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The recent interest in the development of supersonic transport raises concerns about an increase in community

noise around airports. As noise certification standards for supersonic transport other than Concorde have not yet

been developed by the International Civil Aviation Organization, there is a need for a physics-based scaling rule for

supersonic transport takeoff noise performance.Assuming supersonic transport takeoff noise levels aredominatedby

the engine mixed jet velocity and the aircraft-to-microphone propagation distance, this paper presents a reduced-

order model for supersonic transport takeoff noise levels as a function of four scaling groups: cruise Mach number,

takeoff aerodynamic efficiency, takeoff speed, and number of installed engines. This paper finds that, as cruiseMach

number increases, supersonic transport takeoff noise levels increase while their thrust cutback noise reduction

potential decreases. Assuming constant aerodynamic efficiency, takeoff speed, and number of installed engines, the

takeoff noise levels andnoise reductionpotential of aMach 2.2 aircraft are found to be∼15.3 dBhigher and∼19.2 dB
less compared to a Mach 1.4 aircraft, respectively. This scaling rule can potentially yield a simple guideline for

estimating an approximate noise limit for supersonic transport, depending on their cruise Mach number.

Nomenclature

a0 = ambient speed of sound, m/s
cL; cD = aircraft lift and drag coefficient
EPNL = effective perceived noise level, EPNdB
Fn = engine net thrust, N
f�⋅� = functional form of (·)
g = gravitational acceleration, m∕s2
kTO = ratio of takeoff to stall speed
L, D = aircraft lift and drag force, N
Mcruise = cruise Mach number
m = aircraft mass, kg
Ne = number of installed engines
P = noise power level, dB
p0 = ambient pressure, Pa
r = propagation distance, m
V = aircraft velocity, m/s
Vj = engine mixed jet velocity, m/s

W = aircraft weight, N
x = distance past brake release, m
y = lateral distance from takeoff centerline, m
z = altitude, m
α = aircraft angle of attack, deg
γ = aircraft climb angle, deg
Λ = aircraft aerodynamic efficiency, L∕D
λ = engine thrust lapse

Π = noise power, W
ρ0 = ambient density, kg∕m3

τ = engine thrust setting
ψ = thrust loading, Fn∕W
ω = aircraft wing loading, N∕m2

I. Introduction

T HERE has been a recent interest in the development of super-
sonic transport (SST), which raises concerns about an increase

in noise around airports, given the noise levels of Concorde in
comparison to subsonic aviation at the time [1,2]. Standards and
Recommended Practices (SARPs) for noise certification of super-
sonic aircraft other thanConcorde have not yet been developed by the
International Civil Aviation Organization (ICAO). Currently, the
SARPs for subsonic jet aircraft are recommended to be used as
guidance [3]. Extrapolating the noise performance from Concorde
—an SST vehicle developed more than 50 years ago and out-of-
service for almost 20 years—for developing noise SARPs for the
next-generation civil SST is clearly an unsatisfactory proposition.
Likewise, extrapolating noise certification trends from existing sub-
sonic aircraft is similarly an insufficient proposition, as SST aircraft
are significantly different from subsonic aircraft in terms of their
airframe and engine design, as well as their operation.
In an effort to set noise certification SARPs for the next-generation

SST, the Federal Aviation Administration (FAA) published a Notice
for Proposed Rule Making (NPRM) in April 2020 on Noise Certifi-
cation of Supersonic Airplanes [4]. In this NPRM, they suggested a
new noise category—the Supersonic Level 1 (SSL1) aircraft class—
for SST limited to a maximum takeoff weight of 68,039 kg (150,000
lbm), a maximum number of three installed engines, and a maximum
operating Mach number of 1.8. Further, they proposed noise strin-
gency levels for the SSL1-type aircraft between ICAO Annex 16,
Volume I, Chapter 4 and Chapter 14 levels [3]. Similar to FAA, the
European Union Aviation Safety Agency (EASA) proposed noise
certification standards for all SST airplanes in their Advance Notice
for ProposedAmendment (A-NPA)ofMay2022 [5].EASAsuggested
stringency levels equal to those for subsonic transport in Annex 16,
Chapter 14. Recently, the United States also declared their support of
the development of supersonic LTO noise standards based on Annex
16, Chapter 14, limits for commercial subsonic transport [6].
For the first time in history, the aircraft noise standards proposed by

FAA and EASA are based solely on noise model calculations rather
than on noise measurements [4,5,7]. Furthermore, the SSL1-type
aircraft class does not span the entire range of possible SSTs currently
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being developed by industry [4]. To the best of the authors’ knowl-
edge, no previous work has formulated a reduced-order model to
scale SST takeoff noise levels for different size classes and cruise
Mach numbers. Such a scaling rule can potentially yield a simple
guideline for regulatory authorities to estimate approximate noise
limits for SST depending on their cruiseMach number. Furthermore,
it can enable the impact assessment of key vehicle design parameters
on the takeoff noise performance of SST,which could be used in trade
studies with other vehicle performance metrics.
The reduced-ordermodel for SST takeoff noise scaling is informed

by three disciplines: a) propulsion system thermodynamic cycle
models developed using the Numerical Propulsion System Simula-
tion (NPSS) software [8] to describe the engine design and thus the
source noise characteristics; b) trajectorymodels developed using the
NASA Dymos package [9] within NASA OpenMDAO [10] to
describe the dynamics of the aircraft operations during takeoff and
the propagation characteristics; and c) takeoff noise data computed
using the Python Noise Assessment (pyNA) tool [11] to anchor the
reduced-order model.
A standard takeoff trajectory abiding by the noise certification

standards for subsonic transport is employed in the reduced-order
model. The aircraft takes off at 100% thrust until the allowable
cutback altitude is reached.†† Subsequently, the pilot cuts back the
thrust not below the level required to maintain a 4% climb gradient or
steady level flight with one engine inoperative (OEI), whichever
thrust is greater [3]. The aircraft velocity during takeoff shall be
between V2 � 5.1 m∕s (10 kts) and V2 � 10.2 m∕s (20 kts), where
V2 is the takeoff safety speed. It is of interest to scale the takeoff noise
(i.e., the sum of lateral and flyover noise) as well as the noise
reduction potential of the pilot-initiated thrust cutback procedure
for SSTof different size classes and cruise Mach numbers. Modified
takeoff procedures have been proposed in the literature [1,12–14], as
well as the regulatory SARPs proposals by FAA and EASA [4,5] for
SST takeoff noise reduction. Such procedures are enabled by variable
noise reduction systems (VNRS), defined as dynamic systems inte-
grated into the aircraft design functioning automatically to change the
engine operation or airframe configuration to reduce noise [15], e.g.,
programmed thrust cutback [16,17]. To avoid dealing with the large
range of possible VNRS, the reduced-order model is evaluated at the
lower limit for the takeoff noise levels of SSTwith VNRS.
The ICAO certification noise framework [3] is a surrogatemeasure

of noise exposure around the airport, measuring effective perceived
noise level (EPNL) at three predefined microphones around the
approach and takeoff trajectory. Even though noise metrics like
sound exposure level or day–night average sound level could better
capture the community noise nuisance around airports, they are not
scalar values that can readily be compared or optimized as they have
high spatial dependence and thus are not used in this work. This
reduced-order model presented in this paper estimates takeoff noise

