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Abstract

The purpose of this project is to discover new continuous approximation models for modern logistical
problems in which time plays a significant role, with a specific focus on last-mile delivery. Famous
examples of such problems include the vehicle routing problem with time windows (VRPTW) and the
cumulative travelling salesperson problem (CTSP). The continuous approximation paradigm is a
guantitative method for solving logistics problems in which one uses a small set of parameters to model
a complex system, which results in simple algebraic equations that are easier to manage than (for
example) large-scale optimization models. As a further benefit, one often obtains insights from these
simpler formulations that help to determine what affects the outcome most significantly.

Although continuous approximation models have been used for over 60 years in logistics systems
analysis, there has been very little research conducted on their use to problems with temporal features
such as those described above. Based on our experience in this research area, this is likely because the
addition of a time dimension complicates the problem in a way that is not readily accessible relative to
classical models, which emphasize spatial aspects of modelling. However, our recent advances indicate
that one can likely apply modern mathematical machinery to tackle these higher-dimensional problems.

. Pacific
> * . Southwest

| -
Region UTC
Lﬁ University Transportation Center



Continuous Approximation Models with Temporal Constraints and Objectives

Continuous Approximation Models with Temporal
Constraints and Objectives

Executive Summary

The purpose of this project is to design simple and concise mathematical models for predicting trade-
offs that arise in logistical problems with time constraints and objectives, such as the vehicle routing
problem with time windows (VRPTW) and the cumulative travelling salesperson problem (CTSP).
Examples of these trade-offs include the relationships between time to completion of service, average
or worst-case customer satisfaction, vehicle miles travelled (VMT), or greenhouse gas (GHG) emissions.
Traditionally, these problems have been solved in a discrete setting, involving fixed sets of (for example)
demand points, time periods, and service facility locations; one then solves them with an integer
mathematical programming solver such as CPLEX or Gurobi. A drawback of this approach is that the
problems are almost always NP-hard, and hence solving large-scale instances would require enormous
computational efforts which likely increase exponentially with the problem instance size. A further
drawback is that such models are often extremely complex, which hinders understanding of salient
problem features and managerial insights.

For these reasons, this project will use tools from geospatial optimization, computational geometry, and
geometric probability theory to discover simple continuous approximation models that identify the key
problem attributes that affect them most significantly. A continuous approximation model is
characterized by its use of continuous representations of input data and decision variables as density
functions over time and space, and the goal is to approximate the objective function into an expression
that can be optimized by relatively simple analytical operations. Such an approximation enables
transforming otherwise high-dimensional decision variables into a low-dimensional space, allowing the
optimal solution to be obtained with mere calculus, even when significant operational complexities are
present. The results from such models often bear closed-form analytical structures that help reveal
managerial insights.
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1 Introduction

The traveling salesman problem (TSP) is an NP-hard problem in computer science and combinatorial opti-
mization. It is concerned with finding the optimal Hamiltonian cycle which has the minimum sum of edge
weights. There are many problems in the literature that are based on the TSP, such as the traveling re-
pairman problem (TRP), vehicle routing problem (VRP), and the traveling purchaser problem (TPP), which
all have important applications in engineering and computer science problems such as optimal routing in
communication networks, planning, logistics, manufacturing of microchips, transportation, and delivery
systems.

However, as shown in recent publications, this kind of classical cost-minimizing problem may not prop-
erly reflect the need for fast service, or equity [58]. One specific example is the procurement of humanitar-
ian aid in the context of natural disasters, such as tsunamis or earthquakes [58, 60, 21, 59]. When natural
disasters strike, humanitarian supply chains (unlike commercial supply chains, which focus on quality and
profitability) are focused on minimizing loss of life and suffering and should have higher priority and thus
require the definition of more customer-centric or service-based objective functions. There are many per-
formance measures that can be used to define such functions. Minimizing the average arrival time, or
minimizing the sum of arrival times, are common. Apart from humanitarian aid after a natural disaster,
there exist many other practical applications such as distribution, machine scheduling and power control
and receiver optimization in wireless telecommunication systems [15].

