
CIVIL AERONAUTICS  ADMTNISTRATION 
U. S. DEPARTMENT OF COWEFiCE 

Technical Development Division 

Waashmgton, D.C. 

Technical Development Note No. 28 

GAIN I N  FIELD  STRENGTH  OF FOUR SYUXETRICALLY 
DISPOSHl  ANTENNAS COMPARED TO ONE ANIXNNA 

By 
H. Vi. Kohler 

Radlo Development Sectlon 

October 1942 



CONTENTS 

Page 

s m Y . . . . . . . . . . . . . . . m . . m . . . . . .  1 

INTRODUCTION. . . . . . . . . . . . . . . . . . . . . . .  1 

RE3 FIZLD  STRENGTH OF BORIZCVTAL FIKLD PATTERN OF FOUR 
A N T E N N A S . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 

IMPEDANCE OF EACH OF FOUR PARALLEL VERTICAL DIPOLE5 . . .  4 

EXTENSION OF ANALYSIS TO RADIATORS  SHORTER  THA)! 
ONE-QUARTER WAVELENGTH. . . . . . . . . . . . . . . . . .  7 

GAIN I N  FIELD STRENGTH M I X  TO FOUR RADIATORS OVEX TFST 
WITH ONE RADIATOR FOR  CONSTANT TOTAL INPUT PGWER. . . . .  9 

hmsmmms. . . . . . . . . . . . . . . . . . . . . . .  12 

CONCLEIONS . . . . . . . . . . . . . . . . . . . . . . .  16 

ILLUSTRATIONS 

F1g. 

1. H o r x o n t a l   f l 4 d   s t r e n g t h  vers1Is :.I;' . L d  spaclng. Antenna 
currents  equal and m phase. 

2. Input  reslstance of each of t- I one-quarter wave antennas 
carrylng  equal  currczLi 111 phase. 

3. Calculated  gam  In  f le ld   s t rength  obtamable by feedlng 
a glven power m t o  f o u r  antennas  Instead of a a n g l e  
antenna  versus %/Rr, n t h  S as parameter. 

4. Calculated  gam  In  f le ld   s t rength  obtamable by feedlng 
a glven power l n t o  four  antennas  lnstead of a s lng le  
antenna  versus S, m t h  7 = %/Rr as parameter e 

5. Radlatlon  reslstance of t h m   v e r t l c a l  mre the  lower end 

plot ted  versus   ra t lo  of physlcal  helght t o  wavelength. 
of whlch i s  near a perfectly  conauctlng horizontal plane, 

6. Ratlo of coupled reslstance R, t o  radlat ion  res ls tance Rr, 
versus S. 

5-223'11 



GAIN I N  FIJXD STRENGTH OF FOUR SYMNETRICAUY 
DISPOSED ANTENNAS COMPARED TO ONE ANTENNA 

An analysis 1 s  made of obtainable m s  f l e ld   s t r eng th  i n  

the  horizontal  plane  with a given  radio-frequency power fed 

i n t o  four ident ical ,   short   ver t ical   antennas whlch are  located 

in   the   comers  of a square. T h ~ s  f le ld   s t rength  1 s  compared t o  

t h a t  produced with  the same power fed   In to  a single  antenna of 

the aame design. The resis tance coupled in to  each  antenna by 

the  other  three 1s computed. 

A formula  glvlng  the  gam  In  fleld  strength for f o u r  

antennas oVer that obtalned from  one  antenna 1 s  derived, and 

familles of  g a m  curves are   plot ted.  

The theory  presented 1s In   e s sen t l a l  agreement m t h  

measurements of   galn  In   f le ld   s t rength made a t  the  Plttsburgh, 

Pa. radio  range. A gain m field  strength  of  the  order of 

1.8 / 1 can  be  realized a t  the  lower  frequencies. The gam 

increases as the   co l l  and ground resis tance of t h e  antenna 

c i r c u i t  becomes greater,  and It also  Increases  as  the  antenna 

spacing 1 s  reduced. 