levels, defined as the sum of flyover and lateral noise, based on two
microphone locations: flyover noise ismeasured at the flyovermicro-
phone, which is fixed underneath the flight path at 6500 m past the
brake release point; lateral noise is measured at the lateral micro-
phone, defined as the loudest microphone on the 450 m sideline [3].
Because the reduced-order model uses the ICAO noise certification
framework as a surrogate measure of noise exposure, there is a need
to assess the impact of any derived noise limits on the community
noise around the airport, which is considered beyond the scope of
this paper.
This paper is outlined as follows: Section II presents an expression

for the microphone noise level from the propagation effects of a
compact noise source strength. Four relevant scaling groups for the
microphone noise levels of SST takeoff trajectories are identified in
Sec. III. The reduced-order model formulation is outlined in Sec. IV.
The utility of the reduced-order model is assessed in Sec. V by
estimating the takeoff noise levels of a supersonic business jet and
an airliner: the Supersonic TechnologyConcept Airplane (STCA) [18]
developed by NASA and the Georgia Institute of Technology
(GT)MediumSST [19], respectively. Finally, the reduced-ordermodel
is applied to assess the takeoff noise performance of a broad class of
supersonic vehicles.

II. Microphone Noise Levels by Propagating Compact
Noise Source Strength

The lateral and flyover microphones of the ICAO noise certifica-
tion framework are illustrated in Fig. 1. The noise level measured at a
microphone, Pmicrophone, is determined by first estimating the noise
source power and then applying the propagation effects between the
source and the microphone as the acoustic waves pass through the
atmosphere. The noise powerΠsource is definedwith respect to human

hearing threshold power Πref � 1 ⋅ 10−12 �W∕m2�‡‡:

Pmicrophone � 10log10
Πsource

Πref

⋅ Πpropagation

� 10log10
Πsource

Πref

� 10log10�Πpropagation� (1)

The noise source powerΠsource and propagation effectsΠpropagation are

approximated by the dominant (zeroth-order) terms. To account for
these approximations, it is necessary to introduce two correlating
proportionality constants (c1 and c2) when estimating the noise level
at the microphone using Eq. (1). The noise level at the microphone is
thus given by

Pmicrophone � c1Psource � c2Ppropagation (2)

Fig. 1 Relevant variables for aircraft takeoff performance for noise assessments. Left: takeoff; right: top-of-climb as airframe aerodynamic design point
and engine sizing point.

††The allowable cutback altitude is defined as 260 m (853 ft) for a three-
engine aircraft and as 210 m (689 ft) for a four-engine aircraft [3].

‡‡Alternatively, Pmicrophone can be cast as acoustic power normalized by the
jet mechanical (kinetic) power.
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The approximations for the source level term Psource and for the propa-
gation effects term Ppropagation are given in decibels. The coefficients c1
and c2 of the linear combination are determined using a least-square fit
with noise data at a flyover microphone, as outlined in Sec. IV.C.
Sections II.A and II.B approximate the noise source strength

Psource and the noise propagation effects Pobserver by identifying their
respective drivers. The reduced-order model aims to capture the first-
order governing effects to estimate the trends of the SST takeoff noise
levelswith key scaling variables, rather than to compute takeoff noise
levels with high-fidelity.

A. Noise Source Strength, Psource

SST takeoff noise levels are dominated by the jet mixing source
[18]. The SST noise source strength is thus approximated using
Lighthill’s eighth power law [20] for aerodynamic sound generation:

Psource � 10 log10

K ρ0
c5
0

L2U8

Πref

∼ 10 log10 �U�8 (3)

In Eq. (3),Psource is the far-field source acoustic power in decibels,K
is Lighthill’s constant,L is the characteristic length scale of the sound
source,U is the characteristic velocity scale of the sound source, and
ρ0 and c0 are the ambient density and speed of sound, respectively.
Equation (3) is an expression for the acoustic power and does not
capture frequency effects, including the Doppler and convective

amplification. The dominant velocity term in Eq. (3) (U8) is retained

for the source strength, i.e., Psource ∼ 10 log10 �U�8. For high-speed
jets with Mjet ≥ 2, Psource ∼ 10 log10 �U�3. The characteristic veloc-
ity scale for Lighthill’s eighth power law is the shear between the jet
and the ambient, i.e., the difference between the engine mixed jet and
ambient velocity (U � Vj − VTO). The engine mixed jet velocity Vj

is decomposed into two terms to represent the effects of engine design
and engine operation:

Vj � Vj;τ�1

Engine design

−
∂Vj

∂τ
�1 − τcutback�

Engine operation

(4)

The engine thrust setting τ in Eq. (4) is defined as the ratio of net thrust
at a flight condition and the maximum thermodynamically available
thrust at that flight condition at 100% high-pressure spool speed. The
first term Vj;τ�1 denotes the mixed jet velocity when the engine is

operated at 100% available thrust, i.e., τ � 1; the second term
denotes the decrease in mixed jet velocity because of a thrust cutback
τcutback. The engine noise source strength is thus given by

Psource ∼ 10log10 Vj;τ�1 −
∂Vj

∂τ
�1 − τcutback� − VTO

8

(5)

B. Noise Propagation Effects, Ppropagation

The noise propagation effects between the source and microphone
are spherical spreading, atmospheric absorption, characteristic
impedance ratio correction, ground attenuation and reflection effects,
as well as lateral attenuation effects. The spherical spreading effect is
the dominant term; the other effects are thus neglected so that the
propagation effects are determined from:

Ppropagation ∼ 10log10
1

r

2

(6)

The propagation distance r between the source and microphone is a
function of the (moving) source position and, thus, a function of time.
The EPNL is a time-integrated noise metric, i.e., a single value for
characterizing the noise at a microphone for a noise source (aircraft)
along a trajectory. Thus, the minimum distance between the noise
source and the microphone, rmin, is chosen as representative metric
for the propagation effects:

Ppropagation ∼ 10 log10
1

rmin

2

(7)

The minimum propagation distance for the lateral and flyover micro-
phone is denoted by rlateral and rflyover, respectively.

III. Relevant SST Vehicle and Mission Scaling Groups

The Buckingham-Π theorem provides a framework to determine
sets of dimensionless parameters to characterize a physical phenome-
non. This approach is used to obtain the relevant vehicle and mission
scaling groups for the noise source strength and the propagation
effects. Figure 1 shows the takeoff and top-of-climb operating points
for an SST, including the relevant physical variables associated with
the aircraft takeoff noise performance. Table 1 lists these variables
and their respective units, as well as computes the corresponding Π
groups.

