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I -13 
II -55 
II -70 
III-40 
X1-2.15 
III-4 

Lme - 
l-exit wave-off 
l-exit location 
3-exit location (1) 
a-exit location (1) 
2-exit arrival rate 
Z-exit wave-off rate 
2-exit location (1) 
2-exit location (2) 
l-exit, q1 
3-exit acceptance rate 
2-exit, q1 
3-exit wave-off rate 
2-exit acceptance rate 
a-exit location (1) 
l-exit location 

Change 
From TD 
27.42 21.24 
6460 4195 
4900 2890 
2160 2706 
65.55 65.45 
0.22 0.02 
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(Cl 
(0) 

9.999 0.999 
38.92 48.92 
9.851 0.851 
9.94 0.94 
86.97 76.97 
6390 5390 
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Preface 

Concern lest the runway be a lnmtmg factor m the traffx handlmg capacity of the alrport- 
airways system prompted the Operatwns Research Branch of the Airways Modernization Board 
to enter mto a contract wth the Umversltyof Cahforma’s Instituteof Transportation andTraffic 
Engmeermg to determme the operational feaslbllity of high-speed exit taxiways as a possible 
means of lncreaslng the acceptance rates of runways A report covering the fmdings of this 
research was submitted to the Board 1” the summer of 1956 The research showed that, from 
a” operatmg standpant, high-speed exit taxways were feaslble, at least for speeds up to 60 
mph, but the research did not show the effectweness of these taxways m terms of runway ac- 
ceptance The Operations Analysis Directorate, Bureau of Research andDevelopment, Federal 
Aviatmn Agency thus extended the orlgmal contract I” order that a method of determming the 
effectweness of exit taxways could be formulated This report covers this latter phase of the 
problem 

At the University of Caltforma, Berkeley, Professors Robert Horoqeff, of the Institute staff, 
and R C Grassi, of the Industrml Engmeermg Department, were jointly responsible for the 
planmng, analysis, and superwslo” of the project as a whole Dr Robert R Read, was re- 
sponslble for model formulatmn and mathematxal analysis IvIr James D Gumming was in 
charge of developmg the computatmnal procedures for machine calculations Messrs Ernest 
F Blsbee and Tadao Yoshikawa assisted 1” the formulatmn of the model and in the development 
of the computatmnal procedures Mr Gale Ahlbxn mvestlgated the operatmnal feasibility of 
turn-ons and assisted mthe analysis of the results from the operatmn of the model Mr Frank 
S Henyey performed the programming for the computer, and Mr Derek Woolfall assisted in 
program dehuggmg and operated the computer 
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Summary 

An earlier pro]ect established the feaslblllty of high-speed exit taxiways and set out certain 
guide lines for their configuration * The purpose of the present project was to formulate and 
test a mathematical model for determmmg the exit locatmns that will enable the runway to ac- 
cept the greatest number of aircraft per hour within specified lbmts of percent wave-offs The 
model can also be used to compute, for a” exlstmg airport where runways are already flxed, 
the average acceptance rates and percent wave-offs for various conditmns 

A mathematical model was developed for a angle runway used excluswely for landing The 
model makes it possible to determme the taxway locatmns that will yield the highest runway 
acceptance rates, and corresponding wave-off rates, takmg mto account (1) number of exits, 
(2) exit speed, (3) awcraft arrival rates at runway threshold, (4) aircraft population (1 e , a 
specified mixture of awxaft types), (5) pilot variablhty, and (6) meteorological and geographl- 
cal condltmns 

In regard to Item (3) the model was developed to take as inputs arrwal rates based either on 
fmed mtervals of time or distance or on mtervals of time equal to the runway occupancy of 
the preceding awxaft These schemes assume a degree of control greater than being exer- 
cised today The arrivals are not treated as a statistical dlstrlbutmn because the mformatmn 
applicable to the three assumed arrival schemes was not avaIlable 

Amcraft population, Itern (4) enters the mathematical model m the form of a statement as to 
the time and dwtance to reach exit speed, recognizmg that for each aircraft these times and 
distances will vary from landing to landmg accordmg to some stahstxal disbrlbutlon, as a re- 
sult of environmental changes and pllot varlabllity, items (5) and (6) Some deceleration data 
were obtamed m fhght tests conducted at Wright-Patterson Ax Force Base 1x1 connection with 
the previous pro]ect * But neither this mformatmn nor that available from other sources was 
sufficient to establish a dlstributmn It was therefore assumed that a normal distribution 
would apply and that environmental changes and pllot varlabillty could be accounted for in this 
statlstxal dlstrlbutmn 

It was necessary to make a general assumption concernmg the manner m which runway oc- 
cupancy would delay the landmg of subsequent arcraft The assumption made was that a” air- 
craft not clearmg the runway in time would cause the first followmg arcraft to be waved off 
(not permitted to land) but would in no case cause the second followmg amcraft to be waved off 
Some other assumptmns of lesser importance also had to be made It is important that the 
assumptions be kept m mind when evaluating outputs from the model 

To demonstrate the use of the model, optm~m exit taxway locations and average aCCeptaCe 

rates have been computed for (1) exit speeds of 40 and 60 mph, (2) three different aircraft 
populatmns, (3) one, two, and three exit taxways and (4) arrival rates correspandmg to varl- 
ous fwed Intervals of (a) tmx and (b) distance The arcraft populations (Item 2) were selected 
so as to be reasonably representatwe of I, a very large alrport havmg practically no general 
avlatlon actwlty, II, an axport havmg a mixture of large turbo-let transports, propeller-driven 
transports, and small general aviation axcraft, and III, an airport havmg a predommance of 
small general aviation aircraft 

The results show that the optimum locatmns and the corresponding average acceptance rates 
are quite sensltlve to aircraft populabon, exit speed, and number of exits Furthermore, if 
the number of exlte and mtervals of time between anxraft arrlvmg over threshold are flxed, 
the optimum locatmns of the exits vary considerably for each aircraft populatmn Again, the 
specific results should be interpreted in the light of the assumptmns 

*Reference 1, page 2 



A secondary objective of this project was to examine the feasibility of turn-on6 as a means of 
increasing the capaeity of a runway used both for landlngs and take-offs A turn-on is defmed 
as a tsxiway leading from the run-up pad to the take-off end of the runway It was thought that 
the posstbllity of such turn-ons might be examined for speeds varying from 15 mph to possibly 
as lngh as 60 mph 

After reviewing the problem, it was found that the data available were so meager that it was 
not possible, within the time period of the contract, to formulate a mathematical analysiswhxh 
would be meaningful The several reasons for this are set forth in Section 7 



1. Introduction 

Current folecnsts mdlcate that the next decade wll bring a rapid expanslo” of air transport 
m this country and abroad If the predlcted mcreases m traffw take place there 1s every mdl- 
catlon that the traffic handlmg capacities of many exports ~111 have to be increased to meet the 
expanded aircraft actwlty While there are many aspects of alrport design and operation which 
have an influence on airport capacity, one factor of importance is the awcraft acceptance rate 
of a runway 

Obptive 

The prn”ary oblectwe in this project was to formulate a mathematxal procedure or model 
which could be used to determme the effectweness of exit taxiways, effectiveness bang meas- 
ured m terms of acceptance rate the average number of aircraft landmgs per hour which the 
runway can accommodate More specifically, It was contemplated that the model would beable 
to show the mfluence of number and location of exit taxiways on the acceptance rate of a smgle 
runway used exeluswely for landmg The choice of acceptance rate as a measure of effective- 
ness was based prunarlly on the fact that this Index might be more meanmgful to planners and 
designers of airports smce the demand for alrport faclllhes is normally expressed m terms of 
aircraft movements 

A secondary ob]ectwe was to ewmlne the feasiblbty of turn-on6 as a means of increasing the 
capacity of a runway used both for landmgs and take-offs, a turn-on bang defmed as a taxway 
leadmg to the end of the runway for use m take-offs 

Factors Affecting Exit Taxtway Location 

The important factors mfluencmg the locatmn of exit taxways are (1) the number of exits, 
(2) exit speed, (3) the manner m which aircraft arrwe at runway threshold, (4) arcraft popu- 
latlon, (5) meteorological and geographxal environment at the alrport, and (6) pilot varlabillty 

The important parameters affected by items (5) and (6) are the time and distance re- 
quired by a landmg axcraft to reach exit speed These two parameters are mainly dependent 
on the speed (relatwe to the ground) of the arcraft at the runway threshold These speeds 
vary considerably among the different types of awcraft The important meteorological and 
geographical environment at the an-port affecting these parameters are airport elevation, tem- 
perature, and wind High alrport elevatmn or high temperatures mcrease the speeds over run- 
way threshold The higher the speed the longer the d&ace and time to reach exit speed 
Headwmds reduce the speed of the arcraft relative to the ground and tailwinds increase it 

Pllot vanablllty m landmg techmques has an influence on the parameters, and arises both 
through the mdwldual pilot’s manner of reactmg to the environmental condltmns and through 
his particular flymg techmque 

Considerations in Developing The Madel 

A mathematical model could possibly be developed to accommodate all the foregomg varl- 
able6 as separate mputs Such a model would, however, be extremely complex For this 
reason It was felt that mltlally It would be better to develop a model which was slmpllfled so 
as to be operationally practicable and yet reasonably descrlptwe of the system Analysis of 
the results from such a model could then be used to determme whether refmements were 
lustdied Another guidmg conslderatmn in the development of the model was that it should be 



able to accommodate, as mput information, data describing various operatmnal procedures for 
the control of landing alrcraft for the purposes both of determmlng exit locations suitable to 
future techniques and of evaluating the techniques with respect to established locations 