INTRODUCTIOh' 

Experments  conducted at  the  Plt tsburgh  radlo range on 200 
? 

kc and 400 kc have shown t ha t  a conslderable  gam I n  f l e l d  

strength can  be obtalned If a glven  radlo-frequency power 1s fed 
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into  four  antennas  In  phase  lnstead  of  lnto a slngle  antenna. The 

antennas are  insulated  tcmers  125  feet  hlgh,  located a t   t h e  corners 

of  square whose dlagonals measure 600 feet .  For range  operatlon, 

the  diagonal towers are  exclted 180' out o f  phase mth equal  currents; 

whereas, f o r  voice  operatlon, where an essent la l ly   c i rcular   horizontal  

f i e ld   pa t t e rn  1 s  desired, the antsncas are  fed m phase  with equal 

currents. T h i s  i s  the  method of operatlon  whlchwas  used  before  the 

simultaneous  rad10  range was developed. 

The purpose of this Note is t o  check the  aval lable  measurements 

thearetlcally,  thereby  obtalnlng relations between the  several  

variables  occurring i n   t h e  problemwhlch  enable one to   p red lc t  quan- 

t i t a t l v e l y   t h e   g a m  obtainable with slmllar four-element  antenna 

arrays, and t o  deterrmne If these  princlples can be  appl led  to  

ultra-high-frequency  technlque. 

The procedure  followed In   the  analyssls 1s t o  flnd the  rms value 

of t h e   h o r i z o n t a l   f l e l d   p t t e r n   f o r   f o u r   a n t e n n a s   m t h  unit current 

i n  each  antenna,  and t o  determine  the  antenna  current d t h  a given 

radlo-frequency power ava ihb le .  Thls lnvolves  calculation of 

the  resistance  coupled  Into  each  antenna by the  other  three 

antennas,  besldes  the  radlatlon  reslstance o f  the  reference  antenna. 

The evaluatlon  of  coupled  reslstance 1 s  g lven   In   t he   l l t e r a tu re   fo r  

antonnas whose lengths   are  multiples of half  wavelengths.  Values 

of  mupled  resistance  for  antennas  shorter  than one quarter- 

wavelength are  obtained by multlplylng  the  coupled  resistance  for 

the quarter-wave  antenna by the  square of t h e   r a t l o  of the  effect ive 

heights.   Slnusoidal  current  distribution  In  the  antennas i s  assumed, 

and the   ear th ' s   sur face  i s  taken  as a perfectly  conducting  plane. 

I 
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The f i e l d  strength in the  horizontal  plane  obtalned n t h  

roup antennas i s  compared t o   t h a t  produced by a single  antenna 

of Identical   helght  Into which the same t o t a l  power I s  fed, and 

t h e   r a t i o  of the ~ K O  Pleli l   strargths i s  plot ted versus one-half 

the  diagonal  spacmg S, and  versus t h e  r a t i o  of coileand ground 

resis tance to radlat ion  res is tance ( q / R r ) ,  respectlvely. 

F&5 F I E L D  STBENGTH OF HORIZONTAL F I H S  PATTERN OF FOUR ANTENNAS. 

Calling  the  diagonal  spacing  (In  degrees) of the  antennas 

2s and the  length of the  s ides  of the square S E  (figure l ) ,   t h e  

eqcation for the   re la t lve   f le ld   s t rength   in   the   hor izonta l   p lane  

with in-phase urut  current m each  antenna is  

E = 2 cos s COS e )  + cos (s s1n e I] [ (  

where 0 i s  the azimuth  angle measured from the diagonals. 

The rms f ie ld   s t rength   in   the   hor lzonta l  plane i s  defined as 

Cs = $ - $ d B  

n 

-7r 
Introducing  equation 1 i n t o  2 and integrating gives 

where Jo designates  the Bessel function of t he  first kmd, of 

order mro. It mll  be  observed that f o r  very close spacing 

Jo(m) = Jo(S fi) 1, glvlng E,, = 4 .  Thls, of course, i s  the  

acme r e s u l t  as obtalned i f  we l e t  S = 0 i n  equation  ( l) ,  and If 

4 units of current are  fed   ln to  a single  antenna. As S is  

(2 )  " 

,/ 
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increaaed the  pattern became  constricted, and for S = lsoo = 127.2’, 

four d k e c t i o n s  of aero f ie ld   s t rength  are obtamed at 45O off  the 

diagonals. Field strength i n  t h e  direct ion of the diagonals and 

the bieectors, and r m  field stpengths, are s h m  i n  flgure 1, 

plot ted as a functlon of 5 .  

fl 

WEDANCE OF EACH OF FOUR PARALLEL VERTICAL DIPOLES. 

