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ABSTRACT 

In 1941, Belgian-born physicist Maurice Anthony Biot (1905-1985) developed the first 

equations that govern the coupled interactions between fluid flow and deformation in elastic 

porous media. This hydro-mechanical (H-M) interaction has started to receive wide attention in 

the field of tunnel engineering. In urban areas, the induced H-M interaction due to surface loading 

over an existing shallow tunnel can have a severe impact on tunnel stability. Likewise, advancing 

tunnel in deep saturated ground causes time-dependent consolidation that is invoked by the 

transient nature of the coupled stress-strain and pore pressure interactions. However, deep tunnel 

advance is commonly simulated in one excavation step and under a steady state condition, 

oversimplifying the excavation-induced H-M interaction as proposed by Biot.  

Explicit coupling techniques have been widely used for H-M analysis of such tunnel 

problems. However, explicit techniques are conditionally stable and small time steps must be used. 

To improve the efficiency of analysis, an unconditionally stable explicit finite difference scheme 

such as the alternating direction explicit (ADE) scheme could be used to solve the flow problem. 

Yet, the standard ADE scheme is only moderately accurate and restricted to uniform grids and 

plane strain conditions. 

This report presents the derivation of novel high-order ADE schemes for non-uniform grids 

to solve the flow problems in plane strain and axisymmetric conditions. For each coupled problem, 

the resulting pore pressure solutions from the new scheme would be sequentially coupled with a 

geomechanical simulator in Fast Lagrangian Analysis of Continua (FLAC), resulting a novel and 

efficient sequential coupling technique. This new coupling technique in FLAC is called the 
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sequentially-explicit coupling technique based on the fourth-order ADE scheme (called SEA-4 for 

plane strain problem and SEA-4-AXI for axisymmetric problem). This report will show that by 

SEA-4 and SEA-4-AXI, the H-M simulations of tunneling in saturated ground could be performed 

efficiently without numerical instability and yet still retain high numerical accuracy. This is the 

beauty of this report. 

Verifications of consolidations and both tunnel problems showed that SEA-4 and SEA-4-

AXI reduced the computer runtime to 20-66% that of FLAC’s fluid flow scheme while still 

maintaining high accuracy of the pore pressure and displacement solutions, demonstrating their 

future application for producing efficient H-M simulations. Under surface loading, in addition to 

the ground strength, tunnel stability in saturated ground was found to be largely influenced by liner 

permeability and the long-term H-M response of the ground. The step-wise excavation in 

advancing tunnel caused a non-monotonic variation of pore pressure, confining the advanced core 

temporarily. This coupled behavior was absent when the uncoupled steady state approach was 

used. Recognizing this transient coupling effect, this report proposed: (1) an extended 

convergence-confinement method using proposed transient unloading factors and (2) new 

equations for predicting the longitudinal displacement profile (LDP) using proposed time-

dependent constants. The new LDP equations captured the concavity reduction of the displacement 

profiles due to the coupling effect, which could not have been represented by the current equations. 
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REPORT INTRODUCTION 

In 1941, Belgian-born physicist Maurice Anthony Biot (1905-1985) developed the first 

equations that govern the coupled interactions between fluid flow and deformation in poroelastic 

media (Biot, 1941). The mathematical framework that Biot established was a conceptual 

breakthrough in developing a working theory of hydro-mechanical (H-M) coupling between pore 

fluids and porous solid. Two decades after its first publication, Biot’s framework was being 

referred to as Biot’s theory of poroelasticity (Geertsma, 1966). In honor of Maurice Anthony Biot 

(Figure 1.1), a series of Biot Conferences on Poromechanics have been held every three to four 

years since 1998, with the first held in Louvain-la-Neuve, Belgium. This conference has become 

the main international conference for experts in the mechanics of porous solids. 

 

Figure 1.1 Theodore von Karman and Maurice Anthony Biot at the Karman house in 1932                 
(Retrieved from the Caltech Archives). 
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In recent years, Biot’s theory of poroelasticity has started to receive wide attention in the 

field of tunnel engineering. Biot’s theory of poroelasticity has been used to describe the two-way 

coupling that underlies the coupled interaction between hydraulic and mechanical processes that 

occur in the ground surrounding the excavation (Figure 1.2).  

 

Figure 1.2 Illustration of the H-M coupling proposed by Biot (1941). 

The direct H-M coupling occurs when the excavation causes a change in stress and 

produces a change in pore pressure or fluid mass. Conversely, a change in pore pressure or fluid 

mass produces a change in the stress and deformation of the surrounding ground. This direct 

coupled interaction is predominantly related through the pore volume changes. Alternatively, 

mechanical and hydraulic processes may also affect each other through changes in either 

Mechanical                            
σ and ε

2 2
1 2ij ij kk ij ij
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v
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mechanical or hydraulic properties of the surrounding ground. Accordingly, this interaction is 

called the indirect coupling. This report will show later that long-term consolidation in the ground 

located behind and ahead of the tunnel face during the standstill period is a result from this two-

way coupled interaction.  

At present, significant research efforts based on Biot’s work are still being conducted to 

solve a large variety of engineering problems, not only in the field of rock mechanics and rock 

engineering but also in reservoir engineering, biomechanics, and environmental engineering (Chen 

et al., 2006; Hu et al., 2013; Jaeger et al., 2007; Phillips & Wheeler, 2007; Prassetyo & Gutierrez, 

2014; Rutqvist & Stephansson, 2003; Zimmerman, 2000). 

1.1 Problem Statement 

The coupled interaction between seepage flow and deformation has been considered the 

most important coupled process in tunnel engineering (Anagnostou, 2006). Consequently, fully 

coupled Biot’s equations have been used extensively in numerical programs to perform coupled 

H-M analysis of consolidation of tunneling under the groundwater table. Yet, several practical and 

numerical problems of H-M simulations of tunneling in saturated ground remain open for research. 

Small portions of those problems would be solved in this report. 

 The need for capturing the coupled H-M interactions in shallow and deep tunneling 

Tunneling in shallow and deep saturated ground causes changes in the state of stress and 

the pore-water pressure distribution. In urban areas, many high-rise buildings are constructed over 

existing shallow underground structures, such as railway stations, metro tunnels, utility tunnels, 
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and so forth. Consequently, the design of underground spaces in urban areas must account for the 

load of the current overburden and future surface loads.  

Surface load will generate not only a mechanical response through stress changes and 

displacements in the ground but also a hydraulic response through pore pressure changes. Because 

ground deformation is governed by the effective stresses, any changes in the pore pressure 

distribution will alter the displacement field around the tunnel. Consequently, because tunnel liners 

tend to deform with the ground, it becomes evident that the induced hydro-mechanical (H-M) 

response from the surface load will affect the structural integrity of a liner. However, the degree 

to which the surface load will affect these short- and long-term liner stabilities remains unclear. 

To the authors’ knowledge, there have been no studies concerning the effect of surface loading on 

the H-M response of a tunnel in saturated ground, motivating this report to carry out the study. 

In deep saturated ground, the role of H-M response is particularly important because the 

ground surrounding the excavation will be highly stressed and under high pore water pressure. In 

an extreme case, excavation of a deep tunnel potentially triggers creep and squeezing phenomena 

in the surrounding ground (Kovári & Staus, 1996). In addition, deep geological formations also 

hold great promise for storing radioactive waste. Therefore, understanding the H-M response of 

the ground during and after tunnel excavation is vital knowledge to have during the design and 

construction of such repositories.  

Advancing a tunnel in deep saturated ground also causes time-dependent consolidation that 

is invoked by the transient nature of the coupled stress-strain and pore pressure interactions. The 

tunneling process will affect the short-term response of the ground due to the instantaneous pore 

pressure buildup from when the ground is being progressively excavated (undrained loading). 
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Later, it will affect the long-term response due to the dissipation of that excess pore pressure from 

when the ground is consolidating (drained loading). However, the degree to which the advancing 

tunnel will affect these short- and long-term H-M responses of the surrounding ground remains 

unclear. 

Numerical studies for tunnels in deep saturated ground have been done in the past using 

the steady state approach, as opposed to the coupled approach based on Biot’s theory of 

poroelasticity. In the steady state approach, the final tunnel face is reached in one excavation step 

(instead of a progressive step-by-step excavation), and then the model is brought to geomechanical 

equilibrium under the steady state pore pressure distribution (instead of under time-dependent pore 

pressure distribution). Clearly, the deformation behaviors of the ground in these studies did not 

result from the transient H-M interaction that would have been induced by progressive excavation 

of the advancing tunnel, providing a research gap that the current study sought to fill. 

 The need for developing an efficient coupling technique 

At present, the trend of solving the fully coupled Biot’s equations has shifted to 

computational modeling of the observed H-M phenomena. Various numerical coupling techniques 

have been developed to capture the observed coupled H-M interactions in geoengineering 

problems, particularly in petroleum and geotechnical engineering. These coupling techniques 

solve the two equations that govern the response of the fluid (the flow problem) and the solid (the 

geomechanical problem). The flow problem is represented by the mass balance equation, which is 

based on Biot’s theory, while the geomechanical problem is represented by Terzaghi’s effective 

stress principle, equilibrium condition, constitutive law, and displacement to strain compatibility 

relations (Gutierrez & Lewis, 2002). Four types of coupling techniques have been used to solve 
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these equations: fully coupled, iteratively coupled, explicitly coupled, and loosely coupled (Dean 

et al., 2006; Kim et al., 2011b; Settari & Walters, 2001). 

The explicitly coupled approach is the most attractive to use. This technique is not only 

simple to implement, but also less time consuming in building the separate geomechanical and 

fluid flow codes for solving the coupled equations, while still able to capture the desired coupled 

interactions. Unfortunately, this holy grail of coupling techniques is not as good as it seems. The 

explicit technique comes at a price: it is unconditionally stable. The explicit nature of the technique 

requires that small time step sizes must be used to maintain numerical stability and accuracy, 

placing a strong limitation on the technique. Consequently, the efficiency of computer runtime for 

an explicit-type coupling technique cannot be fully exploited for large-scale and long-term H-M 

simulations that may need enormously long computations. The widely used explicit finite 

difference (FD) code for coupled fluid flow and geomechanical computation called Fast 

Lagrangian Analysis of Continua or FLAC (Itasca., 2011a) is also conditionally stable in that it 

has restrictions on the time step for its flow calculation (Itasca., 2011c). 

To remove the time step restriction in an explicit coupling technique, one proposed method 

is to develop an unconditionally stable fluid flow scheme that can be sequentially coupled with an 

existing geomechanical simulator (e.g., FLAC). The alternating direction explicit (ADE) scheme 

is one such scheme (Barakat & Clark, 1966). The ADE scheme finds the solution to the target 

point at the next time level (n + 1) by using the already calculated solution from the same time 

level (n + 1) located behind and ahead of the target point and from the previous time level (n). The 

ADE scheme is arranged in such a way that two explicit FD equations can be executed 
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simultaneously in two physical directions: one in a forward sweep and the other in a reverse sweep 

(Figure 1.3)a.  

 

                          

Figure 1.3 Illustration of (a) forward and (b) reverse sweeps in the standard ADE scheme. 

 
a Figure 1.3 is also used in Chapter 5. It is reinstated here for the sake of illustration of the standard ADE scheme. 
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Despite its unconditional stability, the standard ADE scheme has three major drawbacks: 

(1) it is only moderately accurate (second-order accurate in time and space); (2) it is only valid for 

uniform grid sizes (same ∆x and ∆y for the entire grid model); (3) it can only be used for plane 

strain conditions. With these drawbacks, the standard ADE scheme will encounter substantial 

difficulties when it is coupled with a geomechanical simulator. A tunnel model is usually arranged 

with gradually increasing grid size towards the far-field boundaries. More importantly, it cannot 

be used for solving a coupled problem under axisymmetric conditions, that is, the consolidation 

around an advancing tunnel in deep saturated ground, as explained in the preceding section. 

These drawbacks have motivated the current research to develop a novel, unconditionally 

stable higher-order ADE scheme for a non-uniform grid. In this report, two newly-developed ADE 

schemes were proposed: one for solving a flow problem under plane strain condition and the other 

for solving a flow problem under axisymmetric condition. For each of coupled problems, the 

resulting pore pressure solutions from the new scheme would be sequentially coupled with a 

geomechanical simulator in FLAC, resulting in a novel and efficient sequential coupling 

technique.  

1.2 Research Objectives 

This thesis attempted to bridge the research gaps stated above by (1) conducting coupled 

H-M analysis of shallow tunnel under surface loading and advancing tunnel in deep saturated 

ground, and (2) developing a novel sequential coupling technique so that the coupled H-M analysis 

could be done through an efficient simulation.  
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To meet these two main purposes, four objectives were proposed: 

Objective 1 : Investigated the effect of surface loading on the induced H-M response of a 

lined tunnel under different liner drainage conditions. 

Objective 2 : Developed a novel, unconditionally stable and higher-order plane strain ADE 

scheme for non-uniform grid. This new scheme would be sequentially coupled 

with the geomechanical simulator in FLAC and was termed SEA-4. The 

accuracy and efficiency of SEA-4 were verified against plane strain 

consolidations and tunnel problem from Objective 1 (Plane A in Figure 1.4). 

Objective 3 : Analyzed the transient H-M interaction of an advancing tunnel in deep 

saturated ground to understand its influence on the short- and long-term H-M 

response of the ground located behind and ahead of the tunnel face.  

The tunneling process would be simulated in a coupled model through a 

progressive step-by-step excavation so that the undrained and drained 

loadings during the advance of the tunnel could be appropriately applied. 

Objective 4 : Developed a novel, unconditionally stable and higher-order axisymmetric 

ADE scheme for non-uniform grid. The new scheme would be sequentially 

coupled with the geomechanical simulator in FLAC and was termed SEA-4-

AXI. The accuracy and efficiency of SEA-4-AXI were verified against 

axisymmetric consolidation and deep tunnel problems from Objective 3 

(Plane B in Figure 1.4). 

By fulfilling the above objectives, the coupled H-M simulations of tunneling in saturated 

ground could be performed efficiently without numerical instability and yet still retain high 

numerical accuracy. This is the beauty of this report. 
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Figure 1.4 Illustration of H-M tunnel problems in plane strain (Plane A) and axisymmetric 
(Plane B) conditionsb. 

1.3 Organization of Report 

The report consists of five individual papers that have been published or accepted or are 

under review for publication in technical journals and conferences. To the greatest degree possible, 

the chapters are presented in the form in which they were originally published or submitted as 

stand-alone papers. Therefore, each chapter has its own abstract, introduction, main body, results, 

conclusions, and acknowledgments. Minor formatting variations, however, were made to maintain 

the consistency and the flow of the report.  

The chapters in the report were organized in the order of the report objectives as described 

above. Chapters 2 and 3 present the results of the study that fulfill Objectives 1 and 2, respectively. 

Chapter 4 verifies the applicability of SEA-4 to produce an efficient H-M simulation of a lined 

 
b Similarly, Figure 1.4 is also used in Chapter 5. It is reinstated here for the sake of illustration of the H-M tunnel 
problems that would be solved using the newly-developed efficient sequential coupling technique. 
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tunnel under surface loading from Chapter 2. Objectives 3 and 4 are fulfilled in Chapter 5. Chapter 

6 contains an overall summary of the report in terms of major results and conclusions and 

recommendations for future work. 

Appendix A presents the introductory work that the author did in the early stage of this 

study. This paper investigated the H-M interactions in subsurface geological reservoir due to CO2 

injection (Prassetyo & Gutierrez, 2014). This study inspired the author to investigate how the 

tunneling process would induce the coupled fluid flow and geomechanical interaction in the 

ground surrounding the excavation as it did to deep underground reservoir. 

Appendix B was originally intended to be coupled with the newly developed ADE schemes 

for simulating H-M interactions of tunneling in jointed and saturated rock masses. This paper 

develops a linearized Barton-Bandis (B-B) joint model to predict the nonlinear shear behavior of 

rock joints using the equivalent Mohr-Coulomb parameters (Prassetyo et al., 2017). The coupling 

of the linearized B-B model with the ADE schemes from this report will be done in the future.  

Most of the individual papers that make up this report were written by the author and Prof. 

Marte Gutierrez, who served as the author’s PhD advisor. In addition to Prof. Marte Gutierrez, 

Appendix B was also co-authored by Dr. Nick Barton, who was the creator of the Barton-Bandis 

joint model. 

1.4 Limitations of the Study 

The accuracy and efficiency of the newly-developed ADE schemes were compared to 

FLAC. However, it was not the main intention of the report to compete against the capability of 

FLAC in solving H-M problems. In fact, FLAC is a powerful, stable and well established 
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geomechanical program that has built-in saturated fast-flow logic (Itasca., 2011c). In certain 

coupled problems, it can speed up the computation of long-term H-M problems. Competing against 

this powerful feature was beyond the scope of this study. Therefore, in this report, the saturated 

fast-flow logic was suppressed so that the new ADE schemes could be fairly compared to the basic 

flow scheme embedded in FLAC. Nevertheless, FLAC serves a platform to show that the newly-

derived ADE schemes could be coupled with existing geomechanical simulators to achieve 

efficient H-M simulation of coupled problems. 
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EFFECT OF SURFACE LOADING ON THE HYDRO-MECHANICAL RESPONSE                                

OF A TUNNEL IN SATURATED GROUND 

Simon Heru Prassetyo and Marte Gutierrez 

This paper was originally published in the journal Underground Space (Prassetyo & 

Gutierrez, 2016b), reprinted by permission from Elsevier. It is included here as published, with 

minor format variations. 

2.1 Abstract 

The design of underground spaces in urban areas must account not only for the current 

overburden load but also for future surface loads, such as from construction of high-rise buildings 

above underground structures. In saturated ground, the surface load will generate an additional 

mechanical response through stress changes and ground displacement, as well as a hydraulic 

response through pore pressure changes. These hydro-mechanical (H-M) changes can severely 

influence tunnel stability. This paper examines the effect of surface loading on the H-M response 

of a typical horseshoe-shaped tunnel in saturated ground. Two tunnel models were created in the 

computer code Fast Lagrangian Analysis of Continua (FLAC). One model represented weak and 

low permeability ground (stiff clay), and the other represented strong and high permeability ground 

(weathered granite). Each of the models was run under two liner permeabilities: permeable and 

impermeable. Two main cases were compared. In Case 1, the surface load was applied 10 years 

after tunnel construction. In Case 2, the surface load was applied after the steady state pore pressure 

condition was achieved. The simulation results show that tunnels with impermeable liners 
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experienced the most severe influence from the surface loading, with high pore pressures, large 

inward displacement around the tunnels, and high bending moments in the liner. In addition, the 

severity of the response increased toward steady state. This induced H-M response was worse for 

tunnels in clay than for those in granite. Furthermore, the long-term liner stabilities in Case 1 and 

Case 2 were similar, indicating that the influence of the length of time between when the tunnel 

was completed and when the surface load was applied was negligible. These findings suggest that 

under surface loading, in addition to the ground strength, tunnel stability in saturated ground is 

largely influenced by liner permeability and the long-term H-M response of the ground. 

2.2 Introduction 

Many high-rise buildings in urban areas are constructed over existing underground 

structures, such as railway stations, metro tunnels, utility tunnels, and so forth. In Australia, for 

example, some cases include a six-story building above the existing Melbourne Underground Rail 

Loop, a high-rise hotel above the City Circle railway tunnel in Sydney, and a fourteen-story 

building above Sydney’s underground Green Square Station (Nye, 2005). In the Netherlands, a 

twin-tower skyscraper complex was built on top of the old Rotterdam Central railway station thirty 

years after the completion of the station (Zigterman, 2006). These cases show that it is imperative 

that the design of underground spaces in urban areas account for the load of the current overburden 

and future surface loads. Alternatively, old tunnels need to be retrofitted to accommodate 

additional surface loads not accounted for in their original designs. If not, the tunnel may 

unfavorably limit future city development on the ground surface above a tunnel, such as limiting 

the number of industrial office buildings that can be developed, restricting the width or the number 

of floors in a building, and so on. 
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Several numerical studies have been performed to assess the influence of surface loading 

above an existing tunnel. Their findings indicated that the induced in situ stress changes and 

displacements due to a surface load would generate additional pore pressure and structural loads 

in the tunnel liner. The amount of increased liner loading depends on the geometrical and 

mechanical parameters of the tunnels, buildings and surrounding ground. For example, the 

increases in the liner axial forces and bending moments are greater when a tunnel is shallow and 

under silty soil compared to when a tunnel is deep and under sand (Katebi et al., 2013; Katebi et 

al., 2015; Rezaei et al., 2013). In the case of twin tunnels, the surface load effect on the settlement 

trough was found to decrease as the center-to-center distance of the tunnels increased (Mirhabibi 

& Soroush, 2012). Another study showed that increased building stiffness widened the settlement 

troughs above metro tunnels in London and Frankfurt (Potts & Addenbrooke, 1997). Despite the 

importance of this information, the above studies were carried out only for tunnels in dry ground. 

Tunnels in urban areas are commonly located below the groundwater table; therefore, numerical 

studies of tunnels in saturated ground are still needed. 

In saturated ground, when a surface load is imposed, the surrounding ground beneath the 

load will experience coupled stress-strain and pore pressure interactions. The load will generate 

not only a mechanical response through stress changes and displacements in the ground but also a 

hydraulic response through pore pressure changes. Because ground deformation is governed by 

the effective stresses, any changes in the pore pressure distribution will alter the displacement field 

around the tunnel. Consequently, because tunnel liners tend to deform with the ground, it becomes 

evident that the induced hydro-mechanical (H-M) response from the surface load will affect the 

structural integrity of a liner. First, it will affect the short-term liner stability, which is the stability 

of the liner due to the instantaneous pore pressure build-up from when the load is applied under a 
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no-flow condition (undrained loading). Second, it will affect the long-term liner stability, which is 

the stability of the liner due to the dissipation of the excess pore pressure when the ground is 

consolidating, permitting fluid to flow (drained consolidation). However, the degree to which the 

surface load will affect these short- and long-term liner stabilities remains unclear. 

A number of studies have contributed to the understanding of the H-M responses of tunnels 

in saturated ground, but without the surface load effect. Nevertheless, they provide insight and 

incentive to perform the current study. Tunneling in saturated ground generates seepage forces 

resulting from the flow of groundwater into the tunnel. These forces produce deformation in the 

ground, which is then transferred to the liner as loads, the amount of which depends on the liner 

permeability (Lee & Nam, 2001; Shin et al., 2002; Shin et al., 2005). For a permeable liner (fully 

drained tunnel), pore pressures at the contact between the liner and the ground are zero. However, 

the liner will still carry the load not only from the ground but also from the water draining toward 

the tunnel due to the seepage forces (Lambe & Whitman, 1969). Therefore, in the permeable case, 

it is unsafe to assume that the liner will only carry the load from the ground. For an impermeable 

liner (watertight tunnel), because inflow toward the tunnel is prevented, the pore pressure will 

increase at the contact and induce liner deformation. Consequently, the ground surrounding the 

tunnel will move with the liner and carry this additional load. Thus, in the impermeable case, it is 

conservative to assume that the liner will carry the full load of the water (Bobet, 2003). The above 

literature reveals that for a tunnel in saturated ground, liner permeability affects the amount of 

induced deformation and the transmitted load to the liner, which may eventually affect the tunnel 

stability. Nevertheless, the literature contains no information on these effects when the tunnel is 

under an applied surface load.  
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To the authors’ knowledge, there have been no studies concerning the effect of surface 

loading on the H-M response of a tunnel in saturated ground. The effect of the induced H-M 

response on short- and long-term tunnel stability is not trivial, nor is the H-M response under 

different liner drainage conditions. Furthermore, the significance of the effect of the length of time 

from when the tunnel is completed to when the surface load is applied on the H-M response and 

the corresponding tunnel stability remains unknown. 

To help address these research gaps, a series of numerical studies were carried out to 

examine the effect of surface loading on the H-M response of a horseshoe-shaped tunnel in 

saturated ground. The excavation and support installation of the tunnel were based on the New 

Austrian Tunneling Method (NATM). The tunnel models were built in the commercially available 

computer code Fast Lagrangian Analysis of Continua (FLAC), which is a finite difference-based 

computer program for geomechanical applications developed by Itasca (Itasca., 2011a). To study 

the effects of ground strength and permeability, two hypothetical NATM tunnel models were 

created. One model was in weak and low-permeability ground (stiff clay), and the other one was 

in relatively strong and high-permeability ground (weathered granite). These types of ground are 

commonly encountered when tunneling in urban areas (Shin et al., 2002; Shin et al., 2005; Xie et 

al., 2016; Yoo, 2005). To study the effect of liner drainage conditions, each of the models was run 

under two extreme liner permeabilities: permeable and impermeable. Furthermore, to investigate 

the effect of the length of time from the end of tunnel construction to when the surface load was 

applied, two main cases were compared. In Case 1, the surface load was applied 10 years after 

tunnel construction. In Case 2, the load was applied after the steady state condition of pore pressure 

was achieved. In each case, the study investigated how severely the induced H-M response from 

the surface load would affect the short- and long-term tunnel stability. 
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2.3 Model Setup and H-M Simulation Procedure 

The tunnel in this study was built in FLAC under the plane-strain condition as a 12 m by 

15 m horseshoe-shaped tunnel that was externally loaded with a surface pressure of 0.25 MPa over 

a width of 30 m. The amount of the pressure was assumed to be half of the ground pressure imposed 

by the Empire State Building. Due to the assumption of vertical symmetry in the problem, only 

half of the problem was modeled (Figure 2.1).  

 

Figure 2.1 Cross-section of the FLAC tunnel model. 

However, to plot the full settlement profile, the other half of the model was projected 

symmetrically based on the side being modeled. The model boundary was 100 m by 300 m, with 

the tunnel located 30 m below the groundwater table. For the mechanical boundary conditions, the 

horizontal displacement at the left and far-field boundaries and the vertical displacement at the 

bottom boundary were fixed. For the hydraulic boundary conditions, the pore pressure was free to 
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change at the left, far-field, and bottom boundaries but fixed at zero at the top of the model. The 

pore pressure boundary at the tunnel boundary was either fixed at zero or free depending on the 

liner permeability used (permeable or impermeable). The ground and the liner properties used in 

this study are presented in Table 2.1.  

Table 2.1 Material properties for clay, granite and liner 

Properties Clay Granite Liner Unit 

Density 2,000 2,500 2,500 kg/m3 

Young’s modulus 300 1,000 35,000 MPa 

Poisson’s ratio 0.13 0.28 0.17 - 

Cohesion 0.3 0.2 - MPa 

Friction angle 18 45 - …o 

Permeability* 4·10-12 1·10-11 - m/s 

Thickness - - 0.6 m 

Compressive yield strength - - 45 MPa 

Tensile yield strength - - 4.5 MPa 

*Coefficient of permeability is used as a synonym for hydraulic conductivity. 

