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ABSTRACT

A kinematics-based flight model, for normal flight

regimes, currently uses precise flight data to eahia high
level of aircraft realism. However, it was desired further
increase the model's accuracy, without a subsfaintiaease in
program complexity, by determining the vertical oty and
vertical acceleration using EUROCONTROL's Base otraft
DAta (BADA) model [1]. BADA is a well-known aircraf
performance database model maintained and develdyed
EUROCONTROL Experimental Centre in France.

The hybrid model uses the BADA algorithm to deterenthe
vertical velocity and gives original results fortelenining the
vertical acceleration. The approximate accuracy tloése
vertical parameters was checked by comparing th&m pre-

existing test distributions [2] and an in-houseHti simulator
application. The hybrid model uses kinematic altons for all

other functions and parameters. To obtain spec#gults, C
code was written to access text data from BADABextion of

approximately one hundred airplanes. Accessing datsbase
causes an increase in overall program executioa tirat was
deemed acceptable due to the infrequency of chgngjiane
types. Also, by examining many airplane trajec®ridtained
from different BADA airplanes, we determined tHag imodel is
accurate enough to uniquely represent many diffeisgres of
aircraft.

INTRODUCTION

Complex aircraft flight simulations that accoumtr f
many forces and that solve associated dynamicahtims
provide an accurate model of aircraft motion. Siaoe aircraft
only fly in normal flight regimes (i.e., within thdlight
envelope, non-emergency, standard operation,

and- no

turbulent conditions) and exhibit smooth trajeasria much
less complex approach will still obtain high acayraThe
model proposed here applies to these simplifiedditioms, is
primarily kinematics based, and accurately dessrilibe
airplane’s smooth center of mass movement. In &xidithe
model does not
manufacturer’s data, is mathematically concise, d#mhce
provides for rapid development and execution.

As a result, this kinematic model is particularlglirsuited for
use in a study where there is no turbulence, wHagst
computation is important, and where code adaptabib
advantageous. It is an especially good fit for Moi@arlo
studies, because it is the simplest realistic nma#ttieal flight
model and, hence, executes much faster than monplicated
models. Because the kinematic model is much simblan
other models, the code can be altered more quiokdyjust for
various external effects, such as changes in emviental
factors like wind.

The kinematic model, however, does have the drakvitiaat
most parameters must be input by hand and cantdebized
physically. Many of these parameter values, suctveatical
acceleration, are difficult to accurately acquifiehe BADA
model helps to determine the key parameters oicadrtelocity
and vertical acceleration during climb, cruise, dedcent. The
BADA model provides the equation for the verticalocity and
its application to a few major flight conditions.otever, the
vertical velocity under all flight conditions wilbe determined
by additional computations. In addition, the BADAde!| does
not specify the vertical acceleration, but thislvaé derived
mathematically for all flight conditions. In additi, the vertical
velocity and acceleration are determined for thggomes below
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and above the tropopause (i.e., in the troposphec the
stratosphere).

With the vertical velocity and vertical acceleratigpecified for
each airplane type the entire trajectories areuatygspecified.
This is critical for our study because it is neeeg$o determine
when aircraft are within close proximity to eachert

KINEMATIC MODEL BACKGROUND

High-fidelity flight models are frequently desirefbr
simulation to achieve the highest level of perfonoea
However, due to a lack of detailed proprietary datamany
types of aircraft and a primary concern with norrflaght
regimes and in order to accelerate development, cae m
mathematically concise and computationally effitiaircraft
model has been developed [3]. The model is poisetheand
describes the movement of the aircraft's centemags. This
mostly kinematics-based model currently uses dtail
maneuvering, takeoff, climb, and approach colledath and
provides an acceptable level of fidelity, espegiafi normal
flight regimes.

BADA MODEL BACKGROUND
BADA is an aircraft performance database and mddéd.

maintained and developed by EUROCONTROL Experimenta

Centre. The BADA database specifies a comprehersgavef
parameters, for nearly 100 well known aircraft,ttHascribes
the drag, thrust, and physical extent. Additioradiable values
required by the model must be provided by the udsing an
energy balance for the airplane, the BADA model dan
adapted to accurately determine the vertical vefoduring
climb, cruise, and descent. By extending the BAD&del, the
vertical acceleration can be determined. Since wksical
velocity and the vertical acceleration still depend the
indicated airspeed (IAS), the model resulting fromerging
BADA with the kinematic model is still primarily kRematic.