A. Noise Source Strength, Psource

Engines designed for SSTare sized atmission top-of-climb asmost
demanding operating point. The required aircraft thrust loading
Fn;req:∕W at this operating point is derived from the equations of

motion of climbing flight:

Fn;req:

W
TOC

� 1

ΛTOC

� Vz

Vcruise

(8)

whereVz denotes the rate of climb. Using the definition of engine net
thrust, Fn;engine � _mengine�Vj − V0�, Eq. (8) is re-arranged to obtain

the engine specific thrust at mission top-of-climb:

�Vj − V0�jTOC � W

_mengineNe

1

ΛTOC

� Vz

Vcruise

� f�Mcruise� (9)

The ratio �W∕� _mengineNe�� is assumed to only be a function of cruise

Mach number; i.e., changes in aircraft maximum takeoff weight and
number of installed engines are counterbalanced by changes in
engine mass flow without changing the engine specific thrust.
Because of this assumption, the reduced-order model does not
depend on aircraft maximum takeoff weight or cruise range. The
aerodynamic efficiency at top-of-climb, ΛTOC, is assumed to be

Table 1 Buckingham-Π theorem applied to aircraft
takeoff performance: 16 variables and 3 dimensions

(length L, massM, and time T) resulting in 13
independent Π groups

No. Variable Unit Π group

1 Psource —— Psource

2 Plateral —— Plateral

3 Pflyover —— Pflyover

4 Mcruise —— Mcruise

5 xgroundroll L xgroundroll
xflyover

6 rlateral L rlateral
xflyover

7 rflyover L rflyover
xflyover

8 γ —— γ

9 L ML
T2

L
mg

10 D ML
T2

D
mg

11 Fn
ML
T2

Fn

mg

12 VTO
L
T

V2
TO

xflyoverg

13 Ne —— Ne

14 xflyover L ——

15 m M ——

16 g L
T2 ——
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proportional to the cruiseMach number. Küchemann [21] presents an
aerodynamic efficiency target,ΛTOC � 3��Mcruise � 3�∕Mcruise�, for
SST across cruise Mach numbers. The potential rate-of-climb
requirement at top-of-climb, Vz, is assumed to be constant, equal
to 4.11m/s (810 ft/min), for all vehicles in the design space, based on
the NASA STCA mission profile [18]. Finally, the cruise altitude of
SST cruise is within the (isothermal) stratosphere, where the cruise
velocity is given byVcruise � acruiseMcruise. The engine specific thrust
at top-of-climb in Eq. (9) is thus solely a function of cruise Mach
number.
In the engine design process, the designer first decides the

engine thermodynamic cycle, which sets the engine specific thrust.
Subsequently, the engine is physically sized to meet the aircraft
thrust requirements; i.e., the engine mass flow requirement is
determined. By establishing that the specific thrust at top-of-climb
is solely a function of the cruise Mach number [Eq. (9)], it is
assumed that the engine thermodynamic cycle is thus simply set
by the cruise Mach number. Furthermore, the relationship between
the design and off-design points—between top-of-climb and the
sea-level takeoff—is also governed by the thermodynamic cycle
and thus also by the cruise Mach number. Therefore, it is reasoned
that the specific thrust at the sea-level takeoff operating condition is
also simply a function of the cruise Mach number. The engine jet
velocity at sea-level takeoff, governing the noise source strength
[see Eq. (5)], can be readily derived from the engine specific thrust
and thus is also governed solely by the cruise Mach number. This
result is significant as it shows that, to assess the source noise of
SST, the engine design space is thus reduced to a single scaling
group, Π1 � Mcruise. Similarly, the rate of the engine mixed jet
velocity with thrust setting is also solely a function of the cruise
Mach number.
The minimum allowable cutback thrust setting is defined as the

ratio of required to available net thrust at takeoff. The available thrust
loading at takeoff is assumed to solely be a function of the cruise
Mach number Mcruise. The required thrust is governed by the steady
level flight with one-engine-inoperative requirement and is thus a
function of the takeoff aerodynamic efficiency and number of
installed engines,Ne [see Eq. (8)]. Note that the aircraft aerodynamic
efficiency is also a function of takeoff speed, i.e., �Π9∕Π10� �
f�Π12�. In this paper, the aerodynamic efficiency at a given (takeoff)
velocity is assumed to be a technology-level characteristic ΛTO and
thus a constant for a given aircraft. It is assumed that the aerodynamic
efficiency scales with the takeoff speed squared.§§ The noise source
strength Psource is thus given by

Psource�Π1�f Π4�Mcruise;
Π9

Π10

�ΛTO;Π12�
V2
TO

xflyoverg
;Π13�Ne

(10)

B. Noise Propagation Effects, Ppropagation

1. Lateral Propagation Distance

It is assumed that the lateral microphone is located on the sideline
(y � 450 m) at the point where the aircraft reaches 300 m (985 ft)
altitude. This assumption is referenced in the equivalent noise certif-
ication procedures for jet airplanes in 14CFR§B26.3(a)(1) [22]. This
results in a fixed lateral microphone propagation distance for various
vehicles:

rlateral
xflyover

� Π2 � constant � 4502 � 3002
p

�m�
6500 �m� � 0.08 (11)

2. Flyover Propagation Distance

The flyover propagation distance is computed using geometry
from the groundroll distance xgroundroll and the climb angle γ (see
Fig. 1), i.e., Π7 � f�Π5;Π8�. During the groundroll, the aircraft
accelerates from standstill to takeoff speed VTO by applying thrust
Fn. As stated above, the available thrust at takeoff is a function of the
cruise Mach number Mcruise. Thus, the groundroll distance Π5 �
f�Π4;Π12�. The aircraft climb angle is obtained from the equations of
steady climbing flight:

γ � sin−1 ψTO −
1

ΛTO

(12)

Thus, the climb angle Π8 � f�Π4; �Π9∕Π10��. Finally, the flyover
propagation distance is written as

rflyover
xflyover

� Π3 � f Π4 � Mcruise;
Π9

Π10

� ΛTO;Π12 �
V2
TO

xflyoverg

(13)

C. Microphone Noise Levels, Pmicrophone

To conclude, by combining Eqs. (10), (11), and (13), the SST
takeoff noise levels at the lateral and flyover microphone are written
in terms of four scaling groups:

Plateral; Pflyover � Π2;Π3 � f Π4 � Mcruise;
Π9

Π10

� ΛTO;Π12

� V2
TO

xflyoverg
;Π13 � Ne (14)

Themethod to obtain the functional form f in Eq. (14) is described in
Sec. IV.A.

IV. Reduced-Order Model Formulation

A. Noise Source Strength Parameters, Vj;τ�1, ∂Vj∕∂τ, and τcutback
The SST engine design space is explored to formulate the expres-

sion [Eq. (10)] of the noise source strength parameters Vj;τ�1,
�∂Vj∕∂τ�, and τcutback as a function of the scaling groups identified

in Sec. III. As shown in Sec. III.A., the engine source strength
characteristics are a function of the cruise Mach number. A set
of (clean-sheet) SST engines is designed within the range Mcruise ∈
�1.4; 2.2� using the NPSS software [8]. Details of the engine archi-
tecture and design are presented in Appendix A. The engine per-
formance characteristics—evaluated at four operating conditions
(top-of-climb, cruise, sea-level takeoff, and sea-level static)—are
used to formulate a reduced-order model for the noise source strength
parameters, as outlined in the sections below.

1. Takeoff Jet Velocity at 100% Thrust Setting, V j;τ�1

Figure 2a shows the specific thrust at the top-of-climb and sea-level
takeoff operating points as a function of cruise Mach number from the
NPSS cycle deck. A second-order polynomial regression of the sea-
level takeoff specific thrust is computed using the performance data of
the engines designed inNPSS, i.e.,Vj;τ�1 − VTO � f�Mcruise; a; b; c�.
The takeoff condition in the NPSS cycle deck is computed at Mach
0.25, and thus VTO � 0.25 ⋅ 340.3 � 85.1 m∕s. No operational part-
power takeoff procedures are considered in this paper, which could be
an additional degree of freedom for noise reduction of SST [12,23]. The
takeoff jet velocity at 100% thrust setting is thus given by

Vj;τ�1 � aM2
cruise � bMcruise � c

m

s
with

a � �49.9

b � −117.3
c � �482.4

(15)

As the cruiseMach number and, thus, the rampressure ratio increase,
lower compressor pressure ratios are required to meet the compressor

§§The aerodynamic efficiency is given by Λ��cL∕cD;0�k0c
2
L�∼

�1∕cL�∼V2, where cD;0 is the zero-lift drag coefficient and k0 is the inverse
of the product of the constant π, the wing aspect ratio, AR, and the Oswald
efficiency factor, e, i.e. k0 � 1∕π ⋅ AR ⋅ e. The drag term in the denominator is
dominated by the induced drag for delta wings at high angles of attack during
takeoff conditions.
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discharge pressure limit. For a fixed turbine inlet temperature limit, the
enthalpy downstream of the low-pressure turbine thereby increases.