The properties of stiff clay and weathered granite (called clay and granite from now on) 

have been commonly used in numerical studies of urban tunneling in saturated ground (Shin et al., 

2002; Shin et al., 2005; Xie et al., 2016; Yoo, 2005). The Mohr-Coulomb yield criterion was 

assigned as the ground constitutive model, while a linearly elastic relationship was assigned to the 

liner. The liner was given common property values and limiting yield strengths based on 

unreinforced concrete liner (Itasca., 2011d; Rocscience, 2016; Xie et al., 2016). With these 
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numbers, the induced axial forces and bending moments in the liner could be compared to the 

liner’s ultimate capacity through a liner interaction diagram. The characteristic times (tc) of the 

diffusion processes (i.e., the time needed for the generated pore pressure during loading to dissipate 

during drainage) were evaluated using Eqs. (2.1)-(2.3). Using the assigned values of permeabilities 

given in Table 2.1, the tc values of clay and granite were estimated at 244 and 29 years, 

respectively. The steady state condition, which was defined as the state of steady transient behavior 

of pore pressure, was expected to be reached within this time scale. The H-M simulations in this 

paper were carried out for a total of 250 years for clay and 30 years for granite. The characteristic 

time, tc, diffusivity, cv and storativity, S are calculated as follows: 
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where Lc is the characteristic length of the diffusion process defined as the depth of the tunnel 

crown from the water table (De Buhan et al., 1999), γw is the unit weight of water, and Kw is the 

water bulk modulus (2·109 Pa). 

Compared to the times of the H-M simulation, construction of future surface buildings on 

top of these materials can be assumed to occur instantaneously. Therefore, in the current study, the 

H-M simulation was performed in two stages. In the first stage, an undrained simulation was 

carried out during the application of the surface load to solve for the short-term H-M response of 
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the ground. In the second stage, a coupled, drained simulation was performed to obtain the long-

term response induced by the surface loading in a fully coupled manner.  

Starting from a state of mechanical equilibrium, the fully coupled H-M simulation in FLAC 

involved a series of steps. Each step included one or more flow steps (flow loop) to evaluate the 

increased pore pressure, followed by enough mechanical steps (mechanical loop) to evaluate the 

contribution of the volumetric strain. The total stress correction due to pore pressure arising from 

fluid flow and from the mechanical volume strain was then used to evaluate the effective stress 

and detect ground failure. 

With respect to the tunnel excavation, the procedures used in the H-M simulation under 

surface loading were carried out through the following steps: 

Step 1: Initial equilibrium. In this step, the state of initial equilibrium and the initial in situ 

stresses were generated in the model based on the gravitational loading (i.e., the tunnel 

had not been excavated). 

Step 2: Excavation. The tunnel excavation began, and the tunnel tractions were relaxed by 

50% before the liner was installed. The support installation was delayed to reduce the 

loads acting on the liner, which was consistent with the concepts of NATM. 

Step 3: Liner installation. The liner was installed, and the tunnel tractions were relaxed 

completely around the tunnel. In this step, the liner drainage condition was imposed. 

For the permeable liner, the pore pressures at the tunnel boundary were fixed at zero. 

For the impermeable liner, the pore pressures were free to change.  

Step 4: Initiation of Case 1 or Case 2. After the liner was installed, the coupled H-M 

simulation was then carried out for a pre-determined length of time before the surface 
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load was imposed. In Case 1, the H-M simulation was carried out for 10 years. In Case 

2, the simulation was carried out until the steady state condition was obtained, i.e., 250 

years for the tunnel in clay and 30 years for the tunnel in granite. The obtained 

condition was referred to as the before loading. 

Step 5: Surface loading. In this step, the surface load was applied to the model in each case. 

The load was given by progressive application of a pressure of 0.25 MPa on a 30 m 

section of the top model boundary. After the full load was applied, the model was 

executed until equilibrium was reached under a no flow condition (undrained 

simulation). Pore pressures developed as a result of volumetric deformations but did 

not dissipate. The short-term H-M response of the ground was obtained at the end of 

this step. 

Step 6: Steady state. After the short-term response was obtained, the coupled, drained 

simulation was then executed until the steady state condition was reached for each 

ground in each case. For the permeable liner, the steady state flow was established 

from the exterior boundary, where the pore pressures were equal to the far-field values, 

to the tunnel, where the pore pressures were zero. For the impermeable liner, the pore 

pressures were equal to the ambient pore pressures everywhere in the ground. The 

long-term H-M response of the ground was obtained at the end of this step. 

The following two sections will present the results of the simulations for the two main 

cases. For each case, the induced short-term response at the end of Step 5 will be presented first, 

followed by the long-term response resulting from Step 6. 
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2.4 Results of Case 1 

To investigate the short-term H-M response of the ground surrounding the tunnel, the pore 

pressure and displacement fields after the development of surface loading were examined. The 

induced pore pressure around the liner was also monitored to determine the contribution of the 

pore pressure to the ground loading.  

In both grounds, the instantaneous pore pressure build-ups in the ground were larger for 

the impermeable tunnels than for the permeable ones, particularly in the ground surrounding the 

tunnels (Figure 2.2a and b). These results were somewhat expected because before the surface 

loading was applied, the pore pressures in the impermeable liner scenario attempted to reach linear 

hydrostatic values. Meanwhile, the pore pressures in the permeable liner scenario were maintained 

at zero around the liners. Furthermore, the plots of pore pressure with depth at the tunnel center 

(at the line of vertical symmetry) show that the increase in pore pressure from the before loading 

condition (end of Step 4) in clay was generally larger than that in granite, regardless of the liner 

permeability (Figure 2.2c and d). These results indicate that due to the surface loading, more 

deformation occurred for the tunnel in clay than for that in granite, resulting in larger pore pressure-

induced deformation.  

Additional observations of the pore pressure with depth for the impermeable liner show 

that the induced pore pressures in clay and granite were quite similar from the surface to the tunnel 

invert (Figure 2.2c and d). Below the invert, the induced pore pressure in clay was smaller than 

that in granite (0.18 MPa for clay and 0.35 MPa for granite), but it gradually increased at the 

bottom boundary (1.45 MPa for clay and 1.31 MPa for granite). This observation highlights the 

role of permeability in the development of pore pressure in each ground. Due to the very low 
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permeability of clay compared to that of granite, the diffusion process in clay is much longer than 

that in granite. Hence, the pore pressure condition in clay 10 years after tunnel completion was 

still considerably below the steady state condition (250 years). For the tunnel in granite, the pore 

pressure condition reached 1/3 (out of 30 years) of its steady state condition; hence, a larger pore 

pressure value in granite is expected. 
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Figure 2.2 Plots of (a-b) pore pressure field and (c-d) pore pressure with depth in Case 1                                
after surface loading. 
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To observe the short-term mechanical response of the ground, the contours of the vertical 

displacement field were plotted after the application of the surface load (Figure 2.3). The surface 

loading induced larger compressive vertical deformation in clay than in granite. The induced 

compressive deformation at the tunnel crown in clay was up to –5.2 cm, but it was only –2.3 cm 

in granite. Furthermore, the contours of the induced deformation were also larger and wider in clay 

than they were in granite. These results confirm the previous explanation regarding the higher 

increase in pore pressure in clay.  

In addition, the contours in Figure 2.3 show that similar ground responses appear around 

the tunnel boundary in both grounds after loading. The tunnel crowns were compressed, and the 

inverts were heaved, generating substantial tunnel closures. These responses can be observed by 

plotting the inward radial displacement around the tunnel boundary (Figure 2.4a). 
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Figure 2.3 Plots of vertical displacement field in Case 1 after surface loading. 
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The amounts of the compression from the tunnel crown (θ = 90°) to the tunnel knee (θ =  

–40°) were similar in each ground type, regardless of the liner permeability. However, the heave 

amounts at the tunnel invert (θ = –90°) were significantly larger for the impermeable tunnels than 

they were for the permeable tunnels. In clay, the induced heave in the impermeable tunnel (∆uy = 

2.1 cm) was nearly twice as large as large as that in the permeable tunnel (∆uy = 1.1 cm), as shown 

in Figure 2.4a. In granite, the heave for the impermeable tunnel (∆uy = 2.2 cm) was 11 times larger 

than that for the permeable tunnel (∆uy = 0.2 cm).  

The substantial amount of heave in the impermeable tunnels suggests that the water at the 

invert attempted to escape during surface loading, but it could not penetrate into the tunnel, 

inducing upward deformation. This observation was further supported by the plots of flow vectors 

for each ground under different liner permeabilities (Figure 2.4b). In both grounds, the magnitudes 

of the flow vectors in the impermeable tunnels were smaller than those in the permeable tunnels, 

indicating that fluid flow toward the impermeable tunnel boundaries was prevented. This “no-

flow” boundary condition resulted in increased pore pressure at the liner, which eventually induced 

inward radial displacement. 

To understand how the load transmitted from surface loading might affect the deformation 

around the liner, the induced pore pressures behind the liner and their percentages over the ground 

loading were plotted (Figure 2.5). A significant increase in pore pressure occurred at the tunnel 

sidewall, particularly for the impermeable liners for 40° < θ < –60°; however, relatively small 

increases occurred at the crown and the invert. At the sidewall, the pore pressures acting on the 

impermeable liners reached 600 kPa, while only approximately 300 kPa or less acted at the crown 

and the invert (Figure 2.5a).  
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Figure 2.4 (a) Inward radial displacement and (b) flow vectors around the excavation in Case 1 
after surface loading. 
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a. Pore pressure behind the liner 

 
b. Pore pressure as percentage of ground loading 

Figure 2.5 Plots of (a) pore pressure and (b) its percentage of ground loading behind the liner 
in Case 1 after surface loading. 
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However, as the percentage of ground loading increased (see the inset equations in Figure 

2.5b), the opposite situation occurred. At the crown and the invert, up to 83% of the ground loading 

came from the induced pore pressure, while at the sidewall, the pore pressure only contributed to 

a maximum of 60% of the loading. This percentage suggests that during surface loading, the 

grounds with impermeable tunnels carried lesser loads at the crown and at the invert than at the 

wall. This percentage distribution confirms why the tunnels experienced significant inward radial 

deformation at these two locations, as shown in Figure 2.4. For the permeable tunnels, the 

contribution of the induced pore pressure to ground loading was relatively constant, remaining 

below 20% in both grounds, with granite being the lowest. These findings are consistent with those 

of previous studies that have demonstrated the importance of ground strength and liner 

permeability to the load carrying percentage of a tunnel liner in saturated ground (Bobet et al., 

1998; Bobet, 2003; Lambe & Whitman, 1969; Lee & Nam, 2001). 

Because tunnel liners tend to deform with the ground, the induced H-M response transmits 

a load to a liner in the form of thrust and a bending moment, which could compromise the stability 

of the liner. Thus, to investigate how severely the induced H-M response affected short- and long-

term tunnel stability, the thrusts and bending moments that developed in the liners were examined 

(Figure 2.6). These values were later compared with the liner interaction diagram.  

For each ground, substantial thrusts and bending moments developed in the liners located 

at the tunnel sidewall, particularly for 45° < θ < –45°, and below the tunnel springline (θ < 0°), 

respectively. These induced thrusts and bending moments were most noticeable in the 

impermeable liners and increased substantially during the drained consolidation (Step 6). This 

increase resulted in higher loads being carried by the impermeable liners at steady state than at the 

end of surface loading (Step 5), particularly for the liner in clay (Figure 2.6a). For comparison, the 
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maximum bending moment in clay at steady state was at the invert (3.8 MN-m) and was 

approximately four times larger than that when the surface load was applied (0.9 MN-m).  

  
          a. Clay                                b. Granite 

Figure 2.6 Thrust and bending moment for (a) clay and (b) granite in Case 1 at both states. 
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the two states. These results (i.e., increased liner loads with time) agree with previous findings 

regarding the behavior of NATM tunnels in saturated ground (Anagnostou, 2002; Shin et al., 

2002). 

In both grounds, the induced thrusts in the liners in both states were still below the liners’ 

compressive yield force (27 MN), but they might not have been able to resist the induced bending 

moments. Therefore, to assess the short- and long-term liner stability, liner interaction diagrams 

defining the ultimate failure envelopes of the liners were constructed for each ground. The diagram 

was constructed using three points of thrusts (P) and moments (M) as follows: 

 

Point 1: 1 1, 0cP A Mσ= =   (2.4)
 

 

Point 2: 2 2, 0tP A Mσ= =  (2.5)
 

 

Point 3: 3 32
c t c tσ σ σ σP A, M I

h
+ −

= =
 

(2.6)
 

where σc = 45 MPa, σt = –4.5 MPa, A = 0.6 m2, I = 0.018 m4, and h = 0.6 m, as shown in Table 

2.1.  

Using Eqs. (2.4)-(2.6), the values from Table 2.1 show the failure envelope for a factor of 

safety of 1.0 (FS = 1.0). To obtain the envelope for FS = 1.5, the values of σc and σt were 

correspondingly divided by the same factor. The resulting pairs of P and M are presented in Table 

2.2. The locations of the pairs for each FS are indicated in the top left diagram in Figure 2.7 and 

are the same for all the liner interaction diagrams presented in this paper.  
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Table 2.2 Pairs of P and M for FS = 1.0 and FS = 1.5 

Point 
FS = 1.0  FS = 1.5 

P (MN) M (MN-m)  P (MN) M (MN-m) 

Point 1 27.0 0.0  18.0 0.0 

Point 2 –2.7 0.0  –1.8 0.0 

Point 3 12.1 1.5  8.1 1.0 

 

The thrusts and moments from Figure 2.6 were then plotted in the liner interaction diagram 

created based on the values in Table 2.2 (Figure 2.7a for clay and Figure 2.7b for granite). Only 

the permeable tunnel in granite was able to withstand the induced loads under surface loading in 

both states (Figure 2.7b). The combination of thrusts and moments for this tunnel even remained 

within the envelope for an FS of 1.5. However, the tunnels in clay (Figure 2.7a), regardless of the 

liner permeability, and the impermeable tunnel in granite (Figure 2.7b) could not resist the 

transmitted loads from the induced H-M response in the ground. The impermeable tunnels in clay 

and granite experienced even more severe bending moments at steady state than did those when 

the surface load was applied. Conversely, the permeable liner in clay carried only minor extra 

loads at steady state. Nevertheless, the liner remained unstable after the application of the surface 

load.  

These results suggest that the severity of the bending moment caused by surface loading 

did not stop shortly after the load was applied; instead, it continued toward steady state. Thus, the 

short-term H-M response of the ground surrounding a tunnel is not the ultimate response. The 

long-term response due to the drained consolidation process should be the focus of engineers. This 
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is the fundamental difference between tunnel behaviors in saturated ground and in dry ground, 

emphasizing the importance of performing H-M analyses. 

  
          a. Clay                               b. Granite 

Figure 2.7 Thrust and bending moment for (a) clay and (b) granite in Case 1 at both states. 
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could be performed by looking at the long-term pore pressure and tunnel closure behaviors during 

drained consolidation and after surface loading.  

To understand the long-term pore pressure behavior, the pore pressure histories at the 

crown, springline, and invert were monitored and plotted against the normalized consolidation 

time (Figure 2.8). On the x-axis in Figure 2.8, the normalized times of zero and one correspond to 

the times when the surface loading was applied and when a steady state was achieved, respectively. 

Thus, the normalized time of one corresponds to the period of 250 years for clay and 30 years for 

granite.  

In both grounds, the pore pressure for the permeable tunnels dissipated with time after 

surface loading (Figure 2.8a) and contributed minor extra loads to the liners, as shown in the liner 

interaction diagram in Figure 2.7. For the impermeable tunnels, the pore pressure varied (Figure 

2.8b). At the tunnel crown, there were additional increases in pore pressures in both grounds at the 

tunnel crown years after the loading (up to 390 kPa). These pressures eventually flattened out 

gradually toward steady state (approximately 360 kPa). The non-monotonic variation in pore 

pressure shown in Figure 2.8b is known as the Mandel-Cryer effect (Abousleiman et al., 1996; 

Cryer, 1963; Mandel, 1953). This effect was due to the stress concentration in the stiffer zone that 

was undrained. In clay, this behavior might have contributed to the increased bending moment in 

the liner at the crown, which ranged from 0.4 MN-m to 0.9 MN-m, as shown in Figure 2.6a. In 

granite, the pore pressure behavior did not significantly affect the long-term bending moment at 

the crown, which stayed at 0.3 MN-m (see Figure 2.6b).  
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            a. Permeable         b. Impermeable 

Figure 2.8 Pore pressure history at the crown, springline, and invert for (a) permeable and (b) 
impermeable liners in Case 1 during drained consolidation. 
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by the flow vectors in Figure 2.4b, the water could not penetrate the tunnel boundary and was 

forced to the surface. Therefore, the increased pore pressure resulted in fluid flow that affected the 

invert, inducing a large inward bending moment at steady state. Consequently, this action made 

the liners more unstable in the long term than in the short term. 

To understand the effect of surface loading on the long-term tunnel closure, the vertical 

distance between the tunnel crown and the tunnel invert was monitored and plotted against the 

normalized consolidation time (Figure 2.9). During the long-term drained consolidation, the total 

vertical closure for the impermeable tunnels increased significantly in both grounds. In clay, the 

vertical closure increased by –8 cm (110%), from –7.3 cm when the surface load was applied to   

–15.3 cm after a steady state was achieved. This increase was much higher than that in granite, 

which was only –1.9 cm (41%), increasing from –4.6 cm to –6.5 cm. Compared to the initial tunnel 

height (12.5 m), these total vertical closures decreased the tunnel height by 1.2% for clay and 0.5% 

for granite. These amounts of vertical closure indicate impermeable tunnel collapse at steady state. 

In fact, the tunnels collapsed much earlier when the surface load was applied, as indicated by the 

liner interaction diagrams in Figure 2.7. For the permeable tunnels, the increase in the total vertical 

closure at steady state was far smaller than for the impermeable tunnels. In clay, the total vertical 

closure increased by only –0.8 cm (12%), from –6.3 cm to –7.1 cm, while in granite, the closure 

had a negligible increase of –0.1 cm (5%), from –2.5 cm to –2.6 cm. These amounts of total closure 

decreased the initial tunnel height by only 0.6% for clay and 0.2% for granite. Overall, these results 

clearly indicate that surface loading increased the long-term tunnel closure. The severity of the 

closure was much greater for the impermeable tunnels than for the permeable tunnels, 

compromising the stability of the former more significantly than the latter.  
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Figure 2.9 History of vertical closure in Case 1 during drained consolidation. 
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at steady state in this study agreed with previous findings regarding long-term settlement above a 

sewer tunnel in Grimsby, England (O'Reilly et al., 1991). 

 

Figure 2.10 Plots of settlement profile after (a) surface loading and (b) steady state in Case 1. 
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The trends of the settlement profiles in Figure 2.10 can be explained by looking at the 

induced short- and long-term responses of pore pressure. After the surface load was applied (short-

term response), the ground with the impermeable tunnel displayed induced pore pressure from the 

surface to the tunnel. However, the ground with the permeable tunnel experienced a decrease in 

the induced pore pressure at a depth approaching the tunnel. This can be observed by comparing 

the pore pressure fields and the profiles of pore pressure with depth between the permeable and 

impermeable tunnels in Figure 2.2 as now shown in Figure 2.11.  

Consequently, the pore pressure near the surface of the ground with the impermeable tunnel 

was able to better withstand the induced deformation caused by the load than was the permeable 

tunnel. Nevertheless, because surface loading was performed using an undrained simulation, the 

difference in the induced pore pressure between the permeable and impermeable liners was not 

significant near the surface. Consequently, the difference in the maximum settlement between the 

grounds with permeable and impermeable tunnels was not large. During surface loading, the 

amount of settlement was mainly controlled by the strength of the ground (Figure 2.10a). 

At steady state (long-term response), the pore pressure behaviors for each liner 

permeability were similar in clay (Figure 2.11a) and granite (Figure 2.11b). The ground with the 

impermeable tunnel was able to reach the initial hydrostatic pore pressure condition, while the 

ground with the permeable tunnel experienced a significant reduction in pore pressure during 

drained consolidation. At hydrostatic pore pressure, the vertical effective stresses in the ground 

with the impermeable tunnel were lower than those in the ground with the permeable tunnel, which 

experienced pore pressure reduction. Subsequently, at steady state, the maximum settlements in 

grounds with the impermeable tunnel were again smaller than those in grounds with the permeable 

tunnel (see Figure 2.10b).  
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Figure 2.11 Plots of pore pressure fields and pore pressure with depth for (a) clay and (b) 
granite at the steady state in Case 1. 
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2.5 Results of Case 2 

In Case 2, the surface load was imposed after steady state was reached for each ground, 

which was 250 years for clay and 30 years for granite. The tunnel models were then re-run until 

they reached steady state again. For the tunnels in clay, this case might not resemble reality. 

However, in essence, it can help tunnel engineers understand whether the ground’s state of 

equilibrium affects the severity of tunnel stability when the surface load is applied.  

Similar to Case 1, after the surface load was applied, the instantaneous pore pressure build-

ups were larger in the ground with the impermeable tunnels than in the ground with the permeable 

tunnels (Figure 2.12a and b). The induced pore pressures in Case 2 were generally still lower than 

those in Case 1 (Figure 2.12c and d), except at the location near the invert for the impermeable 

tunnels. At this location, the pore pressure in Case 2 was larger than that in Case 1 because when 

the surface load was applied, the pore pressure in Case 2 was already at steady state. In Case 1, the 

pore pressure was still trying to reach equilibrium 10 years after tunnel construction. 

In terms of the short-term mechanical response, the surface loading induced substantial 

vertical deformation in the ground surrounding the tunnel and near the surface. The contours of 

vertical displacement show that the amount of deformation and the width of the zone of influence 

were much larger in Case 2 (Figure 2.13) than were those in Case 1 (see Figure 2.3). The plots of 

inward radial displacement (Figure 2.14) show that the surface loading in Case 2 uniformly 

increased the inward deformations in the permeable tunnels in both grounds. The inward 

deformations in clay (Figure 2.14a) and granite (Figure 2.14b) were uniformly larger by –2.8 cm 

and –0.5 cm than those in Case 1, respectively. These deformations generated vertical closures of 

–6.5 cm for clay and –2.5 cm for granite. For the impermeable tunnels, the surface loading in Case 
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2 also induced substantial compression at the crown and heave at the invert, generating larger 

vertical closure than in Case 1. In clay, the surface loading in Case 2 induced vertical closure of 

up to –13.7 cm, which was –6.4 cm larger than that in Case 1 (–7.3 cm). In granite, the closure 

was –5.9 cm, which was –1.3 cm larger than that in Case 1 (–4.6 cm). These results also show that 

the liner permeability played an important role in the deformation behavior around the tunnel. This 

was particularly obvious in Case 2, in which the vertical closures for the impermeable tunnels were 

approximately twice as large as those in permeable tunnels in both grounds. 
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Figure 2.12 Plots of (a-b) pore pressure field in Case 2 and (c-d) pore pressure with depth in 
both cases after surface loading. 
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a. Clay b. Granite 

Figure 2.13 Plots of vertical displacement field in Case 2 after surface loading. 

 

  

Figure 2.14 Plots of inward radial displacements for (a) clay and (b) granite around the tunnel 
boundary after surface loading in both cases. 
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contribution of the pore pressure to ground loading reached more than 80% at the crown and the 

invert, but it reached only 50% and 40% at the tunnel wall in clay (Figure 2.15a) and granite 

(Figure 2.15b), respectively. For the permeable tunnels, the contribution of the induced pore 

pressure to ground loading was relatively constant. It was below 20% for clay and 10% for granite. 

  
          a. Clay                               b. Granite 

Figure 2.15 Plots of pore pressure and its percentage over ground loading behind the liner for 
(a) clay and (b) granite after surface loading in both cases. 
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In terms of the induced thrusts and bending moments in the liners, the results in Case 1 

showed that the bending moment largely determined the liner stability. The induced hoop thrusts 

in the liner in Case 1 were still far beyond the compressive yield strength of the liner. In Case 2, a 

similar situation was observed for the hoop thrusts. Hence, only the induced bending moments 

were examined and compared to those in Case 1 (Figure 2.16). After the surface load was applied, 

the induced bending moments in the permeable liners between Case 1 and Case 2 were similar in 

each ground (Figure 2.16a and b). However, in the impermeable liners, the bending moments in 

Case 2 were larger than those in Case 1, particularly for the tunnels in clay. In this ground, the 

inward bending moment at the invert in Case 2 (3.3 MN-m) was up to 3.5 times larger than that in 

Case 1 (0.9 MN-m), while it was only 1.4 times larger than that in granite (1.3 MN-m in Case 1 

and 1.9 MN-m in Case 2). At steady state, the differences in long-term bending moments between 

Case 1 and Case 2 were negligible (Figure 2.16c and d). However, in both cases, the long-term 

bending moments in the impermeable liners were higher than those after the surface load was 

applied. In the permeable liners, the variations were not significant. 

The short- and long-term liner stability under surface loading and at steady state in each 

case was then compared (Figure 2.17). In clay (Figure 2.17a), the long-term liner stability for the 

permeable tunnel was poorer than that after the surface load was applied, but not significantly 

poorer. The tunnel was unstable at both states, and there was no difference in the stability condition 

between the tunnels in Case 1 and in Case 2. For the impermeable tunnel, the short-term stability 

condition in Case 2 was significantly poorer than that in Case 1. However, the difference in the 

stability condition became insignificant at steady state because of the worsening condition in Case 

1 due to the continuous tunnel closure (as explained in Section 2.4).  

 



46 

 

 

  
          a. Clay                               b. Granite 

Figure 2.16 Plots of the induced bending moment in the liner (a-b) after surface loading and 
(c-d) at the steady state in both cases. 
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                           Surface loading                        Steady state 

       (a) Clay 

  

       (b) Granite 

  

Figure 2.17 Comparison of the liner interaction diagrams between surface loading and 
steady state for (a) clay and (b) granite in both cases. 
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In granite (Figure 2.17b), the permeable tunnel in Case 2 was able to withstand the short- 

and long-term H-M responses induced by surface loading. The combination of thrusts and 

moments for the tunnel in Case 2 stayed within the envelope for a factor of safety 1.5, which was 

similar to the trend observed in Case 1 (as explained in Section 2.4). For the impermeable tunnels, 

there was a minor difference in the stability conditions between the two cases after the surface load 

was applied. However, at steady state, the difference became negligible. Nevertheless, the tunnels 

in both cases were unstable in the short term and long term. 

The long-term pore pressure behavior in each case was also compared, but only for the 

tunnel with the impermeable liner because its behavior showed more variation than did that with 

the permeable liner. In both clay (Figure 2.18a) and granite (Figure 2.18b), the pore pressure 

behavior in Case 2 had a higher starting point at the time of surface loading, particularly at the 

invert. However, with time, both cases shifted toward the same pore pressure value at steady state. 

This is because when the surface load was applied, the initial pore pressure value in Case 2 was 

based on a hydrostatic condition.  

This value was higher than that in Case 1, which was only given 10 years to develop after 

tunnel construction. The Mandel-Cryer effect at the crown was also observed in the pore pressure 

behavior in Case 2, and increasing pore pressure was observed at the invert. This behavior at the 

invert occurred to satisfy the equilibrium conditions during drained consolidation, inducing a large 

inward bending moment at steady state (as observed in Figure 2.16c and d). 
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         (a) Clay 

 

         (b) Granite 

 

Figure 2.18 Pore pressure history at the crown and invert for impermeable tunnels in (a) 
clay and (b) granite in both cases during drained consolidation. 
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To understand the effect of surface loading on short- and long-term tunnel closure in Case 

2, plots of vertical tunnel closure were examined (Figure 2.19). Similar to Case 1, the total vertical 

closures for the impermeable tunnels were significantly larger than were those for the permeable 

tunnels. Furthermore, the vertical closures in the impermeable tunnels increased sharply between 

tunnel construction and application of the surface load. This behavior was different from that in 

the permeable tunnels, in which tunnel closure developed more gradually with time. In clay, the 

total vertical closures at steady state reached –7.0 cm for the permeable tunnel and –16.5 cm for 

the impermeable tunnel, causing tunnel height to decrease by 0.6% and 1.3%, respectively. In 

granite, the total vertical closures for the permeable and impermeable tunnels were only –2.7 cm 

and –6.9 cm, respectively, corresponding to reductions in the tunnel height of only 0.2% and 0.6%, 

respectively. Surprisingly, these reductions in tunnel height in Case 2 were very similar to those 

in Case 1. 