In devlsmg the mathematical statements of the above variables, It was necessary to make a 
number of assumptions These are dlscussed no Section 2 

information Obtained from The Model 

Although the model was developed for determmmg the number and location of exit taxiways 
and their effect on runway acceptance rate for any specific axport location, it was deemed de- 
slrable to prepare generalized solutmns which would show the influence on runway acceptance 
rate when the followmg conditions were varied 

1 Number of exits 
2 Exit speed 
3 Aweraft populatmn (whether a mixture of pure lets, propeller driven transports, and small 

general awatmn alrcraft or scme other combination) 
4 Manner in which aircraft arrive at the runway threshold (separated at runway threshold 

either by fixed time intervals or fxed distance intervals) 

For a given set of these condltmns, exit locations resulting III the highest average runway 
acceptance rates were calculated These results are dlscussed m Sectmn 4 

It 1s important to pomt out that one of the prmcipal lnnitahons of these results arises from 
lack of suffxlent data on the distances and times required by aircraft to decelerate from speed 
wer threshold to speed for which a turn-off IS deslgned, expressed as Joint statistical distrl- 
hutmns The only such landmg characterlstlcs that were available at the time this project was 
undertaken were for those awcraft used m the previous exit taxway investlgatmn I Thesewere 
confmed to (1) aircraft types KC-135 (Boeing 707), C-121 (Convair 340), C-121 (Super Con- 
stellatmn), L-27 (Cessna 310), F-100, B-41 and B-52, (2) the meteorological conditions whxh 
prevalled at the time the awcraft were test flown (VFR conditmns, dry concrete pavements, 
temperatures rangmg mostly behveen 50°F and 60”F, airport elevation 600 ft MSL), and (3) ten 
landmgs wtb the same pllot for each amcraft type 

Another Important limitatmn 1s the assumption on how alrcraft arrive over runway threshold 
The model 1s able to take as input, arrwals based on (1) fixed intervals cd time, (2) fixed m- 
tervals of dmtance, and (3) variable mtervals of time (based on the runway occupancy time of 
each type of awcraft) Because of the limitation III contract time the model was operated only 
on the basis of fixed intervals of time and distance No statistical dwtrlbution was applied to 
the arrivals smce no data applicable to the assumed schemes were avallable It 1s recognized 
that under current procedures arrivals at threshold do not fit any of the three schemes precise- 
ly but fall somewhere m between However, we have assumed that arrival procedures will 
improve m the future (greater degree of control ~111 be excerclsed), consequently the model 
Indicates what could be achieved under mnre controlled condltmns This assumptmn was In 
part based on analytic and simulation studies of terminal-area traffic control prepared for the 
Aw Navigation Development Board2 which indicated that a greater degree of control in the land- 
ing is necessary If slgnlfxant gams are to be achieved by the construction of high speed exit 
tanways 

1 Horonjeff, Robert, Finch. Dan M , Belmont, Daniel M , and Ahlborn, Gale Exit Taxway J,xat,on 
and Deslm Berkeley, Californm lnst,tute of Transportat‘on and Traffic En&,eerin& Universtty of 
California, 1958 

2 Berkowitz, Samuel M and Fritz, Edward L Analytical and Simulation Studtes of Terminal-Area Air 
Traffic Control lndianapolm U S Civil Aemnautics Admlmstratlon, Technical Development and 
Evaluation Center, 1955 (Technical Development Report No 251) 
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Form of This Report 

This report 1s in seven sections Following this hrtroductlon, Section 2 describes the de- 
velopment of the model m general terms and the assumptions underlying Its development 
Section 3 sets forth the conditions assumed for the operation of the model, and Section 4 dis- 
cusses the results obtained In thts “pilot” operation. Sections 5 and 6 give the explicit mathe- 
matical descriptions of the model itself (Section 5) and of the procedures for the machine com- 
putation (Section 6) Supporting mathematrcal material 1s given in the appendices Section 7 
drscusses the subject of turn-ons 



2. Development of The Model 

In order to develop a workable model, certain assumptions had to be made concerning the 
variables which would enter into its formulahon Following are the assumpttons and the con- 
siderations underlying them 

Assumptions 

1 

2 

3 

4 

5 

6. 

7 

Storage on the exit taxlways It was assumed that storage capacity for aircraft cm the exit 
taxiways is large enough that acceptance rate will not be affected 
Manner of processing arrivals It was felt that in future years, especially at high-traffic- 
density airports, the degree of control of arrivals would be higher than at present For 
this reason it was assumed that arrivals would take place in a manner approaching either 
(a) fixed time intervals or (b) fixed distance intervals It was realized that variations In 
these intervals would he bound to occur but such consideration was eliminated The main 
reason for this elnnination was to permit the munediate development of a relatively simple 
model to which refinements could be added later if necessary Also, the nature of the 
variation cannot be determined at the present time 
Arrival of aircraft by type The order of aircraft arrival by type (whether, for example, a 
jet transport follows another jet transport or follows a propeller-driven craft) was con- 
sidered as random, on the grounds that present procedures are on a first-come flrst- 
served basis 
Distribution of aircraft in the population It was assumed that the arriving popuIatmn of 
aircraft would consrst of known percentages of each type of aircraft and that these percent- 
ages would not change during the arrival period being studied 
Runway occupancy The rule was adopted that the runway would be considered occupied 
from the time an aircraft was over the runway threshold until it was off the runway and that 
only one aircraft could occupy the runway at a tune It is recognized that this rule may not 

correspond with the actual case, since runway occupancy, from the standpoint of practical 
operations, m all probability begins when the arriving aircraft is still some distanceahead 
of the runway threshold It is also realized that this real-l&e distance wrll vary among the 
different types of aircraft It is felt, however, that the rule adopted is entirely adequate to 
the purpose. 
Exit speed It was assumed that an aircraft decelerates to exit velocity and then maintains 
exit velocity until tt clears the runway It was further assumed that an aircraft cannot 
turn-off via an exit unless it has decelerated to exit velocity Thus, if an exit taxnvaywere 
designed for 50 mph an aircraft arriving at the point of turn-off at 51 mph would miss the 
exit This assumption is not entirely valid since the geometric configuration of the &away 
permits a certain amount of leeway in speed But the assumption appears usable as this 
leeway is probably not more than 5 mph 
Consecutive wave-offs It was assumed that an arrival nnmedlately followmg a wave- 
off would be accepted (in other words, that there would not be two-consecutive wave-offs) 
This assumption was based on a study of deceleratmg characteristics available for the 
types of aircraft included in this study and on an assumed average runway length of 10,000 
ft Thus, if an accepted aircraft fails to achieve the last high-speed exit, it must go to the 
end of the runway but the total occupancy time will not be so great as to cause two con- 
secutive wave-offs This assumption permits the model to be independent of the particular 
runway characteristics and of the particular operations chosen by the pilot to clear the 
runway 



Fig 1 - Acceptance rate vs exit locatmn Fig 2 - Acceptance rate vs exit locatmn 
for one alrcraft type for a mxture of alrcraft types 

8 Accidents It was assumed that no accidents would occur 
9 Meteorological conditions at the airport It was assumed that there will be no change m 

surface temperature and wmd conditions at the airport durmg the permd of arrival bemg 
studled 

Model Resume 

In accordance with the foregomg a model has been developed wluch has the property of being 
closely representative of the real system while being expressed m mathematical notation and 
susceptible of numerical treatment The development of the model will be discussed here only 
in terms of its physical slgnlflcance, leavmg the detailed mathematical development for 
Sectmn 5 

With the aid of the model, the rate at which aircraft land can be related to the rate at which 
aircraft arrive over threshold by modlfymg the arrival rate by a correctmn factor, that 1s 

Acceptance Rate = Arrival Rate x Correction Factor 

, The number and locatmn of high-speed exit taxiways enter mto the computatmn through the 
correctmn factor That 1s to say, for a given set of condltmns, the number and location of the 
taxlways determmes the average probablhty that a landmg alrcraft will cause the followmg 
aircraft to be waved off The value of the correctmn factor depends entirely on this probability 
Callmg this average probablhty q, the correctmn factor is l/(1 + q) With the probablllty q 
havmg a range from 0 to +l, the corresponding lumts of the correction factor are 1 and l/2 
Thus the upper hmlt of the acceptance rate, obviously, 1s the arrival rate, and the lower limit 
of the acceptance rate is half the arrival rate (derlvmg from the assumptmn that only the first 
followmg axcraft can be caused to wave-off) 

The probablllty that an alrcraft ~111 miss Its “natural” exit, 1 e , that the alrcraft ~111 be 

exceedmg exit design speed at the first exit for whxh It has a posltme probablllty of attam- 
ment, and the probability that the alrcraft will take a greater bme on the runway to turn off at 
Its “natural” exit than the interval of time between arrlvmg aircraft ~111 obvmusly depend upon 
the locatmn of the exits 

The probability q 1s a functmn of exit locatmn and separation time between axcraft over 
threshold (reciprocal of arrival rate) The objective ls,for flxed separatmn parameter, tofind 
the mmnnum q so as to produce the maxnnum correctmn factor, thus brmgmg the acceptance 
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rate as close as possible to the arrival rate The model can, for example, be operated so that 
the exit location corresponding to muumal p can be found 