The impedance % of one dipole in   the  presence of three other 

energlaed dipoles, a l l  four carrying  equal  currents In-phase, is 

given ty 

where Zll = self-impedance of one dipole n t h  the other 

dipoles removed. 

% = mutual unpedance  between adjacent  dlpoles. 

‘13 
= mutual impedance between dlagonally opposlte 

dipoles. 

For the derivation of the self and mutual  mpedance  terms I n  

equation (41, the  reader is referred t o  a paper by P. S. Carter, 

“CFrcuit  Relations i n  Ra&ating Systems  and Applications t o  Antenna 

Problems,”  Proc. I.R.E. 20, 1004, June, 1932. For convenlence the 

equations for Z 11, %, and 2 a r e  reproduced below. 13 

Zu= 30 [y+ log, 281- C1 (281) + j SI ( 2 8 1  1 3  ohms 

Y =  0.577 = Euler’s constant 

5-22371 
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1 = length of dlpole . 
c1 (u) = P cos x dx = cosme  lntegral  

8 X 

Zll = 73.2 + J 42.5 ohms 

1 2 c 1  (s f i )  - J 2 s1 ( S f i )  

In the  present problem the  reactlve terms I n  equatlons (6)  and (7) 

need not be calculated  as  the  reactance 1 s  tuned out.  

Refer l lng  to   f lgure 2, the  res ls tance look lng  I n t o  a quarter- 

wave rad la tor   a t   the   cur ren t  maxunum In the  presence of three  other 

energlzed  quarter-wave radiators 1 s  shown as a functlon of the 

antenna  spaclng. 



- 6 -  

As the  antennas  are assumed t o  be perfect  conductors, this 

Input resistance (1/2 5 )  1 s  equal to   the   rad ia t ion   res i s tance  of 

each  antenna. The r e l a t ion  of to   the   se l f - res i s tance  and 

coupled  reslstance of each  antenna 1 s  

5 

s = 51 + 2 3 2  + 5 3  

where %l = radiat ion  res is tance of a half-wave dipole 

32 coupled resis tance between adjacent  dipoles 

= coupled resis tance between diagonal  dipoles 
5 .3  

Self-resistance and coupled  reslstance  for quarter-wave  antennas 

over  a  perfectly  conductlng  plane  are one-half of the  corresponding 

resls tances  of half-wave  antennas. 

For cornpanson, the  Input  reslstance of a s ingle  quarter-wave 

radlator  i s  s h m  (1/2 I$1 = 36.6 ohms) mith the other   radiators  

removed. It m11 be observed that f o r  small spacings  the  coupled 

resls tance 1s posit ive and increases  the  radiation  resistance.  

For S = 0 

For S = 95O; 227O~ 393O the  coupled  resistance  ia zero, giving 

9 = Ru. Between 95' m d  227' the coupled resis tance i s  negative. 

The rmnimum to t a l   r e s i s t ance  is  found a t  S = 135' and i E  8.2 Ohms. 

5-22571 
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EXTENSION OF ANALYSIS TO RADIATORS  SHORTER TEAN ONSQIJUARTER 
WAVELENGTH. 

The radlat lon  res ls tance R of a t h ln   ve r t l ca l  m e  of r 
effectlve  helght h whose lower end IS near  the  surface of a per- 

f e c t l y  conductlng  horlzontal  plane IS glven by the  equatlon 

2 
R, = 1579(+) ohms 

= LO t an  2 (180' F) 
Thls  expresslon 1 s  accurate  for  antennas much shorter  than one- 

quarter  wavelength. For antennas  one-quarter wave long  the above 

formula Dves a value of radlat lon  res ls tance 10 percent  too  high. 

The effectlve  helght h i s  

where H = physlcal  helght of antenna. 