Uponmixing with the fan stream, this higher-enthalpy gas is expanded

through the nozzle, resulting in a higher jet velocity. Thus, the engine

specific thrust at the top-of-climb (i.e., the engine sizing point) increases

as the cruiseMach number increases. At the takeoff operating point, the

increased specific thrust engine therefore also causes increased jet

velocities, as shown in Fig. 2a.

2. Rate of Change of Takeoff Jet Velocity with Thrust Setting, ∂V j∕∂τ
Changes in the engine thrust setting τ cause changes in the engine

jet velocity, characterized by the partial derivative �∂Vj∕∂τ�. The
specific thrust is evaluated for the design sweep of engines at the sea-

level takeoff operating point for a range of thrust settings, τ ∈
�0.5; 1.0�. The rate of change of specific thrust with engine thrust

setting is shown in Fig. 2b. As the cruise Mach number is increased,
the specific thrust of the engines increases, meaning that the engines

use less mass flow per unit thrust produced. When reducing the

engine thrust, higher specific thrust engines will thus have a larger

reduction in jet velocity.
A second-order polynomial regression of the rate of change of sea-

level takeoff specific thrust with engine thrust setting is computed

using the performance data of the engines designed in NPSS, i.e.,

��∂�Vj − V0��∕∂τ� � �∂Vj∕∂τ� � f�Mcruise; a; b; c�. Note that the

partial derivative �∂V0;TO∕∂τ� � 0. The rate of change of takeoff

jet velocity with engine thrust setting is thus given by

∂Vj

∂τ
� aM2

cruise � bMcruise � c
m

s
with

a � �21.5

b � −39.2
c � �234.8

(16)

3. Minimum Cutback Thrust Setting, τcutback
The minimum allowable cutback thrust setting is defined as the

ratio of required to available net thrust at takeoff. Since the mission

top-of-climb sets the engine size as most demanding operating point,

the required net thrust at top-of-climb equals the available net thrust,

i.e., Fn;avail:jTOC � Fn;req:jTOC. The cutback thrust setting is thus

given by

τcutback �
Fn;req:

W TO
Fn;req:

W TOC

Ratio of required thrust loading
at takeoff and top�of�climb

⋅
WTO

WTOC

Ratio of weight between
takeoff and top�of�climb

⋅
Fn;avail: TOC

Fn;avail: TO

Thrust lapse between
top�of�climb and takeoff

(17)

The three terms in Eq. (17) can be further rewritten as a function of

cruise Mach number Mcruise, number of installed engines, Ne, and

takeoff aerodynamic efficiency ΛTO:
1) The required thrust loading for steady level flight (Vz � 0) at

one-engine-inoperative (Ne − 1) is given by

ψTO � Fn;req:

W TO

� 1

Ne − 1

1

ΛTO

(18)

The required thrust loading at top-of-climb is given by

ψTOC � Fn;req:

W TOC

� 1

Ne

1

ΛTOC

� Vz

Vcruise

� 1

Ne

Mcruise

3�Mcruise � 3� �
4.11

295Mcruise

(19)

2) The weight fraction between mission top-of-climb and takeoff
is governed by the fuel burn between the two mission segments.
Empirical data can be used to estimatemission segment fuel fractions
during the preliminary design stage of a new vehicle. Nicolai and
Carichner [24] present an empirical second-order polynomial regres-
sion of the weight fraction to climb and accelerate from takeoff to
top-of-climb as a function of the cruise Mach number, i.e.,
�WTOC∕WTO� � f�Mcruise; a; b; c�:

Fig. 2 NPSS engine performance data (dots) as a function of cruise Mach number, Mcruise ∈ �1.4;2.2�; second-order polynomial regression through
performance data (solid line).
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WTOC

WTO

� aM2
cruise � bMcruise � c with

a � −0.0054
b � −0.0357
c � �1

(20)

The second-order dependence of the weight fraction �WTOC∕WTO�
on the cruise Mach number can be explained from an energy per-
spective. During the path from takeoff to top-of-climb, fuel energy is
converted into both potential energy (ΔPE � ρ0gzcruise) and kinetic
energy (ΔKE � �1∕2�mV2

cruise � �1∕2�ma20M
2
cruise). Cruise altitude

zcruise is a function of cruise Mach number assuming cruise at con-

stant dynamic pressure (�1∕2�p0γM
2
cruise). The fuel weight lost dur-

ing the climb is thus proportional to the square of the cruise Mach
number. The coefficients a, b, and c are set by the aircraft weight as
well as aircraft design parameters that determine the cruise altitude
(e.g., aircraft aerodynamics, wing area).
3) The thrust lapse λ is defined as the ratio of available thrust

between top-of-climb—the engine sizing point—and any off-design
operating points. Thrust lapse is the natural decrease in engine thrust
with altitude and speed, which is different from the thrust setting τ
controlled by the Full-Authority Digital Engine Control (FADEC)
or the pilot. The thrust lapse is plotted in Fig. 2c for the sea-level
takeoff and sea-level static operatingpoint.A second-order polynomial
regression of the thrust lapse from sea-level takeoff to top-of-climb is
computed from the NPSS cycle deck, i.e., λTO � f�Mcruise; a; b; c�:

λTO � Fn;avail:jTOC
Fn;avail:jTO

� aM2
cruise � bMcruise � c with

a��0.386

b� −1.022
c��0.933

(21)

Furthermore, a second-order polynomial regression of the
thrust lapse between top-of-climb and sea-level static, λSLS �
f�Mcruise; a; b; c�, is given by

λSLS �
Fn;avail:jTOC
Fn;avail:jSLS

� aM2
cruise � bMcruise � c with

a��0.346

b� −0.922
c��0.832

(22)

The coefficients a, b, and c in the equations are governed by the
engine design parameters.
Figure 3 shows Eq. (17) as a function of cruise Mach number for

ΛTO � 7 and Ne ∈ �2; 3; 4�. Increasing the number of installed
engines decreases the allowable cutback thrust setting as the OEI
requirement becomes less stringent. Such increased thrust cutbacks
enable jet velocity reduction [see Eq. (5)] and thus source noise
reduction. The benefit reduces as the number of engines is increased,
as it scales with Ne∕�Ne − 1�. Furthermore, the allowable cutback
thrust setting increases as the cruise Mach number increases, gov-
erned by the thrust lapse between the top-of-climb and takeoff
operating point, Fn;avail:jTOC∕Fn;avail:jTO , as shown in Fig. 3.