AIRCRAFT STATE

Because the kinematic equations are called separate
each time step a number of independent inputs rbest
determined to ensure the proper position is caledla The
inputs include items such as the aircraft's stasecommanded
state, and simulator clock time.

The aircraft's state vector includes the followingurrent
position (latitude, longitude, and altitude), magméeading,
IAS, bank angle, roll rate, vertical velocity, ancbrtical
acceleration. The vertical velocity and verticalceleration
need to be specified only when the model is opagatiithout
using BADA input. When incorporating the BADA modéky
are no longer independent and are mostly functidradtitude,
flight phase, the physical atmospheric model, &edftinctional
relation between true air speed (TAS) and IAS. Nb&t the
IAS is considered constant for certain phases ightfl(e.g.,

approach) and hence the state vector does notdmdculinear
acceleration term that changes the IAS.

The commanded (as opposed to current) aircrat stast also
be passed to the kinematic model during each rures&
parameters are commanded by the pilot and candacthe
bank angle, heading, and vertical velocity.

Vertical speeds are calculated from either the rkiéc
equations or from the BADA model. For example, thigial

vertical speed in a stochastic run is calculateamfrthe
kinematic equations such that the airplane, staina certain
height and distance, will land exactly on the rupwareshold.
In this case, the airplane is not vertically tugjine., its vertical
velocity is commanded constant, and the verticébory and
vertical acceleration are uncoupled. This verticalocity is
different from that calculated using the BADA madé&lor
general flying while using the BADA model and thadmatic
model the vertical velocity and the vertical accafien are
coupled. And in the case of the BADA model the icait
acceleration is the first-order time-derivative thie vertical
velocity. Thus, the kinematic and BADA models arsed
independently to determine the vertical velocityg éme vertical
acceleration such that the kinematic model is uUsednitial

approaches and for commanded vertical turning hadBtADA
model is used for all other flight phases.

The various aircraft properties (IAS, bank anglell rate,
thrust, drag, mass, etc.) ensure that differentrafir move
differently through spacetime given the same ihitanditions.
Through the provided aircraft data, and the BADAatiase,
different aircraft will have different trajectoriémsed upon their
predefined properties. Although the actual equatiohmotion
are essentially generic, the differences in theaeameters
provide for a dynamic aircraft simulator.

Initial values are generated to launch the airaradtel and the
required initial values include latitude, longitydstitude, bank
angle (typically zero initially), IAS, vertical wetity, and
heading. To incorporate BADA, users must specify tiight

phase: climbing, cruising, descending, approachiagd

landing.

COORDINATE SYSTEM

The World Geodetic System 1984 (WGS-84) [4] is used
describe the aircraft's position. That is, the wlmensional
surface of an ellipsoid is parameterized by thedgéo latitude
and longitude angles. Height, or altitude, is dibsd by the
usual convention perpendicular to earth’s surfacel as
reported in feet above mean sea level. These qwiadi were
partly chosen to utilize real-world positions besawirplane
data typically includes reference to latitude aaodgitude. In
addition, it may be desirable to travel long dises between
landings and latitude and longitude are particylanrtll-suited
coordinates for this.
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The kinematic model velocities are independentlycdfed for
motion parallel to the geodetic radius directiord amotion
parallel to earth’s surface. For example, IAS asptangentially
to earth’s surface and the vertical velocity is irmkd
perpendicular to earth’s surface. Thus the motidn ao
descending airplane, for example, is described byna-
dimensional path of decreasing altitude and a tingedsional
path along earth’s surface with changing latitude Bngitude.
The two paths are independently specified but dvenys
coupled, in that they are plotted simultaneously.

Since almost all aviation data is given using mégrieeadings,
the aircraft model also processes its data in fbisnat.
However, cartography is generally performed usiog thorth.
Therefore, since the latitude and longitude gridtrise by
construction, all magnetic information is convertedrue using
the known local magnetic variation just prior tdcedation of
the aircraft's updated latitude and longitude. Thisist be
calculated at each time step.