In terms of long-term settlement, there was larger maximum settlement for the ground with 

the permeable tunnels in both cases and generally for the ground in Case 2 (Figure 2.20). For the 

permeable tunnels (Figure 2.20a), the maximum settlement for clay was –13.1 cm in Case 2 and  

–11.8 cm in Case 1. For granite, the maximum settlement was –3.6 cm in Case 2 and –3.2 cm in 

Case 1. For the impermeable tunnels (Figure 2.20b), the difference in the maximum settlement 

between the two cases was almost negligible. In clay, the difference was 0.4 cm (–8.6 cm in Case 

2 and –8.2 cm in Case 1), while in granite, the difference was 0.1 cm (–2.6 cm in Case 2 and –2.5 

cm in Case 1). 
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Figure 2.19 History of vertical closure in Case 2 during drained consolidation. 
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Figure 2.20 Plots of settlement profile at the steady state for (a) permeable and (b) 
impermeable tunnels in both cases. 
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2.6 Conclusions 

A series of coupled H-M simulations was performed to study the effect of surface loading 

on the H-M response of an NATM tunnel in saturated ground. The study compared two main cases 

regarding the length of time from the end of tunnel construction to when a surface load was applied. 

In Case 1, the surface load was applied 10 years after tunnel construction. In Case 2, it was applied 

after steady state was achieved. In each case, the influence of the induced H-M response on short- 

and long-term tunnel stability was studied under different ground strengths (clay vs. granite) and 

liner permeabilities (permeable vs. impermeable). 

The surface loading affected the H-M response of the ground surrounding a tunnel through 

pore pressure-induced mechanical deformation when the surface load was applied, allowing 

coupled, drained consolidation toward steady state. The degree to which the induced H-M response 

affected short- and long-term tunnel stability relied mainly on the strength of the ground and the 

liner permeability. The results from the simulations also suggest that only the tunnel with the 

permeable liner in granite remained stable in the short term when the surface load was applied and 

in the long term when a steady state was reached. 

In the short term, the impermeable tunnel experienced the most severe influence from the 

surface loading. The instantaneous pore pressure build-up on the impermeable liner was larger 

than that on the permeable liner, which then induced larger bending moments and tunnel 

deformation, particularly for the tunnel in clay. In the long term, the severity of bending moments 

from surface loading did not stop shortly after the load was applied; instead, it continued toward 

steady state, particularly for the tunnel with the impermeable liner. Furthermore, the long-term 

liner stabilities in Case 1 and Case 2 were similar, indicating that the long-term stability of a tunnel 
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in saturated ground is not affected by the length of time between when the tunnel is constructed 

and when a surface load is applied. 

Overall, the results of this paper do not suggest that a super high-rise structure should not 

be built on the ground above an existing tunnel. Instead, it aims to build awareness for tunnel 

engineers, noting that in saturated ground, the short-term H-M response of the ground surrounding 

a tunnel is not the ultimate response. The long-term response due to the equilibrium process should 

be the focus of engineers. This is the fundamental difference between tunnel behaviors in saturated 

ground and dry ground and is why performing H-M analysis is important. 
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EXPLICIT HIGHER-ORDER ADE SOLUTION OF THE FLUID-DIFFUSION EQUATION 

FOR EFFICIENT COUPLED SIMULATION OF THE HYDRO-MECHANICAL                 

RESPONSE OF DEFORMABLE POROUS MEDIA 

Simon Heru Prassetyo and Marte Gutierrez 

This paper has been submitted for publication in the journal Acta Geotechnica (Prassetyo 

& Gutierrez, 2016a). It is included here as is, with minor format variations. Partial contents of this 

chapter have also been submitted to and will be presented at the Poromechanics VI: Proceedings 

of the Sixth Biot Conference on Poromechanics, July 9-13, 2017, Paris, France. 

3.1 Abstract 

Explicit techniques have been widely used for hydro-mechanical (H-M) simulations of 

coupled fluid flow and geomechanical problems in porous media. However, explicit techniques 

are conditionally stable and small time steps must be used. To improve its efficiency, an 

unconditionally stable explicit finite difference scheme such as the alternating direction explicit 

(ADE) scheme could be used to solve the flow problem. Yet, the standard ADE scheme is 

moderately accurate and restricted to uniform grids, making it less practical for long-term and 

large-scale H-M simulations. This paper derives a novel high-order ADE scheme for non-uniform 

grids to solve the flow problem by applying a fourth-order approximation for the spatial derivatives 

of the fluid-diffusion equation. The pore pressure solution is then sequentially coupled with a 

geomechanical simulator, Fast Lagrangian Analysis of Continua (FLAC). Because large flow time 

steps can be used, efficient H-M simulations can be performed without numerical instability and 
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yet still retain high numerical accuracy. This new coupling in FLAC is called the sequentially-

explicit coupling technique based on the fourth-order ADE scheme (SEA-4). Verifications of 

consolidation problems show that SEA-4 reduces computer runtime to 40-66% that of FLAC’s 

fluid flow scheme, yet still maintains the maximum absolute errors of 3-6% for pore pressure and 

0.3-1.5% for displacement. Besides increasing computational efficiency and accuracy, SEA-4 can 

also be used to solve H-M problems in irregular domains, suggesting that SEA-4 holds great 

promise for long-term and large-scale H-M simulations, including coupling with other existing 

geomechanical simulators to widen its future application. 

3.2 Introduction 

The coupled interactions between fluid flow and geomechanics in deformable porous and 

fractured geomaterials (i.e., soils and rocks) occurs in many field problems in civil, environmental, 

petroleum, geotechnical and geothermal engineering. Consolidation and subsidence are the most 

common results of these hydro-mechanical (H-M) interactions. When subsidence occurs in a 

porous medium, there are two principles that underlie the coupled interaction (Gutierrez & Lewis, 

2002; Wang, 2000). First, there is a reduction in pore pressure due to fluid withdrawal, which 

causes an increase in the effective stress because the load carried by the rock matrix increases 

(fluid-to-solid coupling). The increase in the effective stress can then induce significant 

compaction in the medium, which is transferred to the surface as subsidence. Second, the increase 

in the effective stress and the induced deformation can generate a change in the pore pressure 

(solid-to-fluid coupling). In other words, fluid flow affects deformation and vice versa. Some field 

examples are the subsidence induced by fluid withdrawal in the San Joaquin Valley, California 

(Lofgren, 1960), in Venice, Italy (Gambolati et al., 1974), in the ground above the Gotthard 
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highway tunnel in Switzerland (Zangerl et al., 2003), and the subsidence induced by hydrocarbon 

production in the Ekofisk field in the North Sea (Gutierrez et al., 1995; Rhett, 1998) and in the 

Groningen gas field in the Netherlands (Doornhof, 1992; Ketelaar, 2009; van Thienen-Visser et 

al., 2015). For field problems of that scale, it is essential to understand the coupled behavior 

between the fluid flow and geomechanics. Overlooking this H-M interaction may impact the 

economics of the project and increase the associated geotechnical risks (Dudley et al., 2016). 

The theoretical basis of coupled H-M interactions in porous media can be dated back to the 

mid-1920s, when Terzaghi (Terzaghi, 1925) studied the one-dimensional (1-D) consolidation of a 

soil column under a constant vertical load. Terzaghi’s work was then extended to 3-D problems 

by Biot (1941), who established the mathematical framework that governs the coupled interactions 

in poroelastic media. The theory has been termed Biot’s theory of poroelasticity (Geertsma, 1966) 

and has been applied to a large variety of engineering problems, not only in the field of rock 

mechanics and geotechnical engineering but also in reservoir engineering, biomechanics, and 

environmental engineering (Jaeger et al., 2007; Phillips & Wheeler, 2007; Prassetyo & Gutierrez, 

2014; Zimmerman, 2000). Nevertheless, the availability of analytical solutions to H-M problems 

is still limited due to the complexity of physical interactions and complicated boundary conditions.  

At present, with advances in computer technology and numerical techniques, the trend of 

solving the H-M problem has shifted to computational modeling of the observed H-M phenomena. 

In recent years, various numerical coupling techniques have been developed to model the coupled 

H-M interactions in geo-engineering problems. In general, these coupling techniques solve two 

equations that govern the response of the fluid (the flow problem) and the solid (the geomechanical 

problem). The flow problem is represented by the mass balance equation, which is based on Biot’s 

theory, while the geomechanical problem is represented by Terzaghi’s effective stress principle, 
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equilibrium condition, constitutive law, and displacement to strain compatibility relations 

(Gutierrez & Lewis, 2002). There are four types of coupling techniques that have been used to 

solve these equations: fully coupled, iteratively coupled, explicitly coupled, and loosely coupled 

(Dean et al., 2006; Kim et al., 2011b; Settari & Walters, 2001). 

The fully coupled technique solves both equations simultaneously at every time step, and 

the solution is achieved through iteration. The technique is unconditionally stable but requires 

more code development to unify the flow and geomechanical simulator, which can be 

computationally expensive. On the other hand, the interactively coupled approach sequentially or 

independently solves the flow and the geomechanical problem at each time step and iterates the 

procedure until the solution converges to a predetermined tolerance value. Either the flow or the 

mechanical problem is solved first, followed by solving the other problem using the intermediate 

solution from the previous “half-step”. The explicitly coupled approach is a special case of the 

interactively coupled approach because only one iteration is performed at each small time step. 

The main attractive feature of the explicitly coupled approach is that it can couple existing separate 

fluid flow and geomechanical simulators. When the geomechanical problem is solved after the 

fluid flow has run for multiple time steps, the explicitly coupled approach becomes the loosely 

coupled approach. The latter can save computational cost, but the accuracy of the method should 

be monitored. 

Among the four coupling techniques, the explicitly coupled and the loosely coupled 

approaches may be more attractive to use than the other two. The explicitly coupled and the loosely 

coupled approaches are relatively simple to implement and are less time consuming in building 

the separate geomechanical and fluid flow codes for solving the coupled equations, while still able 

to capture the desired coupled interactions. However, despite the simplicity, the explicitly coupled 



59 

and the loosely coupled approaches come at a price. The explicit nature of the techniques requires 

small time step sizes to be used to maintain numerical stability and accuracy. Hence, the efficiency 

of computer runtime for an explicit-type coupling technique may become the primary concern for 

long-term H-M simulations, particularly when solving the flow problem. The widely used explicit 

finite difference (FD) code for geotechnical computation called Fast Lagrangian Analysis of 

Continua (FLAC) (Itasca., 2011a), which has capabilities for coupled H-M modeling, also shares 

similar conditional stability in that it has restrictions on the time step for its flow calculation 

(Itasca., 2011c). The geomechanical calculation in FLAC is not of particular concern because the 

geomechanical effects of a coupled problem occur almost instantaneously during the small time 

step. In contrast, it is the fluid flow effect that takes place over a considerable amount of time and 

requires a large number of time increments. For example, full consolidation in low permeability 

ground such as clay may reach a time scale close to 250 years (Prassetyo & Gutierrez, 2016b; 

2016c). 

To eliminate the typical time step restriction in an explicit coupling technique, one 

proposed method is to develop an unconditionally stable fluid flow scheme that can be sequentially 

coupled with an existing geomechanical simulator (e.g., FLAC). One such scheme is the 

alternating direction explicit (ADE) scheme. The ADE scheme finds the solution to the target point 

of the current time level (n + 1) by using the already calculated solution from the current (n + 1) 

and from the previous time level (n). The beauty of this scheme is that it is arranged in such a way 

that two explicit finite difference equations can be executed simultaneously in two physical 

directions: one in a forward sweep and the other in a reverse sweep. As illustrated in Figure 3.1, 

the forward sweep marches upward in an ascending order of x and y. It solves the target point using 

the solution from the previous time level (n) and the solution from the current time level (n + 1) 
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located behind the target point. Similarly, the reverse sweep marches downward in a descending 

order of x and y. It solves the target point using the solution from the previous time level (n) and 

the solution from the current time level (n + 1) located ahead of the target point. The final solution 

is the average of the solutions from the two calculation sweeps. In this way, the explicitness of the 

scheme is preserved while improving accuracy and stability.  

 

Figure 3.1 Illustration of calculation sweeps in the standard ADE scheme. 

The ADE scheme has been used for solving various engineering problems such as heat 

transfer and fluid diffusion problems (Barakat & Clark, 1966; Evans & Abdullah, 1983; Larkin, 

1964), advection- and convection-diffusion problems (Abbasi et al., 2007; Buckova et al., 2015; 

Campbell & Yin, 2007; Evans & Abdullah, 1985), flow calculations in petroleum and natural gas 

reservoirs (Coats & Terhune, 1966; Quon et al., 1966), and even option pricing in engineering 

finance (Pealat & Duffy, 2011). Even though it is unconditionally stable, the standard ADE scheme 
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is only moderately accurate (second-order accurate in time and space). This drawback becomes a 

major challenge when a large time step size is desired for an efficient H-M simulation but high-

numerical accuracy is still retained. In addition, the standard ADE scheme only works for uniform 

grid sizes (same ∆x and ∆y for the entire grid model). This restriction makes this scheme become 

even less practical when it is coupled with a geomechanical simulator for solving a large finite 

difference (FD) model such as consolidation, which is usually arranged with gradually increasing 

grid size towards the far-field boundaries. Unfortunately, developing a higher-order ADE scheme 

for a non-uniform grid has attracted less scholarly attention although it will have great practical 

value in solving long-term and large-scale H-M problems. 

The objective of this paper is to bridge this research gap by presenting a novel high-order 

ADE scheme for a non-uniform grid to solve the fluid-diffusion equation in a coupled H-M 

problem. The newly derived scheme will not only be able to maintain its unconditional stability 

and explicitness, but will also be able to produce more precise solutions than the standard low-

order scheme. The fluid flow solution resulting from this novel scheme is then sequentially coupled 

with the existing geomechanical simulator in FLAC. Because the time step restriction is no longer 

a concern, an efficient H-M simulation can now be performed without numerical instability and 

yet still retain high numerical accuracy. In this paper, this coupling technique in FLAC is called 

the sequentially-explicit coupling technique based on the fourth-order ADE scheme (SEA-4). 

Potential applications of SEA-4 include, but are not limited to, modeling large-scale H-M problems 

in geotechnical engineering, such as consolidation and subsidence due to fluid dissipation, or in 

petroleum engineering, such as reservoir compaction and seabed subsidence due to hydrocarbon 

production. In addition, the derived new scheme can also be coupled with other existing 

geomechanical simulators, broadening its future application in H-M simulations. 
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This paper is organized as follows. In Section 3.3, the governing equations for the coupled 

H-M problem are briefly presented. This section serves as the foundation to introduce the standard 

low-order ADE scheme for a uniform grid presented in Section 3.4. The novel high-order ADE 

scheme for non-uniform grid is then derived in Section 3.5, followed by the proof of the stability 

and convergence of the new scheme. The description of how to couple the new SEA-4 scheme in 

FLAC is also presented in this section. The numerical verifications of SEA-4 are presented in 

Section 3.6 and involve H-M interactions in three consolidation problems: Terzaghi’s and 

Mandel’s consolidation problems and an embankment loading on a saturated foundation. The 

efficiency and accuracy of SEA-4 are compared to those of FLAC’s fully coupled approach and 

existing analytical solutions. The paper is then concluded in Section 3.7. 

3.3 Governing Equations for Coupled H-M Simulations 

The governing equations for coupled fluid flow and geomechanical interactions consist of: 

(1) the mass balance equation that governs the response of the fluid and (2) the momentum balance 

equation obtained from equilibrium, effective stresses, and constitutive and compatibility relations 

that governs the response of the porous medium. According to Biot’s theory of poroelasticity (Biot, 

1941), the responses of the fluid (pore pressure) and the solid (total stress) are related to changes 

in fluid content (ζ) and the porous medium volumetric strain (εvol) as  

volp M
t t t

εζ α ∂∂ ∂ = − ∂ ∂ ∂ 
  (3.1) 

and 
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vol
22
3ij ij ij ijp G K Gσ α δ ε ε δ + = + − 

 
 
 

(3.2) 

where p is the pore pressure, M is the Biot modulus, α is the Biot coefficient, σij is the total stress 

tensor, δij is the Kronecker delta tensor with δij = 1 for i = j and δij = 0 for i ≠ j, and K and G are 

the drained bulk and shear moduli of the porous medium. The term (σij + αpδij) on the left-hand-

side of Eq. (3.2) is known as the Biot-Terzaghi’s effective stress law. 

The change in fluid content comes from mass balance equation for the pore fluid in Eq. 

(3.3), along with the constitutive equation that relates the fluid flux q to the pore pressure gradient 

given by Darcy’s law in Eq. (3.4) as 

. 0
t
ζ∂

+ ∇ =
∂

q  
 

(3.3) 

( )wk p ρ= − ∇ −q g  
 

(3.4) 

where k is the mobility coefficient ( )H wk k γ=  , kH is the hydraulic conductivity, γw is the unit 

weight of fluid, ρw is the fluid density, and g is the gravitational acceleration vector. 

Assuming a homogenous material (i.e., k is considered as constant – extension to non-

uniform k will be discussed later) and neglecting the gravitational term in Eq. (3.4), insertion of 

Eq. (3.4) into Eq. (3.3) then yields (in 2-D) 

2 2
2

2 2

p pk p k
t x y
ζ  ∂ ∂ ∂

= ∇ = + ∂ ∂ ∂ 
  (3.5) 
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In the sequentially-explicit coupling technique in this paper, the contribution from the mechanical 

deformation during fluid flow calculation is zero (δεvol = 0). Hence, by substituting Eq. (3.5) into 

Eq. (3.1), the pore pressure is then only governed by a fluid-diffusion-type equation as 

2 2

2 2

p p pk M
t x y

 ∂ ∂ ∂
= + ∂ ∂ ∂ 

  (3.6) 

Eq. (3.6) is the final differential equation to be discretized using the novel unconditionally-stable 

fourth-order ADE scheme for non-uniform grid. The resulting pore pressure solution is then 

sequentially coupled with Eq. (3.2) in FLAC to reach geomechanical equilibrium. 

3.4 Standard Low-Order ADE Scheme 

The standard second-order ADE scheme for a uniform grid may be derived from the well-

known Crank-Nicolson implicit time integration scheme (Crank & Nicolson, 1947). The scheme 

discretizes the diffusion equation in Eq. (3.6) as 

( ) ( )
1

, , 2 1 2 1
, , , ,

1 1
2 2

n n
i j i j n n n n

x i j i j y i j i j

p p
k M p p p p

t
δ δ

+
+ +−  = + + + ∆    

(3.7) 

where δ 2
x  and δ 2

y  are the standard second-order central difference operators defined by 

1, , 1, , 1 , , 12 2
, ,2 2

2 2
and

n n n n n n
i j i j i j i j i j i jn n

x i j y i j

p p p p p p
p p

x y
δ δ− + − +− + − +

= =
∆ ∆  

(3.8) 

where the superscript (n) and subscripts (i,j) denote the time level and space (x,y), respectively, ∆t 

denotes the time step size, and ∆x and ∆y denote the grid sizes in the x- and y-directions, 

respectively. 
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Substituting Eq. (3.8) into Eq. (3.7) gives 

1 1 1 1
, , 1, , 1, 1, , 1,

2

1 1 1
, 1 , , 1 , 1 , , 1

2

2 21
2

2 21
2

n n n n n n n n
i j i j i j i j i j i j i j i j

n n n n n n
i j i j i j i j i j i j

p p p p p p p p
k M

t x

p p p p p p
k M

y

+ + + +
− + − +

+ + +
− + − +

 − − + + − +
=   ∆ ∆ 

 − + + − +
+   ∆ 

 (3.9) 

which can be solved simultaneously in two physical directions: one in a forward sweep (in 

increasing x and y) and the other in a reverse sweep (in decreasing x and y). The final solution is 

the average of the solutions from the two sweeps. Barakat and Clark (1966) rearranged Eq. (3.9) 

to yield the solutions in the forward ( )1
,
n
i ju +  and reverse ( )1

,
n
i jv +  sweeps as  

Forward sweep 

1 1 1 1 1
, , 1, , , 1, , 1 , , , 1

2 2

n n n n n n n n n n
i j i j i j i j i j i j i j i j i j i ju u u u u u u u u u

k M
t x y

+ + + + +
+ − + − − − − + − − +

= +  ∆ ∆ ∆ 

 

(3.10) 

Reverse sweep 

1 1 1 1 1
, , 1, , , 1, , 1 , , , 1

2 2

n n n n n n n n n n
i j i j i j i j i j i j i j i j i j i jv v v v v v v v v v

k M
t x y

+ + + + +
+ − + − − − − + − − +

= +  ∆ ∆ ∆ 

 

(3.11) 

Averaging the forward and reverse sweeps gives the final solution 

( )1 1 1
, , ,

1
2

n n n
i j i j i jp u v+ + += +

 
(3.12) 

Rearranging Eq. (3.10) and Eq. (3.11) into explicit forms for numerical computation gives 

( ) ( )1 1 1
, , 1, 1, , 1 , 1
n n n n n n
i j i j i j i j i j i ju au b u u c u u+ + +

− + − += + + + +
 

(3.13) 
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( ) ( )1 1 1
, , 1, 1, , 1 , 1
n n n n n n
i j i j i j i j i j i jv a v b v v c v v+ + +

− + − += + + + +
 

(3.14) 

where 

2 2

2 2

2 2

1 11
1 1 1, ,
1 1 11 11

k M t
x y t ta b k M c k M

x yk M t
x y

λ
λ λ λ

 
− ∆ + ∆ ∆ − ∆ ∆ = = = =

+ ∆ + ∆ + 
+ ∆ + ∆ ∆ 

 
 

(3.15) 

In the forward sweep in Eq. (3.13), because the indices are in ascending order, the values of  1
1,

n
i ju +
−  

and 1
, 1
n
i ju +

−   are already calculated because the points are located behind the target point 1
,
n
i ju + . 

Similarly, in the reverse sweep in Eq. (3.14), the indices are now in descending order. The values 

of 1
1,

n
i jv +
+  and 1

, 1
n
i jv +

+  are also already calculated because the points are located ahead of the target 

point 1
,
n
i jv +  . Therefore, the ADE scheme is fully explicit (refer to Figure 3.1 for the illustration of 

the sweeping procedures and the locations of the calculation points).  

Barakat and Clark (1966) showed that this standard ADE scheme is unconditionally stable 

but only second-order accurate in time and space, i.e., O(∆t2, ∆x2, ∆y2). In addition, as can be seen 

from the scheme’s constants in Eq. (3.15), the standard ADE scheme will only work for uniform 

grid size (constant ∆x and ∆y for the entire grid model). Hence, this restriction can make this 

scheme less efficient for solving large FD models that are usually arranged with gradually 

increasing grid sizes towards the far-field boundaries. A more accurate high-order ADE scheme 

particularly suited for non-uniform grids is therefore needed, not only to make the novel scheme 

applicable for use in a large FD model, but also to produce a more precise solution than the 
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standard ADE scheme. A novel accurate high-order ADE scheme that can be used for irregular 

grids as well is derived in the following section. 

3.5 Novel High-Order ADE Scheme for Non-Uniform Grids 

 Development of the scheme  

To develop the proposed high-order ADE scheme for a non-uniform grid, the non-uniform 

finite difference approximations of the diffusion equation in Eq. (3.6) must be developed first. 

Consider a general non-uniform finite difference grid that consists of four quadrilateral elements 

as shown in Figure 3.2.  

 

Figure 3.2 Non-uniform finite difference grid. 

y

x

(i+1,j)(i,j)(i-1,j)

(i,j-1)

(i,j+1)

∆x+∆x_

∆y+

∆y_

∆x+ = xi+1,j – xi,j

∆x_ = xi,j – xi-1,j

∆y+ = yi,j+1 – yi,j

∆y_ = yi,j – yi,j-1

Note:

1 2

34
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From Figure 3.2, writing the Taylor series expansion for 1,i jp +  and 1,i jp −  to the fourth-

order gives 

( )
2 3 4

2 3 4 4
1, , 2 3 4

1 1 1
2 6 24i j i j

p p p pp p x x x x O x
x x x x+ + + + + +

     ∂ ∂ ∂ ∂ = + ∆ + ∆ + ∆ + ∆ + ∆      ∂ ∂ ∂ ∂       
  

( )
2 3 4

2 3 4 4
1, , 2 3 4

1 1 1
2 6 24i j i j

p p p pp p x x x x O x
x x x x− − − − − −

     ∂ ∂ ∂ ∂ = − ∆ + ∆ − ∆ + ∆ + ∆      ∂ ∂ ∂ ∂       
 
 

(3.16) 

Multiplying 1,i jp +  and 1,i jp − in Eq. (3.16) by ∆x_ and ∆x+, respectively, and adding the results 

gives 

( ) ( )

( ) ( )

( )

1,

2
2 2

1, , 2

3 4
3 3 4 4

3 4

4 4

1
2

1 1
6 24

i ji j i j
px p x p x x p x x x x

x

p px x x x x x x x
x x

O x x

−− + + − + − + + −

− + + − − + + −

− +

 ∂
∆ + ∆ = ∆ + ∆ + ∆ ∆ + ∆ ∆  ∂ 

   ∂ ∂
+ ∆ ∆ + ∆ ∆ + ∆ ∆ + ∆ ∆   ∂ ∂   

+ ∆ + ∆

 
 

(3.17) 

Therefore, solving Eq. (3.17) for 2 2/p x∂ ∂  after truncating the third-order terms and higher gives 

( )2
1, , 1,2

,2 2 2

2 2 2i j i j i j
x i j

x p x x p x pp p
x x x x x

δ + − − + − +

− + + −

∆ − ∆ + ∆ + ∆∂
≈ =

∂ ∆ ∆ + ∆ ∆  
(3.18) 

which can also be written as 

( )2
, 1, , 1,x i j i j i j i jp a p a b p b pδ − += − + +

 
(3.19) 

where  
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2 2 2 2

2 2andx xa b
x x x x x x x x

+ −

− + + − − + + −

∆ ∆
= =

∆ ∆ + ∆ ∆ ∆ ∆ + ∆ ∆
 
 

(3.20) 

Similarly, repeating the steps above for 2 2/p y∂ ∂   gives 

( )2
, 1 , , 12

,2 2 2

2 2 2i j i j i j
y i j

y p y y p y pp p
y y y y y

δ + − − + − +

− + + −

∆ − ∆ + ∆ + ∆∂
≈ =

∂ ∆ ∆ + ∆ ∆  
(3.21) 

which can also be written as 

( )2
, , 1 , , 1y i j i j i j i jp c p c d p d pδ − −= − + +

 
(3.22) 

where  

2 2 2 2

2 2and =y yc d
y y y y y y y y

+ −

− + + − − + + −

∆ ∆
=

∆ ∆ + ∆ ∆ ∆ ∆ + ∆ ∆
 
 

(3.23) 

Eqs. (3.18) and (3.21) are the second-order finite difference approximations for the non-uniform 

grid shown in Figure 3.2. Therefore, higher-order approximations can be developed by 

incorporating the truncated error terms into these standard low-order approximations. This 

incorporation can be done in three steps (Harfash, 2008; MacKinnon & Johnson, 1991; Mohebbi 

& Dehghan, 2010; Spotz & Carey, 2001).  

