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A COMPARISON OF THE POLAR STERECGRAPFIC, GNCOMONIC, AND TRANSVERSE
MERCATOR PROJECTIONS FOR POLAR AERCNAUTICAL CHARTS

INTRCCUCTION

The following neote will be devoted to a comparison
of the various properties of the polar stereographic, gnomonic,
and transverse Mercator projections, for the purpose of
determining thear relative suitabilitles for polar aeronau-—
t1cal charts  Where the proofs of certain mathematical
formulae involved are short, they will be included, along
with certain datae derived from these formulze It w1l be
the aim of this rote to state the facts regarding each
projection, rather Llhar to argue i1n favor cf ore or another
After all, tre facts, 1f stazea correctly, will speak for
themselves

SCALE

Unifermity of scale, or a close approach thereto, is
one of the more important desideratum= ir a navigational chart
The writer believes that in any discussion of projection
properties, including scale distortion, the picture may be
presented more ¢learly 17, 1in addition to staiing facts and
figures, the mathematical development of the formulae used
Lo arm e at trese facts and figures i1s shown  Since the
fermalae for scale distortion i1r these projections can be
developea very samply, their procfs wall ope given hrre
Tvese forTuvliae wall tren be used to 1nvestigate the scale
distorticn in eact projection over the latitude range comronly
eovered by pelar projections Ir developing all forrulae,
ihe earth wi1ll be regaraed as a sphere rether than as ar
oblate spheroid, the eccentrigity being considered negligible
for the purpcses of this ciscussion

Taking first the stereographic projection, cons:aer

Fig. 1 Let PE'P'E pe a meradional section of Lhe reanced
earth, with PP' the pola= axas, FE' the equalor, AA' the irace
of the rlane ot projection, tangent at the polse, and P' tre
origan of the raye cf projection Then a2nv point G on the
eartn, at latatuwye ¢, wrll be projected on the rhart in point
M, and its distance irom the pole, PG, will be revresented

cn the chart ty tre distance ol

A 3454010+
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Figure 1  Meridional Section, Polar Sterecographic Preojection
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Let Se: PG = distance on the earth along the meridian
S5p= PM = distance on the chart along the meradian
= radius of the reduced earth

¢ = latitude
m
then S, = R (T—m

o
2
S = 2R tan \——— i
2 —_ -
2 de¢h
2R sec® - 2 )
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—H d¢
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1+ LA
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2 2
_ 2
T 1+ sing (1)

Consider now the scale along the parallel Using the same notaticons as
vefore, except that 5, and SC now represent cistance along the arc of parallel on
the reduced earth and the crart respectively and di represents difference in
longitude, we have

S, =R cos ¢dA T _¢

5, =PM x dA=2R tan




J o
2
5 2R tan dh
Scale along the parallel = = 2
Se R cos¢p dA
2 sin (fl_.¢)
T _4 2
2 T
2 tan 5 1+ cos (_5__¢)
- cos ¢ cos ¢
I
2 san\2 2 cos @
[l+cos (_2’1_ ):lcosqs (1+51n¢) cos ¢
= _2
1+ sin ¢ (2)

Since the meradians of the projection are radii of the concentric circular
arcs of the parallels, all meridians and parallels interseect at raght angles, also,
irom the above two proofs, the scales along both meridian and parallel, at any
particular point, are equal, therefore the projection satisfies the defimition of
conformality

We may now substitute values of sin @ 1n the above formula for scale ’
selecting the particular latitudes in which we are interested, whach, for polar
projections, would be from the pole to about latitude seventy degrees

Comparing the scale thus computed for any selected latitude with the true

scale at the pole gives the percent of scale distortion, Table I gives the scale
distortion at certain latitudes.