B. Flyover Propagation Distance, rflyover
The operational space of takeoff trajectories for SST is explored

to formulate the expression [Eq. (13)] for the flyover propagation

distance as a function of the scaling groups identified in Sec. III. The
takeoff trajectories are computed using the trajectory model devel-
oped by Voet et al. [17]. In this section, it is chosen to present the
results in terms of the sea-level static thrust loading ψSLS rather than
the cruiseMach number, as this provides a more intuitive insight into
the takeoff trajectory operational space. The sea-level static thrust
loading ψSLS can be written as a (decreasing) function of the cruise
Mach number using ψSLS � �1∕λSLS� ⋅ ψTOC. The thrust loading at
top-of-climb is given by Eq. (19); the thrust lapse between top-of-
climb and sea-level static, λSLS, is given by Eq. (22). Substituting the
aerodynamic efficiency target by Küchemann [21], the rate of climb
Vz � 4.11m∕s, and the cruise velocity Vcruise � 295Mcruise, the sea-
level static thrust loading is given by

ψSLS � 1

0.346M2
cruise − 0.922Mcruise � 0.832

Mcruise

3�Mcruise � 3�

� 4.11

295Mcruise

(23)

The range of cruiseMach numbersMcruise ∈ �1.4; 2.2� corresponds to
a (decreasing) range of sea-level static thrust loading, ψSLS ∈
�0.52; 0.31�.
First, the SST takeoff trajectory operational space is assessed by

first looking at hypothetical trajectories using a set of simplifying
assumptions (see Table 2), with the objective of finding a closed-form
expression of the flight path (x, z) as a function of the scaling groups
ψSLS,ΛTO, andV

2
TO∕xflyoverg. Then, the expression for the flight path

is corrected when considering actual takeoff trajectories without the
simplifying assumptions in Table 2. Finally, the expression for the
flight path of the actual takeoff trajectories is employed to compute
the flyover propagation distance as a function of the scaling groups.

1. Hypothetical Takeoff Trajectory Operational Space

The hypothetical takeoff trajectory operational space is shown in
Fig. 4a. The flight path of the trajectories in the operational space
covers a wide space in the (x, z) domain. In order to find a single
expression for the flight path of a vehicle as a function of the scaling
groups, a coordinate transformation is applied. The velocity V, accel-
eration a, time t, horizontal distance x, vertical distance z, and climb
angle γ are normalized using the normalizing groups in Eqs. (24–29).
The horizontal distance x and vertical distance z are independent state
variables and therefore require different normalizing groups.
1)VelocityV is normalized by takeoff speed, given by amultiple of

the stall speed, i.e., kTOVstall.

Fig. 3 Minimum allowable cutback thrust setting at takeoff, τcutback, as a function of cruise Mach number for ΛTO � 7 andNe ∈ �2;3;4�.

Table 2 Assumptions for the operational space exploration of the

hypothetical and actual takeoff trajectories

Characteristic
Hypothetical takeoff

trajectory
Actual takeoff
trajectory

1. Atmospheric properties Nonstratified (sea
level)

Stratified

2. Aircraft takeoff
aerodynamic efficiency

Constant across α Variable,
ΛTO � f�α�

3. Engine available thrust No thrust lapse,Fn �
FSLS

Thrust lapse,
Fn � Fn�z;M�
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V	 � V ⋅
1

VTO

(24)

2) Acceleration a is normalized by the sea-level static thrust
loading ψSLS. Using Newton’s second law, the acceleration can be
rewritten as a � �F∕m� � �F∕W�g � ψSLSg.

a	 � a ⋅
1

ψSLSg
(25)

3) Time t is normalized using the combination of Eqs. (24) and
(25), i.e., t � �v∕a�:

t	 � t ⋅
ψSLSg

VTO

(26)

4) Horizontal distance x is normalized using the combination of
Eqs. (24–26), i.e., x � v ⋅ t:

x	 � x ⋅
ψSLSg

V2
TO

(27)

5) Climb angle γ is normalized using the equation of motion along
the velocity vector for steady flight at sea level, i.e., γ ≈ �ψSLS −
�1∕ΛTO�� [see Eq. (12)] for small angles γ. The climb angle is
expressed in radians.

γ	 � γ ⋅
1

ψSLS − 1
ΛTO

� γ ⋅
1

Γ
; where Γ � ψSLS −

1

ΛTO

(28)

6) Vertical distance z is normalized using the combination of
Eqs. (27) and (28), i.e., noting that z � x tan γ ≈ xγ for small angles γ:

z	 � z ⋅
ψSLSg

V2
TO

⋅
1

Γ
(29)

7) Angle of attack, α, is expressed in radians.
Figure 4b shows the takeoff trajectories; operational space in the
normalized coordinate system. By applying the coordinate trans-
formation, all takeoff trajectories collapse onto a single line for all
state and control variables. Equations (24–29) transform the trajec-
tories from the physical coordinate system (x, z) to the normalized
coordinate system (x	; z	):

�x;z� f�x��→ x	;z	 �
0 if 0≤ x	 ≤ x	liftoff
�x	−x	liftoff� tan γ	 if x	 >x	liftoff

(30)

The two constants γ	 � 0.817 and x	liftoff � 0.1 are extracted from

the dashed line in the (x	, z	) plot in Fig. 4b. These constants

Fig. 4 Hypothetical takeoff trajectoryoperational space forvehicleswith scalinggroupsψSLS ∈ �0.325 − 0.475�,ΛTO � 7, �V2
TO∕xflyoverg� ∈ �0.146;0.209�,

andNe � 3.
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completely determine the trajectory operational space in the normal-
ized coordinate system. The fixed flyovermicrophone in the physical
coordinate system is transformed to an array of microphones in the
normalized coordinate system:

�x � xflyover; z � 0� → x	 � xflyoverg

V2
TO

ψSLS � Π8

Π9

; z	 � 0

(31)

The method to compute the flyover propagation distance from
Eqs. (30) and (31) is presented in Sec. IV.B.3.

2. Actual Takeoff Trajectory Operational Space

Figure 5a shows the operational space for the actual takeoff trajec-
tories in the normalized coordinate system. The same range of mission
and vehicle parameters listed in Sec. IV.B.1 is used. The normalized
hypothetical (x, z) trajectory is also included in Fig. 5a for comparison.
The coordinate transformation developed in Sec. IV.B.1 is effective at
collapsing the set of variables (t, x, v, α) to a single line for the actual
takeoff trajectories. However, this is not the case for the vertical
distance z and the climb angle γ, as z and γ fan out during the climb.
The flight path (x	, z	) of the actual trajectories in the normalized
coordinate system can still be approximated by a single line. However,
the climb rate of the actual trajectories is approximately half the climb

rate of the hypothetical trajectories. This difference is attributed to

engine thrust lapse effect.

Rather than the sea-level static thrust—as for the hypothetical

takeoff trajectory operational space—a better approximation of the

thrust in the actual takeoff trajectory operational space is the (con-

stant) average climb-out thrust. A modified hypothetical takeoff

trajectory is defined using the following assumptions: stratified

atmosphere, variable aerodynamic efficiency as function of angle

of attack (Λ � f�α�), and no engine thrust lapse. However, the net

thrust is set to the average climb-out thrust instead of the sea-level

static thrust, i.e., ψ � 0.782ψSLS.
¶¶ The modified hypothetical take-

off trajectory, marked with (*), is compared to the actual takeoff

trajectory operational space in Fig. 5b. The modified hypothetical

trajectory now closely approximates the actual takeoff trajectories.