The preceding examples suggest that a “customer-centric” problem should be considered, so as to bet-
ter reflect priorities and ensure equity and fairness [21]. Instead of minimizing the total travel cost, which
caused some commodities or customers to be served significantly later than others, this new problem’s
goal is to minimize the sum of customers’ waiting times. This new problem is a variant of classical routing
problems called the Cumulative Routing Problem. In this report, we are interested in the Cumulative Trav-
elling Salesman Problem (CTSP) and the Cumulative Capacitated Vehicle Routing Problem (CCVRP), where
CCVRP is a generalization of the CTSP.

Bianco, Mingozzi, and Ricciardelli [16] considered minimizing the sum of all distances traveled from the
origin to all other cities in 1993. Later, Ngueveu, Prins, and Wolfler Calvo [58] took vehicle capacities into
consideration and first introduced the Cumulative Vehicle Routing Problem (CVRP). Despite considerable
research focus on this kind of problem and the generation of efficient heuristics and exact algorithms to
attack it, they are still not flexible enough for real-world applications. One of the issues is that they cannot
handle large-scale points distributed by different probability laws, which is the main characteristics of the
real-world problems. For instance, the postal system relies on continuous approximations of tour length to
partition the service territory [37]. Based on this motivation, this report studies the asymptotic analysis of
this family of problems.

There is a long history of studies on asymptotic and probabilistic bounds over various graph structures.
These works study many graph structures over Euclidean points in the context of the Beardwood-Halton-
Hammersley (BHH) theorem and its extensions. This theorem is originally stated in [12] and later further
developed by Steele in [72]. Instead of finding the optimal (shortest) tour length over random sample
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points embedded in Euclidean spaces, our goal of finding optimal (shortest) cumulative tour lengths adds
an additional problem characteristic that compounds its difficulty.

This report is primarily concerned with the asymptotic behavior of both the Cumulative Travelling Sales-
man Problem (CTSP) and the Cumulative Capacitated Vehicle Routing Problem (CCVRP). We perform the
analysis in the Euclidean plane, where points are uniformly and non-uniformly distributed respectively. We
also describe the impact of vehicle capacities on the final cost. Furthermore, we extend our analysis to
the case where multiple vehicles are involved, and we explore how coordinated service can affect the final
solution. Finally, we demonstrate a practical application of our cumulative model by using the CTSP and
CCVRP to predict the total waiting cost of a population, even when we only have access to a subset of the
data. This application highlights the potential of our models to address real-world optimization problems,
where incomplete information is often a significant challenge.
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2 Literature Review

2.1 Research on TSP

The traveling salesman problem (TSP) is one of the most famous NP-hard combinatorial optimizations prob-
lems, which has captured the attention of mathematicians and computer scientists. There are many prac-
tical applications for this problem such as printed circuit board design [4], X-Ray Crystallography [17], Over-
hauling Gas Turbine Engines [61], the Order-Picking Problem in Warehouses [63], Computer Wiring [64],
Vehicle Routing [11], Mask Plotting in PCB Production [33], control robots [49] and so on. This problem’s
statement is very simple: there are n cities on a map, a salesman wants to start from a home city, visit all the
other cites exactly once, and come back to the home city, with the minimum amount of distance travelled.

One of the earliest studies on the TSP was conducted by Held and Karp [44]. They proposed an integer
linear programming formulation for this problem and demonstrated its effectiveness through numerical
experiments on various benchmark instances. They also proposed a dynamic programming algorithm that
could optimally solve small instances of the problem. However, finding exact solution for large instances
is infeasible due to its computational complexity. Therefore, researchers have turned to heuristics for TSP.
These algorithms depend on an initial starting solution, and although they may not find the optimal so-
lution, they can often find high-quality “sub-optimal” solutions much faster than exact approaches. One
of the most widely used heuristic algorithms for the TSP is the Lin-Kernighan algorithm, developed by Lin
and Kernighan [50]. Other approaches include genetic algorithms proposed by Grefenstette et al. [42], a
hybrid heuristic algorithm combining genetic algorithms and local search techniques proposed by Bektas
and Laporte [13], simulated annealing introduced by Aarts, Korst, and Laarhoven [1], tabu search used by
Fiechter [35], and an effective evolutionary algorithm proposed by Nagata [55].