For a gwen arrival rate (time or distance) and a single exit, the acceptance rate may be ex- 
pected to vary as a function of exit location as shown in Fig 1 It may be noted that the 
fun&Ion is continuous with a distinct maxmvxn If the separation time were made larger, the 
curve would shift to the right and down, and the maximum would become flatter and less sensi- 
tive to the exit locatlon This figure represents a homogeneous population of aircraft The 
more general situation 1s illustrated in Fig 2, where the effects of a composite population may 
be seen The location of a smgle exit for a gwen separation time 1s in this case more compll- 
cated because the different performance characteristxs of the aircraft will produce more than 
one local maximum Therefore sufficient calculations must be made to insure tbe inclusion of 
all local maxmn III order that these maxima may be compared and the largest acceptance rate 
found 



3. Input Data for Operation of The Model 

In order to obtain a general indication of how the number and location of exit hxlways may 
affect the acceptance rate of a runway used exclusively for landmg, solutions were obtained 
from the model usmg as inputs the inform&Ion and assumptions described below 

Aircraft types The only pertinent landing data available were for those aircraft Included in 
the previous project * They covered both military and civil aircraft, but in the present project 
computations were made only for the civil types, these being 

KC-135 (representing a Boeing 707-120 jet transport) 
C-121 (Super Constellation) 
C-131 (Convair 340) 
L-27 (Cessna 310) 

The C-121, C-121, and KC-135 represent a wide range of coil transports Simtlarly, the 
L-27 is representative of small general aviation aircraft 

Aircraft populations It was decided that three types of population would be used. They were 
selected after revlewmg forecasts as to the types of traffic the nation’s airports will be han- 
dllng, obtaining some notion of the percentage distribution by types through study of airline 
schedules and routes, and consulting ~11th alrllnes as to the type of equipment which will be 
flown over these routes m the future In addition, existing information on the traffic pattern at 
New Yoi-k’s airportswere reviewed, and observatlonswere made at San Francisco International 
Airport and at Sacramento and Stockton axports The following populations were selected 

I A mixture of large turbo-jets, large prop-driven transports, medium prop-driven 
transports and small general aviation type amcraft in the following proportions 

KC-135 33% 
c-121 25% 
c-131 21% 
L-27 21% 

Thts populatton represents the type of activity that occurs at many of the nation’s large 
airports 

II. A mixture of large turbo-jets and prop-driven transports wtth no small general aviation 
type aircraft in the following proportions 

KC-135 50% 
c-121 30% 
c-131 2% 

This population represents traffic at the highest-traffic-density commercial alrports, 
such as New York and Chicago, where small general aviation activity is practically nil 

‘Reference 1, page 2 
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III A mixture of propeller-driven arcraft and small genera.1 awation arcraft with no large 
jets in the following proportions 

c-121 6% 
c-131 m& 
L-27 ‘34% 

Thx population represents the type of traffx at small city airports with some airline 
service, but where the traffic IS manly general aviation 

It must be recognized that the landmg characteristics of arcraft that the airlines expect to 
operate m the future do not exactly correspond with those of the aircraft mcluded m the popu- 
lat~ons above It was concluded, however, that the landmg characteristics of the above air- 
craft would be enough like those of thew successors to yield mcbcativeoutputs from the model 

One population wluch has not been included is a mixture of civil and military aircraft This 
type of activity occurs at ]omt-use airports such as Salt Lake City, Utah This omission as 
well as the onns~ion of purely military aircraft does not infer that these populations should not 
be studled 

Exit speeds Two exit speeds were analyzed, namely 40 and 60 mph The 60-mph speed 
represents a sort of upper limit of turn-off speed, and 40 mph is an mtermediate speed 

TABLE 1 - CONDITIONS PREVAILING DURING FLIGHT TESTS 

Aircraft Weight (Ib) 

KC-135 156.000-179,000 

c-121 93.200-105,000 

c-131 45,990~6,190 

L-27 4.4724.586 

Air temperature 
degree F 

51-53 

46-53 

51-52 

30 

Barometer 
m.1 

26 9238 93 

29 04-2s 06 

28 92 

29 14-29 16 

Headwind 
(knots) 

calm 

calnl 

CdUl 

11-15 

TABLE 2 - SUMMARY OF THE PARAMETERS OF THE JOINT DISTRIBUTIONS 
OF (d., t,), TAKEN FROM BASIC DATA* 

Symbol 

Parameter values for the condition 

KC-135** c-121 c-131 L-21 

60 mph 40 mph 60 mph 40 mph 60 mph 40 mph 40 mph 

IT(d,) Average distance required 
to reach exit velocity 5592 6153 3426 3762 3126 4064 2372 

4f3 Standard deviation of 444 4 476 1 393 6 361 6 200 0 205.2 237 6 

h’(1,) Average time required to 
reach exit veloaty 35 2 42 8 22 3 27.1 25 6 30.1 20.6 

4.) Standard deviation of 2 20 2 76 2 19 3 11 1 65 1.91 1.55 

PI Correlatmn coefficmnt of 
the normalized variables 
d, and 1, (See Section 5) 0 762 0 731 0 a49 0 616 0 693 0 651 0 621 

7, Turn-off time 91 10 1 89 99 65 9.3 a4 

* Basic data from Appendix “D”, A Research Report concerning Exit Taxiway Location and Des&n. 

**Basic data for the KC-135 wa8 revised by adpshng the threshold speeds to conform more closely to the 
Boeing 701-120 operation 



previously suggested in airport design literature. * However, it is assumed that the upper limit 
of exit speed for the L-27 is 40 mph Therefore in thls analysis the exit speed for the L-27 is 
always 40 mph 

Manner of processing arrivals The manner of processing arrivals has already been touched 
upon InSection 2 In the operation of the model the following arrival procedures were assumed 
regardless of the type of aircraft 

1 Arrivals are separated at intervals of from 40 to over 100 seconds 
2 Arrivals are separated at mtervals of 2, 3, and 4 miles 

Airport meteorologxal and geographuxl conditions The landing characteristics of the air- 
craft mcluded in the previous project were used here Ten landings were made with each air- 
craft The tests were made at Wright-Patterson Air Force Base, Dayton, Ohio in good vist- 
bihty conditions The elevation of the Base is approximately 800 ft, m s 1 The conditions 
shown in Table 1 prevailed during the test period 

A summary of the pertinent test data concerned with time and distance to reach exit speeds 
for the above aircraft and conditions 1s presented in Table 2. 

Number of exits One, two, and three exits were used 
The analysis of the data from the operation of the model is contained in Sectlon 4 

‘Reference 2, page 2 
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4. Presentation and Analysis of Results 

For purposes of this study, the followng defmltlons have been adopted 

Arrwal rate The number of axcraft pasang over the runway threshold per hour It 1s to 
be emphasized that an aircraft reachmg the vuxnlty of the awport but not passlng over the 
threshold on the fmal approach path to the runway 1s not regarded as a” arrwal 

Average acceptance rate The number of landmgs completed per hour for a give” set of con- 
dltmns, lncludmg gwen exit locations, but not optmwn locations 

Maxxnum average acceptance rate The average acceptance rate for a gwe” set of con- 
dxtmns with optmwn taxway locatmn 

0pt1mum tax1way locatlo” The locahon or locations of one or more exit taxways whxh re- 
sult 1” the highest average acceptance rate on the runway for a given set of condltmns 

Wave-off An arrwal whxh does not become a completed landmg 

Arrival Rate VS. Acceptance Rate 

The general relatmn between arrival and acceptance rates for a gwe” set of condltmns 1s 
shown m Fig 3 The straight lme mdxates the sltuatlon that would prevail on an Ideal runway 

Fig 3 - General relatmn of average accept- 
rate and arrival rate 

capable of acceptmg all arrwlng mrcraft Cal- 
culated acceptance rates for any set of condl- 
tlons ~111, at any gwe” arrival rate, be less 
than the Ideal This 1s so, eve” at very low 
arrwal rates, because theoretxally there ~111 
always be some chance of a wave-off masmuch 
as the distances and txnes for arcraft to reach 
exit speed are assumed to follow normal dlstn- 
butlons As a practxal matter, however, the 
difference behveen calculated and Ideal values i 

1s so small over a considerable range of arrival 
rates that the two lines may be regarded as 
comcldlngup to somevalue where the calculated 
“real” rate begms to break sharply away from 
the Ideal After the two lmes dwerge, the or- 
dlnate to the calculated lme IS the average ac- 
ceptance rate, and the ordmate from the calcu- 
lated lme to the Ideal lme 1s the wave-off rate, 
as mdxated I” the figure by the example for ar- 
rival rate Xb 

In operatmg the mathematxal model, It 1s 
posslhle, for a fxed set of condltmns (to de- 
termlne a” acceptance rate which corresponds 
to a selected percent wave-off), such as the 
pomt lying above x, .~ 

From a practxal pant of view, the deqner would probably consider as acceptable some 
range of percent wave-offs between speclfled hmlts In this study the llmlts were arbltrarlly 
chosen as 0 5% and 1% wave-offs, and the regm” between these 1unlt.s 1s referred to as the 
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balance regmn Most of the comparmons made are for values obtamed m this balance regmn 
The balance regmn IS of special mterest to the designer because it m effect represents 

sltuatmns where the runway IS loaded to capacity That is, at lower arrwal rates the runway 
1s able to accept wrtually all arrn~~ls, but at higher arrival rates the percent wave-offs be- 
ccnne objectmnably hlgb 