Step 1. Approximate the derivatives of Eq. (3.6) with the inclusion of the higher-order 

terms (also called the leading truncation error terms) in Eqs. (3.18) and (3.21). With the inclusion 

of the higher-order terms, such as those in Eq. (3.17), the derivatives of Eq. (3.6) can be further 

approximated as shown in Eq. (3.24). 
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( ) ( )

( ) ( )

( )

2 3
2 3 3

,2 32 2

4
4 4

42 2

4 4

1 4
12

1
12

x i j
p pp x x x x

x xx x x x

px x x x
xx x x x

O x x

δ − + + −
− + + −

− + + −
− + + −

− +

=
 ∂ ∂

− ∆ ∆ − ∆ ∆ ∂ ∂∆ ∆ + ∆ ∆  

 ∂
− ∆ ∆ + ∆ ∆ ∂∆ ∆ + ∆ ∆  

+ ∆ + ∆

  

( ) ( )

( ) ( )

( )

2 3
2 3 3

,2 32 2

4
4 4

42 2

4 4

1 4
12

1
12

y i j
p pp y y y y

y yy y y y

py y y y
yy y y y

O y y

δ − + + −
− + + −

− + + −
− + + −

− +

=
 ∂ ∂

− ∆ ∆ − ∆ ∆ ∂ ∂∆ ∆ + ∆ ∆  

 ∂
− ∆ ∆ + ∆ ∆ ∂∆ ∆ + ∆ ∆  

+ ∆ + ∆

  

(3.24) 

For the sake of derivation in this section, Eq. (3.6) is rewritten as  

 
2 2

2 2

f p p
r x y

∂ ∂
= +

∂ ∂  
(3.25) 

where f p t= ∂ ∂  and r = k M. By using the finite difference approximations in Eq. (3.24), Eq. 

(3.25) can be discretized at any given grid point (i, j) as  

2 2
, , , ,

1
i j x i j y i j i jf p p

r
δ δ τ= + −

 
(3.26) 

where ,i jτ   is the leading truncation error and is defined as 

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

3 4
3 3 4 4

, 3 42 2

3 4
3 3 4 4

3 42 2

4 4 4 4

1 4
12

1 4
12

i j
p px x x x x x x x

x xx x x x

p py y y y y y y y
y yy y y y

O x x O y y

τ − + + − − + + −
− + + −

− + + − − + + −
− + + −

− + − +

 ∂ ∂
= ∆ ∆ − ∆ ∆ + ∆ ∆ + ∆ ∆ ∂ ∂∆ ∆ + ∆ ∆  

 ∂ ∂
+ ∆ ∆ − ∆ ∆ + ∆ ∆ + ∆ ∆ ∂ ∂∆ ∆ + ∆ ∆  

+ ∆ + ∆ + ∆ + ∆

  (3.27) 
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and ,i jf   is the forward-difference scheme for pore pressure and is defined as 

1
, ,

,

n n
i j i j

i j

p p
f

t

+ −
=

∆
 
 

(3.28) 

Step 2. Perform repeated differentiations of Eq. (3.25) with respect to x and y until the 

higher-order terms appear and substitute the resulting equations to the truncation error terms in 

Eq. (3.27). From this step, the following equation for the truncation error is obtained. 

( )
( )

( )

( )
( )

( )

3
3 3

2

, 2 2 2 4
4 4

2 2 2

3
3 3

2

2 2 2
4 4

1

1

1

1

4
1

12

4
1

12

i j

f
r x

r

f
r y

r

px x x x
x y

x x x x f px x x x
x x y

py y y y
y x

y y y y fy y y y

τ
− + + −

− + + −
− + + −

− + + −

− + + −
− + + −

    
    

  
  

    

 
 
 
 

∂ −
∂

−

∂ −
∂

∂∆ ∆ −∆ ∆
∂ ∂

∆ ∆ +∆ ∆ ∂ ∂+ ∆ ∆ +∆ ∆
∂ ∂ ∂

∂∆ ∆ −∆ ∆
∂ ∂

+
∆ ∆ +∆ ∆ ∂+ ∆ ∆ +∆ ∆

∂

=

( ) ( )

4

2 2 2

4 4 4 4

p
y y x

O x x O y y− + − +

 
 
 
 
  
  

    
−

+

∂
∂ ∂

+ ∆ +∆ ∆ +∆

  

(3.29) 

Step 3. Incorporate the truncation error terms in Step 2 into Eq. (3.26) to get the fourth-

order compact scheme as follows: 

( )

( )

2 2 2 2 2 2 2 2
, , ,

2 2
,

1
12

1 1
12

x i j y i j x y x y y x y x i j

x x y y i j

p p A B C D p

A B C D f
r r

δ δ δ δ δ δ δ δ δ δ

δ δ δ δ

+ + + + +

 = + + + +  

  (3.30) 

where  

3 3 4 4

2 2 2 2

3 3 4 4

2 2 2 2

4 ,

4 ,

x x x x x x x xA B
x x x x x x x x
y y y y y y y yC D
y y y y y y y y

− + + − − + + −

− + + − − + + −

− + + − − + + −

− + + − − + + −

∆ ∆ − ∆ ∆ ∆ ∆ + ∆ ∆
= =

∆ ∆ + ∆ ∆ ∆ ∆ + ∆ ∆

∆ ∆ − ∆ ∆ ∆ ∆ + ∆ ∆
= =

∆ ∆ + ∆ ∆ ∆ ∆ + ∆ ∆

 
 

(3.31) 
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and δx and δy are the central difference operators for first derivatives defined as 

( )

( )

1, 1,
, 1, 1,

, 1 , 1
, , 1 , 1

i j i j
x i j x i j i j

i j i j
y i j y i j i j

p p
p h p p

x x
p p

p h p p
y y

δ

δ

+ −
+ −

+ −

+ −
+ −

+ −

−
= = −

∆ + ∆

−
= = −

∆ + ∆

  (3.32) 

Applying the Crank-Nicolson technique to Eq. (3.30) as applied in Section 3.4 gives 

( ) ( ) ( )( )

( )

2 1 2 1 2 2 2 2 2 2 1
, , , , , ,

1
, ,2 2

1 1 1
2 2 24

1 1
12

n n n n n n
x i j i j y i j i j x y x y y x y x i j i j

n n
i j i j

x x y y

p p p p A B C D p p

p p
A B C D

r r t

δ δ δ δ δ δ δ δ δ δ

δ δ δ δ

+ + +

+

+ + + + + + + +

 − = + + + +    ∆  

  (3.33) 

Eq. (3.33) is then arranged into the forward and reverse sweeps as for the low-order scheme in 

Section 3.4. This arrangement, along with the constants defined in Eqs. (3.20), (3.23), (3.31), and 

(3.32),  finally gives the novel high-order ADE scheme for a non-uniform grid: 

Forward sweep 

( ) ( )
1 1 1 1 1

, 0 , 1 1, 2 1, 3 , 1 4 , 1 5 1, 1 6 1, 1 7 1, 1

1 1
8 1, 1 1 1, 1, 2 , 1 , 1

n n n n n n n n n
i j i j i j i j i j i j i j i j i j

n n n n n
i j i j i j i j i j

u u u u u u u u u

u u u u u

α α α α α α α α

α β β

+ + + + +
− + − + − − + − − +

+ +
+ + − − − −

= + + + + + + +

+ + − + −  
(3.34) 

Reverse sweep 

( ) ( )
1 1 1 1

, 0 , 1 1, 2 1, 3 , 1 4 , 1 5 1, 1 6 1, 1 7 1, 1

1 1 1
8 1, 1 3 1, 1, 4 , 1 , 1

n n n n n n n n n
i j i j i j i j i j i j i j i j i j

n n n n n
i j i j i j i j i j

v v v v v v v v v

v v v v v

α α α α α α α α

α β β

+ + + +
− + − + − − + − − +

+ + +
+ + + + + +

= + + + + + + +

+ + − + −  
(3.35) 

where α0-α8 and β1-β4 are the grid size-dependent constants defined in Eq. (3.36).  
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( ) ( )( )( ) ( ) ( )( )
( ) ( )( )( ) ( ) ( )( )

( )( )( )

( )( )( )

( )( )( )

1 1 1 1 1
2 2 12 2 6

0 1 1 1 1 1
2 2 12 2 6

1

2

3

4

1

1

1
12
1

12
1

12

N

D

x
D

x
D

y
D

D

r t a b c d B D a b c d B a b D c d

r t a b c d B D a b c d B a b D c d

tr a Ah a B D c d

tr b Ah b B D c d

tr c C h c B D a b

tr

α
α

α

α
α

α
α

α
α

α
α

 − ∆ + + + − + + + − + + + = =
 + ∆ + + + − + + + − + + + 

∆  = + − + +  
∆  = − + + +  
∆  = + − + +  
∆

= ( )( )( )

( )

( )

( )

( )

[ ]

5

6

7

8

1

2

3

4

1
12

12

12

12

12
1

6
1

6
1

6
1

6

y

y x
D

y x
D

y x
D

y x
D

x x
D

y
D

x y
D

y
D

d C h d B D a b

r t ac B D aC h c Ah

r t bc B D bC h c Ah

r t a d B D aC h d Ah

r t bd B D bC h d Ah

Ah B h

C h Dc

Ah B h

C h D d

α
α

α
α

α
α

α
α

β
α

β
α

β
α

β
α

 − + + +  
∆  = + − − 

∆  = + − + 

∆  = + + − 

∆  = + + + 

= −

 = − 

 = + 

= +  

 

(3.36) 

This new scheme is second-order accurate in time but fourth-order accurate in space, i.e., 

( )2 4 4 4 4, ,O t x x y y− + − +∆ ∆ + ∆ ∆ + ∆  . In the case of uniform grid size (∆x = ∆y), Eq. (3.36) shows that 

α1 = α2 = α3 = α4, α5 = α6 = α7 = α8, and |β1| = |β2| = |β3| = |β4|. When these equalities occur, Eqs. 

(3.34) and (3.35) are reduced to the standard ADE scheme for a uniform grid as shown in Eqs. 

(3.13) and (3.14), respectively, which indicates the validity of the derivation performed in this 

section. Eqs. (3.34) and (3.35) will solve the fluid flow equation, and the pore pressure solutions 
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will be coupled sequentially in time with the geomechanical calculations in FLAC, which are also 

carried out explicitly, for solving the coupled H-M equations. 

Figure 3.3 illustrates the calculation sweeps for the newly derived high-order ADE scheme. 

Compared to the standard scheme in Figure 3.1, in each sweep, the new scheme has more points 

included in the calculation of the target point, e.g., diagonal points from the cross-derivatives, as 

a result of the fourth-order approximation. Nevertheless, the new scheme is able to maintain the 

compactness of the calculation stencils (a nine-point stencil for 2-D problems), a feature that is 

always desirable in a finite difference scheme in order to simplify the approximation of boundary 

points. 

 

Figure 3.3 Illustration of the calculation sweeps in the new higher-order ADE scheme. 
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x
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It can be noted that in the final equations of the new higher-order ADE scheme in Eqs. 

(3.34)-(3.36), the value of the mobility coefficient k = kH/γw has been assumed to be constant. This 

is done to preserve the simplicity of the derivation. However, k can be made anisotropic in the x- 

and y directions (kx and ky, respectively) and varied from element to element. To accommodate the 

anisotropy in these permeability coefficients, Eq. (3.25) can be rewritten in a more general form 

as 

2 2

2 2x y
p pf r r

x y
∂ ∂

= +
∂ ∂

 
 

(3.37) 

where rx = kx M and ry = ky M. By replacing Eq. (3.25) with Eq. (3.37) and repeating the main three 

steps performed above, the constants rx and ry will follow the terms resulting from taking the partial 

derivative with respect to x and y, respectively. Consequently, the grid size-dependent constants 

in Eq. (3.36) will consist of rx and ry instead of just r. In addition, the variation of k (and hence the 

r) from element to element is also inherently accommodated in Eq. (3.36). It should be noted that 

the value of each constant in Eq. (3.36) is unique for each grid or element due to the nature of the 

derivation that has been performed for non-uniform grid. Therefore, variation of k among the 

elements can be made by simply assigning the desired r value. The advantage of these constants 

is that varying the k value among elements will not affect the computational time because these 

values can be stored when the model is built.  

 Stability and consistency analysis 

A finite difference method is said to be convergent if the solution from the finite difference 

scheme approaches the exact solution of the partial differential equation as the grid sizes (∆x and 
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∆y) approach zero. The proof of the convergence of the proposed higher order finite difference 

method is within the domain of mathematicians, however, it is not necessary to show the proof in 

a strict mathematical sense (Hoffman, 2001). According to the Lax-Richtmyer equivalence 

theorem, stability and consistency make a finite difference scheme into a convergent scheme 

(Hoffman, 2001; Richtmyer & Morton, 1967; Strikwerda, 2004). Therefore, the proof of stability 

and consistency of the newly-derived high-order ADE scheme is given in this section. 

To prove the stability of the new scheme, the von Neumann stability analysis will be used. 

A finite difference scheme is said to be stable if the amplification factor of the solution meets the 

criterion ( ) 1G θ ≤ . An amplification factor expresses the growth (or decay) of the amplitude of 

each frequency of the solution of a finite difference scheme when the solution is advanced to the 

next time level (Barakat & Clark, 1966; Hoffman, 2001; Strikwerda, 2004).  

To use the von Neumann stability analysis, the solutions of the forward and reverse sweeps 

for the fourth-order ADE scheme are represented by a Fourier expansion in separable forms as 

1 1
1, 1 , 1, 1 ,

1 1
1, 1 , 1, 1 ,

and

and

y yx x

y yx x

i ii in n n n
i j i j i j i j

i ii in n n n
i j i j i j i j

u u e e u u e e

v v e e v v e e

θ θθ θ

θ θθ θ

± ±± ±+ +
± ± ± ±

± ±± ±+ +
± ± ± ±

= =

= =
  (3.38) 

where e is the exponential function, i is the imaginary number 1− ,  and θ is the phase angle. Eq. 

(3.38) is substituted into Eqs. (3.34) and (3.35), and the resulting equations are arranged in such a 

way that all the ( )1n +  terms are in the numerator and all the ( )n  terms are in the denominator.  
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These substitutions and arrangements yield the amplification factor for the forward sweep 

as 

 ( )
( ) ( )

1
, 0 2 4 6 8 1 2

, 1 1 3 2 5 71

y y y yx x x x

y y yx x x

n i i i ii i i i
i j

i i in i i i
i j

u e e e e e e e eG
u e e e e e e

θ θ θ θθ θ θ θ

θ θ θθ θ θ

α α α α α β βθ
α β α β α α

+ − −−

− −− − −

+ + + + − −
= =

− + − + − −
  (3.39) 

and for the reverse sweep as 

( )
( ) ( )

1
, 0 1 3 5 7 3 4

, 2 3 4 4 6 81

y y y yx x x x

y y yx x x

n i i i ii i i i
i j

i i in i i i
i j

v e e e e e e e eG
v e e e e e e

θ θ θ θθ θ θ θ

θ θ θθ θ θ

α α α α α β βθ
α β α β α α

+ − −− − −

−

+ + + + + +
= =

− − − − − −
  (3.40) 

Graphical examination of the behavior of the amplification factor ( )G θ   according to Eqs. 

(3.39) and (3.40) shows that as θ varies, the set of points marked out by ( )G θ  lie within the unit 

circle with the radius of unity (Figure 3.4). This behavior ensures that the solution produced by the 

new high-order ADE scheme is bounded and that the new scheme is unconditionally stable for 

forward and reverse sweeps. The shapes of ( )G θ  for both sweeps are identical as they should be. 

In this example, the material properties from the embankment loading problem (presented in the 

next section) are used. 

It is now necessary to investigate the consistency of the new scheme. The new scheme is 

said to be consistent if its solutions from Eqs. (3.34) and (3.35) converge to the solution of the 

diffusion equation in Eq. (3.6) as increment sizes of the independent variables vanish. In other 

words, consistency requires that the truncation errors of the scheme vanish as ∆x, ∆y, and ∆t 

approach zero. Following Warming and Hyett (1974), to investigate the behavior of the truncation 

error of the new scheme, each term in Eqs. (3.34) and (3.35) is expanded using the multivariate 
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Taylor series expansion to the fourth-order and the resulting equations compared to Eq. (3.6). To 

simplify the analysis, uniform grid size is assumed, i.e., ∆x_ = ∆x+ = ∆x and ∆y_ = ∆y+ = ∆y. 

 

Figure 3.4 Variation of ( )G θ  of the new high-order ADE scheme for (a) forward and (b) 
reverse sweeps. 
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When non-uniform grid size is used for the proof of consistency, the grid size differences 

∆x_, ∆x+, ∆y_, and ∆y+ will appear in the Taylor series expansion of each term in Eqs. (3.34) and 

(3.35) instead of just ∆x or ∆y. Nevertheless, even though these terms will make the Taylor series 

expansion become longer, they will cancel out when all the ui,j terms are added. Therefore, to better 

visualize the proof of consistency, uniform grid size is preferred to be used. In addition, uniform 

grid size is a special case of the more general formulae that have been derived to develop the 

higher-order ADE equations, which have been proven to be valid (see the explanation after Eq. 

(3.36)).  

Expanding each term in Eqs. (3.34) and (3.35) and rearranging terms yield the so-called 

modified differential equations (Hoffman, 2001; Warming & Hyett, 1974) for the forward sweep 

in Eq. (3.41) and the reverse sweep in Eq. (3.42). Observation of Eqs. (3.41) and (3.42) shows that 

as 0, 0 and y 0,t x∆ → ∆ → ∆ →  the truncation errors vanish and both of Eqs. (3.41) and (3.42) 

approach Eq. (3.6), which is the diffusion equation. Consequently, it can be said that the newly-

derived fourth-order ADE scheme in this paper is consistent.  

 Coupling the new high-order ADE scheme with the geomechanical simulator in 

FLAC 

The sequential coupling technique to be used in this paper solves the fluid flow problem 

first, and then the system is brought to equilibrium by solving the geomechanical equations. This 

is the reverse of the other well-known sequential coupling technique called the undrained split, in 

which the geomechanics problem is solved first followed by the solution of the fluid flow problem 

(Kim et al., 2011a; Kim et al., 2011b). 
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Application of the undrained split procedure in FLAC could be challenging due to the need 

to control the number of geomechanical steps to be compatible with the number of fluid flow steps. 

Unlike in the fluid flow calculation, the time step size in the geomechanics calculation in FLAC 

cannot be defined by the user, even though an approximate value can be calculated. Therefore, it 

is more favorable to perform the fluid flow calculation first and then bring the model to 

geomechanical equilibrium. Others have also suggested this technique (Berchenko, 1998; Itasca., 

2011c; Minkoff et al., 2003). In this paper, this coupling technique in FLAC is called the 

sequentially-explicit coupling technique based on the fourth-order ADE scheme, abbreviated as 

SEA-4.  

The proposed SEA-4 technique in FLAC is shown as a flow chart in Figure 3.5. Starting 

from a state of geomechanical equilibrium, the solution to a coupled H-M problem for the next 

time step (n + 1) is obtained sequentially by first solving the flow problem and then the 

geomechanical problem. When the flow problem is solved, the displacement field is frozen (δεvol 

= 0), leaving the fluid-diffusion equation to be solved. The newly derived fourth-order ADE 

scheme is then called to solve this equation which will give the pore pressure solution pn+1. Because 

only the flow problem is solved at this step, the displacement solution is the same as that in the 

previous time step un. The calculated pore pressure changes are then used as applied loads in the 

geomechanical calculation by imposing that the fluid mass in each element remain constant 

(δζ = 0). At the end of this geomechanical step, the displacement solution un+1 is obtained. It 

should be noted that several geomechanical steps may be taken to bring the system to equilibrium. 

This sequential procedure is then repeated until the desired simulation time is reached. 
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Figure 3.5 The proposed SEA-4 coupling technique in FLAC. 

As can be seen from this flow chart, the one thing that differentiates the SEA-4 technique 

from FLAC’s built-in coupled technique is the way the flow problem is solved. SEA-4 uses the 

fourth-order ADE scheme to solve the fluid-diffusion equation, while FLAC uses the built-in 

explicit flow formulation. In this formulation, the fluid-diffusion equation is solved using a FD 

approach based on a discretization of the medium into zones composed of two overlay triangular 

elements, in which the nodal fluid flux q is solved by using the Gauss divergence theorem (Itasca., 

2011c). The pore pressure solution is then obtained by adding all flux contributions from the 

surrounding elements.  
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However, due to the explicit nature of its flow formulation, the pore pressure solution is 

only stable and monotonic if the fluid time step is smaller than the critical value defined as  

criΔ
kk

Vt
M Φ

<
∑

  (3.43) 

where V is the total volume associated with the node, and [Φ] is the “stiffness” matrix of the whole 

quadrilateral element defining the relationship between the nodal pore pressure and the nodal flow 

rate. For the special case of a square element, the stiffness matrix has the form 

[ ]

2 1 0 1
1 2 1 0

0 1 2 12
1 0 1 2

kΦ

− − 
 − − = −
 − −
 − − 

  (3.44) 

With the size restriction of this fluid time step, the efficiency of computer runtime using 

the explicit flow formulation in FLAC may become the primary concern for long-term H-M 

simulations, particularly for consolidation problems involving low permeability ground. The 

beauty of SEA-4 is that it eliminates this time step restriction, improving the explicit coupling 

technique to yield an efficient H-M simulation without suffering from numerical instability and 

yet still maintain high numerical accuracy. This has been the main goal of this paper. 

3.6 Numerical Verifications 

This section provides numerical verifications of the proposed SEA-4 by simulating H-M 

interaction of three cases involving Terzaghi’s and Mandel’s consolidation problems and a 

consolidation problem due to embankment loading on a saturated foundation that has been 
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analyzed by previous researchers. Each consolidation model is arranged in FLAC in such a way 

that the grid size in x- and y-directions is gradually increased towards the far-field boundaries to 

verify the derivation of the new scheme for a non-uniform grid. The efficiency in terms of 

computer runtimes using SEA-4 with large time steps is compared to that using FLAC’s critical 

time steps. The accuracy of the solution of SEA-4 is also compared to that of FLAC’s fully coupled 

approach and to existing analytical solutions.  

 Consolidation of a soil column (Terzaghi’s consolidation problem) 

In this first numerical verification, a 1-D Terzaghi’s consolidation is considered. A fully 

saturated soil column of height H = 24 m and width W = 6 m is loaded by a constant vertical stress 

of po = 100 kPa on the surface (Figure 3.6). The bottom and the left and right boundaries are 

impermeable and the top boundary is fully drained, resulting in 1-D vertical fluid flow. The base 

of the column is fixed and the lateral displacements are restricted.  

The material properties for the model are given in Table 3.1 and follow the Terzaghi’s 

material properties used in Ferronato et al. (2010). The model is run to a consolidation time of 

480,000 seconds, which is 10 times the characteristic time tc for this problem, where tc = H2/cv = 

48,000 seconds. Pore pressure and vertical displacement are monitored at H = 8, 12, 16, and 20 m 

above the ground. The simulation in SEA-4 is run with a time step size of ∆t = 1.0 s, while the 

critical time step in FLAC for this problem is ∆tcri = 0.05 s. Most of the plots of pore pressure, 

stress, and displacement with consolidation time in these numerical verifications will be plotted in 

terms of the normalized consolidation time t*. This term is defined as t* = cvt/H2, where t is the 

simulation time and H is the characteristic length of the flow path through the medium.  
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Figure 3.6 FLAC grid for Terzaghi’s 1-D consolidation problem. 
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Table 3.1 Material properties for Terzaghi’s 1-D consolidation problem. 

Material properties Value 

Hydraulic conductivity, kH (m/s) 1.0·10-6 

Porosity, φ 0.375 

Shear modulus, G (Pa) 4.0·107 

Drained bulk modulus, K (Pa) 6.7·107 

Fluid bulk modulus, Kw (Pa) 2.3·109 

Constant surface load, po (kPa) 100 

Diffusivity, cv (m2/s) 0.01 

 

The histories of pore pressure and vertical displacement at the monitored locations are in 

close agreement with the analytical solutions at t* = 1  (Figure 3.7) and at t* = 10  (Figure 3.8). 

The profiles of pore pressure and vertical displacement along the column height at various 

consolidation times are shown in Figure 3.9. All of the profiles show that the SEA-4 and the 

analytical solutions are nearly identical.  

The maximum absolute errors in SEA-4 compared to the analytical solutions are on average 

only 6.1% for the pore pressure and 0.4% for the displacement (Table 3.2). Considering the large 

time step size that is used in SEA-4 for this problem (∆t = 1 s), which is 20 times the time step size 

used in FLAC’s coupled scheme, these errors are relatively small, particularly for the 

displacement. SEA-4 is also able to reduce the computer runtime to 40% of that of the fully-

coupled approach in FLAC (Table 3.3). 
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Figure 3.7 History of (a) pore pressure and (b) vertical displacement at the four monitored 
locations for Terzaghi’s 1-D consolidation problem at t* = 1. 
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Figure 3.8 Behavior of (a) pore pressure and (b) vertical degree of consolidation versus log 
time for Terzaghi’s consolidation (t* = 10). 
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Figure 3.9 Profile of (a) pore pressure and (b) vertical displacement with column height at 
various consolidation times. 
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Table 3.2 Maximum absolute errors of SEA-4 (in %) compared to the analytical solution of 
Terzaghi’s 1-D consolidation problem 

Parameter 
Location above ground 

8 m 12 m 16 m 20 m Surface 

Pore pressure 6.1 6.1 6.1 6.0 - 

Vertical displacement 0.6 0.5 0.5 0.4 0.3 

 

Table 3.3 Comparison of computer runtimes for Terzaghi’s 1-D consolidation problem 

Scheme ∆t Runtime (s) Reduction (%) 

FLAC  0.05 s 585 - 

SEA-4 1.00 s 354 40 

 

 Consolidation of a poroelastic medium (Mandel’s consolidation problem) 

SEA-4 is now verified against the 2D Mandel’s problem for consolidation of a poroelastic 

medium. In this problem, a rectangular poroelastic material of width 2a = 200 m and height 2b = 

20 m is sandwiched between two rigid, frictionless, and impervious plates, loaded by a constant 

vertical force of 2F = 200 MN at y = ±b. The load is applied instantaneously and the sample is free 

to drain laterally and stress-free at x = ±a. Because the sample is symmetrical, only a quarter of 

the sample is modeled in FLAC. In this verification, the FLAC grids are arranged in such a way 

that the typical shapes of quadrilateral elements are represented. This arrangement is done to test 

the formulation of the high-order ADE scheme in SEA-4 for an irregular domain (Figure 3.10). 



92 

The material properties for the problem are given in Table 3.4 and follow the Mandel’s material 

properties used in Mikelic et al. (2014).  

 

Figure 3.10 Non-uniform quadrilateral FLAC grid for Mandel’s consolidation problem. 