Selection of a time step is made sufficiently sntallproduce
accurate latitude and longitude. This time stdpis used to
obtain the differential change in distance andimately, the
aircraft’s subsequent position.

KINEMATIC ASSUMPTIONS

The kinematic model is a physical abstraction iat th
does not explicitly incorporate much of the specifihysical
forces that act on a real aircraft and hence ctagsplane to fly
(say according to non-compressible fluid mechanifs,
example). Indeed, in general the model functiortbouit forces
and since forces are believed necessary for aecfimattioning
then all the appropriate forces are assumed intglipresent.
Many of the assumptions must be made because rthéasor
functions with only the supplied data. For examplegraft turn
data, in the form of bank angle and roll rate & only turn
data available, so the calculation of turns musademplished
using this data only. Thus, assumptions are madantplify the
flight model; however, these can result in sometéitions on
the use of the kinematic model as a flight simulato

Engine data, provided through BADA, is only obtainfor

determining vertical velocity and vertical accetema in the

climbing, cruising, and descending phases. Thidigshat for
all other configurations thrust is assumed to igifhi change in
order to produce the desired effect. Thus the katemmethod
for changing the thrust is left to the pilot/autopi‘black box,”

but it is done in such a way to produce the desiesdlt. For
example, in simple kinematic motion the horizoradl vertical
components of motion are decoupled. To achieve ithigs to
be assumed that while turning but remaining leeglequate
(implicit) thrust is maintained to keep the airt¢rdével.

However, when incorporating the BADA model somethase
assumptions can be removed due to the explicibduiction of
thrust.

VERTICAL VELOCITY

We would like to use the BADA model to achieve aate
vertical velocities and accelerations. The follogvifeq.(1)
represents the energy balance for the airplaneaartescribed
by EUROCONTROL in their BADA manual it “equates tfage
of work done by forces acting on the aircraft te ttate of
increase in potential and kinetic energy”:

@)

T is engine thrustD is airplane dragyqas is the true air speed
(TAS), m is the total airplane maggijs the acceleration of the
airplane toward earth caused by grauitys the perpendicular
height above earth, arids Galilean time measured in an earth

centered inertial frame. By using the chain r: =—@, we
dt  dhdt
can now solve Eq.(1) for the vertical velocity:
T-D
Vv :@ :% fmach (2)
dt
wherefmach is given by:
Vias Vias )
fmach=|1+—1AS ZTAS 3)
g dh

We now need to determine the various elementseof/éhtical
velocity. The BADA model treats the thrud3t, as a polynomial
in the heighth:

h
(Tmaxclimb)|3A =C1[1_C—+C3h2] (4)
2

The constant€,, C,, C; all have the appropriate units. The drag
depends on the drag coefficie@h, in the following manner:

- CpVrasS
2

D (®)
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Srepresents the airplane surface areapaisdthe density of air.
The drag coefficient is itself dependent upon tbefficient of
lift, C.. See p.C17 in [1] for specific values. BM,s is

computed differently depending on whether the amplaltitude
is below or at the tropopause (tropospheric) orvabthe
tropopause (stratospheric).

The approximate tropopause height, in meters, teraéned

AT,
from by, =11000+ 00('3325

, Where AT\, is given by the

difference (see EQ.(A-2)) between the actual ground
temperature in KelvinsT, and the international standard
atmosphere (ISA) ground temperatui®)sa.

For tropospheric flying the relationship betweee #AS and
the calibrated airspeed (CAS) is approximately:

VCAS

Bh 4.25864
1 P ——
( To )

where B is the lapse rate 0.0065 K/m aigd is the ground
temperature in Kelvins. We make the approximatimsed on
our previous kinematic model work, thdas is equal toVas.

