of a matrix. Also, correspond­
ing to any positive number p, is defined U(p) as the set of all column matrices: 

such that: 

[- -1 T '°"' -1 [- -1 < x-w ~ x-w_p 
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It can be shown that U(p) is equivalent to a region of the master plane bound by 
an ellipse centered at w. In fact, as shown in figure 9, one axis of the ellipse 
lies on the line 

(51) 

when 'Y is not equal to an integer multiple of JI . When 1 is O or _1f , it lies on the 
line through w parallel to the imaginary axis. In either case, the half length of 
this axis of the ellipse is C(p~2)1/2. The half-length of the remaining axis is 
C (p/\1) 1/2. 

Note that figure 9 depicts one axis of the ellipse as a segment of the line passing 
through wand w0 , the master plane representation of the radar site. This depic­
tion is actually an approximation of the fact. Under the constraints listed in 
section 5 for Er, lw0 1, and lzl, it can be shown from relations (3) and (7) that: 

(52) 

where I ry8 1 is less than 0.005. To this extent, w-w
0 

can be conceived as a directed 
line segment forming an angle 'Y with the imaginary axis of the master plane. Addi­
tionally, (18) and (52) provide some justification for interchanging p, R1 and 
lw1--w0 I /C. A cursory examination of section 6 reveals that this permits the approxi­
mating of the statistical properties of noise in the master plane in terms of 
lw-w0 l,'Y, and h instead of S,'Y, and h. 

Suppose that dS, 40, and 4H are normally distributed. It follows that the real and 
imaginary parts of Qw have a bivariate normal distribution. As a result, 

p = 211"c-20 .. 1t-.7)-112 J exp[-(x-w)TE-1 (x-w)/2Jdx 
- U(p) 

is the probability that the random variable w+ow will lie in the set U(p). 
Letting: 

- --1 
Y =✓ r: (x-w) 

where✓I: denotes the usual square root of the positive definite matrix!; , it 
follows that: 

2 
P = (1/21!") j exp[-liy[ t /2]dy = 1 -exp(-p/2) 

llvll 2~P 

Thus, pis a measure of the probability P. Conversely, the area A of the region 
U(p) is given by: 
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Consequently, if the elliptical region illustrated in figure 9 is to serve as a 
confidence set for w+bw at a prescribed confidence level P, then the area of the 
set must vary with the datum (S,0,H) in accord with the relationship: 

This, of course, is the basis for the so-called dynamic search area concept in 
tracking (reference 4). 

Clearly, the product: 

is a function of the vector (S,h) and 

(x - Qr:)) 

Moreover, it can be verified that A0 (S,h) increases monotonically ash increases 
from 0. Hence, 

(57) 

(58) 

(59) 

(60) 

as long ash is an element of the closed interval [O,h(S)]. These bounds are 
illustrated in figure 10 for the case where M = 1. Note that the difference be­
tween the bounds for the ATCRBS sensor is not readily apparent when contrasted 
against the scale of figure 10; therefore, the corresponding lower bound does not 
appear as a separate curve in the illustration. With deference to the preceding 
remarks concerning the dependence of A1, and ~2• upon M, it can be inferred that 
figure 10 is also a fairly accurate representation of the case where M = 0. 

8. CONCLUDING REMARKS 

Consideration has been afforded the linear approximations of the effects of errors 
in the measurement of slant range, azimuth, and altitude on planar representa-
tions of targets in the en route ATC environment. Approximations have been quanti­
fied to conform with current and projected application of sensor measurements to 
the control function. The linear formulation will provide an approximate repre­
sentation of the effects of measurement errors on the location of targets with re­
spect to the master plane coordinate system for all targets which are neither geo­
graphically nor altitudinally adjacent to the radar. Applications include the 
characterization of errors at the input to tracking filters due to random and/or 
trend-like phenomena. 

