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A COMPARISON OF THE POLAR STEREOGRAPFIC, GNOMONIC, AND TRANSVERSE 
MERCATOR PROJECTIONS FOR POLAR AERONAUTICAL CHARTS 

INTRODUCTION 

The following note will be devoted to a comparison 
of the various properties of the polar stereo graphic, gnomomc, 
and transverse Mercator projections, for the purpose of 
determining their relative suitabilities for polar aeronau­
tical charts "Where the proofs of certain mathematical 
formulae involved are short, they will be included, along 
with certain data derived from these formulae It will be 
the aam of this rote to state the facts regarding each 
projection, rather than to argue in favor of one or another 
After all, the facts, if sta^ea correctly, will speak for 
themselves 

SCALE 

Uniformity of scale, or a close approach thereto, is 
one of the more important desideratum^ in a navigational chart 
The writer believes that in any discussion of projection 
properties, including scale distortion, the picture may be 
presented more clearly if, m addition to stating facts and 
figures, the mathematical development cf the formulae used 
to a m T r e at these facts and figures is shown Since the 
formulae for scale distortion ir these projections can be 
developea v^ry simply, their proofs will oe given hpre 
Tvese for-rulae will t^en be used to investigate the scale 
distortion m each projection over the latitude range comrronly 
covered by polar projections Ir developing all formulae, 
the earth will be regaraed as a sphere rather than as ar 
oblate spheroid, the eccentricity being considered negligible 
for the purposes of this discussion 

Taking first the stereographic projection, consider 
Fig. 1 Let PE'P'E De a meridional section of the reauced 
earth, with PP' the pola^ axis, E E 1 tne equator, AA' the trace 
of the plane oi projection, tangent at the pole, and P' t̂ e 
origin of the rays of projection Then iny point G on the 
eartn, at latitude^, will be projected on the rhart in point 
M, and i+,3 distance Irom the role, PG, wil] be represented 
on the chart by tre distance a' 
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Figure 1 Mer id iona l S e c t i o n , Po lar Stereographic P r o j e c t i o n 

Let S g = PG = d is tance on the ear th along the n e n d i a n 

S c = PM = d is tance on the char t along the mer id ian 

R = rad ius of the reduced ea r th 

<j> = l a t i t u d e 

then S = R - <j>) 

S c = 2R tan 

71" J, 

and sca le along mer id ian = = 

2R sec' 

— R d $ 

— R d<£ 

0 cos^ i — ^ — J - R d 

1 + cos 

1 + s i n (1) 
Consider now the scale a long the p a r a l l e l Us ing the same nota t ions as 

Defore, except that S g and S c now represent c is tance along the arc of p a r a l l e l on 
the reduced ear th and the c^art r e s p e c t i v e l y and d X r e p r e s e n t s d i f f e rence i n 
l ong i t ude , we have 

S e = R cos $ d X 

S c = PM x dX=2R tan d A 
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Scale along the p a r a l l e l =• 
S c 2R tan \ = — / d X 

S e R cos <f> d X 

2 s i n [ — - 0 

2 tan 1 + cos [-£ __ 

cos <j> cos <f) 

2 sin 2 cos ^ 

1 + cos 

— 2 

— <|)j cos <p 1̂ + sin^»j cos <j> 

(2) 1 + s i n 

Since the meridians of the p r o j e c t i o n are r a d i i of the concent r ic c i r c u l a r 
arcs of the p a r a l l e l s , a l l meridians and p a r a l l e l s i n t e r s e c t a t r i g h t ang les , a l s o , 
from the above two p r o o f s , the scales along both meridian and p a r a l l e l , a t any-
p a r t i c u l a r po i n t , are equal , the re fo re the p r o j e c t i o n s a t i s f i e s the d e f i n i t i o n of 
conformal i ty 

We may now subs t i t u te values of s i n ^ i n the above formula f o r s c a l e , 
se lec t i ng the p a r t i c u l a r l a t i t u d e s i n which we are i n t e r e s t e d , wh ich , f o r po lar 
p r o j e c t i o n s , would be from the pole to about l a t i t u d e seventy degrees 

Comparing the scale thus computed f o r any se lec ted l a t i t u d e w i th the t rue 
scale at the pole g i ves the percent of sca le d i s t o r t i o n . Table I g ives the sca le 
d i s t o r t i o n a t c e r t a i n l a t i t u d e s . 

TABLE I 

SCALE DISTORTION I N A POLAR STEREOGRAPH!C PROJECTION 

Lat i tude Percent D i s t o r t i o n 

Pole 0 
80° + 0 s 

75° + 1.7 
70° + 3.1 



Turn ing now to the po la r gnomonic p r o j e c t i o n , cons ider F i g . 2. 

