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— GILOSSARY OF TERMS AND NOTATION

Compound Poisson
distribution

Crossbucks

EB

Empirical Bayes

Estimation of effect

Flashers
Identification
Method of Sample

Moments

Multivariate Method

Reference population

A probability distribution in which the
parameter (m) of the Poisson probability
law is itself a random variable.

Sign used as a warning device at rail-
highway grade crossings.

See Empirical Bayes

The Empirical Bayes (EB) approach
postulates that parameters of a
probability distribution come from a
certain probability distribution the
parameters of which can be estimated on
the basis of data.

The task of estimating what effect some
intervention had on the unsafety of an
entity.

Flashing light and bells used as a warning
device at rail-highway grade crossings.

The task of indentifying entities the
unsafety of which may require attention.

A method to estimate E(m) and VAR{m}
from the sample moments X and sl.

A method to estimate E{m} and VAR(m)} from
the residuals of a multivariate
statistical model.

A set of entities the observed traits of
which are similar to the traits of the
entity about the unsafety of which we
inquire.
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Residual

The difference between the accident count
on some entity and the estimate of E{(m)
calculated from the fitted model.

Poisson probability law P(X=x) = e™m*/x!

Unsafety of an entity the number of accidents (perhaps

E{m}

E,(m)

E{m|x)

classified by kind and severity) expected
to occur on that entity per unit of time
in a certain period.

The caret above a letter is used to indicate that this
is an estimate of the quantity which the letter
represents.

When each of a set of entities has its own m, E{(m) is
their expected value.

is the expected value of m in reference population I.

is the expected value of m in a population in which all
entities has the same accident count x.

are traffic flows in vehicles/hour.

is a dimensionless parameter in the relationship
VAR(m)=[E{m}1%/k.

is the unsafety of an entity i.e., the number of
accidents perhaps of given severity expected to occur on
the entity per unit of time during a certain period.

is the estimate of m when x is known.

is the largest count of accidents.

number of entities in a reference population.

number of entities which recorded x accidents.
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s is the sample variance (see equation 4).

VAR{m) When each of a set of entities has its own m, VAR{m} is
their variance.

VAR, {m} is the variance of m in reference population I.

VAR{m|x} is the variance of m in a population in which all
entities have the same accident count x.

VAR{x} is the variance of the count of accidents in a reference
population (around E{m}).

x is the count of accidents.

X is the sample mean (see equation 3).

a is defined in equation 1 as E{m}/[E{m}+VAR(m}].

o is the sample standard deviation, the estimate of

standard deviation o.

S/JV is the standard error, the estimate of the standard
deviation of the sample mean with v as the sample size.
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1. INTRODUCTION

One should think of "unsafety" as a property of some entity
(person, intersection) which becomes manifest in the occurrence of
accidents. We are interested in the "unsafety" of an entity either
' because we want to know whether to intervene in order to make it
safer or to assess how its "unsafety" has been affected by some
intervention. In both cases we need to estimate what the "unsafety"
of the entity was or is.

The promise of the Empirical Bayes (EB) method for the
estimation of "unsafety" has been explored in earlier work.‘'23%
It is founded on the premise that the entity about the "unsafety"
of which we inguire, not only has a record of accidents but, in
addition, belongs to a population of similar entities - a "refer-
ence population" and that what we know about the unsafety of
entities which form the reference population also tells us
something about the unsafety of the entity under scrutiny.

To establish a vocabulary, the "unsafety" of an entity will
mean the number of accidents (perhaps classified by kind and
severity) expected to occur on that entity per unit of time in a
certain period. This quantity will be designated by "m" and the
task is to estimate m accurately. Each entity which belongs to a
certain reference population has its own m. Thus, the m's in the
reference populations form a distribution with a mean E{m} and
variance VAR{m}.

With this vocabulary in place one can be more specific about
the essence of the EB method. To estimate the unsafety of a
specific entity, the EB method uses not only the accident record
of the entity but also the E{m) and VAR{m} of the reference
population to which this entity is said to belong. Thus, to use
the EB method, estimates of E{m} and VAR(m)} are required.

Several linked difficulties arise; some are conceptual and
some are practical in nature. The principal conceptual difficulty
is that of deciding what is a suitable reference population for a
certain entity. If this decision is merely a matter of judgement,
different analysts may choose different reference populations, use
different values for E{(m} and VAR(m)} and therefore arrive at
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discrepant estimates of unsafety for the same entity. The practi-
cal difficulty is that if one wishes to diminish the element of
arbitrariness by choosing members for the reference population so
that they are very similar to the entity the safety is to be
estimated, the number of entities in the reference population will
be too small to allow estimation of E{m)} and VAR(m) by the methods
used till now. These and similar questions were raised by Wright

et al., in more detail by Elvik and most recently by Mountain and
Fawaz .67

It seems that the sting can be taken out of both difficulties,
conceptual and practical, by a suitable interpretation of the
results of multivariate statistical analysis of data. This has been
done in earlier work performed under this contract but without
emphasis on the logical foundations of the approach and its
empirical validity.®® This report is an attempt to fill the gap.



2. ESTIMATING "UNSAFETY" BY THE EMPIRICAL BAYES METHOD

The unsafety of an entity has been defined to mean the
number of accidents by kind and severity, expected to occur on
the entity per unit of time during a specific period. 1In this
definition the term "entity" can refer to a Mr. Smith, to the
intersection of Main and High Streets, to all signalized inter-
section in Toronto, to automobiles of a certain vintage and make
in Ontario etc¢. The word "expected" in this sentence refers to a
long-term average which would materialize if it were possible to
freeze a person's age and to perpetuate the traffic flow, driver
demography, vehicle characteristics and other relevant conditions
of the period. Because unsafety is defined to be an expected
value, it can not be directly observed or measured; it has to be
estimated.

Thus, e.g., we might be interested in an estimate of the
unsafety in 1984 of Mr. Smith, a 22 year old Ontario driver who
in that year had no accidents; or we might wish to estimate the
unsafety of a specific rail-highway grade crossing between 1970
and 1980, which served an average of 800 vehicles/day, 2 trains/-
day, had one track, was equipped with crossbucks and recorded in
that period two accidents. Estimates of this kind are required
both to assess the need for road safety management and to assess
the results of attempts at managing road safety.

a. The o Clues to Unsafet

Two kinds of clues contain information about the unsafety of
an entity. Clues of the first kind are contained in traits such
as gender, age, traffic volume or road geometry. Clues of the
second kind are derived from the history of accident occurrence
of that entity.

If some knowledge of the unsafety of entities with similar
traits exists, one can make informative statements about the
unsafety of a specific entity with the same traits. For example,
if it is only known that Smith was licensed to drive in Ontario
in 1984 but that person's age or gender is not known, what can be
said is that in Ontario there were 0.0606 accidents per driver in



that year. On this basis it can be asserted that 0.0606 is the
estimate of the expected number of accidents for Smith in that
year. The long-hand reasoning which supports this assertion is as
follows:

Consider the population of people licensed to
drive in Ontarioc in 1984 to be the reference population
for Smith because nothing is known to distinguish Smith
from others in this population. Were one to make such
assertions about any other member of this population,
one should make the same claim as for Smith, since all
members of this population have the same traits. Be-
cause it is desirable to make that claim which promises
to be associated with the least error, it is best to
use the mean. In this case, the mean is 0.0606 acci-
dents/year. This is why it is proper to assert that
0.0606 is the estimate of unsafety for Smith.

If it is known, in addition, that Smith was 22, this added
trait defines a new reference population. It is a subset of the
population of all Ontario drivers and contains only those who in
1984 were 22 years old. For this new reference population the
average number of accidents is 0.0840 and this now the new esti-
mate for a 22 year old Smith. If it be also known that Smith is
male, yet another reference population is defined. The traits
which define this latest reference population are: being a driver
in oOntario in 1984, being 22, and being male. For this population
there was an average of 0.1152 accidents per driver per year. If
nothing more is known about Mr. Smith, 0.1152 must be the esti-
mate of his unsafety in 1984, Some may find it disconcerting that
the estimate Smith's unsafety is a function of what is known
about this driver. However, it is merely a manifestation of the
property of all estimators that they depend on data.

In short, what is known about the unsafety of entities
with similar traits is an important and legitimate clue (of the
first kind) to the unsafety of a specific entity and therefore
should be used for unsafety estimation. In this, the concept of
reference population is seen to play a pivotal role. What is said
about Smith depends on what is known about his traits, for it is
these traits which define the reference population. To say some-
thing about the unsafety of Smith we have tc know what was the
unsafety of entities in the reference population. This, at once,




links estimation to the reality of data and brings in its wake a
string of difficulties.

It is desirable that scientific measurements be free of the
arbitrary. Statistical estimation is a form of scientific mea-
surement and therefore it is not pleasing to see its results to
depend on judgement. However, contemplation of what is known
about the traits of an entity and what is known about accidents
in a corresponding reference population quickly leads to the
realization that arbitrariness is not avoidable, either in prac-
tice or in principle, as is shown below.

Most would agree that to estimate Mr. Smith's unsafety, it
is important to know whether he was single or married in 1984.
Married men tend to have fewer accidents. However, marital status
is not in the data base which Ontario maintains. Therefore,
neither is this trait known for Mr. Smith nor is it possible to
ascertain what is the mean number of accidents for a correspond-
ing reference population. Thus, what has earlier been coffered as
a legitimate estimate of Smith's unsafety (0.1152 accidents per
year), is in fact a reflection of what happens to be in the data
base., What is in the data base, in turn, depends on what is
measurable, what is easy to measure and on additional spurious
events and considerations which had little to do with the estima-
tion task at hand. Had different information been in the data
base, one would have made different assertions about Mr. Smith's

unsafety. Thus, the first difficulty is that the estimate depends
on what data happen to be available.

It has been recognized above that marital status is a trait
which is related to a person's unsafety. However, there must be
other traits which influence unsafety and remain unrecognized.
Thus, not only is the estimate of unsafety prescribed by what
happens to be in the data base, it is also circumscribed by the
extent of the acuity of the estimator's intuition and understand-
ing. Accordingly, the second difficulty_is that the estimate of

unsafety depends on what is thought to be relevant.

