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ABSTRACT 

Driverless vehicles must operate with a safety integrity level, but urban environments degrade GNSS navigation accuracy and 
thereby fault-free integrity. Integration with INS helps maintain continuity, but position errors drift over time without GNSS 
signals. Whether modern navigation systems can provide satisfactory integrity for driverless vehicles throughout a city is still 
undetermined. This research investigates how GNSS and INS, when appropriately augmented by LiDAR ranging from local 
landmarks, can safely navigate vehicles through a real-world urban environment. We begin by defning safety requirements 
for driverless vehicles under fault-free conditions and developing measurement models for multi-sensor integrated navigation 
systems using an EKF. The critical elements of urban navigation are then discussed, including individual INS noise parameter 
specifcations and the efect of velocity updates. Simulations along a nine-kilometer-long urban transect in downtown Chicago 
show that velocity updates can extend navigation continuity by bridging intermittent GNSS signal availability. However, position 
reference updates at 35-meter intervals, in our case LiDAR ranges from local landmarks, are needed to achieve 100% navigation 
availability through the transect. 

I. INTRODUCTION 

Driverless vehicles will need to operate with integrity levels on local and residential streets subject to corresponding accuracies 
at the centimeter-level (Reid et al., 2019). GNSS Real-Time Kinematic (RTK) positioning makes this feasible under open-sky 
environments, but many local and residential streets are surrounded by buildings that cause limited satellite visibility and 
signifcant multipath efects. The fact that urban environments degrade GNSS navigation performance is well-known, and the 
challenge of urban navigation has been investigated in previous studies. 

The performance metrics of accuracy, integrity, continuity, and availability have been used to defne navigation requirements for 
aviation for decades (Davis and Kelly, 1993) and, more recently, have been extended into land applications in urban environments 
(Zhu et al., 2018). A useful preliminary set of requirements applicable to future driverless vehicles operating on local and 
residential streets is provided in (Reid et al., 2019). 



Exclusion of refected GNSS signals is essential for integrity in urban road environments (Cosmen-Schortmann et al., 2008). 3D 
environment maps provide the means to trace GNSS signals. The concept of ‘shadow matching’ identifes the signal blockages 
in urban canyons (Groves, 2011). Overlaying sky plots on a hemispherical sky view can be used to distinguish between the line 
of sight (LOS) and blocked signals (Chapman et al., 2002). A Householder transformation predicting refected rays helps to 
identify satellite signals afected by multipath refections (Householder, 1958), and the exclusion of the associated measurements 
from the position estimation process prevents accuracy from degrading (Obst et al., 2012). However, an excessive number of 
such exclusions comes at the cost of satellite shortages and losses of GNSS carrier phase cycle ambiguities and RTK positioning 
accuracy. 

Integration with an inertial navigation system (INS) can help provide continuous navigation by handling the GNSS signal outages. 
Tightly coupled INS/GNSS using an Extended Kalman flter (EKF) provides better position estimation in urban environments 
(Falco et al., 2017), and an inertial measurement unit (IMU) based on micro-electro-mechanical systems (MEMS) makes INS 
afordable (Titterton et al., 2004). The EKF algorithm also enables the integration of wheel speed sensors, vehicle kinematic 
constraints, and zero velocity updates (ZUPT) (Gao et al., 2007) (Grejner-Brzezinska et al., 2002). The interaction among the 
sensors—INS bridging the GNSS signal outages, and GNSS calibrating the drifting INS error—ensures that centimeter level 
accuracy is maintained before the error increases to a critical level. If the vehicle enters GNSS denied areas, the positioning and 
the drift control burden will be shared with light detection and ranging (LiDAR) positioning from local landmarks (Brenner, 
2009). 

Multi-sensor integrated navigation systems improve position accuracy, but whether the navigation systems can provide satis-
factory integrity for driverless vehicles throughout a city is still undetermined. The research investigates how GNSS and INS, 
when appropriately augmented by LiDAR ranging from local landmarks, can achieve navigation safely through a real-world 
urban environment under fault-free conditions. Additionally, we determine the critical elements of urban navigation, including 
individual INS noise parameter specifcations and the efect of velocity updates. 

The paper is laid out as follows. Section II describes navigation performance requirements for driverless vehicles and evaluates 
GNSS-only availability along a nine-kilometer-long urban transect in downtown Chicago. In Section III, we develop sensor 
measurement models and introduce a tightly coupled INS/multi-sensor integration scheme using the EKF. Section IV determines 
the elements critical to the reduction of urban navigation error, including individual INS noise parameter specifcations, the 
efect of velocity updates, and local reference landmark density. In Section V, simulations are executed to demonstrate how 
multi-sensor navigation systems can achieve fault-free integrity in a real urban environment. The last section presents our 
conclusions. 