TABLE T

SCALE DISTORTION IN A POLAR STEREOGRAPHIC PROJECTION

Latitude Percent Distortion
Pole 0
a0° +08
75° +1.7
70° +3.1
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Turning now to the polar gnomonic prcjection, consider Fig., 2.
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Figure 2, Meridional Section, Polar Gnomonic Projection

Let PE'P'E be a meridional section of the reduced earth, wath notation
similar to Fig 1 Then any point G on the earth will be projected on the chart
in point M, and its dastance from the pole, PG, will be represented on the chart
by the distance PM

Again letting S, — PG — distance on the earth along the meridian
Sc: PM — distance cn the chart along the meridian

R — radius of the reduced earth

¢ = latitude

then 5, = R (%__ )

S. = R tan 1—¢)):Rcot¢

c 2
dSe R csc? ¢ d¢
S = =
cale along meridian a5, Rde
= E:SC2 ¢
1

= —— (3)

sin? ¢

Consider now the scale along the parallel Letting Sp and S; represent
distance along the arc of parallel of the reduced earth and the chart respectively,
and d A the difference 1n longitude, we have

Sc= R cobdd A

S¢= R cos¢pd A

85c: _ Recot@dA cotd
S¢  RcosgpdA ™ cos¢

Scale along parallel =

-1 (4)

sin @




The meridians in this projection are obviously radii of the concentric
circular arcs of the parallels and therefore intersect all parallels at right
angles, but the above proofs show that at any point the scale along the meridian
does not necessarily equal the scale along the parallel and the projection is,
therefore, not conformal.

We may now use these two formulae for scale along the meridian and parallel
to determine the percent of scale distortion in both directions at any latitude
1n which we are interested The results are tabulated below
TABLE II

SCALE DISTCRTION IN A POLAR GNCMONIC PROJECTION

Latitude Percent Distorticn
Along Meradian |Along Parallel
Pola 0 0
80° +31 +15
75° +72 +35
70° +13 2 +6.4

The ordinary Mercator projection i1s a matnematical projection wath the scale
true along the equator and increasing along the meridians from the equator toward the
pole 1n such a manner as to represent on the projection, by parallel lines perpendi-
cular to the equator, the converging meridians or the earth. Since, on the eartn,
distance along a parallel between two meridians varies as the cosine of the lataitude,
when thas dastance 1s held constant on the projection the scale varies as the secant
of the latitude The scale along the meriadian i1s arbitrarily increased to hold it
equal to the sczle along the parallel and parallels of latitude are drawn, parallel
tc the equator, at the proper distances We then have a conformal projection, since
meridians and parallels intersect at right angles and the scale along each i1s the
same at any specific point

In the transverse Mercator, the projection has been rotated ninety degrees
and a meridian replaces the equator as a line of true scale Imagine, on the earth,
a network of false meridians and parallels, bearing the same relationship to this
meridian as the actual meridians and parallels bear to the equator If the projection
scale 1s then varied with respect to these false meridians and parallels in the
identical manner that 1t is varied with respect to the true meriaians and parallels
on the ordinary Mercator projection, we will have a transverse Mercator projection
The scale of this projection obviously varies as the secant of the arc distance
from the meradian of true scale Since the arc distance from any point on a given
parallel of latitude may vary from O (where the parallel crosses the meridian of
true scale) to 90° - ¢ (where 1t crosses a meridian 90° removed 1n longitude), 1t
1s evident that scale along any parallel of latitude may vary from 1 fo a maxaimum

1

of sec (90°_ @). From the expression sec {90°_ ¢), or e P , We WAy now compute

the maxamum scale dastortion at any latatude Table II1 shows maximum scale dis—
tortions for latitudes from the pole to 70°.



TABLE III

MAXTMUM SCALE DISTORTION IN A TRANSVERSE MERCATOR PROJECTION

Latitude Maxamum Dastortion - Percent
Pole 0
80° +1.5
75° +3.5
7a° +6.4

The results of the foregoing investigations 1mmediately suggest certain
facts as to the relative usability of these projections for the measurement of
distances.