Suppose now that Mr. Smith reveals that in 1984 he was
married. Now he is no more a legitimate member of the reference
population of male, 22 year old Ontario drivers whose marital
status is unknown and who had, on the average 0.1152 accidents in
1984. Since the marital status of drivers in Ontario is not
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recorded, it is impossible to know the unsafety of the reference
population of such married drivers. But it is now known that
Smith was married. What should we estimate his unsafety to be?
Thus, the third difficulty is that for any specific entity it is
always possible to think of it as having some relevant trait

which sets it apart from all available reference populations. Is
then some available reference population still a legitimate

- source of information about the unsafety of this entity?

Thus, the use of "clues of the first kind" for unsafety
estimation is tied to a dilemma. On one hand, it is both humanly
reasonable and scientifically proper to adopt an estimation
procedure which makes use of all relevant information. Converse-
ly, an estimation procedure which makes no use of that informa-
tion about the unsafety of an entity which is contained in the
knowledge of its traits seems inefficient and contrary to common
sense. On the other hand, what information about the unsafety of
an entity can be extracted from the knowledge of its traits is
entirely due to what is known about many other entities with the
same or similar traits. Thus, the use of clues of the first kind
is tied to the use of a reference population by links of logical
necessity and the use of a reference population can not be divor-
ced from the use of judgement. It is as if the desideratum of
objectivity in estimation requires the sacrifice of common reason
while the exercise of good reason by attempting to make the most
of available information, leads one to relinquish estimation
which is demonstrably clear of the judgemental.

The second kind of clue which bears on unsafety estimation
is the historical accident record of the entity. It has been said
earlier that Mr. Smith has had no accidents in 1984. Surely this
tells something about his unsafety in 1984. Since only 1 in about
10 drivers of this kind have an accident in a certain year, it
may tell little. Still, in principle, what information there is
in the accident record of an entity, needs to be brought to bear
on the estimation task.

If the count of accidents is considered to be the only basis
for the statistical estimation of unsafety, a person with 0
accidents is estimated to have unsafety = 0. However, it makes no
good sense to claim that because Mr. Smith has had no accidents
in 1984, his unsafety in 1984 is estimated to be 0 accidents per
year. Only people not driving have a zero chance of being in an



accident as drivers. It is possible to decline making an estimate
of unsafety in these circumstances, insisting that the count of
accidents has to be substantial before a statistical estimate can
be of any interest. Such a position has the unfortunate conse~-
quence that many entities about the unsafety of which we inquire
(drivers, grade crossings, road sections) never have an accident
count which can be deemed substantial and, as a consequence, one
would have to concede that nothing can be said about their un-
safety.

If the option of remaining silent about Smith's unsafety is
unpalatable, it might be possible to make use of Mr. Smith's
earlier accident record, hoping that he has had at least one
accident in the past, and thus to avoid the embarrassment of
having to declare that his unsafety in 1984 is estimated to be 0
accidents per year. Unfortunately, it is not clear how an acci-
dent in, say, 1982 is to affect the estimate of Smith's unsafety
in 1984. Surely, Smith's unsafety changes with the passage of
time; he matures, he gains experience, he was a student in 1982
and is gainfully employed in 1984. Consequently it is necessary
to make some assumptions about how his unsafety changes with
time, before the 1982 accident can be brought to bear on the task
of estimating his unsafety in 1984. The assumption made most
frequently and tacitly is that the unsafety of the entity does
not change in time. While this assumption has the merit of being
convenient, it lacks the virtue of being sensible.

Classical statistical estimation which relies only on clues
of the second kind, the occurrence of accidents in our case, is
usually thought to be entirely "objective" and free of the ar-
bitrary. Indeed it would be so if one could claim that the un-
safety of Smith in 1984 is the same as in any other year. While
such a claim may be approximately true of a coin-tossing machine,
it is an obvious untruth for any entity in the unsafety of which
there is practical interest. However, if it is admitted that
the unsafety of all entities is changing as conditions (such as
age, exposure, traffic flow, driving culture, vehicle population,
road characteristics) change, it is necessary to face the problem
of using, say, Smith's 1982 accident record to estimate his
unsafety in 1984. No matter how this is done, judgement and
arbitrariness enter into classical estimation in the same manner
as they have been seen earlier to infest estimation based on
traits. This is shown below.



First, assume that Smith's exposure (amount of driving) in
1982 has something to do with his accident record in that year.
However, data about Smith's exposure are not kept. It might be
possible to find data about how much an average driver drove in
1982 and 1984 and alsc use data about the number of vehicles per
kilometre of road in those years and apply these to the task of
estimation. However, just as before, the problem is that the

estimate depends on what data happens to be available.

Second, exposure has been recognized above as related to
Smith's unsafety and its change from 1982 to 1984. However, there
must be other conditions of Smith's life which are related to his
unsafety and which have changed from 1982 to 1984. It is not that
these have not been measured, it is that what they are is not
known. Thus, for "conditions" just as for "traits", the second
difficulty is that the estimate of unsafety depends on what is
thought to be relevant.

Suppose now that it is possible to account for the change in
a set of common "conditions." However, Smith tells that he gradu-
ated from school in 1983 and was a salesman in 1984. How this
affects a person's unsafety is not known. Thus, just as before,
the third difficulty is that for any specific entity it is always
possible to think of some trait (here, change in conditions)
which sets it apart from all available reference populations.

In summary, the unsafety of each entity changes in time.
Therefore when estimation is based solely on the accident history
of an entity and classical statistical methods of estimation are
used, their use is seen to depend on the arbitrary and the judg-
mental in precisely the same manner as the method of estimation
which is based on traits and reference populations. To estimate
Smith's unsafety only on the basis of his accident record, as if
we did not know that he has been driving in Ontario, was male and
was 22 years old, is to disregard important information. To
consider Smith's traits but not to take note of his actual acci-
dent record also amounts to a loss of information. It ought to be
obvious that it is best to make use of both kinds of clues: those
which derive from traits such as gender, age, traffic volume or
road geometry and those which derive from the count of accidents.

At the same time, it seems proper to recognize that if the
traits of entities are to affect estimation, or if the unsafety




of an entity changes in time, the process of estimation will be
unlike that of measuring distance, pressure, or rate of reaction;
it will depend on what data is available, on what is recognized
as relevant and on other manifestations of judgment. One should
not pretend otherwise.

b. Mixing the Two Clues

The art of estimating unsafety using both kinds of clues is
described in a handful of fairly recent articles.’'%'12 A prief
summary of the main results will be provided here.

Denote the unsafety of an entity by m. Consider a reference
population to which this entity belongs. Denote by E{m} and
VAR{m} the mean and the variance of the m's of entities in this
reference population. The entity has recorded x accidents in the
period of time for which we wish to estimate its unsafety. The
task is to estimate its m.

It can be shown that if the count of accidents (x) obeys the
Poisson probability law and when the distribution of the m's in
the reference population can be described by a Gamma probability
deq?%ty function, a good estimator of the m for a specific entity
is’

¢E(m}+(1=-a) X, with ¢ = E{m}/(E{m}+VAR{m} ] (1)

Numerical example 1 serves to illustrate the use and meaning
of this simple equation.

Numerical Example 1.

Consider a highway-rail grade crossing which is in
an urban area, has a single track, is used by 2 trains
per day, 550 cars per day and is signed by crossbucks.
In the 5 years 1981 through 1985 it has recorded two
‘accidents. What is the estimate fi of its unsafety m
during that period of time? (" above a letter to sig-
nifies that this is an estimate.)



~Later in section 3 it will be shown that in a
reference population of such crossings, E{m}=0.0239
accidents/year and VAR{m}=0.0011 [acc./year]?. For 5
vears, E{m)= 5x0.0239=0.1195 accidents and VAR(m}=
52x0.0011=0.0275 [accidents]®. Therefore, the estimate
of a is 0.1195/(0.1195+0.0275)=0.81. By equation 1,
fi=0.81%0.1195+0,19%x2=0,10+0.38=0.48 accidents in 5
years.

The essence of the EB method is now in plain view. The two
clues to m ( 0.1195 describing an average entity of the reference
population and 2 being an "outcome" on the entity of interest)
are combined and the weight attached to each clue depends only on
the ratio VAR{m}/E{m}). Note that if in the reference population
all m's are the same, VAR(m}=0 and therefore a=1 with the effect
that the count of accidents does not influence the estimate.
While this may seem curious at first, one soon recognizes that if
all entities have the same m the estimate of E{m} is also the
estimate of the unsafety for the entity under scrutiny, as the
estimator indicates. Similarly, if the m's in the reference
population are very diverse such that VAR{m}>>E{m}, a will be
very small and what is known about the reference population
exerts little influence on estimation. This again is as should
be. Thus, the estimator in equation 1 which has been deduced by
logic from specified premises, mixes the two kinds of clues about
unsafety and does so in a manner which is in accord with common
sense.

A more unified conceptual framework can be attained if
instead of regarding the two kinds of clues as belonging to two
separate and different domains, the accident count is taken to be
just another trait. Thus, a reference population can be subdivi-
ded such that within each subpopulation all entities have the
same accident count x. The subpopulation is defined by all the
traits common to the entities of the original population and, in
addition, by the "trait" of having recorded x accidents. Each
entity belonging to this new reference population has unique m
and their mean (E{m|x}) is estimated by equation 1.

‘The m's in the new reference population have also a variance
(VAR{m|x)). It can be estimated by

a(l-a)E{m) + (l=a)?x . (2)
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Since-the m of the entity of interest is one from a dis-
tribution in which the m's have a variance given by equation 2,
this is also the variance of #|x. This closes the loop. The
starting point was a reference population which was defined by
traits only. Entities in it were said to have m's with a mean
E{m} and variance VAR{m}. Then a new trait has been added, that
of having x accidents. In this new reference population the mean
" of the m's (denoted by E{m|x}) is estimated by equation 1 and
this is used to estimate the m of the entity of interest:; the
variance of the m's in this new reference population (denoted by
VAR{m|x}) is estimated by equation 2 and this is used to estimate
the variance of the estimate of that m .

Numerical Example 2.

Consider again the highway-rail grade crossing
from Numerical example 1. For the 5 years 1981 through
1985, there were x=2 accidents. Calculations showed
that E{m}=0.1195 accidents and the estimate of a is
0.81.

By equation 2, VAR({fi|2}=0.81x0.19x0.1195+0,19%x2=
0.018+0.072=0.09 [accidents]z. Thus, from numerical
example 1 fi=0.48 accidents in 5 years and the standard
deviation of this is /0.09=0.30 accidents in 5 years.

