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Executive Summary

This project investigates control strategies for automated lane-changing and combined longitudinal-
lateral vehicle following in mixed traffic scenarios, with the goal of enhancing traffic safety and efficiency
for Connected and Autonomous Vehicles (CAVs). The study addresses the challenges posed by real-
world uncertainties, complex vehicle interactions, and the presence of both human-driven and

autonomous vehicles.

In the lane-changing scenario, we designed and validated a data-driven control algorithm to achieve safe
and efficient lane-change maneuvers. The proposed approach utilizes both model-based policy iteration
and data-driven adaptive dynamic programming to accommodate different levels of state observability
(full-state feedback and output feedback). The lane-changing control strategy comprises three main
components: dynamic modeling, real-time decision-making, and adaptive learning modules. The
decision-making layer ensures safe execution by incorporating safety constraints based on the relative
positions and velocities of surrounding vehicles. The real-world experiments, conducted with a scaled
car model, demonstrate the ability of the proposed controller to adapt to dynamic traffic conditions,
maintaining stability and successfully performing lane changes even in the presence of measurement
noise and model uncertainties. The safety of the lane change maneuver is continuously evaluated, and if
the surrounding conditions become unsafe, the controller aborts the maneuver and returns to the

original lane.

For the car-following problem, a data-driven combined longitudinal and lateral control framework is
developed to ensure stability and optimal performance under varying road geometries and traffic
conditions. The proposed method utilizes a two-phase data-driven policy iteration approach. In the first
phase, a feedforward controller is designed using input-state data to mitigate steady-state errors. The
second phase refines the control policy iteratively using a model-free policy iteration algorithm to
achieve near-optimal feedback control. Extensive simulation experiments using SUMO and
CommonRoad demonstrate that the designed controller effectively manages interactions between the
leading and following vehicles, ensuring smooth trajectory tracking and minimizing tracking errors on
roads with varying curvatures and during sudden speed changes. Additionally, the robustness of the
control strategy was validated under disturbances, such as fluctuating leading vehicle speeds and

changing road friction coefficients.

The project highlights the potential of using data-driven learning algorithms to tackle complex control
challenges in autonomous driving, providing a scalable solution that balances safety, stability, and

computational efficiency in real-world scenarios. The integration of learning-based control with robust
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safety constraints enables CAVs to perform safe and efficient maneuvers, even in highly dynamic and

uncertain mixed traffic environments.
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Introduction

Urban areas are increasingly plagued by traffic congestion due to the rising number of vehicles, causing
commuters to spend more time idling in traffic. According to researchers at the Texas A&M
Transportation Institute, the average American commuter loses 56 extra hours and 21 gallons of fuel
annually due to traffic jams [1]. As commuters spend more and more time stuck in traffic, finding
effective traffic management solutions to alleviate congestion has become both urgent and critically

important.

One significant cause of traffic congestion in urban regions is the stop-and-go waves occurring at
signalized intersections. Vehicles decelerating at red lights and accelerating during green lights disrupt
the flow of traffic, causing these stop-and-go patterns to propagate backward. This leads to reduced
traffic velocity and decreased throughput, resulting in excessive congestion and delays. The introduction
of vehicle-to-vehicle communication technology and autonomous vehicles presents new opportunities
to smooth traffic flow and mitigate the adverse effects of stop-and-go waves. By combining these
technologies, connected and autonomous vehicles (CAVs) can coordinate with each other, adjusting
their speeds based on predicted signal timings to pass through intersections more efficiently. This
requires accurate prediction of traffic signals, real-time optimization of CAV trajectories, and precise
control of autonomous vehicles to ensure safe interaction with other vehicles and pedestrians.

1.1 Traffic Light Prediction

The Speed Advisory System (SAS) installed in vehicles can leverage the Signal Phase and Timing (SPaT)
message, which includes the current traffic light phase and the remaining phase time, to recommend
optimal speeds. This helps in reducing fuel consumption [2], alleviating traffic congestion, and
minimizing drivers’ waiting time [3]. However, SPaT messages are often unavailable and need to be
predicted frequently. In [4], the authors employed a Kalman Filter (KF) to predict the frequency
distributions of green signals using historical data, achieving only 71% accuracy in future signal
predictions. In their subsequent research [5], they computed the empirical frequency distribution using
historical green light data, noting that green times tend to follow daily patterns. Another study [6]
assumed uniform vehicle arrivals and used the current phase along with average red and green times
from historical data to compute the conditional probability of the future phase. Although this method
could be improved with more accurate vehicle arrival distributions, it struggles with out-of-distribution
traffic demands. The strategy presented in [7] integrates real-time measurements with historical data to
enhance prediction accuracy. However, this approach is challenging to implement in SAS due to the

constant variation in predictions.
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All the previously mentioned models are probabilistic in nature. Recently, there has been a growing
interest in using machine learning (ML) models for traffic light prediction. In studies [8, 9], the authors
compared a Random Survival Forest (RSF) model, a long short-term memory (LSTM) neural network
model, and a Linear Regression (LR) model using historical data. They found that both the RSF and LSTM
models outperformed the LR model on a small dataset, with the RSF model proving to be the most
accurate on a larger dataset. However, the specifics of the training process and model configurations
were not provided. Given the complexity of deep learning models, there is significant potential for
further improvement in these results. Additionally, these studies [8, 9] only focused on a single

intersection.

1.2 Trajectory Planning of CAVs for Optimum Traffic Performance

The analysis of traffic conditions often relies on macroscopic fundamental diagrams, which describe the
relationships among space-mean flow, density, and speed within traffic networks [10]. With the
integration of vehicle-to-vehicle (V2V) and vehicle-to-infrastructure (V2I) communication technologies,
connected and autonomous vehicles (CAVs) hold significant potential for enhancing traffic efficiency
through a new approach to fundamental diagrams [11, 12]. A central challenge in reducing traffic
congestion is determining the optimal movements of multiple CAVs at both unsignalized and signalized
intersections. This involves optimizing vehicular trajectories while adhering to physical and safety
constraints. The authors in [13] introduced a parsimonious shooting heuristic algorithm to solve the
trajectory optimization problem for CAVs, focusing on minimizing average travel time, system
throughput, and fuel consumption on highways, with extensions to signalized intersections and the
inclusion of Human-Driven Vehicles (HDVs) in [14]. In [15], a smart re-routing mechanism was proposed
to manage the approach of CAVs to intersections, aiming for traffic load balancing and congestion
avoidance. In another study [16], a group-based trajectory planning scheme was developed to
coordinate CAV movements in alignment with traffic signal timings. The research in [17] focused on
designing safe trajectories for CAVs, using algorithms to eliminate trajectory overlaps at intersections.
Coordination of vehicle trajectories was further explored in [18], where a mixed-integer linear program
was formulated to optimize CAV trajectories along a corridor, thereby reducing total vehicle delay.
Similarly, graph-based methods were introduced in [19] to optimize the longitudinal trajectories of
CAVs, taking into account traffic lights and preventing vehicle collisions.

However, these studies typically rely on simplified system models, which can lead to significant tracking
errors when using feedback controllers, thereby negatively affecting overall system performance.
Additionally, heuristic algorithms are commonly used, but they often fail to find the optimal solution for
the original problem. Therefore, there is a pressing need for further exploration in the field of traffic

reduction.
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1.3 Safety-oriented Motion Control of CAVs

Inaccuracies in trajectory tracking can significantly affect motion control in autonomous systems,
leading to various undesirable outcomes. Deviations from the intended path can cause erratic or jittery
movements, disrupting navigation. These inaccuracies impede optimal system performance,
compromise control stability, and may result in energy inefficiency. Furthermore, safety hazards arise as
inaccuracies can lead to collisions, endangering pedestrians or other vehicles. Numerous trajectory-
tracking controllers have been utilized in the past, including pure pursuit [21, 22], Stanley [23], and
model predictive control (MPC) [24, 25]. The pure pursuit controller, while effective in many scenarios,
has notable drawbacks. It struggles with well-defined paths or trajectories that include sharp turns. The
Stanley controller, although advantageous, is sensitive to changes in vehicle dynamics and road
conditions, affecting performance in various environments. Its reliance on lateral position
measurements makes it susceptible to sensor inaccuracies and noise, potentially causing erratic
behavior. Additionally, complex or non-smooth paths challenge accurate trajectory tracking in intricate
road geometries or challenging terrains. One significant drawback of MPC is its computational
complexity, as it involves solving optimization problems at each control step. This can lead to an
increased computational load and slower control loop execution, limiting its real-time applicability,
especially in fast-paced scenarios. Moreover, modeling inaccuracies and uncertainties can impact

performance, as MPC relies on precise models for prediction.

In addition to errors in trajectory tracking, vehicle collisions can significantly degrade system
performance. In congestion control scenarios, individual vehicles or groups of vehicles may need to
decide whether to maintain their lane or change lanes. Ensuring safety among neighboring vehicles is
crucial when implementing controllers to follow computed trajectories. Thus, in congestion control,
there is an interplay between achieving control objectives (such as trajectory tracking, stability, and
disturbance rejection) and ensuring safety. Achieving both simultaneously is challenging. A formal
approach to explore this coupling involves using control Lyapunov functions (CLFs) and control barrier
functions (CBFs). CLFs express stability, while CBFs represent safety conditions. Barrier functions ensure
the forward invariance of safety sets, eliminating the need to compute complex reachable sets.
Combining CLFs and CBFs through quadratic programming, known as CLF-CBF-QP, has been applied to
various areas including driver intention prediction [26, 27], adaptive cruise control, lane keeping [28,
29], obstacle avoidance [30], and multi-agent interaction [31, 32]. However, these approaches typically
assume an accurate system model for CLF-CBF-QP, which can be problematic in safety-critical contexts
due to potential inaccuracies. Recent efforts have been directed towards exploring data-driven methods

for learning control barrier functions to address these limitations.

Methods like those in [33, 34, 35] synthesize control barrier functions (CBFs) from expert demonstration
data in locally safe regions. However, the localized nature of these learned CBFs may not guarantee real-

time safety across broader scenarios. In [36], the authors demonstrate a method for learning quadratic
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CBFs for nonlinear polynomial systems, but this approach is limited to systems that can be represented
guadratically. Another method, proposed in [37], involves learning high relative degree CBFs using
neural networks, which requires accurate computation of high-order derivatives—a challenging task. An
alternative approach described in [38] utilizes discrete-time Koopman operators to synthesize CBFs,

assuming linear dynamics and requiring substantial data for effective learning.

1.4 Data-Driven Learning Control of CAVs

Recent advancements in sensor technologies and computational power have paved the way for applying
purely data-driven machine learning (ML) techniques to Connected and Autonomous Vehicles (CAVs).
Such methods leverage vast quantities of real-world driving data to train models capable of making lane
change decisions and determining optimal policies. Hoel et al. proposed a decision-making framework
that integrated planning principles with deep reinforcement learning (DRL) [39]. In a similar vein, Li et al.
presented a transformer network-based DRL architecture to generate safe lane change policies [40],
while Xie et al. utilized a deep belief network to perform lane-changing maneuvers based on camera
views and trajectory data [41]. The fundamental advantage of these approaches lies in their capacity to
handle complex interactions and adapt to dynamic driving scenarios without needing a detailed vehicle
dynamics model. However, the data-driven nature of these ML methods also introduces significant
drawbacks, such as the need for extensive and diverse datasets to capture all potential driving
conditions [42]. Training such models to convergence often requires substantial time, making their real-
time applicability for safety-critical scenarios challenging. This reliance on empirical data, combined with
the difficulty of ensuring convergence and generalizability, limits their practicality for autonomous

driving applications in CAVs.

To address some of the limitations associated with purely data-driven methods, non-model based
learning techniques, particularly Adaptive Dynamic Programming (ADP), have gained attention. ADP
methods, rooted in reinforcement learning principles, offer a robust solution by directly learning the
optimal control policies using real-time data. Unlike traditional ML approaches, ADP can handle
unknown dynamics and parameter variations in complex systems, making it particularly suitable for
autonomous driving scenarios where system dynamics might be uncertain or change over time [43-47].
For instance, Jiang et al. introduced a framework for ADP-based control, demonstrating its ability to
stabilize and track complex dynamical systems using fewer data samples compared to purely data-
driven techniques [48]. In similar works, Gao and Jiang [49] and Vamvoudakis et al. [50] showed that
ADP-based approaches can efficiently learn optimal policies and guarantee the closed-loop stability of
the system under uncertain conditions. In the context of CAVs, ADP enables learning-based controllers
to adapt and optimize lane change decisions without a complete system model, thus reducing reliance
on predefined dynamics and overcoming the drawbacks of model-based methods. Furthermore, these
techniques can guarantee the stability and robustness of learned policies, making them a promising

alternative for real-world autonomous vehicle control applications in mixed traffic scenarios [51-57].s
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1.5 Contributions

In this project, automated lane changing control in mixed traffic with safety consideration is designed to
address the critical issue of ensuring safe lane change maneuvers for autonomous vehicles (AVs)
operating alongside human-driven vehicles. A decision-making module based on safety constraints is
employed to avoid potential collisions with surrounding vehicles. With the assumption of the linear
system, the proposed framework integrates state/output feedback and model-free adaptive dynamic
programming to handle the varying traffic conditions and uncertainties associated with mixed traffic
scenarios. Experiments using scaled AV prototypes validate the approach, demonstrating that the AV
can execute safe lane changes. By incorporating safety into both decision-making and control, this
strategy ensures that the AV can effectively navigate complex driving environments, contributing to
improved traffic flow and passenger safety.

In this project, we also develop a data-driven combined longitudinal and lateral control for the car
following problem by developing a robust controller to manage the interactions between a leading
vehicle and a following autonomous vehicle where vehicle dynamics are assumed to be nonlinear. This
control strategy tackles the challenges of maintaining safe inter-vehicle distances and precise trajectory
tracking under varying road conditions. The framework introduces a two-phase policy iteration
algorithm that first designs a feedforward controller using input-state data and then iteratively learns an
optimal feedback controller using real-time measurements. This data-driven approach eliminates the
need for precise system models, making it highly adaptable to different vehicle dynamics and road
geometries. Through extensive simulations on circular and mixed road segments, the proposed
controller successfully minimizes tracking errors and ensures smooth vehicle following, even when the
lead vehicle undergoes abrupt speed changes or the road surface properties vary. The results
demonstrate the effectiveness of the combined control strategy in achieving stability and safety in

vehicle platooning scenarios.
The main contributions of this work are summarized as follows:
® Automated lane changing control in mixed traffic with safety consideration:

e  Proposed a data-driven adaptive dynamic programming method for the vehicle system with full-

state feedback scenarios.

e  Developed a data-driven adaptive dynamic programming method to handle unknown states

with output feedback scenarios.

e  Conducted real-vehicle experiments with scaled prototypes, demonstrating that the control

approach ensures safe and efficient lane changes in dynamic traffic conditions.
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® Data-driven combined longitudinal and lateral control for the car following problem:

e Designed a nonlinear controller to address the coupling effects between longitudinal and lateral

dynamics.

e Developed a data-driven solution using ADP techniques to iteratively learn a near-optimal
controller from motion data, eliminating the need for precise vehicle dynamics modeling.

e Validated the proposed control method through extensive simulations under various road and

traffic conditions.

Notations:

e  ® indicates the Kronecker product.
o vec(T) =[t,ts,,tr]" with t; € R" beingthe columns of T€ R

e For asymmetric matrix P€ R™"™,

VGCS(P) = [p117 2p12a IR 2p1map227 2p23a Y 2p(m71)m7pmm]T e RWAmlmth)

— 2 2 21T 1/2 +1
e Foracolumn vector VE R", vecv(v) =[vE,010s, ", 010,05, Vs Vs, , Uy 10,02 ]" € RWDM(1FL)

e  For any two sequences of vectors a = {%} 570 and b= {bk} ::O , define

=

A, =[vecv(ay, 1) — vecv(ay,), -+, vecv(ay; ) — vecv( aks,l)]T, Lo =[ay, @by, ,ar, & bks]T,

0’

Ia — [vecv(ako), ,vecv( aks)]T .

e I,(0,) is the identity (zero) matrix of dimension 7 X .
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Automated Lane Changing Control in Mixed Traffic with Safety
Consideration

This part mainly presents the design of the autonomous lane-changing control scheme and real-vehicle
experiments in mixed traffic scenarios, considering both full-state feedback and output feedback

conditions.

2.1 Dynamic Model and Problem Formulation

2.1.1 Dynamic Model

In this section, we assume that the vehicle speed remains constant during the lane change and the
vehicles travel on a straight road. The lateral dynamic model is based on the position and orientation

error variables as shown in Fig. 1. Let (1};,7),) be the coordinates of the target point, ¥ be the
orientation of the vehicle, €; be the error between the distance of the center of gravity of the vehicle

and the center line of the target lane, and €2 be the orientation error of the vehicle with respect to the

road.

Center of target lane

D

X1

TAA

Fig. 1: Position and orientation error of AV

After that, the lateral dynamics model is defined as follows:

Xio k1= AraXig p T Bral 1y (1)
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where U, denotes the front wheel steering angle, X;, = [$1,$2,$3,$4]T with T2 and T4 representing the

rate of change of Z1 and Z3, respectively, and k representing the current discrete time index,

1 t, 0 0 )
2Caf + 2Car 2Caf + 2Ca'r - 2C’aflf + 2Carlr
0 1- mV. b m b mV, b
A, = ’ N ,
“lo 0 1 t,
0 - 2C'ozflf — ZCarlr ¢ 2Cfozflf — 20047“[7* 11— 2CvocfoQ + 2Carlr2 ¢
L Lv, ’ I ’ LV, °
S (2)
25:4]" . ts
Bla = 0 9
200l .,

with Z5 representing the time step of the discrete-time system.

Since the vehicle travels on a straight road, the desired orientation of the vehicle is considered as

Yaes = 0. Then from Fig. 1, the lateral position Y;zand yaw angle Yy can be obtained as:

YkiTy_xl,k; (3)
UV = Tg,i-
2.1.2 Lane Change Decision Making with Safety Consideration

To ensure safety during the lane-changing process, the decision-making layer considers the safety of the

system in mixed traffic scenarios. Lane-change maneuvers are executed only when the surrounding

environment is deemed suitable; otherwise, the vehicle remains in its current lane.