We are almost in a position to calculdfgfor the atmosphere

(6)

Vias =

since we now only nee%\gTAS. This is a straightforward

calculation becaus¥sis an explicit function oh. The result

is given by Eq.(A-3). We now have all the infornoatineeded
to calculateV, for the troposphere by substituting Eqs.(4), (5),
(6), and (A-3) into Eq.(2). For stratospheric flyinve have a
different expression fo¥qas given by Eq.(A-4) wher® is the
pressureP s is the ISA pressure, is the densityp,sa is the ISA
density, andu = (y-1)ly using the isentropic expansion
coefficient, y, for air. For the stratosphere, the BADA model
assumes exponential behavior for

pressureP = B q.e , and also for density,

-9

— RT,
P = Prop€ *

(h_htmp)
. Ris the universal gas constant, @hd,

P R
and pyop, are constant values. Since =——- and PisA are
ptrop ISA

constant then the only dependencehotomes from the factor

P
A =pe"  where A and b are the constants
RT . "
A=Pas g p=_ 9 If, in addition we further
ghtrop trop
P eRTtrop

the two

1

simplify by defining following constants,

and b, = (1+§’§>'—SAV,3\SJ# -1| then
ISA

Y UP U Py

V1as €an be written more compactly as:

1

Vras = \/a_l{(1+ by Ae™ )ﬂ _1}5 )

Now, sinceVqasis only an explicit function of the altitudb, we
can easily find tha?% is given by Eq.(A-5). We now have

all the necessary components to calculjten the stratosphere
by substituting Eqgs.(4), (5), (7), and (A-5) intq.R).

VERTICAL ACCELERATION

To determine the vertical acceleration we take ftrst-
order time-derivative of the vertical velocity dedd by Eq.(2).
By differentiating the vertical velocity, and apiply the chain

rule, i:iﬁ to Eqg.(2), the following equation for the

dt
vertical acceleration results:

_d*h_
v gz I = (8)
wherel andJ are defined by:

V, (dT dv-
| ==L | ——Vipag + (T = D)—22 | fmach 9
mg(dh s +(T - D)= (©)

2 2
J =V—V(T - D)—VTAS (—dVTASj +Viag d VTZAS fmach? (10)
mg g dh dh

The full vertical acceleration equation, withoupagation into
two terms is given by Eq.(A-6) for the reader’s eemence.

From Eq.(8) we now see that it is possible to datela, once
dzVTAS
dh?
its first-order derivative with respect tocan easily be found.

Since we know/qasas a function oh for both tropospheric and
stratospheric conditions, it is straightforward, sbmetimes

and Z—; are found. The thrust is defined by Eq.(4) and
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lengthy, to find its second-order derivative witsspect toh.
This result for the troposphere, however, is eagilyen by
Eq.(A-7). The result for the second-order derivatiof Vias
with respect tdh in the stratosphere is given by Egs.(A-8), (A-
9), and (A-10). This is seen to have a complex ddpace on
h.

The vertical acceleratiorg,, in the troposphere can now be
found by substituting Eqs.(4), (5), (6), (A-3), af#d7) and the
result for the tropospheri¢, into Eq.(8). Similarly, the vertical
acceleration in the stratosphere can now be fougyd b
substituting Egs.(4), (5), (7), (A-5), and (A-8)datie result for
the stratospheri¥, into Eq.(8).

INTEGRATING BADA INTO THE KINEMATIC MODEL

The previous mathematical work consisted of lengthy
algebra and differentiation. However, we now hawnegal
equations for the vertical velocity and verticateleration. The
BADA model uses approximations to Eq.(3) basedhenMach
number. For exampldmach is set to one for a constant Mach
number in the stratosphere. Our results do not heegbecify
any approximations and thus should be easier tptadagiven
physical simulations with varying airplane altitgda with non-
constant Mach numbers.

There are two main areas in our kinematic model ¢bacern
vertical velocity and vertical acceleration. Thesti airplane
logic, contains expressions for the vertical velpoand the
differential altitude. We determine the well-knowalations
between height, velocity, and acceleration by iraggg a
constant acceleration,, twice with respect to time. Integrating
once we find the vertical velocity as a functiortiofe:

V@zj%mzajmzmrﬂh 11)

where,V,, is a constant of integration representing thé&aini
vertical velocity for the tim¢ = 0. Now integrating a second

time we find h(t) = j (a,t +V, )t =%a\,t2 +V,t + hy , whereh,

is the height at time= 0. In our computations, however, we are
interested in determining the change in altitude,
Ah = h(At)— h(O), due to the change it, the time step, and

given the vertical acceleratioa, and the vertical velocity,:
_1 2
NFE%@0+WN (12)