P M 

R cos <p\/£ 
— » — — -*-7r / \ 

/ -Q- \ 
E 1 / I UJ E 1 

UJ 
Figure 2. Mer id iona l S e c t i o n , Polar Gnomonic P r o j e c t i o n 

l e t P E ' P ' E be a mer id iona l sec t i on of the reduced e a r t h , w i t h no ta t i on 
s im i l a r to F i g 1 Then any po in t G on the ear th w i l l be p ro jec ted on the char t 
i n po in t M, and i t s d is tance from the po le , PG, w i l l be represented on the char t 
by the d is tance PM 

Again l e t t i n g SQ = PG = d is tance on the ea r th along the mer id ian 

S c = PM — d is tance on the char t along the mer id ian 

H =z rad ius of the reduced ear th 

<t =£ l a t i t u d e 

then S e — H 

S c = R tan 

Scale along mer id ian = 

(*.-4>J = -R cottf> 

d S c - R e s c 2 4> d <p 

= C S C 

1 

-R d<£ 

2 A. 

sin' 
(3) 

Consider now the scale along the p a r a l l e l L e t t i n g S e and S c represent 
d is tance along the a rc of p a r a l l e l o f the reduced ear th and the char t r e s p e c t i v e l y , 
and d X t h e d i f f e rence i n l o n g i t u d e , we have 

S c — R c o t ^ d \ 

S e = R cos <£d X 

Scale along p a r a l l e l = 
R co t ^>d A. co t </> 
R cos<£ d A. cos >̂ 

1 
sin <j> 
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The meridians i n t h i s p r o j e c t i o n are obv ious l y r a d i i o f the concent r i c 
c i r c u l a r arcs of the p a r a l l e l s and the re fo re i n t e r s e c t a l l p a r a l l e l s a t r i g h t 
ang les , but the above proofs show that a t any po in t the scale along the mer id ian 
does not n e c e s s a r i l y equal the scale along the p a r a l l e l and the p r o j e c t i o n i s , 
t h e r e f o r e , not conformal . 

"We may now use these two formulae f o r sca le along the mer id ian and p a r a l l e l 
to determine the percent of sca le d i s t o r t i o n i n both d i r e c t i o n s a t any l a t i t u d e 
i n which we are i n t e r e s t e d The r e s u l t s are tabu la ted below 

TABLE I I 

SCALE DISTORTION I N A POLAR GNOMONIC PROJECTION 

La t i tude Percent D i s t o r t i on 

Along Mer id ian Along P a r a l l e l 

Pole 0 0 

80° + 3 1 + 1 5 

75° + 7 2 + 3 5 

70° + 13 2 + 6.4 

The o rd ina ry Mercator p r o j e c t i o n i s a matnematical p r o j e c t i o n w i t h the sca le 
t rue along the equator and i nc reas ing along the meridians from the equator toward the 
pole i n such a manner as to rep resen t on the p r o j e c t i o n , by p a r a l l e l l i n e s perpend i ­
cu lar to the equator , the converging meridians or the e a r t h . S i n c e , on the ea r tn , 
d is tance along a p a r a l l e l between two meridians v a r i e s as the cosine of the l a t i t u d e , 
when t h i s d is tance i s he ld constant on the p r o j e c t i o n the sca le v a r i e s as the secant 
of the l a t i t u d e The sca le along the mer id ian i s a r b i t r a r i l y increased to ho ld i t 
equal to the sca le along the p a r a l l e l and p a r a l l e l s of l a t i t u d e are drawn, p a r a l l e l 
to the equator , a t the proper d is tances We then have a conformal p r o j e c t i o n , s ince 
meridians and p a r a l l e l s i n t e r s e c t a t r i g h t angles and the sca le along each i s the 
same at any s p e c i f i c po in t 

I n the t ransverse Mercator , the p r o j e c t i o n has been ro ta ted n i n e t y degrees 
and a meridian rep laces the equator as a l i n e of t rue sca le Imagine, on the ea r th , 
a network of f a l s e meridians and p a r a l l e l s , bear ing the same r e l a t i o n s h i p to t h i s 
mer id ian as the ac tua l meridians and p a r a l l e l s bear to the equator I f the p r o j e c t i o n 
scale i s then v a r i e d w i th respec t to these f a l s e meridians and p a r a l l e l s i n the 
i d e n t i c a l manner t ha t i t i s v a r i e d w i th respec t to the t r ue meriaians and p a r a l l e l s 
on the o rd i na ry Mercator p r o j e c t i o n , we w i l l have a t ransverse Mercator p r o j e c t i o n 
The sca le of t h i s p r o j e c t i o n obv ious l y v a r i e s as the secant o f the arc d is tance 
from the mer id ian of t rue scale Since the arc d is tance from any po in t on a g i v e n 
p a r a l l e l o f l a t i t u d e may v a r y from 0 (where the p a r a l l e l crosses the meridian of 
t rue sca l e ) to 90° - $ (where i t crosses a mer id ian 90° removed i n l o n g i t u d e ) , i t 
i s ev iden t t ha t sca le along any p a r a l l e l of l a t i t u d e may v a r y from 1 to a maximum 