In many applications, assuming a probability distribution on the sample points of the graph offers in-
sights. There is a long history of studies on asymptotic bounds over various graph structures. One of the
famous studies is the Beardwood-Halton-Hammersley (BHH) theorem and its extensions [12]. This analysis
is to develop an effective approximation of the tour cost with a small computational price. Many graph
structures over Eucilidean sample points have been studied in the context of BHH theorem.

2.2 Research on Cumulative TSP (CTSP)

The Time-Dependent Traveling Salesman Problem (TDTSP) is one of the most well-known variants of TSP.
Givenagraph G = (V,A)where V ={1,2,...,n}and A = {(4,j) : 4,5 = 1,...,n,i # j}, this problem
tries to find a minimum cost Hamiltonian circuit, where arc costs depend on its position in the tour [41].

One of the special case of TDTSP is called the Cumulative Traveling Salesman Problem (CTSP) also known
as the traveling delivery problem [39], the The Traveling Repairman Problem (TRP) [54, 2, 9, 38], and the
the Minimum Latency Problem (MLP) [7, 8, 18, 40, 70]. Its goal is to find a path, initiated at the depot
and visiting every customer exactly once, such that the sum of the times required to reach every customer,
along the path, is minimal.
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Such problems are often used when a fairness criterion about visiting clients needs to be enforced. One
of the application is delivering pizzas, which requires that the total time to visit all customers be minimal
[36]. This problem can also be used in the area of computer networks [9]. Simchi-Levi and Berman [69]
show how to use this problem to find the routing of automated guided vehicles through cells in a flexible
manufacturing system. Arora and Karakostas[8] applied this problem in disk-head scheduling. However,
even CTSP is a variant of TSP, it is an NP-hard problem and much harder to solve and approximate [18].

The CTSP problem is similar to TSP, and many different mathematical programming formulations have
been proposed. Fischetti, Laporte, and Martello [36] used Integer Linear Programming to solve it. Méndez-
Diéaz, Zabala, and Lucena [54] exploited connections between TDP and the Linear Ordering Problem (LOP).
Wu [76] used a dynamic programming algorithm to solve it, and Branch-and-Bound algorithm, which is used
in TSP, can still be used to solve this problem [77]. However, due to the NP-hardness of this problem, all the
approaches above cannot be used to solve medium- and large-scale instances.

Due to the NP-hardness of CTSP, researchers have turned to heuristic algorithms to obtain more tractable
time complexity guarantees. Some promising approaches have been proposed. Dewilde et al.[31] described
a tabu search algorithm with multiple neighborhoods that can quickly generate high-quality solutions. Be-
raldi et al.[14] formulated the problem via a non-linear model and used a beam search heuristic to solve
it heuristically. Bruni, Beraldi, and Khodaparasti[20] presented a new heuristic based on General Variable
Neighborhood Search that combines multiple neighborhoods in an effective way, outperforming previous
heuristics in experiments. Salehipour et al.[68] developed a new approach called GRASP+VND/VNS, a multi-
start method that consists of a greedy randomized construction phase and a variable neighborhood descent
or search improvement phase in each iteration.

The Vehicle Routing Problem (VRP), a classic combinatorial optimization problem introduced by Dantzig and
Ramser[30], has practical applications in resource allocation for electric power distribution [78], pharma-
ceutical distribution [47], and waste collection [62].

By considering additional constraints on route constructions, different Vehicle Routing Problems (VRPs)
have been formulated. One of the practical and central variants is the Capacitated Vehicle Routing Problem
(CVRP), which aims to design vehicle routes from a depot to a set of geographically-scattered customers,
with capacity limit constraints. This problem’s objective is to minimize the total travel cost. In such case,
some customers may be served later than others, which may (in some contexts) violate equity and fairness
[32]. To better reflect priorities and to ensure equity and fairness, it has been argued that the waiting time
of a service system from the customer’s point of view should be considered [21]. Based on this need, a new
variant of the classical CVRP, the cumulative capacitated vehicle routing problem (CCVRP), has arisen.

The CCVRP was first introduced by Ngueveu, Prins, and Wolfler Calvo [58]. In contrast to the traditional
VRP, whose objective function is cost-based, CCVRP’s objective goal can be viewed as service-based. Its
aims to minimize the sum of arrival times at all intermediate customers. Campbell, Vandenbussche, and
Hermann [21] states that the CCVRP’s and traditional VRP’s optimal solutions are significantly different.