II. NAVIGATION PERFORMANCE REQUIREMENTS 

1. Integrity 

To ensure integrity, a vehicle’s horizontal positioning error is bounded by a protection level computed with respect to designated 
probability. Integrity can be evaluated based on whether the protection level exceeds a required alert limit. For this work, we 
assume driverless vehicle integrity requires that the probability of exceeding a 0.5-meter alert limit must be lower than 10−7. The 
0.5-meter alert limit corresponds to approximately a 5 σ event under fault-free conditions (Fig. 1), so the maximum allowable 
position error standard deviation is then approximately 0.1 meters. In the remainder of the paper, we will use the 0.1-meter 
(1σ) position error standard deviation as an approximate fault-free integrity evaluation threshold in both the along-track (the 
heading, x) and the cross-track (the lateral, y) directions. 

Figure 1: Fault-free integrity requirements used in this work. 



2. Continuity and Availability 

Fault-free integrity does not account for the duration of navigation performance since it is evaluated from the position error at 
the given spot and time. We express continuity as the traveled distance over which the position error standard deviation remains 
successively lower than 0.1 m. 

The time of day also impacts navigation performance because GNSS satellite motion infuences satellite visibility. We evaluate 
availability, the percentage of time in a day when the system provides navigation service meeting the requirements, from 
fault-free integrity results when the vehicle leaves the starting point every 15 minutes for 24 hours. The availability requirement 
is 100% as driverless vehicles will be expected to operate at any time of day as human-driven vehicles do today. 

The evaluation scenario assumes the driverless vehicle enters an urban core from an open-sky starting point where it has already 
completed GNSS RTK cycle ambiguity initialization and INS alignment, with initial horizontal position error standard deviation 
<0.02 m and yaw attitude error standard deviation <0.1 deg. We evaluate the navigation performance after the initialization and 
alignment. 

3. GNSS Availability in a City 

We begin our analysis by evaluating availability of four GNSS constellations — GPS, Galileo, GLONASS, and BeiDou — 
when a driverless vehicle travels nine kilometers down State Street in Chicago in a simulated environment. The route along 
the street passes through a variety of environments, from low-rise, near open-sky neighborhoods to dense urban canyons with 
skyscrapers taller than 100 meters. High-defnition 3D maps including all the streets and buildings are used for the exclusion of 
blocked and refected signals (Fig. 2a). 

The 3D map allows us to project the feld of view from successive 10-meter waypoints onto a hemisphere representing the 
building occupancy in the sky. When the projection is overlapped with a sky plot of satellites, we can predict the signals from 
the satellites blocked by the buildings (Fig. 2b). Signals reaching a vehicle’s receiver via specular refection must be excluded as 
well. We use the building occupancy sky plots and Householder transformations to determine whether a hypothesized refection 
ray vector actually strikes a physical wall. If the simulated ray strikes a wall, the antenna receives the refected signal from a 
phantom satellite direction (Fig. 2c) (Nagai et al., 2020). Range measurements associated with blocked or refected signals are 
not included in subsequent positioning calculations. 

Figure 2: (a) High-defnition 3D maps showing our simulation transect, State Street in Chicago; (b, c) Line of sight, blocked, and refected 
signal identifcation 

First, we evaluate GNSS satellite visibility over the street using horizontal position dilution of precision (HDOP) (Nagai et al., 
2020). While GNSS user range error would fuctuate in the real world, we imagine that GNSS RTK constantly provides a 
nominal ranging error standard deviation of 0.02 meters. The maximum allowable HDOP is then approximately 5, given the 
existing assumptions of the 0.1-meter maximum allowable position error standard deviation and the 0.02-meter GNSS RTK 
ranging error standard deviation. Figure 3, which depicts GNSS satellite visible regions where HDOP is less than 5, shows how 



GNSS satellite visibility deteriorates gradually as building height rises. We divide the environments in the fgure into three 
(qualitative) categories: open-sky, intermittent GNSS availability, and a succession of GNSS denied areas. 

Figure 4 shows GNSS availability based on the driverless vehicle integrity requirements (Nagai et al., 2021b), with availability 
never reaching 100% after 2000 meters. Once the vehicle passes under an overpass, all estimated integer ambiguities are reset. 
The GNSS RTK re-initialization is never completed to provide satisfactory accuracy, even if there is sufcient GNSS satellite 
visibility. The results clearly show INS is required to recover integer ambiguities between GNSS signal outages to extend 
navigation continuity in the urban environment. 

Figure 3: GNSS satellite visibility over State Street, Chicago based on HDOP evaluation 

Figure 4: GNSS availability evaluation corresponding to the fault free integrity integrity requirements for vehicle travelling south (left) to 
north (right). 