The use of the constant average climb-out thrust is incorporated in the

expression for the flight path by just updating the characteristic

variables γ	 and x	liftoff . The updated characteristic variables are given
by �γ	 � 0.54 and �x	liftoff � 0.13. The updated expression for the

flight path, i.e., the dashed line in Fig. 5b, is able to approximate

the flyover distance of the actual trajectories within [−15, +24]%.

Fig. 5 Comparison of actual andhypothetical takeoff trajectory operational space for vehicleswith scaling groupsψSLS ∈ �0.325 − 0.475�,ΛTO � 7, and
�V2

TO∕xflyoverg� ∈ �0.146;0.209�.

¶¶The average thrust between the liftoff point (z � 0, V � VTO) and the
end of climb point (z � 1000 m, V � VTO) is denoted as the average climb-
out thrust.
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3. Equation for the Flyover Propagation Distance

A first-of-its-kind expression is derived explicitly providing a

functional form of the flyover propagation distance as a function of

the relevant scaling groups identified in Sec. III:

rflyover
xflyover

� 1 − �x	liftoff
V2
TO

xflyoverg

1

ψSLS

Phase1∶Ground roll

Γ sin �γ	

Γ2 sin2 �γ	 � cos2 �γ	

Phase2∶Climb�out

(32)

A detailed derivation of Eq. (32) is given in Appendix B. Equa-

tion (32) clearly shows two key terms corresponding to the two

phases of the takeoff trajectory, i.e., the ground roll and the climb-

out. The key trends of the flyover distance with SST mission and

vehicle parameters are as follows:
1) Increasing aircraft sea-level static thrust loading results in

increasing the flyover distance. An increase in sea-level static thrust
loading reduces both the groundroll distance as well as the climb-out
angle of the takeoff trajectory. Both of these effects result in an
increase in flyover distance. Consequently, since sea-level static
thrust loading is a decreasing function of cruise Mach number, the
flyover distance decreases with increasing cruise Mach number.
2) Increasing the takeoff aerodynamic efficiency increases the

aircraft climb angle and, thus, also the flyover distance.
3) Increasing takeoff speed increases the ground roll distance,

which reduces the flyover distance. The takeoff speed can be
increased by increasing aircraft wing loading, reducing themaximum
lift coefficient at takeoff, as well as increasing the takeoff velocity
ratio kTO.
Equation (32) for the flyover propagation distance and Eqs. (15–

17) for the engine source strength are substituted in Eq. (2) to obtain

the full functional form of the noise level at the microphone.

C. Proportionality Coefficients of Source Strength and Propagation
Effects

The coefficients c1 and c2 in Eq. (2) determine the proportionality

between the noise source strength and propagation effects. Rather

than using first principles to determine the value of the proportion-

ality coefficients, it is opted to use high-fidelity noise data to anchor

the coefficients c1 and c2 using a least-square estimate.
The pyNA aircraft noise estimation model [11] is used to obtain

high-fidelity noise data in terms of EPNL at the flyover microphone

for the actual takeoff trajectory operational space in Sec. IV.B.2.

Note that this operational space does not include a thrust cutback

(i.e., τcutback � 1), and thus the following equation is used to obtain a
least-square estimate for c1 and c2:

Pflyover � c1 ⋅ 80 log10�Vj;τ�1 − VTO� � c2 ⋅ 20 log10
1

rflyover

(33)

The resulting least-squares fit for the proportionality constants is

given by c1 � 0.762 and c2 � 0.978. Equation (33) is able to

approximate the flyover noise levels of takeoff trajectories within

[−0.36, +0.41] dB of the pyNA simulations. This small error implies

that the functional form of Eq. (33) has utility for estimating the

aircraft noise levels at takeoff microphones.

D. Summary of Reduced-Order Model Key Assumptions

The key assumptions used in the reduced-order model are sum-

marized below:
1) Takeoff noise levels are obtained by propagating a compact

noise source strength. The source noise is governed by the jet
velocity; the propagated noise is governed by the aircraft-to-micro-
phone propagation distance.
2) SST engines are sized at mission top-of-climb as the most

demanding operating point.

3) Specific thrust at the engine sizing point is only a function of
cruise Mach number; changes in aircraft weight and range are
counterbalanced by changes in engine mass flow and thus have no
effect on engine specific thrust or on takeoff noise levels.
4) The engine thermodynamic cycle is only a function of the cruise

Mach number. Thus, the relation between the takeoff and top-of-
climb operating points, and consequently the engine mixed jet veloc-
ity at takeoff, are only a function of the cruise Mach number.
5) The high-speed (cruise) aerodynamic efficiency (lift-to-drag

ratio) of SST is only a function of cruise Mach number.
6) The low-speed (takeoff) aerodynamic efficiency (lift-to-drag

ratio) of SST scales with takeoff velocity squared.
7) The minimum allowable cutback thrust is governed by the

steady level flight with one-engine-inoperative requirement.
8) The lateral microphone position in the ICAO noise certification

framework is located on the sideline (y � 450 m) at the point where
the aircraft reaches 300 m (985 ft) altitude.
9) Operational part-power takeoff procedures are not considered in

this paper.
10) A hypothetical takeoff trajectory is defined for an aircraft at a

constant angle of attack, using an engine without thrust lapse
(ψ � ψSLS), in a nonstratified (sea-level) atmosphere. With those
assumptions, the takeoff trajectories collapse onto a single line for all
state and control variables.
11) The actual takeoff trajectory operational space is approximated

by the hypothetical takeoff trajectory operational space with a con-
stant reduced takeoff thrust (i.e., ψ � 0.782ψSLS).

V. Application of Reduced-Order Model to Assess SST
Takeoff Noise Levels

A. Comparison of Reduced-Order Model with pyNA Noise Levels for
Reference Aircraft

The utility of the reduced-ordermodel is assessed by evaluating the
takeoff noise levels for two supersonic vehicles (i.e., the NASA
STCA and the GT Medium SST) and comparing them to the noise
levels obtained using pyNA [11]. The NASA STCA is a 55-metric-
ton, 8-passenger business jet with transatlantic range cruising at
Mach 1.4. The concept vehiclewas developed in service of the ICAO
in order to evaluate the environmental and economic impacts of SST
[18]. TheGTMediumSSTis a 55-passenger airliner cruising atMach
2.2. This vehicle was developed in order to investigate the impact of
aircraft and vehicle technologies on the future environmental impacts
of supersonic aviation [19].
The takeoff noise levels of both aircraft are evaluated for two

takeoff trajectories, i.e., the high-altitude and low-altitude single
thrust cutback trajectories, as illustrated in Fig. 6. Voet et al. [17]
surveyed the single thrust cutback operational space*** for the NASA
STCA and identified two local minima: the high-altitude thrust cut-
back minimizing the noise level at the flyover microphone, and the
low-altitude thrust cutback minimizing the noise level at the lateral
microphone. Furthermore, they used an optimal control framework to
develop automatic continuous thrust control (i.e., programmed thrust
cutback) schedules to minimize the sum of lateral and flyover noise
levels for the NASASTCA. They found that a thrust-setting schedule
characterized by a thrust cutback followed by a thrust bump resulted
in minimum takeoff noise levels. To avoid dealing with the large
range of possible VNRS for SST, this work hypothesizes a trajectory
resulting in a strict lower limit for the takeoff noise level of SSTusing
programmed thrust cutback: the combination of the lateral noise level
from the low-altitude cutback scenario and the flyover noise level
from the high-altitude cutback scenario. This lower limit serves as a
measure for the takeoff noise reduction potential of SST using pro-
grammed thrust cutback schedules.
The NASA STCA and GT Medium SST takeoff noise levels are

estimated using the reduced-order model for the high-altitude and
low-altitude single thrust cutback trajectories, resulting in minimum
flyover and lateral noise levels, respectively. Figure 7 shows the