The second area of kinematic code concerning thécak
velocity and vertical acceleration is the vertiealocity turning

code. The user initiates a vertical turn by comnagd vertical
velocity. The turning code then determines if atieal turn is
desired and is sufficiently different in magnitud®m the
current vertical velocity. If the turn is large emgh then a
change in the vertical acceleration of correct sign
commanded. This new acceleration, now givemmpiyn Eq.(11)
generates a neW(t) via Eq.(11). In addition, th¥, variable in
Eq.(12) is then updated #(t). In this manner the airplane’s
speed approaches the desired speed and the aspddtitede
adjusts accordingly. When the airplane spéét), is close to
the desired target speed, the airplane beginslltmutdrom its
vertical turn. This is achieved by altering the tica
acceleration sign and/or vertical acceleration ritage.

The easiest way to merge the BADA generated véracity
and vertical acceleration with the correspondingeRiatic
generated values is to simply flip/flop them byning off the
commanded values while the user is interesteddaiviang the
BADA values and turning off the BADA values wher thser is
interested in the kinematic commanded values. il wlay the
values fora, andV, can take on both BADA and kinematic
values but only at different times. To achieve tBADA
dominated flip/flop in our kinematic code, it wascessary to
command the vertical velocity to be the BADA vetgcin this
way the vertical velocity turning code is effectivalisabled
since the vertical velocity equals the commandedtiozd
velocity. For kinematic operation only, it is sirapto disable
BADA.

GRAPHICAL COMPARISON

To compare the BADA results for vertical velocitnda
vertical acceleration we use test data that mogelssenger jet
airplane. A Johnson SB probability density functi(PDF),
given by Eq.(A-1) adf(x), models the vertical velocity and
vertical acceleration using the parameter valuaadan Tab. 1.

TABLE 1. JOHNSON PARAMETERS

Johnson SB Vertical Velocity Vertical

Parameter PDF Acceleration PDF

y 2.592 0.225

0 2.185 0.927

A 4526.482 394.848

e 1400.0 88.072
minimum 1442.8 123.6
maximum 3108.9 462.6

For modeling the vertical velocity in the climbipdase the x
variate represents the vertical velocity as showiig.1. To
model the vertical acceleration during take-off gghahe x
variate now represents the vertical acceleratiorstasvn in
Fig.2. Our kinematic model currently only uses astant IAS.
Thus we chose 200 knots (103 m/s) for the appraeirt?sS of
the airplane during all various phases of flight.
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FIGURE 1: CLIMB VERTICAL VELOCITY PDF

BADA data files were provided through the John Alpé
National Transportation Systems Center that coathithe
flight characteristics (thrust, drag, lift, etc.) many different
types of aircraft. A program was written to read thata files
and input this information directly to the kinengaprogram.
Then by incorporating the BADA model into the kirein
program code, data were obtained for the altitudstical
velocity, and the vertical acceleration during tbiémbing,
cruising, and descending phases for the passeegésee Fig.
3,4, and 5).
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FIGURE 2: TAKE-OFF VERTICAL ACCELERATION PDF

For the climbing phase shown in Fig.4, the airplankieves a
vertical velocity of approximately 5000 ft/min (142m/min)

after take-off phase and generally decreases digdima O

ft/min at reaching cruise phase or level flight.isSTlgives an
average of 2500 ft/min (762 m/min) that is clos¢he average
shown in Fig.1. For the cruising phase the airplaa® O ft/min
as expected. For the descending phase the airgtarts with -

3000 ft/min (-914 m/min) approximately at initiabstent and
increases to approximately O ft/min just prioraading. For the
climbing phase shown in Fig.5, the airplane injialecelerates
near -5 ft/min/s (-1.5 m/min/s) after take-off pbadecelerates
slightly more, and then generally increases to/mift's upon

reaching level flight. For cruising the airplanest@aft/min/s as
expected. For the descending phase the aircrattlexetes

slightly at about 12 ft/min/s (3.7 m/min/s) afteitial descent
and decreases to about O ft/min/s just prior tditam