Since the scale of the stereographic i1s, at any point, the same 1n all
directions and changes only wath latitude, 1t 15 a function of the latitude and
the latitude alone. It has been shown 1n the table for stereographic scale
distortions that, considering the scale at the pole as correct, the maximum
scale distortion on such a preojection extending to latitude 70° occurs at the
edge of the sheet and 1s about 3% A parallel of mean distortion may arbitrarily
be assumed as having correct scale, and distance errors will be further reduced,
since, ih such a case, the scale error at the pole would become about minus 132
and at latitude 70° about plus 13% 5t1ll further refinement in dastance
measurement may be attained by establishing a latitude scale and using mean
latitude 1n the measurement of distances

Considering now the polar gnomonic projection, we find from Table II that
the scale at latitude 70° 18 13 2% greater along the meridian and 6.4% greater
along the parallel than at the pole 4 mean scale, somewhere 1n between that
at the pele and that along the meridian at latitude 70°, might arbitrarily be
agsumed as correct, but 1t 1s obvious that a scale error of more than éF would
st1ll exist at the two extreme latitudes of the projectien. However, a more
serious disadvantage than this i1s the fact that the scale at any point is not
the same an all directions TWe have one scale along the meridian, another along
the parallel, and an infinite number of intermediate scales at directions in
between. The scale, therefore, 1s a function not only of latatude but alse of
direction Hence 1t 1s clearly impossible to establish a latitude scale, or,
in fact, any scale dependent upon one variable, as in the case of the stereographic
projectron.

A comparison of the previous tables shows that within the latitude limits
of pole to 70° the transverse Mercator has about twice the scale distortion of the
stereographic and about half the distortion of thes gnomonic. As in the case of
the stereographic and gnomonic, 1t 1s always possible to assume the mean scale
of the chart as true, thus apprommately halving the extreme variation from true
scale As previously shown, the scale on this projection 1s the same at any
point i1n all directions but 1s not constant for a given latitude It 1s, however,
dependent upon one variable aleone; namely, the arc distance from the meridian of
true scale It 18, therefore, possible to establish a varying scale, dependent
upon the distance from the meridian of true scale, as an aid to greater accuracy
1n distance measurement.



MEASUREMENT OF BEARINGS

The ability of a projection to maintain on the projection the same angular
relationship between intersecting lines as that which exists between the same
lanes on the earth 15 obviously a valuable property in the measurement of bearings
It is proposed to develop here a formula for the determination of the error in
bearing, 1f any, on these projections, and then apply that formula to each projection
at variocus latitudes and wath varicus bearings, in order to obtain a comparison of
thear merits in this respect

Consader Fig 3.
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Figure 3 Bearang of Any linme on Earth's Surface

Let AA' be any line on the earth, having a bearing of &, et meridian MM'
Draw any parallel PP', intersecting AA' in C. Denote AP bydy and FC by Ax.
The average bearing,¢l g, of the line AA' from 4 to C may be defined as the angle

Ax
whose tangent 13 ——, or increment along the parallel divided by increment aleng

Ay
the meridian, or
Ax
4y

Now let Ay approach O, Ax w11l also approach 0, and @, mll approach al.,
the bearing at A, as a lumit The tangent of the bearing at A mll be the limt

tan e, =

of the ratio g; as A y approaches 0, or %J;;- .
H ta _ &
ence na e- F
Now on the chart dx and dy wall be represented by Spdx end S,dy respectively,
where 3, —scale along the parallel and S, — scale along the meridian at the point
1ir question Therefore, letting the bearing on the chart be represented by d,, we
have
S5p dx 5
_ P —_ P
t.anl:lc_ sm d'j’ ——q tande (5)




or, in words, tangent of bearing of any line on the chart equals tangent of hear-
i1ng of the same line on the earth multiplied by the ratio of the scale along the
parallel to the scale along the meridian at the point in question. ZKnowing the
scales at amy point by the formulae developed under the paragraph on scales, we
can now i1nvestigate each projection in whach we are interested as to error 1in
bearing at any point.

Considering first the polar stereographic and transverse Mercator pro-
Jections, we already have seen that at any point the scales along the meridian and

5
parallel are equal, therefore *5:;— equals unity, the bearing on the chart eguals
the bearing on the earth, and there 1s no error in bearing
In the polar gnomonic projectlion
1
scale along the parallel = Sp- m

1

scale along the meridlan = 5 = T;zj

s
ﬁ_
8 s1n
Therefore —po= =gin ¢
1 __
sin2 ¢
and tand, = sin ¢ tan oy, {6)

The error, B, in chart bearing for any given bearing o, on the earth may then
be expressed as follows