Optimum Exit locations 

The model permits development of a curve sumlar to that 1x1 Fig 3, m which exit locatmn 1s 
the vanable, all other condltmns bemg flxed, the curve then representmg a serxs of optimum 
exit locatmns, each correspondmg to a gwen arrival rate Other curves of the same sort can 
be developed for other gwen condltmns The point here 1s that optlmum location 1s not some- 
thing that can be categorxally stated There 1s an optnnum for each condition The quantlta- 
tive effects of changmg conditions on optimum locatmns are dmcussed below 

Obvmusly, the designer’s problem, IS to arrwe at an optimum location whxh 1s the best 
compromme among the condltmns he foresees and the practxal s&atmns he has to face Un- 
doubtedly, muumzmg wave-offs as much as practxable ~111 always be a leadmg conslderatmn, 
and It 1s for this reason that data lymg m the balance regmn ~111 be of special Interest Com- 
pansons made later m this sectmn generally refer to acceptance rates m this balance regmn 

Results 

Results from the operatmns of the model are tabulated m Table 4 and Figs 4-6 They are 
computed for the three amcraft populatmns described on pages 7 and 6 

For each populatmn maxnnum average acceptance rates and the correspondmg optnnum lo- 
catmns for one, two, and three exits have been computed for two exit speeds,40 and 60 mph, 
and for two schemes of arrnals one based on fxed mtervals of time and another on flxed m- 
tervals of dx+tance 

All of the computatmns are sununarmed m Table 4 The table shows the arrival rates, the 
acceptance rates, the wave-off rates, and the optxnum locatmns of the exit taxways In 
addltmn, the probabllitxs q,, q2, q,, 4, that speclfx awcraft m the populatmn wll cause an un- 
mediately followmg arcraft to be waved-off are tabulated, as well as the welghted probablllty 
v of the entwe populahon The exit locatmns correspondmg to acceptance rates in the 
balance regmn have been bracketed for easier ldentlflcatmn For example, m the case of 

. Populatmn I, with two exits and arrwals based on flxed Intervals of tune, the optimum exit 
locahons are 4,125 ft and 6,861 ft from runway threshold Wltb these locahons and an arrival 
rate of 51 43 awcraft per hour (‘lo-sec. separahon) the expected maxunum average acceptance 
rate 1s 51 33 awcraft, and the welghted probablllty, q, that any axcraft m the populahon wll 
cause a wave-off of the awcraft followmg It IS 0 002 If the arrival Interval IS reduced to 45 
seconds the acceptance rate 1s larger (59 47) but p IS mcreased to 0 345 

In a number of mstances the letter c appears as a notahon m the columns llstmg the lo- 
catmn of exit taxways (See Populatmn I, ‘IO-set Interval of arrwal, and 3 exits) The no- 
tatmn was used for the followmg reasons The arrwal rate (51 43) 1s less than the arrwal 
rate correspmdmg to the balance regmn (60 00) I n other words the arrwal rate 1s to the 
left of x (See Fig 3) If this occurs there are a number of choxes of exit locations whuzh 
~111 accgpt nearly all the arrwmg an-craft Also, It was found that If the exits were located on 
the basis of an arrwal rate nearly m balance wth the acceptance rate, the taxways were able 
to accept smaller rates wth negllglble probablhty of wave-off In the example cited thw would 
mean that If the designer located the three exits at 3550, 5660, and 6’760 ft from runway thres- 
hold, the taxways at these locatmns could accept nearly all awcraft arnvmg at rates less 
than 60 per hour 

The data tabulated m Table 4 are presented graphxally on Figs 4-6 Two scales have been 
placed on the abscissa of the charts One IS the arrival rate m amcraft per hour and the other 
1s the equnalent m terms of flxed tmw or flxed distance separatmn (dw&mce gwen m statute 
miles) The computed pomts (from Table 4) have been Joned by dotted lmes This has been 
done merely to mdxate general trends smce there are, m most cases, an msufficlent number 
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of computed pomts to obtam an accurate contmuous plot of acceptance rate vs arrival rate 
It wll be noted that the computed pomts do not result m d smooth lme This can bs explamed 

in a slmphfwd way as follows Accordmg to the model there are two ways m whxh an an- 
craft can cause a wave-off First, the aircraft may nnss the exit normally asslgned to it be- 
cause it 1s gomg too fast and takes too much tune to reach the next exit, and second, the air- 
craft may take too much time to reach the exit normally asslgned to It As the arrival separ- 
ahon Interval is vaned these two effects do not change at the same rate and hence the average 
acceptance rate curve cannot be expected to vary smoothly 

It wll also be noted that for exactly the same arrwal rate the hvo procedures of processing 
arrivals (flxed tnne and fwed distance) yield different average acceptance rates The reason 
for this is that m the case of the fixed tune separation It 1s assumed that the aircraft arrwe 
over the threshold at fmed mtervals of tnne regardless of their indwldual approach speeds 
Thus a separatmn of 60 seconds means that 60 atrcraft arrwe cwer the threshold m one hour 
In the case of the fmed dw&mce separatmn, the mtervals of tnne at which aircraft arrwe over 
threshold are dlfferent and depend on the approach speeds of the mdivldual alrcraft m the popu- 
latmn Thus a separatmn of 3 miles at threshold may yield on the average, 60 amcraft per 
hour but they are arrwmg at different time mtervals The calculatmns are sensltwe to this 
ddference 

Analysis of Results 

Effect of Number of Exits The effect of number of exits can best be Illustrated by referrmg 
to Table 4 for Populatmn I with arrwals based on fmed mtervals of tune If a near balance 
between arrwals and acceptance (in the regmn of 1% chance of wave-offs) is desired, the maxi- 
mum average acceptance rate wtb one exit 1s 33 57, wth two exits 51 33 and wth three exits 
59 97. Thus the acceptance rate 1s mcreased considerably when the number of exits is in- 
creased from one to hvo (about 59%) but the mcrease 1s not as large when a third exit is added 
(another 26%) The example lust c&d should not be construed as a general trend smce the 
magmtude of the gams achieved by addmg addltmnal exits depends a great deal on the amcraft 
populatmn and the exit speed Thm 1s shown graphxally m Fig 7 

Another use of the charts can be illustrated by reference to the prevmus example, (see 
Fig 4a) Suppose it 1s desirable to provide exits so the runway could accept about 60 aircraft 
per hour In terms of acceptance rate, two exits would practically do the lob (55 13 aircraft) 
A thmd exit mcreases the acceptance rate to 59.61 ax-craft, a gain of only 4 awcraft If the 
designer based his decnon strictly from the vwvpomt of acceptance, the addltmn of a thwd 
exit might be difficult to Iustify If, however, the percentage of wave-offs 1s considered, the 
picture 1s somewhat different For three exits, the percentage of wave-offs is consIderably 
lower than for two exits This pomts to the fact that a prime Iustlflcatmn for an additmnal 
taxway may not be to mcrease the acceptance rate but to decrease wave-offs 

Effect of Axcraft Populatmn The effect of aweraft populatmn 1s illustrated m Fig 7 The 
plotted pomts represent near balance between arrwals and acceptance and were obtamed from 
Table 4 While the results represent a very lmnted study of awcraft populatmn, It IS clear 
that this factor has a dlstmct mfluence on acceptance rate Note that when the small general 
awation alrcraft (L-27) are removed from a populatmn conslstmg of a mMure of large turbo- 
jet transports, and large and medmm propeller drwen transports (Population I), the accept- 
ance rate of the runway 1s increased This 1s Illustrated by comparmg the acceptance rates 
for Populatmn II wth Populatmn I for an exit speed of 60 mph (Fig 7a) Llkewse If small 
general anahon awcraft are predommant m the populatmn (Population III) the acceptance rates 
can be quite high as Illustrated on this flgure The reader 1s cautmned, however, not to con- 
slder these results as a general trend for all condltmns, for m exammmg Fig ?b, which IS 
the same comparxon based on40-mph exit speed, It wll be noted that there 1s very little dxf- 
ference m average acceptance rates between Populatmns I and II 

In order to show the effect that amcraft populatmn has on exit locatwn, a chart has been 
prepared (Flg 8) whxh shows how the optmum locatmns m the balance regmn change as the 
alrcraft populatmn changes This chart has been drawn m an attempt to portray pxtorlally the 
manner in whtch the locatmns shift as the axcraft populatmn changes 
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tune arrival separatmn) 



16 

TABLE 3 - EFFECT OF EXIT SPEED ON AVERAGE ACCEPTANCE RATE 

Average acceptance rate* 

Number of exits 40 mph I 60 mph Percent Increase 

POPULATION I 
1 29 83 33.57 13 
2 42 90 51.33 20 
3 38 92 59.37 22 

POPULATION II 
1 33 24 43 32 45 
2 43 98 59.51 35 
3 49 54 84 70 31 

POPULATION III 
1 40 81 53 17 9 
2 59 64 74 29 25 
3 69 82 79 72 14 

‘Obtained in the region of balance 

Effect of Exit Speed. The effect of exit speed can be shown quantitatively by comparing the 
average acceptance rates (in the balance region) for Populations I, II, and III using an arrival 
based on fixed time interval The data were obtalned from Table 4 and are summarized in 
Table 3. 