Table 3.4 Material properties for Mandel’s consolidation problem 

Material properties Value 

Hydraulic conductivity, kH (m/s) 9.6·10-7 

Porosity, φ 0.2 

Shear modulus, G (Pa) 2.5·109 

Drained bulk modulus, K (Pa) 3.3·109 

Fluid bulk modulus, Kw (Pa) 3.3·109 

Force intensity, F (MN) 100 

Diffusivity, cv (m2/s) 0.46 
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The simulation is carried out for a total consolidation time of sixty hours, which 

corresponds to normalized consolidation time t* = 10. The results to be compared with the 

analytical solution are the history of pore pressure in the middle of the sample (point C in Figure 

3.10), the profile of pore pressure along line AB, and the degree of consolidation. The simulation 

in SEA-4 is run with time step ∆t = 2.4 s, while the critical time step in FLAC for this problem is 

∆tcri = 0.7 s. 

Figure 3.11 shows the comparison of the predictions of pore pressure and degree of 

consolidation from the SEA-4 techniques with analytical solutions. Notably as expected, the SEA-

4 sequential coupling technique is able to accurately capture the non-monotonic behavior of pore 

pressure increase above the initial value followed by pore pressure decrease as drainage evolves 

(Figure 3.11a). This pore pressure behavior is called the Mandel-Cryer effect and has been used to 

test the validity of a coupled simulation of H-M response of deformable porous media. It was first 

pointed out by Mandel (1953), predicted by Cryer (1963), and demonstrated experimentally by 

Verrujit (1965). The analytical solutions are given by Cheng and Detournay (1988) and 

Abousleiman et al. (1996).  

Similarly, the solution from SEA-4 techniques matches very well with the analytical 

solution (Figure 3.11b). Another interesting result is the profile of the pore pressure along the 

width of the soil layer (Figure 3.12). As only a quarter of the problem is modeled, the profile of 

pore pressure for the other quarter of the model is projected symmetrically in Figure 3.12. As can 

be seen, the profiles of pore pressure in SEA-4 at various consolidation times are in excellent 

agreement with the analytical solutions, confirming the high accuracy of the new coupling 

technique across the model.  
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Figure 3.11 History of non-monotonic behavior of pore pressure and degree of consolidation 
for Mandel’s consolidation problem. 
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Figure 3.12 Pore pressure profiles with lateral distance at various consolidation times. 

 

 

Figure 3.13 Histories of the reaction force for SEA-4 and FLAC. 
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These results confirm that, evidently, the high-order ADE scheme formulated in SEA-4 

works very well not only for non-uniform grids but also for irregular grids (i.e., grids represented 

by quadrilateral-shape elements). Quadrilateral elements are often used in finite element (FE) 

modeling of H-M problems. Therefore, these results clearly demonstrate the potential use of the 

high-order ADE scheme to be coupled with an existing FE geomechanical simulator, such as that 

developed by Lee (2008).  

In addition, this technique is also able to maintain the reaction force to be around 100 MN 

during most of the simulation (after t* > 0.1), which is comparable with the reaction force 

maintained in FLAC’s fully coupled approach (Figure 3.13). This amount of reaction force is also 

comparable with the intensity of the applied force (F = 100 MN) on the top part of the sample, 

indicating the validity of the H-M solution produced by the simulation. For this H-M simulation, 

SEA-4 is also able to maintain high accuracy of the solution with maximum absolute errors of only 

3.4% for the pore pressure, and 0.4% for the displacement (represented by the degree of 

consolidation). In terms of computational efficiency, because a larger time step is used, SEA-4 is 

able to reduce computer runtime by 66% compared to that of FLAC as shown in the comparisons 

in Table 3.5. 

Table 3.5 Accuracy and efficiency of SEA-4 for Mandel’s consolidation problem 

Parameter Error (%) ∆t Runtime (s) Reduction (%) 

Pore pressure 3.4 - - - 

Degree of consolidation 0.4 - - - 

FLAC - 0.7 s 700 - 

SEA-4 - 2.4 s 237 66 
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 Embankment loading on a saturated foundation 

Time-settlement behavior of an embankment loading applied over a saturated foundation 

is an example of a common practical problem in geotechnical engineering. When a foundation 

resting on a saturated soil is loaded, it will cause excess pore pressure to develop during the 

compression. With time, fluid will flow from regions of higher pressure to regions of lower 

pressure, causing the excess pore pressure to dissipate and the foundation to settle. In this situation, 

the time behavior of the effective stress components becomes the primary concern because these 

are the deformation-producing components of the ground surface settlement (Booker & Small, 

1985; Schiffman et al., 1969). In this last verification, this coupled H-M response is studied to 

validate the SEA-4 scheme. 

An elastic saturated foundation is loaded by an embankment of length 2a = 40 m with a 

vertical load of po = 200 kPa. The foundation is 40 m deep and 200 m wide. The domain is assumed 

to be initially stress-free, and due to the vertical symmetry, only half of the domain is modeled. 

The FLAC grid of the half-domain is shown in Figure 3.14 and the material properties are 

presented in Table 3.6.  

The characteristic time for the full consolidation process is 10 years (tc = H2/cv). Compared 

to that time, the construction of the embankment can be assumed to occur instantaneously. 

Therefore, an undrained simulation is first carried out to evaluate the short-term response of the 

foundation after building the embankment. A coupled-drained simulation is then performed to 

obtain the long-term H-M response induced by the embankment. During the drained simulation, 

drainage is allowed from the soil surface and pore pressures, vertical displacements, and stresses 
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are monitored. The long-term drained simulation is carried out for a total consolidation time of 

100 years, which is 10 times the characteristic time of this problem.  

 

Figure 3.14 FLAC grid for embankment loading on saturated foundation. 

Table 3.6 Material properties for the embankment loading problem 

Material properties Value 

Hydraulic conductivity, kH (m/day) 5.0·10-4 

Porosity, φ 0.3 

Shear modulus, G (Pa) 2.5·106 

Drained bulk modulus, K (Pa) 5.4·106 

Fluid bulk modulus, Kw (Pa) 2.0·109 

Embankment load, po (kPa) 100 

Diffusivity, cv (m2/s) 0.44 
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The results of the H-M simulation from SEA-4 will be compared to those from the fully-

coupled technique in FLAC. The simulation in SEA-4 uses a time step of ∆t = 7.2·10-3 day, while 

that in FLAC uses ∆tcri = 2.4·10-3 day. To verify the capability of SEA-4, the induced H-M 

responses surrounding the foundation, e.g., pore pressure, stresses, and displacements, are plotted 

and compared with the explicit fluid flow solution from FLAC. 

Figure 3.15 provides the contour plots for these H-M responses after the simulation has run 

for a half-year or t* = 0.05. As one can see, the comparison of the induced H-M responses between 

SEA-4 and FLAC is very satisfactory. To observe the long-term pore pressure behavior, the pore 

pressure histories monitored at z/a = 1 and 1.5 (20 m and 30 m below the surface, respectively) are 

plotted versus the log consolidation time (Figure 3.16a). At both locations, there appears to be an 

additional increase of pore pressure during the early time of consolidation before it gradually 

dissipates towards t* = 1.  

This non-monotonic pore pressure above the initial value, as seen in Mandel’s problem and 

the so-called Mandel-Cryer effect, appears greater in magnitude at z/a = 1 and also occurs earlier 

in time than it does at z/a = 1.5. This difference may be due to the effect of increasing depth, in 

which the latter is deeper than the former. At z/a = 1, the increase of relative excess pore pressure 

is about 31% and it occurs at t* = 0.001 (4 days), while at z/a = 1.5, the increase is about 23% and 

it occurs at t* = 0.01 (40 days). At both locations, SEA-4 is able to capture and match the Mandel-

Cryer effect with that in the explicit solution of the fluid diffusion in FLAC during the drained 

consolidation of the foundation.  
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Figure 3.15 Contours of (a) pore pressure, (b) major principal stress, (c) effective vertical 
stress, (d) effective horizontal stress, (e) vertical displacement, and (f) horizontal displacement 

after a half-year (t* = 0.05). 
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Figure 3.16 Histories of (a) pore pressure and (b) degree of consolidation at monitoring points. 
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To understand the long-term deformation behavior, the settlement histories monitored at 

x/a = 0 (on the symmetry line) and at x/a = 2 (40 m from the symmetry line) are also plotted against 

the normalized consolidation time (Figure 3.16b). As expected, the degree of consolidation at x/a 

= 0 is larger in magnitude than that at x/a = 2 because the former is closer to the source of loading 

than the latter.  

At both locations, the agreement on the degree of consolidation between SEA-4 and from 

the explicit solution of the fluid diffusion in FLAC is excellent. From Figure 3.16b, it can also be 

seen that at t* = 1, the degree of consolidation at both locations has collectively reached 95%. This 

percentage indicates that the maximum settlement is almost reached and that the increase in the 

maximum settlement towards t* = 10 will not be significant.  

This unsubstantial increase can also be seen from the settlement profile at various 

consolidation times (Figure 3.17a). The maximum settlement only increases by –0.6 cm (1.7%) 

from –32.7 cm at t* = 1 to –33.3 cm at t* = 10. By contrast, the increase in the maximum settlement 

from the undrained condition (t* = 0) to the fully-drained condition (t* = 1) is extensive. As a 

result of long-term drainage, the maximum settlement has substantially increased by 13.6 cm 

(41%) from 19.1 cm at t* = 0 to 32.7 cm at t* = 1.  

In this settlement profile, similar to the pore pressure profile for the Mandel’s 

consolidation, the profile for the other half of the foundation model (from -80 m to 0 m) is projected 

symmetrically as the side being modeled. 
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Figure 3.17 Profiles of settlement at various consolidation times. 
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The agreement on the settlement profile between SEA-4 and FLAC is excellent, with an 

average relative error of only 1.5%. Likewise, minor relative error is also found for the pore 

pressure along the symmetry line (x = 0). At various consolidation times, the profiles of pore 

pressure with depth from SEA-4 match very well with those from FLAC’s basic scheme, with an 

average of relative error of 3.5% (Figure 3.17b). 

In addition to being able to produce consistent H-M response to that of FLAC, SEA-4 is 

also efficient in performing the H-M simulation. Because a larger time step size is used in SEA-4, 

the computer runtime for this problem is significantly reduced by 46%, from 47 minutes in FLAC 

to only 25 minutes in SEA-4. 

Another interesting H-M response to observe is the time behavior of the pore pressure and 

stresses (Figure 3.18) during the consolidation in the vertical (Figure 3.18a) and horizontal (Figure 

3.18b) directions. The monitored response is located at z/a = 1 (20 m below the surface) and only 

results from SEA-4 are plotted. During the early time increase of the pore pressure, the total 

stresses remain unaffected but the effective ones rather vary.  

While the effective vertical stress decreases, the effective horizontal stress increases with 

the increase in the excess pore pressure. Interestingly, the increase in the effective horizontal stress 

is about twice the increase in the excess pore pressure. This behavior indicates that when the soil 

element is draining, it attempts to squeeze the adjacent elements, giving rise to the Mandel-Cryer 

effect. This increase in the effective horizontal stress is in agreement with the previous finding on 

the pore pressure-stress relations in a normally consolidated half-plane (Schiffman et al., 1969). 
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Figure 3.18 Histories of pore pressure-stress ratio in (a) vertical and (b) horizontal directions 
with consolidation time at z/a = 1. 
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3.7 Conclusions 

In this study, a novel higher-order compact alternating direction explicit (ADE) scheme for 

a non-uniform grid has been derived for solving the fluid-diffusion equation. The new scheme is 

intended to improve the capability and accuracy of the standard low-order ADE scheme that only 

works for uniform finite difference grids and is only second-order accurate. By means of Von 

Neumann and truncation error analyses, the new scheme has been proven to be unconditionally 

stable, consistent and fourth order accurate in space. In this paper, the new scheme is sequentially 

coupled with the geomechanical simulator and implemented in FLAC. This coupling is called the 

sequentially-explicit coupling technique based on the fourth-order ADE scheme (SEA-4).  

The main benefit of SEA-4 is its capability to perform efficient simulations of long-term 

coupled H-M interactions in porous media. Because large flow time steps can be used, H-M 

simulations in SEA-4 can be performed without numerical instability and yet still retain high 

numerical accuracy. Results from the numerical verifications of three consolidation problems 

show that H-M simulations in SEA-4 are computationally more efficient than the fully-coupled 

approach in FLAC. SEA-4 can reduce computer runtime to 40-66% that of FLAC, yet it still 

maintains maximum absolute errors of 3-6% for the pore pressure solutions and 0.2-1.5% for the 

displacement solutions. With these relatively low errors, SEA-4 is able to provide the expected H-

M responses during consolidations, including the Mandel-Cryer effect, the pore pressure and 

displacement distributions, and the long-term pore pressure-stress relations. In addition, the high-

order ADE formulation in SEA-4 can also be used to solve H-M problems with an irregular domain 

and yet the high efficiency and accuracy of the solutions are still maintained. 
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This increased computational efficiency and high-order accuracy, together with its 

capability in solving H-M problems in non-uniform and irregular domains suggests that SEA-4 

holds great promise for enhanced geo-engineering applications, particularly engineering 

applications that involve long-term and large-scale coupled H-M interactions, such as 

consolidation and subsidence in geotechnical and petroleum engineering. The new scheme can 

also be coupled with other existing geomechanical simulators, such as those developed in FE 

approaches, broadening its future application in performing coupled H-M simulations. 
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VERIFICATION OF SEA-4 FOR SIMULATING H-M RESPONSE                                                                

OF A PERMEABLE TUNNEL UNDER SURFACE LOADING 

This chapter demonstrates the applicability of SEA-4 for simulating the H-M response of 

a permeable tunnel under surface loading. The tunnel problem is taken from Prassetyo and 

Gutierrez (2016b); only the case of permeable tunnel is presented. The model setup and H-M 

simulation procedure are the same as those explained in Chapter 2. Discussion will be mainly on 

the comparison between the results from SEA-4 and those from FLAC’s fully coupled approach. 

4.1 Comparison between SEA-4 and FLAC in Case 1 

In Case 1, the surface loading is given 10 years after tunnel construction. Figure 4.1 

provides the contour plots of the induced H-M responses in both types of ground after the surface 

loading is applied. As one can see, the comparison between SEA-4 and FLAC of the contours of 

horizontal and vertical displacements as well as of the pore pressure is very satisfactory. The 

induced thrust and moments in Figure 4.2 also show excellent agreement between SEA-4 and 

FLAC. In addition, SEA-4 can mimic the increase in the pore pressure and tunnel convergence 

due to the loading and capture the subsequent pore pressure dissipation and deformation towards 

the steady state (Figure 4.3 and Figure 4.4, respectively). Nevertheless, SEA-4 captures the long-

term deformation more accurately for tunnel in granite than in clay. This fact can be seen in the 

convergence behavior and profile of the surface settlement in Figure 4.4 and Figure 4.5, 

respectively. The overprediction of the induced deformation by SEA-4 may be related to the plastic 

deformation that the tunnel in clay experiences due to the loading as previously explained in 

Chapter 2.  
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          a. Clay         b. Granite 

Figure 4.1 Comparison of contour of displacements and pore pressure after surface loading in 
Case 1. 
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         a. Clay                                  b. Granite 

Figure 4.2 Comparison of induced thrust and moment after surface loading and at steady state 
in Case 1. 
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                              a. Clay 

 
        b. Granite 

Figure 4.3 Comparison of history of pore pressure in Case 1. 
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                                 a. Clay 

 
         b. Granite 

Figure 4.4 Comparison of history of tunnel convergence in Case 1. 
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Figure 4.5 Comparison of profile of settlement in Case 1. 

4.2 Comparison between SEA-4 and FLAC in Case 2 

In Case 2, the surface loading is applied after each ground has reached its steady state pore 

pressure distribution. The comparison of the contours in Figure 4.6 shows that, while the induced 

pore pressure in the ground is reasonably captured (Figure 4.6e and f), the deformations are not, 

particularly their lateral distribution and for tunnel in clay (Figure 4.6a and c). Surprisingly, the 

comparison of the induced thrust and bending moment in the liner is still satisfactory, indicating 

that the discrepancies in the induced H-M response between SEA-4 and FLAC do not greatly affect 

the corresponding liner behavior (Figure 4.7).  
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With a considerably long period to apply the surface loadings in Case 2, SEA-4 is still 

largely able to capture the pore pressure build-up due to the loading and its dissipation towards the 

steady state (Figure 4.8). Nevertheless, the history of the corresponding deformation response 

before and after the loading is more accurately represented for tunnel in granite than in clay 

(compare the convergence in Figure 4.9b with the overpredicted deformation in Figure 4.9a). This 

behavior is also shown in the comparison of the profiles of settlements (Figure 4.10). At both 

states, SEA-4 captures the maximum settlement and the transverse settlement trough more 

accurately for the ground above the tunnel in granite (Figure 4.10c and d) than in clay (Figure 

4.10a and b). This result may indicate that, when a large flow time step is used, SEA-4 can largely 

capture the induced coupled effect if the ground is still exhibiting relatively small deformation, as 

in the case of the tunnel in granite. If the deformation is large, as in the case of the tunnel in clay, 

the large flow time step adopted in SEA-4 makes the coupling strength between the flow and 

deformation too loose, affecting the accuracy of its H-M solutions. 

4.3 Comparison of the Efficiency of the Simulation in Both Cases 

In terms of computational efficiency, because larger time steps are used, SEA-4 is able to 

reduce computer runtime by 20% for the tunnel in clay and 24% for the tunnel in granite in both 

cases (Table 4.1). While further H-M simulations may be needed to fully exploit the efficiency 

and accuracy of SEA-4, the results in this chapter show that SEA-4 holds great promise for long-

term and large-scale coupled H-M problems even when an irregular grid is used, such as tunneling 

in saturated ground. 
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          a. Clay         b. Granite 

Figure 4.6 Comparison of contour of displacements and pore pressure after surface loading    
in Case 2. 
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         a. Clay                                 b. Granite 

Figure 4.7 Comparison of induced thrust and moment after surface loading and at steady state 
in Case 2. 
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                         a. Clay 

 
       b. Granite 

Figure 4.8 Comparison of history of pore pressure in Case 2 
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                         a. Clay 

 
         b. Granite 

Figure 4.9 Comparison of history of tunnel convergence in Case 2 

 

 

 

 

-20

-10

0

0 250 500

Ve
rt.

 d
is

p.
, u

y
(c

m
)

Loading

(a)
 

 

 

  SEA-4
  FLAC

Steady
state

End of 
construction

-10

-5

0

0 250 500

C
lo

su
re

, u
t(

cm
)

Consolidation time, t (years)

(e)

 
 

 

  SEA-4
  FLAC

-10

0

10

0 250 500

Ve
rt.

 d
is

p.
, u

y
(c

m
)

(c)

 
 

 

  SEA-4
  FLAC

Invert

Crown

Closure

-20

-10

0

0 30 60

Ve
rt.

 d
is

p.
, u

y
(c

m
)

Loading

(b)

 
 

 

  SEA-4
  FLAC

Steady
state

End of 
construction

-10

-5

0

0 30 60

C
lo

su
re

, u
t(

cm
)

Consolidation time, t (years)

(f)

 
 

 

  SEA-4
  FLAC

-10

0

10

0 30 60

Ve
rt.

 d
is

p.
, u

y
(c

m
)

(d)

 
 

 

  SEA-4
  FLAC



119 

 

 

 

 

 

 

 
Clay                                       

                                     Surface loading 

 

                                           Steady state 

 
Granite 

  

Figure 4.10 Comparison of profile of settlement in Case 2 
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Table 4.1 Efficiency of SEA-4 for tunnel under surface loading 

Case Ground Simulated in ∆t (day) Runtime (s) Reduction (%) 

1 Clay FLAC 0.3 4,070 20 

  SEA-4 5.0 3,200 - 

 Granite FLAC 0.2 1,270 24 

  SEA-4 3.0 1,110 - 

2 Clay FLAC 0.3 7,970 20 

  SEA-4 5.0 6,350 - 

 Granite FLAC 0.2 2,950 24 

  SEA-4 3.0 2,210 - 
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HYDRO-MECHANICAL ANALYSIS OF A DEEP ADVANCING TUNNEL                                 

USING AN EFFICIENT SEQUENTIAL COUPLING TECHNIQUE 

Simon Heru Prassetyo and Marte Gutierrez 

Partial contents of this chapter have been submitted for publication in the journal 

Tunnelling and Underground Space Technology and have also been submitted to and will be 

presented at the Poromechanics VI: Proceedings of the Sixth Biot Conference on Poromechanics, 

July 9-13, 2017, Paris, France. 

5.1 Abstract 

Advancing tunnel in saturated ground is commonly simulated in one excavation step and 

under steady state condition. However, this approach greatly oversimplifies the excavation-

induced coupled flow-deformation interaction. Explicit coupling techniques have been widely 

used for solving this hydro-mechanical (H-M) problem, yet, the techniques are conditionally stable 

and require small time steps, portending their inefficiency. This study performs H-M analysis of 

step-wise alternating undrained and drained excavation of advancing tunnel in deep saturated 

ground. The tunnel was created in a two-dimensional axisymmetric model in the explicit computer 

code Fast Lagrangian Analysis of Continua (FLAC). To improve the simulation’s efficiency, a 

novel high-order axisymmetric alternating direction explicit (ADE) scheme was developed for 

solving the flow problem and eliminating the time step restriction. The pore pressure solution was 

then sequentially coupled with the geomechanical simulator in FLAC. This coupling procedure is 

called the sequentially-explicit coupling technique based on the fourth-order axisymmetric ADE 
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scheme (SEA-4-AXI). Application of SEA-4-AXI for solving axisymmetric consolidation and the 

advancing tunnel problem showed that SEA-4-AXI reduced computer runtime to 42-50% that of 

FLAC’s basic scheme without numerical instability. Yet, it produced high accuracy solutions with 

maximum absolute errors of < 2% for pore pressure and < 1% for displacement. 

H-M analysis showed that, in the short term, the step-wise excavation caused a non-

monotonic variation of pore pressure, confining the advanced core temporarily. In the long term, 

pore pressure continuously dissipated, induced further wall displacement and face extrusion and 

transferred the ground loading to the advanced core. Recognizing this transient coupling effect, 

this study proposed: (1) an extended convergence-confinement method using proposed transient 

unloading factors and (2) new equations for predicting the longitudinal displacement profile (LDP) 

using proposed time-dependent constants. The new LDP equations captured the concavity 

reduction of the displacement profiles due to the coupling effect, which could not have been 

represented by the current equations. 

5.2 The Role of Hydro-Mechanical Interaction in Tunneling 

In 1941, Belgian-born physicist Maurice Anthony Biot (1905-1985) developed the first 

equations that govern the coupled interactions between fluid flow and deformation in elastic 

porous media (Biot, 1941). The mathematical framework that Biot established was a conceptual 

breakthrough in developing a working theory of hydro-mechanical (H-M) coupling between pore 

fluids and porous solid. Biot’s framework greatly advanced the early concepts of H-M coupling in 

geologic systems proposed by the leading researchers at the time, such as Terzaghi (1925), 

Meinzer (1928), Theis (1935) and Rendulic (1936), who could not recognize the coupled 

interaction and thus addressed the coupled behaviors as two unrelated phenomena. Two decades 



123 

after its first publication, Biot’s framework was being referred to as Biot’s theory of poroelasticity 

(Geertsma, 1966).  

Biot’s theory of poroelasticity signifies the two-way coupling that underlies the coupled 

interaction between hydraulic and mechanical processes that occur in a deformable porous medium 

(i.e., soils and rocks). Consolidation and subsidence induced by either fluid withdrawal or 

hydrocarbon production are the most common examples of this two-way coupled interaction. 

When a subsidence occurs, there is a reduction in pore pressure due to fluid withdrawal, which 

causes an increase in the effective stress because the load carried by the rock matrix increases 

(fluid-to-solid coupling). The increase in the effective stress can then induce significant 

compaction in the medium, which is transferred to the surface as subsidence. Subsequently, the 

increase in the effective stress and the induced deformation can generate a change in the pore 

pressure (solid-to-fluid coupling). In other words, fluid flow affects deformation and vice versa 

(Gutierrez & Lewis, 2002; Neuzil, 2003; Wang, 2000). At present, significant research efforts 

based on Biot’s work are still being conducted to solve a large variety of engineering problems, 

not only in the field of rock mechanics and rock engineering but also in reservoir engineering, 

biomechanics, and environmental engineering (Chen et al., 2006; Hu et al., 2013; Jaeger et al., 

2007; Phillips & Wheeler, 2007; Prassetyo & Gutierrez, 2014; Rutqvist & Stephansson, 2003; 

Zimmerman, 2000).  

In recent years, Biot’s theory of poroelasticity has started to receive wide attention in the 

field of tunnel engineering. In fact, the coupled interaction between seepage flow and deformation 

has been considered the most important coupled process in geotechnical engineering (Anagnostou, 

2006). Consequently, fully coupled Biot’s equations have been used extensively in numerical 

programs to perform coupled H-M analysis of consolidation of tunneling under the groundwater 
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table. For example, H-M analyses have been used to incorporate the so-called “excavation pore 

pressures” into the convergence-confinement method (Callari, 2004; Callari & Casini, 2005) and 

to understand the interaction mechanism between the ground and tunnel lining in either finite 

difference or finite element models (Arjnoi et al., 2009; Graziani & Boldini, 2011; Lee & Nam, 

2001; Nam & Bobet, 2006; Ohtsu et al., 1999; Yoo, 2005). Coupled H-M simulations have been 

performed to understand the H-M response of a NATM tunnel under the influence of surface 

loading with different liner permeabilities (Prassetyo & Gutierrez, 2016b) and a NATM tunnel 

under various advance rates and ground permeabilities (Lee & Nam, 2004). Further, theoretical 

solutions considering coupled H-M interactions of underwater tunnels have been developed 

considering strain-dependent permeability (Fahimifar & Zareifard, 2009; 2014). 

Most of the H-M studies previously mentioned have been for shallow tunnels located near 

the ground surface. As reported by Ramoni and Anagnostou (Ramoni & Anagnostou, 2011), the 

role of H-M response for deep tunnels is particularly important because the ground surrounding 

the excavation will be highly stressed and under high pore water pressure. In an extreme case, 

excavation of a deep tunnel potentially triggers creep and squeezing phenomena in the surrounding 

ground (Kovári & Staus, 1996). In addition, deep geological formations also hold great promise 

for storing radioactive waste. Therefore, understanding the H-M response of the ground during 

and after tunnel excavation is vital knowledge to have during the design and construction of such 

repositories. 

Similar to the subsidence mechanism, tunneling in deep saturated ground also causes time-

dependent consolidation that is invoked by the transient nature of the coupled stress-strain and 

pore pressure interactions. The tunneling process generates not only mechanical responses through 

stress changes and displacements in the ground surrounding the opening, but also hydraulic 
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responses through pore pressure changes. Because ground deformation is governed by the effective 

stresses, any changes in the pore pressure distribution will in turn alter the displacement field 

around the tunnel. In the vicinity of the tunnel face, consolidation occurs simultaneously with the 

pore pressure and stress redistribution caused by the progressive excavation of the face. Even after 

the excavation reaches the final tunnel face, the consolidation will continue during the standstill 

period until the steady state pore pressure distribution is reached (Ramoni & Anagnostou, 2011).  

Thus, advancing a tunnel in deep saturated ground will affect the H-M response of the 

surrounding ground in two ways. First, it will affect the short-term response due to the 

instantaneous pore pressure buildup from when the ground is being progressively excavated 

(undrained loading). The reason for the pore pressure build-up is that the pore pressure enforces a 

constraint on the volumetric strains in the ground. Short-term response is usually concentrated in 

the vicinity of the tunnel face and dependent upon the techniques of excavation. Second, it will 

affect the long-term response due to the dissipation of that excess pore pressure from when the 

ground is consolidating (drained loading). The response is usually noticeable long after the 

completion of the excavation. However, the degree to which the advancing tunnel will affect these 

short- and long-term H-M responses of the surrounding ground remains unclear.  