***The single thrust cutback (STCB) operational space is characterized
by 2 degrees of freedom: cutback thrust level and cutback altitude.
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difference in lateral, flyover, and takeoff noise levels between the

cutback scenarios and a takeoff trajectory without cutback, as calcu-

lated using the reduced-order model and using pyNA [11]. The

comparison is carried out for two takeoff speeds: a low-speed trajec-

tory at V2 � 20 kts and a high-speed trajectory at 250 kts.††† This

assessment shows that the following trends are correctly captured by

the reduced-order model:
1) The high-altitude cutback scenario does not result in any change

in lateral noise. This is by definition of the high-altitude cutback,
which happens downstream of the domain of dependence of the
lateral microphone.
2) The noise reduction potential of the thrust cutback at both lateral

and flyovermicrophones is less for theGTMediumSST compared to
the NASA STCA.
3) The noise reduction potential for the high-speed (VTO �

250 kts) trajectories is higher compared to the low-speed (VTO �
V2 � 20 kts) trajectories.
Comparing the reduced-order model with the pyNA results, Fig. 7

shows that the reduced-order model overestimates the quantitative

value of the thrust cutback noise reduction. It can thus be inferred that

it mostly overestimates the noise reduction due to thrust cutback at
the different microphones. The error in ΔEPNLtakeoff between the
reduced-order model and the pyNA simulations can be up to 13.0
EPNdB for the NASA STCA, and up to 9.5 EPNdB for the GT
Medium SST. However, the key objectives of developing the
reduced-order model are to capture a) the trends of takeoff noise
performance for vehicles designed within a range of cruise Mach
numbers and b) assess the effect of key vehicle design parameters on
the SST takeoff noise performance. By capturing the trends delin-
eated in the above, the reduced-ordermodel achieves these objectives
and provides a useful tool for assessing the noise performance of a
wide range of SST.

B. Takeoff Noise Assessment for a Broad Class of Supersonic
Vehicles

1. SST Takeoff Noise Scaling with Cruise Mach Number

The takeoff noise levels for a broad class of SST vehicles are
assessed using the reduced-order model for four trajectories: a) with-
out thrust cutback, b) using high-altitude single thrust cutback,
c) using low-altitude single thrust cutback, and d) using programmed
thrust cutback, resulting in a lower limit for takeoff noise levels (see
Sec. V.A). Figure 8 shows the takeoff noise levels for the range
Mcruise ∈ �1.4; 2.2�, assuming a takeoff aerodynamic efficiency
ΛTO � 7, the number of engines, Ne � 3, and a takeoff speed ratio

Fig. 6 Sketch of reference takeoff trajectories.

Fig. 7 Lateral (top), flyover (center), and takeoff (bottom) noise level reduction forhigh-altitudeand low-altitudeSTCBtrajectories as computedwith the
reduced-order model and pyNA.

†††A maximum takeoff speed of 128.6 m/s (250 kts) below 3048 m
(10,000 ft) altitude is defined in the General Operating and Flight Rules (14
CFR §91.117.a) [25].
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�V2
TO∕xflyoverg� � 0.149. Figure 8 highlights two trends for the SST

noise levels as a function of cruise Mach number:
1) SST takeoff noise levels increase with the increasing cruise

Mach number. Assuming a constant number of installed engines,
wing loading, aerodynamic efficiency, and maximum lift coefficient,
a Mach 2.2 aircraft is found to be ∼15.3 dB louder compared to a
Mach 1.4 aircraft. This is governed by the following:

a) Source noise increases as a function of an increasing cruise
Mach number. As shown in Fig. 2a, higher-cruise-Mach-number
engines have higher specific thrust, resulting in higher mixed jet
velocities.
b) Propagated noise increases with increasing cruise Mach

numbers. As shown by Eq. (32), increasing the cruise Mach
number corresponds to decreasing the sea-level static thrust load-
ing, which reduces the flyover propagation distance.
2) The takeoff noise reduction potential of the cutback scenarios—

indicated by the difference between the solid line and the dashed,
dashed-dotted, and dotted lines in Fig. 8—decreases with the increas-
ing cruiseMach number. The thrust cutback noise reduction potential
of theMach 2.2 aircraft is found to be∼19.2 dB less compared to the
Mach 1.4 aircraft. As shown in Fig. 2c, the amount of possible thrust
cutback reduces, mainly governed by the reducing thrust lapse
between top-of-climb and takeoff at higher cruise Mach numbers.

2. Effect of Vehicle and Mission Scaling Groups on SST Takeoff Noise

Levels

This section assesses the effect of the vehicle and mission scaling

groups on the SST takeoff noise levels for a) the high-altitude thrust

cutback and b) the PTCB lower limit. The sensitivity of takeoff noise

levels to changes in vehicle and mission parameters for both cutback

scenarios is shown in Fig. 9. The baseline takeoff noise levels are

shown in Fig. 8.

The number of installed engines,Ne, and the takeoff aerodynamic

efficiency ΛTO are the most effective at reducing the takeoff noise

levels for both cutback scenarios. An increase in the number of

installed engines enables reduced cutback thrust settings since

steady-level flight with OEI becomes less stringent. This results in

reduced source noise at both the lateral and the flyover microphones.

As shown in Eq. (32), increasing the takeoff aerodynamic efficiency

increases the flyover propagation distance because of an increase in

climb-out angle.

VI. Conclusions

The reduced-order model presented in this paper enables a

physics-based assessment of the scaling of SST takeoff noise levels

with cruise Mach number. As such, it can potentially yield a simple

guideline for regulatory authorities to estimate approximate noise

limits for SSTdepending on their cruiseMach number. It is found that

SST takeoff noise levels, defined as the sum of lateral and flyover

noise, increasewith increasing cruiseMach numbers. Higher specific

thrust engines and reduced sea-level static thrust loading at higher

cruise Mach numbers result in an increase in source and propagated

noise, respectively. Assuming constant aerodynamic efficiency, take-

off speed, and number of installed engines, the reduced-order model

shows that a Mach 2.2 aircraft is ∼15.3 dB louder compared to a

Mach 1.4 aircraft. Furthermore, it is found that the noise reduction

potential of thrust cutbackmaneuvers reduces as cruiseMach number

increases, which is governed by the reduced thrust lapse between top-

of-climb and takeoff for high Mach number engines. The reduced-

ordermodel shows that the thrust cutback noise reduction potential of

the Mach 2.2 aircraft is ∼19.2 dB less compared to the Mach 1.4

aircraft. Finally, the reduced-order model enables the sensitivity

assessment of supersonic takeoff noise levels with key vehicle and

mission scaling groups. The number of installed engines and takeoff

aerodynamic efficiency are shown to be the key drivers for reducing

takeoff noise levels for SST.

Fig. 8 SST takeoff noise levels as a function of cruise Mach number for takeoff trajectories with 4 cutback scenarios; ΛTO � 7, Ne � 3,
�V2

TO∕xflyoverg� � 0.149.