From the summary it 1s clear that the magnitude of the gains achieved from a higher exit 
speed are influenced materially by aircraft population 

Effect of Different Procedures of Arrival. It is very difficult to fmd a basis for comparing 
the arrivals based on fixed Intervals of time with those based on fixed intervals of distance 
because the latter is an arrival scheme which corresponds to a variable time-interval separ- 
atlon If a comparison is made in the balance region, then by reference to Table 4 a com- 
parison of acceptance rates can be made for Population I, 60 mph, and 2 exits For an arrival 
based on flxed time interval, the average acceptance rate Is 51.33 (interval of time, 70 set), 

ARRIVAL SEPARATION - 106 SEC 

Fig 9 - Effects of exit location. Fig 10 - Rates for two fixed locations. 
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and for an arrival based on a fixed distance separation, the average acceptance rate is 43 95 
(interval of distance, 3 statute miles) But also note that the optimum locations of the exits 
are nearly the same for the two arrival separation schemes 

It will also be noted from the charts that for correspondmg average arrival rates the accept- 
ance rate for arrivals based on fixed time separation are generally greater than those for the 
fixed distance separation 

Effect of Exit Location To indicate how the analysis can be used to determine the effect of 
alternate locations of exit taxiways on runway acceptance rate, acceptance rates were calcu- 
lated for Population I, 60-mph exit speed, one exit, arrival interval 106 set, with the exit 
shifted m 200-ft intervals from 5,000 to 7,000 it The results of these calculations are shown 
graphmally in Fig 9 The peak of the acceptance rate graph is what has been defined in this 
report as the maximum average acceptance rate. The corresponding exit location has been 
defmed as the optimum location For illustrative purposes the percentage of wave-offs for 
each location has also been shown 

Another way the model can be operated to demonstrate the effect of exit location is shown 
graphically on Fig 10 In this example the location of the two exits have been placed arbi- 
trar11y (1 e , not optimum) at 4,000 it and 6,500 ft, and 4,500 it and 7,000 ft assuming that 
these are alternate chomes which are the subject of study at a particular airport The chart 
(Fig 10) shows the average acceptance rates for these locations of the hvo exit taxiways, as 
the arrival interval is varied These average acceptance rates can be compared with the maxi- 
mum average acceptance rates shown in Fig 4 (for two exits, Population I). The important 
distmction between Figs 4 and 10 is that m the former the exit locations are not fixed and 
change with each arrival interval while for the latter the locations are fixed 
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5. The Mathematical Model 

Smce the effectweness of the number and locatmn of exit taxiways was to be measured in 
terms of average acceptance rate for a glen populatmn of alrcraft and a gwen arrwal scheme, 
an equahon for mean acceptance rate was required The relatmnshlp of average acceptance 
rate with the average arrival separatmn can be expressed m terms of the average probability 
that a landmg awcraft ~111 cause the alrcraft followmg to be waved off 

The calculatmn of this average probablllty requires that formulae be developed which would 
express the runway occupancy time of the varmus types of alrcraft m terms of the statlstical 
propertles of these types The occupancy tunes also depend upon the number and location of 
the high-speed exits Having developed such expressmns, the exit locatmns for agwennumber 
of exits can be determmed by maxnn~smg the average acceptance rate 

In this sectmn of the report the mathematxal notatmn and formulatmn are presented The 
expressmn used for average acceptance rate, the random variable representmgoccupancy time, 
and the equatmns whose solutmns result m the exit locatmns are gwen The derwations of the 
equations appear in the appendxes The assumptions listed m Section 2 serve as the basis for 
the development of the mathematuxl formulae 
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The average acceptance rate can be approximated by the expression 

which is approximately the inverse of the average arrival separation time multiplied by a cor- 
rectmn factor for wave-offs The quantity B(a) IS the average arrival separation time, and (1 is 
the probabiltty that a landing aircraft will cause the following aircraft to be waved off Equa- 
tton (5 1) is derived in detail m Append= A 

The average arrival separation I3(8) is dependent upon the separatmn scheme considered 
Specific average arrival separation terms (for fixed time A and fixed distance b respectively,) 
are developed m Appendix B for the two separation schemes 

The quantity q may be expressed as the weighted sum 

where qn is the probability that an aircraft of the a-th type will occupy the runway longer than the 
arrival separatton time 6 , I e 

q, = P, ITI > aI (5 3) 

Thus It becomes necessary to determine the runway occupancy time of an aircraft of the a-th 
type The runway Is constdered to be occupied from the time the aircraft is over runway thres- 
hold until It has cleared the runway Based on the assumptmn 6 of Section 2, l’. can be ex- 
pressed as follows 

(54) 

where (“’ L “‘) is the additmnal time required to reach the I-th exit taxiway assuming the 

aircraft matntains the exit speed, and g,,,+,(dJ is the additional time required for an atrcraft to 
clear the runway in those cases that the m-lh exit taxway IS missed This latter time is always 
chosen so that two consecutive wave-offs are not possible Note that for a single landing of an 
aircraft, d, can be in only one of the sets II,, and the indicator function I,,,(&) serves as a 
selector for the particular exitused The time, T, (considered non-random) is the time requtred 
for an aircraft of the t-th type to complete the turn-off once it has been initiated The detailed 
development of expressions for q may be found in Appendix C 

Thus, the relationship between the number and location of exit taxiways and the average ac- 
ceptance rate has been established It remans to indicate the procedure for optlmizlng the 
average acceptance rate m terms of the exit locations The average acceptance rate is maxi- 
mized by mmimizmg its reciprocal which is Q = f$‘(a)(l + q) Assuming that (2 is a differ- 
entlable function of I),, and assummg that m 1s tixed, the mmimization will be accomplished by 
taking the parhal derivatives of (2 with respect to the variables I),, D2, , D,, equating them 
to zero, and solving for the 111, , I)., 

Since f<(6) is independent of locations I), for the arrival separation schemes considered, it 
follows that 

aQ - = E(b) &- (1 + 9) 
ao. r 
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and hence one need only solve the system of equations 

-,rJ 
dD. forr=l,*. ,m (6 6) 

Upon substituting the expression for p from equation (5 2) the expression (5 8) may be wrltten 

?!lL- 
%D, - 

0 for r=l, *t m 

and by equation (5.3) the following system results 

Cp,&T[T.> 6) =o r=l, ,m 

Upon substitutmg for T, from (5 4), the system may be rewritten as 

(5 8) 

for r=l, I J? >m (5 9 

The system of equations (5 9) 1s non lmear and difficult to solve, therefore machinecomputa- 
tlon procedures were used The numerlcal analysis and the computational procedures used are 
presented m Sectmn 6 Expllclt expressIons for the system (5 9) are developed in Appendices 
C and D 

For each separatmn scheme the optimum values Dt, , 11, thus determmed result in 
speclfx values of g In the charts and tables presented, the hsted values of q are those that 
correspond to optimum exit locatmns, given the separatmn parameter 
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6. Mathematical and Computational Methods 

The computations necessary for obtammg the results presented in thm report are developed 
in two parts The first part is the determmation of the exit locatmns for in = I, 2, .md .j exits, for 
each of the three populations, two exit speeds, and two (arrival) schemes as functions of the 
separating parameters A aud I, The second part is the evaluation of the acceptance rate correspond- 
ing to each of the locatlon solutions 

Most of the Inputs necessary to accomplish these computations have been described in 
Section 3. Some additional remarks concerning the inputs follow Given a population of aircraft 

types, the proportion p, of aircraft of the z-th type is the 
TABLE 5 - REPREBENTATIVE GLIDE probability that an arriving aircraft will be of the t-th 

PATH QROUND SPEEDS type, and these probabilities are independent from arri- 
val to arrival Exit velocities are expressed in feet per 

I Type Speed second Arrival separation times are in seconds Vari- 

i 
KC-136 146 knots ous seemingly irregular values of the arrival separation 
c-121 130 lmots parameter were used in order to search out the balance 

3 c-131 110 knots 
4 L-37 82 5k”ots 

region The flxed distance arrival separation scheme 
results in time separations which are not uniform but de- 
pendent upon the type of the succeeding aircraft The 

glide path ground speeds used to compute these tune separations appear in Table 5 The speeds 
listed are recommended approach speeds Except for the L-27, they were obtained by con- 
tacting the users of these types of aircraft For the L-27 the recommended speed was obtained 
from the C-310 owner’s manual 

The pair (d,, 1,) has been assumed to have a blvariate normal distribution with parameters 
given in Table 2 For mathemahcal purposes it Is desirable to make Fe change of variable 

u, = 1. - d,/.% 

and work with the pair (I/,, !fJ which ~111 also have a blvarlate normal distribution with para- 
meters, for the aircraft types and exit speeds considered, given in Table 6. 

The parameters in Tables 2 and 6 were estimated from the basic data given in a previous 

TABLE 6 - SUMMARY OF THE PARAMETERS OF THE JOINT DISTRIBUTION OF(fi,, //,) 

Symbol 

Itern 

Description 

Parameter values 

I=1 (KC-136) 1 i=Z (C-121) 1 i=3 (C-131) Ii=4 (L-21) 

60mph 40mph 6Omph 40 mph 6Omph 40 mph 40mph 

h’(d,) Average distance required to 
reach exit velocity 5592 6153 3426 3162 3126 4064 2372 

4,) Standard deviation of d. 444.4 476.1 393 8 361 8 200 0 206 2 237.6 

h’(‘(u.) Averagevalue of zL, = 1. - d,/s. -23 3 -62 1 -16 1 -37.0 -16.1 -39 5 -13.6 

&3 Standard deviation of U. 3.66 6.36 2 56 4.15 1 64 7 19 3.32 

Pi corre1atioo coefficient for the 
Pair (d,, u.1 - 9214 -.9646 - 8172 - 3007 -.6696 -. 6406 -.9306 
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reference * The means, standard deviations and correlation coefficients were estimated using 
the appropriate functions of unbiased sample moments 

Since two arrival separation schemes are considered and the equations for one parallel those 
of the other, the two are treated simultaneously Under the foregoing assumption of blvarlate 
normal distribution for the pair (d,u,), equation (5.2) may be written expllclty as follows 

For Scheme 1 (fixed time parameter A) 

(‘3 1) 

For Scheme 2 (flxed distance parameter b) 

where 

These equatmns can be presented more compactly by lettmg 

A,, = D, - E(h) 
4) 

Cd = Ak - 
T> - 0,/s. - Ecu.) 

