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The study described in thas Note was performed as part of a
project on Airport Pavement Performance which is being carried out
for the Technical Development Service of the Civil Aesronautics
Admimistration Ly the Soil Mechanics Laboratory of Princeton Uni-
versity The general scope of this overall program and & partial
report on the progress made was presented in a paper "Effect of
Vibrations on the Bearing Properties of Soi1ls", Proceedings, High-
way Research Board, 1944, pp. 405-425, by @ P Tschebotarioff,
Dnrector of the Laboratory A final report on this overall pro-
gram 15 now in preparation and wall include a description of the

practical applications of the present theoretical study
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CASE 1

STRESSES AT A POINT OF SEM! NFINITE SOLID LOADED QVER

A RECTANGULAR AREA WITH A UNIFORM DISTRIBUTION OF PRESSURE

NCORMAL TO THE SURFACE OF THE SOLID

Formulas are summarized below for the stresses at a point

of a semi-intimite solid loaded over a

of pressure, pp per unit of arez, normal to the surface of the solid The co-
ordinates and “he aimensions of the lpaded area are shown 1n Figure la Positive
stressec acting nn &n element of the sclad are svown 1n Figure 1b.
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Figure 1 A Semiinfimte Solid Loaded Over a Rectangular Area with Dimensions as Shown

rectangular area with & uniforr distribution

T2 normal slrzsses, o , and the shear stresses, v , at a2 noinb(x=xz=2,y=0)

of the seri-infirmite solid may be stataed as follows
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At the peint x=xz =2z v = o

definea as follows
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A = - { -1 b(a —x) _ cos ! b(a + x) } (,?)
1 = T — C0s8 #l(a—x)z-}-zz]{b"i'lzi ‘\”(a-ﬁ-x)z-{—zz}[bzﬂ—zz‘
_ (a — x) b {a + x) E}

B, = _{(a —x*+2Z R Ga+xi4+d R (8}
b a-x a+=x

Ci= '{b’+z2 ( R TR )} (9)

Dl == (Bl +Cl) (10)

z b Z b

Fi= {(a —x)4+2 R, (a+x'+7 Rz} (12)

=0 (13)
b b o bz tan?_ bz

H, = {tan 1 o, ttan ! s xS T TR R Rz} (14)

— s {a—x) ~1
) = {tanﬁlebix 4 tan! a_jg_x — tan—t ;ﬁ% _ tan mlei)} (15)
K, =0 (16)

In substaituting mumeracal values into eguations 7, 14, and 15, 1t 15 well to
remember the follewing
(a) In eguaticn 7 a2ll tre inverse rosines are taken to have values betwesn O and 7,
(E) In equa*ioms 14 ana 15 all the inverse tangents have values oetween— gand g
(c) Signs of inverse fun-tioms 1n egqua*icns 7, 14, and 15 are to be obzerved as

written

An inspecbion -f equetions 4, b, 11, 13, and 15 shows that ™vu and 7w are
zero at any point «=x z=2z y =o ifor a load symmetrical avout the xaxis as in
Fagure 1 Tnus, tle norral strecseyat every point x=x s =2,y =0, 15 a proneipel
stress by definitlior of mrihcipal stresses

To determire tre cther two principal stresses and tne maximum shear at every
peint x =x z =2z, v =0 the fcllowing orver of conputations 1s suguested
(l] Corpuze by use of equations 7-1h the values of A, B, (,, D, ¥, k.G H; ], ana K,
at every point x = x, =z, and v = o
(2) Comput: by use of eguetians 1-6 the sfresseson o emand T ab every poirt
X=X 7=% y=o0
(3) Since w1 = Ty =0 and gy 15 a prircipal stress at eta1y poink x=x 7=z, v =0
the computations for the other twe principal stresses, omi and %mi, at each peinu

M4y be maae 1n the suame way as in the case of a plane state of gtress where %y — o

Ty =0,2nd Tvi = o Substisute the values ot @u, 0., and ro at each point, (compuled



in (2)), in the conatruction of Mohr's circle, the Mohr-land dyadic circle, or in

equation 17

'Txmi} = xl 'é‘ﬂ'u + V(":u = u'zl)2+ 1_mlz (17)

Tzm1 2

{4) Compute the maximum shear at each point x ==x z =z, y = 0, The maximum shear at
each point 1s equal to one-hzlf the algebraic difference between the largest princi-
pal stress and the smallest principal stress  The prineipal stresses at each point
are 9y, 9xmi, Yaml

CASE 2 STRESSES AT A POINT OF A SEMI INFINITE SOLID LOADED OVER

A RECTANGULAR AREA WITH A UNIFORM DISTRIBUTION OF FORCES
TANGENTIAL TO THE SURFACE OF THE SOLID

Formulas are summarized below for the stresses at a point (x =x,z =2z, vy'= o)
of a semi-1nfinmite solid loaded over a rectangelar area wath a uniform distribution
of forces, py per umit of area, tangential to the surface of the selid The coordin-
ates and dimensions of the loaded azrea are shown in Figure la The forces, pi per
unit of area, are in the direction of the x axrus  Positive stresses acting con an
element of the solid are shown in Figure 1b