Thus we see that the test values for vertical vlaturing the
climb and the BADA values for the vertical velocitiuring
climb are in reasonably good agreement. Also, theiocal
velocity magnitude for the descent phase is foumde less
than the climb phase as expected [5]. The testegatar the
vertical acceleration during take-off phase can dmecked
approximately using a rough calculation of the agervertical
Vo -Vy

1
airplane the moment it leaves the runway and teersk point
represents the airplane when it begins its climighgse. From
our vertical velocity data we have approximatelgtiy = 0,V,
= 5000 ft/min,t; = -15 s, and we takig = 0 s giving 15 s as a
typical acceleration tinte This yieldsag,y = 333 ft/min/s (101
m/min/s) but varies slightly depending on the Jioia of t,.
This accelerationgag, is in good agreement with the variation
of take-off accelerations found in Fig.2. The BADdsta,
however, applies to the subsequent climb phaseentherplane
is very gently decelerating at near constant vartielocity.
Thus it will eventually level off at its cruise iltde. The BADA
data also applies to the reverse situation wheeeplane is
descending, and so it must very gently accelerpteards to
gradually reduce the vertical velocity magnitudeir BADA
acceleration data supports this scenario becauses aimall
magnitude (climb and descent accelerations beingrdar of
magnitude smaller than the take-off accelerationd ats
direction.

acceleration: a,,q =

. The first point represents the

! Conversation with Dr. Yan Zhang, 2008, John A. peol National
Transportation Systems Center, Cambridge, MA.
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FIGURE 3: ALTITUDE VS. TIME

Azcent and Descent

a

56688 18088 156688 20000 2560080 38880 35008 48008 4508

Altitude {ft)

FIGURE 4: VERTICAL VELOCITY VS. ALTITUDE
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FIGURE 5: VERTICAL ACCELERATION VS. ALTITUDE

The BADA model apparently exhibits some abrupt gfesnin
velocity and acceleration although the path in Figppears
relatively smooth. Most of these anomalies are Bingpe to
the BADA thrust algorithm for descents that changiesiptly at
the altitudes of 10,000 ft (3048 m) and 8,000 #32 m).
However, there is also an abrupt velocity and &reéibn
change at the tropopause (here at 36,000 ft (1q9¥3hat is
an artifact of using different atmospheric modeédoly and
above the tropopause. Since there is no visiblieation of the
tropopause in Fig.3, the effect on the airplanedgettory can
probably be considered negligible for most modepgposes.
The model provided by BADA for the TAS and atmosgheas
tried for both above and below the tropopause aeldgd the
same results as the model described herein (wisieb a simple
standard atmospheric model below the tropopause thed
model provided by BADA for the TAS and atmosphebee
the tropopause). Thus, only applications needingrtss the
tropopause and requiring exceptional accuracy neuire
methods for obtaining a smoother transition acrdiss
tropopause boundary. Of course, for flights belohe t
tropopause this is not an issue.

In Fig.6 we show the spacetime plots for a few laip
trajectories. Each trajectory was obtained, from kinematic
program using BADA data, for a different type ofge airline
passenger jet. It is apparent that potentially ifamt
differences exist depending on the flight phasepanticular,
many airplanes obtain widely different ceilings ahdve
different trajectories for the climbing phase andthe descent
phase. In these situations, it is seen that thect@ies of two
initially separated airplanes sometimes converge that, the
opposite effect, two initially nearby trajectoriespmetimes
diverge from each other. Both of these trajectahdviors are
exhibited in the descent phase.

40888 T T T T T T T

356008

38000

250008

28008

15608

Altitude (ft)

16888

oeea

8 1 L L L 1 1 h
a L] 18 15 28 25 38 35 48

Time {(min)

FIGURE 6: ALTITUDE VS. TIME
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In our current results, airplanes only sometimesiil close
proximity to each other. It is possible that inamation of the
BADA data may cause closely separated airplandsetmme
more separated or cause more widely separatedcaa@plto
become less separated. In either case the stitisiic be

affected depending on the fleet mix of airplandsusl for our
current study that models descents, we would expsmte

realistic results and potentially significantlyfdifent results by
incorporating the BADA model.

CONCLUSION

The capability and accuracy of our kinematic models
significantly increased by the inclusion of the BADnodel.
And this was accomplished without a substantiatdase in
program complexity and with an acceptable prograecetion
time.