Fig. 2: Lane change Scenario
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In Fig. 2, without loss of generality, AV denotes the autonomous vehicle, LC' denotes the lead vehicle
in the current lane, FIC' denotes the following vehicle in the current lane, LT denotes the lead vehicle
in the target lane, F'T' denotes the following vehicle in the target lane,

Si=L+hvi, i€{LT,FT,LC,FC}, h =headwaytime, L = length of vehicle, and v" = velocity of
the i" vehicle, TP is the target point. In this work, the lane change decision making is introduced for a

single lane change maneuver. As shown in Fig. 2, four vehicles are involved in a lane change maneuver.

The AV performs a maneuver to change the lane and places itself in the target point. Let :L‘;fv, x,fT,

x,fT, a:;fc, 77 be the longitudinal positions of the vehicles involved in the lane changing process. Then,

the following conditions must hold true for a safe lane change:

AV LC Lc
i =z — S,
AV FC F
zi =z 0+ Sk C,
iV <zt — S,

zV =z 4 ST

The safe distances S;(t) are evaluated continuously. If the above inequalities are violated at any time
instant during the lane changing, the AV maneuvers back to the original lane. This maneuver is done
based on the change of leader vehicle. Thus, when the safe conditions violate, the target point TP is

chosen at a safe distance from the leader in the original lane.
2.1.3 Problem Formulation

Given that the dynamics of the AV is unknown and TP in the target lane is defined, the following

problem is addressed in this work:

Problem: Design a lane changing algorithm for the AV that incorporates the following:

(i) An optimal model-free controller for the AV's lateral maneuver such that Z1 ;, — 0, 23 — 0.
(ii) A lane change decision making mechanism based on inequalities in (4).
(iii) An optimal model-free controller for post lane change platooning.

2.2 Real-World Experimental Validation with Full-State Feedback

2.2.1 Model-Based Policy Iteration

For the following discrete-time linear system:
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ka:Axk-l-Buk, (5)

where X; € R" is the state, u; € R™ is the control input, A € R"*" B & R"™ . To minimize state

deviations and control effort, we aim to develop a linear optimal control law expressed as:
u, = — ka. (6)

The minimization of state deviation problem can then be formulated as minimizing the following cost

function:
min J=)» (xfQx,+ufRu,), (7)
v k=0

where Q=Q"=0,R=R" >0, and (A, \/6) is observable. If A and B are fully known, the

solution to the above problem is well-established and can be obtained by solving the following discrete-

time algebraic Riccati equation:
A"PA-P+Q—A"PB(R+B"PB) 'B"PA =0. (8)

Assume the system is stabilizable, then Eq. (8) has a unique solution P* =P~ ">0.The optimal

feedback gain K™ is then given as follows:
K*Z(R-I-BTP*B)’lBTP*A. (9)

It should be noted that Eq. (8) is nonlinear with respect to P . Therefore, directly solving Eq. (8) is
generally challenging, particularly for high-dimensional systems. A model-based policy iteration (PI)

method for solving Eq. (8) is detailed in Algorithm 1 [58]. In Algorithm 1, A; = A — BK is defined.

Algorithm 1 Model-Based PI
1: Select a stabilizing control policy Ko such that A — BKj is a Schur matrix. Initialize j < 0. Select

a sufficiently small constant € >0.

2: repeat
3: Policy Evaluation (Solve for P; from):
ATP,A,—P,+Q+K!RK,;=0. (10)
4: Policy Improvement:
K,.,=(R+B"P,B) 'B"P,A. (11)

5:j7+1.
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6:until [P,—P, <€ .

2.2.2 Data-driven Policy Iteration

In this section, we propose an online data-driven learning-based controller design approach, adaptive

dynamic programming (ADP), that does not require precise knowledge of the system matrices A and

B . The modified system equation is defined as follows:
X1 = A;x, +B(u, +K;x,). (12)
Along the trajectories of (12), one can obtain that
Xi 1 Pxe —xi Pyx =[A;x;, + B(u, + K;x,)]"P;[A,;x; + B(u, + K;x,)] —xi P;x,.  (13)
Then, using (10) can get

T T T
X1 Pixp o — X Pixp + x5 ijk

14
—2x7 A’P,Bu, + 2x] A’P,BK ,x, — x/ K’B"P,BK ,x, + u/ B’P,Bu, a4

where Q; =Q + K]T-RK]-. By the property of Kronecker product that VeC(XYZ) = (ZT & X)VeC(Y) , we

have:

[(xF+1 ®xi1) — (xF @7 )]vec(P;) + (xi @ x} )vec(Q;)
[2(xi ®ui)+2(xf @x7)(I, QKT )]vec(B"P;A) (15)
+[— (K;x,)" @ (K;x:)" + (uf ®ui)]vec(B"P;B).

Collecting the data for the time sequence ko <k; <--- <k, , we get

\P]0]= —IxyxVGC(Q]), (16)

where

W, =[Ac, 21— 2L (I, ®K7) I —I..], 8, =[vecs(P;)",vec(B"P;A)" vecs(B"P,B)"|",

A € Ran(n+1)/2’ I..c Rsxrﬂ’ ix,x = [VeCV(KijO), ,VeCV(K,-xk.s)]T c RsXm(m+1)/2’ I.c R ™,

que ]RsXm(m+1)/2-

Assumption: There exists a s*€Z. suchthatforall s>s™:
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n(n+1) I m(m+1)‘

rank([Ix,x,Ix,u,Iu,u]) = 2 2

(17)

The above data-driven policy iteration method is summarized in Algorithm 2.

Algorithm 2 Model-Free PI
1: Employ U, = — K¢ X; + 7 as the input on the time interval (ko, k,], where Ky is an initial

stabilizing control gain and 7, is the exploration/probing noise.

2: Compute A, I, I, o, 1u4 until the rank condition (17) is satisfied.

3: Solve for 8; from (16). Then K;.; =(R+B"P,B) 'B"P;A .

4:Let < j+1 and repeat Step 3 until [P; —P,_,[ <€ for j =1, where the constant € >0 is a
predefined small threshold.

2.2.3 Automated Lane-Changing Controller Architecture with Full-State Feedback

The autonomous lane-changing controller architecture shown in Fig. 3 comprises three main modules:

(1) Decision Making Module, (2) Data Storing Module, and (3) Learning Module. The input-state data is

collected from the AV s sensing unit.
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AV Sensing
Unit

3

3

Fig. 3: Automated lane-changing controller architecture with full-state feedback

Decision Making Module

Collect input-state data

Lane change
decision module

Do lane change and
collect data

Continue in the same
lane and collect data

Data storing Module

Store data
x> Lx,u for m
samples

Database

q No If m samples
available
Yes
-
Learning Module
’ A
4 N
Compute:
- T
¥, = [Ax, 2w — M (L @ K]), Lw — Ly
¥ 0; = —Lixvec(Q;)
.
¥
-
Solve:
0; = [vecs(P;)", vec(BTP;A)7, vecs(BTPJB)T]T
\.

To AV

e  Decision Making Module: This module uses input data to perform a safety check. If conditions are

met and the vehicle is not in the target lane, a lane-change maneuver is initiated. Otherwise, the

vehicle stays in its current lane to ensure safety.

e  Data Storing Module: Since the controller needs to handle lane-change scenarios at various speeds

and requires sufficient samples that meet the conditions for online policy iteration at each speed, it

is necessary to store and manage these data effectively.

e Learning Module: Once enough data is collected for a particular speed, it is passed to the learning

module to update the control gains. When the optimal gain is learned, it replaces the initial gain

and is used to generate the control signal for the vehicle.
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2.2.4 Experiments
2.2.4.1 Car Model

We designed a compact car model to validate a lane-change algorithm, which is also suitable for lane-
following tasks. The car is equipped with GPS, IMU, and a camera to collect data, processed in real-time
by an Nvidia Jetson AGX Xavier board. The sensors and computational modules are carefully selected for
compatibility with the experimental platform. The base is a Traxxas TRX-4 RC vehicle, known for its high
power and precise steering, equipped with additional components like differential gears to closely
replicate real car behavior. Using PWM signals, the TRX-4 can control all attached motors. The total
weight, including sensors (0.21 kg), Jetson board (0.27 kg), batteries (1.1 kg), and other parts (0.53 kg),
exceeds 2.1 kg. Despite the added weight, the TRX-4 can still perform precise maneuvers, generating
realistic trajectories.

The car model hardware is connected as shown in Fig. 4. It uses Marvelmind’s Indoor GPS with IMU
sensors to collect real-time position and orientation data. However, the Indoor GPS has an error of +2
cm and is sensitive to nearby obstructions. To improve accuracy, two beacons and a Kalman filter are
used to minimize GPS errors and reduce IMU noise. The IMU’s performance depends on beacon
frequency and location, so filtering is applied to reduce high-pitching errors. A wide-angle camera is also
used for lane detection in lane-following tasks. The Nvidia Jetson AGX Xavier board is responsible for
processing all sensor data via UDP and discards unnecessary information. All sensors send data to the
Jetson board continuously, ensuring data integrity. PWM signals control the TRX-4’s steering and speed,
but due to insufficient power from the Jetson’s internal PWM generator, an external PWM generator

powered by an external battery is used to operate the steering motor.

Logitech
G29
Joystick
¥
PC
' Servo
Nvidia PCAGEEE (Steering)
Jetson AGX (PWM)
Xavier Motor
(Spes)

Fig. 4: Hardware connection of the car model through the flow of data.

The PCA9685 board is used to address the power issue by connecting to the Jetson board via I12C and to
external batteries (5V, 0.5A) to power the servomotor. The acceleration motor, already powered by its
external battery, only requires PWM signals to control speed. Using both PCA9685 and Jetson’s PWM

generators simultaneously can cause data collisions, so only PCA9685 is used for the acceleration motor,
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simplifying control. Additionally, a Logitech G29 Driving Force Racing Wheel is wirelessly connected as a
joystick for manual control, offering functionality similar to real driving. With programmable buttons for
actions like starting autonomous driving, reversing, and more, it enhances the convenience of the

experiment.

The central processing unit of the car model is the Nvidia Jetson AGX Xavier, a high-performance
compact computer. To minimize sensor latency and improve scalability, sensors are directly connected
to the Jetson via serial ports, as shown in Fig. 5. The Jetson board runs three programs simultaneously.
The Motor-Servo-Controller, written in C++ and compatible with the PCA9685 driver, controls the
acceleration motor and servomotor using parameters like steering angle, velocity, and driving type,
which are received as UDP packets. This controller operates independently, sharing no data with the

lane-changing or lane-following modules.

PWM
Signal

Nvidia Jetson AGX Xavier

Motor-Servo-
Controller
i

I f
Lane-Changing || | Lane-Following

i i
I —

Camera Data

GPS & IMU Manual Steering
Data and Velocity

Fig. 5: Hardware connection of the car model through the flow of data

The Lane-Changing and Lane-Following programs implement algorithms that determine the car's
direction and speed. Each program receives sensor data as input parameters through serial ports. After
processing, the resulting steering angle, speed, and driving mode are sent to the Motor-Servo-Controller
via the localhost address using specific port numbers. The driving mode identifier is used to differentiate
between outputs from different programs; for example, a driving mode of 1 represents Lane-Changing,
while 2 represents Lane-Following. The Motor-Servo-Controller then executes the corresponding

commands based on the driving mode. Detailed driving modes are outlined in Table 1.

Table 1: Driving Type Specification

Driving Type Purpose Steering Range Speed Range
0 No data 90 0 (m/sec)
1 Lane changing 60~120 -0.3~0.3
2 Lane following 60~120 0.5
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Fig. 6 shows the car model used in the experiment. The body dimensions are 50 cm in width, 24 cm in
length, and 26 cm in height. The maximum steering angle is 35 degrees, but for safety, it is limited to
30 degrees to prevent the wheels from contacting the body frame. The motor has a maximum output of
46 W and a top speed of 15 km/h, which can be maintained until the battery drops to around 80%. Thus,
experiments require the battery to maintain a charge above 80%.

§ GPS and IMU

Fig. 6: The car model with all the hardware for all-state feedback case

The lane-changing algorithm collects data for the first 100 time steps (1 time step = 0.083 seconds) to
find a near-optimal gain K. After lane changing is completed, the car switches to the lane-following

algorithm to ensure continuous movement. The overall data flow is illustrated in Fig. 7.

GPS & .
IMU Data Lane-Changing
Learned? No
No
Camera .
Data Lane-Following

| Motor-Servo-Controller ‘

Fig. 7: Basic algorithmic structure of autonomous driving for full-state feedback case

2.2.4.2 Experiments Environment

We developed a two-lane road section in the lab for experiments, with a total length of 4.5 meters and a
lane width of 0.3 meters. As shown in Fig. 8, there are four vehicles involved: the RC car (remote-

controlled car), LT (leader in the target lane), LC (leader in the current lane), and FT (follower in the

target lane). SFT(t) ) SLT(t) and SLC(t) present safety distances. In Fig. 8, T1 is the lateral
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displacement of the RC car’s center of gravity from the centerline of the target lane, and T3 represents

the orientation error of the RC car relative to the road. The objective is for the RC car to switch lanes

safely, avoiding collisions. The lane-change decision-making algorithm is based on the state vector

X= [.’61,.T2,1173,.’64] , Where T2 is the change rate of %1 , and Z4 is the change rate of T3 . The control

input U is defined as the steering wheel angle ;.

Target Point

= Target Lane —
—— e e £ —— ———'_-.——
[g—’ Spr(t) _ ' Sir(t) E

Target Car

Fig. 8: The desirable movement of the experiments for full-state feedback case

Our goal is to develop a data-driven optimal controller to compute the steering angle 6; for the RC car
to successfully execute lane changes from the current lane to the target lane while ensuring the safety

of surrounding vehicles. We use Algorithm 2 to find the optimal 6, based on real-time data matrices

formed by collecting the RC car’s state X; and input Oy.. The initial stabilizing gain is defined as
K, =[0.0047, - 0.0447,2.0002, 0.0002] , with weight matrices Q=I;and R =1 . The exploration

noise 7); is introduced as a combination of sinusoidal waves to enhance learning.

2.2.4.3 Result and Analysis

This section presents the experimental results for the RC car’s lane-change performance. During the

learning phase, we applied the initial stabilizing controller gain Ko to compute the steering angle

dor, = — Ko X} + m;.. This steering angle was used as the control input for the RC car to collect data over
100 time steps, ensuring that the rank condition specified in equation (17) was satisfied. The training

data {Xk,(Sk}iO:Oo were gathered using GPS sensors mounted on the RC car.

This section presents and analyzes the experimental results. We conducted 10 experiments to validate
the proposed methodology, and the mean values of Z1,%2,%3 and Z4 are shown as red plots in Fig. 9.

For each experiment, 100 data samples were collected to learn the optimal control gain specific to that

run. The training phase concluded once the optimal gain was obtained. After training, the RC car

returned to the initial testing position. As shown in Fig. 9, during testing, using the trained gain K, the
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car successfully performed the lane change, with its states converging to zero, indicating successful

execution. This confirms that the RC car learned the optimal control policy for lane changing in real-time

using sensor data.

x, vs Time Step

Training | Testing

4

Time Step

x, vs Time Step

Training | Testing

WA S Pyt

x, vs Time Step

Training | Testing

st E VY

100 150 200 25 300
Time Step

K vs Trial

_____

D S T 0

x5 vs Time Step

Training

Testing

200 250 00

Time Step

Steering Angle vs Time Step

Training

Testing

Time Step

Fig. 9: Training and testing experiments are conducted in the same environment.

As shown in Fig. 9, the trained control gain K is consistent across experiments, with only minor

variations due to sensor noise, highlighting the algorithm's robustness. Each experiment showed smooth

lane-changing using the learned K, indicating that the car reliably estimates the optimal control policy

through repeated trials, as summarized in Table 2.

Table 2: Initial and Trained K Comparison for Full-State Feedback Case

K, K, K, K3
Initial Ko 0.0047 -0.0447 2.0002 0.0002
Average Trained K 0.0053 -0.0339 1.9330 0.9558
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2.3 Real-World Experimental Validation with Output Feedback

2.3.1 Model-Based Policy Iteration

When the system states cannot be fully observed directly, an observation equation needs to be added

to system (5) to obtain the complete discrete system equation as follows:

Xi+1 = Ax; + Buy,

(18)
Y. — ka.
where ¥ € R" is the system output, C € R"*" is constant matrix. And assume that (A4, B) is
controllable and (A, C) is observable. And we still design a linear optimal control law of the form:
llk=—K*Xk, (19)
that minimizes the following cost function:
min J=) (y7Qy:+ufRu,), (20)
v k=0

where Q = QT =0, R= R” > 0, and (A, \/6) is observable. If A and B are fully known, the

solution to the above problem is well-established and can be obtained by solving the following discrete-

time algebraic Riccati equation:
A"PA—P+C"QC — A’PB(R + B"PB) 'B"PA =0. (21)

Assume the system is stabilizable, then Eq. (21) has a unique solution P* =P~ ">0.The optimal

feedback gain K™ is then given as follows:
K*=(R+B"P*B) 'B"P*A. (22)

Similar to the full-state feedback case, the model-based policy iteration algorithm is presented in
Algorithm 3.

Algorithm 3 Model-Based PI
1: Select an admissible control policy Ko such that A — BKj is a Schur matrix. Initialize 7 0.

Select a sufficiently small constant € >0,
2: repeat
3: Policy Evaluation (Solve for P; from):
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A’P,A,—P,+C"QC +K'RK, =0. (23)
4: Policy Improvement:
K,.,=(R+B"P,B) 'B"P,A. (24)
5:7<7+1.
6:until [P, —P, ,[|<e€ .