The normal stresses, ¢ , and the shear stresses, v , at a2 poant (x =x,z =z, y=0)

of the semi-infimte solad may be stated as follows

o = 2 {mz + B, — {1 ~ 2a).C; + (1 = 20) Dz} (18)
o = B {zmz - E;: + (1 — 24) 1-“2} (19)
Uaz = % G; (20)
Tra = 0 (21)
T = = B {H‘J - Ja} (22)

At the point x = x,12 =2,y =0 the variables A, B, C,, D,, E;, F;, G;. H;,and ] are defired

as follows

R, Ry

_fb =+ b (x-a) 2
Bz_{Rg {x + ) + 2} TR, [(x—a)z+zzl} (25)

A,:{tanh*‘—b —tanh*‘—b} (24)




G = {% (26)
Dz = {x —li:_ : (1;;4;; -3 ; - (I}Q(I_Jri)} (27)
Fa = {R% TRy (28)
Fa= {Rzi : "R+ z} (29)
G2 = {R% i(x+a)z+z2l b m} (30)
. = {tan o R% —tanT T 1%} (31)
-1z ﬁ‘ﬁ ol (32)

In substituting numerical values 1nto equations 24 and 31, 1t 1s wel_ to

remember the following.

{a) In equation 31 2ll the inverse tangents have valies between - ’_; ard

iy

{b) S51gns of inverse functions in equations 24 and 31 are to be observed zs written
Any anspection of eguations 21 and 23 shows that 7wz and ™2 are zero a*t anyr
point X =X,z =2 ¥ =0 Thus, the normal slresses 6; at every point x =x,z=2,¥y =0
15 a prancipal stress by definition of principal stresses
CASE 3 STRESSES AT A POINT OF A SEMI INFINITE SOLID LOADED OVER

A RECTANGULAR AREA WITH A UNIFORM DISTRIBUTION OF NORMAL

PRESSURES AND TANGENTIAL FORCES

The stresses at a point (x =x,z=1z vy =0) of a semi-1nfinite solid loaded over
a rectangular area with a umaform distribution of pressure, pp per unit of areas,
normal te the sw face of the scolid and also with a umiform dastributicn of forces, py

per umt of area, tangential to the surface of the soliad are as follows

Ora = Op] + C oy (33)
Oy3 = Oy + C oy (34—)
0y = 0y +Coy (75)
Tyzd = Tyzl + [ Ty = 0 (36)
Texd =Taxl + €T (37)
Txyd =Tryl +c Tey = 0 (38)

where P =€ Do (39)



The normal stress %y 185 4 princapal stress To determine tre other uwo
principal stresses and the maximm shear ab every point X =% 2=z y =0 the
following nrder of computatiors is suggested

(1) Compute by use of equations 1-16 Lhe stresses om, oy a, and 7am at every point
{2) Compute by use of equat.ons 18-32 the stresses w2, T2, %z, andTazat every polnt
{3) Compute oy use of equations 31-39 the stresses 9m 0, 73, andTmsat every point

(4) Since 7o = wsand®wis a prircipal stress at every polnt x =xz=zy=o
the computatrons for the cther two praincipal stresses,¢wm and %ams, at each point
may be made 1n the same way as previously namely,

L _’13+¢ Ox3 — 0O, !
a,,::}— Z diV(ﬂz J)""'m: (40)

(5) Compute the maximum shear st each point x=x z =z ¥y =o The maxamum shear at
each point 18 equal to one nalf the algebraic difference between the largest princi-
pal stress and the smallest praincipal stress The principal stresses at each point

are %xms, Femy, 2710 Tya

NUMERTCAL EXAMPLES

Case 1 The so0lid 1s loaded over a rectangular area with a umform distribu-
tion of pressure, b, per unit of area, normal to the surface of the solid Figure 2
shows the distribution of maximum shears for different ratiaos of%and % The ratio
%was taken as equal to 1 50 Poisson's ratio, s, was teken as egual to 0 25

Case 3 The solad 15 loaded over a rectangular area with a umiform distribu-
tion of pressure, pp per umit of area, normal to the surface of the solld, and also
w1th a umiform distrabuticn of ferces, pt per unit of area, tangential to the surface

of the solad TFigure 3 shows the distribution of maxamum shears for different ratios

of gand E- The following values were taken for the ratios E, % , and ¢
3A_ 150 B_ 1 Fo= 025
b Pu 3

Figure 4 compares the biggest mawimum shears of Case 1 and Case 3 for dafferent

z
ratios of
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Figure 2 Maximum Shears for Different Values of é and Semi infinite Solid

Loaded over a Rectangular Area with a Umiform Distribution ol

Normal Pressures, Py Per Unit of Area %:1 50, u =025
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{a)

—— CASE 1 SEMI INFINITE SOLID LOADED OVER A RECTANGULAR
AREA AS IN(b) WITH A UNIFORM DISTRIBUTION OF NORMAL
PRESSURES p, PER UNIT OF AREA

— — CASE 3 SEMI INFINITE SCLID LOADED AS IN CASE 1 BUT ALSO
WITH A UNIFORM DISTRIBUTION OF TANGENTIAL FCRCES, Py PER UNIT
OF AREA, IN THE DIRECTION OF THE x AXIS p, WAS TAKEN As 1Py

3

Figure 4 Compansor of the Biggest Maximum Shears of Case 1 and Case 3
for Different Ratos of % Poisson's Ratio was taken as 0 25