The benefit of using both clues to unsafety (instead of
relying on the accident count only) is now obvious. Had only the
accident count been used, the estimate of m would be two acci-
dents in 5 years and the standard deviation of that estimate is
J2=1.4., Using the EB method (and the added information about the
reference population) the estimate of m is 0.48 accidents in 5
years and the standard deviation of this estimate is 0.30.

The superior efficiency of the EB estimation can be shown by
a graph. In figure 1, E{m} is set to be unity. At a=0 ignorance
about the distribution of m's in the reference population is so
complete that it is disregarded. At this point, the variance of
the estimate of m (shown on the vertical axis) is estimated by
the count of accidents, x, as is customary. (This leads to con-
flict with common sense when x=0). At the other end, where a=1,
the variance of m's in the reference population is 0. It follows
that as soon as an entity is known to be one of the reference
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population with mean E{m}, its m is known and there is no uncer-
tainty about it. Between these extremes, the variance of the
estimate assumes intermediate values. Except for the anomalous
case when x=0 and a<0.5, the variance of the estimate obtained by
the joint use of both clues is always below that when estimation
is by accident counts only.

To summarize, both clues to the unsafety of an entity should
be used in estimation. One of the ways by which this can be done
is given by equations 1 and 2. In these equations, the clues of
the first kind are represented by the first two central moments
of the m's in the reference population - E{m} and VAR{m)}. Thus,
estimates of E{m) and VAR{m} which pertain to the m's of the
reference population are needed. Two alternative methods for the
estimation of E{m} and VAR{m) are discussed next.

VAR{mix}

0 L § L L 3 r— L § L} j L B L |
0 0.5 1
VAR§m} >> Efm] VAR{m} = 0
Qa

Figure 1. The efficiency of EB estimation.
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~-3—-TWO METHODS FOR ESTIMATING E{m)} AND VAR{m}.

Entities which share a specific set of chosen traits were
said to form a reference population. Each entity of the reference
population has its own m. The set of m’s in the reference popula-
tion has a mean E{m} and a variance VAR{m}. Estimates of these
two moments of m in the reference population are needed to esti-
mate the unsafety of any entity of this reference population (see
equations 1 and 2). Two alternative methods to estimate E{m) and
VAR{m)} are discussed below.

a. The Method of Sample Moments.

Consider a reference population of n entities of which n,
have recorded x = 0,1,2,...,M accidents during a specified period
of time. (Note that 2$H=n). With this notation, the sample mean

(X) and sample variance (sz) are calculated by:
% = Zxn/n (3)

s? = 2 (x-%)°n/n (4)
As n increases, X approaches E{m}. In addition, it can be

shown that if the count of accidents for each entity is Poisson
distributed, as n increases, s? approaches VAR{m}+E{m}.”” Thus, X
can serve as an estimator of E(m} and s’-% as an estimator of
VAR{m}. The larger the reference population, the more accurate
these estimates are. Because the estimators are based on X and
s?, this approach to estimation will be called the Method of
Sample Moments.

Numerical Example 3.

In the previous numerical examples discussion
revolved around the unsafety of a highway-rail grade
‘crossing which is in an urban area, has a single track,
is used by 2 trains per day, 550 vehicles per day and
is equipped by crossbucks. Estimates of E{m} and of
VAR{m} were used and the promise made to explain later
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where they come from. One can now show how such esti-
mates are obtained by the Method of Sample Moments.

Consider a reference population of rail-highway
grade crossings the defining traits of which are:
{urban area, 1 track, 1 to 2 trains per day, 0 to 1000
vehicles per day, signed by crossbucks}. Data kept by
the Federal Railroad Administration show that in 1980
there were about 10,000 crossings with such traits. In
this reference population, 9770 crossings had 0 acci-
dents, 160 had 1 accident, 8 had 2 accidents and 1 had
3 accidents. For this data, %=0.0181 [acc.], s°=0.0199
[acc.]® and therefore the estimates are E{m}=0.0181
[acc./year] and VAR{m}=0.0018 [acc./year]°.

The attraction of the Method of Sample Moments is that its
validity rests on a single assumption: that for each entity, if m
remained constant, the occurrence of accidents would be well
described by the Poisson probability law.

However, two practical difficulties are inherent in the
Method of Sample Moments. First, it is only seldom that a suffi-
ciently large data set can be found to allow for adequately
accurate estimation of E{m} and VAR{m}. This limits the circum-
stances in which the EB method of unsafety estimation can be used
in practice. Second, even with very large data sets, one can not
find adequate reference populations for entities described by
several traits. Thus, e.g., even with more than 200,000 grade
crossings in the USA, use had to be made of the categories "1 to
2 trains per day" and "0 to 1000 vehicles per day" while the cor-
responding traits of the entity are "2 trains per day" and "550
vehicles per day." (It is for this reason that the estimates
given here were not used in the previous numerical examples).

The Multivariate Method discussed below intends to obviate
these difficulties.

b. The Multivariate Method.

In practice it is often necessary to estimate the unsafety
of entities for which a sizeable reference population does not or
can not exists. To illustrate if it is known about Mr. Smith (who
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has been introduced to the reader in section 2) that he has
driven in 1984 about 13500 kilometres and has been convicted
three times for speeding and once for impaired driving, conceptu-
ally there still is a reference population. Its defining traits
are: {Ontario driver in 1984, male, 22 years old, 13500 km/year
(8388 miles/year), 3 speeding convictions, 1 impaired driving
conviction}. However, even though there are more than 5 million
drivers in Ontario, the number who match all these traits is too
small to allow reliable estimation of E{m) and VAR{m} by the
Method of Sample Moments. In the limit, when traits are many or
are continuous in nature (as are age or average traffic flow), a
real reference population does not exist. In this case we can
only ask what would be the mean and the variance of the m if a
large reference population did exist. The concept of a reference
population is still clearly defined but it is now an imaginary
one. Since no data about it can exist, the Method of Sample
Moments can not be used. It appears, however, that even in this
case it is possible to estimate E{m} and VAR{m}. The idea for
doing so is the same as that on which much of multivariate stati-
stical analysis rests.

It is common to estimate the unsafety of entities with
specified traits by multivariate statistical methods. Thus, e.g.,
there are "models" to estimate the unsafety of a grade crossing
as a function of the train and car traffic, its location (urban
or rural), its geometric characteristics (number of tracks,
angle) and the type of warning devices used (crossbucks, flashers
or gates). Similarly, there are multivariate models which esti-
mate the unsafety of a driver as a function of age, gender and
number of convictions for offenses associated with the use of the
road. Multivariate models exist also for intersections and roads.
The purpose of this section is to elucidate the relationship
between such multivariate models, imaginary reference populations
and the two moments E{m} and VAR{m}.

Imagine a population of entities with the same traits. In
this imaginary reference population, as in a real one, m would
still vary from entity to entity. To see why, consider a group of
Ontario drivers who, just like Mr. Smith, are male, 22 years old,
have driven 13500 km (8388 miles/year) and got 3 speeding and 1
impaired driving convictions 1984. One should still expect them
to be different from each other and from Mr. Smith in many impor-
tant respects - education, personality, where they drive, what
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cars they use, and so on. Therefore drivers in this imaginary
referencé*ﬁgsﬁiation should also be expected to have m’s which
are not all the same. For this reason it is still meaningful to
speak of the mean and the variance of m’s in such a reference
population, albeit an imaginary one.

When a multivariate model is being fitted to accident data,
it is to estimate the E{m} as a function of independent vari-
ables. This is based on the belief that E{m} depends on the
independent variables in some systematic way which can be captu-
red by an equation or a set of equations - a model. These inde-
pendent variables are precisely what has so far been called
traits. Thus, each combination of traits (independent variables)
defines an imaginary reference population.

When a multivariate model is used to estimate the m of some
specific entity, the reasoning mimics that used earlier in sec-
tion 2. To illustrate, if the aim is to estimate the m of Mr.
Smith, the argument is that the estimate of E{m} obtained from
the multivariate model pertains to that imaginary reference
population which matches exactly Smith’s traits. Because Mr.
Smith is indistinguishable from others in that imaginary refer-
ence population, the best estimate for Smith’s m is what E{(m) for
the imaginary reference population is estimated to be by the
multivariate model.

Seeing the multivariate model in this light, as providing an
estimate of E{m} for a continuum of imaginary reference popula-
tions, logically entails alsoc a specific view of the residuals. A
residual, in our case, is the difference between an accident
count on some specific entity which served as "datum" for model
fitting and the estimate of E{m} calculated from the fitted model
equation. This residual consists of two parts. One is the differ-
ence between the m of the specific entity which happened toc serve
as datum and the count of accidents on it. This part is usually
taken to be the difference between a Poisson-distributed count
(x) and its mean (m). The other part is the difference between
the m of the specific entity and which served as a datum and the
estimate of E{m} for the imaginary reference population to which
the entity belongs. In other words, x is a realization of a
Poisson random variable the mean of which is m while m is a
random variable from a reference population in which m’s have a
distribution with E{m} and VAR{m} as central moments. In short,
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the residuals are viewed as coming from a family of compound
Poisson distributions.

For compound Poisson distributions (see, e.g., reference 13)
VAR{x} = VAR{m} + E{m)} . (5)

For the reference population to which the entity the accident
count of which was used as a datum belongs, E{m} can be estimated
using the model equation and VAR{x} can be estimated by the
squared residual. Therefore, based on the relationship in equa-
tion 5, the difference [squared residual - estimate of E{m})] can
be used to estimate the VAR{m} for the imaginary reference popul-
ation to which this datum point belongs.

Thus, for each datum point there is an estimate of VAR{m)
which is associated with a set of traits (independent variables)
defining an imaginary reference population. Just as E{(m)} is
related to the independent variables by some regularities which
can be captured by a model equation, so might VAR{m)} be. There-
fore, the estimates of VAR{m} for every datum point can also be
subjected to a multivariate analysis the aim of which is to
express VAR{m) as a function of the independent variables.

In previous work it has been found that when estimates of
VAR{m} are plotted against the estimates of E{m), the two are
systematically associated.® Their relationship could be ade-
quately represented by the simple quadratic function VAR{m} =
[E{m}]z/k. When, in view of the data at hand, such a quadratic
relationship is justified, this is a particularly simple way to
link VAR{m} with the independent variables since these are used
to estimate E{m})}. Only one added parameter, 1/k, needs to be
estimated.