E = arc tan (sin ¢ tan@,) - @ {7)
By differentlal caleulus we may now derive an expression for the bearang at which
maximum error occurs for any given latitude, as follows
2
dE sin ¢p sec o,

due R S 51n2¢tan2ae - 1=0

sin ¢ secl @, -1 - sin?¢ tan? a, =0

sin ¢ (1 + tan? @) -1~ sin? ¢tanfe =0

e
2 2 -
tan? @ ( sin¢ -sing) + smg-1 = 0

1l - sing 1
tanl g = =
¢ ging¢g {1-5s1n ¢) sin ¢

1
= + ’f’
tan @ == Y (8)

The table 1rmmedaately following shows the error in bearing on the polar
gnomonic chart at selected latitudes and with selected bearings from 0° to
180° earther east or west from the polar dairectaion While ordinarily the lowest
latitude used on a polar chart would not be less than 70°, figures are given for
latitude &0° 1n order to portray the rapid increase in errer of bearing as
distances from the pole increase. Fag 4 glves a grapnical representatlion of the
data in the table
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Figure 4  Error in Beoring on a Polar Gnomomic Projectaon

TABLE IV

ERRCPS IN BEARING CN A PCLAR GNOMCMBC CHART

True Bearirg on Earth - BEast or West From Polar Direction

o° 15° 30° 45° 607 5o g0® 105° 120® 135° 150° 165° 180°

Latitude | - - - — - - Mimus Error - -« — = — — — — = == — — = Plus Error = = = — — — = =
Pole No erroT — — — — — = — = = 0 & — = = = — m m m o m m m e — — — e m = = =
80° |0 13t 231 26! 23! 13! 0 13! 23! 261 23! 131 0
70° 0 521 17310 1°-47 134t 550 0 55 1°_341 1P o470 1731 s )

60° 0 1°-560 o261 406" 3410 2%-12' 0 20120 3%.410 4%_06t P -26' 1° 567 0

If Formala (B} 1s used to compute the direction of bearing for maxamur error and formula (7) the
amount of maxamum errcr, the results an Table V are cobtained

TAELE V

MAXIMUN ERRORS IN BEARING ON » FOLAR GNOMONIC CHART

_Latltude Bearing of Maximum Error Amount of Error
ok 45° - 137 & 134° - 477 ~261 & 426
70° 450 - 531 & 134 - o7 17247 & +1°-4T"
60° 47 - 040 & 232° - 56 407" E+42-07"

Trese results will be found to agres with results obtained from the curves plotted from
selected bearings
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SPECIAL PROFERTIES

Both polar stereographic and polar gnemenic projections have the desarable
features that the meridians are straight lines emanating from the pole, the
parallels are circles with a common center at the pole, and all meridians and
parallels intersect at right angles The transverse Mercator has neither straight
line meridians nor circles for parallels, although, within the limits of a polar
projection, both are close approximations therete  The meridians and parallels do
intersect at r:ght angles, as 1s true in any conformal prejection.

The gnomonic projection also has the unique property that every great
circle on the earth is projected as a straight line on the chart and, conversely,
every straight line on the chart i1s the arc of a great circle on the earth This
property 1s of particular valuwe in determning the great caircle route between
distant points, since 1t 15 necessary only to join the two points by a straight
line on the chart to have the exact great circle track plotted However, this
property 1s of value chiefly in the location of great circle tracks for transfer
by latitude and longatude to other charts, where the great circle 1s not prejected
as a straight line It has already been shown that, on the polar gnomonmic pro-
jectaon, bearings are inaccurate and scale 1s distorted in such a manner as to
make the accurate measurement of distances impracticable.