In this report, the approximations have been used in a statistical characteriza­
tion of fluctuations induced in the master plane by random measurement errors con­
sistent with noise levels commonly associated with the ATCRBS and Mode S sensors. 
In general, the covariance matrix of the Cartesian components of these fluctua­
tions depend upon reported altitude and measurements of slant range and azimuth. 
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However, with increasing slant range, it asymptotically approaches a matrix func­
tion that is invariant to altitude. Thus, at large slant ranges (in excess of 
50 nmi) the covariance matrix is essentially invariant with respect to altitude 
under typical operating conditions. However, at lesser ranges, the variation of 
second moments with altitude can be significant. Similar observations apply to 
the size of confidence regions for target locations. 
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APPENDIX A 

INCREMENT IN R 

For the moment, let us consider the function R defined by (2) for all (S,H) 
satisfying the condition: 

Also, let us define e to be the product of: 

f = 2S/R(S ,H) 
2 

(Al) 

(A2) 

and g where the latter is given by (11). Then the increment AR defined by (9) can 
be expressed as: 

~R = R(S ,H) (e/2) (1 + o(e)] 

where: 

o(e) = { O 
(2/e)[(l + e) 112 - e/2 - 1] 

if e = 0 

if e 'f 0 

The function o(e) represents the relative error incurred through use of the 
approximation: 

oR = [S/R(S ,H) ]g 

(A3) 

(A4) 

(AS) 

It can be shown that J O(e) l cannot exceed 9( - le l) in the range where le l is less 
than 1. Figure Al illustrates the accuracy of the approximation as e approaches 0. 

It can be shown that the inequality: 

f < 1/k 

is equivalent to (8) for all k>O. Consequently, as illustrated in figure 1, 
the points (S,H-HR) for which: 

lie on and below the locus of those points for which the right and left sides of 
(8) are equal. Moreover, it can be verified that: 

0.75 nmi in example 1 

I g[ < { 0.36 nmi 2 

1.19 nmi 3 

A-1 

(A6) 

(A7) 

(A8) 
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Thus, in example 3, lel is less than 0.170 (1.19/7), thus implying that g(e) is 
less than 0.05. Similarly, in example 1 (example 2) it can be shown that J(e) is 
less than 0.05. Note that e must exceed -1. Otherwise: 

and R(S+~S,H+~H) is zero or imaginary contrary to the definitions of R in accord 
with (Al). Therefore, the condition: 

is equivalent to: 

(A9) 

(AlO) 

-l<e<:3 (All) 

which is certainly the case in examples 1-3. Finally, if (S,H) is admissible, then: 

(Al2) 

Thus, when (S,H) is admissible, l.1Rl is less than 10 nmi if: 

l+lo(e)I < 10 cos 70°/lgl (Al3) 

Obviously, this condition is satisfied in examples 1-3. Indeed, l .1R I is less than 
3-7 nmi in all three examples. 
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APPENDIX B 

INCREMENT nr P 

In the case of the minimax procedure, the increment (12) can be expressed as: 

Under the constraints of section 2, 

I 

(Bl) 

(B2) 

where HR represents the upper bound of 1.646 nmi imposed upon the altitude of the 
radar site. 

When the error correction technique is employed: 

where: 

l+o1 = 2a-aµ+ a 3~3R2 (1+AR/R+AR2/3R2)/8b2-0~(H+AH)/2b 

l+o2 =a~ 

(B3) 

(B4) 

(BS) 

and /3 represents the inverse of the square root of l+K/b. Using the data supplied 
in sections 2 and 3, 6is 0.9985 and R (S,H) cannot exceed 200 nmi for an ad­
missible point (S,H); Moreover, as shown in appendix A, the ratio liiRl/R is not 
greater than 1 under the conditions cited in examples 1-3. It follows that both 
1'511 and \o2 l are less tha:i 0.004 for each of the three examples. 
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APPENDIX C 

INCREMENT IN z 

Suppose z is the complex valued function of the real variables /J and .i, defined 
by (3) for all p greater than 0. Then, if L10J_.c;::::rr, the increment (14) can be 
expressed as: 

where: 

oz= sini1.0-l - { O 
- sini1.()/i1.fJ-l 

if i1.0 = o 

otherwise 

0 

[co~~-l-i(i1.p/p)sin k\}J][(~e(p) cos4fl-i~f} sin ~]-l otherwise 

This expression can be rewritten in the form (15) where: 

if 40 =4e = o 

otherwise 

clearly, 

In addition, assuming li1.0l does not exceed ;, it can be shown that !031 is an 

increasing function of either of the two variables JApJ / p and IA Oil and: 

(Cl) 

(C2) 

(C3) 

(C4) 

lim I 03 I = tan 1A.fJl 
i1.pl p -- oo (C7) 

As a result, I ry4[ is bound above by (16). 
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