III. MULTI-SENSOR INTEGRATED NAVIGATION SYSTEMS 

Interaction among the sensors will extend navigation continuity, and the EKF algorithm enables measurements from multiple 
sensors to integrate. We investigate the integration of INS, zero velocity update (ZUPT), LiDAR, GNSS, wheel speed sensors, 
non-holonomic, and holonomic kinematic constraints. Figure 5 shows the multi-sensor integration architecture. The tightly 
coupled EKF integration utilizes the INS measurement for prediction and the other sensor measurements for observation. The 
observations from each sensor are incorporated through the measurement updates, and then the INS measurements and the 
process model generate the time updates. LiDAR is an optional sensor, and we call INS, GNSS, wheel speed sensors, vehicle 
dynamic constraints, and ZUPT conventional sensors. 

Figure 5: The multi-sensor integration architecture. 

The INS continuous linearized dynamic model (Tanil, 2016) is described as 

ẋ k = F kxk + Gukuk + Gwkwk (1) 

where x = [δrN , δvN , δEN , ba, bg ]
T is the state vector having position δrN in the navigation frame, velocity δvN , attitude 



δEN , and INS bias errors for the accelerometer ba and the gyros bg . u = [δf̃  
B , δω̃B ]

T is the input vector having accelerometer 
specifc force measurement f̃ in the body frame and gyro rotation rate measurement ω̃. w ∼ N(0, W ) is the white noise vector 
of the process model. The ZUPT measurement model is described as " # 

δrN 
B RN ∗ ∗ [δvB (= 0)] = [0, , vB ×] δvN +ν1k (2)| {z } | {z } 

z1k H1k | δE{zN } 
x1k 

where δvB is the velocity in the body frame, and ν1k ∼ N(0, V 1k) is the vector of the velocity violation noise, modelled as 
white. The LiDAR measurement model (Nagai et al., 2021b) is described as � � δrNdi − di∗ 

= H2k  δEN +Γ2kν2k (3)
θi − θi∗ 

iδp| {z } | {z }z2k 
x2k 

where, di is the ranging measurement of the ith landmark (i = 1, 2, ..., n), θi is the angle measurement, pi is landmark location 
in the navigation frame, and ν2k ∼ N(0, V 2k) is the white noise vector of the LiDAR measurements. The EKF GNSS double 
diference measurement model (Tanil, 2016) is described as   

δrN� � � � 
λϕkl − Gkl ∗ Gkl r Λ 0 λI  mϕ  =  +Γ3kν3k (4)
ρkl − Gkl ∗ Gkl r 0 mρ| {z } | 0{z Λ } N 

z3k H3k | {z } 
x3k 

where ϕ is the carrier phase measurement, ρ is code phase measurement, G is the observation matrix containing line of sight 
vectors excluding the pseudorange measurements associated with the blocked and refected signals, m is the multipath error, 
and N is the integer ambiguity. ν3k ∼ N(0, V 3k) is the white noise vector of the GNSS measurements. Wheel speed sensors 
are standard equipment for all vehicles, and vehicle dynamic constraints are applicable without equipment. We developed the 
model described in (5) consisting of wheel speed sensor measurement in the along-track direction, non-holonomic constraint 
resisting lateral sliding, and holonomic constraint on vertical movement (Nagai et al., 2021a). " # 

xk� � 
B RN ∗ , (B RN ∗ ∗ B RN ∗ I ωE , − ωL ωBδvB = 0, vN × +LB N ×), 0, LB , − ωR δRR −LB δ

I ˜ B + Γ4kν4k (5)|{z} | {z 2 2 } δRLz4k H4k | {z } 
x4k 

where R is the rotation matrix, LB is the skew-symmetric matrix form of distance between the center of mass and the wheel 
axis, I ωE is the earth rotation rate, wR, wL are the measurements vector of a wheel rotation rate obtained from the wheel speed N 
sensors, and δRR, δRL are the radius of the wheels. ν4k ∼ N(0, V 4k) is the white noise vector of the wheel speed sensor 
measurements. Both (2) and (5) measure the velocity of the body frame, but (2) is used only when the vehicle is stationary. 

We use the state error covariance for the integrity analysis. The EKF error covariance matrix propagation is described as 

P̂ 
k = (I − KkHk)P̄ 

k (6) 

P̄ 
k+1 = ΦkP̂ 

kΦ
T + Qk (7)k 

¯where P̂ is the updated estimate covariance, K is the Kalman gain, P is the predicted estimate covariance, Φ is the state 
¯transition matrix, and Q is the covariance associated with w in the discrete-time domain. P contains each state’s error variance 

along the diagonal:   
Σr • • • •  • Σv • • •  

P̄ =  • • ΣE • •  . (8) • • • Σba • 
• • • • Σbg 



The position error standard deviation (Σr) contains the error standard deviation of the along-track (σx), and that of the cross-track 
(σy ). We compare the σx and σy to 0.1 meters, the maximum allowable position error standard deviation from the integrity 

¯ ¯requirement. P is used for integrity evaluation rather than P̂ because P will be available to the vehicle at the INS output rate, 
which will be higher than the GNSS output rate. Table 1 shows the sensor noise parameters used in our simulations. 