The stereographic projecticn has the unique property that all circles on
the earth, both great and small, are projected as circles on the chart The stralght
line meradians of the polar sterecgraphic are no exception to this rule since they
may be considered a8 famly of circles with a radius equal to infimity Moreover,
within the lumts of a polar projection, all great circles on the stereographic
closely approxamate straight lines. It i1s proposed tc develop here a formula for
the curvature of the great circle on the polar stereocgraphic projection, in order
to determine exactly the amount of deviation of a great circle from a atraight line

/}C

Q

O ]

Figure 5 Radius of Curvature of the Great Circle on a Polar Stereographic
Projection.
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Referring to Fag 5, let EQE'Q' be the equator of the polar stersographic
projection of a hemisphere, where
P = pole
PQ and PQ' = meridians 180° apart
¥V = vertex of any great circle
PE and PE' = meridians at 90° to the line GQ'

Now any great caircle on the earth with 1ts vertex on the meridian PQ' must
pass through the equator in points separated in longitude by 90° from Q', namely,
points E and E', and the carcle on the projection must therefore be represented by
a circular arc passing through points E, V, and E!' It 1s required to find the
radius of curvature of this cifcular are

Since, as has previously been shown, in a stereographic projecticn all
lines maintain their true angles of intersection, the line QQ' 1s perpendicular
to the circular arc at V ana the center of that arc must lie somewhere along line

Q!

Now let C be the center of the circular arc Draw CE = CV (saince both
are radil of the same carcle), and EV  Now let

R = radius of the earth at the true projecticn scale at the pole
¢ = latitude of the vertex, V
e = radius of curvature of the arc EVE!

In the paragraph on scales 1t was shown that the distance on the chart,
S,, from the peole along any meridian could be expressed as follows

T g

8¢ = 2R tan

Reducing

1+ cos(2 —¢’) 1+ g

Hence, the distance PV to any vertex V in latitude ¢ 1s equal to

S:

T_$
2R s1n \2 _ 2R cos ¢
© [

2R cos ¢
1+ sing

and the distance PE to point E where ¢p 15 C 1s equal to 2R.

In triangle EFV

FE 2R 1+ sang
tan PVE = — = =
PV 2R cos ¢ cos @

1+ 51n$
——— (RE cos? ¢
and BV = YPE2 + T2 =V4R2+

(1 + sin)?
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_ l{ﬂ;+ 4R? (1 - sin?¢) _ VARZ N (R (1 - sin @)

(1 + sin¢)?2 1+ sin¢

2
_BR___ = 2R l/z—_
1+ sing 1+ sin ¢

In the i1sosceles triangle ECV

"
I

sec PVE =

or l+tan2PVE = ﬁ

Substituting for tan PVE and EV their above determined values, we have
‘/ (1 + sin 4.)2 Ry
14+ \— =
cos ¢ i {2R 2
1l + sing
2 1 + s1n ¢
R = &R 1+
c 1+ sinég cos ¢

RVz (2 + 2 s1n ¢)

(1 + sing) cos?¢

il

4 (1+ sin @)
(1 + sin¢) cos?¢

= R

2R
cos ¢

(9}

By inspection of this formula 1t 1s evadent that, when¢=0 and the great
circle 1s the equator the radiue of curvature on the projection 1s 2R, when¢ = 20°
and the great circle is a meridian the radius of curvature 1s oo and the great
carcle 15 represented by a straight line, and, between these twc values of ¢ ,

Rc varies as the reciprocal of the cosine of the vertex latitude. It 1s thus
established that the more nearly the vertex of the great circle approaches the pole,
the greater the radius of curvature and the more nearly the great circle on the
chart approaches a straight line. ©Since the only great circles applying to a

polar chart are those whose vertdces lie in hagh latitudes, all great circles

that can be drawn on a polar chart will closely approximate straight lines - how
closely 15 indicated in Table VI, where, {for various vertex latitudes, the radius
of curvature and the maximum departure of the great circle from a straight line

on a 2000 mile course 15 tabulated.
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TABLE VI

GREAT CIRCLE PRCPERTIES ON POLAR STERECGRAPHIC CHARTS

Latatude of Vertex | R, Expressed as a | Maximum Departure from a Straight
Coefficient of R Line 1n Nautical Miles on a 2000