The coupled reslstance IS also assumed t o  vary as the  square 

of the  effect ive  helght  of the  antennas. Thls  may be understood 

by the  follomng  reasomng 

E = K  h 
2 3  

where Pr = radlated power of a slngle  antenna 

I1 rms value of maxmm current   In  one antenna 

5 2 3 4  
K K K = constants 



- 8 -  

E - axial f i e l d   s t r e n g t h   a t   r a d l a t o r  2 due t o  cur ren t   In  2 -  
radiator  1 

The total   irduced  voltage i s  V2 = h E2 K3 hz 

V2/11 = ZU = X& h 
2 

While It is realized  that   the  values of coupled resls tance computed 

on th l s  b a a s   a r e   n o t   a s   a c c u r a t e  as desirable, It 1s beheved  that  

they  hold  withln a few percent. 

I n  order t o  check the above procedure of calculatmg coupled 

reslstance  for  short   antennas,   the  follomng  approxmate formula 

was derlved: 

where Jo, J1 = Bessel functions of  f lrst  !and of order 
0 and 1. 

Rc reslstance coupled i n t o  each  antenna by 
the  other  three.  

X = radlatlon  reslstance of a s m g l e  antenna r n t h   t h e   o t h e r s  removed. 

The equation 1 s  based on four  vertlcal  doublet  antennas  located 

in  the  corners o f  a square on a perfectly  conductlng  horlzontal 

plane. The antennas  are assumed t o  have equal  currents  In phase, 

the  currents   lncreasing  lmearly from zero a t  the  top t o  the manmum 

value a t  the ground plane,  and  the  vertlcal  fleld  pattern of  each 

antenna 1s assumed to   vary   mth   the   cos lne  of the  angle of elevatlon. 

The table  below glves a comparison of values of R /R c r  
cdlculated by cosme  Integrals and  Bessel  functions, respectively. 
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Table of Rc/Rr 

Rc/Rr Calculated by 

f ( k c )  I So Coslne Inteerals  

200  22 

300 33 

2.76 

2.16 400 I 44 

2.48 
I 

Rc/Rr Calculated by 
Bessel  Functlons 1 

2.78 

2.527 

2.20 I 
It wlll be  observed tha t  f o r  small spaclngs  the  values of 

Rc/F$ agree m t h m  2 percent; f o r  greater  spaclng,  they  dlffer 

more. For S = 360' the  dlfference 1 s  about 10 percent. It 

requlres  conslderably  less  tune  to compute Rc/Rr by equatlon (10) 

than usmg equat~ons (6) and (7).  

It can  be readlly shown t h a t ,   f o r  a glven  frequency  and mput 

power, the   f le ld   s t rength  produced 1s nearly  Independent of t h e  

antenna  helght,  provlded  the  antenna  helght 1 s  smaller  than one- 

quarter  wavelenqth, and c o l l  and grourd reslstance  are  negllglble,  

and mpedance  matchmg 1 s  perfect.   In  practlce  these  condltlons 

cannot  be reallzed. 

GAIN IN FIELD STRENGTH DUE TO FOUR RADIATORS OVER THAT WITH ONE 
FADIATOR FOR CONSTANT TOTAL INPUT POWEB. 

For a smgle  antenna  the  f leld  strength produced m t h  an 

Input power P1 1s 
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For four  antennas  the rms f ie ld   s t rength E 1s 4 

E = X  ms 
4 2 

where Rc and F$, are  as deflned f o r  equatlon (10) and 

% c o l l  and pound  res ls tance f o r  a slngle  antenna 

K = constant. 

Gs = rms value of f le ld   s t rength   for   un l t   cur ren t  In 

each  antenna (by equatlon 3 ) .  

The gam m11 then  be  the  ra t lo  of equatlons (11) and (12) .  

Under the above assumption t h a t   t h e  coupled reslstance Rc and 

radlat lon  res ls tance % both are proport lonal   to  h , a p lo t  of 

E4/E1 versus q holds  for  any  antenna  helghts  equal or  smaller  than 

one-quarter wave. It must be remembered, however, t h a t  q v a n e s  

eth h i n  any practical case. 

L 

Equatlon (14) has been used to  calculate  the  curves of flgure 3 

s h m n g   t h e  gam m f le ld   s t rength  (E /E ) versus rl = m t h  Fi 
4 1  9. 