Sensor Noise Unit Value 

INS 
√ 

STIM300 Ellipse2 
Tactical grade Industrial grade 

Accelerometer Velocity Random Walk (1σ) m/s/ hr 0.07 0.033 
Bias Stability (1σ) mg 0.05 0.014 
Bias Time Constant hr (1) (1) 
Bias repeatability (1σ0) mg√ 0.75 -

Gyro Angular Random Walk (1σ) deg/ hr 0.15 0.15 
Bias Stability (1σ) deg/hr 0.5 7 
Bias Bias Time Constant hr (1) (1) 
Bias repeatability (1σ0) deg/hr 4 -

Zero Velocity Violation Noise (1σ) m/s 0.001 
LiDAR Ranging (1σ) 

Angle (1σ) 
Survey (1σ) 

m 
deg 
m 

0.01 
0.3 
0.02 

GNSS Carrier Thermal Noise (1σ) m 0.001 
Code Thermal Noise (1σ) m 0.25 
Carrier Multipath (1σ) m 0.005 
Code Multipath (1σ) m 0.5 
Carrier Multipath Time Constant s 150 
Code Multipath Time Constant s 80 

Speed Sensor Measurement Noise (1σ) m/s 0.05 
Table 1: Sensor noise parameters. Note: ( ) is the value used in the paper but not specifed by the manufactures. 

IV. CRITICAL ELEMENTS OF URBAN NAVIGATION 

1. Analytic INS Position Error Models 

Integration with an INS extends continuity in urban environments, with the duration of extension varying with the INS quality, 
which is typically loosely characterized by ‘grade’. Unfortunately, a general grade categorization is not particularly useful as 
a quality guideline for the current application because of the other (non-GNSS) sensors and kinematic constraints in play, and 
because of the complex contributions of individual INS error characteristics. The outputs from accelerometers and gyros in 
an INS (specifc forces and angular rates, respectively) are each subject to Gaussian white noise and slowly varying biases. 
Manufacturers specify these error sources in terms of random walk, bias stability, bias time constant, and bias repeatability noise 
parameters (Woodman, 2007). Random walk is additive Gaussian white noise on the accelerometer and gyro measurements, 
and bias stabilities and bias time constants of the accelerometers and gyros are typically used to model the biases themselves as 
frst-order Gauss-Markov processes. The initial knowledge of the bias state is referred to as bias repeatability. Table 1 describes 
the INS noise parameters of STIM300 (tactical grade) and Ellipse2 (industrial grade). 

The EKF algorithm automatically produces the best estimation by mixing these noise parameters together, but it makes the 
impact of the individual error source invisible. We show how much each INS error source contributes to the total position 
error by deriving analytic INS position error models and determine how fast these propagate during GNSS signal outages. The 
analysis aids in the selection of INS specialized for driverless vehicles. 

We derive two analytic INS position error models considering the bias as a frst-order Gauss-Markov process or as Gaussian white 
noise (dubbed precise and approximate, respectively). The derivations of the equations are given in the appendix. Assuming 



 

perfect initialization and alignment, the precise INS position error model is described as r 
Qνat3 g2Qνgt5 

σr = + σ r 
2
1 + + g2σ2 (9)r23 20� �−2at t2 t3Qηa e 2ate−at 1 t 

σ2 = − − + + − + (10)r1 a2 2a3 a3 2a3 a2 a 3 � � ! 
b2 −bt −2bt t5 t4 t2Qηg t2 + 2 e e 2t3 t 3 

σ2 = − + − + − + − (11)r2 b2 b5 2b5 20 4b 3b2 b3 b4 2b5 

where Qνa is the power spectral density (PSD) of accelerometer random walk, Qηa is the PSD of accelerometer bias stability, 
Qνg is the PSD of gyro random walk, and Qηg is the PSD of gyro bias stability, g is gravity, a is accelerometer bias time 
constant, and b is gyro bias time constant. The approximate INS position error model is described as r 

Qνat3 Qηat5 g2Qνgt5 g2Qηgt7 
σr = + + + . (12)

3 20 20 252 

Figure 6 plots the STIM300 INS position error drift versus time using the two analytic INS position error models and the actual 
EKF results. The approximate INS position error model given by (12) produces the same results as the EKF within a few 
minutes minute and diverges from it after one hour. We will use (12) in the analysis in the remainder of this section because the 
INS position drift error reaches the 0.1-meter maximum allowable position error standard deviation within one minute. 

Figure 6: The STIM300 INS drifting position error versus time using the two analytic models and the EKF results. 

Figure 7a shows the contribution of each STIM300 INS error source to the total position error and how fast each propagates 
under GNSS signal outages. The accelerometer and gyro random walks contribute the majority of the total position error at the 
beginning, but the gyro bias stability surpasses all other sources after after 1 hour. Although the bias stability of the Ellipse2 
is 14 times larger than that of the STIM300, the error source still has less of an impact on the 0.1-meter maximum allowable 
position error standard deviation (Fig. 7b) than the gyro and accelerometer random walks, which are clearly revealed here to be 
the critical INS specifcations for driverless vehicle applications. 