2.3.2 Data-driven Policy Iteration

In this section, we present a non-model-based approach for state reconstruction using only the control
input and system output. The system matrices A and B are assumed to be unknown, and the state is

considered unmeasurable. To address this, we introduce a policy iteration-based online output-feedback
algorithm to solve the optimal control problem. By leveraging the input-output data and system
equations (18), the state can be reconstructed as shown as follow [59]:

Xk:Muflk—Lk—N+My5’k—1,k—N:@Zk (25)

where N is the observability index,

(=T ~T T _ __ AN m+ _

zk*[ukfl,kaa)kal,ka] ’ Gi[MlnMy]; My*A N> Mu* CNiMyTNJ
ind — T T T T o — T T T T
llkfl,ka*[ukflpukfza"',ukfzv] )ykfl,ka*[ykflaka%'“aYIch] ’

Cyv=[B AB A’B - A" 'B],
0 CB CAB - CA" °B

N-—-1
CA: 0 0 CB - CA"*B
Ov=| oy |Tw=|i &
CA
C 0 . - 0 CB

o
o
o
o
o

Letting A; = A — BK;, (18) can be rewritten as

Xk+1:ijk+B(uk+Kjxk). (26)
Using (23), the following can obtain that

xi+ 1 Px, — xi Px, = —x; C"QCx,, — x; K] RK ;x; +2x; A"P,Bu, + 2x; A"P,BK ;x,

27
-x/K’B"P,BKx, + u/B"P,Bu, 7

Then, using (25) can get

T P TP _ T TWTRW T T TIT W
Z2; 1Pz, 1 — 2. Pz, = — yi: Qy. — 2. K; RK 2, + 22, T'j;u, + 22, ', Kz,
7Z£K§1I‘2jszk+u£r2juk
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where I;=B"P,AQ, I,,=B"P,B, P, =©"PO, K, = K, O . Note that (28) does not require the

full-state measurements.

By collecting the data for the time sequence ko <k; <--<k,, we get

®,~,=—I,vec(Q) —I,vec(K'RK) (29)

where

®,=(A,,-21,,—2L,,(1,9K7?), I —L,],~,=[vecs(P,)",vec(T',)",vecs(Ty;)"|" .

J

Assumption: There exists a $* € Z, such that for all s > s™:

+1)

rank((L, L L)) = 22 mm+1)

+pm+ 5

(30)

where p=N(m+7r).

The above data-driven policy iteration method is summarized in Algorithm 4.

Algorithm 4 Model-Free PI

1: Employ u, = — Koz, + 1, as the input on the time interval [ko, k.], where K, is an initial

stabilizing control gain and ), is the exploration/probing noise.
2: Compute ¥ until the rank condition (30) is satisfied.
3: Solve for 0, from (29). Then K, ., = (R + Iy,) ' T, .
4: Let ¢ 7+ 1 and repeat Step 3 until Hf’j — ﬁj,lH <€ for j =1, where the constant € >0 is a

predefined small threshold.

2.3.4 Experiments

Similar to the full-state feedback case, the architecture of the autonomous lane-changing controller with
output feedback is shown in Fig. 10. The main difference from the full-state feedback scenario lies in the

variations of the policy iteration equations.
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Fig. 10: Automated lane-changing controller architecture with output feedback

2.3.4.1 Hardware Setup

We developed a scaled car model equipped with GPS, IMU, and a camera for lane-changing and lane-
following tests. The Nvidia Jetson AGX Xavier board processes data in real-time. The setup emulates
real-world conditions to evaluate the algorithm’s performance under various scenarios, repeated with
slight variations to test robustness. The car is based on the TRX-4 RC from Traxxas, known for its power
and precise steering, and includes components that simulate real vehicle dynamics. The total weight,
including sensors, computing hardware, and batteries, is over 2.1 kg, allowing the TRX-4 to replicate real

car behavior effectively.

The experimental platform has been upgraded, as shown in Fig. 11, to include Marvelmind Indoor GPS
and the RealSense D435 camera for improved accuracy and versatility. The Marvelmind GPS, with +2 cm
accuracy, uses two beacons to enhance precision and reduce measurement errors, while a Kalman filter
mitigates IMU noise. A wide-angle camera is used for lane detection. The RealSense D435 camera,

combining high-resolution RGB and depth sensing, provides accurate spatial perception with an 85.2°
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horizontal and 58° vertical field of view, operating at 90 FPS. Its infrared stereo technology improves
depth accuracy, making it reliable even in low-light conditions, such as night driving. Additionally, the
experimental car model measures 50 cm in width, 24 cm in length, and 26 cm in height. To prevent
wheel contact with the body, the maximum steering angle of £35 degrees is limited to 30 degrees. The
motor, with a peak output of 46 W, enables speeds up to 15 km/h. The vehicle maintains stable
performance as long as the battery charge remains above 80%.

: GPS Sensor
IMU Sensor 5

Wi-Fi Expansion &8 )

PCA 9685 \

Fig. 11: The upgraded car model with all the hardware for state output feedback

The experimental setup integrates a RealSense D435 camera to create a detailed 3D map of the
surroundings using RGB and depth data, facilitating obstacle detection and lane-change decisions by
tracking static and dynamic objects such as vehicles, pedestrians, and barriers. This information feeds
into a path-planning algorithm to determine the safest and most efficient trajectory, enabling the
vehicle to perform lane changes safely while continuously updating based on environmental changes.
The Nvidia Jetson AGX Xavier handles all computational tasks and sensor data collection via UDP
packets, ensuring complete and real-time data processing. The vehicle’s steering and acceleration are
controlled by PWM signals, with an external PWM generator powering the TRX-4’s steering mechanism.
Additionally, a wireless Logitech G29 Driving Force Racing Wheel joystick is used for manual control,
offering flexibility and convenience with programmable buttons for commands like starting autonomous

driving and reversing, thus eliminating the need for a keyboard and enhancing user experience.

At the core of our car model is the Nvidia Jetson AGX Xavier Board, a powerful and compact computing
module. Sensors are directly connected to the Jetson to reduce latency and improve scalability through
serial connections. As shown in Fig. 12, three separate programs run simultaneously on the Jetson
board. The Motor-Servo-Controller program handles all motor activities, such as acceleration and servo
control, using parameters like steering angle, speed, and driving mode, which are communicated
through UDP packets. This program operates independently from the Lane-Changing and Lane-Following

programs. Written in C++, it ensures compatibility with drivers for smooth operation using the PCA9685
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Fig. 12: Hardware connection of the upgraded car model through the flow of data

The Lane-Changing and Lane-Following programs control the vehicle’s steering angle and speed based
on inputs from dedicated sensors received through serial connections. After processing, the computed
steering angle, speed, and driving mode are sent to the Motor-Servo-Controller over the local network
using designated port numbers. The driving mode distinguishes data from each program, with Lane-
Changing labeled as mode 1 and Lane-Following as mode 2, allowing the controller to identify and
execute the appropriate driving commands accordingly.

In our car model, the lane-changing algorithm collects data over the first 100 seconds, with a time step
of 0.083 seconds, to compute a near-optimal gain K . After completing a lane change, the vehicle

seamlessly transitions to the lane-following algorithm to maintain smooth driving. This ensures that the

experimental data flow follows the schematic illustrated in Fig. 13.
2.3.4.2 Software

We developed a model-free control algorithm that uses input-output data to estimate the system’s
unmeasurable states, eliminating the need for parameters like A and B . This online output-feedback
algorithm, improved through policy iteration, relies entirely on observed outputs and control inputs. It
adapts to system changes by continuously updating itself with new data, optimizing a cost function to

balance performance and control effort. This approach ensures high efficiency and robustness, making it

suitable for real-world applications such as autonomous driving.
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Fig. 13: Basic framework of autonomous driving algorithms for output feedback case

2.3.4.3 Experimental Results

We conducted three experiments to evaluate our learning-based optimal control algorithm, which

utilizes a data-driven approach to adjust the feedback gain K based on real-time state X; and steering
angle input 0. The algorithm ensures safe lane changes by optimizing K through the ADP algorithm.
The initial feedback gain is set to K, = [—0.057,0.187, -0.182,3.016,0.276, - 10.646] with

identity matrices as weights Q and penalties for control effort R . To enhance exploration, noise ;. is

added during the optimization of Or. A two-lane test track, 4.5 m long and 0.3 m wide, was constructed,

as shown in Fig. 14, involving the RC car and three other vehicles: the current lane leader (LC), the target

lane leader (LT), and the target lane follower (FT), representing potential hazards. Safe distances from
these vehicles are defined as SFT(t) , SLT(t) ,and SLC(t) . The state vector X = [271,£E2] represents

the RC car’s lateral displacement from the target lane and its orientation error. The initial and trained

gains are summarized in Table 3.

Table 3: Initial and Trained K Comparison for Output Feedback Case

KO Kl K2 KS

Initial Ko 0.0047 -0.0447 2.0002 0.0002
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Average Trained K 0.0053 -0.0339 1.9330 0.9558

Target Point
— Target Lane ——
o - £ —— e -
l{T—’SFT(t) - Spr(t) i,
77777777777 o SLC(t)‘—ME

Target Point

Target Car

Fig. 14: Desirable movement of the experiments for output feedback case

2.3.4.4 Analysis and Discussion

As shown in Fig. 15, the control gain vector K, consisting of components K to K¢, remains stable
across multiple trials, with only minor variations due to sensor noise, highlighting the robustness of the
approach. The RC car consistently performed smoother lane changes using the trained gains K,

demonstrating its capability to effectively learn and apply the optimal control strategy iteratively.
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Fig. 15: Experimental results of training and testing

Testing in two scenarios demonstrated the RC car’s ability to adapt to varying conditions by maintaining

its path, performing lane changes, or stopping as required. These results emphasize the effectiveness of
the control algorithms in handling diverse traffic situations.

Scenario 1: Lane Change to an Empty Lane. As illustrated in Fig. 16, if the depth reading at the center is
less than 1 meter, indicating an obstacle ahead, and the left-side depth exceeds 1.5 meters, signifying a
clear adjacent lane, the system initiates a lane change. A UDP signal is then sent to the vehicle’s control
system to execute the lane change maneuver safely.
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Fig. 16: Outcome of scenario 1

Scenario 2: Emergency Stop. As shown in Fig. 17, the RC car initially detects an obstacle in its current
lane, triggering a lane change to the target lane, indicated by a spike in 1. However, upon entering the
new lane, it encounters additional obstructions and decides to stop. This is represented by a sharp drop

in Z1 and the stabilization of the target lane signal at -1, indicating the stop command.
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Data-Driven Combined Longitudinal and Lateral Control for the Car

Following Problem

This part presents the detailed formulation of the dynamic model and tracking error analysis for
autonomous vehicles (AVs), followed by the development of model-based policy iteration techniques
and the proposed two-phase data-driven policy iteration approach. Finally, the effectiveness of the
designed control strategies is validated through simulation experiments using SUMO and CommonRoad

environments.

2.1 Model Description and Problem Formulation

2.1.1 Model Description of the Leading Vehicle

In Fig. 18, vehicle F' represents the following AV, while vehicle L denotes the preceding/leading
vehicle. The path's constant radius is denoted as 7", and the curvature is given by K = 1/7’. In Fig. 19, the
variables Z., Y., and ¢, (we {L,F} ) correspond to the x-coordinate, y-coordinate, and yaw angle of
the respective vehicles. The slip angle is denoted by By, Vw,W,,and Vg represent the velocity, yaw
angular velocity, and slip angular velocity. Accelerations along v, and W, are denoted by @, and G4y,

respectively. The motion of the leading vehicle L is described by the following differential equations

&, =wvycos(pr + Br),
Y= vLsin(goL + ﬂL),

P =wr,
b= ay, (31)
Wy, =0, 1,
BL:%,D

To make the equation more compact, we define pr = [$L,yL, QOL]T , 4= [UL,WL,ﬂL,]T and

b, = [aL,a%L,vg,L]T. Define the state of the leading vehicle as X1 = [p}f,qi”]T . Then, the motion of the

leading vehicle is

xe = fu(xe) + 9:bs, (32)
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where fL( : ) is a function from R to R® ,and gr € R%? s a constant matrix. They can be obtained
from (31).

]

"o

Fig. 19: Model description of the following vehicle.

2.1.2 Model Description of the Following Vehicle

The kinematics of the following vehicle is
Tp= UFCOS(SOF + ﬂF)a
Yr = vpsin(@r + Br),

(33)
S'OF = Wpg.

According to [60] and [61], the bicycle model of the vehicle is
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’[)F:ula
Wr =ML 4\ B+ Agu
F 1'UF 2MF 3 U2, (34)
p 1
/BF:fUJF+01w§+02 ﬁF+037UQ,
Vr Vp Vrp

where A; and 6; (i =1~ 3) are determined by the physical parameters listed in Table 4, and their

detailed expressions are presented in Appendix A. The first equation is for longitudinal motion; the

second and third one are for lateral motion. The control inputs of the following vehicle are defined as
U = ap, Uy = 0. (35)

The lateral dynamics can be expressed as the following compact form

wp Us
[BF}—JS(UF,WF)+91(UF)[ﬂF], (36)

where fi(vp,wr):R> = R?* and g/(vr): R = R**2.

2.1.2 Problem Formulation

As illustrated in Fig. 18, the leading vehicle follows a defined path. By utilizing vehicle-to-vehicle (V2V)
communication, the following vehicle receives the position and velocity of the leading vehicle to
maintain a safe distance and remain in the same lane. Traditional approaches to solving the combined
longitudinal and lateral control problem are primarily model-based, which rely on having an accurate
dynamic model, as shown in equation (34). The effectiveness of these controllers heavily depends on
precise knowledge of vehicle dynamics. However, in practice, physical parameters vary significantly
across different autonomous vehicles (AVs), making accurate models challenging to obtain.
Consequently, conventional model-based controllers may lack practical applicability. Motivated by these
limitations, this paper explores a data-driven control approach to address these challenges.

Problem: Without precise knowledge of the following vehicle’s dynamics, the objective is to develop a

sub-optimal controller directly from data. This controller should enable vehicle F' to maintain a safe

distance from the leading vehicle L while following the path indicated by the red line in Fig. 18.

2.2 Tracking Error of the Following Vehicle

When the leading vehicle moves at a constant speed and the following vehicle tracks it accurately, the

conditions Vr =V, Wp =Wr, ap =06, =0, a5 r =04, =0, and Br =5, =0 hold. Under these
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circumstances, it can be seen from (34) and Fig. 18 that the following vehicle’s steering angle U2 and slip
angle Br are non-zero when driving along a curved path. Thus, a feedforward controller Uy is
necessary to compute the driving input for vehicle ' to maintain accurate tracking of the leading

vehicle L and eliminate steady-state tracking errors. From equation (34), U, is derived as follows:

ul,d:()’ (37)
0= fl(UL,wL) + gl('UL)[UQ,da/BF,d]Ta
or equivalently
ul,d:07 (38)
[u2,0(vr,wr), Bra(ve,wr)]" =— g/ ' (vr) filve,wr).

It can be checked that the determinant of g; is nonzero. Hence, g; is invertible.

As illustrated in Fig. 18, the look-ahead point H aligns with the direction of the velocity Ur. To ensure a

safe following distance, a speed-dependent inter-vehicle spacing strategy is implemented as the
headway policy

d=d,+ vpt,, (39)

where d; represents the standstill distance and % is the time headway, a velocity-dependent spacing
policy is used to ensure string stability of the vehicle platoon. If vehicle F' directly follows vehicle L , it
may cut the corner of the path. To avoid this issue, a virtual point S is defined along the line OL , and
vehicle F' follows S instead of L . Here, E is the desired position of vehicle F', where ES = d, which
is tangent to the path. The triangle OES is a right triangle, and L is located on line OS' such that
LS=s= \/W — 7. For vehicle F' to follow L accurately along the path, it must move to point

E . once vehicle F' reaches E, point S will align with the look-ahead point H . Based on the geometry
of triangle OES | the angle Y and its trigonometric relations can be derived as follows

~v = arctan(kd ),
kd

Sin() = e (40)

1

s = A
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The positions of the virtual point and look-ahead point in Fig. 18 are

S{:EL}+S[ Sin(QDL+/6L)):|,

s —cos(¢r + Bz
=[]t 0] )
Yr Sin(QOF+/8F) '

To ensure that the look-ahead point H coincides with the virtual point S, it is necessary to minimize

the error variables that describe the deviation between H and S . These error variables are defined as

follows

er=x,+ ssin(p, + B,) — zr — dcos(pr + Br),
ex =1y, —scos(¢r + Br) —yr —dsin(pr + Br),
es= (oL + B —7) —(vr+Br),

_ (42)
€4 =7V — VUp,

€s =W — Wp,

€6 — /BF,d - ﬁFa

The error variables include €1 and €2, representing the position tracking errors along the Z- and ¥ -axes,
respectively. The term €3 is the traveling angle error, which reduces to zero when the heading direction
of vehicle F' aligns with XS . The variable €4 indicates the velocity tracking error, €5 corresponds to
the angular velocity tracking error, and € represents the slip angle tracking error. Additionally, €1 and

€ are transformed from the world frame to a local frame rotated by or + ﬂp + 7, as shown below
(43)

e e ]

Subtracting (37) from (34) and substituting (42) into it, we have

Vp = ul,ea
Wwr€y — V€5
v (v —eq)

. -vies+2vwre, —eiwy (44)

wp =M\ *)\2€6+)\3U2,e,

=e;+0
Br 5+ 601 ULQ(UL*€4)2
+0 ﬂF,dez;*UL@e 03“2,d64 03 W
2 2.,e*
v (v —ey) v(vp—es)  wvp—eqs °

where
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U = U — Uy. (45)

The control input & = %, + %, consists of two components: a feedforward controller U;, defined in
equation (38), and a feedback controller U, which will be designed later. Let the system's error state be

defined as € =[21,22, €3, €4, €5,€6) T Consequently, the error dynamics of the system can be expressed

as follows
e=f.(xz,e) t 9.(xz,€) U+ h(xzr,€)bs. (46)

Here, f.(*,") is a function from R® X R® to R®, g.(+,") is a function from R® X R® to R***, and

he(+,*) is a function from R® X R® to R%?,

Feedforward Uy, Wy,

Controller (ug)

Position and velocity

Optimal Feedback
Controller (a«*)

Fig. 20: The control framework of the following vehicle.

2.3 Model-Based Policy Iteration for Feedback Controller Design

As shown in Fig. 20, the control framework for the following vehicle comprises a feedforward controller
and a feedback controller. The design of the feedforward controller is detailed in equation (38). Here, a

model-based policy iteration method is employed to derive the optimal feedback controller

*

ur(t) =a*(xz(t),e(t)). When the leading vehicle maintains a steady state—keeping the lane at a

constant speed with a; = a4 1 = V5, = 0 —the goal is to ensure accurate tracking by the following

vehicle while minimizing energy consumption. Under these conditions, the optimal control problem is

defined to design the feedback controller as follows:

minJ (x.(0),e (0),u5)=/ e’ Qe + u) Ru,dt,
Ue 0

st xo=fr(xu), (47)

e=f(xz,e) + g.(xz,€) e,
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Here, @ and R are constant real symmetric and positive definite matrices of appropriate dimensions.
Equations constraints of (47) are derived from equations (32) and (46) when b, = 0. The initial
conditions XL(O) and € (0) represent the starting states of the leading vehicle and the error system,
respectively. Let X C R’ be a compact set that includes all the possible initial states of the leading
vehicle. The set of signals Z(X) represents all the trajectories of the leading vehicle, i.e., solutions

xz(t) = xz(t,x2(0)) of equation starting from x.(0) € X.