1 

one-half dlagonal spaclng S as  parameter. 
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It 1s observed that   for   c lose  spacmgs and a r a t i o  RL/Rr of 

approximately  flve or over, a considerable  gain  In  f ield  strength 

can be obtalned if the  r-f power 1 s  fed  Into  four  antennas  Instead 

of a single  antenna. The  power gam 1s proportlonal  to  the  square 

of the   f ie ld   s t rength   gam,  and ran  be made of the  order of 3.1 .  

In   f igure  4 the   gam I n  f le ld   s t rength  calculated by equatlon 

( 1 1 1 ,  i s  shown as  a functlon of one-half dlagonal  antenna  spaclng 

for  a number o f  values of q. For values of S greater  than  about 

80° l i t t l e  or no gam can  be  obtalned f o r  any  value of q. For a 

spacrng S = 95' a l l   t h e  curves  Intersect. Thls IS because a t   t h l s  

spaclng  the  coupled  reslstance 1 s  zero, and t h e   r a t l o  E4/% equals 

1/2 Erns. It i s  apparent t h a t  the   g rea tes t   ga in   in   f le ld   s t rength  

1s obtalned n t h  hlghest   col l  and Dound resls tance and for smallest 

spacings.  Spaclngs S I n  excess of approxmately 45' should  not  be 

chosen I f  v a m u m  gam I n  f le ld   s t rength  1 s  d e s r e d .  These  condl- 

tlono can readi ly  be fu l f l l l ed   In   t he   p re sen t  low-frequency radio 

ranges, a s  mll  be  brought  out below. 

I n  order t o  check the  devlatlon from the   des l red   c i rcu lar   f ie ld  

pattern,   calculated  f leld  patterns  (equatlon 1) are  shown i n  the 

table   belm  for   several   spaclngs.  Due t o  symmetry the   f le ld   pa t te rns  

need only be calculated between 0' and 45'. 
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Relatlve  Horizontal  Fleld  Strength 

26.0 
16.9 I S = 85' 

2.174 
2.15 
2 .lo 
2.038 
2.00 
1.994 f S = 135' S = 270° 

1.229 
-0.648 

-0.139 
-0.351 

-2.589 

4.376 
-7.77 
-3.926 

In October, 1934, measurements of field  strengthD  obtained by 

energizing one  and four  antennas,  respectively, were made by 

Mr. R. P. B a t t l e   a t   t h e  Pittsburgh, Pennsylvanla,  radio  range. 

Measurements were made at 200 kc and 400 kc a t  a locat ion 0.82 

rmles  north o f  the  range  statlon, i n  the  direct ion 3' off the 

bisector  of the  dlagonals. The r-f resls tance  ( radiat ion,   coi l  

and  ground resistance) of i n d i n d u a l  towers was measured with  the 

remalning  three  towers grounded. Thus the   e f f ec t  of coupled 

resls tance was not  present. The measured resistances for  the four 

t m e r s   a t  400 kc were: 

RsE = 6.45 ohms Rm = 6.6 ohms R h ,  = 5.95 ohms % = 7.2 ohms 

With the southeast  tower  energized  alone  (the  other tonere grounded) 

r-f current was 7.0 amperes, glving a f i e ld   s t r eng th  of 43,500 pV/m. 

Enorglzlng a l l  f o u r  towers  simultaneously  the  currente nero: 

'SE 

giving a f ie ld   s t rength  of 41,250 pV/m. 

= 2.0 amperes INE = 2.0 amperes Im = 1.8 amperes Im = 1.2 -res 



For diagonal tower spaclng 25 = 600 feet ,   we obtain, a t  400 kc, 

s u o  

The height H of the  towers (125 fee t )   g ives  a r a h a t l o n   r e a l s t a n c e  

of 1.04 ohm. The curve of Rr versus H/A shown In   f igure  5 1 s  a 

p lo t  of  equatlon ( 8 )  and may be  used f o r  f lndlng R,. 