It should also be fully appreciated that the term “the ground surrounding the tunnel” refers 

to the ground that is located behind and ahead of the tunnel face. When a tunnel is being excavated, 

a substantial volume of the ground ahead of the tunnel face is removed. This operation converts 

the stresses from a triaxial state of stress to a plane stress condition and causes loss of confinement 

to the tunnel face.  
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This progressive decrease of the stress causes changes in the pore pressure and 

subsequently radial deformations in the ground behind the face, called the convergence, and the 

ground ahead of the face (the advance core), called the preconvergence (Figure 5.1). At the same 

time, the loss of the axial confinement not only triggers the axial deformation of the face, called 

the extrusion, but also reduces the radial resistance of the core, inducing more preconvergence and 

convergence to the advancing tunnel. Nevertheless, the deformation behavior of the advance core 

considering the transient H-M effect induced by an advancing tunnel has not been fully exploited. 

 

Figure 5.1 Terminologies used to express deformation behavior in the ground surrounding a 
tunnel (modified from Lunardi (2008)). 

Numerical studies on the deformation behavior of deep tunnels have been done in the past, 

but mostly for tunnels excavated in dry ground. In these studies, the deformation behavior is 

represented and then formulated by the so-called longitudinal displacement profile representing 

the radial displacements along the longitudinal axis of a circular tunnel located in an isotropic 
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stress field (Carranza-Torres & Fairhurst, 1999; Corbetta et al., 1991; Panet, 1995; Panet & 

Guenot, 1982; Unlu & Gercek, 2003; Vlachopoulos & Diederichs, 2009). Meanwhile, similar 

studies of tunnels in deep saturated ground have been done using the steady state approach, as 

opposed to the coupled approach that will be performed in this paper. In the steady state approach, 

the final tunnel face is reached in one excavation step (instead of a progressive step-by-step 

excavation), and then the model is brought to geomechanical equilibrium under the steady state 

pore pressure distribution (instead of under time-dependent pore pressure distribution). Because 

the transient coupled interaction is not simulated, the steady state approach is called the uncoupled 

simulation. In the past, uncoupled simulations have been conducted to investigate the radial 

deformations of a deep circular tunnel induced by groundwater flow, as well as to analyze 

deformation characteristics of underwater tunnels under different liner permeabilities (Nam & 

Bobet, 2007; Shin et al., 2014). Clearly, the deformation behaviors from these studies did not result 

from the transient H-M interaction that would have been induced by progressive excavation of the 

advancing tunnel. 

Therefore, the first objective of this paper is to capture the transient H-M interaction of an 

advancing tunnel in deep saturated ground and to understand its influence on the short- and long-

term H-M response of the ground located behind and ahead of the tunnel face. The tunneling 

process will be simulated in a coupled model through a progressive step-by-step excavation so that 

the undrained and drained loadings during the advance of the tunnel can be appropriately applied.  

5.3 The Need for an Efficient Coupling Technique 

Section 5.2 highlights the first objective of this paper: to study the H-M response of an 

advancing tunnel in deep saturated ground. This study is a 3-D coupled problem, but in this paper, 
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it will be represented by a 2-D axisymmetric coupled model. Thus, the coupled Biot’s governing 

equations for fluid flow and geomechanical problems must be solved for an axisymmetric 

condition. This section highlights the need for an efficient coupling technique to solve this coupled 

problem. 

At present, the trend of solving fully coupled Biot’s equations has shifted to computational 

modeling of the observed H-M phenomena. This is because, in general, the coupled H-M equations 

governing a mathematical model of a geologic system cannot be solved by analytical methods. 

Various numerical coupling techniques have been developed to capture the observed coupled H-

M interactions in geoengineering problems, particularly in petroleum and geotechnical 

engineering. These coupling techniques solve the two equations that govern the response of the 

fluid (the flow problem) and the solid (the geomechanical problem). While the flow problem is 

represented by the mass balance equation, which is based on Biot’s theory, the geomechanical 

problem is represented by Terzaghi’s effective stress principle, equilibrium condition, constitutive 

law, and displacement to strain compatibility relations (Gutierrez & Lewis, 2002).  

In general, the coupling techniques can be classified into four types (Dean et al., 2006; 

Settari & Walters, 2001):   

1. Fully coupled 

This technique solves both equations simultaneously at every time step, and the converged 

solution is achieved through iteration. The technique is unconditionally stable but requires 

more code development to unify the flow and geomechanical simulator, which can be 

computationally expensive.  

2. Iteratively coupled 
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This approach sequentially or independently solves the flow and geomechanical problems 

at each time step and iterates the procedure until the solution converges to a predetermined 

tolerance value. Either the flow or the mechanical problem is solved first, followed by 

solving the other problem using the intermediate solution from the previous “half-step.”  

3. Explicitly coupled 

This approach is a special case of the interactively coupled approach because only one 

iteration is performed at each small time step. One of the main attractive features of the 

explicitly coupled approach is that it can couple existing separate fluid flow and 

geomechanical simulators.  

4. Loosely coupled 

When the geomechanical problem is solved after the fluid flow has run for multiple time 

steps, the explicitly coupled approach becomes the loosely coupled approach. This 

technique can save computational cost, but the accuracy of the method should be 

monitored.  

Among the four coupling techniques, the explicitly coupled approach is the most attractive 

to use. The technique is not only simple to implement, but also less time consuming in building 

the separate geomechanical and fluid flow codes for solving the coupled equations, while still able 

to capture the desired coupled interactions. Unfortunately, this holy grail of coupling techniques 

is not as good as it seems. The explicit technique comes at a price: it is unconditionally stable.  

The explicit nature of the technique requires that small time step sizes must be used to 

maintain numerical stability and accuracy, placing a strong limitation on the technique. 

Consequently, the efficiency of computer runtime for an explicit-type coupling technique cannot 

be fully exploited for large-scale and long-term H-M simulations that may need enormously long 



130 

computations. The widely used explicit finite difference (FD) code for coupled fluid flow and 

geomechanical computation called Fast Lagrangian Analysis of Continua or FLAC (Itasca., 2011a) 

is also conditionally stable in that it has restrictions on the time step for its flow calculation (Itasca., 

2011c). Unlike the fluid flow effect that takes place over a considerable amount of time, the 

geomechanical calculation in FLAC is not of particular concern because the geomechanical effects 

of a coupled problem occur almost instantaneously during the small time step. 

To remove the time step restriction in an explicit coupling technique, one proposed method 

is to develop an unconditionally stable fluid flow scheme that can be sequentially coupled with an 

existing geomechanical simulator (e.g., FLAC). The alternating direction explicit (ADE) scheme 

is one such scheme. The ADE scheme finds the solution to the target point at the next time level 

(n + 1) by using the already calculated solution from the same time level (n + 1) located behind 

and ahead of the target point and from the previous time level (n). The ADE scheme is arranged 

in such a way that two explicit FD equations can be executed simultaneously in two physical 

directions: one in a forward sweep and the other in a reverse sweep. 

To get a better sense of how an ADE scheme can be applied for solving a partial differential 

equation of a fluid flow problem, consider a diffusion equation in Eq. (5.1). 

2 2

2 2

p p p
t x y

∂ ∂ ∂
= +

∂ ∂ ∂
 
 

(5.1) 

Barakat and Clark (1966) solved Eq. (5.1) using an ADE scheme principle in which FD solutions 

to Eq. (5.1) can be executed in the forward and reverse sweeps as written in Eqs. (5.2) and (5.3) 

respectively.  
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( ) ( )1 1 1
, , 1, 1, , 1 , 1
n n n n n n
i j i j i j i j i j i ju au b u u c u u+ + +

− + − += + + + +
 

(5.2) 

 

( ) ( )1 1 1
, , 1, 1, , 1 , 1
n n n n n n
i j i j i j i j i j i jv a v b v v c v v+ + +

− + − += + + + +  (5.3) 

where a, b and c are the constants defined as 

2 2

2 2

2 2

1 11
1 1 1, ,
1 1 11 11

t
x y t ta b c

x yt
x y

λ
λ λ λ

 
− ∆ + ∆ ∆ − ∆ ∆ = = = =

+ ∆ + ∆ + 
+ ∆ + ∆ ∆ 

 
(5.4)

 

The final solution is obviously the average of the solutions from the two sweeps (Eq. (5.5)). To 

better visualize the forward and the reverse sweeps, see their arrangement in the FD grid in Figure 

5.2. 

( )1 1 1
, , ,

1
2

n n n
i j i j i jp u v+ + += +

 
(5.5)

 

The forward sweep (Eq. (5.2)) marches upward in an ascending order of x and y in which 

it solves the target point (xi, yj) at the next time level (n + 1) using the solutions from the time 

levels (n) and (n + 1) located behind the target point (Figure 5.2a). Similarly, the reverse sweep 

(Eq. (5.3)) marches downward in a descending order of x and y in which it solves the same target 

point (xi, yj) at the next time level (n + 1) using the solutions from the time levels (n) and (n + 1) 

located ahead of the target point (Figure 5.2b). In this way, the explicitness of the scheme is 

preserved while improving the accuracy and the stability of the scheme. This is the beauty of the 

ADE scheme. 
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Figure 5.2 Illustration of (a) forward and (b) reverse sweeps in the standard ADE scheme. 

Despite its unconditional stability, the standard ADE scheme has three major drawbacks: 

(1) it is only moderately accurate (second-order accurate in time and space); (2) it is only valid for 

uniform grid sizes (same ∆x and ∆y for the entire grid model); (3) it can only be used for plane 

strain conditions. With these drawbacks, the standard ADE scheme will encounter substantial 

difficulties when it is coupled with a geomechanical simulator to solve a H-M coupled problem. 
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Its low-order accuracy will become a major challenge when a large time step size is desired for an 

efficient H-M simulation but high numerical accuracy is still retained. Likewise, the strong 

limitation on the grid sizes will make the standard ADE scheme even less practical for solving 

large-scale coupled problems in which the FD model is usually arranged with gradually increasing 

grid size towards the far-field boundaries. More importantly, it cannot be used for solving a 

coupled problem under axisymmetric conditions such as the consolidation around an advancing 

tunnel in deep saturated ground. In other words, the standard ADE scheme cannot be coupled with 

the existing geomechanical simulator to accomplish the first objective of this paper. Unfortunately, 

in spite of the great practical value it would have, developing a higher-order ADE scheme for a 

non-uniform grid under an axisymmetric condition has never been an attractive research effort for 

geoengineering scholars.  

Therefore, the second objective of this paper is to bridge this research gap by presenting a 

new high-order ADE scheme for solving the axisymmetric fluid-diffusion equation in a non-

uniform grid configuration. The newly derived scheme will be able to not only maintain its 

unconditional stability and explicitness, but also produce more precise solutions for wide-ranging 

geometry conditions than the standard low-order scheme (i.e., not only limited to the plane strain 

condition). The fluid flow solution resulting from this novel scheme is then sequentially coupled 

with the existing geomechanical simulator in FLAC. Because the time step restriction is removed, 

the H-M simulation can be performed with less computation time and without numerical instability 

and yet still retain high numerical accuracy. In this paper, the coupling of the new scheme in FLAC 

is called the sequentially-explicit coupling technique based on the fourth-order axisymmetric ADE 

scheme, abbreviated as SEA-4-AXI.  
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To the authors’ knowledge, this is the first paper that attempts to address the drawbacks of 

an ADE scheme for solving the axisymmetric fluid-diffusion equation. Previous research by the 

authors, however, has attempted to develop a novel high-order ADE scheme for solving the fluid-

diffusion equation under a plane strain condition (Prassetyo & Gutierrez, 2016a). The paper has 

been submitted for publication and is currently under review.  

The rest of this paper is organized as follows: in Section 5.4, the governing equations for 

the coupled H-M problem are briefly presented, serving as the foundation for the derivation of the 

novel high-order axisymmetric ADE scheme in Section 5.5. Section 5.6 will present the numerical 

verifications of SEA-4-AXI for solving an axisymmetric consolidation of a circular footing. The 

H-M analysis of an advancing tunnel in deep saturated ground is then presented in Section 5.7. 

Section 5.8 presents the conclusion of the paper.  

5.4 Governing Equations for a Coupled H-M Problem 

The governing equations for coupled fluid flow and geomechanical interactions consist of 

the mass balance equation, which governs the hydraulic response of the fluid, and the momentum 

balance equation, which governs the geomechanical response of the porous medium. According 

to Biot’s theory of poroelasticity (Biot, 1941), the responses of the fluid (pore pressure) and the 

solid (total stress) are related to the changes in fluid content (ζ) and volumetric strain (εvol) of the 

porous medium. This relation can be written as  

 

volp M
t t t

εζ α ∂∂ ∂ = − ∂ ∂ ∂   
(5.6)

 

and 



135 

 

vol
22
3ij ij ij ijp G K Gσ α δ ε ε δ + = + − 

   
(5.7)

 

where p is the pore pressure, M is the Biot modulus, α is the Biot coefficient, σij is the total stress 

tensor, δij is the Kronecker delta tensor with δij = 1 for i = j and δij = 0 for i ≠ j, and K and G are 

the drained bulk and shear moduli of the porous medium. The term (σij + αpδij) on the left-hand-

side of Eq. (5.7) is known as Biot-Terzaghi’s effective stress law. 

The change in fluid content can be related to the change in pore pressure by substituting 

the transport equation, which relates the fluid flux q to the pore pressure gradient, given by Darcy’s 

law in Eq. (5.8) into the mass balance equation in Eq. (5.9). The resulting relation is given in Eq. 

(5.10). 

 

( )wk p ρ= − ∇ −q g
 

(5.8) 

 

. 0
t
ζ∂

+ ∇ =
∂

q
 

(5.9) 

 

2 2
2

2 2

p pk p k
t x y
ζ  ∂ ∂ ∂

= ∇ = + ∂ ∂ ∂   
(5.10) 

where k is the permeability coefficient ( )H wk k γ= , kH is the hydraulic conductivity, γw is the 

unit weight of fluid, ρw is the fluid density, and g is the gravitational acceleration vector. In Eq. 

(5.10), a homogenous material is assumed (i.e., k is considered to be constant – extension to non-

uniform k will be discussed later) and the gravitational term is neglected.  
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In this paper, the sequentially-explicit coupling technique freezes the contribution from the 

mechanical deformation during the flow calculation (δεvol = 0). Hence, by substituting Eq. (5.10) 

into Eq. (5.6), the transient response of the fluid is then governed only by the diffusivity of the 

medium cv and the Laplacian of the pore pressure as 

 

2 2

2 2v
p p pc
t x y

 ∂ ∂ ∂
= + ∂ ∂ ∂   

(5.11) 

where cv is the coefficient of consolidation and is defined as vc k M= . Eq. (5.11) is the differential 

equation of the fluid flow problem for a plane strain condition.  

For an axisymmetric condition of the deep tunnel problem, the differential equation in Eq. 

(5.11) may be rewritten in the form of Eq. (5.12), which corresponds to the adopted coordinate 

system shown in Plane B in Figure 5.3. The variable r is in the radial direction, while z is in the 

axial direction.  

The pore pressure p in Eq. (5.12)  has been assumed to be independent in the angular (θ) 

direction, eliminating the differential term p θ∂ ∂  and allowing a 2-D axisymmetric coordinate 

system to be used as opposed to the cylindrical one. A similar equation has been used by Merry 

and Du (2014) for axisymmetric modeling of convex levees in the Natomas basin in Sacramento, 

California. 

 

2 2

2 2

1 1

v

p p p f
r r r z c

∂ ∂ ∂
+ + =

∂ ∂ ∂
 
 

(5.12) 
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Figure 5.3 Illustration of the coordinate systems used for plane strain (Plane A) and 
axisymmetric (Plane B) analyses. 

5.5 Novel High-Order Axisymmetric ADE Scheme 

 Development of high-order axisymmetric ADE scheme 

To develop the proposed high-order axisymmetric ADE scheme for a non-uniform grid, 

the non-uniform finite difference approximations of the axisymmetric diffusion equation in Eq. 

(5.12) must be developed first. To do this, consider a general non-uniform finite difference grid 

that consists of four quadrilateral elements in the axisymmetric coordinate system (Figure 5.4).  

 

y
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r

θ
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Figure 5.4 Non-uniform finite difference grid for the axisymmetric coordinate system. 

From Figure 5.4, writing the Taylor series expansion for 1,i jp +  and 1,i jp −  to the fourth-

order gives 

( )
2 3 4

2 3 4 4
1, , 2 3 4

1 1 1
2 6 24i j i j

p p p pp p r r r r O r
r r r r+ + + + + +

     ∂ ∂ ∂ ∂ = + ∆ + ∆ + ∆ + ∆ + ∆      ∂ ∂ ∂ ∂         
(5.13) 
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2 6 24i j i j
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     ∂ ∂ ∂ ∂ = − ∆ + ∆ − ∆ + ∆ + ∆      ∂ ∂ ∂ ∂         
(5.14) 

Multiplying 1,i jp +  in Eq. (5.13) by r−∆   and 1,i jp −  in Eq. (5.14) by r+∆   and disregarding the 

error terms gives 

2 3 4
2 3 4
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1 1 1
2 6 24i j i j
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(5.15) 
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(5.16) 

To get p r∂ ∂  , Eq. (5.14) is subtracted from Eq. (5.13), while to get 2 2p r∂ ∂ , Eq. (5.16) is added 

to Eq. (5.15). To get 2 2p z∂ ∂ , the steps to get Eqs. (5.13)-(5.16) are repeated for z and the resulting 

equations are added. These operations give 
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(5.19) 

Therefore, solving Eqs. (5.17), (5.18) and (5.19) for p r∂ ∂ , 2 2p r∂ ∂  and 2 2p z∂ ∂ , 

respectively, gives 
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(5.22) 

where rδ , zδ , 2
rδ  and 2

zδ  are the centered difference operators for the first and second derivatives 

defined as 
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(5.23) 

In order to have the desired fourth-order approximations for p r∂ ∂ , 2 2/p r∂ ∂ and   

2 2p z∂ ∂ , the higher-order partial derivatives 3 3/p r∂ ∂ ,  4 4/p r∂ ∂ , 3 3/p z∂ ∂  and 4 4/p z∂ ∂  in Eqs. 

(5.20)-(5.22) need to be approximated to the second-order accurate. To accomplish this, we 

perform repeated differentiations of Eq. (5.12) with respect to r and z until the higher-order terms 

appear. The differentiations give 
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The next step is to use the centered difference approximations in Eq. (5.23) for the lower-

order partial derivatives in Eqs. (5.24)-(5.27) and substitute those approximations into Eqs. (5.20)-

(5.22) and the governing equation in Eq. (5.12). By performing this operation, the desired fourth-

order finite difference approximations of the axisymmetric diffusion equation can be obtained as 
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To assemble the fourth-order approximation in Eq. (5.28) into the desired high-order 

axisymmetric ADE scheme, the well-known Crank-Nicolson implicit time integration scheme 

(Crank & Nicolson, 1947) is applied to Eq. (5.28) and then the resulting equation is rearranged 

into the forward and reverse sweeps as shown in Section 5.3. The principle of the Crank-Nicolson 

technique is briefly written in Eq. (5.30).  
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(5.30) 

The rearrangement finally gives the novel high-order axisymmetric ADE scheme for a non-

uniform grid as 
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Reverse sweep 
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(5.32) 

where 0 8α α−   and 1 4β β−   are the grid size-dependent constants. These constants are defined in 

Eqs. (5.33) – (5.37). Eqs. (5.31) and (5.32) are the FD schemes that will solve the axisymmetric 

fluid flow equation. The pore pressure solutions from this scheme will then be coupled sequentially 
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in time with the geomechanical calculations in FLAC, which are also carried out explicitly, to 

solve the coupled H-M equations. 
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where 
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(5.35) 

The constant α0 is defined as follows: 
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(5.37) 

Figure 5.5 illustrates the arrangement of the calculation sweeps for the newly derived high-

order axisymmetric ADE scheme. Compared to the standard scheme in Figure 5.2, in each sweep, 

the new scheme has more points included in the calculation of the target point because of the 

fourth-order approximation, such as diagonal points from the cross-derivatives of the radial and 

axial terms. Nevertheless, the new scheme can maintain the compactness of the calculation 

stencils; it only involves, at most, the neighboring nine-point stencil. 
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Figure 5.5 Illustration of (a) forward sweep and (b) reverse sweep in the new high-order 
axisymmetric ADE scheme. 
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The newly-derived ADE scheme previously mentioned is valid for all points inside the FD 

grid except for the points along the axis of symmetry, that is, along the line of axial direction at 

the origin of the radial axis (at r = 0 in). Consider the axisymmetric coordinate systems of the 

consolidation and deep tunnel problems shown in Figure 5.6, as well as the locations of the 

impermeable boundary condition ( )0p r∂ ∂ = . At r = R, this Neumann boundary condition can be 

treated by imposing the values of the points outside the boundary to be the same as those inside 

the boundary. However, at the axis of symmetry, r = 0, it will result in a singularity in the fluid-

diffusion equation because now it will have a division of 0/0 for the 1 p
r r

∂
∂

 term. L’Hospital’s 

Rule states that if an indeterminate form of 0/0 is found when computing a limit, all that is needed 

is to successively differentiate the numerator and the denominator with respect to r until a finite 

limit is achieved, and then plug in r = 0. Eq. (5.38) shows the operation of L’Hospital’s Rule for 

the 1 p
r r

∂
∂

 term, in which the 1 p
r r

∂
∂

  term simply becomes 
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(5.38) 

After substituting 
2

2

p
r

∂
∂

 for 1 p
r r

∂
∂

 in Eq. (5.12), the governing equation of the fluid-diffusion 

equation becomes that shown in Eq. (5.39). This is the governing equation that needs to be 

discretized using the high-order ADE scheme for the boundary points located along the axis of 

symmetry (called the axisymmetric boundary points in the remainder of this paper). 
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(5.39) 
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Figure 5.6 Location of the axis of symmetry and its flow boundary conditions for (a) 
consolidation and (b) deep tunnel in axisymmetric conditions. 
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For the axisymmetric boundary points, the steps to develop the corresponding high-order 

axisymmetric ADE scheme will be the same as those for the interior points presented in Eqs. 

(5.13)-(5.32). The steps will not be repeated here, but the final arrangements into the forward and 

reverse sweeps for the axisymmetric boundary points are given in Eqs. (5.40)-(5.41).  
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Reverse sweep 
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(5.41) 

Note that the constants 1α , 5α , 7α  and 1β  are now zero, meaning that fewer neighboring points 

are needed in the calculation. The grid size-dependent constants are defined in Eqs. (5.42) and 

(5.43). 
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In the above derivations, the mobility coefficient k = kH/γw has been assumed to be constant, 

causing the consolidation coefficient cv in the grid size-dependent constants to be constant as well. 

The porous medium permeability can certainly be made anisotropic by having different mobility 

coefficients in the radial and axial directions (kr and kz, respectively). To accommodate this 

anisotropy, Eqs. (5.12) and (5.39) can be rewritten in more general forms by assigning kr and kz to 

the respective derivatives as 

 
2 2

_ _ _2 2

1
v r v r v z

p p pc c c f
r r r z

∂ ∂ ∂
+ + =

∂ ∂ ∂
 
 

(5.44) 

2 2

_ _2 22 v r v z
p pc c f

r z
∂ ∂

+ =
∂ ∂

  
 

(5.45) 

where _v r rc k M=   and _ .v z zc k M=   By repeating the steps to derive the high-order axisymmetric 

ADE scheme, the constants cv_r and cv_z will continuously follow the derivative terms that result 

from taking the partial derivative with respect to r and z, respectively. Consequently, the grid size-

dependent constants in Eqs. (5.33)-(5.37) and Eqs. (5.42)- (5.43) will consist of cv_r and cv_z instead 

of just cv. Due to the nature of the derivation, the value of each constant is unique for each grid 

point. Therefore, the coupled model can represent the anisotropic permeability of the porous 



152 

medium by simply assigning the desired cv_r and cv_z values to the corresponding grid points in the 

model at the beginning of the model construction. 

 Proof of convergence 

From the standpoint of mathematics, convergence is the attribute that the newly-derived 

ADE scheme must have in order to instill confidence in its results. Proving convergence of an FD 

scheme directly from the definition is quite difficult and is within the domain of mathematicians. 

However, thanks to the Lax-Richtmyer equivalence theorem (Richtmyer & Morton, 1967), it is 

not necessary to show the proof in a strict mathematical sense. Per the theorem, stability and 

consistency are the only conditions that must be met for an FD scheme to be called a convergent 

scheme. Stability means that errors at any stage of the computation decay as the computation 

progresses, while consistency means that the FD scheme reduces to the original differential 

equation as the increments in the independent variables vanish. Through the stability and 

consistency analysis, the derived axisymmetric ADE schemes above have been proven to be stable 

and consistent, guaranteeing the convergence of the schemes. It is the objective of this subsection 

to show that the high-order axisymmetric ADE scheme meets the stability and consistency 

conditions. 

Stability analysis 

To prove the stability of the new ADE scheme, von Neumann stability analysis will be 

used. The new ADE schemes can be said to be stable if the amplification factor of the solution, 

( )G θ  , meets the criterion ( ) 1G θ ≤  , which expresses the decay of the frequency amplitude of 

the FD solution when the solution is advanced one time step (Barakat & Clark, 1966; Hoffman, 
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2001; Strikwerda, 2004). To use the von Neumann stability analysis, the solutions from the 

forward and reverse sweeps are represented by a Fourier expansion in separable forms as 

1 1
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1 1
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(5.46) 

where e is the exponential function, i is the imaginary number 1− ,  and θ is the phase angle. Eq. 

(5.46) is substituted into the new ADE schemes in Eqs. (5.31) and (5.32) for the interior points, 

and in Eqs. (5.40) and (5.41) for the axisymmetric boundary points. The resulting equations are 

arranged in such a way that all the ( )1n +  terms are in the numerator and all the ( )n  terms are in 

the denominator.  

For the interior points, these substitutions and arrangements yield ( )G θ  for the forward 

sweep as 
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and for the reverse sweep as 
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As for the axisymmetric boundary points, ( )G θ  for the forward sweep is defined as 
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and for the reverse sweep is defined as 
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(5.50) 

Figure 5.7 shows the graphical examination of ( )G θ  for the new ADE schemes for the 

interior points and axisymmetric boundary points for the forward (Figure 5.7a) and reverse sweeps 

(Figure 5.7b). As θ varies, the set of points marked out by ( )G θ  lie within the unit circle with the 

radius of unity. This behavior ensures that the FD solutions are bounded and that the new ADE 

schemes are unconditionally stable. For the interior points, the shape of ( )G θ  curves are the same 

in the forward and reverse sweeps as they should be, while for the axisymmetric boundary points, 

they are not. This is because for the axisymmetric boundary points, the equations for ( )G θ  for the 

forward and reverse sweeps are different due to the zero values of some of the constants, making 

the number of terms in the equations for the former, Eq. (5.49), and the latter, Eq. (5.50), not equal. 

In this example, the material properties from the axisymmetric consolidation problem in Section 

5.6 are used. 

Consistency analysis 

The consistency condition requires that the truncation errors of the newly-derived ADE 

schemes vanish as ∆r, ∆z and ∆t approach zero. The behavior of the truncation errors for the 

interior grids can be investigated by looking at Eq. (5.28) because the discretization of the high-

order axisymmetric ADE scheme comes from this equation. Eq. (5.28) is rewritten as 
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(5.51) 
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where τi,j is the truncation error resulting from expanding the governing equation in Eq. (5.12) to 

the fourth-order. The truncation error is defined in Eq. (5.52). 