The solution of the optimal control problem (47) depends on the solvability of the following HIB

equation

ov*" ov*" 1, 0V*" L, ovET
ox, 11t Tae T 1T 9B (g9 et Qe =0, (43)

The optimal value function, denoted as V*(XL,e) , represents the minimized cost. The feedback
controller that achieves the minimum of equation (47) can be derived using

1. oV*(xz,
o (xine) = — 3 R g, (xsne)" OV 0r). (49)

From equation (49), it is evident that the optimal controller can be determined once the Hamilton-
Jacobi-Bellman (HJB) equation is solved. However, the HIB equation is a nonlinear partial differential
equation, making it challenging to solve directly. Moreover, it relies on an accurate dynamic model

(fe,ge) , adding to its complexity. To address this issue, a model-based policy iteration algorithm is

proposed to approximate the solution iteratively. Before delving into the details of the algorithm, the
following definition is introduced.

Definition 1: A controller & (Xz,€): X X R® = R? is considered admissible with respect to the cost J

in equation (17a) if the following conditions are met:

1) @ is continuous on X X R®.

2) For u.(t) = a(x:(t),e(t)) and any Xz € Z(X), the error system defined in (17c) is globally

asymptotically stable at the origin.

3) The cost function J(XL(O),e(O),Ue) <00 holds forall (xz(0),e(0)) € X X R®.
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In general, as shown in Fig. 18, an admissible controller ensures that the following vehicle converges
asymptotically to the desired position E . Policy iteration starts by selecting an initial (non-optimal)

admissible policy and then evaluates the value function for each state, which is referred to as policy

evaluation. The policy is subsequently adjusted to reduce the cost, forming a sequence of improved
policies. The detailed procedure is outlined in Algorithm 5. When ue,i(XL,e) and VZ—(XL,G) are

updated using Algorithm 5, the following theorem guarantees that the resulting controller remains
admissible and converges to the optimal solution.

Algorithm 5 Model-based policy iteration

1: Let 041(XL, 6) be any admissible controller. Choose a sufficiently small threshold C >0.1¢1.
2: repeat

3:  Policy evaluation: solve the following partial differential equation to obtain VZ( XL 6)

é?VT -
fL (f+gea)+e Qe +a Ra;=0. (50)
4:  Policy improvement: update the control law to Oé¢+1(XL,6) by
av;
aii1(xr,e) =— —R Yol e (51)

5.1 141

6: until NOrM ;| — Qoo < (

Lemma 1: Given that a1(XL, 6) is admissible, and Vi(XL, 6) and ai(XL, 6) are obtained by solving

equations (20) and (21), the following properties are satisfied:
1) V*(xz,e) <Vi(xo,e) <Vi(xs,e) forall (xz,e) € XXR",
2) ai(X1,€e) is admissible forall =1,

3) limVi(xz,e) =V*(xz,e) and limao,(xz,e) =a*(xz,€) .

As stated in Lemma 1, the performance of the updated controller OQ(XL, 6) consistently improves.

Moreover, each iteration produces a stabilizing controller that converges to the optimal solution as the
number of iterations approaches infinity. These attributes are crucial for ensuring the stability and

effectiveness of the AV’s control system. However, implementing equations (50) and (51) still relies on
an accurate dynamic model (fe,ge) . To address this limitation, the next section introduces a data-

driven policy iteration algorithm that eliminates the need for an exact dynamic model.
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2.4 Two-Phase Data-Driven Policy Iteration

The controller ¥ =, + U, for the following vehicle consists of two components: a feedforward
controller 4; and a feedback controller U, . The feedforward controller %, is obtained using the model

parameters of the following vehicle, as defined in Equation (38), while the feedback controller . is
designed using a policy iteration method (Algorithm 5). However, both methods depend on accurate
system models for fiand 9; (related to the system dynamics). In practice, these models are often

difficult to acquire due to variations in vehicle dynamics caused by changing road conditions or

environmental factors. To overcome this limitation, a two-phase data-driven approach is proposed. In
the first phase, a feedforward controller Ug is designed using input-state data collected from the leading
and following vehicles. The second phase then iteratively learns the optimal feedback controller
oz*(XL,e) using real-time data, bypassing the need for precise system models. The complete learning

framework is illustrated in Figure 21.

Position and velocity

Input-state
data

Learning Learning
Feedforward Feedback

Controller (i) Controller (&*)

_J) Controller
U =1ig+a

Fig. 21: The two-phase learning framework

2.4.1 Phase One: Design the Feedforward Controller Using Input-State Data

To obtain the feedforward controller as defined in Equation (38), it is essential to approximate the

nonlinear functions f; and g; in Equation (36), where fi:R®> = R? and ¢;:R* = R**? et
t1 <ty <...<tg 41 be the boundaries of the sampling intervals. By integrating Equation (36) over the

interval [tka tk+1] , the following expression is derived:

[wF(t),ﬂF(t)]ikz:[’““fl(vp(t),wF(t))dt

t (52)
+/tk [uz(t),Br(t)] ® Iyvect(g;,(vr(t)))dt,
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According to the approximation theory, over any compact set [UF,CUF]T e VCR?, fi and g; can be

expressed as

fl(vFvwF) = O'qu>,f(’lJF:wF) + ef(UFawF)a

(53)
VeCt(gl(vF)) - UgT(I)g(vF) + ey(vF)’
where o, € R and o, € R*™ are the weighting matrices; (I)f(UF,wF) and @f(vp) are N ;-
dimensional and IV, -dimensional vectors of linearly independent basis functions; ef(UF,wF) and
Cg(UF) are the truncation errors, which uniformly converge to zero over V as N; and N, tend to
infinity. Plugging (53) into (52) yields
T |41 s T T
[wr(t),Br(t)] ‘t:tk: ) D (vp(t),wr(t))” @ Iydtvect(of)
k
b1
+ [0 00 @ [ua(0), B1(0)] @ Lt vt (o7 (54)
k
k11
+ﬁ er(vr(t),wr(t)) +{us(t),Br(2)] ® Lre,(ve(t))dt.
k
Stacking the equations (54) for k=1, ---, K yields
Alvect(of )", vect(o, )] +e=E, (55)
where
ty iy
1 1
A= ,
k1 ti 41
K K
2 =[[wr(£),8r (1)1 iy [wi(2), Br(£)] 771 ]
ty r tK 41 r T
E = \/‘ (ef+[u2(t),ﬂp(t)]®126g) dt, "',[ (6f+[U2(t),ﬂF(t)]®Izeg) dt .
1 K
Assumption 1: There exist K > 0 and 7> 0, such that the following inequality holds:
1 ., -
EA A—77I2Nf+4Ng- (57)
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With Assumption 1, 0; and 0, the estimations of 0; and 0,, can be obtained as the least-squares

solution to (55), i.e.
[vect(of)",vect(a)) T =(A"A) 'ATE. (58)

Hence, the functions fl(UF,wF) and gz('UF) over the compact set V can be approximated by
fl(”F>wF):&f¢f(vF>wF)’ (59)
vect(§i(vr)) = 67, (vr).

The following proposition ensures that the approximation errors ( f;(vy,wz) — fi(vr,wr)) and

(g:(vr)— gi(vr)) uniformly converge to zero as Ny, N, — 0.

Proposition 1: Under Assumption 1, when 5f and ng are calculated by (58), the following limits hold

over the compact set [Vr,wp]" € V:

lim normfl(vp,wp)*fz(vp,wp)oo:Oa
Nf,Ng%oo (60)
Nf’]}%’f]lloonormgl(vl’) — gi(vr) = 0.

Therefore, with the obtained estimations $\hat{f} IS and S\hat{g} IS, according to (38), the feedforward
controller can be approximated as

u,a=0,
A A A (61)
[U2,d(UL,WL)a/BF,d(UL,wL)]T - gfl(’UL)fl(UL,wL)
Proposition 2: Under Assumption 1, when 0r and 0, are calculated by (58) and
[d2.a(ve,w5), Br.a(vs,w,)]” is calculated by (61), the following limits hold over [v,w; ] € V:
lim normy 4(vy,wy)— Uz 4(vr,wr)e =0,
Nf,NgHoo
(62)

lim normBF,d(vL,wL) — Br.a(vL,wr)e =0.
Nf,Ng%oo

2.4.2 Phase Two: Design the Optimal Feedback Controller Using Input-State Data

Building on the model-based policy iteration approach presented in Algorithm 5, we propose a data-

driven method to iteratively learn the optimal controller using motion data from both the leading and
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following vehicles. Define vi(t) = u,(t) — ai(xz(t),e(t)), which represents the difference between

the exploratory policy and the policy ai(XL, 6) obtained at the % -th iteration of Algorithm 5.

Consequently, Equation (47) can be reformulated as follows:
e= fo(xw,e) T g.(xz,e) i+ g.(xzre) Vi (63)
Along the trajectories of (63), the derivative of Vi(XL, 6) can be expressed as

oy
8XL

ov}y
fL+ 66 (fe+geai+ge’/i)- (64)

v,

Recall that I/i(XL, 6) is the value function at the ¢ th iteration of Algorithm 5. Substituting (50) and (51)

into (64), we obtain
I./vi:—eTQefO[iTRO[i*2aﬁlRl/i. (65)

Integrating both sides of (65) from ¢, to t,11, we have

tp+
m<tp+1>m(tp>+2[

p

1 tpt1
t

where t; <-+ <t, <%, < <tp,1 are the boundaries of the sampling intervals. Notice that

Vi(t) =Vi(xi(t),e(t)) . In addition, ¥; = u — Uy — &;, and
i1
Ai,P/ 2aiT+1R(Ud*'&d+0¢i*di)+(di*ai)TR(ai+di)dtv (67)

where @; is the approximation of @; . By the approximation theory, V; and @; can be approximated by

the linear combinations of a set of linearly independent basis functions, i.e.

Vi(XLae):PiTCI)V(XLae)+€V,i(XLae)a (68)
ai(xr,e) = p Pa(Xr,€) +eai(Xrs€),
where CI)V(XL,e) is an IV -dimensional vector of linearly independent basis functions; (I)a(XL,C) is an

N, -dimensional vector of linearly independent basis functions; p; € R" and u; € R are

weighting matrices; €V,i(XL,6) €R and ea,i(XL,e) €R? are approximation truncation errors that
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converge to zero uniformly over any compact set (xz,€) € SC R°XR® as Ny,N, —+ 0. Plugging (68)

into (66), we have

tpt1 tpr1
(IZ'Z/,LHlRIA/idt/ —e"Qe — & Raydt + A, + & ), (69)
tp tp

o @y (1, )~ @t 2 [
where
tp+1 R
gi,pev,i(tp)ev,i(tzr‘rl)z[ ec{,iJrlRVidt- (70)

Let A;=[A; 1,0 Aipey Aip]" and & =[&i1,,&ipy - Eip]" . Then, stacking the equations (69) for

p=1,- P, wehave

62-[ o ]FﬁAﬁ&i, (71)
vect( ;1)
where
_ 'y _
@ ()-o ) 2 IR @
i
O, )
tpy1
(@ (tpo1) — By (tp)” 2/13+ (V7R) @ ®Tdt (72)
L tp _
B ty tpi1 T
T, / eTQe+diTRdidt,---,/ eTQe+diTRdidt} .
L Lt tp

In Equation (71), we apply the property of the Kronecker product, which states that for any matrices X ,

Y, and Z with compatible dimensions, the expression vec(XYZ) can be rewritten as

(Z"® X)vec(Y).

Assumption 2: There exist P >0, and 7 > 0, such that for any ¢ = 1, the following inequality holds:
i@T@ =nl 73
p i i = TN, +2N (73)

Under Assumption 2, by the least-squares method and (71), the approximations of p; and ;11 are
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b
R =(070,)'e/T,. 74
{VeCt(NHl)} ( ) 74)

With the approximated weighting matrices 9; and vect(fi; 1), the value function and the updated

controller are
Vz‘(XL,e) = ﬁz’T‘I’V(Xue)y

: o (75)
ai+1(XLae) = ,ui+1‘1>a(XLae)-

The following proposition guarantees that at each iteration, the approximated value function and
feedback controller achieve sufficient accuracy, provided that the number of basis functions is

adequately large.

Proposition 3: For each step of data-driven policy iteration, the following properties hold:

lim oof/i(XL,e):‘/z’(XLae)a

NN Ny, N,

(76)

NN lz\‘}mzv Hoodi+1(XL,€) :047:+1(XL,€)a
eV

where V; and ;1 are the solutions to (50) and (51).

According to Propositions 1 and 3, the optimal feedback control policy a*(XL,e) and the value

function V*(XL,e) can be approximated to a desired accuracy by increasing the number of linearly

independent basis functions and iterations. The complete data-driven policy iteration process is detailed

in Algorithm 6.

Algorithm 6 Two-Phase Data-Driven Policy Iteration
1: Phase-one: learning the feedforward controller

: Set the sampling intervals &1, ", 85, trs1,  Tr 11

: Choose driving inputs uezp,l(t) to explore system (36) and collect input-state data.
: Construct the matrices A and = by (56).

: Solve (58) and get £, and g; by (59).

: Get the expression of %y and ﬁF(, by (61).

: Phase-two: learning the optimal feedback controller
: Choose an initial admissible controller Oé1(XL,wL).

O 00 N O U B W N

: Set the sampling intervals &1, ,t,, 8,41, tp11.

: Set the small threshold ¢ > 0.

[EEN
o
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11: Set the exploration signals ¥(t).
12: Using Uegp,2(t) = g (v (t),wi(t)) + au(x2(t),e(t)) +9(t) to explore the system and collect

input-state data.
13: repeat

14:  Construct the matrix ©; and I'; by (72).

15: Solve (74) and get the updated controller Q1 by (75).

16: 1< i+1
17: until |,az‘+1 7/:’/1| =¢

18: Update controller U;( Xz,€) = &u( xz,€) + tq(vy,wy).

2.5 Sumo Testing

In this section, the efficiency of the two-phase data-driven policy iteration method for combined

longitudinal and lateral control is evaluated using the integrated simulation platforms SUMO and

CommonRoad. The single-track model for vehicle 1 in CommonRoad is used to represent the dynamic

model of the following vehicle. Table 4 lists the parameters of the following vehicle and the inter-vehicle

spacing policy. The inter-vehicle spacing policy is based on the guidelines outlined in a previous work.

Table 4: Model Parameters

Parameters Description Value
C; [N/rad] Front cornering stiffness 20.90
C, [N/rad] Rear cornering stiffness 20.90
M [kg] Mass of the vehicle 1226
I, [m/sec] Yaw inertia of the vehicle 1539
Iy [m] Length from front axle to CoM 0.88
I, [m] Length from back axle to CoM 1.51
g. [m/sec?] Gravitational acceleration 9.81
c Friction coefficient 1.04
t, [sec] Time headway 1
d, [m] Standstill distance 5

2.5.1 Training Process

The initial controller &; for the policy iteration algorithm is constructed using a feedback linearization

method, leveraging an estimated value of the vehicle's dynamic parameters. In the first phase of
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learning, the exploratory driving input U, 1 is defined as a combination of sinusoidal signals with

varying frequencies, formulated as

500

[t ()], =¢; - D _sin(wt), j=1,2, (77)
=1

where ¢, = 0.1 and ¢;=0.001 . The element [Ucy.1]; represents the j-th component of the input
vector Ueyp,1(t), where w;; is randomly selected from a uniform distribution over [ — 250, 250] . After
obtaining the feedforward controller ﬁd(vL,wL), the exploratory input for the second phase of learning

is set as

500

[Weap,2(£)]; = [ca(x(t),e(t)) + Ga(v(t))]; +m; - Zsin(wj’l’t), 7=1,2,3, (78)

where m; =0.5, my,=0.02, and ijl is randomly sampled from the uniform distribution over

[— 250, 250] .

The performance index for the optimal feedback control design is defined as

J / e Qe + ul Ru, dt, where @ =10 X I and R = I. During data collection, the leading vehicle
0

moves in a circular path with a radius of 7 =100m and a constant speed of v;, =20m/s . The
integration interval is defined as 11—t =1, 1 —t, = 0.01 5. The basis functions for the
approximation of f; are given by CI)f(UF,wF) = [wp/vp,wp,wp/vf«]T . For g1, the basis functions are
@g(vp) =[1, 1/UF]T. Define Poly,,(&1,...,%,) as the vector that includes all polynomial terms of
(214 ... +2,)™. The cosine and sine components CS; are represented as [1 — coses,sine;], and the

error vector €456 includes [64, 65,66] . The vector of basis functions for f/i(x,;, e) is
®y(x1,e) =[Polys(e),Poly,(e),Poly,(e) ® CSy,Poly,(e),Poly,(e) ® CSy,eqs/(v, —e4), 1]
The vector of basis functions for di(XL, 6) is

®a(XL)e) = [POlyQ(e),POI}’l(e),POlyl(e) & 081,6456/('UL - 64), 1]T

The choice of basis functions is based on the Weierstrass approximation theorem, which states that any

continuous function over a compact set can be uniformly approximated by polynomials. We employ
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third-order polynomials of the error states € to approximate the value functions, and second-order

polynomials of € to approximate the control policies. Additional terms such as

les/(v, —e4),e5/(v, —es),e6/(v, —e4)] and Polyi(e) ®[1 — cos(e;),sin(e;)] are included,
inspired by the error dynamics.

The input-state data includes Pr,41,Pr,qr, and U . For phase-one learning, data collected from 0 to 0.5

seconds is used, while data from 0.5 to 10.5 seconds is used for phase-two learning. Figure 22 shows the
trajectories of the leading and following vehicles during data collection. Figure 23 illustrates the
evolution of the control policy weights and value function. After 20 iterations in Algorithm 6, the weight

update converges to the stopping criterion |1 — fti| < 10°?. The resulting ADP controller

Ugp = Uy + ﬁe’zo is then tested across different traffic scenarios. Compared to traditional deep

reinforcement learning approaches, which require extensive datasets, this proposed data-driven

method achieves comparable performance using only 10.5 seconds of motion data, highlighting its data
efficiency.