In order t o   f i n d   t h e  t o t a l  lnput  pmer  wlth  four  towers  enermzed, 

the  individual measured currents  squared  have  to  be  multlpled by the 

sum of t he i r  ,measured  and coupled  resistances. The coupled  reslstance 

Rc is  found by multiplying the r a t l o  (R /R ) (as  calculated  for 

quarter-wave radiators)   by  the  radiat lon  res ls tance of one 125-foot 

tower. To save  the work of evaluating  the real par t s  of equations 

( 6 )  and (7) ,  a curve of (Rc/Rr) versus S was dram through a few calcu- 

la ted  points   ( f lgure  6) .  From the curve we f lnd   for  S = 4.4' 

c r  

. 
The coupled  reslstance  for  each  125-foot tower 1s 

Rc = 2.21 x 1.04 = 2.3 ohms 

unier   the  assumption of equal   cur ren ts   In   a l l   the  towers. 

The to t a l   Inpu t  power lnto  the  four  antennas 1s 

2.0 (6.45 + 2.3) = 35.0 watts 

+ 1.8 (5.95 + 2.3) = 26.75 watts 

2 

2 
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The f le ld   s t rength  for thls condltlon was measured  and found t o  

be f,l,250 pV/m a t  0.82 m l l e s .  

The  power Input n t h  the  southeast tower energized  alone is 
n 

7.0L X 6.45 = 316 matts 

The f le ld   s t rength   for   th l s   condl t lon  was measured  and found to be 

43,500 pV/m a t  0.82 mlles. 

AdJust lng  the  f le ld   s t rength  mth fou r  towers  energlzed t o  

the  same lnput  power as wlth olle tower energlaed  gives 

= 69,600 pV/m 

Measured Ram = 69,600 = 1.60 - 
43,500 

The calculated  gam 1 s  found by equatlon (I&). For S = ,&$O 

Jl= 6.45 + 6.6 + 5.95 + 7.2 - 4 x 1.04 
4 x 1.04 

Jl= 5.3 

R ~ / R =  2.21 

5 k 4 L L t 2  

E 1 2  + 5.3 + 2.21 

Calculated  gain = 1.47 

The  same measurements  were repeated a t  200 kc. 

s = 220 

5-22371 
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flsE = 5.63 ohms 

RE = 6.07 ohma 

% = 5.97 ohms 

Rm = 5.7 ohms 

One tower energized: 

IsE = 7.05 amps. 

Pi 280 watts 

Four toners  energized: 

ISE = 2.2 amps. 

= 2.1 amps. 

2 2.2 amps. 

Im = 2.0 amps. 

yleldlng E = 21,150 NV/m 

Pi = 118.3 watts yielding X I 28,500 pV/m 

Adjusting  the  f ield  strength  with four towers  energlzed t o  

same Input power as Kith one tower energlzed  gives 

Measured G i n  = = 2.07 

The calculated  gain 1 s  obtained  as  follows: 

Ems = 3.85 

21,150 

Calculated  gain = 1.82 

It 1s observed that a t  200 kc  the measured  and calculated g a m  

d i f f e r  by I 2  percent. 
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A t  400 kc t h e  agreement i s  better,  the  difference  being  about 

8 percent. In n e w  of the  several  assumptions wde i n  the  analysis ,  

the above  agreements between measured and calculated  gain are  con- 

s ldered  sat lsfactory.  

CONCLUSIONS 

With four vertical  antennas  shorter  than  one-quarter  wavelength, 

located l n  the  corners o f  a square, a considerable  gain i n   f i e l d  

strength  can be obta imd over t h a t  produced by a simllar  single 

antenna  into whlch the same t o t a l  r-f power i s  fed. 

The gain  obtainable is higher   the  larger   the  loss   res ls tance 

( c o l l  and  ground resis tance)  and the  smaller  the  spacing. No gain 

will be realized when the loss  resis tance is  zero. 

The s p a n g  between  &agonal  towers (23) must be smaller than 

a p p r o x m t e l y  170' t o   r e a l l z e  any gain and t o  keep a substant ia l ly  

c i r cu la r   ho r l zon ta l   f l e ld   p t t e rn .  

Fromthe above, it follms  that   with  ultra-high  frequencies 

no g a m  i s  real ized by feeding a given power in-phase in to   severa l  

antennas  located  symmetrically on a c i rc le ,  over that of a single 

antenna. This  1s because the   rad ia tors   a re  one-half or one-quarter 

wavelength long ,  requinng no loss   res l s tance   for   tun ing  and grounding. 
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