Figure 8 compares the performance of three diferent INS grades showing the time when the position error drifts to the maximum 
allowable position error standard deviation after perfect initialization and alignment. The Ellipse2 performs the same as the 
STIM300 under the driverless car integrity requirements because both exceed the 0.1-meter position limit at around 15.5 
seconds. The position drifting time examination enables INS selection by performance rather than grade, and it aids in INS cost 
optimization. 

Of course, stricter requirements on specifc INS noise parameters can help with endurance but will undoubtedly incur higher 
costs. They will nevertheless still be far from sufcient to control drift in dense urban environments. For example, the navigation 
grade INS (HG9900) can withstand 71 seconds of GNSS signal outage (Fig. 8), equivalent to 710 meters at 10 m/s vehicle 



Figure 7: Error propagations of (a) each STIM300 INS error source, and (b) each Ellipse2 INS error source. 

speed. Even neglecting the prohibitive cost of this sensor for the driverless car application, a succession of GNSS denied areas 
spanning several kilometers as in seen in Fig. 3 far exceeds 710 meters, so the navigation grade INS by itself would still be 
insufcient to bridge the GNSS signal outage. 

Figure 8: Performance boundary examination among three grades of INS. 

2. Velocity Update 

Frequent GNSS position reference updates, either via having more open sky areas or by traveling at higher speeds to more 
quickly reach the next open area, can mitigate INS position drift, but they are not controllable by a vehicle’s positioning 
system. However, other dead reckoning sensors are also available to vehicles navigating urban environments. Wheel speed 
sensors can provide velocity updates consistently, and ZUPT is applicable when the system can identify stationary situations 
(Grejner-Brzezinska et al., 2002). We investigate how velocity updates slow down INS position error drift during GNSS signal 
outages, revealing the benefts and limitations of these additional sources of dead reckoning. 

The EKF algorithm uses velocity information to improve position accuracy from the covariance between the position and 
velocity states. The position error after a velocity update σup is related to the position error before velocity update σr, the 



correlation between position and velocity before velocity update σrv, and the velocity error before velocity update σv by s 
σ4 
rv σup = σr 

2 − 
σ2 

. (13) 
v 

The INS position error correction after velocity update is described as r 
Qνat3 Qηat5 g2Qνg t5 g2Qηg t7 

σup = + + + , (14)
12 320 320 9072 

where the time t is referenced to the onset time of the GNSS outage. The derivations of the previous two results are provided 
in the appendix. In Table 2, equations (12) and (14) are used to produce the fractions expressing position error improvements 
following velocity updates for each INS noise parameter. The velocity update calibrates the position accuracy to some extent, 
but it does not reset the entire INS drifting position error. Additionally, the position error improvements by velocity updates are 
diferent for the individual INS noise parameters. For example, the position error generated by gyro bias stability is rduced by 
a factor of 1/6 after the velocity update, while that by accelerometer random walk is 1/2. Figure 9 shows the ZUPT position 
error corrections estimated by the EKF and equation (14). The position correction for the Ellipse2 is greater than that for the 
STIM300 due to the its higher gyro bias instability. 

Velocity RW Angler RW Accelerometer Bias Gyro Bias q σr σr σr σr
σ2 
up 2 4 4 6 

Table 2: The fractions expressing position error improvements after velocity updates at each INS noise parameter. Note: σr indicates the 
position error generated by each noise parameter before velocity update. 

Velocity updates help the navigation system to bridge GNSS signal outages by calibrating position accuracy to some extent. 
However, position error will still accumulate over time without external position reference updates. 

Figure 9: The position error corrections by ZUPT estimated by the EKF and by (14). 

3. Position Reference Density 

To regain control over navigation performance in urban environments, we consider augmentation by LiDAR ranging from local 
landmarks. A LiDAR sensor detects objects in the surrounding space and measures the ranges and angles to those within its 
feld of view. The data points are associated with pre-defned landmarks that correspond to known locations on a map. The 
vehicle estimates its position using the mapped landmark locations and LiDAR measurements. Assuming landmarks can be 
added to existing environments, we can predict the necessary position reference density in future urban environments where 
navigation availability for driverless vehicles is essentially 100%. 

We integrate LiDAR ranging from two diferent of landmark density assumptions: (1) trafc light poles already existing at 
intersections (e.g., every 200 meters) based on actual mapped locations, and (2) streetlight poles purposefully arranged every 
35 meters. In either case, the navigation system uses one landmark at a time as an external position reference. As vehicle drives 
in the along-track direction as shown in Fig. 10 measurements are taken within ± 2 meters of the landmark. The simulation 
results in the following section show that position reference density is a major factor in maintaining fault-free integrity. 



Figure 10: Confguration of the navigation system and a position reference landmark measured by LiDAR. 