of sec (90°_ 0). From the express ion sec (90°_ <j>), or — - — \ — . we may now compute 
s i n <p 

the maximum scale d i s t o r t i o n at any l a t i t u d e Table I I I shows maximum sca le d i s ­
t o r t i o n s f o r l a t i t u d e s from the po le to 70°. 
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MAXIMUM SCALE DISTORTION 

TABLE I I I 

IN A TRANSVERSE MERCATOR PROJECTION 

La t i t ude Maximum D i s t o r t i o n - Percent 

Pole 0 

80° + 1.5 

75° + 3.5 

70° + 6.4 

The r e s u l t s o f the fo rego ing i n v e s t i g a t i o n s immediately suggest c e r t a i n 
f ac t s as to the r e l a t i v e u s a b i l i t y o f these p ro jec t i ons f o r the measurement of 
d i s t a n c e s . 

Since the sca le of the s te reograph ic i s , a t any p o i n t , the same i n a l l 
d i r e c t i o n s and changes on ly w i t h l a t i t u d e , i t i s a f u n c t i o n of the l a t i t u d e and 
the l a t i t u d e a lone . I t has been shown i n the tab le f o r s te reograph ic sca le 
d i s t o r t i o n s t h a t , cons ider ing the scale a t the pole as c o r r e c t , the maximum 
sca le d i s t o r t i o n on such a p r o j e c t i o n extending to l a t i t u d e 70° occurs at the 
edge of the sheet and i s about 3% A p a r a l l e l of mean d i s t o r t i o n may a r b i t r a r i l y 
be assumed as having c o r r e c t s c a l e , and d is tance e r r o r s w i l l be f u r t h e r reduced, 
s i nce , i n such a case, the sca le e r r o r at the pole would become about minus 1^% 
and a t l a t i t u d e 70° about p lus 1^% S t i l l f u r t h e r ref inement i n d is tance 
measurement may be a t ta ined by e s t a b l i s h i n g a l a t i t u d e sca le and us ing mean 
l a t i t u d e i n the measurement of d is tances 

Cons ider ing now the po la r gnomonic p r o j e c t i o n , we f i n d from Table I I t ha t 
the sca le a t l a t i t u d e 70° i s 13 2% g rea te r along the mer id ian and 6.4? g rea te r 
along the p a r a l l e l than a t the po le A mean s c a l e , somewhere i n between tha t 
a t the po le and t h a t along the mer id ian at l a t i t u d e 70°, might a r b i t r a r i l y be 
assumed as c o r r e c t , but i t i s obvious tha t a sca le e r r o r of more than 6% would 
s t i l l e x i s t a t the two extreme l a t i t u d e s of the p r o j e c t i o n . However, a more 
ser ious disadvantage than t h i s i s the f a c t t ha t the sca le a t any po in t i s not 
the same i n a l l d i r e c t i o n s We have one sca le along the mer id ian , another along 
the p a r a l l e l , and an i n f i n i t e number of in termediate sca les at d i r e c t i o n s i n 
between. The s c a l e , t h e r e f o r e , i s a f u n c t i o n not on ly of l a t i t u d e but a lso of 
d i r e c t i o n Hence i t i s c l e a r l y impossib le to e s t a b l i s h a l a t i t u d e s c a l e , o r , 
i n f a c t , any scale dependent upon one v a r i a b l e , as i n the case of the s te reograph ic 
p r o j e c t i o n . 