& ) 

and then equations (6 1) and (6 2) can be expressed, respectively 

For flxed A 

(6 3) 

*Reference 1, page 2 
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For fixed b 

(6 4) 

The integral over the semi-infinite strip in equations (6 3) and (6.4) may be found by taking the 
difference of two semi-infinite quarter planes as follows 

For fixed A 

q - g x P. (-[, dx j-y, dz! d.(+, Y) + ly, ~JJ j-T,-, dt, ++, Y)] (6 6) 

For fixed b 

For computational purposes, it is desirable to transform these double integrals to a sum of 
single integrals by means of the transformation3 

if hK > 0 or if hK - 0 and h or K > 0 or d both I 0 

if AK < 0 or if hK -0 and horK<o 

where 

- MN, K, PI = ss -G, u) d& 
h K (6 9) 

(6 10) 

and 

Then the expressions for q, (6 3) and (6 4), may be written as follows 

For Scheme 1 (fixed A) 

q - 3 2 PI I -WC.I, A,,, PJ + MW,I, AN, PJI (‘3 11) 



For Scheme 2 (fixed b) 

q = s, 5 ,~,P~PP.PX I-M(C.,t, Ai,; ~3 + .WCcr~, Asi-1, Al 03 12) 

Similarly, the system of equations (5 9) whose solution gives location becomes: 

For Scheme 1 (fixed A) 

Usmg the simpler notation these become 

For Scheme 1 (fmed A) 

For Scheme 2 (flxed IJ) 

3 = 1, ,m 

3 = 1, ,m (6 1’3 

The Integral formula used m obtammg the expressions (6 15) and (6 16) Is the following 

1 c---e 

di% 

-cl’-- [@(B’) - @(A’)] (6 17) 
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where 

A’ = A -CP< 

41 - Pa’ 

For computational purposes the system csn now be expressed as’ 

For Scheme 1 (flxed A) 

,-0:,/r 
+- - [( 

e Arj - Cupi Ari-I - C,,P, 
8 du 0 

(6 18) 
41 - Pin m 

For Scheme 2 (fixed b) 

J = 1, ,m. 

These expressions contain only the umvariate normal distribution function 
Each of the above, i e (6 18) and (6. lo), m a system of m transcendental equations The 

solution of such systems usually requires successive approximation methods, and various such 
methods were applied to the present systems depending upon the number m of exits. Initially, 
graphic search methods for roots were used by computing the partial derivatives and plotting. 
This process was suitable for one and two variables (I e , m = 1 and 2) but couldnotbe efficient- 
ly used for three variables While in two variables an exhaustive search was carried out over 
the entire surface, seeking to determine whether some general statement might be made con- 
cerning the number of possible solutions (i e , local mimma) in m-dimensrons The result of 
this effort was that although the number of solutions can be bracketed it cannot be exactly pre- 
dicted The obvious restriction D, < D2 < < D,,, offers considerable simplification in 
searchmg for roots i 

For drmenstonality greater than 2 one of two alternatrve methods 1s used, 1 e the method of 
steepest descent, and a method of successtve apprommatron along segments parallel to the co- 
ordmate axes, Iollowmg the variable for whmh the functron has the largest gradrent 

The computer used m the evaluatron of these expressions was an LGP-30,4096word memory, 
dlgrtal computer with basic machme cycle measured m mrllmeconds The input and output is 
by typewriter at the rate of ten alpha-numerm characters per second with mternal machine 
language m bmary 

The use of the computer chosen enabled certam exploratory calculations to be made readrly 
during the development of the fmal computation forms of the equahons These trials in fact 
mfluenced the fmal form of the computatrons since they gave advance mformation on the feasi- 
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bility and the necessity of any particular line of attack A large number of calculations were 
made efficiently and with a minimum of laborious advance preparation of the type common to 
large-scale computers 

Certain approximations were made in order to enable numerical solution of the equations 
The systems (6.16) and (6 19) are quite similar and contain two expressions which cannot be 
evaluated directly, namely the exponential function and the normal probability Integral These 
functions rere approximated with rational functions obtained, with mtnor modification, from 
Hastings This reference also contains a plot of the error function for each approximation 

The computation of (6 11) and (6 12) requires the function ‘l’(h, a) of (6 10). Substituting 
Its 
- = z in that equation results in 
2 

and expandmg the mtegrand, rearrangmg terms and integrating leads to the expression 

T( d%, a) = $ (6 21) 

Equatron (6 21) was found suitable for computation for values of 0 < a < I and 1 < h < 4 75 
For other values of a and h the computations were made with the aid of the following transform- 
ations 

l)a> 1 

T(h, a) = ; 4(h) -I- ; @(ah) - 4(h) C+h) - T 

2)h<o 

T(-h, a) = T(h, a) 

3)a<0 

T(h, -a) = -T(h, a, 

4)a= m 

T(h, a) = ; (1 - a(h)) 

5)a = 0 

T(h, 0) = 0 

0)h=O 

T(0, a) = ""2 ' 

These apprommations were chosen smce therr use IS much more efficient than the use of 
tables of functrons stored m memory 

The computational approxlmatlons mdmated m thm section are qmte good Let e, be the 
magmtude of error m the final answer of the calculation of any partral derivative of typedq/aD,, 
and let cl, c-2, cl be the magnitude of error m the approximations of the probability integral, the 
exponential function, and the T(h, a) function respectively The error e, may be computed from 
the following formula 

(6 22) 

4 Approximations for Digital Computers, Cecil Hastings, Princeton University Press. 1956. 
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Upon substitutmg values which would lead to the largest possible c~, 

ep 5 (39)W’ (6 2.3 

Simitarly tf the magnitude of error In the final answer of the calculation of q is e,then, 

and for the largest m, 

e, 5 4n!a+ P, , (6 24 

e, s (73)10-’ (6.26) 



31 

7. Runway Turn-Ons 

Runway turn-ons have been proposed as a means of increasmg the capacity of a runway used 
for both landmgs and take-offs by large transport axcraft The runway turn-on, of a design 
SunlIar to that of a taxnvay, would be placed at the end of a runway where aircraft start their 
take-off The thought behmd this nntlal proposal 1s that axcraft could start the take-off run on 
the turn-on, accelerate so as to enter the runway at ground speeds higher than now used, and 
contmue the take-off wlthout stoppmg 

In this evaluation tt was to be assumed that aircraft are able to enter the runway at speeds 
ranging from normal tax1 speeds to about 60 knots The scope dtd not include an mvestigatlon 
of the feaslbdity of turn-ons from the standpomt of alrcraft operation Wlthout actual field 
test of alrcraft, It 1s not known what the maximum turn-on design speed should be, but It was 
felt that for the purpose of a prelnnmary evaluation, lackmg operational data, a theoretxal 
treatment up to 60 knots would be m order to mdtcate If there were any gams to be achieved up 
to this speed 

The use of a runway turn-on appears to offer three possible advantages (1) the length of 
runway avallable 1s mcreased by the length of the turn-on if atrcraft are allowed to use the 
turn-on for acceleratmg with take-off power, (2) the capacrty of a runway m terms of landings 
and take-offs possibly could be mcreased by usmg turn-ox, and (3) the turn-on would permit a 
smoother operation for take-off aircraft 

Operational Feasibility 

As stated previously, the geometric design of a curved turn-on for entermg atrcraft onto the 
runway at speeds on the order of 30 to 60 knots would have to be mvestqated by fteld tests wltb 
axcraft Alrcraft operatlonal factors would have to be given consideration m developing a 
geometric design Dlscusslons with amcraft operators and manufacturers focus attention on 
the followmg Items whtch must be mcluded m an evaluation of the operational feaslbrltty of 
high-speed runway turn-ons 

Usmg a curved turn-on wtth a full load of fuel m the wmg tanks, there 1s a posslblllty of 
losmg fuel through the axcraft fuel vent system 
On a curved turn-on there could be some loss of steermg abibty wttb the nose gear when 
utllmmg high-thrust settmgs on the engmes Such settmgs do cause a defmlte transfer of 
weight from the nose gear on alrcraft that have a low thrust lme wtth respect to the center 
of gravity 
Acceleratmg on a curved turn-on usmg high-thrust settmgs on the engmes, provides very 
little opportumty to make proper visual checks of engme operation and to make a good com- 
pass check A prec~e compass check would be dlffxult because the aircraft would not bs 
properly abgned with the runway until a fairly high speed was achteved, at whxh tune the 
pllot would be deeply involved with the more unportant operatlonal problems of performing 
a smooth and safe take-off 
On a curved turn-on utllmmg high-thrust settmgs on the engmes, the loss of an engme 
might pose a dlffxult steermg problem, especmlly with a margmal pavement condltlon 
(wet or snow-covered) This problem associated wrth the loss of an engme, especially an 
outboard engme, would apply also to a narrow, strarght-m type of acceleratmg strip With 
the higher-thrust type of engmes bemg mstalled on the new transport-type aIrcraft, safe 
operation on a narrow acceleratmg strtp, with high-thrust settmgs and with sudden loss of 
an outboard engme, appears very doubtful It 1s felt that with a narrow, taxlway type of 
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turn-on the aircraft could easily be partially off the load-bearing pavement before dlrec- 
tional control could be recovered 