Before such estimation is attempted it is advisable to
examine the data in the following manner. For each datum point
" calculate B{m) and VAR(m). Arrange the datum points in the ascen-
ding order by E(m). Form groups and for each group calculate the
average of the E{m} and VAR{m}.' Plot these averages one against

'As shown in 3¢, a correction term C has to be subtracted from
the average of the VAR{m}. It is given by C-A‘/lz where A is the
difference between the smallest and largest E{m} in the group.
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the other to see whether the simple quadratic relationship fits
the data. IT Ves, use [E{m}])° as the independent variable in a
simple linear regression with zero intercept to obtain an initial
estimate of 1/k. A better estimate of k can than be obtained by
the method of maximum likelihood. The theoretical considerations
and the empirical support for the choice of this simple quadratic
relationship are given in the appendix of reference 14.

Whether the Multivariate Method for estimating E{m} and
VAR{m} is sound remains to be examined. However, at this point it
is possible to illustrate how it might be used.

Numerical Example 4.

Consider again the highway rail grade crossing of
the preceding numerical examples. Using a multivariate
model developed earlier E{m} is estimated by E{m)=
ax (cars/day)®x (trains/day)®x (trains/day) !nttrains/day)
=0.0239 accidents/year. In this, a=-5.345, b=0.405,
c=1.039 and d=-0.115, which are parameter estimates
specific to the traits: {urban, single track, cross-
bucks). In the same multivariate model for the set of
traits {urban, single track, urban} the estimate of k
was 0.52. Thus, VAR{m} is estimated to be VAR(m)=
0.02392/0.52=0.0011 {acc./year]z. These are the esti-
mates of E{m} and VAR{m} used in numerical example 1.

The advantages of the Multivariate Method are two and they
are linked. First, it provides estimates of E{m} and VAR{m} which
can exactly match many traits. Traits which are continuocus in
nature cease to be a problem. Second, one does not need to have a
large reference population for any particular combination of
traits. However, because Multivariate Method uses familiar sta-
tistical techniques in unfamiliar ways, its correctness has to be
examined and established.
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c. Comparing the two Methods

e ————

The conceptual foundations of the Multivariate Method are
straightforward and the method should work. However, there might
difficulties of pragmatic nature. First, when fitting a model to
data, there are seldom good reasons for choosing this or that
form of model equation. However, the choice of model form deter-
mines what the residuals are. Second, the estimation of model
parameters involves a minimization of the sum of squared residu-
als (or something close to it). Thus, there might be a systematic
underestimation of the VAR{m). Third, it could be that VAR{m)}
does not depend on the independent variables in some regular
manner and in particular that VAR(m) # [E(m}]a/k. For all these
reasons it is necessary to demonstrate that the multivariate
method and the method of sample moments give similar results.

The estimates of E{m) and VAR(m) obtained by the Method of
Sample Moments can not be directly compared to estimates produced
by Multivariate Method. The imaginary reference population of
which the Multivariate Method speaks is always a subset of the
reference population used by the Method of Sample Moments. Since
the two reference populations do not coincide, the estimates of
E{m} and VAR{m) will differ. This can be illustrated by comparing
the results of the numerical examples introduced earlier.

The reference population in numerical example 3 uses the
categories 1 to 2 trains/day and 0 to 1000 vehicles/day. For that
reference population, E{m} was estimated to be 0.0181 acc./year.
However, in numerical example 4, the specific values of 2
trains/day and 550 cars per day were used. This makes for an
imaginary reference population which is more homogeneous in its
traits for which £{m}=0.0239 acc./year. Similarly, for the refer-
ence population in numerical example 3 VAR{m}=0.0018
[acc./year]2 whereas for the imaginary reference population of
numerical example 4 we estimate 0.0011 [acc./year]?. This is in
agreement with what one should expect in general. The more homo-
geneous is a group of entities in terms of its traits, the lesser
should be the variance of its m’s.

Thus, in order to compare estimates obtained by the Method

of Sample Moments to estimates obtained by the Multivariate
Method, it is necessary to establish what is the relationship
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between the estimates of E{m} and VAR{m)} obtained by the two
methods.

consider two entities, i and j which differ in the magnitude
of an independent variable as is shown in figure 2. These enti-
ties have m; and m;. Because of the difference in the magnitude
of the independent variable, i and j belong separate imaginary
reference populations, I and J. The m’s in reference population I
have moments E {m}, VAR (m)} and the m’s in reference population J
have moments E;{m} and VAR,(m}.

If the two imaginary reference populations I and J are
merged to form one joint reference population N and if I and J
are thought to have the same number of entities,

Eu{m} = (E[{m} + EJ{m})/z (6)

The aim is to find the VAR, {m} of the joint reference popu-
lation N. The contribution of the entities of reference popula-
tion I to VAR(m)} is the VAR, {m} (which was calculated with E;{(m)
as mean) to which (E"{m}-EI{m})2 must be added. Similarly, enti-
ties of reference population J contributed, VAR, {m} to which
(EN{m}-EJ(m})2 is added. If I and J are thought to have the same
number of entities, the variance of m’s in N will be

VAR (m} = [VAR,(m}+VAR,(m}+ (E,{m}-E,{m})% (E,{m}-E,(m})?]/2 (7)

Equations 6 and 7 are easily generalized to any number of
reference populations which are being joined. If N is composed of
reference populations I, J, K,..., VAR,(m} is the sum of the
average of VAR (m}, VAR,{m}, VAR/{m},... and the average of
(E,(m}=E,(m})?, (E/{m}-E,{m})* (E,(m}-E(m))? ... . In the speci-
fic case when N is made up of many reference populations and
their E(m}s are distributed uniformly over an interval of size 4,
the average of the terms (Eu(m}-EI{m))z, (Eu{m}-EJ{m})L
(E,(m)-E(m})3,... is A%/12.

Equations 6 and 7 facilitate the comparisons of estimates by
the two methods. Estimates for the left hand side of equations 6
and 7 will be obtained by the Method of Sample Moments (as, e.g.,
in numerical example 1). Estimates for the right hand side of
equations 6 and 7 will be obtained (for the same data) by the
Multivariate Method (as, e.g., in numerical example 2) If the
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interpretation in section 3b is correct, and if the potential
problems mentioned in the first paragraph of 3c are not serious,
there should be an approximate numerical equality between the two
sides.

This kind of comparison requires data sets which allow the
estimation of E{m) and VAR{m} by both methods for many reference
" populations. Furthermore, successful multivariate models for the
same data sets have to be available. In section 4 the data sets
and the multivariate models used will be described.
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Figure 2. The relationship between m and E{m} in
reference populations I, J and their union N.
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4. DATA, MODELS‘AND HOW THEY ARE USED

Having created the machinery by which the performance of the
Multivariate Method can be judged, the next step is to assemble
the data which will allow the empirical investigation to be
carried out and to specify the multivariate models which are
needed for that purpose. Two data sets were used. One pertains to
rail-highway grade crossings in the U.S. the other to drivers in
Ontario. For each data set we have specified numerous multivaria-
te models and estimated their parameters.

a. Rail-highway grade crossings in the U.S..

The first data set contains information about some 200,000
rail-highway grade crossings in the United States during the
period 1980 through 1984. For each crossing we know its accident
history, train traffic, wvehicular traffic, number of tracks,
setting, warning device used and other traits.

To estimate E{m}-use has been made of the model equaticn
. _ b : c : dxin(trains/day)
E{m}=ax (cars/day) x(trains/day) x{trains/day) (8)

Eight sets of parameters a,b,c¢c and d have been estimated, one for
each combination of the three traits : setting (urban or rural),
number of tracks (single or multiple) and warning device (cross-
buck or flas.hers).(B> To illustrate how VAR{(m)} is estimated
consider figure 3 which shows what is revealed by the data for
the 41,822 crossings which are in an urban setting and are equip-
ped with crossbucks.

To produce figure 3, for each crossing the E{m} of its
imaginary reference population has been estimated. The dimension
of E{m) is accidents in 5 years. When a crossing has a single
track one set of parameters values is used to estimate E{m}, when
it has a multiple track, another. Using the estimates E{m) we
calculated for each crossing the squared residual (accidents in 5
years - E{m})z. From this squared residual E{m} is subtracted to
give an estimate of VAR{m) in accordance with equation 5. All
crossings are then ranked by their E{m} and groups of about 1000
crossings with similar E{m)’s are created. For each group the
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Figure 3. The relationship between E{m} and VAR(m}.
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average E{m)} and the average VAR({m} are calculated. From the
average of the VAR{m} the correction C (see footnote in section
3b) is subtracted. The results are shown in figure 3. As in most
other cases, a relationship of the form VAR{m}= (E{m))z/k is

indicated and k is estimated to be 0.61.

Similar relationship between the average estimates of E{m) and
VAR{m} have been found when all eight cases have been examined
separately.

b. ontario Drivers

The second data set contains information about a random
sample of some 170,000 Ontario drivers for the period 1981 to
1984. These are drivers who had at least one conviction for a
traffic law violation in either 1981 or 1982. For each driver
information about age, gender, kind of license, record of acci-
dents, record of convictions is available. For further details
see reference 15.

To estimate the E{m}) of a driver (for 1983-1984 based on
1981-1982 data) dozens of linear multivariate models have been
formulated using various combinations of age, gender, 14 convic-
tion types and 2 accident types as independent variables. Esti-
mates of the parameters for one such model are given in table 1 .

To illustrate the estimation of E{m} with this model, con-
sider a female driver, 24 years old, who during 1981 and 1982 had
two speeding convictions and one conviction for failing to yield
the right of way. For her the expected number of accidents in the
two years 1983 and 1984 is estimated to be: 0.181 (intercept or
"base driver") - 0.059 (for being female) - 0.065 (for being 24)
+ 2%0.029 (for two speeding convictions) + 0.027 (for failing to
yield) = 0.142.