Fig. 9 Change in takeoff noise levels for changes in SST vehicle and mission parameters; baseline parameters: ΛTO � 7, Ne � 3, and

�V2
TO∕xflyoverg� � 0.149.
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While the above constitutes a first-of-its-kind reduced-ordermodel

for the SST takeoff noise performance, further refinements for quan-

titative improvements are necessary. Suggested improvements
include a dynamic scaling approach for the engine noise source

strength as a function of key engine design parameters and an

uncertainty quantification study of the key assumptions in the
reduced-order model.

Appendix A: Thermodynamic Cycle Deck for SST
Engines

A clean-sheet engine thermodynamics cycle deck is developed for
SSTwith a cruise Mach number within the rangeMcruise ∈ �1.4; 2.2�
using the NPSS software [8]. A conventional engine architecture is

selected for the clean-sheet engine. The low-pressure spool of the
engine consists of a fan powered by a low-pressure turbine (LPT); its

high-pressure spool consists of a compressor powered by a high-

pressure turbine (HPT). The core and bypass stream of the engine are
fully mixed and exhausted through a variable-area converging–

diverging nozzle. An external compression supersonic inlet is

mounted upstream of the fan. The turbomachinery components in

the clean-sheet engine are designed assuming a CFM56-5B3 tech-
nology level by assuming similar polytropic efficiency values and

temperature limits. Unlike Concorde, the engines do not use after-

burners. While afterburners enable increased net thrust at takeoff,
they significantly increase thrust-specific fuel consumption and

engine emissions, as well as introduce additional noise sources such

as shock-cell noise. Details on the engine architecture and numerical
modeling of the engine performance are presented in Prashanth et al.

[26]. The performance characteristics of the NPSS engine design

space sweep are computed at four operating conditions:
1) Top-of-climb (TOC): Engine sizing point at M � Mcruise,

z � zcruise, and with potential rate of climb, Vz � 4.11 m∕s.
2) Cruise (CR): Steady level flight atM � Mcruise and z � zcruise.

3) Sea-level takeoff (TO): At M � 0.25 and z � 0 and 100% fan
rotational speed. This condition is used for the takeoff noise
assessments.
4) Sea-level static (SLS): At M � 0 and z � 0 and 100% fan

rotational speed.
Figure A1 shows the compressor discharge temperature Tt;3,

turbine inlet temperature Tt;41, engine overall pressure ratio OPR,

and fan percent design speedNfan∕Nfan;des: across the range of cruise

Mach numbers for the four operating points. The engine design
variables, including the pressure ratio of the fan, πfan, the pressure
ratio of the high-pressure compressor, πc, as well as temperature ratio
Tt;41∕Tt2, are set to meet the following constraints:

1) The engine is sized to meet the top-of-climb thrust requirement,
given by

Fn;req:

W
jTOC � 1

ΛTOC

� Vz

Vcruise

(A1)

2) The fan pressure πfan � 2 is selected to keep the propulsive
nozzle on the cusp of choke during takeoff operations, assuming a
mixer extraction ratio ERmix ≈ 1. The mixed jet is kept below super-
sonic speeds during takeoff operations to avoid shock cell noise. A

pressure ratio π � �1� �γ � 1�∕2�γ∕�γ−1� � 1.89 is required for
sonic flow. Assuming a loss of 5% in the fan and mixer ducts allows
for a fan pressure ratio of πfan ≈ 2.
3) An engine overall pressure ratio OPR � πramπfanπhpc � 65

(based on the NASASTCA [18]) is assumed across the range of cruise
Mach numbers to limit the compressor discharge pressure and temper-
ature, and the resulting NOx emissions. As the ram pressure ratio
increases with the increasing cruise Mach number, and the (high-
pressure) compressor pressure ratio is chosen to be inversely propor-
tional to the ram pressure ratio, i.e., πhpc � �OPR∕πfanπram� �
f�Mcruise�.
4) A turbine inlet temperature limit,Tt;41 � 2000 K, is assumed as

a material limit.

Fig. A1 Engine characteristics across the range of cruise Mach numbers,Mcruise ∈ �1.4;2.2� at the top-of-climb, cruise, sea-level takeoff, and sea-level
static operating points.
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The engine thermodynamic cycle deck is used to determine the

scaling of the engine source terms: Vj;τ�1, �∂Vj∕∂τ�, and τcb, as
outlined in Sec. IV.A.

Appendix B: Derivation of propagation distance between
SST takeoff trajectories and the flyover certification

microphone

Figures B1a and B1b show sketches of the takeoff trajectory in the

physical and normalized coordinate system, respectively, as intro-

duced in Sec. IV.B.1. The coordinate normalization for the x and z
coordinates is given by

x	 � Ax � ψSLSg

V2
TO

x and z	 � Bz � ψSLSg

V2
TO

1

Γ
z (B1)

where Γ is given by Eq. (28). The flyover propagation distance is

computed in the physical coordinate system using

rflyover � �xflyover − xS�2 � z2S (B2)

The coordinates of point S � �xS; zS�—the point on the flight path

closest to the flyover microphone—can be found by solving the

following set of equations:

SP ⋅ SR � 0 in physical coordinate system

S	P	 ⋅ P	R	 � cos �γ	 in normalized coordinate system
(B3)

which can be rewritten as

x2S − xliftoffxS − xflyoverxS � xliftoffxflyover � z2S � 0 in the physical coordinate system

A�xS − xliftoff� � cos �γ	 A2�xS − xliftoff�2 � B2z2S in then ormalized coordinate system
(B4)

B.1. Case 1: High-Altitude Cutback

The system of Eq. (B4) has three solutions:

xS �

xflyoverB
2 cos2 �γ	�xliftoffA

2 sin2 �γ	

B2 cos2 �γ	�A2 sin2 �γ	

xflyoverB
2 cos2 �γ	�xliftoffA

2 sin2 �γ	

B2 cos2 �γ	�A2 sin2 �γ	

xliftoff

zS �
� AB sin �γ	 cos �γ	�xliftoff−xflyover�

B2 cos2 �γ	�A2 sin2 �γ	

− AB sin �γ	 cos �γ	�xliftoff−xflyover�
B2 cos2 �γ	�A2 sin2 �γ	

0

(B5)

The third solution in Eq. (B5) is trivial; i.e., point S coincides with
point P (see Fig. B1). The two other solutions are symmetric around
the x axis, resulting in the same flyover distance. The liftoff distance
is rewritten as xliftoff � � �x	liftoff∕A�. The angle �γ	 and the distance

�x	liftoff are constants in the normalized coordinate system. The expres-

sion for the flyover distance becomes

rflyover
xflyover

� 1 −
�x	liftoff

Axflyover

A
B sin �γ

	

A2

B2 sin
2 �γ	 � cos2 �γ	

(B6)

B.2. Case 2: Low-Altitude Cutback

The normalization factor for the climb angle γ is given by

γ	 � γ ⋅
1

ψSLS − 1
ΛTO

(B7)

For takeoff trajectories at constant thrust FSLS, the normalized climb
angle γ	 � 1. The normalized climb angle after a cutback is given by

γ	cutback � γ	
ψSLS − 1

ΛTO

τcutbackψSLS − 1
ΛTO

(B8)

The expression in Eq. (B8) is substituted in Eq. (B6) for low-altitude
cutback trajectories.
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