5 The weight of large turbo-jet transports is dlstrlbuted over a large area, consequently, on 
a curved turn-on there might be problems ln being able to have the aircraft properly de- 
velop a turn during a high-thrust acceleration 

The possible problems of operating aircraft on a turn-on as outlmed above demonstrate that 
field tests with actual aircraft are absolutely necessary before determining that the turn-on6 
are operationally feasible 

Theoretical Considerations 

A theoretical analysis of the effectiveness of turn-ons was not accomplished during the con- 
tract period The effectiveness of turn-ens depends almost entirely on traffic operating rules. 
More information on these rules and how they might be applied to turn-am is necessary De- 
tailed data on runway usage is also required 

Runway usage by take-off aircraft may be dlvlded into two operating parts as follows 

Part 1 From the time that an aircraft enters and aligns with the runway until the actual take- 
off is started This may be further subdivided as 

a Aircraft enters the runway, aligns with the runway and comes to a full stop prior 
to starting the actual take-off roll. 

b Aircraft enters the runway, allgns and starts the take-off roll, all in one con- 
tinuous operatron (rolling take-off) Discussions with several aircraft operators 
concerning take-off operations on the runway indicate that some operators have 
procedures that require an aircraft to come to a full stop on the runway before 
starting a take-off For this reason the two methods of entering the runway for 
take-off should be constdered 

Part 2 From the time that an aircraft starts the take-off until it 18 clear of the runway 

During the conduct of this project a part of the data outlined below was being gathered at 
several airports m the United States under FAA sponsorship, but it was not available in time 
to make a real effort in formulating a mathematical model for turn-arm 

The types of data needed are as follows 

1 The times required by various types of aircraft to accomplish a Part la turn-on from a 
right-angle taxiway entrance and from an angled entrance Also required is the elapsed 
time between the time aircraft position themselves on the runway for take-off and the tlme 
when take-off power Is applied These elapsed times should be free of air-traffic-control 
delays 

2 The times required to accomplish a Part lb turn-on. 
3 The minimum practicable time intervals between departing aircraft (referenced to the ap- 

plicatfon of take-off power) These times will be governed by separation rules and should 
reflect not only what is going on today but what may be expected in the future These minl- 
mum intervals can be considered as runway occupancy time for take-off aircraft Con- 
trolling factors Hmiting these times are mlnlmum separation rules on airways, dlstur- 
bance due to wing Up vortices, etc 
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Appendix A. Development of The Mean Acceptance Rate 

It is mathematmally most convenient to consider a frxed number R of arrrvals over threshold 
and express the acceptance rate as the number of aircraft accepted by the runway divided by the 
time reqmred to process (accept or wave-off) the R arrivals, thus 

A. = 
number of arr~als accepted 

total tune requued for R arnvals (A 1) 

where 

.I, = A ,,uldom vn,,oble dehned as J, = 1 If the r-th arlrval IS acceptrd, and J, = 0 
of thr r-th xnv.d 1s x\dved off r = 1, , R 

6, = Tlmc scpar&lon bctwccn r-th uud (r + I)-st arrrv~ls 

The mean value can be approxunated by, 

(-4 2) 

ar = A’(.I,) the probnblhty that the r-th nrnvmg aucrrlft 1s accepted 

The accuracy of the approximation in equation (A 2) can be checked by consldermg the following 

If Y is a random variable which can be expanded in a Taylor’s series about its mean, then 

--- -- : - Ety) - [&]’ (* - E(Y)) + “$ [&*;;+I ” (Y -E(Y))" (-4 3) 

and the ratio of two random variables scan be expressed as, 

X 
y=;+-&(Y-E(Y))fJ&X-E(X)) 

(Y-E(Y))’ (A4) 
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and the mean value of $Is equal to 

(A 5) 

Since the approximation used is the first term of the above series, its appropriateness can be 
examined by looking at the remainder term which depends upon the behavior of the ratio 

Calculations show that these quantities are negligible, being of the order of one one-hundredth 
and less Note that for separation Scheme 1 (fixed time separation), the approximation is ex- 
act, since the denominator is non-random R 

The numerator of expression (A 2), gI aris evaluated as follows Note that m, may be 
expressed as, 

a, = 1 - Pr [ J, - 0) (-4 7) 

From the assumption that an accepted aircraft will not cause two successlve wave-offs, it 
follows that the probability that the r-th arrival is not accepted is equal to the probability that 
the (I - I)-& arrival is accepted and occupies the runway too long, 1 e. 

a, = 1 - or (Jr-, = 1 and the occupancy time of the (r-I)-& arrival > a,_,] 

- 1 - w-1 q , (A 8) 

where 

n 
q= 5 p. F-r IT, > L-11 (A 9) 

For the flxed time arrival separation scheme, 6,, = A for all r and hence equation (A. 9) be- 
comes, 

I 
q = zpp. Pr II’, > Al (A 10) 

For fixed distance arrival separation, the time a,-, is dependent upon the aircraft type of the 
r-tharrival, and thus 

I 

Pr I?‘, > a,-,] = Cpp Pr ‘I’, >: 
t-3 1 I 

so that equation (A 9) becomes, for fixed 1, 

(A 11) 

(A 12) 

Hence, for the two separation schemes consldered, the quantity q IS independent of T 
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Assume the first arrival is accepted, i e., 

a, = 1 

It follows that 

and hence 

a* = 1 - pa, = 1 - q, 

(II = 1 - qu, = 1 - q(1 - q) = 1 - q + q’ , 

a,=l-q+q*-qp”+. + (-PI’-’ I 

a, = 
1 + C-q)’ 

1+q 

Then the numerator of (A 2) becomes 

,&, = &(R - 1 - l+1(;9,‘“+‘} 

Now the denominator of equation (A 2) can be evaluated as 

E ,.@r c. > = RE(6,) (A 16) 

and thus equation (A 2) becomes 

The mean acceptance rate equation becomes the following in the limit as R + m 

E(A.) = -L * __ 1 
E(6,) 1 + q 

(A-13) 

(A 14) 

(A 15) 

(A 17) 

(A 18) 

Therefore the mean acceptance rate IS approximately the inverse of the mean separation time 
multiplied by a correction factor for wave-offs The approximation is very good, even for 
small R and moderately large q, as may bs seen by examining equation (A 17) 
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Appendix B. Determination of Mean Separation lime 

For Scheme 1 (fixed time Interval separation) &is constant and equal to A. Hence 

E(6,) - A (B 1) 

For Scheme 2 (fixed distance separation) determine the time Ac required for the plane of the 
p-th type to reach threshold from the fixed distance b There exists a velocity value vg such 
that 

Then the expected separation time between the r-th and(r + I)-st arrival is 

(B 3) 

In both cases X(8,) = X(d) is independent of r 
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Appendix C. Formulation of the Probability 
Of Causing Wave-Off 

For fixed time arrival separation define a quantity q, by 

and note that 

q, = PI IT. > A) 

“I+, 

cc 1) 

Pr {I’, > A) = 5 Pr (2’. > A and d, c II,] cc 2) 

Substituting from the previously defmed expression for occupancy time, equation (5 41, results 
m the following 

( Pr (I’. > Al = $ PT \f- + %e5 + T, > Aantl D,-, < d, 5 D, 
) 

+ rr If. + g.+,(d.) > A and D. < d.1 (C 3) 

It 1s assumed that the additional time allowed for clearmg the runway if the last exit is missed, 
g.+,(dJ ,Is a fixed amount of time This allowed time is determmed so that the assumption of 
no two consecutive wave-offs is not violated 

Equation (C 3) may be written 

n+t 
Pr [‘I’, > A) = c Pr T, - 2 and d. E cc 4) 

P-I 

Let u, = 1, - ? and equation (C 4) may be written, 

“z+t 

Pr (I’, > A) = c Pr DI U, > A - 7, - K and d, E cc 5) 
P-1 

The joint distribution of u, and d. is bwariate normal with 

Is’(u,) = Is’@,) - 5 E(d,) CC 6) 

o(u,,d,) = u(f,, d,) - 5 o’(dJ 

cc 7) 

cc 8) 

cc 9) & d) 
pt = &jo(d,) 
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If $,{z, v) is the blvariate normal density function of the normalized u, and dc with correlation 
coefficient pi then equation (C 5) may be expressed as, 

For the fixed distance arrival separation scheme, the quantity qr may be expressed as 

cc 11) 

The quantity Pr can be calculated from the preceding equations (I e. (C 3) and its 

successors) upon replacIng A with b/vh 
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Appendix D. Expressions for Minimizing the Probability 
Of Causing Wave-Off 

In Section 5 equation (5 9) an expression is given which represents a system of equations 
which are to be solved for values of D1, s, Dm They require the partial derivatives of q, 
with respect to the D. If y. IS written m the form developed m Appendix C, equation (C lo), 
the partial derivative may be taken as follows 

d-..-D,+,,“.-B~“,, - 
FLY= 
aD, 

dx+, 

+;a.,l~~,dT,+,(tiG~~,u (D2) 

OW.) )I 
Equations (D 1) and (D 2) are directly applicable for the fixed time arrival separation 

scheme They may be modified for the fixed distance arrival separation scheme by replacmg 
A with b/at , multiplying the right hand side of each equation by pL and summing over 
k= 1, I 11 
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University of California 

Berkeley, California, December 1959 

Purpose 

This supplement presents computations of acceptance rates and related 
information for an exit speed of 15 mph, which is representative of the average 
turn-off speed on Wdeg ta;:iways, the type used almost exclusively in recent 
years. Such computations permit comparison with the data for high-speed exit 
taxiways presented in the basic report and thus provide some indication of the 
advantages to be gained from high-speed exits. 