1001 150

—Teading Vehicle

— Follawing Vehicle
100 1
50 |
Q = 50
¥ [—Teading Veliicle =0
— Following Vehicle
501
50 . : J -100 | . :
100 -50 0 50 100 150 0 2 4 6 8 10 12
rpfxlm) Time(s)
100 | 4
[—Teading Vehicle | 35
Following Vehicle
50} ' i = 3
e 525
_ ,
15
50 : - - - - . 1
0 2 4 6 8 0 12 0 2 4 6 8 10 12

Time(s) Time(s)

Fig. 22: The trajectory of the vehicles during data collection
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%10 . o x10°

1—e—norm of weights of value function

—e—norm of weights of control policy

5 10 15 20 5 10 15 20
Number of Iteration Number of Iteration

Fig. 23: Evolution of the weights (| ;| and || p;| ) of the control policy and value function
2.5.2 Performance Evaluation for Roads of Different Shapes

The ADP controller is initially evaluated on a circular road and compared to the baseline controller used

to initialize Algorithm 6. The circular road has a center at (50m, 50m) and a radius of 51.6 m. The

leading vehicle maintains a constant speed of v;, = 20 m/s . The trajectories and error states of both

vehicles are illustrated in Fig. 24. At the start of the simulation, the following vehicle is in a separate lane
from the leading vehicle. Within 5 seconds, the following vehicle aligns with the leading vehicle’s lane
using the ADP controller, and all tracking errors reduce to zero as seen in Fig. 24. When comparing the

ADP controller to the initial controller in Fig. 24 over the time interval t = 0sec to t =10sec, the ADP
controller reduces tracking errors faster. The performance index for the ADP controller is J =43.6067 ,
significantly lower than that of the initial controller at J = 622.6262 . This demonstrates that Algorithm
6 yields substantial improvement in performance based on the designed quadratic performance index.
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Fig. 24: The trajectories and tracking errors of the following vehicle for a circular road

The ADP controller is further tested on a complex mixed road combining straight segments and circular

paths, as illustrated in Fig. 25. The larger circle has a radius of 101.6 m, while the smaller circle’s radius is

91.6m . These two circles are connected by straight tangent lines, with the bottom line extending for

300m . The leading vehicle travels along the entire route at a constant speed of 20m/8 , starting from

the left end of the bottom straight section and moving in an anticlockwise direction. The corresponding
vehicle trajectories and tracking errors are displayed in Fig. 25. During the initial straight segment, the
following vehicle quickly catches up to the leading vehicle and accurately maintains the lane using the
ADP controller. After about 10 seconds, the leading vehicle transitions onto the smaller circle. At around
20 seconds, the leading vehicle moves from the smaller circle onto the straight section, and by 35
seconds, it reaches the larger circle. Due to sudden curvature changes at these junctions, the tracking
errors momentarily spike but are rapidly corrected with the ADP controller. In contrast, the initial
controller struggles to maintain zero tracking errors during these transitions due to frequent road
geometry changes, resulting in gradual and inconsistent convergence. In conclusion, the proposed two-
phase data-driven algorithm successfully generates a near-optimal controller for combined longitudinal
and lateral control. The learned controller not only ensures stability but also significantly enhances the

tracking performance of the following vehicle based on the designed performance metrics.
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Fig. 25: The trajectories and tracking errors of the following vehicle for a mixed road
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2.5.3 Analysis of String Stability on a Circle Road

In the previous subsection, the ADP controller was tested in a simplified scenario where a single
autonomous vehicle (AV) followed a leading vehicle, ensuring stability as guaranteed by Lemma 1 and
Proposition 3. However, when multiple AVs form a platoon, string stability is crucial to mitigate the
impact of disturbances. String stability ensures that the disturbance magnitude decreases as it
propagates along the vehicle string within the platoon. In this section, we numerically analyze the string
stability of a homogeneous connected autonomous vehicle (CAV) platoon shown in Fig. 26. Specifically,

the effect of the weighting matrices of the performance index defined in (17) on the £2-norm string
stability is investigated. All AVs in Fig. 26 have identical physical parameters as listed in Table 4 and use
the same controller generated by Algorithm 6. Based on [4], the definition of £y-norm string stability for

two-dimensional combined longitudinal and lateral control is given as follows.
Definition 2: For a platoon consisting of N CAVs, it is strictly £ string stable if

Hzl+1HZ2§Hle€27 VZ€{172a“'7N}7 (79)

where Zl(t) = [zl,l(t),zl,g(t)]T is the two-dimensional tracking error of the { th CAV defined in (43),

and
alo= [ VB (80)

For the platoon shown in Fig. 26, starting from the same non-equilibrium state, the string stability is
evaluated under different ADP controllers, each corresponding to a distinct weighting matrix @ . The
matrices tested are @ = 0.1, @ =115, @ =10I, and @ = 1001, . As illustrated in Fig. 27, for all
tested @) values, the £2-norm of the system response continuously decreases, indicating that condition

(79) is satisfied. This result confirms that the ADP controllers effectively ensure £» -string stability for the

platoon.
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Fig. 26: A platoon consists of seven AVs and a leading vehicle on a circle road
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Fig. 27: The {> norm of each AV (||zll,,, =1, -+, 7) under the ADP controllers

2.5.4 Robustness Evaluation

In this simulation, the robustness of the learned controller is assessed against external disturbances
from the leading vehicle. Two ADP controllers with different ) matrices are evaluated to compare their
robustness. Specifically, the evaluation considers @ = 0.515 and @ =101 while keeping R = I fixed.
The two controllers are generated using the same procedure outlined in Subsection VI-A and evaluated
on a circular road with a radius of 101.6m . During the test, the leading vehicle’s velocity oscillates as

v,(t) =10 +10sin(2¢) m/s . To avoid singularities in the controllers' calculation, the measured value

of vr(t) issetas 0.1 -sign(v;(t)) when vr(t) <0.1m/s. The resulting tracking errors and control
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inputs U, are illustrated in Fig. 28. For @ =101, the tracking errors are reduced more effectively
compared to @ = 0.5, but this improvement comes at the cost of increased control input magnitude,
as seen in Fig. 28, leading to higher energy consumption. According to the performance index, @ is

associated with tracking errors and R relates to energy consumption. Thus, increasing ) prioritizes

minimizing tracking errors but necessitates a trade-off with higher energy consumption.
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Fig. 28: The tracking errors of the following vehicle when the velocity of the leading vehicle is

oscillating

2.5.5 Adaption to Different Road Conditions

This simulation evaluates the adaptiveness of the proposed data-driven control strategy under varying
road conditions with different friction coefficients. The leading vehicle moves at a constant speed of

v1(t) =20m/s along a circular path with a radius of 100 m. Initially, the friction coefficient is set to
c=0.9X1.04 from t =0sec to t =30 sec. Subsequently, the friction coefficient is reduced to
c¢=0.7X1.04 for t =30 sec to t = 60 sec. Finally, the friction coefficient is further decreased to

c¢=0.5X1.04. After the leading vehicle travels on the modified road conditions for 10 seconds, the

data is collected, and the controller is updated using Algorithm 6. As observed from Fig. 29, with the
updated controller, tracking errors converge rapidly to zero under various friction coefficients. This

demonstrates that the proposed method is effective in adapting to changes in road conditions.
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Fig. 29: The tracking errors of the following vehicle when the road condition is changing
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Conclusions

This study proposed an adaptive lane-changing control strategy for automated vehicles operating in
mixed traffic, focusing on safety through a combination of model-based policy iteration and data-driven
adaptive dynamic programming (ADP). The approach integrates real-time state/output feedback and
safety constraints to ensure safe execution of lane changes even in complex and uncertain driving
environments. Experimental results using scaled car models demonstrated the method’s effectiveness in
maintaining stability and successfully performing lane changes while continuously evaluating safety
conditions. The robustness of the proposed state feedback and output feedback schemes in achieving

safe and efficient lane changes is demonstrated experimentally under varying traffic scenarios.

The research also addressed the car-following problem through a combined longitudinal and lateral
control framework that utilizes a two-phase data-driven policy iteration approach. This method is
designed to ensure smooth trajectory tracking and safety by using input-state data for feedforward
control and a model-free policy iteration algorithm for optimal feedback control. Extensive simulations
in SUMO and CommonRoad validated the controller's ability to adapt to varying road geometries and
traffic conditions, demonstrating superior tracking accuracy and string stability compared to traditional
approaches. The framework’s adaptability to complex dynamics makes it a promising solution for vehicle
platooning and other car-following scenarios.

The data-driven adaptive dynamic programming (ADP) methods used in this research provide significant
advantages over traditional model-based approaches, particularly for handling both linear and nonlinear
systems with model uncertainties. ADP is highly adaptable, making it suitable for complex control
problems where model inaccuracies can degrade performance. By iteratively learning control policies
from real-world data, the proposed framework can achieve near-optimal control performance with
reduced computational complexity. This flexibility allows ADP-based controllers to maintain high control

accuracy and robustness, ensuring effective performance across a range of dynamic driving scenarios.
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	Executive Summary 
	This project investigates control strategies for automated lane-changing and combined longitudinal-lateral vehicle following in mixed traffic scenarios, with the goal of enhancing traffic safety and efficiency for Connected and Autonomous Vehicles (CAVs). The study addresses the challenges posed by real-world uncertainties, complex vehicle interactions, and the presence of both human-driven and autonomous vehicles. 
	In the lane-changing scenario, we designed and validated a data-driven control algorithm to achieve safe and efficient lane-change maneuvers. The proposed approach utilizes both model-based policy iteration and data-driven adaptive dynamic programming to accommodate different levels of state observability (full-state feedback and output feedback). The lane-changing control strategy comprises three main components: dynamic modeling, real-time decision-making, and adaptive learning modules. The decision-makin
	For the car-following problem, a data-driven combined longitudinal and lateral control framework is developed to ensure stability and optimal performance under varying road geometries and traffic conditions. The proposed method utilizes a two-phase data-driven policy iteration approach. In the first phase, a feedforward controller is designed using input-state data to mitigate steady-state errors. The second phase refines the control policy iteratively using a model-free policy iteration algorithm to achiev
	The project highlights the potential of using data-driven learning algorithms to tackle complex control challenges in autonomous driving, providing a scalable solution that balances safety, stability, and computational efficiency in real-world scenarios. The integration of learning-based control with robust 
	safety constraints enables CAVs to perform safe and efficient maneuvers, even in highly dynamic and uncertain mixed traffic environments. 
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	Introduction 
	Urban areas are increasingly plagued by traffic congestion due to the rising number of vehicles, causing commuters to spend more time idling in traffic. According to researchers at the Texas A&M Transportation Institute, the average American commuter loses 56 extra hours and 21 gallons of fuel annually due to traffic jams [1]. As commuters spend more and more time stuck in traffic, finding effective traffic management solutions to alleviate congestion has become both urgent and critically important.  
	One significant cause of traffic congestion in urban regions is the stop-and-go waves occurring at signalized intersections. Vehicles decelerating at red lights and accelerating during green lights disrupt the flow of traffic, causing these stop-and-go patterns to propagate backward. This leads to reduced traffic velocity and decreased throughput, resulting in excessive congestion and delays. The introduction of vehicle-to-vehicle communication technology and autonomous vehicles presents new opportunities t
	1.1 Traffic Light Prediction 
	The Speed Advisory System (SAS) installed in vehicles can leverage the Signal Phase and Timing (SPaT) message, which includes the current traffic light phase and the remaining phase time, to recommend optimal speeds. This helps in reducing fuel consumption [2], alleviating traffic congestion, and minimizing drivers’ waiting time [3]. However, SPaT messages are often unavailable and need to be predicted frequently. In [4], the authors employed a Kalman Filter (KF) to predict the frequency distributions of gr
	All the previously mentioned models are probabilistic in nature. Recently, there has been a growing interest in using machine learning (ML) models for traffic light prediction. In studies [8, 9], the authors compared a Random Survival Forest (RSF) model, a long short-term memory (LSTM) neural network model, and a Linear Regression (LR) model using historical data. They found that both the RSF and LSTM models outperformed the LR model on a small dataset, with the RSF model proving to be the most accurate on 
	1.2 Trajectory Planning of CAVs for Optimum Traffic Performance 
	The analysis of traffic conditions often relies on macroscopic fundamental diagrams, which describe the relationships among space-mean flow, density, and speed within traffic networks [10]. With the integration of vehicle-to-vehicle (V2V) and vehicle-to-infrastructure (V2I) communication technologies, connected and autonomous vehicles (CAVs) hold significant potential for enhancing traffic efficiency through a new approach to fundamental diagrams [11, 12]. A central challenge in reducing traffic congestion 
	However, these studies typically rely on simplified system models, which can lead to significant tracking errors when using feedback controllers, thereby negatively affecting overall system performance. Additionally, heuristic algorithms are commonly used, but they often fail to find the optimal solution for the original problem. Therefore, there is a pressing need for further exploration in the field of traffic reduction. 
	1.3 Safety-oriented Motion Control of CAVs 
	Inaccuracies in trajectory tracking can significantly affect motion control in autonomous systems, leading to various undesirable outcomes. Deviations from the intended path can cause erratic or jittery movements, disrupting navigation. These inaccuracies impede optimal system performance, compromise control stability, and may result in energy inefficiency. Furthermore, safety hazards arise as inaccuracies can lead to collisions, endangering pedestrians or other vehicles. Numerous trajectory-tracking contro
	In addition to errors in trajectory tracking, vehicle collisions can significantly degrade system performance. In congestion control scenarios, individual vehicles or groups of vehicles may need to decide whether to maintain their lane or change lanes. Ensuring safety among neighboring vehicles is crucial when implementing controllers to follow computed trajectories. Thus, in congestion control, there is an interplay between achieving control objectives (such as trajectory tracking, stability, and disturban
	Methods like those in [33, 34, 35] synthesize control barrier functions (CBFs) from expert demonstration data in locally safe regions. However, the localized nature of these learned CBFs may not guarantee real-time safety across broader scenarios. In [36], the authors demonstrate a method for learning quadratic 
	CBFs for nonlinear polynomial systems, but this approach is limited to systems that can be represented quadratically. Another method, proposed in [37], involves learning high relative degree CBFs using neural networks, which requires accurate computation of high-order derivatives—a challenging task. An alternative approach described in [38] utilizes discrete-time Koopman operators to synthesize CBFs, assuming linear dynamics and requiring substantial data for effective learning. 
	1.4 Data-Driven Learning Control of CAVs 
	Recent advancements in sensor technologies and computational power have paved the way for applying purely data-driven machine learning (ML) techniques to Connected and Autonomous Vehicles (CAVs). Such methods leverage vast quantities of real-world driving data to train models capable of making lane change decisions and determining optimal policies. Hoel et al. proposed a decision-making framework that integrated planning principles with deep reinforcement learning (DRL) [39]. In a similar vein, Li et al. pr
	To address some of the limitations associated with purely data-driven methods, non-model based learning techniques, particularly Adaptive Dynamic Programming (ADP), have gained attention. ADP methods, rooted in reinforcement learning principles, offer a robust solution by directly learning the optimal control policies using real-time data. Unlike traditional ML approaches, ADP can handle unknown dynamics and parameter variations in complex systems, making it particularly suitable for autonomous driving scen
	1.5 Contributions 
	In this project, automated lane changing control in mixed traffic with safety consideration is designed to address the critical issue of ensuring safe lane change maneuvers for autonomous vehicles (AVs) operating alongside human-driven vehicles. A decision-making module based on safety constraints is employed to avoid potential collisions with surrounding vehicles. With the assumption of the linear system, the proposed framework integrates state/output feedback and model-free adaptive dynamic programming to
	In this project, we also develop a data-driven combined longitudinal and lateral control for the car following problem by developing a robust controller to manage the interactions between a leading vehicle and a following autonomous vehicle where vehicle dynamics are assumed to be nonlinear. This control strategy tackles the challenges of maintaining safe inter-vehicle distances and precise trajectory tracking under varying road conditions. The framework introduces a two-phase policy iteration algorithm tha
	The main contributions of this work are summarized as follows: 
	⚫ Automated lane changing control in mixed traffic with safety consideration: 
	⚫ Automated lane changing control in mixed traffic with safety consideration: 
	⚫ Automated lane changing control in mixed traffic with safety consideration: 

	• Proposed a data-driven adaptive dynamic programming method for the vehicle system with full-state feedback scenarios. 
	• Proposed a data-driven adaptive dynamic programming method for the vehicle system with full-state feedback scenarios. 

	• Developed a data-driven adaptive dynamic programming method to handle unknown states with output feedback scenarios. 
	• Developed a data-driven adaptive dynamic programming method to handle unknown states with output feedback scenarios. 

	• Conducted real-vehicle experiments with scaled prototypes, demonstrating that the control approach ensures safe and efficient lane changes in dynamic traffic conditions. 
	• Conducted real-vehicle experiments with scaled prototypes, demonstrating that the control approach ensures safe and efficient lane changes in dynamic traffic conditions. 


	⚫ Data-driven combined longitudinal and lateral control for the car following problem: 
	⚫ Data-driven combined longitudinal and lateral control for the car following problem: 
	⚫ Data-driven combined longitudinal and lateral control for the car following problem: 

	• Designed a nonlinear controller to address the coupling effects between longitudinal and lateral dynamics. 
	• Designed a nonlinear controller to address the coupling effects between longitudinal and lateral dynamics. 

	• Developed a data-driven solution using ADP techniques to iteratively learn a near-optimal controller from motion data, eliminating the need for precise vehicle dynamics modeling. 
	• Developed a data-driven solution using ADP techniques to iteratively learn a near-optimal controller from motion data, eliminating the need for precise vehicle dynamics modeling. 