Figure 4 shows what 1s revealed by the data for these
170,000 Ontario drivers. To produce figure 4 for each of the
170,000 drivers the E(m)} has been calculated using the parameters
in table 1. Next the sguared residual has been calculated for
each driver using his or her accident record. From the squared
residual E{m} has been subtracted to get VAR{m}. After ranking
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_Table 1. Estimates of regression coefficients.‘

Regression Run Al: Age, sex as dummies, no accidents

Description of variable Estimoted Standard
Coefficient Error

Intercept (Maole. Age ¢ 21) #.18135% 9.082632
Dummy variable for age 21-25 -8.96523 9.981591
ODummy variable for oge 26-38 -#.93552 9.082618
Oummy variaoble for age 31-3% -§.985356 g.282681
Dummy variable for acge 36-48 -9.85783 9.002804
Dummy variable for age 41-58 -3. 94957 @.983239
Oummy variable for age 51-6@ -8.85717 g.09323¢4
Oummy variable for cge > &4 -9.085588 §.084423
Oummy variable for female -#.95899 9.996264
mm1: Fail to yleld, imp. turns, PXOD,

amber violations, etc §.02736 8.9091646
mm2: Disobey red lights:;

rail crossing vioclations. §.08455358 g.042791
mm3: Fail report occid.; Careless driving:

Dong. driving;Crim. neg. caous. deoth §.8487%5 ¢ .9884567
mm4: Unsafe move;imp. o'taking:

Disobey signs #. 959365 8. 803723
mmS: Fail to remain: breath test; ’

alcohol; impairment. ?.968515 g.915328
mmé: Seat belt;: F.T.C.; parking: s

divided h'way offences. 2.83421 8.081961
nni: Minor neglect: no drivers license:

permits; 1insurcance, address change 9.9831975 #.909674
nn2: Neglect: D/Lic. suspended or not

produced: plates., insuyrance. 9.83312 2.983617
vvl: Minor vehicle neglect: lomps

windows obstructed, etc. §.0951595 9.886479
vve: Vehicle neglect: Unsafe veh.,

brakes, tires §.98548 §.849913
vv3: Truck weight offences. §.187235 9.92%898
vv4: Truck dimension offences. #.11554 9.911842
ee1: Environmental offences:

noise, fumes. §.891268 9.9868349
mm7: Speeding offences #.82992 9.90098u8

Reproduced from %
best available copy. S
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all drivers—in the order of their E{m}, groups of 1000 drivers
were created and the average E{m) and VAR(m)} calculated for each.
From the average VAR{m} the correction C has been subtracted. The
corrected values were used in figure 4.

Since at E{m}=0, VAR{m} must be 0, the squares clearly
indicate a non-linear relationship. As in the other cases, the
'quadratic relations VAR{m}=[E{m}]%/k can be used to fit the
squares in figure 4. The best fitting curve is not shown in order
to preserve the impression that even with very large data sets
the detailed nature of the relationship between E{m} and VAR{m)
can be difficult to establish.

With these large data sets ready and the corresponding
multivariate models available, it is possible to compare esti-
mates of E{m} and VAR{m} obtained by the Multivariate Method and
the Method of Sample Moments.

ONTARIO DRIVERS
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Figure 4. The relationship between E{m} and VAR{m}.
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5. IS THE MULTIVARIATE METHOD SOUND?

To use the clues to unsafety which are contained in the
information about the traits of an entity, estimates of E{m) and
VAR({m} for its reference population are required. When the refer-
ence population is large, estimates of E{m} and VAR(m} can be
obtained by the Method of Sample Moments (section 3a). However,
often the requisite reference population does not exist or is too
small to yield useful estimates. In those cases the Multivariate
Method (section 3b) has to be used. While the conceptual founda-
tions of the Multivariate Method appear to be sound, an empirical
proof of the pudding is in order. This will be done by juxtapos-
ing estimates obtained by the Method of Sample Moments to those
obtained by Multivariate Method in several large reference popu-
lations. Should both methods yield similar results, this will be
construed as evidence in support of the soundness of the Multi-
variate Methed.

a. Rail-Highway Grade Crossings.

Consider a group of 10,000 grade crossings which have been
selected at random from the data base. The crossings in this
group have diverse traits. Some are in an urban area, equipped
with flashers and serve heavy traffic: others are in a rural
area, protected by crossbucks and lightly used. Over a period of
5 years these crossings recorded 1750 accidents, an average of
0.1750 accidents per crossing. Thus, by the Method of Sample
Moments, X=E{m}=0.1750.

Alternatively, for every one of these 10,000 grade crossings
m can be estimated using model equation 8 with parameters a,b,c
and 4 which fit the traits of a crossing. The average of such
estimates of m for all 10,000 crossings is 0.1752 accidents per
crossing. Thus, by the Multivariate Method, E{m}=0.1752. The
conclusions is that for this group of 10,000 crossings the esti-
mates of E{m} by the two methods correspond closely.

A similar comparison for 10 different groups of 10,000 grade
crossings each is given in table 2.
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——— Table 2.
Comparison of E{m) obtained by the 2 methods
in 10 groups of 10,000 crossings.

[Accidents in 5 years per crossing]

Group Sample Average of

Number Mean Model Estimates
1 0.1750 0.1752
2 0.1750 0.1758
3 0.1706 0.1771
4 0.1801 0.1751
5 0.1780 0.1773
6 0.1819 0.1772
7 0.1764 0.1765
8 0.1737 0.1763
9 0.1765 0.1727

10 0.1664 0.1726

Mean 0.1754 0.1756
6 0.0042 0.0016
-0//10 0.0013 0.0005

The satisfactory correspondence between the two columns in
table 2 indicates merely that the multivariate model has been
correctly fitted to the data and that it performs satisfactorily
in randomly selected subsets of it. The question is whether the
estimates of VAR(m) obtained by both methods also match.

Consider again the group of 10,000 crossings examined earli-
er. Estimating by the Method of Sample Moments VAR{m)=0.1624
[accidents in 5§ years}z. The Multivariate Method requires that
estimate VﬁRi{m} and (E{m}-Ei(m})2 for i=1,2,...,10,000 be obtain-
ed, added, and their averages calculated (see section 3c). In
this case, VAR{m}=0.1119+0.0385=0.1504 [accidents in 5 years]’.
Thus, the two methods also give similar estimates of VAR{(m}. A
comparison for 10 groups of 10,000 grade crossings is given in
table 3.
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Table 3.

Comparison of the VAR{m) obtained by 2 methods
in 10 groups of 10,000 crossings.
[Accidents in 5 years per crossing]?®

Group Method of Multivariate Method

No. Moments
VAR{m) VAR(m) VAR, (m)

1 0.1624 0.1504 = 0.1119+0.0385
2 0.1344 0.1492 = 0.1112+0.0380
3 0.1523 0.1520 = 0.1133+0.0387
4 0.1514 0.1496 = 0.1111+0.0385
5 0.1379 0.1535 = 0.1139+0.0396
6 0.1651 0.1576 = 0.1168+0.0408
7 0.1599 0.1574 = 0.1163+0.0411
8 0.1366 0.1474 = 0.1106+0.0368
9 0.1466 0.1494 = 0.1108+0.0386
10 0.1419 0.1453 = 0.1081+0.0372

Mean 0.1488 0.1512

o 0.0106 0.0038

4//10 0.0034 0.0012

Several observations follow. First, in the population of
U.S. rail-highway grade crossings and in its randomly selected
subsets, both methods produce practically identical estimates of
VAR{m). Viewing the difference of the means (0.1488-0.1512=~
0.0024) in the 1light of 3/]10, no difference between the estima-
tes can be detected. Therefore, since the Method of Sample Mo-
ments gives sound estimates, so does the Multivariate Method.
Second, comparing the ¢0’s one is led to conclude that the Multi-
variate Method yields estimates which have the lesser standard
error. Third, when the population is diverse (as this one is)
there is a substantial difference between the VAR{m} which
applies to the entire group of 10,000 crossings and the VAR,(m)
which applies to the imaginary reference populations for each
crossing from which the group is constituted. The former (=0.15)
is always larger than the latter (=0.11).
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The last observation requires elaboration. When the unsafety
of entity i is to be estimated, its VAR,(m} is needed. If the
Method of Sample Moments is used to provide an estimate of
VAR.{m} and the reference population is diverse in its traits, a
correction "C" needs to be applied. In this case, C=0.04.

Next several subpopulations of the U.S. grade crossings are
examined. However, the mode of comparison is slightly altered. In
tables 2 and 3 crossings were chosen at random to form groups of
10,000. As a result, each group consisted of crossings which are
diverse in their traits and therefore in their m’s. In contrast,
for the examination below, groups of crossings which are as
homogeneous in their m’s as possible will be used.

The first such set of crossings are all in a rural setting
and equipped with flashers. In figure 5 estimates of E{m) obtain-
ed by the two methods are compared, figure 6 is the comparison of
the two estimates of VAR{m}. The slope of the regression line in
figure 5 is 1.009 with a standard error of 0.020. This merely
signifies that the model has been properly fitted. The slope of
the regression line in figure 6 is 1.028 with a standard error of
0.025. The good correspondence of the two estimates of VAR({m)}
supports the soundness of the Multivariate Method.

Figure 7 shows how the two estimates of VAR{m} match for
crossings in a rural setting but equipped with crossbucks. Here
the slope of the regression line is 0.972 with a standard error
of 0.0256. In figure 8 a similar comparison is shown for cross-
ings in an urban area which are equipped by flashers. Here the
regression line for the two estimates has a slope of 1.003 with a
standard error of 0.021. In figure 9 estimates of VAR{m} for
crossings in an urban area and equipped with crossbucks are
compared. The slope of the regression line is 1.002 and the
standard error is 0.014.

It can be concluded that for this data the two methods
produce similar estimates of E{m} and VAR{m}.
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Figure 5. Comparison of E{m} for rural flashers estimated by two
methods.
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Figure 8. Comparisons of VAR{m) for urban flashers estimated by
two methods.
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Figure 9. Comparison of VAR{m) for urban crossbucks estimated by
two methods.
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L b, Ontario Drivers

Consider a group of 10,000 drivers selected at random from
our data base. These drivers have diverse traits. Some may be
male, 18 year old, with many convictions and accidents in 1981
through 1982; others may be female, 40 years old with no convic-
tions and accidents in 1981 through 1982. In the 2 years 1983
through 1984, drivers of this group recorded 1648 accidents, an
average of 0.1648 accidents per driver. This is the estimate of
E{m} by the Method of Sample Moments. Alternatively, the m of
every one of these 10,000 drivers can be estimated using the
multivariate model. The average of these 10,000 estimates of m is
0.1691 accidents per driver. This is the estimate of E{m} by the
Multivariate Method. Thus, the two methods give similar estimates
of E{m). A similar comparison for 16 groups of 10,000 drivers is
given in table 4. The results show only that the multivariate
model has been correctly fitted to the data and performs well in
random subsets of it.