Ngueveu, Prins, and Wolfler Calvo [58] presented a mathematical model based on a cumulative vehicle
routing problem with time windows [45] and developed a memetic algorithm (MA) as a solution method
[58]. Itis assessed using instance whose size range from 50 to 199 nodes. Rivera, Murat Afsar, and Prins [67]
used mixed integer linear programs, a flow-based model and a set partitioning model for small instances
with 20 sites. Their exact algorithm outperforms a commercial MIP solver on small instances and can solve
cases with 40 sites to optimality. Mattos Ribeiro and Laporte [53] proposed an Adaptive Large Neighbor-
hood Search (ALNS) for this problem. Chen, Dong, and Niu [25] provided a comparison with MA and ALNS.
They showed that ALNS outperformed MA in terms of computational time and quality of the solution. Later,
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Ke and Feng [46] developed a two-phase metaheuristic and its result is better than MA and ALNS. In 2014,
Lysgaard and Wghlk [52] investigated the first exact algorithm for the CCVRP based on Branch-and-cut-and-
price procedure (BCP). This algorithm is capable of solving instances with up to 150 customers in reasonable
computational time.

When one has multiple depots for this cumulative routing problem, Rivera, Murat Afsar, and Prins [67]
transformed it into a resource-constrained shortest path problem where each node corresponds to one
trip and the sites to visit become resources. This transferred problem can be solved via an adaptation of
Bellman-Ford algorithm to a directed acyclic graph with resource constraints and a cumulative objective
function. Rivera, Afsar, and Prins [66] compared a mixed integer linear program (MILP), a dominance rule,
and a hybrid metaheuristic: a multi-start iterated local search (MS-ILS) calling a variable neighborhood
descent with O(1) move evaluations. On three sets of instances, MS-ILS obtains good solutions.

2.4 Research on continuous approximation models

There exist numerous discrete models for routing problems which have also been developed to address
issues at the operational level in both deterministic and stochastic environments [10, 27, 48]. However,
there exist many drawbacks. First, they generally have a relatively complex formulation structure that may
hinder one’s understanding of problem properties and managerial insights [5]. Often, the routing problems
belong to the class of NP-hard problems, and hence solving large-scale instances would require enormous
computational efforts, which likely increase exponentially with the problem instance size. Hence, it is not
practical to solve large-scale logistics problems to optimality. All of this drawbacks are compounded further
when we need to make decisions in stochastic, time-varying, competitive and coupled environment.

The continuous approximation paradigm was proposed as a means of partially addressing the preced-
ing challenges. Continous approximation approaches were first proposed by Newell[56] and Newell [57]. It
features continuous representations of input data and decision variables as density functions over time and
space, and the key idea is to approximate the objective into a functional (e.g. and integral) of localized func-
tions that can be optimized by relatively simple analytical operations. Each localized function approximates
the cost structure of a local neighborhood with nearly homogeneous settings. Such homogeneous ap-
proximations enable mapping otherwise high-dimensional decision variables into a low-dimensional space,
which allows the optimal design for this neighborhood to be obtained with simple calculus, even when spa-
tial stochastic, temporal dynamics and other operational complexities are present.

One of the famous applications of continuous approximations is in routing problem, which determines
the most economic routes for vehicles to deliver or pickup commodities or people across a continuous
space. Inrouting problems, one of the most famous such theorems is the aforementioned BHH theorem[12].
It states that when the number of customer points approaches infinity on a compact area, the optimal tour
length can be approximated by a simple analytic expression.

TSP(TL) ~ kTSPV An

where k1gp is a constant, whose value is determined by the distance metric (typically Euclidean).

It is known that in practice, the BHH theorem result underestimates the tour length when the area is
an elongated shape [29]. In order to address this issue, Daganzo [29] introduced a strip strategy method,
which can efficiently compute the optimal tour length in different shapes. These two methods [12, 29] gave
rise to several extensions. Later, Webb [74], Christofides and Eilon [26] [34] introduced the approximation
to length of capacitated vehicle routing problem, which shows that the length is related to three terms:
capacity, number of customers, and the average distance between the customers and the depot and area.
Daganzo [28] shows when the depot is not necessarily located in the area that contains the customers, the
tour length admits the following approximation:
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.
CVRP(N) ~ 2 4 kovrpVnA
C

Where 7 represent the average distance between the customers, ¢ corresponds to the capacity limit
per vehicle, and A is the area.