A comparison of the prev ious tab les shows tha t w i t h i n the l a t i t u d e l i m i t s 
of pole t o 70° the t ransverse Mercator has about tw ice the scale d i s t o r t i o n of the 
s tereograph ic and about h a l f the d i s t o r t i o n of the gnomonic. As i n the case of 
the s te reograph ic and gnomonic, i t i s always poss ib le to assume the mean sca le 
of the char t as t r u e , thus approximately ha l v i ng the extreme v a r i a t i o n from t rue 
sca le As p r e v i o u s l y shown, the sca le on t h i s p r o j e c t i o n i s the same a t any 
po in t i n a l l d i r e c t i o n s but i s not constant f o r a g i ven l a t i t u d e I t i s , however, 
dependent upon one v a r i a b l e a lone ; namely, the arc d is tance from the mer id ian of 
t rue sca le I t i s , t h e r e f o r e , poss ib le to e s t a b l i s h a va r y i ng s c a l e , dependent 
upon the d is tance from the mer id ian of t rue s c a l e , as an a id to greater accuracy 
i n d is tance measurement. 
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MEASUREMENT OF BEARINGS 

The a b i l i t y o f a p r o j e c t i o n to maintain on the p r o j e c t i o n the same angular 
r e l a t i o n s h i p between I n t e r s e c t i n g l i n e s as tha t which e x i s t s between the same 
l i n e s on the ear th i s obv ious l y a va luab le p rope r t y i n the measurement of bear ings 
I t i s proposed to develop here a formula f o r the determinat ion of the e r r o r i n 
bea r ing , i f any, on these p r o j e c t i o n s , and then app ly tha t formula to each p r o j e c t i o n 
a t va r ious l a t i t u d e s and w i t h var ious bea r i ngs , i n order to ob ta in a comparison of 
t h e i r mer i ts i n t h i s respec t 

Consider F i g 3 . 

Le t AA' be any l i n e on the e a r t h , having a bear ing of de a t mer id ian MM' 
Draw any p a r a l l e l P P ' , i n t e r s e c t i n g AA' i n C . Denote AP b y ^ y and PC by Ax. 
The average b e a r i n g , & a , of the l i n e AA' from A to C may be de f ined as the angle 

Ax 
whose tangent i s ——, or increment along the p a r a l l e l d i v i d e d by increment along A J 
the mer id ian , or 

Ax 
t a n C U — AY 

Now l e t ^ y approach 0, 4x w i l l a l s o approach 0, and Ct a w i l l approach tfe, 
the bear ing a t A, as a l i m i t The tangent o f the bear ing at A w i l l be the l i m i t 

o f the r a t i o ^ y as A j approaches 0, o r • 

dx 
Hence t a n « — e dy 

Now on the char t dx and dy w a l l be represented by S p d x and S m dy r e s p e c t i v e l y , 
where S p — scale along the p a r a l l e l and S m — sca le along the mer id ian a t the po in t 
i r quest ion T h e r e f o r e , l e t t i n g the bear ing on the char t be represented b y 0 < c , we 
have 

Spdx 5 D 
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o r , i n words, tangent of bear ing of any l i n e on the char t equals tangent of bea r ­
ing of the same l i n e on the ea r t h m u l t i p l i e d by the r a t i o of the sca le along the 
p a r a l l e l to the sca le along the mer id ian a t the po in t i n q u e s t i o n . Knowing the 
scales a t any po in t by the formulae developed under the paragraph on s c a l e s , we 
can now i n v e s t i g a t e each p r o j e c t i o n i n which we are i n t e r e s t e d as t o e r r o r i n 
bear ing a t any p o i n t . 

Cons ider ing f i r s t the po la r s tereograph ic and t ransverse Mercator p r o ­
j e c t i o n s , we a l ready have seen tha t a t any p o i n t the sca les along the mer id ian and 

S p 

p a r a l l e l are equa l , t he re fo re —*jf- equals u n i t y , the bear ing on the char t equals 

the bear ing on the e a r t h , and there i s no e r r o r i n bear ing 

I n the po la r gnomomc p r o j e c t i o n 

sca le along the p a r a l l e l — S p = ^ 
T _1_ 

sca le along the meridian = = 5—7 
^ s i n z <p 

1 
Sp s i n <f> 

There fore — = — = — - — — s i n 0 
s i n 2 0 

and tan OTC = s i n 0 tan A E (6) 

The e r r o r , E , i n char t bear ing f o r any g iven bear ing A E on the ear th may then 
be expressed as fo l l ows 

E = arc tan ( s m 0 tan &e) - a e (7 ) 

us we ma 
or any g 

dE a m 0 s e c 2 a 

By d i f f e r e n t i a l ca lcu lus we may now de r i ve an express ion f o r the bear ing at which 
maximum e r r o r occurs f o r any g iven l a t i t u d e , as fo l l ows 