To see whether the estimates of VAR{m)} obtained by the
Multivariate Method match those obtained by the Method of Sample
Moments, consider again the same group of 10,000 drivers. Esti-
mating by the Method of Sample Moments, VAR{m}=0.0118 [accidents
in 2 years]z. The Multivariate Method requires that estimates of
VAR,;{m} and (E{m)~Ei{m})? be obtained for drivers i=1,2,...,
10,000 and then averaged. In this case, VAR{m}= 0.0132+0.0036
=0,0168 [accidents in 2 years]z. Similar comparisons for 16
different groups of 10,000 drivers are given in table 5.

Several observations follow. First, in the population of
Oontario drivers and in its randomly selected subsets, both meth-
ods produce similar estimates of VAR{m}. Viewing the difference
of the means (0.0174-0.0168=0.0006) in the light of 6//16, no
difference between the estimates can be detected. It follows that
the Multivariate Method performs well in this data set. Second,
comparing the &’s one is led to conclude that the Multivariate
Method yields estimates which have the lesser standard error.
Third, when the groups are diverse there is a substantial differ-
ence between the VAR{m} of the group the VAR,(m} which applies to
the imaginary reference populations for each driver. The former
(=0.017) is always larger than the latter (=0.013).
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Table 4.

Comparison of E{m} obtained by the 2 methods
in 16 groups of 10,000 drivers.
[Accidents in 2 years per driver)

Group Sample Average of

Number Mean Model Estimates
1 0.1648 0.1691
2 0.1711 0.1712
3 0.1723 0.1711
4 0.1750 0.1713
5 0.1631 0.1682
6 0.1704 0.1700
7 0.1720 0.1691
8 0.1720 0.1694
9 0.1726 0.1694
10 0.1723 0.1687
11 0.1629 0.1697
12 0.1699 0.1700
13 0.1711 0.1691
14 0.1604 0.1692
15 0.1773 0.1698
16 0.1649 0.1681

Mean 0.1695 0.1696
o 0.0048 0.0010
6//16 0.0012 0.0002
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Table 5.

Comparison of the VAR{m} obtained by 2 methods
in 16 groups of 10,000 drivers.
[Accidents in 2 years per driver}2

Group Method of Multivariate Method

No. Moments
VAR {m) VAR(m) = VAR;{m}+correction

1 0.0118 0.0168 0.0132 0.0036
2 0.0147 0.0171 0.0135 0.0036
3 0.0147 0.0170 0.0135 0.0035
4 0.0178 0.0173 0.0136 0.0037
5 0.0166 0.0168 0.0131 0.0037
6 0.0166 0.0168 0.0133 0.0035
7 0.0236 0.0168 0.0133 0.0036
8 0.0170 0.0166 0.0132 0.0034
9 0.0214 0.0168 ©0.0133 0.0036
10 0.0145 0.0166 0.0132 0.0035
11 0.0187 0.0167 0.0133 0.0035
12 0.0213 0.0170 0.0134 0.0036
13 0.0193 0.0167 0.0132 0.0035
14 0.0172 0.0168 0.0132 0.0035
15 0.0188 0.0168 0.0133 0.0035
16 0.0144 0.0165 0.0131  0.0035
Mean 0.0174 0.0168 0.0133 0.0035
6 0.0031 0.0002 0.0001 0.0001
6//16 0.0008 0.0000 0.0000 0.0000

The groups in tables 4 and 5 were formed by selecting driv-
ers at random. As a result, drivers of diverse traits belong to
the same group. For the examination to follow, drivers which are
as homogeneous in their m’s as possible placed in the same group.
For groups of 1000 Ontario drivers who within each group are
estimated to have similar m’s, figure 10 compares estimates of
E{(m) by the 2 methods, figure 11 is the comparison of the 2
estimates of VAR{m}.
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Figure 10. Comparison of E{m} for Ontario drivers estimated by
two methods.
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It is -gquite obvious that in this mode of comparison too, the
two methods produce very similar estimates of E{m}. The slope of
the regression line in figure 10 is 0.999 with a standard error
of 0.006. This merely signifies that the model has been properly
fitted.

The slope of the regression line in figure 11 is 1.085 with
'a standard error of 0.075. Thus, on the average, there is also a
good correspondence between the two estimates of VAR{m)}. However,
while the visual impact of figures 6 through 9 for the grade
crossings was that of a good correspondence between each two
estimates of VAR(m}, figure 11 gives a different impression. This
is partly an illusion because the scale in figure 11 differs from
that in figures 6 through 9 by a factor of 5 to 10. Were one to
rescale the vertical axis in figure 11 to range from -0.4 to 0.7,
instead of -.04 to 0.07, it would give the same impression of
good fit to a straight line as figures 6 through 9.

Still it is true to say that the two estimates of VAR{m}
are better correlated in the population of, say, Rural Flashers
(figure 6, R=0.99) than in the population of Ontario Drivers
(figure 11, R=0.63). Part of the reason is that the multivariate
model for grade crossings is based on better information about
"traits" than that for Ontario Drivers. Thus, e.g., train and car
traffic volumes are used to estimate the unsafety of a grade
crossing while for Ontario drivers no information about their
exposure exists and, as a proxy, the sparse and noisy information
about convictions had to be used.

Figure 10 and 11 are based on multivariate model Al (see
section 4b, table 1) which applies to the entire population of
Ontario drivers. In this model, age and gender are accounted for
by additive parameters while no distinction is made between
drivers licensed to drive trucks or cars only. In figures 12 and
13 the correspondence of the two estimates of VAR{m} is shown for
two additional multivariate models. One set of parameters has
been estimated for the subpopulation of Ontario drivers who are
male, 28 to 60 years old and licensed to drive cars only, another
set of parameters for females with the same traits. Only acci-
dents and convictions in 1981 and 1982 were used as independent
variables for accidents in 1983 and 1984 as the dependent vari-
able.
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The slope of the regression line in figure 12 is 1.08 with a
standard error of 0.11; in figure 13 it is 1.06 with a standard
error of 0.19. In both cases R=0.67. Thus, as far as one can
tell, once again the two methods yield corresponding estimates of
VAR{m}.

c. The Multivariate Method is Sound

The conceptual foundations of the Multivariate Method have
been laid in section 3b. The idea is simple. A multivariate
statistical model links the unsafety of entities to their traits.
After the parameters are estimated, the mean of the m’s in the
imaginary reference population to which an entity belongs (E{m})
can be calculated. Consider an entity which serves as one datum
for the estimation of model parameters. The squared residual of
this datum point is an estimate of VAR{x}, the variance of its
accident count around E{m}. Because for compound Poisson distrib-
utions VAR(x}=VAR{m}+E{m} , VAR{m)=VAR{x)}-E{(m}.

The main question explored in this section was whether
estimates of VAR{m} obtained by the Multivariate Method match the
estimates obtained by the venerable Method of Sample Moments.
Since both estimates are subject to the inaccuracies which go
with estimation, the correspondence one may expect is less than
perfect. With this in mind and in view of the empirical findings
in sections 5a and 5b, it can be concluded without hesitation
that for the data and models examined, the Multivariate Method is
a sound way to estimate E{m} and VAR{m). The question of the
accuracy of each estimate has not been explored. However, there
is an indication in tables 2, 3, 4 and 5 that the estimates
produced by the Multivariate Method have a lesser variance. Thus,
in the cases examined, the Multivariate Method seems to yield
better estimates of E(m) and VAR{m)} than the Method of Sample
Moments. '
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S 6. APPLICATIONS

In what way then are the preceding results useful?

The interest in the estimation of unsafety stems from the
need to perform two practical tasks. First, if one cannot say how
unsafe something is, one will not know whether some intervention
or remedial treatment should be considered. This is the "identi-
fication" task. Second, if one cannot say how much safer some-
thing has been made by the remedial treatment, one will continu-
ously waste resources doing what is of little merit and waste
life by failing to do what is more useful. This is the "estima-
ting the effect of interventions" task. How the results of the
preceding sections serve these twin tasks will be illustrated in
the two subsections below. A sequence of illustrative examples
will be used and their ramifications discussed.

a. Identification

To decide which entities need attention one usually asks:
"what is the unsafety of this entity" and "by how much does it
deviate from what is normal or from what could be attained".

By equation 1, the estimator of the unsafety m of an entity
is aE{m)+(1-a)x where x is the count of accidents and with
a=E{m)}/[E{m}+VAR{m}]. Since E{m) measures what is "normal" in the
reference population, the difference between m and E{m} is
expressed by:

(1-@) (x-E(m}) (9)

Thus, to say how unsafe an entity is and how it deviates from
what is normal, one needs to have an estimate of a which, in
turn, requires estimates of E{m} and VAR{m}. It is at this point
that the results of this inquiry are of use. Numerical example 5
is used to illustrate (numerical examples 1 to 4 are in sections
2 and 3).
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Numerical -Example 5.

A certain signalized intersection in Metropolitan
Toronto has recorded in the last 3 years (on weekdays
from 7:00 to 9:00 a.m.) 5 accidents of the type shown
in figure 14. The average flows are F,=450 vehicles/
hour and F,=120 vehicles per hour. What is the estimate
of the expected number of such accidents for this
intersection and how doces it compare to what is
"normal"?

Figure 14. Accidents between vehicles of flows F, and F,.

These are simple questions, and it is disconcerting to
realize that a traffic engineer would find it difficult to give a
satisfactory answer. Most would estimate m to be 5/3. But f=5/3
is an inefficient estimate; it disregards all "clues of the first
kind" such as: this is a four-legged signalized intersection in
Toronte, the accidents are between a left-turning and a straight
through vehicle, the corresponding flows are 450 and 120 vehicles
per hour. To capture the information content of these clues, one
has to have an estimate of E{m} for a reference population with
these traits. However, in all Metropolitan Toronto there are but
a few signalized intersections with very similar flows F, and F,.
Thus, no useful real reference population exists.
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Because there is no useful real reference population, the
traffic engineer would find it even more difficult to answer the
second part of the question, namely, to say what is "normal"
under these conditions. This must be a severe handicap for engi-
neering practice. If it is not known what "normal" is, how can
one judge what is "deviant"? The Multivariate Method helps to
alleviate these difficulties as is shown below.