 

 

Figure 5.7 Variation of ( )G θ  for the (a) forward and (b) reverse sweeps. 
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(5.52) 

To simplify the analysis, uniform grid size will be used, that is, ∆r_ = ∆r+ = ∆r and ∆z_ = 

∆z+ = ∆z. By doing this, the constants M, N, A, B, C and D defined in Eq. (5.29) become ∆r3, 0, 0, 

∆r2, 0 and ∆z2, respectively. Clearly when these grid sizes approach zero, τi,j will be zero and Eq. 

(5.51) reduces to the governing equation defined in Eq. (5.12), guaranteeing the consistency of the 

new scheme. A similar approach can be taken for the axisymmetric boundary points, in which 

when the truncation error goes to zero, the governing equation in Eq. (5.39) is recovered.  

 Efficient sequential coupling technique 

The coupled problems in this paper will be modeled and solved in FLAC. At every time 

step, the newly-derived axisymmetric ADE schemes will first be executed to solve the fluid flow 

problem, and then the system will be sequentially brought to geomechanical equilibrium using 

FLAC’s built-in geomechanical simulator. From now on, the use of the axisymmetric ADE 

schemes in FLAC is called the sequentially-explicit coupling technique based on the fourth-order 

axisymmetric ADE schemes or SEA-4-AXI. This coupling technique is written in the 

programming language embedded within FLAC called FISH (Itasca., 2011b). Figure 5.8 shows 

the flow chart of SEA-4-AXI to solve the coupled problems in this paper.  
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Figure 5.8 The sequential coupling technique in FLAC using the fourth-order axisymmetric 
ADE schemes (SEA-4-AXI). 
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by imposing constant fluid mass (δζ = 0). At the end of this geomechanical step, the displacement 

solution un+1 is obtained. Several geomechanical steps may be taken to bring the system to 

equilibrium before the computation progresses to the next time step. This sequential procedure is 

then repeated until the desired simulation time is reached. 

In this paper, the accuracy and efficiency of SEA-4-AXI will be compared to FLAC’s built-

in coupled technique that uses the embedded fluid flow scheme, which is conditionally stable and 

requires that the fluid time step must be smaller than a critical value (Itasca., 2011c). This 

limitation may degrade the efficiency of computer runtime for large-scale H-M problems involving 

low permeability ground, such as tunneling in clay, which needs almost 250 years for the pore 

pressure to reach its steady state distribution (Prassetyo & Gutierrez, 2016b). The beauty of SEA-

4-AXI is that it removes this time step restriction, improving the explicit coupling technique to 

yield an efficient H-M simulation without suffering from numerical instability and yet still 

maintain high numerical accuracy.  

Even though the accuracy and efficiency of SEA-4-AXI will be compared to that of FLAC, 

it is not the main intention of this paper to compete against the capability of FLAC in solving H-

M problems. FLAC is a powerful, stable and well established geomechanical program that has 

fast-flow logic that, in certain coupled problems, can speed up the computation of long-term H-M 

problems. In this paper, this feature will be suppressed so that SEA-4-AXI can be fairly compared 

to the basic flow scheme embedded in FLAC (called the basic scheme from now on). Nevertheless, 

FLAC is intended as a platform to show that the newly-derived axisymmetric ADE schemes can 

be coupled with existing geomechanical simulators to achieve efficient H-M simulation of coupled 

problems. 
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5.6 Axisymmetric Consolidation of a Circular Footing 

Before performing the H-M analysis of an advancing tunnel, SEA-4-AXI will first be used 

to solve an axisymmetric consolidation of a circular footing in which the analytical solution to the 

problem is known. A fully saturated soil layer of height H = 30 m and width W = 40 m is loaded 

by a constant uniform pressure of po = 100 kPa over a circular area of radius a = 2 m. The soil is 

free to drain at the surface but the other boundaries are impermeable (Figure 5.9). This 

consolidation problem is the well-known McNamee’s problem (McNamee & Gibson, 1960). 

 

Figure 5.9 Geometry of the axisymmetric consolidation beneath a circular footing. 

The material properties for the model are given in Table 5.1 The model is run to a 

consolidation time of t = 250 years, which is about 112 times the normalized consolidation time 

t* for this problem, where t* = cv t/a2. The simulation in SEA-4-AXI uses a time step of ∆t = 20 

days while that in FLAC uses ∆tcri = 5 days. To verify the capability of SEA-4-AXI, the induced 

H-M responses surrounding the foundation (e.g., pore pressure, stresses, and displacements) are 

plotted and compared with the basic scheme from FLAC. Particularly for long-term drained 
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settlement beneath the footing, the solution from numerical schemes will be compared with the 

analytical solution. 

Table 5.1 Material properties for McNamee’s problem 

Material properties Value 

Hydraulic conductivity, kH (m/day) 1.2·10-4 

Porosity, φ 0.3 

Shear modulus, G (Pa) 2.3·105 

Drained bulk modulus, K (Pa) 1.5·105 

Fluid bulk modulus, Kw (Pa) 2.0·109 

Constant surface load, po (kPa) 100 

Diffusivity, cv (m2/day) 0.005 

 

Figure 5.10 provides the contour plots for the H-M responses after the simulation has run 

for 25 years (t* = 11). As one can see, the comparison of the induced H-M responses (i.e., pore 

pressure, stress and displacements) between SEA-4-AXI and the basic flow scheme in FLAC is 

very satisfactory. To observe the long-term settlement behaviors (represented as the degree of 

consolidation), the settlement histories monitored at x/a = 0, 1 and 2 (0, 2 and 4 m from the 

axisymmetric line) are plotted versus the log of normalized consolidation time (Figure 5.11a). The 

settlement histories from SEA-4-AXI match very well to that from the analytical solution at x/a = 

0, and to those from FLAC at other locations. Similarly, an excellent match is also observed for 

the pore pressure behaviors between SEA-4-AXI and the basic scheme in FLAC at various depths 

below the surface (Figure 5.11b). 
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Figure 5.10 Contours of (a) pore pressure, (b) effective vertical stress, (c) horizontal 
displacement and (d) vertical displacement after 25 years. 
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Figure 5.11 Histories of (a) degree of consolidation and (b) pore pressure at monitoring points. 
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Other excellent agreements between SEA-4 and FLAC are also observed for the settlement 

profile (Figure 5.12) and pore pressure profile with depth (Figure 5.13). Because of long-term 

drainage, the maximum settlement has substantially increased by 21 cm (34%), from 61 cm at t* 

= 0.1 to 82 cm at t* = 112. This increase is well captured by SEA-4-AXI as well as the settlement 

profiles in a radial direction from the axisymmetric line with an average relative error of only 1%. 

Likewise, very minor relative error is also found for the pore pressure along the symmetry line (x 

= 0). At various consolidation times, the profiles of pore pressure with depth from SEA-4-AXI 

match very well with those from the basic scheme in FLAC, with an average of relative error of 

0.5%.  

 

Figure 5.12 Profiles of settlement at early and after long-term consolidation times. 
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Figure 5.13 Profiles of pore pressure with depth at various consolidation times. 
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and pore pressure of σο = 2.25 MPa and pο = 2.25 MPa, respectively. The problem layout and the 

H-M boundary conditions can be seen in Figure 5.14a. For the sake of comparison with previous 

literature, the axial direction is represented by the letter x instead of z. The advance of the tunnel 

is simulated by progressively deactivating 40 FD regions of thickness ∆x = 1.25 m (D/4) over an 

excavation period of 10 days, implying the excavation rate of va = 5 m/day (Figure 5.14b).  

 

Figure 5.14 Illustrations of (a) problem geometry with H-M boundary conditions and (b) 
excavation steps. 
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During deactivation of each region ∆x, a practically instantaneous face advance is being 

simulated for an excavation period of ∆t = 0 (undrained loading), followed by a drained 

consolidation for a period of ∆t = ∆x/va (drained loading) under the permeable wall and tunnel face 

(p = 0). This step-by-step excavation, represented by the alternating stages of undrained excavation 

and drained consolidation, is continued until the final tunnel face at x/D = 0 is reached. The 

response of the ground surrounding the tunnel in this state is called the short-term response, 

representing the H-M response that is induced immediately after the excavation of the final face. 

This state also corresponds to the start of the long-term drained consolidation (t* = 0). The 

consolidation is then continued to the desired standstill period of 920 days (t* = 100), signifying 

the long-term H-M response of the ground in the steady state condition. The normalized 

consolidation time t* is calculated as t* = R2/cv (Giraud & Rousset, 1996; Li, 1999). The ground 

properties of this problem are given in Table 5.2.  

Table 5.2 Ground properties for advancing tunnel problem 

Ground properties Value 

Hydraulic conductivity, kH (m/s) 5.0·10-10 

Porosity, φ 0.39 

Shear modulus, G (Pa) 1.3·108 

Drained bulk modulus, K (Pa) 1.3·108 

Fluid bulk modulus, Kw (Pa) 2.0·109 

In situ stress, σo (MPa) 2.25 

Diffusivity, cv (m2/day) 0.005 

 



167 

The following subsections will present the results of the simulation that captures the 

transient H-M interaction of the advancing tunnel and its effects on the short- and long-term H-M 

response of the surrounding ground. In most H-M responses, the results from SEA-4-AXI are 

compared to those from FLAC’s basic scheme to show the accuracy of the newly derived 

axisymmetric ADE scheme. The computer runtime for this tunnel problem is reduced by 42%, 

from 520 s using the basic scheme in FLAC (∆tcri = 200 s) to 300 s in SEA-4-AXI (∆t = 1200 s), 

again fulfilling the second objective of this paper. 

 Contours of induced H-M response 

To understand the short- and long-term H-M response of the ground surrounding the 

advancing tunnel, the contours of pore pressure, radial displacement and stress fields are plotted 

(Figures 5.15-5.18). These contours present wide-ranging views of the induced H-M response 

shortly after the excavation period (0 day after the end of final face excavation, t* = 0) and long 

after the standstill period (920 days after the start of the long-term drained consolidation, t* = 100). 

The contours also show that the agreement between the results from SEA-4-AXI and those from 

the basic scheme in FLAC is satisfactory.  

From the contours of the pore pressure field (Figure 5.15), there appears to be a transition 

from the undrained condition shortly after the final face excavation to the drained condition in the 

steady state. The undrained condition is illustrated by a steep gradient of pore pressure 

concentration surrounding the tunnel face at x/D = 0, and the gradient extends far behind the tunnel 

face at x/D = 10 with gradually decreasing magnitude (Figure 5.15a). Near the tunnel face, the 

instantaneous pore pressure develops from 0 to 2 MPa within a short distance of only -0.5 D 

towards the advance core (0.8 MPa/m). While at x/D = 10, the pore pressure gradient gently 
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decreases to 0.2 MPa/m within 1.8 D radial distance from the tunnel axis. In addition to the steep 

pore pressure gradient, the undrained loading develops a region of excess pore pressure further 

inside the advance core (from –0.5 to –2.0 D), which increases the in situ pore pressure by > 11% 

from 2.25 MPa to > 2.5 MPa. This highly confined region may be a favorable condition, as the 

confinement will temporarily strengthen the ground against shearing during the excavation. With 

time, the confinement disappears as the excess pore pressure also dissipates. The pore pressure 

concentration surrounding the opening gradually diffuses, transitioning the ground towards the 

steady state condition (Figure 5.15b).  

This transient hydraulic response also affects the corresponding mechanical response of 

the ground, that is, the radial displacement and effective stresses. Unlike the radial displacement 

at the tunnel wall (convergence) that only slightly increases with pore pressure dissipation, the 

radial displacement in the ground above the tunnel is greatly affected by the seepage flow towards 

the opening. The radial displacement in the ground near the top boundary increases from less than 

–1 cm at the short term (Figure 5.16a) to a maximum of –6 cm at the long term (Figure 5.16b). 

This behavior can be expected as the transient behavior of the seepage flow increases the effective 

radial stress in the ground from less than –2.25 MPa at the short term (Figure 5.17a) to more than 

–2.75 MPa at the long term (Figure 5.17b). In fact, there appears to be a load transfer from the 

ground near the face to the core ahead of the face during the long-term drained consolidation. This 

load transfer is indicated by the increase in the radial effective stress to –2.75 MPa (up to –2D 

inside the core). Similarly, due to the dissipation of pore pressure, the contour of the effective 

tangential stress expands from the proximity of the opening in Figure 5.18a (within 2D from tunnel 

axis and –1D from tunnel face) to be more distributed towards the advance core in Figure 5.18b 
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(up to –4D from tunnel face). Consequently, long-term core stability will be affected. If the load 

transfer exceeds the strength of the core, the tunnel face will collapse, followed by the opening. 

 

 

Figure 5.15 Contours of pore pressure field at (a) short-term and (b) long-term consolidation. 
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Figure 5.16 Contours of radial displacement field at (a) short-term and (b) long-term 
consolidation. 
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Figure 5.17 Contours of effective radial stress field at (a) short-term and (b) long-term 
consolidation. 
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Figure 5.18 Contours of effective tangential stress field at (a) short-term and (b) long-term 
consolidation. 
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 Longitudinal profiles of the induced H-M response 

For a detailed look at the induced H-M response, the longitudinal profiles of the pore 

pressure, radial displacement and effective stresses at the tunnel wall are plotted along the axis of 

the tunnel (Figure 5.19). The results from steady state simulation are also shown to highlight the 

differences between the transient effect from the coupled simulation and the steady state effect 

from the uncoupled simulation. In addition, the results from SEA-4-AXI are compared to those 

from the basic scheme in FLAC, and the agreement of the two solutions is excellent. In all profiles 

in Figure 5.19, the average absolute error induced by SEA-4-AXI is < 2%. 

From the longitudinal pore pressure profiles (Figure 5.19a), the coupled simulation shows 

clearly the non-uniform pore pressure profile at the tunnel wall. As seen previously from the 

contour plot in Figure 5.15a, there appears to be a short-term pore pressure buildup up to 2.65 MPa 

in the region just ahead of the tunnel face (from –0.5D to –2.0D). In this region, even though the 

tunnel wall and the tunnel face are permeable during the excavation, the pore pressure ahead of 

the core does not have time to dissipate at a speed comparable to the excavation progress due to 

the nature of ground diffusivity. This condition results in higher stress concentration and a stiffer 

core, which is then responsible for the excess pore pressure buildup in the corresponding region 

inside the core. As drainage proceeds with time, the steep pore pressure gradient decreases, 

transitioning the pore pressure in the ground towards its steady state condition as represented by 

the long-term profile, which corresponds to the pore pressure contour in Figure 5.15b.  
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             Coupled simulation      Uncoupled simulation 

 

Figure 5.19 Longitudinal profiles of (a) pore pressure, (b) radial displacement and (c) effective 
stresses at the tunnel wall. 
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This non-monotonic variation of pore pressure with time is called the Mandel-Cryer effect, 

and it is important to capture this behavior to assess the validity of a coupled simulation of 

deformable porous media (Cryer, 1963; Mandel, 1953; Verrujit, 1965). This pore pressure 

characteristic highlights the difference between the coupled simulation in this paper and the steady 

state approach or the uncoupled simulation that has been performed by previous researchers (Nam 

& Bobet, 2007; Shin et al., 2014) as explained in Section 5.2. In uncoupled simulation, the Mandel-

Cryer effect does not exist. Rather, the pore pressure diffuses faster in the uncoupled simulation 

than in the coupled one at short-term, that is, at the tunnel face x/D = 0, the pore pressure drops to 

0.71 MPa in the steady state simulation while it is still maintained at 1.46 MPa in the coupled 

simulation. 

The difference in the pore pressure behavior between the coupled and uncoupled 

simulation has direct consequences for the corresponding mechanical responses of the ground (i.e., 

displacement and stress). Due to the coupling effect, lesser radial displacements are induced by 

the coupled simulation than by the uncoupled one, particularly for displacement at long-term 

consolidation (Figure 5.19b). In this state, the radial displacements from the coupled simulation 

are only –0.1 cm, –1.4 cm and –4.5 cm at locations ahead of the face (x/D = –10), at the face (x/D 

= 0) and behind the face (x/D = 10), respectively. These amounts are 430%, 23% and 13% lower 

than those from the uncoupled simulation: –0.5 cm, –1.7 cm and –5.1 cm, respectively. At short 

term, the effect of core stiffening due to the Mandel-Cryer effect can be seen at x/D = –1 (the 

location of the highest pore pressure buildup, see Figure 5.19a). At this location, the amount of 

displacement from the coupled simulation is only –0.2 cm, which is 50% lower than that from the 

uncoupled one (i.e., –0.4 cm), reconfirming the confinement effect resulting from excess pore 

pressure buildup (see the explanation for Figure 5.15a).  
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Compared to the displacement behavior, the direct consequences of the coupling 

mechanism on the radial and tangential stress behavior are rather complex and dependent on the 

amount of consolidation time. In this tunneling problem, there are two competing effects that 

contribute to the induced H-M response. The first is the fluid flow effect: the seepage flow towards 

the excavation induces seepage forces, increasing the effective stresses of the surrounding ground. 

The second is the geomechanical effect: at the same time as the seepage flow, the mechanical 

response of the ground will induce an increase in pore pressure, reducing the effective stresses. In 

the advancing tunnel problem, the degree of each competing effect is time-dependent in nature, 

consequently inducing transient H-M responses of the surrounding ground as the tunnel 

progresses. As shown in Figure 5.19c, at short-term consolidation, the coupling interaction is 

dominantly governed by the geomechanical effect. The degrees of the effective stresses induced 

by the coupled and uncoupled simulation are rather similar, despite the lower pore pressure value 

induced by the latter simulation.  

At long-term consolidation, the opposite occurs. The fluid flow effect outweighs the 

geomechanical effect. The increase in pore pressure from the geomechanical response is now not 

as significant as it was at short-term consolidation. In the coupled simulation, the increase of 

effective stresses due to fluid flow towards the excavation is now lower than in the uncoupled one, 

which now corresponds to the lower pore pressure value induced by the uncoupled simulation. The 

difference is particularly obvious for the effective stresses in the ground ahead of the tunnel. The 

comparison of the induced effective stresses at different consolidation times from both simulations 

is tabulated in Table 5.3. 
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Table 5.3 Induced effective stresses at short- and long-term consolidation 

Time level Simulation 
At x/D = –10 (ahead)  At x/D = 10 (behind) 

'
rσ  (MPa) '

θσ  (MPa)  '
rσ  (MPa) '

θσ  (MPa) 

Short-term Coupled –2.25 –2.25  –1.74 –5.11 

 Uncoupled –2.25 –2.25  –1.77 –4.87 

Long-term Coupled –2.38 –2.38  –2.14 –5.36 

 Uncoupled –2.98 –2.98  –2.34 –5.61 

 

 Transient H-M response and its application to convergence-confinement method 

Previous results show the H-M response experienced by the tunnel wall along the tunnel 

axis during the standstill period. It is also necessary, however, to capture the transient interaction 

during the excavation period to understand how the alternating undrained and drained loadings 

affect the H-M response of a point at the tunnel wall before and after the excavation passes the 

point. To do this, the transient response is monitored at x/D = 5 when the tunnel face is being 

excavated at a thickness of ∆x = 1.25 m/step from x/D = 10 to x/D = 0 at an excavation rate of va 

= 5 m/day (see the top inset in Figure 5.20). Therefore, at this rate, the excavation starts at x/D = 

10 (t = 0 day) and finishes at x/D = 0 (t = 10 days).  

From the pore pressure history at x/D = 5 (Figure 5.20a), the excess pore pressure develops 

long before the tunnel face arrives at the monitoring point. The pore pressure starts to deviate from 

the in situ value of 2.25 MPa at t = 3 days (x/D = 7), quickly reaches the peak value of 2.65 MPa 

at t = 4.3 days (x/D = 5.8) and drops to 1.75 MPa by the time the tunnel face arrives at the 
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monitoring point at t = 5 days (x/D =5.0). The pore pressure continues to fall nonlinearly as the 

tunnel face passes the monitoring point and starts to decrease linearly towards the steady state at t 

= 6 days (x/D = 4).  
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 Figure 5.20 Transient H-M response during the excavation period using the progressive step-
by-step excavation: (a) pore pressure, (b) convergence and (c) effective stresses. 

 

Similar behavior is observed for the convergence history in Figure 5.20b. The convergence 

starts to deviate from 0 cm at approximately t = 3 days (x/D = 7), increases to –3.0 cm when the 

tunnel face arrives at the monitoring point at t = 5 days (x/D =5.0), and starts to flatten out at t = 7 

days (x/D =3.0), a rather later time than the pore pressure does, towards a rather constant value of 

–4.2 cm.  

For the stress history (Figure 5.20c), the starting point for both stresses to deviate from the 

in situ stresses is at t = 3 days (x/D = 7), and the ending point to remain constant at '
θσ  = –4.65 

MPa and '
rσ  = –1.25 MPa is at t = 7 days (x/D = 3.0). From Figure 5.20, it can also be seen that 

the H-M responses from SEA-4-AXI closely match those from the basic fluid flow scheme in 

FLAC. The jagged shapes in all curves are due to the application of the undrained and drained 

loadings when the face is being progressively excavated.  

In summary, the results presented in Figure 5.20 show that, when a tunnel face is being 

excavated at a point, the H-M response that the point experiences is neither the initial nor the final 

response due to the excavation. It is rather more appropriate to call it the transient response because 

the induced H-M response starts far before the tunnel face arrives at that point and ends after it 

passes the point. A practical application of this result is the convergence-confinement method 

(CCM) for saturated ground or extended CCM. Extended CCM makes it possible to take into 

account the displacement and pore pressure behavior of an advancing tunnel in a 3-D excavation 

into a 2-D plane strain simulation using the so-called equivalent excavation force ( )tσ  and 

excavation pore pressures ( )p t  (Callari, 2004; Callari & Casini, 2005).  
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These equivalent parameters are defined as 

 ( ) ( )( ) o1t tσ λ σ= −  

( ) ( )( ) o1p t t pα= −
 

(5.53) 

where ( )tλ  and ( )tα  describe the time-dependent unloading factors regulating the excavation 

force and pore pressure, respectively, that need to be determined, and σo and po are the in situ (pre-

excavation) states of stress and pore pressure.  

Following the results from Figure 5.20, there are two vital locations during the excavation 

period that are needed for the extended CCM defined in Eq. (5.53). The first is the starting points 

(xo) where the pore pressure and displacement start to deviate from their in situ values as the tunnel 

face is approaching the monitoring point. The second is the final points (xf) where the responses 

become independent of the face advance as the tunnel face is leaving the monitoring point. If x/D 

= 5 in Figure 5.20 is considered as the reference point (x = 0), then from the preceding explanation 

of Figure 5.20, it is found that for pore pressure, xo = D and xf = –D, while for displacement, xo = 

D and xf = –2D.   

Consequently, the excavation time intervals can be defined as   

( )o f

a a a

2 2 4 day
D Dx x Dt

v v vλ

− −−
= = =  for excavation force, and 

( )o f

a a a

2 3 day
D Dx x Dt

v v vα

− −−
= = =  for excavation pore pressure 

(5.54) 
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To obtain the unloading factor for the excavation force λ(t), a piece-wise linear 

combination of the curve ur versus x/D (see Figure 5.21a) with the curve ur versus λ is made (Figure 

5.21b). For the curve ur versus λ (Figure 5.21b), a linear relationship is assumed which is true for 

linear elastic ground. From this combination, the curve x/D versus λ(t) can be generated, and by 

using Eq. (5.54) the corresponding tλ can then be obtained. Following the same steps to get the 

unloading factor for the excavation pore pressure α(t), the relationship of x/D versus λ(t) and x/D 

versus α(t) can be obtained as shown in Figure 5.22. These piece-wise combinations along with 

the corresponding tλ and tα are presented in Table 5.4. By using the values of λ(t) and α(t) in Table 

5.4 on the excavation boundary of a 2-D plane strain simulation, the 3-D effect of the tunnel face 

advance in deep saturated ground can now be reproduced.  

An interesting result that is worth mentioning in Figure 5.22 and Table 5.4 is the negative 

value of α(t) = –0.20 at x/D = 0.71 (tα = 1.29) behind the tunnel face at x/D = 0. By substituting 

this value in Eq. (5.53), the excavation pore pressure ( )p t  will be more than one. Consequently, 

the applied pore pressure boundary will be more than the in situ value, which corresponds to the 

observed Mandel-Cryer effect in the pore pressure behavior in Figure 5.20a. This coupling effect 

was not captured in the extended CCM in the literature (Callari, 2004; Callari & Casini, 2005). 

Instead, a linear relationship from 0 to 1 was adopted for α(t) versus x/D which, based on the 

results in this paper, would oversimplify the coupling effect induced by the advancing tunnel in 

deep saturated ground. 
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 Figure 5.21 Illustration to determine the unloading factor for the excavation force. 
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 Figure 5.22 Unloading factors for (a) excavation forces λ(t) and (b) pore pressure α(t). 
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Table 5.4 Unloading factors for the excavation force λ and pore pressure α 

Force  Pore pressure 

λ(t) x/D tλ (day)  α(t) x/D tα (day) 

0.00 2.00 0.00  0.00 2.00 0.00 

0.01 1.50 0.50  0.15 1.50 0.50 

0.03 1.00 1.00  0.02 1.00 1.00 

0.13 0.50 1.50  –0.20 0.71 1.29 

0.31 0.25 1.75  0.09 0.50 1.50 

0.70 0.00 2.00  0.43 0.25 1.75 

0.83 –0.50 2.50  0.82 0.00 2.00 

0.95 –1.00 3.00  0.84 –0.50 2.50 

0.98 –1.50 3.50  0.89 –0.75 2.75 

1.00 –2.00 4.00  1.00 –1.00 3.00 

 

 Convergence, preconvergence and extrusion 

As described in Section 5.2 and observed in Sections 5.7.1 and 5.7.2, the loss of radial and 

axial confinements at the tunnel face induces convergence and face extrusion as the excavation 

progresses. In fact, previous results have shown that the pore pressure continues to dissipate during 

the standstill period, indicating that the core ahead of the tunnel will continue to consolidate. 

Knowing the magnitude of the convergence, preconvergence and extrusion of the core during this 

standstill period is important to analyze long-term face stability (Cantieni et al., 2011; Lunardi, 

2008; Schuerch & Anagnostou, 2013). 
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During the standstill period, radial and axial displacements at various locations ahead of 

the face continue to occur to considerable magnitudes (Figure 5.23a and b, respectively), with 

those located at the face, δr0 and uex0, being the largest as expected. At the face, the convergence 

increases by 20% during the standstill period from –1.2 cm at t = 10 days to –1.4 cm at t = 930 

days. The percentage of increase of face extrusion with time is even larger than that of 

preconvergence. The face extrudes up to 37% by the end of the standstill period, from 3.2 cm to 

4.4 cm. At other locations ahead of the face, the preconvergence, δr1 and δr2, and the core extrusion, 

uex1 and uex2, follow the same trend as those at the face but with much lesser degree. It can also be 

noted that the displacements of the face and the core already start two days (at t = 8 days) before 

the excavation arrives at the final tunnel face (at t = 10 days), confirming the early development 

of the transient H-M response presented in Section 5.7.3.  