DA 1 + s i n Z A t a n * a e ^ e 
- 1 = 0 

s i n 0 s e c 2 OJ e - 1 - s i n 2 0 t a n 2 C t Q = 0 

s i n 0 (1 + t a n 2 a ) - 1 - s i n 2 0 t a n 2 fflg= 0 

tan 2 CL^ ( s i n 0 - s i n 2 0 ) + s i n 0 — 1 — 0 

2 _ 1 - s i n *P _ 1 
e g i n 0 ( 1 - s i n 0 ) s i n 0 

ban a=t V-^—r (8) 
e f

 S M 0 

The tab le immediately i o l l o w i n g shows the e r r o r i n bear ing on the po la r 
gnomomc char t a t se lec ted l a t i t u d e s and w i th se lec ted bear ings from 0° to 
180° e i t h e r east or west from the po la r d i r e c t i o n Whi le o r d i n a r i l y the lowest 
l a t i t u d e used on a po la r char t would not be l ess than 70°, f i g u r e s are g iven f o r 
l a t i t u d e 60° i n order to po r t r ay the r a p i d inc rease i n e r r o r o f bear ing as 
d is tances from tbe pole i nc rease . F i g 4 g i ves a g rapn i ca l r ep resen ta t i on of the 
data i n the tab le 
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( 
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1 
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0 20 40 60 60 100 120 140 160 180 200 

BEAMING FROM POLAR D RECTION EAST OR WEST IN DEGREES 
Figure 4 Error in Bearing on a Polar Gnomonic Projection 

TABLE IV 
ERROPS IN BEARING OK A POLAR GNOMOMC CHART 

True Bearing on Earth - East or West From Polar Direction 

0° 15° 30° 45° 60° 75° 90° 105° 120° 135° 150° 165° 180° 

Latitude - Minus Error - - - - - Plus Error - -
Pole No error 
30° 0 13' 23' 26" 23' 13' 0 13' 23 r 261 23 ' 13' 0 

70° 0 52' 1° -31' l°-47 le-3Z.' 55' 0 55' lw-34' lc-47' 1°-31' 52' 0 

60° 0 l°-56' 3°-26' 4°-06 3°-411 2°-12' 0 2°-12 • 3°-41' 4°-06' 3°-26' l°-56' 0 

If foririla (8) IS used to compute the direction of bearing for maximum error and formula (7) the 
amount oi MAXITIUM error, the results m Table V are obtained 

TABLE V 
MAXIMUM ERRORS IN BEARING ON * POLAR GNOMONIC CHART 

Latitjde Bearing of Maximum Error Amount of Error 
60° 

70° 

60° 

45° - 13' & 134° - 47' 

45° - 53' & 134° - 07' 
47° - 04' & 132° - 56' 

-26' &. + 261 

-l°-47" &+l°-47' 
-4°-07' & + 4°-07' 

These results will be found to agree with results obtained from the curves plotted from 
selected bearings 
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SPECIAL PROPERTIES 

Both po la r s tereograph ic and po lar gnomonic p ro jec t i ons have the des i rab le 
fea tures t h a t the meridians are s t r a i g h t l i n e s emanating from the po le , the 
p a r a l l e l s are c i r c l e s w i t h a common center a t the po le , and a l l meridians and 
p a r a l l e l s i n t e r s e c t a t r i g h t angles The t ransve rse Mercator has ne i t he r s t r a i g h t 
l i n e meridians nor c i r c l e s f o r p a r a l l e l s , a l though, w i t h i n the l i m i t s of a po lar 
p r o j e c t i o n , both are c lose approximations there to The meridians and p a r a l l e l s do 
i n t e r s e c t a t r i g h t ang les , as i s t rue i n any conformal p r o j e c t i o n . 

The gnomonic p r o j e c t i o n a l so has the unique p rope r t y t ha t every great 
c i r c l e on the ear th i s p ro jec ted as a s t r a i g h t l i n e on the char t and, conve rse l y , 
eve ry s t r a i g h t l i n e on the char t i s the arc of a g rea t c i r c l e on the ea r th Th is 
p roper t y i s o f p a r t i c u l a r value i n determining the great c i r c l e route between 
d i s t a n t p o i n t s , s ince i t i s necessary on ly t o j o i n the two po in ts by a s t r a i g h t 
l i n e on the char t to have the exac t g rea t c i r c l e t rack p l o t t e d However, t h i s 
p roper t y i s of va lue c h i e f l y i n the l o c a t i o n of g rea t c i r c l e t racks f o r t r a n s f e r 
by l a t i t u d e and long i tude to other c h a r t s , where the great c i r c l e i s not p ro jec ted 
as a s t r a i g h t l i n e I t has a l ready been shown t ha t , on the po la r gnomonic p r o ­
j e c t i o n , bear ings are i naccu ra te and sca le i s d i s t o r t e d i n such a manner as to 
make the accurate measurement of d is tances imprac t i cab le . 