Numerical Example 5 Continued

A multivariate model has been fitted to data from
145 signalized intersections in Metropolitan Toronto.
For accidents of this type the model equation is
E’:{m}=0.0283><10"5F1><F2°'5163 accidents/hour which at this
intersection makes 150.8x10°% acc./hour. With 261
weekdays in a year, in 3 years there are 2x261x3=1566
hours in the morning peak. Thus, in 3 years, an average
intersection with similar traits should record
150.8x1566x10°°=0.236 morning-peak accidents.

This gives an answer to the question what is normal. There-
fore the count of five morning-peak accidents in three years can
be seen in a new perspective. Thus, even though no real refer-
ence population exists it proved possible to say how many acci-
dents of this type should be expected at an average intersection
with these specific flows. To do that, a multivariate statistical
model had to be fitted to data.

However, the original question of what is the expected
number of such accidents at this intersection is still without
answer. The essence of the Multivariate Method now comes into
play. It provides a way to estimate VAR{m} for each datum point
used in a multivariate statistical analysis and asserts that in
similar circumstances VAR{m} can be represented by:

VAR(m)=[E{m}]%/k (10)

This makes a=(1+E{m}/k)4.
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Numerical Example 5 Continued

When the multivariate model has been fitted to the
Toronto intersections, it has been found that for this
type of accident, M=1.39. Thus, VAR{m}=0.236%/1.39=
0.040 [accidents in 3 years]z. As a consegquence, the
estimate of a is (1+0.236/1.39)4=0.855. Accordingly
the estimate of the expected number of such accidents
at this intersection is M=0.855x0.236+0.145%x5=0.202+
0.725=0.927 accidents in 3 years.

This completes the answer to the questions originally asked.
The estimate of the expected number of morning-peak accidents in
the 3-year period at this intersection was 0.927 while an average
intersection with these flows should be expected to have 0.236
such accidents in the same period of time. This answer can be
given because it has been shown in this report that:

a. Estimates of E{m} and VAR{m} obtained by the Multivariate
Method are sound and

b. Such estimates of VAR{m} are usually related to E{m} as
in equation 10.

It is useful to carry the numerical example a step further.

Numerical Example 5 Continued

By equation 2, the variance of the m’s in the
reference population of entities which recorded x
accidents is estimated by a(l-a)E{m}+(1—a)2x. In the
present case, VAR(m|5}=0.855x0.145x0.236+0.145°%5=
0.029+0.105=0.134 [accidents in 3 years]z. Thus, m is
estimated to be 0.927 accidents in 3 years with a
standard error of /0.134=0.366. On the other hand, an
average intersection of this kind is estimated to have
0.236 accidents in 3 years with a standard error of
J0.04=0.2. In summary, the difference between the m of
our intersection and what is "normal" is estimated to
be 0.927-0.236=0.691 accidents in 3 years. If one could
assume that the standard errors are independent (which
they are not) the standard errcr of 0.691 would be
(0.134+0.040) %= 0.42.
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This is the kind of information needed to decide whether the
m of the intersection under scrutiny deviates from what is normal
and therefore, whether it should be given detailed attention. A
more satisfactory way to deal with this question is suggested in
reference 9 and is illustrated below.

Numerical Example 5 Continued

It has been established earlier that intersections
of this kind have E{(m}=0.236 and VAR{m}=0.04. If the
m’s are Gamma distributed, it can be found that 5% of
such intersections have m’s larger than 0.64 accidents
in 3 years. These will be called "deviant".

The intersection under scrutiny is estimated to
have E{m|5)=0.927 and VAR(m|5)=0.134. Using the Gamma
probability distribution again, the probability that
this intersection has an m>0.64 is 0.77. Thus, the
probability that it is a deviant intersection is 77%,
the probability that it is not deviant (a "false posi-
tive") is 23%.

In this subsection the following simple question has been
posed: "What is the unsafety of a specific entity (intersection)
and by how much does it deviate from what is ’‘necrmal’?" To pro-
vide an answer requires estimates of E{m} and VAR{m} for a refer-
ence population. However, in the numerical example, as in many
other cases of practical interest, a sufficiently large reference
population could not be found. The Multivariate Method has been
used to provide an answer. For such an answer to inspire confi-
dence, it had to be demonstrated that the Multivariate Method is
valid. This was the main purpcse of this report.

b. Estimation of Effect

The second circumstance in which estimates of the unsafety
of an entity are needed is when it has been subjected to scme
intervention or remedial treatment and the effect on unsafety has
to be determined. Here the principal task is to estimate what
would have been the unsafety of this entity during the ‘after’
period had the treatment not been implemented. This task can be
separated into two steps. First, to estimate what the unsafety
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was during the "before" period and next to estimate how it would
have changed from the "before" period to the "“after" period had
treatment not been implemented.

Numerical Example 6§,

At the signalized intersection considered in
numerical example 5, the left turn phase during the
morning peak has been changed from "permissive" (solid
green) to "protected" (green arrow). During 1 year
after the change no accidents of the type shown in
figure 14 were recorded while F, has changed from 450
to 500 vehicles per hour and F, has changed from 120 to
160 vehicles per hour. What is the estimated effect of
the change in signal phasing on unsafety?

To answer, the first step is to estimate what the m was
during the "before" period. But this is precisely what already
has been done in numerical example 3.

Thus, the m of this intersection during the
"before" period is estimated to be 0.927 accidents in 3
years with a standard error of 0.366. (Or, equiva-
lently, 0.309 accidents per year with a standard error
of 0.122).

Before proceeding it is worth pointing out the essential
unity of the "identification"™ and the "estimation of intervention
effect" tasks. Both hinge on precisely the same act of unsafety
estimation. At the peril of belaboring a point, a comment about
the usefulness of the results of the preceding sections is in
order. The estimation of unsafety requires that estimates of E{m)
and VAR(m) for a reference population be available. Inasmuch as
no adequate real reference population exists for the intersection
under scrutiny, an alternative way to obtain estimates of E{m}
and VAR{m} is from a multivariate statistical analysis. In the
preceding sections of this report it has been shown that esti-
mates so obtained are sound because, on the average, they are
virtually identical to what has been be obtained by the Method of
Sample Moments in many cases in which a real and large reference
population did exist.
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It follows that had the Multivariate Method not been devel-
oped and its soundness not established, the Empirical Bayes
method could be applied to "identification" and to "estimation of
effect" only in those cases in which real and large reference
populations exist. This would restrict its scope. Since the
Multivariate Method has been shown sound, the scope of applica-
tion of the EB approach in road safety has been broadened to
- encompass those circumstances in which real and large reference
populations are not available but a multivariate statistical
model either already exists or can be fitted.

An additional figure of merit deserves mention. A real and
large reference population exists only when the traits which
characterize an entity are few. Thus, e.g., one could perhaps
find a sufficiently large reference population for the accidents
in figure 14 if one included in it all signalized intersection of
Metropolitan Toronto irrespective of the flows F, and F,. How-
ever, now one could rightly follow Elvik and ask whether esti-
mates of E{m} and VAR{m} for such a reference population apply at
an intersection with F,=450 v/h and F,=120 v/h.‘® The use of the
Multivariate Method takes the sting out of this guestion.

The remainder of the numerical example is given for complet-
eness.

Numerjcal Example 6 Continued

The estimate of m before the signal phasing was
changed is now known to be 0.309 accidents per year
with a standard error of 0.122. The next step is to
estimate what would the unsafety be, had the signal
phasing remained unchanged but the flows F, and F,
changed from 450 v/h and 120 v/h to 500 v/h and 160 v/h
respectively. If E{m}=0.0283><10"5‘E'1><F2°'5163 accidents/hour
captures the manner in which the expected number of
accidents depends on the two flows, the change in flows
can be thought to increase m by a factor (500/450)x
(160/120)%%1%3=1 288,

Thus, had signal phasing remained unchanged,
during 1 year of the "after" period one should expect
0.309%x1.288=0.398 a.m. peak accidents/year, the stan-
dard error of which is +0.122x1.288=+0.157. It is to
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this that the "0 after accidents" has to be compared.
Oof course, one would not attempt to reach any
conclusions on the basis of this single intersection.
However, if results of many such comparisons are
pooled, defensible conclusions will emerge.

The original applications of the EB method in road safety
had to do with the need to cleanse "regression to the mean" out
of estimates of intervention effectiveness. However, these early
efforts were restricted to cases in which large reference popula-
tions could be found. Even when a large reference population
could be found, the collection of data was often laborious. Thus,
e.g., in the work about conversion from two-way to four-way stop
control in San Francisco it was necessary to unearth old accident
counts in the basement of the City Hall.’® These counts for more
than 1000 two-way stop controlled intersections and for several
years had to be manually coded and only then could the estimation
of E{m} and VAR{m}begin. Even then, once the process was com-
plete, E{m} and VAR{m} could not be tailored to the specific
traffic volumes of the 49 intersections which were converted from
two-way to four-way stop control in San Francisco.

If faced with a similar task now it would not be necessary
to be confined to those instances of conversion from two-way to
four-way stop control for which a large reference population
could be identified. In addition, it would be possible to find
estimates of E{m} and VAR(m) which are more closely tailored to
the traits of the intersections at which such conversions have
been implemented. Still, it should be noted, it would be neces-
sary to specify and estimate the parameters of a multivariate
statistical model for two-way stop controlled intersections or
have the results of such an activity available.

c. Extensions

The Multivariate Method extends the scope of the Empirical
Bayes method for the estimation of unsafety to those cases for
which a large reference population does not exist. In addition
the estimates of unsafety obtained by the Multivariate Methcd are
more closely tailored to the traits of the entity the unsafety of
which is of interest. However, the implementation of the Multi-
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variate Method within an EB framework presupposes the existence
of a multivariate statistical model for E{m} and VAR{m)}.

To properly specify a multivariate statistical model and to
estimate its parameters requires data, expertise and work. The
hope is that once such a model is built, it applies to a broad
segment of reality. Thus, e.g., once such a model for U.S. grade
crossings has been built, the results can be applied to the tasks
of "identification" and "estimation of intervention effect" for
any set of grade crossings in the U.S. In this case, the EB
framework can be used without any additional data collection or
analysis.