Results of this kind inspired many subsequent studies. For example, Rifki et al. [65] focused on an
asymptotic approximation of the traveling salesman problem with uniform non-overlapping time windows.
Instead of visiting all points, Aldous and Krikun [3] formalized the idea of minimum average edge-length in
a path linking some infinite subset of points of a Poisson process.

Based on the literature review, we conclude that both CTSP and CCVRP have been extensively studied,
but have not yet been analyzed from the continuous approximation perspective. In this paper, we try to
connect the bridge between both and fill the gap.
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3 Problem Statement

3.1 Problem Assumption

We begin with the following assumptions about our four problems of interest, the Cumulative TSP (CTSP),
the Cumulative Capacitated VRP (CCVRP) and their generalizations, which are the multiple Vehicle Cumu-
lative TSP (m-CTSP) and the multiple vehicle Cumulative Capacitated VRP (m-CCVRP) respectively:

e The travel speed is a constant, which is proportional to the distance between points. Therefore,
“distance” and “time” are essentially interchangeable.

e Regarding the Cumulative Capacitated Vehicle Routing Problem (CCVRP), we restrict our analysis to
the scenario where a single vehicle is available, and it must periodically return to the depot as a result
of its capacity constraints. It should be noted that the generalized version of CTSP and CCVRP will not
be subject to this assumption.

3.2 Notation

The notational conventions for this report are summarized in table 3.1. We will also make use of some
standard conventions in asymptotic analysis:

e We say that f(x) € O(g(z)) if there exists a constant ¢ and a value zg such that f(z) < ¢ g(x) for
all x > xg.

e We say that f(z) € Q(g(x)) if there exists a constant ¢ and a value x( such that f(z) > ¢ - g(x) for
all x > x¢, and

e Wessay that f(x) ~ g(z) if lim f(z)/g(z) = 1.

T—00

and we also make the following definition:

s

Definition 3.2.1. Let ¢(z) = ) 7/, a;1(x € [J;) be a step density function with compact support R such
thata; > --- > as and a;Area(d);) = % for all i (so that Area(R) = 1). Define ¥ : R — R? be the union of
all W;, where {W; : [; — [0|W;(y) = /a;y + &} & is chosen to make:

e Each [/ disjoint;
o Area([)) = 1 for all i;

e Points in I, are uniform distribution.
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1{E}
¢

f
TSP(X1, ..., Xn)

Table 3.1: Notational Conventions

An area that customers showing up having Area(R) = A
Number of clientsin R

Depot

i'th customer where X; %% P, i = {1,...,n}

Each vehicle’s capacity

Euclidean distance between customer 7 and customer j
Euclidean distance between customer ¢ and depot

Average euclidean distance between customers and depot over all n customers
A rectangle in R?

Indicator function of event

A step density function defined on R

An absolutely continuous probability distribution defined on R
Length of shortest TSP tour that visits all n points

VRP(X1,...,X,;0) Length of shortest VRP tour that visits all n points with vehicle capacity ¢
L(X1,...,Xpn;pn) length of the shortest tour that visits pn out of all n points, where p € (0, 1)
CumL(Xy,...,X,) Length of the shortest cumulative TSP tour that visits all n points
CumL(Xy,...,Xn;c) Length of the shortest cumulative VRP tour that visits all n points
with vehicle capacity ¢
CumL(m; X1,...,X,) | Length of the shortest cumulative TSP tour that visits all n points
using m different vehicles
CumL(m; X1,...,X,;¢) | Length of the shortest cumulative VRP tour that visits all n points
with vehicle capacity c using m different vehicles.
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4 Preliminaries

This section consists of preliminary results that we will make of in our subsequent analysis; the first com-
ponent consists of both well-known results (such as the Borel-Cantelli lemma or Stirling’s approximation),
or routine technical exercises such as application of the union bound or Cavalieri’s principle. The second
component deals with results that are particularly relevant to the capacitated VRP.

4.1 General preliminary results

Theorem 1 is the famous Beardwood-Halton-Hammersley (BHH) [12] theorem.