The s tereograph ic p r o j e c t i o n has the unique p roper t y tha t a l l c i r c l e s on 
the e a r t h , both great and sma l l , are p ro jec ted as c i r c l e s on the char t The s t r a i g h t 
l i n e meridians of the po la r s te reograph ic are no except ion to t h i s r u l e s ince they 
may be cons idered a f am i l y of c i r c l e s w i t h a rad ius equal to i n f i n i t y Moreover, 
w i t h i n the l i m i t s of a po la r p r o j e c t i o n , a l l g rea t c i r c l e s on the s te reograph ic 
c l o s e l y approximate s t r a i g h t l i n e s . I t i s proposed to develop here a formula f o r 
the cu rva tu re o f the g reat c i r c l e on the po la r s te reograph ic p r o j e c t i o n , i n order 
t o determine e x a c t l y the amount of dev i a t i on of a great c i r c l e from a s t r a i g h t l i n e 

F igu re 5 Radius of Curvature of the Great C i r c l e on a Polar Stereograph ic 
P r o j e c t i o n . 
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Refe r r i ng to F i g 5, l e t EQE 'Q 1 be the equator o f the po la r s tereograph ic 
p r o j e c t i o n of a hemisphere, where 

P = pole 

PQ and PQ1 = meridians 180° apart 

V = v e r t e x of any great c i r c l e 

PE and P E ' = meridians at 90° to the l i n e QQ' 

Now any g rea t c i r c l e on the ear th w i t h i t s v e r t e x on the mer id ian PQ r must 
pass through the equator i n po in ts separated i n long i tude by 90° from Q ' , namely, 
po in ts E and E ' , and the c i r c l e on the p r o j e c t i o n must t he re fo re be represented by 
a c i r c u l a r arc passing through po in ts E, V , and E ' I t i s r equ i red to f i n d the 
rad ius of curvature o f t h i s c i r c u l a r arc 

S ince , as has p r e v i o u s l y been shown, i n a s te reograph ic p r o j e c t i o n a l l 
l i n e s maintain t h e i r t rue angles of i n t e r s e c t i o n , the l i n e QQ' i s perpend icu lar 
to the c i r c u l a r arc a t V ana the center o f that arc must l i e somewhere along l i n e 
QQ' 

Now l e t C be the center o f the c i r c u l a r arc Draw CE = CV ( s i nce both 
are r a d i i of the same c i r c l e ) , and EV Now l e t 

R = rad ius of the ear th a t the t rue p r o j e c t i o n sca le a t the pole 

<t> = l a t i t u d e of the v e r t e x , V 

= rad ius of curva ture of the arc EVE 1 

I n the paragraph on scales i t was shown tha t the d i s tance on the cha r t , 
S c , from the pole along any mer id ian could be expressed as fo l l ows 

Reducing (M 2R s i n \2 *7 2 R c o s ^ 
1 + c o s ^ r 

Hence, the d is tance PV to any v e r t e x V i n l a t i t u d e ^ i s equal to 

1 + s i n $ 

2R cos 0 
1 + s i n 4> 

and the d is tance PE to po in t E where <f> i s 0 i s equal to 2R. 

I n t r i a n g l e EFV 

PE 2R 1 + sin0 
tan PVE = 

PV 2R cos (f> cos # 
1 + s i n 
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4R Z + 
4R 2 ( l - s i n z 0 ) l/ 

(1 + s i n 0) 2 

, 4R ( l - s i n 0) 
4P/ + 

1 + s i n 0 

-V- 1 + s i n 0 
I n the i sosce les t r i a n g l e ECV 

sec PVE = i EV 

2R 
r 1 + s i n 0 

or 1/ 1 + t a n 2 PVE = 

S u b s t i t u t i n g f o r tan PVE and EV t h e i r above determined v a l u e s , we have 

+ 
1 + s i n 0 

cos 0 
1 + s i n 0 

R = R 
c 

R ^2 ( 2 + 2 s i n 0) 
(1 + s i n 0) cos 20 

_ 1 / 4 (1 + s i n 0) 
( l + s i n 0 ) c o s 20 

F 1 + s i n 4> \ c o s ^ / 

2R 

cos 0 (9) 