Basis for Analysis 

Computations herein are made with the mathematical model described in the 
basic report. Particular attention is called to Section 2 of that report, which 
cover8 the assumptions on which the model was developed. 

Limitations of Results 

Results presented herein are probably less representative of "reallife" 
than those for the higher-speed exits presented in the basic report. This is 
because of the assumption that if an aircraft rmsses its normal exit, it till 
continue to the next exit at exit speed. While the assumption appears reasonable 
for high speeds, it does not appear applicable to 15 mph -- aircraft would probably 
maintain their hqher speed or even accelerate, thus raising the average speed 
between exits, especially in the case of small aircraft, and especially if the 
second exit was some distance away. 

There is also the question of whether it is reasonable to suppose that an 
aircraft would actually miss a 154ph exit. An exit reasonably located for such 
a speed would probably not be missed by aircraft reaching it at a somewhat high- 
er speed, because at this lm~ absolute value the excess speed would seldom be 
cntlcal. 

The net result of the foregoing considerations ia that the results herein 
probably show acceptance rates lower than those for "real life" and. thus suggest 
advantages for hqh-speed exits that are greater than would actually be the case. 
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FABLE 1 - DATA FOR POPULATION I, 15-MPH EXITS 
Average rates, exit locations and probabilities when the aircraft separations ( 1n sec.) are* 

80 90 100 XL0 112 IL20 130 132 140 150 

Arrival Rate 
Acceptance Rate 
Wave-off Pate 

45.00 
29.60 
15.40 

4615 
6685 

0.680 
0.269 
0.090 
1.000 
0.5m 

40 .oo 
28.17 
Il.83 

4700 
6320 

36.00 
26.70 
9.30 

4785 
6945 

0.367 
0.057 
0.014 
l.OUO 
0.349 

32.73 
25.20 
7.53 

4870 
7070 

2:: 

5.63 

1;z: 
0.164 
0.105 
0.161 
0.555 
0.231 

27.69 
24.51 
3.18 

4% 
7305 

0.102 
0.081 
0.114 
0.248 
0.130 

25.71 
24.20 
1.51 

24.00 
23.37 
0.63 

22.50 
22.26 
0.24 

Exit Locations 

Sl W-135) 
92 (c-=0 
s3tc-131) 
Q+ (L-27) 

TBZZE EXITS 
Arrival Rate 
Acceptance Rate 
Wave-off Rate 

Exit Locations 

Sl Z-135) 
CQ c-121) I 
s3 (c-131) 
sk (L-27) 

PO& EXITS 
Arrival Rate 
Acceptance Rate 
Wave-off P&e 

Exit Locations 

q1 (m-135) 
q2 (C-El) 
qj (C-131) 
Q+ b3’) 
9 

0.512 
0.133 
0.038 
1.000 
0.420 

45.00 40 .oo 
31.24 30.21 
13.76 9.79 

4610 4700 
6495 6550 
6905 7120 

0.438 0.221 
0.265 0.133 
0.093 0.033 
1.000 1.000 
0.441 0.324 

;:%i 
7:4O 

4785 

%“4: 

0.095 
0.057 
0.014 
1.000 
0.259 

0.252 
0.022 
0.005 
0.997 
0.299 

32.73 
26.67 
6.06 

4870 
6645 
7555 

0,034 
0.022 
0.005 
0.997 
0.227 

32.73 

‘,‘-E . 

$2 
6630 
7540 

0.034 
0.003 
0.000 
0.002 
0.012 

- 
32.14 
31.84 
0.30 

37m 
5UO n 6650 
7595 

0.026 
0.001 
O&Q0 
0.002 
0.010 

3.00 
25.43 
4.57 

4535 
6675 
7760 

0.010 
0.104 
0.161 

:*:os . 

g:g 
0.07 

3860 

2% 
$10 

0.006 
0.000 
0.000 
0.001 
0.002 

27.69 
27.32 
0.37 

7470 
0.031 
0.002 
0.000 
0.013 
0.014 

0.060 
0.044 
0.049 
0.102 
0.063 

27.27 25.71 
27.01 25.67 
0.26 0.04 

43J-O 
6245 
78u, 

o.ce2 0.004 
0.002 0 .ooo 
0.000 0.000 
0.010 0.001 
0.010 0.002 

4780 
7540 

0.033 
0.021 
0.015 
0.035 
0.027 

0.017 
0.008 
0.003 
0.011 
0.ol.l 
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TABLE 2 - DATA FOR POPULATION II, 15-MPH EXITS 
Aver&g@ rates, exit locatIons and probabilltles when the aircraft separatloas ( 

90 
in sec.) are. 

lot lob ll0 118 120 m 140 149 150 

Arrmal Rate 
Acceptance Rate 
Wave-off Rate 

27.69 
26.35 
1.34 

25.71 
25.06 
0.65 

24.00 
23.80 
0.20 

Exit Locations 

ql (KC-135) 
s;? (c-1=) 

:; {i::735) 

T&EMITS 
Arrival Rate 
Acceptance Rate 
Wave-off Rate 

36.~ 
29.91 

6.09 

k% 

0.367 
0.057 
0.015 

zdi 
3:a5 
4Bo 
7070 

0.252 
0.022 
0.004 

- 
0.133 

30.00 
27.67 
2.33 

4990 
7188 

0.164 
0.008 
0.001 
- - 
0.084 

5145 
7305 

0.100 
0.003 
O.ooO 

0.051 

5550 
7435 

0.043 
0.014 
0.000 

24.20 
23.93 
0.27 

5635 

cl ,7625 

0.014 
0.008 
0.000 

5700 
7650 

0.013 
0.007 
0.000 

0.204 0.026 0 -010 0.008 

Exit Locations 

45.00 
31.29 
13.71 

zig 

0.680 
0.263 
0.101 

0.438 

45.00 
34.16 
10.84 

LE 

6goO 

:*;zi . 
0.101 

FokmS 
Arrival Rate 
Acceptance Rate 
Wave-off Rate 

0.317 

- 

- 

- 

40 .oo 
30.69 

9.31 

ii2 

0.512 
0.128 
0.044 

0.303 

40.00 
34.54 

5.46 

2% 
7=o 

0.221 
0.130 
0.042 

0.158 

36.00 32.73 
33.73 31.94 
2.27 0.79 

2% z 
7340 7550 

0.095 0.034 
0.057 0.022 
0.015 0.004 

30.00 
29.78 

0.22 

2zy 

7750 
0.010 
0.007 
0.001 

o .067 0.025 

- * 

$Zi 
0.28 

cl 

zfg 

7710 

0.013 
0 .wg 
0.001 

0.010 0.007 

Exit Locations 

q1 KC-I.351 
t q.2 c-121) 

q (C-131) 
q (L-87) 
q4 

36.00 
34.95 
1.05 

4780 
6305 

gz 

0.020 
0.056 
0.015 

0.030 

33.96 
33.61 
0.35 

0.013 
0.014 
0.000 

32.73 
32.59 
0.14 

4690 
5950 
6910 
7750 

0.007 
0.002 
0 .ooo 

-. 
0.0;1 0.004 
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Analysis of Results 

The results obtained from the operation of the model are ahaan in Tab&a 
1 and 2. (Comparable with Table 4 of the basic report.) Fig. 1 shows 
acceptance rates for fixed-time arrival separations for 2, 3, and 4 exits. 
Fig. 2 compaxes the acceptance rates obtalned with 15, 40-, and 60-mph exits. 
The data from which Fig. 2 was &awn are shown In Table 3. 

TABLX3- EFFECT OF MIT SPEED ON AVERAGE ACCEPTANCE RATE 

Average acceptance rate* for exit of: Pqmsnt ineraese, 
Number of exits 15 mph 40 mph+= 60 mph* 15 mph to 60 mph 

Population I: 

2 22.26 42.9 51.33 130 
3 q.01 48.92 59.87 121 

Population II: 

2 23.93 43.98 59.51 149 

3 30.22 49.54 64.70 115 

* Obtained In the region of balance (aircraft per hour) 
* From Table 3 of basic report 

An interesting observation is the arrival time seperatlon corresponding 
wrath a balance between arrival rates ana acceptance rate. The data for Popula- 
tion I ma two exits are as follows: 

Average 
Exit speed, mph Arrival interval, set acceptance rate 

15 160 22.26 

40 83 42.90 

60 70 51.33 

This clearly shows that as the exit speed is increased the arrival separation 
interval must be reduced if the higher acceptance capabilIty of the high-speed 
exits is to be taken advantage of. 

The trend In optimum locations of exits for the above example is also OP 
interest. The data for Population I, and tWo exits are as follows: 



Exit speed, mph 

15 

40 
60 

3 

Optmum locations (2 exits), ft+ 

We, 7655 

4390, 7120 
4125, 6861 

* Distance from runway threshold. 
In region of balance. 

Thus as the exit speed 1s decreased, the taxiways are shdted farther 
and Perther down the runway. 



Fig 1 - Acceptance rates for fixed-time arrwal separatmn, 15-mph exits 

-- 
15 40 60 

Eni Speed, mph 

Fig 2 - Effect of exit speed on average ac- 
ceptance rate (flxed-tnne arrwal separatwn) 
Plotted pants are I” the regmn of balance 