Theorem 1 (BHH theorem). There is a constant 3, such that, for almost any sequence of independent vari-
ables { X;} sampled from an absolutely continuous density f on R? with compact support, we have

. TSP(X1,...,X,) _ (d—1)/d
A g D /Rd Pl dx

with probability one.
For d = 2, although the exact 35 is unknown, numerical computations suggest 35 ~ 0.714 [6].

Lemma 2 (Borel-Cantelli). Let { E,,} be a sequence of events in a sample space. Thenif >~ | Pr(E,) < oo,
we have

Pr(E,, occurs infinitely often) = 0

which is equivalent to

Pr(limsup E,,) = Pr(Ny2 Upe_,, Er) =0

n—oo

Lemma 3 (Approximation with a step function). Let f be a probability density function with compact support
R C R? whose level sets have Lebesgue measure zero. Define

P() = Pr(f(X) < f(2)) = /Q f(a)da!
o' f(2) < (x)

]

For any e > 0, there exists a step density function ¢(x) := 2%1 a;1(z € [J;) and corresponding

M(x) = Pr(&(X) < 6(x)) = /L o(a)da
2:6(2) 20 (x)

such that the following conditions hold:
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1 [ lé(@) — f(2)ld < e
2 [UP(X) > p) - I(II(X)) > p)| <€ VzeR,

3. All of the components of ¢ have the same mass, i.e. a;Area(lJ;) = 1/s.

Proof. Eventhough the level sets having measure zero is not necessary, in order to keep notation consistent,
we keep it (this requirement is violated when f is a uniform distribution, which is our base case for all of
the instances in this paper). For a large integer ¢, define contour sets S; = {x : (i — 1)/q < P(x) <i/q}.
For each S;, we can approximate the restriction of f to S; (i.e., f(z)1(z € S;)) to arbitrary precision € by a
step function ;(x) = Zj aij]l{:c IS Dij} (This is the classical result of measure theory, see e.g., Theorem
2.4 (i) of [73], i.e., step functions are dense in ! (Rd)). Based on the claim shown in Appendix, for all 7 and
7, we can assume without loss of generality that

e [;; C S;foralliand j (i.e., the support of 1); is contained in S;),
* a;j < ag41)y foralli, jand 5,
e all a;; and Area([];;) are rational, and

i fiwi:fgile/q

Givehany e > 0,wesetg = [1/€'] and € = €/q in the above construction. The function ¢ := "7, ¢;
is therefore a step density approximation of f whose aggregate error over R is at most €, so condition 1 is

. . . reon .. . . . .
satisfied. If we define IT'(z) = fxfzw(z/)gw(x) ¢(z)dz, then condition 2 is satisfied as well (using triangular
inequality and add subtract IT').

For ease of notation, we now re-index all of the components of v (i.e., we disregard the fact that 1
decomposes into a sum of 1;’s) so that we simply have ¢(z) = . b;1(z € [J;), where b; and Area([;)
are rational. If we take § to be the lowest common denominator over all b;Area([-J;), then we can write
bjArea(l];) = z;0, with z; a positive integer. To satisfy the last condition, all that remains is to decompose
each []; into z; pieces of equal area, and let ¢ denote the step function resulting thereof, which completes

the proof. ]

Lemma 4 (Super- and sub-additivity of the TSP). Let R C R? be a compact Lebesgue measurable set,
partitioned into pieces P, . . ., P.,, whose common boundaries have finite length. There exists a constant
C that depends only on the partition such that, for any set of points X = X1, ..., X,, C R, we have:

i=1

—C+) TSP(XNP;) S TSP(X) < C+ ) (s:a(x NP;)
=1

Proof. The proof is shown in Lemma 2.3.1 of [71]. O

Lemmas. Let f : R — R be a real-valued function and let B 4(r) C R? be a ball of radius r centered about
the origin. We have

/{M £l [dx = /(sd_mt)f(t)dt

Where S;_1(t) is the surface area of a (d — 1)-sphere of radius t, which is given by
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27Td/2

Sd—l(t) = F(d/2)

d—1

Lemma 6. The volume of a d-dimensional ball of radius r is %

Lemma 7 (Stirling’s formula). The gamma function T'(z) satisfies logT'(z + 1) = zlogz — x + 3 logx +
$log2+ logm + O(2) as z — oo.