By i nspec t i on of t h i s formula i t i s ev iden t t ha t , when 0= 0 and the g rea t 
c i r c l e i s the equator the rad ius o f curva ture on the p r o j e c t i o n i s 2R, when0 = 90° 
and the g rea t c i r c l e i s a mer id ian the rad ius of curva tu re i s 00 and the great 
c i r c l e i s represented by a s t r a i g h t l i n e , and, between these two va lues of 0 , 
R c v a r i e s as the r e c i p r o c a l o f the cosine of the v e r t e x l a t i t u d e . I t i s thus 
es tab l i shed that the more nea r l y the v e r t e x of the g rea t c i r c l e approaches the p o l e , 
the g rea te r the rad ius of curva tu re and the more nea r l y the great c i r c l e on the 
char t approaches a s t r a i g h t l i n e . Since the on ly great, c i r c l e s app ly ing to a 
po la r char t are those whose v e r t i c e s l i e i n h i gh l a t i t u d e s , a l l g rea t c i r c l e s 
tha t can be drawn on a po la r char t w i l l c l o s e l y approximate s t r a i g h t l i n e s - how 
c l o s e l y i s i nd i ca ted m Table VI, where, f o r va r i ous v e r t e x l a t i t u d e s , the rad ius 
of curva ture and the maximum departure of the g rea t c i r c l e from a s t r a i g h t l i n e 
on a 2000 mile course i s t abu la ted . 
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TABLE V I 

GREAT CIRCLE PROPERTIES ON POLAR STEREOGRAPHIC CHARTS 

La t i tude of Ver tex 

90° 
85* 
80c 

75< 
70* 

R c Expressed as a 
C o e f f i c i e n t o f R 

oo 
23 0 
11 5 

7.7 
5 8 

Maximum Departure from a S t r a i g h t 
L ine i n Nau t i ca l Mi les on a 2000 
Mi le Course 

0 
6 

13 
19 
26 

I t should now be apparent that i f g rea t ref inement i s des i red i n p l o t t i n g 
a great c i r c l e t rack on a po la r s tereograph ic p r o j e c t i o n , i t can be secured by means 
of a se r i es of c i r c u l a r curves of p r o p e r l y va r y i ng r a d i i Each curve would app ly 
to a great c i r c l e of a p a r t i c u l a r v e r t e x l a t i t u d e , so tha t i t would be necessary 
to know on ly the v e r t e x l a t i t u d e of the g rea t c i r c l e i n quest ion to choose the 
curve to be used No computation f o r v e r t e x l a t i t u d e would be necessary , s ince 
the c i r c l e so c l o s e l y approximates a s t r a i g h t l i n e i n po la r l a t i t u d e s , i t would 
be necessary on ly to j o i n po in ts o f departure and des t i na t i on by a s t r a i g h t l i n e 
and use the v e r t e x l a t i t u d e thus i nd i ca ted - the d i f f e rence between t h i s l a t i t u d e 
and the ac tua l v e r t e x l a t i t u d e would be so s l i g h t as to be n e g l i g i b l e so f a r as 
choosing the proper curve i s concerned Once the proper curve i s chosen, the 
exac t g rea t c i r c l e may be as e a s i l y drawn on t h i s p r o j e c t i o n as w i th a s t r a i g h t 
edge on the po la r gnomonic p r o j e c t i o n I t should be noted here tha t when changing 
from a p r o j e c t i o n on one sca le to t ha t on another the va lue of R and hence of R c 

changes There fo re , wh i le a se r i es of curves might be v a r i e d enough to apply to 
a number o f d i f f e r e n t l y sca led p r o j e c t i o n s , d i f f e r e n t curvatures would n e c e s s a r i l y 
be used f o r the same v e r t e x l a t i t u d e , depending upon the base scale of the p r o j e c t i o n , 

The great c i r c l e on the t ransverse Mercator p r o j e c t i o n i s not a s t r a i g h t 
l i n e (except i n a few s p e c i a l i n s t a n c e s ) , nor i s i t a c i r c u l a r cu rve . I t i s a 
curve of cons tan t l y v a r y i n g r a d i u s , the amount of cu rva tu re a t any po in t being 
a f unc t i on of i t s d i r e c t i o n w i t h re ference to the p r e v i o u s l y mentioned se r i es 
of f a l s e mer id ians . The t ransverse Mercator a l so loses the s t r a i g h t l i n e rhumb 
p roper t y of the o rd i na ry Mercator p r o j e c t i o n 

CONSTRUCTION 

The po la r s tereograph ic and gnomonic are both geometric p ro jec t i ons and 
may be const ruc ted e i t h e r by geometric cons t ruc t i on or by computing the formulae 
f o r S c ( cha r t d is tance from the pole along the mer id ian ) , g i ven i n the paragraph 
on scales There i s l i t t l e to choose between the two i n ease of cons t ruc t i on 
The s t r a i g h t l i n e meridians and s e r i e s of concent r i c c i r c l e s f o r p a r a l l e l s are 
l a e a l l y su i t ed f o r r a p i d and accurate cons t ruc t i on 