Mile Course
9¢° oo 0
85° 23 0 6
80° 11 5 13 .
75° 7.7 19
70° 58 26

It should now be apparent that 1f great refinement 1s desired in pletting
a great circle track cn a polar stereographic projecticn, 1t can be secured by means
of a series of circular curves of properly varying radii  Each curve would apply
to a great circle of a particular vertex latitude, so that it would be necessary
to know only the vertex latitude of the great cairecle i1n guestion to choose the
curve to be used No computation for vertex latitude would be necessary, since
the circle so closely approximates a straight line i1n polar latatudes, 1t would
be necessary cnly to join points of departurs and destination by a straight lane
and use the vertex latitude thus indicated - the difference between this latitude
and the actual vertex latitude would be so slight as tec be negligmble so far as
choosing the proeper curve is concerned  Once the proper curve 1s chosen, the
exact great carcle may be as easily drawn on this projecticn as wmath a straight
edge con the pelar gnomonic projectaon It should be noted here that when changang
from a projection on one scale to that on another the value of R and hence of R,
changes  Therefore, while a series of curves might be varied enough to apply to
a number of differently scaled projections, different curvatures would necessarily
be used for the same vertex latitude, depending upon the base scale of the projecticn.

The great circle on the transverse Mercator projection 1s not a straight
line (except in a few special instances), nor 1s 1t a circular curve. It 15 a
curve of constantly varying radius, the amount of curvature at amy point being
a function of ats direction with reference to the previously mentioned series
of false meradians. The transverse Mercator also loses the straight line rhumb
property of the ordinary Mercator projection

CONSTRUCTION

The polar stereographic and gnomonic are both geomstric projeciions and
may be ccnstructed either by geometric construction or by computing the formulae
for 5, (chart distance from the pole along the meridian), gven in the paragraph
on scales There 1s little to choose between the two in ease of constructicn
The straight line meridians and series of concentric circles for parallels are
ideally suited for rapid and accurate construction

The transverse Mercator 1s considerably more difficult te construct It
1s first necessary to construct the ordinary Mercator projection (or at least
assume such a gratacule of meridians and parallels as would obtain in the ordainary
Mercator), and then use this ccordinate system as a basis for plotting the meridian
and parallel intersection points of the transverse Mercator The values to be
vsed 1n pleotting may be obtained from the table "Transformation from Geographical
to Azamuthal Ccordinates,” found in Special Publication No. 67 of the U S GCoast
and Geodetic Survey. After sufficient points have been plotted, the meridians
and parallels may be drawn by Joining appropriate points waith a smooth curve

RESUNE

It may be helpful, for purposes of comparison, tc tabulate, in juxtapesition,
the facts regarding these three projections Followang 1s such a tabulation.



Polar Stereographic Progection

Meridians are straight lines and
parallels concentric circles,
intersecting at right angles.

Conformal

Scale varies with latitude only.
Scale distortaon varies from O
at pole to+3.1% at Iatitude
70e

Bearings of all lines are correct.

411 circles, both great and small,
projected as eircles, Great carcle
closely approxmmates straight line
in polar regions, Hadius of cur—
vature 1s function of vertex lat-
1tude ard may be easily oblained
for great circles on polar charts
No great carcle touchaing latitude
70° or above departs from straight
line by more then 26 mles 1n a
2000 mle course,

Easy to Construct

PRCFERTIES BETWEEN POLE AND LATITUDE SEVENTY
cf

Polar Gnomeonic Projection

Meridizns are straight lines and par-
allels concentric cireles, intersect-
ing at right angles,

Not Conformal

Seale varies wath both latitude and
direction. Seale daistortion varies
from 0 at pole to & maxamum of +13.2%
at latitude 70°.

Bearings are 1naccurate Errors in-
crease with polar distance and also
depend on direetion. HMHaximum error
of 1°47' occurs in certain directions
at latitude 70°.

Great carcle 1s a straight line and all
straight lines are ares of great circles

Easy to Construct

Transverse Mercator Projection

Meridians and parallels are
curves of varying radius.
Within polar limits, mera-
dians approximate siraight
lines and parallels approxi-
mate cireles Intersect at
right angles

Conformal

Scale varies with arec distance
from meradian of true scale
only. Scale distortion varies
from 0 along this mermdian to
+6.,4% at arc distance of 20°
from this meridian.

Bearings of all lines are
correct

Great circle 1s a curve of
varying radius (except where a
straight line 1n a few special
instances) . Transverse Mercator
loses the property of the
straight line rhumb of the
ordinary Mercator

Taifficult to Construct