The BADA model gives the user the capability to eyate the
general result for vertical velocity and speciaizthis to
simplified computations for a few major flight catidns. Our
results built upon and extended the BADA model gade an
explicit accurate derivation of the vertical velycand vertical
acceleration for general flight conditions. In adtdi, the
vertical velocity and vertical acceleration werdedmined for
both the troposphere and the stratosphere. Theamcof the
vertical velocity and vertical acceleration wergpagximately
checked by comparing with test distributions, ins®
simulator data, and technical report data.

Many airplane trajectories (such as those repredent Fig.6)
were visually examined. These trajectories weraiobt from
the kinematic/kinetic program using the calculateettical
velocity Eq.(2), the vertical acceleration Eq.(8hd BADA
data. The trajectory separations were generalfgraiit enough
to uniquely represent many different types of aificfor the
climbing, cruising, and descent phases of flighthdugh it is
difficult to quantify, it is possible that thesegfit trajectories,
having varying relative proximity, could have a rsfgcant
effect upon Monte Carlo results.
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NOMENCLATURE
A — dimensionless constant
B — temperature lapse rate
D — drag force
E — part one of second-order derivative ¥g4s
F — part two of second-order derivative s
| — part one of vertical acceleration
J — part two of vertical acceleration
P — local pressure at airplane

under

R — gas constant for air

S— surface area of airplane

V — vertical velocity as function of time
b — constant inverse length

fmach — dimensionless function of Mach number
g — gravitational acceleration

h — altitude of airplane

m— mass of airplane

t—time

4h — change in altitude for a single step
At — change in time for a single step

y — isentropic expansion coefficient

y — Johnson parameter, dimensionless
J — Johnson parameter, dimensionless
¢ — Johnson parameter, dimension of variate
/. — Johnson parameter, dimension of variate
p — density of air

a; — constant velocity squared

aq,q — average vertical acceleration

a, — vertical acceleration

b; — dimensionless constant

C, — thrust coefficient, force

C, — thrust coefficient, length

C; — thrust coefficient, inverse length squared
Cp — drag coefficient

C. - lift coefficient

hy — initial height for each iteration

hyop — height of troposphere

Pisa — ISA pressure

Pwop — pressure at troposphere

To — local ground temperature

Tirax dimb — Maximum thrust force

(To)isa — ISA ground temperature

Twop — temperature at troposphere

V, — vertical velocity

V; — vertical velocity at time; t

V, — vertical velocity at time,t

Vcas— calibrated airspeed

V1as— true airspeed

AT sn — ISA temperature difference
pisa— ISA air density
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APPENDIX A

LIST OF EQUATIONS

Johnson SB Probability Density Function:

) _ oA 1 x-¢ |°
A-1: f(x)_(x_g)(A_X_’_g Zﬂex% E|:y+5|nm:| }

Ground/ISA Temperature
A-2: TO (TO)ISA+ATISA

First-order derivative of tropospheric TAS:

-3.129
av. BV
A3 Nas _ 5454 1- BN BVias
dh T

0 TO
TAS for Stratosphere:
1/ u H
At Vo = | 2PN 14 B[ B Psy2 | )] 4
Up P 2 P

First-order derivative of stratospheric TAS:

A dvTAS \/— 1,u(1+b1Aebh) blAbe

Vertical Acceleration:

2 2 2
A-6: a, ~dh =V—"[[ (;; Vg +(T - D)d\c/j%j fmach — (T - D)\/Ti{[dvﬂj +Vias d d\r/]TZAS}fmachzl

dt> mg g dh

Second-order derivative of tropospheric TAS:

2 -4.129 2
a7 3V _gged1- BN B Vias
dh? T

T
0 0
Second-order derivative of stratospheric TAS:
2
pg: Vi gL
dh?

-3

A9 E=.fa _71((1+b1Aebh)” —1)7(u(1+b1Aeb“)” _lblAbebh)z

-1
A-10: F = \/a_l %((]ﬁ b, Ae™ )” ) 2 {,u(,u 1)(1+ blAebh) (blAbebh )2 +,u(1+ b, Ae”" )”_lblAbzebh}
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