V. SIMULATIONS 

We simulate a driverless city bus traveling nine kilometers along State Street in Chicago from 35th Street in the south to North 
Avenue in the north. The bus route along the street passes through a variety of environments, ranging from low-rise, near 
open-sky neighborhoods to dense urban canyons with skyscrapers taller than 100 meters. High-defnition 3D maps used in the 
simulation include all of the streets and buildings (Fig. 2a). The average bus speeds are examined by GPS traces received from 
Chicago Transit Authority buses in 2018 that vary with segments and time of day. We select a 5:00 pm commute time containing 
the slowest speed and assume the bus halts at all bus stops along the street for 20 seconds with deceleration or acceleration of 
1 m/s2 (Fig. 11). The results of six simulation scenarios are shown in Figures 12-16, which examine how navigation sensor 
integrations afect the integrity, continuity, and availability (Table 3). 

Figure 
12 
13 
14 
15 
16 
17 

Figure 11: Bus speed: nonstop (left) and stop (right) scenarios. 

Speed Sensors INS Position reference density 
nonstop 

stop 
stop 
stop 
stop 
stop 

INS, GNSS, WSS, NHL, HL 
INS, GNSS, WSS, NHL, HL 

INS, ZUPT, GNSS, WSS, NHL, HL 
INS, ZUPT, GNSS, WSS, NHL, HL 

INS, ZUPT, LiDAR, GNSS, WSS, NHL, HL 
INS, ZUPT, LiDAR, GNSS, WSS, NHL, HL 

STIM300 
STIM300 
STIM300 
Ellipse2 

STIM300 
STIM300 

-
-
-
-

Intersection 
Every 35 meters 

Table 3: The simulation scenarios and corresponding fgures showing the navigation performance results 

Each fgure describes the one standard deviation of position error versus distance and includes the results for the along-track 
(left side, blue) and the cross-track directions (right side, red). The starting point is in open sky, and the environment gradually 
changes to deep urban canyons as the distance increases. The simulation is repeated every 15 minutes for 24 hours, and each 
thin gray line gives the fault-free integrity at that time. The upper bound of the set of integrity results indicates availability, and 
the navigation system provides 100% availability when the upper bound is less than 0.1 meters. The navigation performance of 
the cross-track direction is always superior to that of the along-track because of the efect of non-holonomic constraint. 

The comparison of Figures 12 and 13 shows that a vehicle’s speed strongly infuence es fault-free integrity, and the navigation 
performance in the nonstop scenario is better than for the stop case as indicated between 3500 and 4500 meters. The INS 



Figure 12: Navigation performance: nonstop / INS, GNSS, WSS, NHL, HL / STIM300 

Figure 13: Navigation performance: stop / INS, GNSS, WSS, NHL, HL / STIM300 

Figure 14: Navigation performance: stop / INS, ZUPT, GNSS, WSS, NHL, HL / STIM300 

Figure 15: Navigation performance: stop / INS, ZUPT, GNSS, WSS, NHL, HL / Ellipse2 



Figure 16: Navigation performance: stop / INS, ZUPT, LiDAR, GNSS, WSS, NHL, HL / STIM300 / Trafc light poles 

Figure 17: Navigation performance: stop / INS, ZUPT, LiDAR, GNSS, WSS, NHL, HL / STIM300 / Every 35 meters 

drifting position error exceeds the 0.1-meter standard deviation when the vehicle slows down or stops in GNSS signal outage 
areas. Vehicle speed is not always controllable in urban environments (e.g., trafc lights, congestion, etc.), so we investigate 
ZUPT to calibrate the drifting position error during stationary vehicle situations. 

Figures 12, 13, and 14 show that ZUPT recovers integrity to the same level as nonstop when the vehicle starts and stops 
repeatedly in GNSS compromised environments. The INS position error drifts when the vehicle stop coincides with a GNSS 
signal outage, but ZUPT calibrates the INS position error by using the stationary information. Deliberate vehicle stopping 
incorporating ZUPT extends navigation continuity if the vehicle is unable to travel at high speeds to a GNSS available area. But 
the need to decelerate and accelerate near stopping points lengthens the overall duration of the trip which increases the efects 
of inertial drift (as seen in Fig. 13) and tends to counteract the gains achieved by the ZUPT (leading to results in Figs. 12 and 
14 that are nearly the same). 

Figures 14 and 15 show results using the two grades of INS investigated earlier: the tactical grade STIM300 and industrial grade 
Ellipse2. Based on the the analysis in the last section it is not surprising that the performance results here are almost exactly the 
same for the two INS grades. 

Figures 12 - 15 show that a navigation system comprised only of ‘conventional’ sensors (i.e., INS, ZUPT, GNSS, wheel speed 
sensors, non-holonomic, and holonomic kinematic constraints) do not maintain integrity through the city after 4500 meters. The 
conventional sensors can extend continuity where intermittent GNSS signals exist, between 3500 and 4500 meters, but cannot 
ensure availability after 4500 meters due to a succession of GNSS denied situations (Fig. 3). 