	• Validated the proposed control method through extensive simulations under various road and traffic conditions. 
	• Validated the proposed control method through extensive simulations under various road and traffic conditions. 
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	Automated Lane Changing Control in Mixed Traffic with Safety Consideration 
	This part mainly presents the design of the autonomous lane-changing control scheme and real-vehicle experiments in mixed traffic scenarios, considering both full-state feedback and output feedback conditions. 
	2.1 Dynamic Model and Problem Formulation 
	2.1.1 Dynamic Model 
	In this section, we assume that the vehicle speed remains constant during the lane change and the vehicles travel on a straight road. The lateral dynamic model is based on the position and orientation error variables as shown in Fig. 1. Let (
	In this section, we assume that the vehicle speed remains constant during the lane change and the vehicles travel on a straight road. The lateral dynamic model is based on the position and orientation error variables as shown in Fig. 1. Let (
	) be the coordinates of the target point, 
	  be the orientation of the vehicle, 
	 be the error between the distance of the center of gravity of the vehicle and the center line of the target lane, and 
	  be the orientation error of the vehicle with respect to the road. 
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	Figure
	Fig. 1: Position and orientation error of AV 
	After that, the lateral dynamics model is defined as follows: 
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	where 
	 denotes the front wheel steering angle, 
	 with 
	 and 
	 representing the rate of change of 
	 and 
	, respectively, and 
	 representing the current discrete time index,  
	InlineShape
	InlineShape
	InlineShape
	InlineShape
	InlineShape
	InlineShape
	InlineShape

	 
	 
	 (2) 
	InlineShape

	with 
	with 
	 representing the time step of the discrete-time system. 
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	Since the vehicle travels on a straight road, the desired orientation of the vehicle is considered as 
	Since the vehicle travels on a straight road, the desired orientation of the vehicle is considered as 
	.  Then from Fig. 1, the lateral position 
	and yaw angle 
	 can be obtained as: 
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	2.1.2 Lane Change Decision Making with Safety Consideration 
	To ensure safety during the lane-changing process, the decision-making layer considers the safety of the system in mixed traffic scenarios. Lane-change maneuvers are executed only when the surrounding environment is deemed suitable; otherwise, the vehicle remains in its current lane. 
	 
	Figure
	Fig. 2: Lane change Scenario 
	In Fig. 2, without loss of generality, 
	In Fig. 2, without loss of generality, 
	 denotes the autonomous vehicle, 
	 denotes the lead vehicle in the current lane, 
	 denotes the following vehicle in the current lane, 
	 denotes the lead vehicle in the target lane, 
	 denotes the following vehicle in the target lane, 
	, 
	 = headway time, 
	 = length of vehicle, and 
	 = velocity of the 
	 vehicle, 
	 is the target point. In this work, the lane change decision making is introduced for a single lane change maneuver. As shown in Fig. 2, four vehicles are involved in a lane change maneuver. The 
	 performs a maneuver to change the lane and places itself in the target point. Let 
	, 
	, 
	, 
	, 
	 be the longitudinal positions of the vehicles involved in the lane changing process. Then, the following conditions must hold true for a safe lane change: 
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	The safe distances 𝑆𝑖(𝑡) are evaluated continuously. If the above inequalities are violated at any time instant during the lane changing, the 𝐴𝑉 maneuvers back to the original lane. This maneuver is done based on the change of leader vehicle. Thus, when the safe conditions violate, the target point 𝑇𝑃 is chosen at a safe distance from the leader in the original lane. 
	2.1.3 Problem Formulation 
	Given that the dynamics of the 𝐴𝑉 is unknown and 𝑇𝑃 in the target lane is defined, the following problem is addressed in this work: 
	Problem: Design a lane changing algorithm for the 𝐴𝑉 that incorporates the following: 
	(i) An optimal model-free controller for the 𝐴𝑉's lateral maneuver such that 
	(i) An optimal model-free controller for the 𝐴𝑉's lateral maneuver such that 
	(i) An optimal model-free controller for the 𝐴𝑉's lateral maneuver such that 
	(i) An optimal model-free controller for the 𝐴𝑉's lateral maneuver such that 
	, 
	. 
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	(ii) A lane change decision making mechanism based on inequalities in (4). 
	(ii) A lane change decision making mechanism based on inequalities in (4). 

	(iii) An optimal model-free controller for post lane change platooning. 
	(iii) An optimal model-free controller for post lane change platooning. 


	2.2 Real-World Experimental Validation with Full-State Feedback 
	2.2.1 Model-Based Policy Iteration 
	For the following discrete-time linear system: 
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	where 
	where 
	 is the state, 
	 is the control input, 
	, 
	. To minimize state deviations and control effort, we aim to develop a linear optimal control law expressed as: 
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	The minimization of state deviation problem can then be formulated as minimizing the following cost function: 
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	where 
	where 
	, 
	, and 
	 is observable. If 
	 and 
	 are fully known, the solution to the above problem is well-established and can be obtained by solving the following discrete-time algebraic Riccati equation:           
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	Assume the system is stabilizable, then Eq. (8) has a unique solution 
	Assume the system is stabilizable, then Eq. (8) has a unique solution 
	The optimal feedback gain 
	 is then given as follows: 
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	It should be noted that Eq. (8) is nonlinear with respect to 
	It should be noted that Eq. (8) is nonlinear with respect to 
	. Therefore, directly solving Eq. (8) is generally challenging, particularly for high-dimensional systems. A model-based policy iteration (PI) method for solving Eq. (8) is detailed in Algorithm 1 [58]. In Algorithm 1, 
	 is defined. 
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	Algorithm 1 Model-Based PI 
	Algorithm 1 Model-Based PI 
	Algorithm 1 Model-Based PI 
	Algorithm 1 Model-Based PI 
	Algorithm 1 Model-Based PI 


	1: Select a stabilizing control policy 
	1: Select a stabilizing control policy 
	1: Select a stabilizing control policy 
	1: Select a stabilizing control policy 
	 such that 
	 is a Schur matrix. Initialize 
	. Select a sufficiently small constant 
	. 
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	2: repeat 
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	2.2.2 Data-driven Policy Iteration 
	In this section, we propose an online data-driven learning-based controller design approach, adaptive dynamic programming (ADP), that does not require precise knowledge of the system matrices 
	In this section, we propose an online data-driven learning-based controller design approach, adaptive dynamic programming (ADP), that does not require precise knowledge of the system matrices 
	 and 
	. The modified system equation is defined as follows: 
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	Along the trajectories of (12), one can obtain that 
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	Then, using (10) can get 
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	where 
	where 
	. By the property of Kronecker product that 
	, we have: 
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	Collecting the data for the time sequence 
	Collecting the data for the time sequence 
	, we get 
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	where  
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	Assumption: There exists a 
	Assumption: There exists a 
	 such that for all 
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	The above data-driven policy iteration method is summarized in Algorithm 2. 
	Algorithm 2 Model-Free PI 
	Algorithm 2 Model-Free PI 
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	 as the input on the time interval 
	, where 
	 is an initial stabilizing control gain and 
	 is the exploration/probing noise. 
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	2: Compute 
	2: Compute 
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	 until the rank condition (17) is satisfied.   
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	4: Let 
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	 and repeat Step 3 until 
	 for 
	, where the constant 
	 is a predefined small threshold. 
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	2.2.3 Automated Lane-Changing Controller Architecture with Full-State Feedback 
	The autonomous lane-changing controller architecture shown in Fig. 3 comprises three main modules: (1) Decision Making Module, (2) Data Storing Module, and (3) Learning Module. The input-state data is collected from the 
	The autonomous lane-changing controller architecture shown in Fig. 3 comprises three main modules: (1) Decision Making Module, (2) Data Storing Module, and (3) Learning Module. The input-state data is collected from the 
	’s sensing unit. 

	 
	Figure
	Fig. 3: Automated lane-changing controller architecture with full-state feedback 
	• Decision Making Module: This module uses input data to perform a safety check. If conditions are met and the vehicle is not in the target lane, a lane-change maneuver is initiated. Otherwise, the vehicle stays in its current lane to ensure safety. 
	• Decision Making Module: This module uses input data to perform a safety check. If conditions are met and the vehicle is not in the target lane, a lane-change maneuver is initiated. Otherwise, the vehicle stays in its current lane to ensure safety. 
	• Decision Making Module: This module uses input data to perform a safety check. If conditions are met and the vehicle is not in the target lane, a lane-change maneuver is initiated. Otherwise, the vehicle stays in its current lane to ensure safety. 

	• Data Storing Module: Since the controller needs to handle lane-change scenarios at various speeds and requires sufficient samples that meet the conditions for online policy iteration at each speed, it is necessary to store and manage these data effectively. 
	• Data Storing Module: Since the controller needs to handle lane-change scenarios at various speeds and requires sufficient samples that meet the conditions for online policy iteration at each speed, it is necessary to store and manage these data effectively. 

	• Learning Module: Once enough data is collected for a particular speed, it is passed to the learning module to update the control gains. When the optimal gain is learned, it replaces the initial gain and is used to generate the control signal for the vehicle. 
	• Learning Module: Once enough data is collected for a particular speed, it is passed to the learning module to update the control gains. When the optimal gain is learned, it replaces the initial gain and is used to generate the control signal for the vehicle. 


	2.2.4 Experiments 
	2.2.4.1 Car Model 
	We designed a compact car model to validate a lane-change algorithm, which is also suitable for lane-following tasks. The car is equipped with GPS, IMU, and a camera to collect data, processed in real-time by an Nvidia Jetson AGX Xavier board. The sensors and computational modules are carefully selected for compatibility with the experimental platform. The base is a Traxxas TRX-4 RC vehicle, known for its high power and precise steering, equipped with additional components like differential gears to closely
	The car model hardware is connected as shown in Fig. 4. It uses Marvelmind’s Indoor GPS with IMU sensors to collect real-time position and orientation data. However, the Indoor GPS has an error of ±2 cm and is sensitive to nearby obstructions. To improve accuracy, two beacons and a Kalman filter are used to minimize GPS errors and reduce IMU noise. The IMU’s performance depends on beacon frequency and location, so filtering is applied to reduce high-pitching errors. A wide-angle camera is also used for lane
	 
	Figure
	Fig. 4: Hardware connection of the car model through the flow of data.  
	The PCA9685 board is used to address the power issue by connecting to the Jetson board via I2C and to external batteries (5V, 0.5A) to power the servomotor. The acceleration motor, already powered by its external battery, only requires PWM signals to control speed. Using both PCA9685 and Jetson’s PWM generators simultaneously can cause data collisions, so only PCA9685 is used for the acceleration motor, 
	simplifying control. Additionally, a Logitech G29 Driving Force Racing Wheel is wirelessly connected as a joystick for manual control, offering functionality similar to real driving. With programmable buttons for actions like starting autonomous driving, reversing, and more, it enhances the convenience of the experiment. 
	The central processing unit of the car model is the Nvidia Jetson AGX Xavier, a high-performance compact computer. To minimize sensor latency and improve scalability, sensors are directly connected to the Jetson via serial ports, as shown in Fig. 5. The Jetson board runs three programs simultaneously. The Motor-Servo-Controller, written in C++ and compatible with the PCA9685 driver, controls the acceleration motor and servomotor using parameters like steering angle, velocity, and driving type, which are rec
	 
	Figure
	Fig. 5: Hardware connection of the car model through the flow of data 
	The Lane-Changing and Lane-Following programs implement algorithms that determine the car's direction and speed. Each program receives sensor data as input parameters through serial ports. After processing, the resulting steering angle, speed, and driving mode are sent to the Motor-Servo-Controller via the localhost address using specific port numbers. The driving mode identifier is used to differentiate between outputs from different programs; for example, a driving mode of 1 represents Lane-Changing, whil
	Table 1: Driving Type Specification 
	Driving Type 
	Driving Type 
	Driving Type 
	Driving Type 
	Driving Type 

	Purpose 
	Purpose 

	Steering Range 
	Steering Range 

	Speed Range 
	Speed Range 



	0 
	0 
	0 
	0 

	No data 
	No data 

	90 
	90 

	0 (m/sec) 
	0 (m/sec) 


	1 
	1 
	1 

	Lane changing 
	Lane changing 

	60~120 
	60~120 

	-0.3~0.3 
	-0.3~0.3 


	2 
	2 
	2 

	Lane following 
	Lane following 

	60~120 
	60~120 

	0.5 
	0.5 




	Fig. 6 shows the car model used in the experiment. The body dimensions are 50 cm in width, 24 cm in length, and 26 cm in height. The maximum steering angle is ±35 degrees, but for safety, it is limited to 30 degrees to prevent the wheels from contacting the body frame. The motor has a maximum output of 46 W and a top speed of 15 km/h, which can be maintained until the battery drops to around 80%. Thus, experiments require the battery to maintain a charge above 80%. 
	 
	Figure
	Fig. 6: The car model with all the hardware for all-state feedback case 
	The lane-changing algorithm collects data for the first 100 time steps (1 time step = 0.083 seconds) to find a near-optimal gain 𝐾. After lane changing is completed, the car switches to the lane-following algorithm to ensure continuous movement. The overall data flow is illustrated in Fig. 7. 
	 
	Figure
	Fig. 7: Basic algorithmic structure of autonomous driving for full-state feedback case 
	2.2.4.2 Experiments Environment 
	We developed a two-lane road section in the lab for experiments, with a total length of 4.5 meters and a lane width of 0.3 meters. As shown in Fig. 8, there are four vehicles involved: the  RC car (remote-controlled car), LT (leader in the target lane), LC (leader in the current lane), and FT (follower in the target lane). 
	We developed a two-lane road section in the lab for experiments, with a total length of 4.5 meters and a lane width of 0.3 meters. As shown in Fig. 8, there are four vehicles involved: the  RC car (remote-controlled car), LT (leader in the target lane), LC (leader in the current lane), and FT (follower in the target lane). 
	, 
	 and 
	 present safety distances. In Fig. 8, 
	  is the lateral 
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	displacement of the RC car’s center of gravity from the centerline of the target lane, and 
	displacement of the RC car’s center of gravity from the centerline of the target lane, and 
	 represents the orientation error of the RC car relative to the road. The objective is for the RC car to switch lanes safely, avoiding collisions. The lane-change decision-making algorithm is based on the state vector 
	, where 
	 is the change rate of 
	 , and 
	  is the change rate of 
	 . The control input 
	 is defined as the steering wheel angle 
	.  
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	Figure
	Fig. 8: The desirable movement of the experiments for full-state feedback case 
	Our goal is to develop a data-driven optimal controller to compute the steering angle 
	Our goal is to develop a data-driven optimal controller to compute the steering angle 
	 for the RC car to successfully execute lane changes from the current lane to the target lane while ensuring the safety of surrounding vehicles. We use Algorithm 2 to find the optimal 
	, based on real-time data matrices formed by collecting the RC car’s state 
	 and input 
	. The initial stabilizing gain is defined as 
	, with weight matrices 
	and 
	. The exploration noise 
	 is introduced as a combination of sinusoidal waves to enhance learning. 
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	2.2.4.3 Result and Analysis 
	This section presents the experimental results for the RC car’s lane-change performance. During the learning phase, we applied the initial stabilizing controller gain 
	This section presents the experimental results for the RC car’s lane-change performance. During the learning phase, we applied the initial stabilizing controller gain 
	 to compute the steering angle 
	. This steering angle was used as the control input for the RC car to collect data over 100 time steps, ensuring that the rank condition specified in equation (17) was satisfied. The training data 
	 were gathered using GPS sensors mounted on the RC car. 
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	This section presents and analyzes the experimental results. We conducted 10 experiments to validate the proposed methodology, and the mean values of 
	This section presents and analyzes the experimental results. We conducted 10 experiments to validate the proposed methodology, and the mean values of 
	 and 
	 are shown as red plots in Fig. 9. For each experiment, 100 data samples were collected to learn the optimal control gain specific to that run. The training phase concluded once the optimal gain was obtained. After training, the RC car returned to the initial testing position. As shown in Fig. 9, during testing, using the trained gain 
	, the 
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	car successfully performed the lane change, with its states converging to zero, indicating successful execution. This confirms that the RC car learned the optimal control policy for lane changing in real-time using sensor data. 
	 
	Figure
	Fig. 9: Training and testing experiments are conducted in the same environment. 
	As shown in Fig. 9, the trained control gain 
	As shown in Fig. 9, the trained control gain 
	 is consistent across experiments, with only minor variations due to sensor noise, highlighting the algorithm's robustness. Each experiment showed smooth lane-changing using the learned 
	, indicating that the car reliably estimates the optimal control policy through repeated trials, as summarized in Table 2. 
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	2.3 Real-World Experimental Validation with Output Feedback 
	2.3.1 Model-Based Policy Iteration 
	When the system states cannot be fully observed directly, an observation equation needs to be added to system (5) to obtain the complete discrete system equation as follows: 
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	where 
	where 
	 is the system output, 
	 is constant matrix. And assume that 
	 is controllable and 
	 is observable. And we still design a linear optimal control law of the form: 
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	 that minimizes the following cost function: 
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	where 
	where 
	, 
	, and 
	 is observable. If 
	 and 
	 are fully known, the solution to the above problem is well-established and can be obtained by solving the following discrete-time algebraic Riccati equation:           
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	Assume the system is stabilizable, then Eq. (21) has a unique solution 
	Assume the system is stabilizable, then Eq. (21) has a unique solution 
	The optimal feedback gain 
	 is then given as follows: 
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	Similar to the full-state feedback case, the model-based policy iteration algorithm is presented in Algorithm 3. 
	Algorithm 3 Model-Based PI 
	Algorithm 3 Model-Based PI 
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	1: Select an admissible control policy 
	1: Select an admissible control policy 
	1: Select an admissible control policy 
	1: Select an admissible control policy 
	 such that 
	 is a Schur matrix. Initialize 
	. Select a sufficiently small constant 
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	2.3.2 Data-driven Policy Iteration 
	In this section, we present a non-model-based approach for state reconstruction using only the control input and system output. The system matrices 
	In this section, we present a non-model-based approach for state reconstruction using only the control input and system output. The system matrices 
	 and 
	 are assumed to be unknown, and the state is considered unmeasurable. To address this, we introduce a policy iteration-based online output-feedback algorithm to solve the optimal control problem. By leveraging the input-output data and system equations (18), the state can be reconstructed as shown as follow  [59]: 
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	, (18) can be rewritten as 
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	Using (23), the following can obtain that 
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	Then, using (25) can get 
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	where 
	where 
	, 
	, 
	, 
	. Note that (28) does not require the full-state measurements.  
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	By collecting the data for the time sequence 
	By collecting the data for the time sequence 
	, we get 
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	Assumption: There exists a 
	Assumption: There exists a 
	 such that for all 
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	The above data-driven policy iteration method is summarized in Algorithm 4. 
	Algorithm 4 Model-Free PI 
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	1: Employ 
	1: Employ 
	1: Employ 
	1: Employ 
	 as the input on the time interval 
	, where 
	 is an initial stabilizing control gain and 
	 is the exploration/probing noise. 
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	2: Compute 
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	 until the rank condition (30) is satisfied.   
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	4: Let 
	4: Let 
	4: Let 
	4: Let 
	 and repeat Step 3 until 
	 for 
	, where the constant 
	 is a predefined small threshold. 
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	2.3.4 Experiments 
	Similar to the full-state feedback case, the architecture of the autonomous lane-changing controller with output feedback is shown in Fig. 10. The main difference from the full-state feedback scenario lies in the variations of the policy iteration equations. 
	 