Lemma 8. Let [ > 0 and let D C R denote the set of all n-tuple (ui, ..., u,) of points in R? such that
Z%l || u; ||< I. The volume of D, Vol(D), satisfies

Vol(D) = 22 \"_ D) 14n (4.1)
- T(d/2)) T(dn+1) '
For d = 2, this equation reduces to
(27i?)"
Vol(D) =
°l(P) = "5,

Proof. This proof is straightforward:

Vol(D) =/ / / 1duidus...du,
Ba(l) /RBa(l~[lunl) Ba(l=3"7 o llus)

=2

and apply Theorem 5. ]

Corollary 8.1. Let! > 0.and D' C R pe the set of all n-tuples (x1,...,X,) Of points in R? such that
| x1 || + Z%Q || x; — x;—1 ||< l. The volume of D', Vol(D') satisfies

d/2 " n
VOI(D/) _ 27 ) F<d) . ldn

I'(d/2) I(dn+1)
Proof. Apply Cavalieri’s principle to Theorem 8. O]
Lemma 9. Let X be the origin in R% and let X1, . .., X,, be a collection of independent, uniform samples

drawn from a region R of unit volume in R%. Then

2md/2 r(d)"
Pr(TSP(Xo, X1,...,X,) <1)<T 1)- [dn
rTSP(Xo, X1, Xn) <) < T(n+1) F(d/2)> T(dn+1)
For d = 2, this inequality reduces to
(27"
Pr(TSP(Xo, X1,...,X,) <1) <nl!
r( ( 0,21, ) )_ )_n (2”)'
—p, Pacific
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Proof. We can regard the samples X1, ..., X,, as being a single sample drawn uniformly from R%". Using
Corollary 8.1, it is easy to see that the probability || X; || + Z%Q | Xi — Xi—1 ||< [ should be equal to

<§&d/;)>zrr(d)n -1, Since Vol(D' N 'R™)< Vol(D'), the formllation becomes:

(dn+1)

Pr<||X1||+ZGX¢—X“||§l>§ d )F (@) yan

P I'(d/2) (dn+1)
Finally, we note that there exist n! = I'(n + 1) different permutations of X7, ..., X,,, which we multiply
by the right-hand side of the above. ]
Theorem 10 (Uniform sparse subset TSP). Let X1, ..., X, be independent uniform samples drawn from a

region of area A in R%. Let L(X, ..., X,; pn) denote the length of the shortest tour that visits pn of the
points X1, ..., X,, for fixed 0 < p < 1. We have

L(X1,.. . X
fim jnf 20 Xnipn) >\ VA
n—o00 p\/ﬁ

with probability one, where \; = 0.2935.

Proof. Let E,, be the event that L(X1, ..., X,; pn) < bpv An for fixed b. Using Theorem 9 we have:

(bpv/ An)?Ien]

n ard/2 \ "1 pgylon]
Prifn) < (w)((“’“ T r(d/2>) T(dlpn] + 1)

Here, ((p%) represent the number of possible subsets choosing [ pn] points from n. Since we are only

interested in the case d = 2 in this paper, the above equation reduces to

or \ P! F(Q)fpvﬂ -
i+ (55) gty oA
([pn] +1)

(2[pn] +1)

() < ()

- (m%)

< n > n! B I'(n+1)
[pn] [pn]!(n = [pn])!  T([pn] + 1)I'(n — [pn] +1)
Combining it into the above equation, we can get:

(27b%p? An) [P

Since

F(n+ 1) F([pr{l + 1) 0202 An [pn]
PE) < B + )00 = o] 1) T2lpn] 1) 70 AN
= L(n+1) (2mb%p? An) [pn]

- T@2[pn] + DT(n — [pn] +1)

Itis easy toverifythatI'(z+1) < T'([z]+1) < T((x+1)+1) = (z+1)I'(z+1) < (x+1)I([z]+1).
The above formulation becomes:

(n—pn)I'(n+1)
PrED) < Sapm + )T (n —pn+ 1)

Taking log of both sides and applying Theorem 7, we have:

(27b%p? An)P"]
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log Pr(E,) < (plog(l —p) + 2plogb — plog2 + plogm + plog A — log(1 — p) + p)n