Figure 16 shows the necessity of position reference updates in the succession of GNSS denied situations. The navigation system 
augmented by LiDAR ranging from trafc light poles already existing at intersections improves the navigation performance, but 
the integrity does not meet the requirements in some areas because of the lack of a needed position reference. Figure 17 shows 
that the position reference density required in urban environments to maintain navigation fault-free integrity is approximately 
one landmark every 35 meters (with INS, ZUPT, LiDAR, GNSS, wheel speed sensors, non-holonomic, and holonomic kinematic 
constraints). 

The length of GNSS outages determines the necessary navigation sensors required for urban navigation. When GNSS position 
reference updates are not acquired before the position error exceeds the maximum allowable position error standard deviation, 
the system must be augmented by an alternative sensor providing position reference — in our case, LiDAR using local landmarks 
— allowing driverless vehicles to navigate safely (in the absence of faults) through urban areas. 



VI. CONCLUSION 

We explore future navigation systems with the goal of achieving 100% availability for urban driverless vehicles. Our research 
begins by adopting integrity requirements for driverless vehicles under a fault-free scenario, which is a 0.1-meter maximum 
allowable position error standard deviation. We evaluate performance along a nine-kilometer-long urban transect in downtown 
Chicago, where availability using GNSS alone, as evaluated by compliance with the integrity requirement, falls far short of 
100%. We then consider a multi-sensor integrated navigation architecture consisting of INS, ZUPT, GNSS, LiDAR, wheel 
speed sensors, non-holonomic, and holonomic kinematic constraints to extend navigation continuity. Investigation of individual 
INS noise source contributions reveals that accelerometer and gyro random walk contribute to the total position error much 
more than gyro bias stability under the driverless vehicle integrity requirement. Velocity updates can partially calibrate the 
position error but do not completely reset the INS drifting position errors. Intentional vehicle stops extend navigation continuity 
by ZUPT to the same level as the nonstop scenario. However, position reference updates are required for a succession of GNSS 
denied environments. The multi-sensor navigation system acquiring a position reference every 35 meters, in our case LiDAR 
ranging from local landmarks, achieves 100% navigation availability for driverless vehicles in the urban environment studied. 
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APPENDIX A: ANALYTIC INS POSITION ERROR MODELS 

The acceleration of the INS mechanization (Tanil, 2016), when the specifc force and the alignment are zero, is described in the 
following equation. 

N RB∗ f ∗ N RB∗ −N RB∗ δv̇ N = −2I ωN
E × δvN + B × δE −N RB∗ba + δf̃B νa ≈ fB 

∗ × δE − ba − νa (15)| {z } | {z } | {z } |{z} |{z} 
≈0 ≈0 gyro noise bias white noise 

The gyro noise part of the horizontal direction is gθerr (horizontal), and that of the vertical is 0 (vertical) because of the matrix 
calculation. " # " # " # 

0 δϕ −gδθ 

f ∗ 
B × δE = 0 × δθ = gδϕ . (16) 

g δψ 0. 

The angler rate of the INS mechanization is described as 

δĖ 
N = K ∗ δEN −Q−1bg + Q−1δI ω̃ B

B −Q−1νg ≈ − bg − νg . (17)be be be| {z } | {z } |{z} |{z} 
≈0 ≈0 bias white noise 

The integral of (17) is Z Zt t 

δEN = θerr = − bg dτ − νgdτ. (18) 
0 0 

From (15) to (18), the acceleration equation obtains Z Zt t 

δv̇N = g bg dτ + g νgdτ − ba − νa. (19) 
0 0 

The position, the integrals of the acceleration, is formed as Z Z Z Z Z Z Z Z Z Zt s r t s r t s t s 

δrN = g bgdτdrds + g νgdτdrds − badτds − νadτds. (20) 
0 0 0 0 0 0 0 0 0 0 

When the bias is expressed by Gaussian white noise, the equation is 

ḃ a = − 
1 

ba + ηa ≈ ηa (21)
τ a Z t 

ba = ηa dτ. (22) 
0 

From (20) and (22), the position with approximated bias equation becomes Z Z Z Z Z Z Z Z Z Z Z Zt s r q t s r t s r t s 

δrN = g ηg dτdqdrds + g νgdτdrds − ηa dτdrds − νadτds. (23) 
0 0 0 0 0 0 0 0 0 0 0 0 

Sensor noise can be described by both frequency and time domains with Power Spectral Density (PSD). Z ∞ Z t 
σ2 = Q |H(f)|2df = Q h(τ)2dτ (24) 