The t ransverse Mercator i s cons iderab ly more d i f f i c u l t t o cons t ruc t I t 
i s f i r s t necessary to cons t ruc t the o rd ina ry Mercator p r o j e c t i o n (o r a t l e a s t 
assume such a g r a t i c u l e of meridians and p a r a l l e l s as would obta in i n the o rd ina ry 
Merca to r ) , and then use t h i s coord inate system as a bas is f o r p l o t t i n g the mer id ian 
and p a r a l l e l i n t e r s e c t i o n po in ts of the t ransverse Mercator The va lues to be 
used i n p l o t t i n g may be obtained from the tab le "Transformat ion from Geographical 
to Azimuthal Coordinates,™ found i n Spec ia l P u b l i c a t i o n No. 67 of the U S Coast 
and Geodetic Survey . A f t e r s u f f i c i e n t po in ts have been p l o t t e d , the meridians 
and p a r a l l e l s may be drawn by j o i n i n g appropr ia te po in ts w i t h a smooth curve 

RESUME 

I t may be h e l p f u l , f o r purposes of comparison, t o tabu la te , i n j u x t a p o s i t i o n , 
the fac ts regard ing these three p ro jec t i ons Fo l low ing 15 such a t a b u l a t i o n . 



PROPERTIES BETWEEN POLE AND LATITUDE SEVENTY 
o f 

Po la r Stereographic P ro jec t i on 

Meridians are s t ra i gh t l i n e s and 
p a r a l l e l s concent r ic c i r c l e s , 
i n t e r s e c t i n g a t r i g h t angles. 

Polar Gnomonic P ro jec t ion 

Meridians are s t r a i g h t l i n e s and p a r ­
a l l e l s concent r ic c i r c l e s , i n t e r s e c t ­
ing at r i g h t ang les . 

Conformal 

Scale v a r i e s w i t h l a t i t u d e o n l y . 
Scale d i s t o r t i o n v a r i e s from 0 
at pole to +3.1% at l a t i t u d e 
70° 

Not Conformal 

Scale v a r i e s wi th both l a t i t u d e and 
d i r e c t i o n . Scale d i s t o r t i o n v a r i e s 
from 0 at po le to a maximum of +13.2% 
at l a t i t u d e 70°. 

Bear ings of a l l l i n e s are c o r r e c t . 

A l l c i r c l e s , both great and sma l l , 
p ro jec ted as c i r c l e s . Great c i r c l e 
c l o s e l y approximates s t r a i g h t l i n e 
m po la r r e g i o n s , Radius o f c u r ­
va ture i s f unc t i on o f v e r t e x l a t ­
i tude and may be e a s i l y obtained 
f o r great c i r c l e s on po la r charts 
No great c i r c l e touch ing l a t i t u d e 
70° or above departs from s t r a i g h t 
l i n e by mere than 26 miles m a 
2000 mile c curse . 

Bearings are inaccurate E r r o r s i n ­
crease w i th po la r d is tance and a l s o 
depend on d i r e c t i o n . Maximum e r r o r 
of 1°47' occurs i n c e r t a i n d i r e c t i o n s 
at l a t i t u d e 70°. 

Great c i r c l e i s a s t r a i g h t l i n e and a l l 
s t r a i g h t l i n e s are arcs o f great c i r c l e s 

Transverse Mercator P r o j e c t i o n 

Mer id ians and p a r a l l e l s are 
curves o f va ry ing r a d i u s . 
Wi th in po la r l i m i t s , mer i ­
dians approximate s t r a i g h t 
l i n e s and p a r a l l e l s a p p r o x i ­
mate c i r c l e s I n t e r s e c t at 
r i g h t angles 

Conformal 

Scale v a r i e s w i t h a rc d is tance 
from mer id ian of t rue scale 
o n l y . Scale d i s t o r t i o n v a r i e s 
from 0 along t h i s meridian to 
+6.4$ at arc d is tance of 20° 
from t h i s mer id ian . 

Bearings of a l l l i n e s are 
co r rec t 

Great c i r c l e i s a curve of 
va ry ing rad ius (except where a 
s t r a i g h t l i n e i n a few spec ia l 
i n s t a n c e s ) . Transverse Mercator 
loses the p r o p e r t y o f the 
s t r a i g h t l i n e rhumb o f the 
o rd ina ry Mercator 

Easy to Const ruc t Easy to Const ruc t D i f f i c u l t to Construct 