	Figure
	Fig. 10: Automated lane-changing controller architecture with output feedback 
	2.3.4.1 Hardware Setup 
	We developed a scaled car model equipped with GPS, IMU, and a camera for lane-changing and lane-following tests. The Nvidia Jetson AGX Xavier board processes data in real-time. The setup emulates real-world conditions to evaluate the algorithm’s performance under various scenarios, repeated with slight variations to test robustness. The car is based on the TRX-4 RC from Traxxas, known for its power and precise steering, and includes components that simulate real vehicle dynamics. The total weight, including
	The experimental platform has been upgraded, as shown in Fig. 11, to include Marvelmind Indoor GPS and the RealSense D435 camera for improved accuracy and versatility. The Marvelmind GPS, with ±2 cm accuracy, uses two beacons to enhance precision and reduce measurement errors, while a Kalman filter mitigates IMU noise. A wide-angle camera is used for lane detection. The RealSense D435 camera, combining high-resolution RGB and depth sensing, provides accurate spatial perception with an 85.2° 
	horizontal and 58° vertical field of view, operating at 90 FPS. Its infrared stereo technology improves depth accuracy, making it reliable even in low-light conditions, such as night driving. Additionally, the experimental car model measures 50 cm in width, 24 cm in length, and 26 cm in height. To prevent wheel contact with the body, the maximum steering angle of ±35 degrees is limited to 30 degrees. The motor, with a peak output of 46 W, enables speeds up to 15 km/h. The vehicle maintains stable performanc
	 
	Figure
	Fig. 11: The upgraded car model with all the hardware for state output feedback 
	The experimental setup integrates a RealSense D435 camera to create a detailed 3D map of the surroundings using RGB and depth data, facilitating obstacle detection and lane-change decisions by tracking static and dynamic objects such as vehicles, pedestrians, and barriers. This information feeds into a path-planning algorithm to determine the safest and most efficient trajectory, enabling the vehicle to perform lane changes safely while continuously updating based on environmental changes. The Nvidia Jetson
	At the core of our car model is the Nvidia Jetson AGX Xavier Board, a powerful and compact computing module. Sensors are directly connected to the Jetson to reduce latency and improve scalability through serial connections. As shown in Fig. 12, three separate programs run simultaneously on the Jetson board. The Motor-Servo-Controller program handles all motor activities, such as acceleration and servo control, using parameters like steering angle, speed, and driving mode, which are communicated through UDP 
	 
	Figure
	Fig. 12: Hardware connection of the upgraded car model through the flow of data 
	The Lane-Changing and Lane-Following programs control the vehicle’s steering angle and speed based on inputs from dedicated sensors received through serial connections. After processing, the computed steering angle, speed, and driving mode are sent to the Motor-Servo-Controller over the local network using designated port numbers. The driving mode distinguishes data from each program, with Lane-Changing labeled as mode 1 and Lane-Following as mode 2, allowing the controller to identify and execute the appro
	In our car model, the lane-changing algorithm collects data over the first 100 seconds, with a time step of 0.083 seconds, to compute a near-optimal gain 
	In our car model, the lane-changing algorithm collects data over the first 100 seconds, with a time step of 0.083 seconds, to compute a near-optimal gain 
	. After completing a lane change, the vehicle seamlessly transitions to the lane-following algorithm to maintain smooth driving. This ensures that the experimental data flow follows the schematic illustrated in Fig. 13. 
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	2.3.4.2 Software 
	We developed a model-free control algorithm that uses input-output data to estimate the system’s unmeasurable states, eliminating the need for parameters like 
	We developed a model-free control algorithm that uses input-output data to estimate the system’s unmeasurable states, eliminating the need for parameters like 
	  and 
	 . This online output-feedback algorithm, improved through policy iteration, relies entirely on observed outputs and control inputs. It adapts to system changes by continuously updating itself with new data, optimizing a cost function to balance performance and control effort. This approach ensures high efficiency and robustness, making it suitable for real-world applications such as autonomous driving. 
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	Figure
	Fig. 13: Basic framework of autonomous driving algorithms for output feedback case 
	2.3.4.3 Experimental Results 
	We conducted three experiments to evaluate our learning-based optimal control algorithm, which utilizes a data-driven approach to adjust the feedback gain 
	We conducted three experiments to evaluate our learning-based optimal control algorithm, which utilizes a data-driven approach to adjust the feedback gain 
	 based on real-time state 
	 and steering angle input 
	. The algorithm ensures safe lane changes by optimizing 
	 through the ADP algorithm. The initial feedback gain is set to 
	 with identity matrices as weights 
	 and penalties for control effort 
	. To enhance exploration, noise 
	 is added during the optimization of 
	. A two-lane test track, 4.5 m long and 0.3 m wide, was constructed, as shown in Fig. 14, involving the RC car and three other vehicles: the current lane leader (LC), the target lane leader (LT), and the target lane follower (FT), representing potential hazards. Safe distances from these vehicles are defined as 
	, 
	, and 
	. The state vector 
	 represents the RC car’s lateral displacement from the target lane and its orientation error. The initial and trained gains are summarized in Table 3. 
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	Table 3: Initial and Trained 
	Table 3: Initial and Trained 
	 Comparison for Output Feedback Case 
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	Figure
	Fig. 14: Desirable movement of the experiments for output feedback case 
	2.3.4.4 Analysis and Discussion 
	As shown in Fig. 15, the control gain vector 
	As shown in Fig. 15, the control gain vector 
	, consisting of components 
	 to 
	, remains stable across multiple trials, with only minor variations due to sensor noise, highlighting the robustness of the approach. The RC car consistently performed smoother lane changes using the trained gains 
	, demonstrating its capability to effectively learn and apply the optimal control strategy iteratively. 
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	Figure
	Fig. 15: Experimental results of training and testing 
	Testing in two scenarios demonstrated the RC car’s ability to adapt to varying conditions by maintaining its path, performing lane changes, or stopping as required. These results emphasize the effectiveness of the control algorithms in handling diverse traffic situations. 
	Scenario 1: Lane Change to an Empty Lane. As illustrated in Fig. 16, if the depth reading at the center is less than 1 meter, indicating an obstacle ahead, and the left-side depth exceeds 1.5 meters, signifying a clear adjacent lane, the system initiates a lane change. A UDP signal is then sent to the vehicle’s control system to execute the lane change maneuver safely. 
	 
	Figure
	Fig. 16: Outcome of scenario 1 
	Scenario 2: Emergency Stop. As shown in Fig. 17, the RC car initially detects an obstacle in its current lane, triggering a lane change to the target lane, indicated by a spike in 
	Scenario 2: Emergency Stop. As shown in Fig. 17, the RC car initially detects an obstacle in its current lane, triggering a lane change to the target lane, indicated by a spike in 
	. However, upon entering the new lane, it encounters additional obstructions and decides to stop. This is represented by a sharp drop in 
	 and the stabilization of the target lane signal at -1, indicating the stop command. 

	 
	Figure
	Fig. 17: Outcome of scenario 2 
	 
	  
	Data-Driven Combined Longitudinal and Lateral Control for the Car Following Problem 
	This part presents the detailed formulation of the dynamic model and tracking error analysis for autonomous vehicles (AVs), followed by the development of model-based policy iteration techniques and the proposed two-phase data-driven policy iteration approach. Finally, the effectiveness of the designed control strategies is validated through simulation experiments using SUMO and CommonRoad environments. 
	2.1 Model Description and Problem Formulation 
	2.1.1 Model Description of the Leading Vehicle 
	In Fig. 18, vehicle 
	In Fig. 18, vehicle 
	 represents the following AV, while vehicle 
	 denotes the preceding/leading vehicle. The path's constant radius is denoted as 
	, and the curvature is given by 
	. In Fig. 19, the variables 
	 and 
	 (
	) correspond to the x-coordinate, y-coordinate, and yaw angle of the respective vehicles. The slip angle is denoted by 
	,  
	, and 
	 represent the velocity, yaw angular velocity, and slip angular velocity. Accelerations along 
	 and 
	 are denoted by 
	 and 
	, respectively. The motion of the leading vehicle 
	 is described by the following differential equations 
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	To make the equation more compact, we define 
	To make the equation more compact, we define 
	, 
	 and 
	. Define the state of the leading vehicle as 
	. Then, the motion of the leading vehicle is 
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	where 
	where 
	 is a function from 
	 to 
	, and 
	 is a constant matrix. They can be obtained from (31). 
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	Figure
	Fig. 18: The leading vehicle and the following vehicle (AV) 
	 
	Figure
	Fig. 19: Model description of the following vehicle. 
	2.1.2 Model Description of the Following Vehicle 
	The kinematics of the following vehicle is 
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	According to [60] and [61], the bicycle model of the vehicle is 
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	where 
	where 
	 and 
	 (
	) are determined by the physical parameters listed in Table 4, and their detailed expressions are presented in Appendix A. The first equation  is for longitudinal motion; the second and third one are for lateral motion.  The control inputs of the following vehicle are defined as 
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	The lateral dynamics can be expressed as the following compact form 
	 
	 
	 (36) 
	InlineShape

	where 
	where 
	 and 
	. 
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	2.1.2 Problem Formulation 
	As illustrated in Fig. 18, the leading vehicle follows a defined path. By utilizing vehicle-to-vehicle (V2V) communication, the following vehicle receives the position and velocity of the leading vehicle to maintain a safe distance and remain in the same lane. Traditional approaches to solving the combined longitudinal and lateral control problem are primarily model-based, which rely on having an accurate dynamic model, as shown in equation (34). The effectiveness of these controllers heavily depends on pre
	Problem: Without precise knowledge of the following vehicle’s dynamics, the objective is to develop a sub-optimal controller directly from data. This controller should enable vehicle 
	Problem: Without precise knowledge of the following vehicle’s dynamics, the objective is to develop a sub-optimal controller directly from data. This controller should enable vehicle 
	 to maintain a safe distance from the leading vehicle 
	 while following the path indicated by the red line in Fig. 18. 
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	2.2 Tracking Error of the Following Vehicle 
	When the leading vehicle moves at a constant speed and the following vehicle tracks it accurately, the conditions 
	When the leading vehicle moves at a constant speed and the following vehicle tracks it accurately, the conditions 
	, 
	, 
	, 
	, and 
	 hold. Under these 
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	circumstances, it can be seen from (34) and Fig. 18 that the following vehicle’s steering angle 
	circumstances, it can be seen from (34) and Fig. 18 that the following vehicle’s steering angle 
	 and slip angle 
	 are non-zero when driving along a curved path. Thus, a feedforward controller 
	 is necessary to compute the driving input for vehicle 
	 to maintain accurate tracking of the leading vehicle 
	 and eliminate steady-state tracking errors. From equation (34), 
	 is derived as follows: 
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	or equivalently 
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	It can be checked that the determinant of 
	It can be checked that the determinant of 
	 is nonzero. Hence, 
	 is invertible. 
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	As illustrated in Fig. 18, the look-ahead point 
	As illustrated in Fig. 18, the look-ahead point 
	 aligns with the direction of the velocity 
	. To ensure a safe following distance, a speed-dependent inter-vehicle spacing strategy is implemented as the headway policy 
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	where 
	where 
	 represents the standstill distance and 
	 is the time headway, a velocity-dependent spacing policy is used to ensure string stability of the vehicle platoon. If vehicle 
	 directly follows vehicle 
	, it may cut the corner of the path. To avoid this issue, a virtual point 
	 is defined along the line 
	, and vehicle 
	 follows 
	 instead of 
	. Here, 
	 is the desired position of vehicle 
	, where 
	, which is tangent to the path. The triangle 
	 is a right triangle, and 
	 is located on line 
	 such that 
	. For vehicle 
	 to follow 
	 accurately along the path, it must move to point 
	. Once vehicle 
	 reaches 
	, point 
	 will align with the look-ahead point 
	. Based on the geometry of triangle 
	, the angle 
	 and its trigonometric relations can be derived as follows 
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	The positions of the virtual point and look-ahead point in Fig. 18 are 
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	To ensure that the look-ahead point 
	To ensure that the look-ahead point 
	 coincides with the virtual point 
	, it is necessary to minimize the error variables that describe the deviation between 
	 and 
	. These error variables are defined as follows 
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	The error variables include 
	The error variables include 
	 and 
	, representing the position tracking errors along the 
	- and 
	-axes, respectively. The term 
	 is the traveling angle error, which reduces to zero when the heading direction of vehicle 
	 aligns with 
	. The variable 
	 indicates the velocity tracking error, 
	 corresponds to the angular velocity tracking error, and 
	 represents the slip angle tracking error. Additionally, 
	 and 
	 are transformed from the world frame to a local frame rotated by 
	, as shown below 
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	Subtracting (37) from (34) and substituting (42) into it, we have 
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	where 
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	The control input 
	The control input 
	 consists of two components: a feedforward controller 
	, defined in equation (38), and a feedback controller 
	, which will be designed later. Let the system's error state be defined as 
	. Consequently, the error dynamics of the system can be expressed as follows 
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	Here, 
	Here, 
	 is a function from 
	 to 
	, 
	 is a function from 
	 to 
	, and 
	 is a function from 
	 to 
	. 
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	Figure
	Fig. 20: The control framework of the following vehicle. 
	2.3 Model-Based Policy Iteration for Feedback Controller Design 
	As shown in Fig. 20, the control framework for the following vehicle comprises a feedforward controller and a feedback controller. The design of the feedforward controller is detailed in equation (38). Here, a model-based policy iteration method is employed to derive the optimal feedback controller 
	As shown in Fig. 20, the control framework for the following vehicle comprises a feedforward controller and a feedback controller. The design of the feedforward controller is detailed in equation (38). Here, a model-based policy iteration method is employed to derive the optimal feedback controller 
	. When the leading vehicle maintains a steady state—keeping the lane at a constant speed with 
	—the goal is to ensure accurate tracking by the following vehicle while minimizing energy consumption. Under these conditions, the optimal control problem is defined to design the feedback controller as follows: 
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	Here, 
	Here, 
	 and 
	 are constant real symmetric and positive definite matrices of appropriate dimensions. Equations constraints of (47) are derived from equations (32) and (46) when 
	. The initial conditions 
	 and 
	 represent the starting states of the leading vehicle and the error system, respectively. Let 
	 be a compact set that includes all the possible initial states of the leading vehicle. The set of signals 
	 represents all the trajectories of the leading vehicle, i.e., solutions 
	 of equation starting from 
	. 
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	The solution of the optimal control problem (47) depends on the solvability of the following HJB equation 
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	The optimal value function, denoted as 
	The optimal value function, denoted as 
	, represents the minimized cost. The feedback controller that achieves the minimum of equation (47) can be derived using 
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	From equation (49), it is evident that the optimal controller can be determined once the Hamilton-Jacobi-Bellman (HJB) equation is solved. However, the HJB equation is a nonlinear partial differential equation, making it challenging to solve directly. Moreover, it relies on an accurate dynamic model 
	From equation (49), it is evident that the optimal controller can be determined once the Hamilton-Jacobi-Bellman (HJB) equation is solved. However, the HJB equation is a nonlinear partial differential equation, making it challenging to solve directly. Moreover, it relies on an accurate dynamic model 
	, adding to its complexity. To address this issue, a model-based policy iteration algorithm is proposed to approximate the solution iteratively. Before delving into the details of the algorithm, the following definition is introduced. 
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	Definition 1: A controller 
	Definition 1: A controller 
	 is considered admissible with respect to the cost 
	 in equation (17a) if the following conditions are met: 
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	1) 
	 is continuous on 
	. 
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	2) For 
	2) For 
	 and any 
	, the error system defined in (17c) is globally asymptotically stable at the origin. 
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	3) The cost function 
	3) The cost function 
	 holds for all 
	. 
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	In general, as shown in Fig. 18, an admissible controller ensures that the following vehicle converges asymptotically to the desired position 
	In general, as shown in Fig. 18, an admissible controller ensures that the following vehicle converges asymptotically to the desired position 
	. Policy iteration starts by selecting an initial (non-optimal) admissible policy and then evaluates the value function for each state, which is referred to as policy evaluation. The policy is subsequently adjusted to reduce the cost, forming a sequence of improved policies. The detailed procedure is outlined in Algorithm 5. When 
	 and 
	 are updated using Algorithm 5, the following theorem guarantees that the resulting controller remains admissible and converges to the optimal solution. 
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	Algorithm 5 Model-based policy iteration 
	Algorithm 5 Model-based policy iteration 
	Algorithm 5 Model-based policy iteration 
	Algorithm 5 Model-based policy iteration 
	Algorithm 5 Model-based policy iteration 


	1: Let 
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	 be any admissible controller. Choose a sufficiently small threshold 
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	2: repeat   
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	3:     Policy evaluation: solve the following partial differential equation to obtain 
	3:     Policy evaluation: solve the following partial differential equation to obtain 
	3:     Policy evaluation: solve the following partial differential equation to obtain 
	3:     Policy evaluation: solve the following partial differential equation to obtain 
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	4:     Policy improvement: update the control law to 
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	Lemma 1: Given that 
	Lemma 1: Given that 
	 is admissible, and 
	 and 
	 are obtained by solving equations (20) and (21), the following properties are satisfied: 
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	2) 
	 is admissible for all 
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	 and 
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	As stated in Lemma 1, the performance of the updated controller 
	As stated in Lemma 1, the performance of the updated controller 
	 consistently improves. Moreover, each iteration produces a stabilizing controller that converges to the optimal solution as the number of iterations approaches infinity. These attributes are crucial for ensuring the stability and effectiveness of the AV’s control system. However, implementing equations (50) and (51) still relies on an accurate dynamic model 
	. To address this limitation, the next section introduces a data-driven policy iteration algorithm that eliminates the need for an exact dynamic model. 