−∞ 0 



The integral of white noise in the time domain can be described as 

h0(t) = δ(t) = ∞ (25)Z t 
h1(t) = h0(τ )dτ = 1 (26) Z0 Zt s 

h2(t) = h0(τ)dτds = t (27) Z0 Z0 Zt s r t2 

h3(t) = h0(τ )dτdrds = (28)
20 0 0Z Z Z Zt s r q t3 

h4(t) = h0(τ)dτdqdrds = . (29)
60 0 0 0 

From (23), (27), (28), and (29), the analytic horizontal position error model becomes Z Z Z Zt t t t 

σ2 = Qνa h2(τ )
2dτ + Qηa h3(τ )

2dτ + g 2Qνg h3(τ )
2dτ + g 2Qηg h4(τ)

2dτ (30)r 
0 0 0 0Z Z � �2 Z � �2 Z � �2t t t tτ 2 τ 2 τ 3 

= Qνa τ2dτ + Qηa dτ + g 2Qνg dτ + g 2Qηg dτ (31)
2 2 60 0 0 0 

Qνat
3 Qηat

5 g2Qνgt
5 g2Qηgt

7 

= + + + (32)
3 20 20 252 

where 

σr: horizontal position INS drift error 
√ 

Qνa: PSD of accelerometer white noise ((m/s2)/ Hz)2 

√ 
Qηa: PSD of accelerometer bias stability white noise ((m/s3)/ Hz)2 

√ 
Qνg: PSD of gyro white noise ((rad/s)/ Hz)2 

√ 
Qηg: PSD of gyro bias stability white noise ((rad/s2)/ Hz)2 

g: gravity. 

When the bias is expressed by the frst-order Gauss-Markov process, the equation is 

ḃ a = − 
1 

ba + ηa = −aba + ηa. (33)
τ a 

The Laplace transform is 

ba(S) = 
1 

ηa(S). (34)
S + a| {z } 
H(s) 

(34) can be described in the time domain. The integral becomes 

−ath0(t) = e (35)Z t 1 −at)h1(t) = h0(τ)dτ = (1 − e (36) 
a0Z Z � �t s −at 

h2(t) = h0(τ)dτds =
1 e 

+ t − 
1 

(37) 
a a a0 0Z Z Z � �t s r −at1 e t2 t 1 

h3(t) = h0(τ)dτdrds = − + − + (38) 
a a2 2 a a2 

0 0 0 

(39) 



 

The integration of bias noise expressed by the frst-order Gauss-Markov process becomes Z Z � �t t −at −2atQ 2e e 3 
badτ = Q h1(τ)

2dτ = − + t − (40) 
0 0 a2 a 2a 2a Z Z Z � �t s t −2atQ e 2ate−at 1 t t2 t3 

badτds = Q h2(τ)
2dτ = − − + + − + (41) 

a2 2a3 a3 2a3 a2 a 30 0 0Z Z Z Z � �t s r t 2 −2atQ (a t2 + 2)e−at e t5 t4 2t3 t2 t 3 
badτdrds = Q h3(τ)

2dτ = − + − + − + − (42) 
a2 a5 2a5 20 4a 3a2 a3 a4 2a5 

0 0 0 0 

From (20), (27), (28), (41), and (42), the analytic horizontal position error model becomes 

Qνat
3 g2Qνgt

5 

σr 
2 = + σr 

2
1 + + g 2σr 

2
2 (43)

3 20� −2at � 
Qηa e 2ate−at 1 t t2 t3 

σ2 = − − + + − + (44)r1 a2 2a3 a3 2a3 a2 a 3 � � ! 
b2 −bt −2btQηg t2 + 2 e e t5 t4 2t3 t2 t 3 

σ2 = − + − + − + − . (45)r2 b2 b5 2b5 20 4b 3b2 b3 b4 2b5 

where 
1 a : , inverse of accelerometer bias time constant τa 

1b : τg 
, inverse of gyro bias time constant. 

APPENDIX B: THE INS POSITION ERROR CORRECTION BY VELOCITY UPDATE 

The EKF algorithm improves position standard deviations with velocity information from covariance between position and 
velocity. The analytically derived equation is 

σ2 σ2 
rv rv σ2 = σ2 − . (46)up r σ2 
v 

From (23), the velocity and position errors generated by the velocity random walk white noise are expressed Z ∞ 

σv 
2 = Qνa h1(τ)

2dτ = Qνat (47) 
−∞Z ∞ Qνat

3 

σ2 = Qνa h2(τ)
2dτ = . (48)r 3−∞ 

From (47) and (48), the covariance between the velocity and position becomes Z ∞ Qνat
2 

σ2 = Qνa h1(τ)h2(τ )dτ = (49)rv 2−∞ 

By applying (47), (48), and (49) into (46), and the position correction by velocity update related to the velocity random walk 
white noise becomes 

Qνat
3 

σ2 = . (50)up 12 
By comparing (32) and (50), the fraction of position error updated by velocity information related to the velocity random walk 
white noise becomes 

σup = 
σr 

. (51)
2 

The position errors of the other noise parameters updated by velocity information can be derived in the same manner. 
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