The possibility of using preexisting multivariate models as
the source of E(m} and VAR{m) is rich in promise and heavy in
responsibility. The promise is in enabling the practitioner to
engage in safety analyses without having to make every case into
an extensive data collection effort and research project. The
responsibility is in the need to build multivariate models with
broad applicability. Thus, e.g., one hopes that the model which
estimates E{m} and k for a grade crossing in Florida is also good
for a crossing in Michigan (perhaps up to a multiplicative cor-
rection factor). This hope rests on the belief that if there is
some reqularity in the relationship between accident occurrence
and the measured traits of grade crossings, the regularity is
common to both States. If this be so and the multivariate model
has captured the regularity, it will have broad applicability.
Whether the same regularity holds in different States is an
empirical question which requires empirical exploration.

Over the years many multivariate models have been built and
the results published. Thus, e.g., references 8, 16, 17 and 18
estimate the unsafety of rail-highway grade crossings as a func-
tion of vehicle and train flows, surrounding area, warning device
used and geometry. References 9, 19, 20 and 21 give multivariate
models for the unsafety of intersections. A review of seven
multivariate models of highway accidents on road sections may be
found in reference 22, published in 1983. Other studies have been
published since then.®?” Many multivariate models to estimate
the unsafety of drivers have been built (see e.g., references 15,
25, 26).
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While many multitude of multivariate models have been built
in the past, they were all concerned with the estimation E{m)}
only. To use their results to estimate unsafety by EB methods,
estimates of VAR{m} or of k are alsc needed. However, since the
need to have estimates of VAR{m} or k was not evident in the past
and the technique for their estimation were not developed, only
few estimates of k now exist.

For Ontario drivers estimates of k are between 1.9 and
2.4.9" For grade crossings the estimates of k were found to be
between 0.49 to 0.74.® For signalized intersections estimates
of k around 2 were obtained.‘” Using the data of reference 24
estimates of values of k for rural two lane roads are between 2
and 3.

It should be remembered that k is a function of the traits
which are used in a multivariate model. Therefore multivariate
models which differ in the traits they use as independent vari-
ables, will have different values for k. Still, k is not just
constant without meaning; it is a measure of how wide is the
distribution of m’s in a reference population defined by specific
traits. Because k represents and measures something real one can
rightly expect that as more estimates of k will become available,
it will become possible to judge what the k of a family of models
is. The hope is that models which apply to the same kinds of
entities (say, drivers or signalized intersections) and use the
same independent variables (say, past accidents and violations or
traffic flow and geometry) will have similar k’s. If this will
prove to be the case, the practitioner will be in a position to
estimate k for some reference populations from a catalogue of
accumulated research experience.
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R 7. SUMMARY

If one can not estimate how unsafe something is, how much
safer it has been made and how much safer it could be made, one
can not claim to be managing road safety. Earlier work has shown
that the Empirical Bayes frame of thought improves the ability to
estimate how unsafe an entity is and how much safer an interven-
tion has made it. However, to apply the EB method was at times
difficult. Application required data for large reference popula-
tions which are often not easy to find and in many cases do not
exist. In addition, questions were raised about what makes refer-
ence population I better suited for estimating the safety of a
specific entity than reference population J. Without a satis-
factory answer, the EB method was open to arbitrariness. This
report is an attempt to make the EB method applicable to a larger
set of circumstances, and at the same time take the sting out of
the question of how to choose a suitable reference population.

The EB method is founded on the claim that clues to the
unsafety of an entity are contained not only in its accident
history but also in its traits (age, gender, traffic volume,
geometry etc.). Therefore, when the unsafety of an entity is
estimated, both clues should be used. To make use of those clues
to unsafety which are derived from traits, an estimate of the
mean of the m’s and their variance in a population of entities
with identical traits (the reference population) is needed.

The concept of reference population, while central in impor-
tance, is fraught with difficulties. What is eventually select as
a reference population for some entity will depend on what data -
happens to be available, on what traits are though to be impor-
tant and on other circumstances or judgements which are to some
extent arbitrary. However, it is shown that precisely the same
kind of arbitrariness plagues unsafety estimation which uses only
the historical record of accidents as a clue. Therefore, it is
concluded that the process of unsafety estimation is not akin to
the measurement of distance or pressure; it will always depend on
what data is available, what is thought to be relevant and on
other manifestations of judgement. It follows that clues to
unsafety which are based on traits are just as legitimate as the
clues which are based on accident history.
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How to estimate unsafety using both kinds of clues is dis-
cussed in section 2. In essence, if x is the count of accidents
on the entity which belongs to a reference population with E{m}
and VAR{m}, the m of this entity is estimated by e¢E{m}+(1l-a)x
where a=E{m}/[E{m)}+VAR{m}]. The variance of the estimate of m is
then a(1-e)E{m}+(1-a)x.

Thus, to use the EB method for unsafety estimation one has
to have estimates of E{m} and VAR{m}. In earlier work the venera-
ble Method of Sample Moments (section 3a) has been used for this
purpose. This meant that the EB method could be implemented cnly
when a sufficiently large reference population could be found. It
also meant that the estimates of E{m} and VAR{m} were for refer-
ence populations which could not closely match the traits of the
entity the unsafety of which is of interest. Furthermore, since
the traits of the entity and the reference population did not
match, one could often find several alternative reference popula-
tions, each with its own E{m} and VAR{m}. Which of these should
be chosen was not clear.

The thinking behind the Multivariate Method is explained in
section 3b. It is offered as an alternative to the Method of
Sample Moments and comes to alleviate some of its shortcomings.
An imaginary reference population is defined toc be one which
matches all measured traits of the entity under scrutiny. It is
shown how estimates of E(m) and VAR{m} for an imaginary reference
population can be obtained from a multivariate statistical analy-
sis.

The main idea is this. The accident record (dependent vari-
able) and traits (independent variables) of many entities are the
data from which a multivariate statistical model is built. First
a functional form is chosen, then parameters are estimated. With
this done, for each entity which served as datum the model equa-
tion is used to estimate its E{m}. The E{m} is the mean of the
m’s in the imaginary reference population to which this "datum"
entity belongs. The squared residual for this entity is an esti-
mate of VAR{x), the variance of its accident count around E{m}.
Because for compound Poisson distributions VAR(x})=VAR{m}+E{m},
the estimate of VAR{m) from one "datum" entity is VAR{m)}=VAR{x}~-
E{m). These estimates of VAR{m)} for each datum entity can than be
subjected to a further multivariate statistical analysis intended
to represent the relationship between VAR(m) and the measured
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traits. The_need for such further multivariate analysis can often
be avoided. It appears that in many cases the points [VAR(m},
E{m})] fit the simple relationship VAR{m}=[E{m}]2/k. Thus, only
an estimate of the single parameter k needs to be found.

To check the soundness of the Multivariate Method, the
correspondence between the estimates obtained by the Method of
Sample Moments and those obtained from the same data by the
Multivariate Method has been examined. The juxtaposition of the
estimates by the two methods requires that data sets be available
which are both very large (so that the Method of Sample Moments
can be used) and to which multivariate models have been fitted
(so the estimate be the Multivariate Method could be produced).
Two such data sets have been used. One is for 200,000 rail-
highway grade crossings in the U.S., the other for some 170,000
Ontario drivers. These data sets, the multivariate models fitted
to them and the manner in which they are used in this report are
described in section 4.

In section 5 it is shown that the estimates of E{m} and
VAR(m} obtained by the Multivariate Methcd match very closely
those which are obtained by the Method of Sample Moments. This
correspondence holds irrespective of whether groups of entities
are formed at random or whether the groups are made homogeneous
in terms of their m. The correspondence holds for each data set
as a whole and also for many specific subsets. Furthermore, there
is an indication that the Multivariate Method produces estimates
with a lesser variance.

The Multivariate Method gives estimates of E{(m} and VAR{m)
for an imaginary reference population the defining traits of
which are identical to the measured traits of the entity about
the unsafety of which we inquire. In contrast, estimates by the
Method of Sample Moments reflect the E{m} and VAR{(m) of a refer-
ence population which is diverse in its traits. In consequence,
the estimate of VAR{m} by the Method of Sample Moments can be
substantially larger than the estimate obtained by the Multi-
variate Method. In short, the Multivariate Method yields sound
estimates of E{m} and VAR{m} and these are more accurate and more
appropriate than the estimates produced by the Method of Sample
Monments.
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Based -on—these results the use of the EB approach to the
tasks of "identification" and "estimation of effect" is illustra-
ted in section 6 using numerical examples. Thus, given the acci-
dent history and vehicular flows of a signalized intersection the
question is asked what is its expected number of accidents and
how it corresponds to what is normal at such intersections. The
practitioner would find it difficult to answer both questions.
The question about the expected number of accidents would be
answered inefficiently, using only the accident history for this
purpose and disregarding all else that is known about signalized
intersections with such flows. The question about what is normal
for such sites would most likely get no response because not many
intersections in the practitioner’s jurisdiction will have simil-
ar flows and traits. Thus, the source of the problem usually is
that no real large reference population exists. It is shown how
to answer both questions within the Empirical Bayes frame of
reference. For this purpose a multivariate mocdel for signalized
intersections is used.

To illustrate how the EB approach applies to the "estimation
of effect" task, the same story line is continued. Some aspect of
signal phasing is said to have been changed, and record of acci-
dents following this change is given. The task now is to estimate
the effect of the change in signal phasing on unsafety. It be-
comes evident, that the tasks of "identification" and "estimation
of effect" both hinge on the same act of unsafety estimation.
Since to estimate unsafety estimates of E{m} and VAR{m) are
needed and the Multivariate Method is the only practical way to
obtain them in this circumstance, a multivariate statistical
model for signalized intersections has been used. This illus-
trates how the obstacle of not having a real large reference
population has been overcome,

In summary, the Multivariate Method for the estimation of
E{m) and VAR(m) is sound. It extends the applicability of the
Empirical Bayes method of unsafety estimation to circumstances in
which large reference populations do not exist while data is
sufficient to build a multivariate statistical model or when such
a model has already been built. Estimates of E{m} and VAR{m}
obtained by the Multivariate Method exactly match the traits of
the entity of interest. In this manner, the Multivariate Method
obviates the principal difficulties of the Method of Sample
Moments. Once a multivariate statistical model has been built and
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is shown to be of wide applicability, the Empirical Bayes ap-
proach to unsafety estimation can be implemented without the need
to collect and analyze data for the purpose of estimating E{m)}

and VAR{m}.
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