Another interesting result is that with the increase of face extrusion with time, the convexity 

of the face profile also increases (Figure 5.23c). Interestingly, the extrusion occurs not only in the 

middle of the face but also across the face height. At the crown and at the floor, the extrusion at 

the end of the standstill period is twice as much as it is at the start, from 1.3 cm at t = 10 days to 

2.6 cm at t = 930 days. On top of the continuous convergence and extrusion with time, in all curves, 

the displacement solutions from SEA-4-AXI are very satisfactory in matching those from FLAC’s 

basic scheme. The maximum errors of the face profiles from SEA-4-AXI are < 2%. 

It is worth mentioning that the percentage increase of face extrusion at the tunnel crown 

(100%) is almost three times that at the tunnel face (37%). In fact, it is five times larger than the 

percentage increase of the convergence at the face (20%), demonstrating that the axial 

displacement of the tunnel wall is equally important as its radial displacement. 
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 Figure 5.23 Transient response of displacement during the excavation and standstill periods: 
(a) preconvergence, (b) face extrusion and (c) face profile.  
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The history plot of pore pressure just ahead of the tunnel face shows that when the 

excavation arrives at the face, a sudden drop of 1.4 MPa of pore pressure p occurs within one day, 

from 2.25 MPa to 0.85. This drop reduces the compression action in an equal amount given by the 

effective axial stress σ’a, squeezing out the face freely in the axial direction due to the loss of axial 

confinement, particularly when the final tunnel face is excavated at t = 10 days (Figure 5.24).  

Therefore, the continuous displacement of the tunnel face must always be monitored not 

only during the excavation period but also during the standstill period due to the transient 

dissipation of pore pressure. Monitoring is particularly important when there is a rapid increase of 

preconvergence and extrusion, indicating that the stand-up time of the face is approaching and 

therefore face support should be installed. 

 

 Figure 5.24 Transient response of pore pressure p and effective axial stress σ’a just ahead of 
the tunnel face during the excavation and standstill periods. 
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 New equations for radial displacement considering transient coupling effect 

The longitudinal displacement profile (LDP), shown in Figure 5.19b, represents the radial 

displacement of the tunnel wall along the axis of the tunnel. The LDP is an important factor in 

determining the appropriate timing for support installation after the wall displacement has reached 

a certain acceptable magnitude (Vlachopoulos & Diederichs, 2009). During the standstill period, 

the development of this radial displacement is directly linked to the transient coupling effect 

induced by the consolidation of the ground surrounding the excavation. The existing LDP equation 

for deep tunnel in saturated ground is only practical when the ground is in its steady state condition. 

In fact, the equation was built based on the steady state uncoupled simulation (Nam & Bobet, 

2007). Therefore, there is no reason to expect that this equation will suffice for predicting the LDP 

considering the transient coupling effect due to consolidation during the standstill period. 

Intuitively, the LDP equation must be related to some constants considering the transient nature of 

the problem. In this subsection, the LDP equation considering the transient coupling effect during 

the standstill period is developed. 

To develop the LDP equation, radial displacements occurring during the standstill period 

are collected and their normalized values, ur/ur,max, are plotted against the distance from the tunnel 

face, x/D, at various normalized consolidation times, t*. Because it has been difficult to fit the 

simulation data to the typical sigmoid curve, the normalized LDP is divided into two parts. The 

first part defines the part of the ur/ur,max curve located ahead of the face, x/D < 0, and the second 

part defines the part of the ur/ur,max curve located behind the face, x/D ≥ 0. 
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For the region located ahead of the face, x/D < 0, the following equation has been found to 

be suitable: 

( )( )ror

r,max r,max

exp 2.11 0.2exp 1 exp
5

uu x x A
u u D D

   = + − −   
   

  (5.55) 

while for the region behind the face, x/D ≥ 0, the following equation yields a high correlation: 

2

ro ror

r,max r,max r,max

1 1u uu B
xu u u B D

      = + − −      +     

  (5.56) 

where uro/ur,max is the normalized displacement at the tunnel face (x/D = 0), and A and B are the 

constants considering the transient coupling effect during the consolidation. Eqs. (5.55) and (5.56) 

are inspired from those proposed by Nam and Bobet (2007) and Unlu and Gercek (2003), 

respectively. However, the new equations modify the original equations by accommodating the 

proposed time-dependent constants A and B. In its original form, A and B are the fixed values 

defined as A = p/σ’v and B = 0.39v + 0.65, where σ’v is the effective vertical stress and v is 

Poisson’s ratio.  

The constants A and B that will fit Eqs. (5.55) and (5.56) at various t* are shown in Table 

5.5. They increase nonlinearly with time. From Table 5.5, it can also be seen that the transient 

coupling effect is represented by the evolution of deformation uro/ur,max (mechanical response) with 

respect to the diffusivity of the ground t* (hydraulic response). To see the suitability of these 

constants with the new LDP equations, the normalized LDPs at t* = 1 and 100 are plotted in Figure 

5.25 as an example.  
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Table 5.5 Constants A and B for Eqs. (5.55) and (5.56) 

t* (day) uro/ur,max A Β 

1 (5) 0.281 0.050 0.482 

5 (30) 0.289 0.220 0.606 

10 (80) 0.292 0.316 0.636 

20 (180) 0.295 0.408 0.651 

50 (425) 0.296 0.520 0.676 

100 (920) 0.300 0.711 0.708 

 

 

Figure 5.25 Plot of normalized LDP using the new equations considering the transient effect of 
the consolidation process. 

 

0.0

0.2

0.4

0.6

0.8

1.0
-10-50510

u r
/u

r,m
ax

Distance from tunnel face, x/D

D

x

Behind Ahead

x = 0

Increasing t*

t* = 1

  New
  Simulation

   

t* = 100



191 

From Figure 5.25, it can be clearly seen that the LDPs with the new equations fit the 

simulation data. With the increase of consolidation time, the simulation data show a reduction in 

the downward concavity for the region ahead of the face, as well as a reduction in the upward 

concavity for the region behind the face. Because the transient coupling effect is now considered, 

these time-dependent behaviors are well captured by the new LDP curves.  

For practical application, the relationships among the constants A, B and uro/ur,max with the 

consolidation time need to be established to justify their values in Table 5.5. In this study, these 

relationships are obtained through curve fitting. To establish the time-dependent constants A and 

B with the consolidation time t*, the relationship between uro/ur,max and t* needs to be found first. 

This relationship is well represented by the curve uro/ur,max versus t* in Figure 5.26a. The constants 

A and B are then correlated to uro/ur,max through the curves uro/ur,max versus A and uro/ur,max versus 

B in Figure 5.26b and Figure 5.26c, respectively. The equations that are used to curve fit the 

correlation among these constants are shown in the bottom right corner of Figure 5.26.  

Though the relationships cannot be proved theoretically, they are based on the simulation 

data. In fact, the equation relating uro/ur,max versus t* is similar to that proposed by Nam and Bobet 

(2007). Nevertheless, the relationships work. For example, as the normalized time t* is increasing 

above t* = 100, the increase in the gradient of uro/ur,max is slowly decreasing and asymptotically 

reaching a value of about uro/ur,max = 0.305. At the same time, at uro/ur,max = 0.305 the constant A 

becomes asymptotic. To further show the validity of the equations defining uro/ur,max, A and B, 

these constants are recalculated at various t* from Table 5.5 using the corresponding equations in 

Figure 5.26. These constants are then used in the new LDP equations in Eqs. (5.55) and (5.56) and 

the corresponding LDPs (in their absolute magnitudes) are then plotted in Figure 5.27.  
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 Figure 5.26 Plots of (a) uro/ur,max as functions of t* and (b) constant A and (c) constant B as 
functions of uro/ur,max. 
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 Figure 5.27 Comparison of LDP using the new equations at various consolidation times 
during the standstill period. 
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As expected, the LDPs with the new equations fit the simulation data very closely, 

reconfirming the validity of not only the new LDP equations but also the equations defining the 

time-dependent constants uro/ur,max, A and B. As predicted, the LDPs governed by the fixed values 

from Nam and Bobet (2007) are unable to match the displacement profile from the simulation. 

Further, they fail to capture the changes in the concavity of the displacement profile as the 

consolidation time increases. On the other hand, this concavity behavior, representing the transient 

coupling effect during the consolidation, is well captured by the LDPs with the new equations.  

While further simulations will be necessary to establish the full benefits of the new 

equations, evidence from the current simulation shows that the transient coupling effect is an 

important factor in the displacement behavior of the ground surrounding an excavation. Therefore, 

the new LDP equations and their time-dependent constants uro/ur,max, A and B, may offer a new 

approach for predicting radial displacement of a tunnel in deep saturated ground. 

5.8 Conclusions 

A coupled H-M simulation was performed to study the transient H-M interaction of an 

advancing tunnel in deep saturated ground and its influence on the short- and long-term H-M 

response of the ground surrounding the excavation. The study was done in a 2-D axisymmetric 

model in which the tunnel advance was simulated though a step-wise excavation procedure 

featuring alternating undrained and drained loadings.   

The coupled problem was solved using an efficient sequential coupling technique that 

solved the fluid flow problem using the newly developed fourth-order axisymmetric ADE scheme 

for a non-uniform grid. The pore pressure solution from this scheme was then sequentially coupled 
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with the geomechanical simulator in the finite difference program FLAC. This coupling technique 

in FLAC is called the sequentially-explicit coupling technique based on the fourth-order 

axisymmetric ADE scheme (SEA-4-AXI). In addition, by means of the Von Neumann and the 

truncation error analyses, the new axisymmetric ADE scheme has been proven to be 

unconditionally stable, consistent and fourth order accurate in space. Because large flow time steps 

can be used, H-M simulations in SEA-4-AXI can be performed without numerical instability and 

yet still retain high numerical accuracy.  

Results from McNamee’s consolidation and the advancing tunnel problems show that 

SEA-4-AXI was able to perform more computationally efficient H-M simulations than the fully 

coupled approach using FLAC’s basic flow scheme. In both problems, SEA-4-AXI reduced 

computer runtime to 42-50% that of FLAC’s basic scheme, yet it still maintained maximum 

absolute errors of 2% for the pore pressure solutions and 1% for the displacement solutions. This 

increased computational efficiency and high-order accuracy, together with its capability in solving 

H-M problems in non-uniform domains, suggest that SEA-4-AXI holds great promise for solving 

larger geo-engineering coupled problems in axisymmetric geometries. 

The H-M analysis of the advancing tunnel showed that the excavation affected the H-M 

response of the ground through a continuous and transient interaction of pore pressure-induced 

mechanical deformation. This coupled interaction did not stop shortly after the final face 

excavation but continued toward the steady state condition. In the short-term, a pore pressure 

buildup up to 0.4 MPa above the in situ value (po = 2.25 MPa) appeared in the region just ahead 

of the tunnel face (from –0.5D to –2.0D). This excess pore pressure would stiffen the core ahead 

of the face and provide temporary confinement to the face, which would be favorable for 

strengthening the face against shearing during the excavation. With time, the confinement 



196 

disappeared as the excess pore pressure dissipated, transitioning the ground towards its long-term 

steady state condition. Nevertheless, due to the coupling effect, the long-term pore pressure value 

at the face from the coupled simulation (p = 1.46 MPa) was still twice as big as that resulting from 

the uncoupled simulation (p = 0.71 MPa).  

Because of the coupling effect, with time, the radial displacement in the ground increased 

because the effective stress increased, causing a load transfer from the vicinity of the face to the 

core ahead of the face in the long-term (up to –2D from the face). At the same time, the load 

transfer caused the longitudinal arching of the effective tangential stress to expand towards the 

advance core (up to –4D from tunnel face). If the load transfer exceeded the strength of the core, 

core failure ahead of the face would occur in the long term, portending the collapse of the opening. 

On top of that, the long-term transient response of the preconvergence and face extrusion suggests 

that the axial displacement of the tunnel wall is equally important as its radial displacement. During 

the standstill period, the dissipation of pore pressure with time was seen to reduce the compression 

action on the face given by the effective axial stress, causing an increase in the convexity of the 

face. This reduction in axial stress was also caused by the loss of axial confinement to the face, 

which would trigger the face to squeeze out freely in the axial direction.  

Therefore, having analyzed the transient coupling effect of the advancing tunnel, this paper 

has proposed two practical applications. The first application is the development of an extended 

convergence-confinement method for tunneling in saturated ground. In this paper, the steps to 

obtain the transient unloading factors for the excavation force and the excavation pore pressure 

have been shown, leading to the proposal of the step-wise nonlinear excavation pore pressure. By 

using the transient unloading factors, a 3-D excavation of tunneling in saturated ground could be 
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effectively represented by a 2-D plane strain simulation without rigorously oversimplifying the 

coupling effect induced by the advancing tunnel.  

The second application is the proposal of a new set of equations for predicting the 

longitudinal displacement profile (LDP) along the axis of the tunnel, taking into consideration the 

transient coupling effect induced by the consolidation process. By using the time-dependent 

constants that represent the evolution of deformation with ground diffusivity, the new equations 

could generate LDPs that closely fit the radial displacement generated by the simulation at various 

consolidation times. With the increase of consolidation time, the new LDPs were able to capture 

the reduction in the concavity of the displacement profiles for the region ahead of and behind the 

tunnel face, which was a result of the coupling effect that the existing LDP equations could not 

have captured. While further simulations will be necessary to exploit the full benefits of this 

proposal, without a doubt, the new LDP equations offer a new approach for predicting the radial 

displacement of a tunnel in deep saturated ground. 
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REPORT CONTRIBUTIONS, CONCLUSIONS AND FUTURE WORK 

The main objectives of this report were to conduct coupled H-M analyses of shallow 

tunnels under surface loading and deep advancing tunnel in saturated ground and to develop a 

novel sequential coupling technique that would perform the coupled H-M analyses efficiently. The 

contributions and conclusions from each chapter are summarized below.  

6.1 Major Contributions 

To add to the current knowledge in the field of hydro-mechanical (H-M) interactions of 

tunneling in saturated ground, this report: 

• Established the fundamental difference between tunnel behaviors in saturated ground and 

dry ground, that is, the short-term H-M response of the ground surrounding a tunnel is not 

the ultimate response. The long-term response due to the equilibrium process should be the 

focus of tunnel engineers.  

• Proposed an extended convergence-confinement method for tunneling in saturated ground 

considering the transient coupling effect induced by an advancing tunnel. By using the 

transient unloading factors, a 2-D plane strain simulation could effectively represent a 3-D 

excavation of tunneling without rigorously oversimplifying the coupling effect induced by 

the advancing tunnel. 

• Proposed a new set of equations for predicting the longitudinal displacement profile (LDP) 

along the axis of the tunnel, taking into consideration the transient coupling effect induced 
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by the consolidation process. The coupling effect was represented by the time-dependent 

constants that relate the evolution of deformation with ground diffusivity. 

• Developed novel, unconditionally stable, and higher-order ADE schemes for a non-

uniform grid. The new schemes were specifically derived for solving coupled problems in 

plane strain and axisymmetric conditions, resulting in efficient and highly accurate H-M 

simulations. 

• Developed a linearized Barton-Bandis joint model for predicting nonlinear shear behavior 

of rock joints based on the equivalent Mohr-Coulomb parameters. This model can be used 

for predicting the coupled H-M behavior of rock joints undergoing shearing.  

6.2 Major Conclusions 

Having performed the coupled H-M analysis of tunneling in saturated ground, and having 

used the novel and efficient sequential coupling technique to perform the coupled analysis, this 

report presents the following conclusions. 

• Under surface loading, in addition to the ground strength, tunnel stability in saturated 

ground was largely influenced by liner permeability and the long-term H-M response of 

the ground. Tunnels with impermeable liners experienced the most severe influence from 

the surface loading, with high pore pressures, large inward displacement around the 

tunnels, and high bending moments in the liner. In addition, the severity of the response 

increased toward the steady state. This induced H-M response was worse for tunnels in 

clay than for those in granite. 

• For advancing tunnel in deep saturated ground, the step-wise excavation caused a non-

monotonic variation of pore pressure, confining the advanced core temporarily. This 
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coupled behavior was absent when the uncoupled steady state approach was used. In the 

long term, pore pressure continuously dissipated, induced further wall displacement and 

face extrusion, and transferred the ground loading to the advanced core. 

• In addition, two competing effects contributed to the induced H-M response from a deep 

advancing tunnel: the fluid flow effect and the geomechanical effect. The degree of each 

competing effect was found to be time-dependent in nature, consequently inducing 

transient H-M responses of the surrounding ground as the tunnel progresses. At short-term 

consolidation, the coupling interaction is dominantly governed by the geomechanical 

effect. At long-term consolidation, the opposite occurs: the fluid flow effect is more 

dominant than the geomechanical effect. 

• For the plane strain consolidation, the sequential coupling technique using the newly 

developed ADE scheme, SEA-4, reduced computer runtime to 40-66% that of FLAC’s 

fluid flow scheme, yet still maintained maximum absolute errors of 3-6% for pore pressure 

and 0.3-1.5% for displacement. When SEA-4 was used for H-M simulation of a tunnel 

under surface loading, it reduced the computer runtime to 20-24%. 

• For the axisymmetric consolidation, the sequential coupling technique using the newly 

developed ADE scheme, SEA-4-AXI, reduced computer runtime to 42-50% that of 

FLAC’s basic scheme without numerical instability and produced high-accuracy solutions 

with maximum absolute errors of < 2% for pore pressure and < 1% for displacement. The 

results were true for both the circular footing problem and advancing tunnel in deep 

saturated ground. 

• Both SEA-4 and SEA-4-AXI have proved to hold great promise for producing an efficient 

H-M simulation. The new schemes could also be coupled with other existing 
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geomechanical simulators to widen their future application in plane strain and 

axisymmetric problems. 

• The new LDP equations could generate displacement profiles that closely match the radial 

displacement from the simulation at various consolidation times. With increasing 

consolidation time, the new LDPs captured the reduction in the concavity of the 

displacement profiles for the region ahead and behind the tunnel face, which was a result 

of the coupling effect that the existing LDP equations could not have captured.  

• Further simulations will be necessary to exploit the full benefits of the new LDP equations. 

However, the new equations have offered a new approach for predicting the radial 

displacement of a tunnel in deep saturated ground considering the transient coupling effect 

induced by the consolidation process.  

• The newly developed linearized B-B model has showed that its predictions of the shear 

stress-displacement curves, the dilation behavior, and the shear strength envelopes of rock 

joints were consistent with available experimental and numerical results. The linearized B-

B model can be potentially applied in computer codes for fractured rock modeling that use 

the Mohr-Coulomb-based strain-hardening/softening constitutive model for rock joints. 

Therefore, neither the benefit of simplicity of the linear M-C model nor the advanced 

capability of the nonlinear B-B model will be lost. 

6.3 Recommendations for Future Work  

This report has provided answers and frameworks for fundamental issues regarding the H-

M analysis of tunneling in saturated ground. At the same time, it has also opened up a new arena 

for improvement. 
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• Both SEA-4 and SEA-4-AXI should be improved for solving 3-D coupled problems. While 

significant effort may be needed to expand the derivation, the beauty of an ADE scheme is 

that the calculation sweeps remain two: forward and reverse. 

• Further coupled simulations considering different material properties should be conducted 

to examine the correlation between the coupling strength of a coupled problem and the 

accuracy of the solutions from SEA-4 and SEA-4-AXI with increasing time step size. 

• Further simulations of an advancing tunnel problem should be done for various ground 

properties and in situ stress and pore pressure conditions to test the applicability of the new 

LDP equations. This means examining how sensitive the changes in the time-dependent 

constants A, B and ur/ur,max are to changes in the deformation and diffusivity characteristics 

of the ground. 

• SEA-4 and SEA-4-AXI should be coupled with the linearized B-B model to explore their 

capability in simulating the H-M response of tunneling in fractured saturated ground. 
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APPENDIX A - DATA FROM THE PROJECT 

Table A.1 Rock properties for the In Salah, Algeria, CO2 Sequestration Project (Rutqvist et al., 
2010). 

Property Overburden Caprock Reservoir Basement 

Young’s modulus, E (GPa) 1.50 20 6 20 

Poisson’s Ratio, v 0.20 0.15 0.20 0.15 

Bulk modulus, K (GPa) 0.83 9.52 3.33 9.52 

Shear modulus, S (GPa) 0.62 8.69 2.50 8.69 

Saturated rock density, ρ (kg/m3) 2,200 2,200 2,200 2,200 

Porosity, φ 0.10 0.01 0.17 0.01 

Permeability, k (m2) 1·10-17 1·10-19 1.3·10-14 1·10-19 

Residual gas saturation  0.05 0.05 0.05 0.05 

Residual water saturation 0.30 0.30 0.30 0.30 

Air-entry pressure, Po (kPa) 19.9 621 19.9 621 

Van Genuchten’s exponent, m 0.457 0.457 0.457 0.457 

Biot’s parameter, α 1.00 1.00 1.00 1.00 

 

  



217 
 

Table A.2 Properties of the joint samples used in the laboratory experiments                                       
by Bandis (1980), and Olsson and Barton (2001). 

Property Bandis (1980) Olsson and Barton (2001) 

Joint length, L (cm) 18, 12, 6 20 

Joint Roughness Coefficient, JRC 11.8, 13.6, 16.8 9.7 

Joint Compressive Strength, JCS (MPa) 2 169 

Normal stress, σn (MPa) 0.015 2 

Residual friction angle, φr (°) 32 31 
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APPENDIX B – TECHNOLOGY TRANSFER ACTIVITIES 
 
1 Accomplishments  
 
1.1 What was done? What was learned? 
We developed an efficient computational procedure for explicitly coupling hydro-mechanical (H-
M) analysis of tunnel problems. This report introduces high-order alternating direction explicit 
(ADE) schemes for non-uniform grids under plane strain and axisymmetric conditions to improve 
computational efficiency. These schemes are sequentially coupled with the FLAC geomechanical 
simulator, forming a new method called the sequentially explicit coupling technique. This 
technique - EA-4 for plane strain and SEA-4-AXI for axisymmetric cases - offers unconditional 
stability and high accuracy in H-M simulations. Verifications using consolidation and tunnel 
problems showed that SEA-4 and SEA-4-AXI significantly reduced computational time (to 20–
66% of FLAC’s fluid flow scheme) while maintaining accurate pore pressure and displacement 
results. These findings support the potential of SEA-4/SEA-4-AXI for efficient and accurate H-M 
modeling. Further, the report reveals that under surface loading, tunnel stability in saturated ground 
depends not only on ground strength but also on liner permeability and long-term H-M response. 
Step-wise excavation created non-monotonic pore pressure variations, temporarily confining the 
tunnel core - a behavior missed by steady-state uncoupled models. Recognizing this transient 
coupling, the report proposes: (1) an extended convergence-confinement method using transient 
unloading factors, and (2) new equations for predicting longitudinal displacement profiles (LDP) 
with time-dependent constants. These new LDP equations capture displacement profile changes 
caused by coupling effects, which existing models cannot represent. 
1.2 How have the results been disseminated? 
Dissemination through 5 journal papers and 8 international conference presentations. Furthermore, 
Simon Heru Prassetyo’s Ph.D. dissertation was funded by UTC-UTI and is archived at Colorado 
School of Mines Library.  
2 Participants and Collaborating Organizations 
Name: Colorado School of Mines 
Location: Golden, CO, USA 
Contribution: All research performed on campus 
 
3 Outputs  
Journal publications 
Prassetyo, S.H. and Gutierrez, M. (2020). “Hydro-Mechanical Response of Excavating Tunnel in Deep 
Saturated Ground,” International Journal of Geo-Engineering, Vol. 11, article no. 21. 

Prassetyo, S.H. and Gutierrez, M. (2018). “High-order ADE Scheme for Solving Fluid Diffusion 
Equations in Non-Uniform Grids and its Application in Coupled Hydro-Mechanical Simulation.” 
International Journal of Numerical and Analytical Methods in Geomechanics, 42(16), pp. 1976-2000. 

Prassetyo, S.H. and Gutierrez, M. (2018). “Axisymmetric ADE Scheme for Efficient Coupled Simulation 
of Hydro−Mechanical Interaction in Geotechnical Engineering − Application to Circular Footing and 
Deep Tunnel in Saturated Ground,” Journal of Rock Mechanics and Geotechnical Engineering, vol. 10, 
pp. 259-279. 
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Prassetyo, S.H., Gutierrez, M. and Barton, N. (2017). “Nonlinear Shear Behavior of Rock Joints Using a 
Linearized Implementation of the Barton-Bandis Model,” Journal of Rock Mechanics and Geotechnical 
Engineering, vol. 9, pp. 671-682. 

Conference Proceedings 

Gutierrez, M. and Prassetyo, S.H. (2017), “Modeling of the Coupled Hydro-Mechanical Response of 
Geological Sequestration Reservoirs Due to CO2 Injection,” ASCE Geotechnical Special Publication No. 
280, Geotechnical Materials, Modeling, and Testing, pp. 678-687. 

Prassetyo, S.H. and Gutierrez, M. (2016). “Effect of Surface Loading on the Hydro-Mechanical Response 
of a Tunnel in Saturated Ground,” Underground Space, vol. 1, pp. 1-19. 

Prassetyo, S.H. and Gutierrez, M. (2018). “Application of High-Order Axisymmetric ADE Scheme for 
Efficient Hydro-Mechanical Simulation of Deep Tunnel in Saturated Ground,” Proc. 10th Asian Rock 
Mechanics Symposium, Singapore, October 29 - November 3, 2018, electronic proceedings. 

Prassetyo, S.H. and Gutierrez, M. (2018), “Integration of Analytical, Empirical, and Numerical Methods 
in Analyzing Support Requirements for Tunneling in Weak Rock,” Geomechanics and Geodynamics of 
Rock Masses, Livitnenko, V. (ed.), Proc. European Rock Mechanics Symposium (EUROCK 2018), May 
21-27, 2018, Saint-Petersburg, Russia, pp. 1191-1197. 

Prassetyo, S.H. and Gutierrez, M. (2018), “Designing Tunnel Support Systems Based on Ground Reaction 
Curve and Equilibrium Strain Approach,” Proc. 2018 ITA-AITES World Tunnel Congress, Dubai, UAE. 
April 21-26, 2018, electronic proceedings, 12 pp. 

Prassetyo, S.H. and Gutierrez, M. (2017). “Explicit High-Order ADE Solutions for Fluid Flow in the 
Coupled Biot Equations,” Proc. 6th Biot Conference on Poromechanics, Paris, France, July 9-13, 2017. 

Prassetyo, S.H. and Gutierrez, M. (2017). “Efficient Sequential Coupling Technique for the Simulation of 
Hydro-Mechanical Interaction in Rock Engineering,” Proc. 51th US Rock Mechanics / Geomechanics 
Symposium, Houston, Texas, June 25-28, 2017. 

Prassetyo, S.H. and Gutierrez, M. (2016), “Influence of Embankment Loading on the Hydro-Mechanical 
Response of a NATM Tunnel in Saturated Ground,” Proc. 50th US Rock Mechanics / Geomechanics 
Symposium, Houston, Texas, June 26-29, 2016. 

4 Outcomes 
The developed computational procedure was successfully used to improve the understanding of 
interactions between groundwater flow and the mechanical response of tunnels during and post-
construction.  
 
5 Impacts 
The research contained in this report, submitted journal publications, conference presentations and 
Ph.D. dissertation present an efficient computational procedure for simulating the coupled hydro-
mechanical response of tunnels. The new approach will allow for a more scientific, data-driven, 
and logical evaluation of the interactions between groundwater flow and mechanical response of 
tunnels. 
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