	2.4 Two-Phase Data-Driven Policy Iteration 
	The controller 
	The controller 
	 for the following vehicle consists of two components: a feedforward controller 
	 and a feedback controller 
	. The feedforward controller 
	 is obtained using the model parameters of the following vehicle, as defined in Equation (38), while the feedback controller 
	 is designed using a policy iteration method (Algorithm 5). However, both methods depend on accurate system models for 
	 and 
	 (related to the system dynamics). In practice, these models are often difficult to acquire due to variations in vehicle dynamics caused by changing road conditions or environmental factors. To overcome this limitation, a two-phase data-driven approach is proposed. In the first phase, a feedforward controller 
	 is designed using input-state data collected from the leading and following vehicles. The second phase then iteratively learns the optimal feedback controller 
	 using real-time data, bypassing the need for precise system models. The complete learning framework is illustrated in Figure 21. 
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	Figure
	Fig. 21: The two-phase learning framework 
	2.4.1 Phase One: Design the Feedforward Controller Using Input-State Data 
	To obtain the feedforward controller as defined in Equation (38), it is essential to approximate the nonlinear functions 
	To obtain the feedforward controller as defined in Equation (38), it is essential to approximate the nonlinear functions 
	 and 
	 in Equation (36), where 
	 and 
	. Let 
	 be the boundaries of the sampling intervals. By integrating Equation (36) over the interval 
	, the following expression is derived: 
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	According to the approximation theory, over any compact set 
	According to the approximation theory, over any compact set 
	, 
	 and 
	 can be expressed as 
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	where 
	where 
	 and 
	 are the weighting matrices; 
	 and 
	 are 
	-dimensional and 
	-dimensional vectors of linearly independent basis functions; 
	 and 
	 are the truncation errors, which uniformly converge to zero over 
	 as 
	 and 
	 tend to infinity. Plugging (53) into (52) yields 
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	Stacking the equations (54) for 
	Stacking the equations (54) for 
	 yields 
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	Assumption 1: There exist 
	Assumption 1: There exist 
	 and 
	, such that the following inequality holds: 
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	With Assumption 1, 
	With Assumption 1, 
	 and 
	, the estimations of 
	 and 
	, can be obtained as the least-squares solution to (55), i.e. 
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	Hence, the functions 
	Hence, the functions 
	 and 
	 over the compact set 
	 can be approximated by 
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	The following proposition ensures that the approximation errors 
	The following proposition ensures that the approximation errors 
	 and 
	 uniformly converge to zero as 
	. 
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	Proposition 1: Under Assumption 1, when 
	Proposition 1: Under Assumption 1, when 
	 and 
	 are calculated by (58), the following limits hold over the compact set 
	: 
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	Therefore, with the obtained estimations $\hat{f}_l$ and $\hat{g}_l$, according to (38), the feedforward controller can be approximated as 
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	Proposition 2: Under Assumption 1, when 
	Proposition 2: Under Assumption 1, when 
	 and 
	 are calculated by (58) and 
	 is calculated by (61), the following limits hold over 
	: 
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	2.4.2 Phase Two: Design the Optimal Feedback Controller Using Input-State Data 
	Building on the model-based policy iteration approach presented in Algorithm 5, we propose a data-driven method to iteratively learn the optimal controller using motion data from both the leading and 
	following vehicles. Define 
	following vehicles. Define 
	, which represents the difference between the exploratory policy and the policy 
	 obtained at the 
	-th iteration of Algorithm 5. Consequently, Equation (47) can be reformulated as follows: 
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	Along the trajectories of (63), the derivative of 
	Along the trajectories of (63), the derivative of 
	 can be expressed as 
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	Recall that 
	Recall that 
	 is the value function at the 
	th iteration of Algorithm 5. Substituting (50) and (51) into (64), we obtain 
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	Integrating both sides of (65) from 
	Integrating both sides of (65) from 
	 to 
	, we have 
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	where 
	where 
	 are the boundaries of the sampling intervals. Notice that 
	. In addition, 
	, and  
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	where 
	where 
	 is the approximation of 
	. By the approximation theory, 
	 and 
	 can be approximated by the linear combinations of a set of linearly independent basis functions, i.e. 
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	where 
	where 
	 is an 
	-dimensional vector of linearly independent basis functions; 
	 is an 
	-dimensional vector of linearly independent basis functions; 
	 and 
	 are weighting matrices; 
	 and 
	 are approximation truncation errors that 
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	converge to zero uniformly over any compact set 
	converge to zero uniformly over any compact set 
	 as 
	. Plugging (68) into (66), we have 
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	Let  
	Let  
	 and 
	. Then, stacking the equations (69) for 
	, we have  
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	In Equation (71), we apply the property of the Kronecker product, which states that for any matrices 
	In Equation (71), we apply the property of the Kronecker product, which states that for any matrices 
	, 
	, and 
	 with compatible dimensions, the expression 
	 can be rewritten as 
	. 
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	Assumption 2: There exist 
	Assumption 2: There exist 
	, and 
	, such that for any 
	, the following inequality holds: 
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	Under Assumption 2, by the least-squares method and (71), the approximations of 
	Under Assumption 2, by the least-squares method and (71), the approximations of 
	 and 
	 are 
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	With the approximated weighting matrices 
	With the approximated weighting matrices 
	 and 
	, the value function and the updated controller are 
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	The following proposition guarantees that at each iteration, the approximated value function and feedback controller achieve sufficient accuracy, provided that the number of basis functions is adequately large. 
	Proposition 3: For each step of data-driven policy iteration, the following properties hold: 
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	where 
	where 
	 and 
	 are the solutions to (50) and (51). 
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	According to Propositions 1 and 3, the optimal feedback control policy 
	According to Propositions 1 and 3, the optimal feedback control policy 
	 and the value function 
	 can be approximated to a desired accuracy by increasing the number of linearly independent basis functions and iterations. The complete data-driven policy iteration process is detailed in Algorithm 6. 
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	2: Set the sampling intervals 
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	3: Choose driving inputs 
	3: Choose driving inputs 
	3: Choose driving inputs 
	3: Choose driving inputs 
	 to explore system (36) and collect input-state data. 
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	4: Construct the matrices 
	4: Construct the matrices 
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	 and 
	 by (56). 
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	5: Solve (58) and get 
	5: Solve (58) and get 
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	 and 
	 by (59). 
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	6: Get the expression of 
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	6: Get the expression of 
	 and 
	 by (61). 
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	7: Phase-two: learning the optimal feedback controller 
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	9: Set the sampling intervals 
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	10: Set the small threshold 
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	11: Set the exploration signals 
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	12: Using 
	12: Using 
	12: Using 
	12: Using 
	 to explore the system and collect input-state data. 
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	13: repeat 
	13: repeat 
	13: repeat 


	14:     Construct the matrix 
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	14:     Construct the matrix 
	 and 
	 by (72). 
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	15:     Solve (74) and get the updated controller 
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	 by (75). 
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	2.5 Sumo Testing 
	In this section, the efficiency of the two-phase data-driven policy iteration method for combined longitudinal and lateral control is evaluated using the integrated simulation platforms SUMO and CommonRoad. The single-track model for vehicle 1 in CommonRoad is used to represent the dynamic model of the following vehicle. Table 4 lists the parameters of the following vehicle and the inter-vehicle spacing policy. The inter-vehicle spacing policy is based on the guidelines outlined in a previous work. 
	Table 4: Model Parameters 
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	Length from front axle to CoM 
	Length from front axle to CoM 

	 
	 
	 
	InlineShape



	 
	 
	 
	 
	 
	InlineShape


	Length from back axle to CoM 
	Length from back axle to CoM 

	 
	 
	 
	InlineShape



	 
	 
	 
	 
	 
	InlineShape
	InlineShape


	Gravitational acceleration 
	Gravitational acceleration 
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	Friction coefficient 
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	Time headway 
	Time headway 
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	2.5.1 Training Process 
	The initial controller 
	The initial controller 
	 for the policy iteration algorithm is constructed using a feedback linearization method, leveraging an estimated value of the vehicle's dynamic parameters. In the first phase of 
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	learning, the exploratory driving input 
	learning, the exploratory driving input 
	 is defined as a combination of sinusoidal signals with varying frequencies, formulated as 
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	where 
	where 
	 and 
	. The element 
	 represents the 
	-th component of the input vector 
	, where 
	 is randomly selected from a uniform distribution over 
	. After obtaining the feedforward controller 
	, the exploratory input for the second phase of learning is set as 
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	where 
	where 
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	, and 
	 is randomly sampled from the uniform distribution over 
	. 
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	The performance index for the optimal feedback control design is defined as 
	The performance index for the optimal feedback control design is defined as 
	, where 
	 and 
	. During data collection, the leading vehicle moves in a circular path with a radius of 
	 and a constant speed of 
	. The integration interval is defined as 
	. The basis functions for the approximation of 
	 are given by 
	. For 
	, the basis functions are 
	. Define 
	 as the vector that includes all polynomial terms of 
	. The cosine and sine components 
	 are represented as 
	, and the error vector 
	 includes 
	. The vector of basis functions for 
	 is  
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	The vector of basis functions for 
	The vector of basis functions for 
	 is 
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	The choice of basis functions is based on the Weierstrass approximation theorem, which states that any continuous function over a compact set can be uniformly approximated by polynomials. We employ 
	third-order polynomials of the error states 
	third-order polynomials of the error states 
	 to approximate the value functions, and second-order polynomials of 
	 to approximate the control policies. Additional terms such as 
	 and 
	 are included, inspired by the error dynamics. 
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	The input-state data includes 
	The input-state data includes 
	, and 
	. For phase-one learning, data collected from 0 to 0.5 seconds is used, while data from 0.5 to 10.5 seconds is used for phase-two learning. Figure 22 shows the trajectories of the leading and following vehicles during data collection. Figure 23 illustrates the evolution of the control policy weights and value function. After 20 iterations in Algorithm 6, the weight update converges to the stopping criterion 
	. The resulting ADP controller 
	 is then tested across different traffic scenarios. Compared to traditional deep reinforcement learning approaches, which require extensive datasets, this proposed data-driven method achieves comparable performance using only 10.5 seconds of motion data, highlighting its data efficiency. 
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	Figure
	Fig. 22: The trajectory of the vehicles during data collection 
	 
	Figure
	Fig. 23: Evolution of the weights (
	Fig. 23: Evolution of the weights (
	 and 
	) of the control policy and value function 

	2.5.2 Performance Evaluation for Roads of Different Shapes 
	The ADP controller is initially evaluated on a circular road and compared to the baseline controller used to initialize Algorithm 6. The circular road has a center at 
	The ADP controller is initially evaluated on a circular road and compared to the baseline controller used to initialize Algorithm 6. The circular road has a center at 
	 and a radius of 51.6 m. The leading vehicle maintains a constant speed of 
	. The trajectories and error states of both vehicles are illustrated in Fig. 24. At the start of the simulation, the following vehicle is in a separate lane from the leading vehicle. Within 5 seconds, the following vehicle aligns with the leading vehicle’s lane using the ADP controller, and all tracking errors reduce to zero as seen in Fig. 24. When comparing the ADP controller to the initial controller in Fig. 24 over the time interval 
	 to 
	, the ADP controller reduces tracking errors faster. The performance index for the ADP controller is 
	, significantly lower than that of the initial controller at 
	. This demonstrates that Algorithm 6 yields substantial improvement in performance based on the designed quadratic performance index. 
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	Figure
	Fig. 24: The trajectories and tracking errors of the following vehicle for a circular road 
	The ADP controller is further tested on a complex mixed road combining straight segments and circular paths, as illustrated in Fig. 25. The larger circle has a radius of 101.6 m, while the smaller circle’s radius is 
	The ADP controller is further tested on a complex mixed road combining straight segments and circular paths, as illustrated in Fig. 25. The larger circle has a radius of 101.6 m, while the smaller circle’s radius is 
	. These two circles are connected by straight tangent lines, with the bottom line extending for 
	. The leading vehicle travels along the entire route at a constant speed of 
	, starting from the left end of the bottom straight section and moving in an anticlockwise direction. The corresponding vehicle trajectories and tracking errors are displayed in Fig. 25. During the initial straight segment, the following vehicle quickly catches up to the leading vehicle and accurately maintains the lane using the ADP controller. After about 10 seconds, the leading vehicle transitions onto the smaller circle. At around 20 seconds, the leading vehicle moves from the smaller circle onto the st
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	Figure
	Fig. 25: The trajectories and tracking errors of the following vehicle for a mixed road 
	2.5.3 Analysis of String Stability on a Circle Road 
	In the previous subsection, the ADP controller was tested in a simplified scenario where a single autonomous vehicle (AV) followed a leading vehicle, ensuring stability as guaranteed by Lemma 1 and Proposition 3. However, when multiple AVs form a platoon, string stability is crucial to mitigate the impact of disturbances. String stability ensures that the disturbance magnitude decreases as it propagates along the vehicle string within the platoon. In this section, we numerically analyze the string stability
	In the previous subsection, the ADP controller was tested in a simplified scenario where a single autonomous vehicle (AV) followed a leading vehicle, ensuring stability as guaranteed by Lemma 1 and Proposition 3. However, when multiple AVs form a platoon, string stability is crucial to mitigate the impact of disturbances. String stability ensures that the disturbance magnitude decreases as it propagates along the vehicle string within the platoon. In this section, we numerically analyze the string stability
	-norm string stability is investigated. All AVs in Fig. 26 have identical physical parameters as listed in Table 4 and use the same controller generated by Algorithm 6. Based on [4], the definition of 
	-norm string stability for two-dimensional combined longitudinal and lateral control is given as follows. 
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	Definition 2: For a platoon consisting of 
	Definition 2: For a platoon consisting of 
	 CAVs, it is strictly 
	 string stable if 

	 
	 
	 (79) 
	InlineShape

	where 
	where 
	 is the two-dimensional tracking error of the 
	th CAV defined in (43), and 
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	For the platoon shown in Fig. 26, starting from the same non-equilibrium state, the string stability is evaluated under different ADP controllers, each corresponding to a distinct weighting matrix 
	For the platoon shown in Fig. 26, starting from the same non-equilibrium state, the string stability is evaluated under different ADP controllers, each corresponding to a distinct weighting matrix 
	. The matrices tested are 
	, 
	, 
	, and 
	. As illustrated in Fig. 27, for all tested 
	 values, the 
	-norm of the system response continuously decreases, indicating that condition (79) is satisfied. This result confirms that the ADP controllers effectively ensure 
	-string stability for the platoon. 
	InlineShape
	InlineShape
	InlineShape
	InlineShape

	 
	Figure
	Fig. 26: A platoon consists of seven AVs and a leading vehicle on a circle road 
	 
	Figure
	Fig. 27: The 
	Fig. 27: The 
	 norm of each AV (
	, 
	) under the ADP controllers 

	2.5.4 Robustness Evaluation 
	In this simulation, the robustness of the learned controller is assessed against external disturbances from the leading vehicle. Two ADP controllers with different 
	In this simulation, the robustness of the learned controller is assessed against external disturbances from the leading vehicle. Two ADP controllers with different 
	 matrices are evaluated to compare their robustness. Specifically, the evaluation considers 
	 and 
	 while keeping 
	 fixed. The two controllers are generated using the same procedure outlined in Subsection VI-A and evaluated on a circular road with a radius of 
	. During the test, the leading vehicle’s velocity oscillates as 
	. To avoid singularities in the controllers' calculation, the measured value of 
	 is set as 
	 when 
	. The resulting tracking errors and control 
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	inputs 
	inputs 
	 are illustrated in Fig. 28. For 
	, the tracking errors are reduced more effectively compared to 
	, but this improvement comes at the cost of increased control input magnitude, as seen in Fig. 28, leading to higher energy consumption. According to the performance index, 
	 is associated with tracking errors and 
	 relates to energy consumption. Thus, increasing 
	 prioritizes minimizing tracking errors but necessitates a trade-off with higher energy consumption. 

	 
	Figure
	Fig. 28: The tracking errors of the following vehicle when the velocity of the leading vehicle is oscillating 
	2.5.5 Adaption to Different Road Conditions 
	This simulation evaluates the adaptiveness of the proposed data-driven control strategy under varying road conditions with different friction coefficients. The leading vehicle moves at a constant speed of 
	This simulation evaluates the adaptiveness of the proposed data-driven control strategy under varying road conditions with different friction coefficients. The leading vehicle moves at a constant speed of 
	 along a circular path with a radius of 100 m. Initially, the friction coefficient is set to 
	 from 
	 to 
	. Subsequently, the friction coefficient is reduced to 
	 for 
	 to 
	. Finally, the friction coefficient is further decreased to 
	. After the leading vehicle travels on the modified road conditions for 10 seconds, the data is collected, and the controller is updated using Algorithm 6. As observed from Fig. 29, with the updated controller, tracking errors converge rapidly to zero under various friction coefficients. This demonstrates that the proposed method is effective in adapting to changes in road conditions. 
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	Figure
	Fig. 29: The tracking errors of the following vehicle when the road condition is changing 
	 
	Conclusions 
	This study proposed an adaptive lane-changing control strategy for automated vehicles operating in mixed traffic, focusing on safety through a combination of model-based policy iteration and data-driven adaptive dynamic programming (ADP). The approach integrates real-time state/output feedback and safety constraints to ensure safe execution of lane changes even in complex and uncertain driving environments. Experimental results using scaled car models demonstrated the method’s effectiveness in maintaining s
	The research also addressed the car-following problem through a combined longitudinal and lateral control framework that utilizes a two-phase data-driven policy iteration approach. This method is designed to ensure smooth trajectory tracking and safety by using input-state data for feedforward control and a model-free policy iteration algorithm for optimal feedback control. Extensive simulations in SUMO and CommonRoad validated the controller's ability to adapt to varying road geometries and traffic conditi
	The data-driven adaptive dynamic programming (ADP) methods used in this research provide significant advantages over traditional model-based approaches, particularly for handling both linear and nonlinear systems with model uncertainties. ADP is highly adaptable, making it suitable for complex control problems where model inaccuracies can degrade performance. By iteratively learning control policies from real-world data, the proposed framework can achieve near-optimal control performance with reduced comput
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