1 1 1 1 1
- §logp+ §1ogn+§log(1—p) —log2— §log7r+(9(ﬁ)

Since n dominates in the above formulation, when n — oo, if we want log Pr(E,,) — —oo, we should
require that its coefficient be negative, i.e.:

plog(l —p) + 2plogb — plog2 + plogm + plog A —log(1 —p) +p <0
1

log(1 —p) +2logb —log2+logm +log A — —log(1 —p)+1<0
p

1-— 2
log b? < =P —log(1 —p) +log — Tire

b<\/$ (1 —p)=p)/p

This is a convex function and increasing in p € (0, 1), so we can get:

lim \/@ (1—p)t-p/p > V2 A”>02935\/_ MVA

p—0t
This guarantees that > > | Pr(E,,) < oo because Pr(E,,) < a~" for some a > 1. Applying Theorem 2,
we get:

L(Xy,...,Xn;pn)
PV An

with probability one, which completes the proof. ]

A1 < lim inf
n—oo

Corollary 10.1. (Tour length in a subset with uniform demand) Let X ..., X,, be independent uniform sam-
ples drawn from a compact region R C R? with area A and let S C ‘R with Area(S) = q. Then

.. L(Xq,.. .., X, NS;pn) WA ifp<g
lim inf >
i v/

otherwise

where A\ = 0.2935.

Proof. If p > g, then the Law of Large Numbers shows that | X1,..., X,, N S|/n — gasn — oo with
probability one, so L(X7, ..., X,, N'S; pn) does not exist.
If p < g, it is obvious that

L(Xy,...,X,NS;pn) > L(Xy,...,Xn;pn)

Now we apply Theorem 10 to conclude the proof. ]
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*.Southwest 20

Region UTC
LA University Transportation Center



Continuous Approximation Models with Temporal Constraints and Objectives

4.2 Preliminaries related to the CVRP

This section presents some preliminary results that are necessary for our analysis of the Cumulative Capac-
itated VRP (CCVRP). They are fairly standard, albeit lengthy, and are merely a probabilistic limiting interpre-
tation of a seminal result due to [43]:

Theorem 11([43]). Let{X},..., X,,} be a set of customers (points in a Euclidean Plane). The optimal length
of the shortest tour that visits all these n points with the vehicle capacity c, written as VRP* (X1, ..., X,; ¢),
satisfies the following:

2 1
max{ 2T, TSP(X1, . .., Xn)} < VRP*(X1, ..., Xni¢) < 2{21?+ (1— )TSP(X1, ..., Xy)
C C

The purpose of this section is to apply Theorem 11 to randomly distributed demand in order to discern
its asymptotic behavior. The upper and lower bounds of interest are as follows:

Claim 1. Let f(x) be a density function with compact support R C R2. Consider a VRP with capacities ¢
that vary relative to n via the relationship ¢ = k./n. We have

tim sup YRP L Ko hen/1) /R(wz\ﬁf(x) + o @]}z
re

n—o0 \/ﬁ

and

i RO i o) 4 R((ﬁﬂ/f@:) + o f@)e])dz
Te

Proof. See Section 4 of [24]. Note that the upper and lower bounds are within a factor of 2 of one another.
O

4.2.1 Sparse Subset Vehicle Routing Problem (SSVRP)

For this section, we let VRP( X7, . . ., X;,; ¢; pn) denote the length of the shortest tour that visits pn of points
from X1, ..., X, with capacity limit c. To save wear and tear on floors and ceilings, when pn is non-integer,
we round it up.

Theorem 12 (Tour length from a step density). Let ¢(z) = >
with compact support R such that a; > --- > as and a;Areq(L);) = % for all i (so that Area(R) = 1).

sél a;1(x € [J;) be a step density function
Consider capacity ¢ = k.+/n. For all fixed 0 < p < 1, we have:

.. JVRP(Xq,...,Xp; ke/n; 1 2
ot O B 2L Oy ) 4 ool 1N ) 2 s
TER
with probability one, where
N =priv() <o) = [ ol
vz v(zx)
and
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) = /R(Au/f(a:) + 2 o(a) folads

Proof. Let m = pn, so that we have two cases:

1. m < key/n: If this is the case, this problem immediately becomes solvable as a Sparse Subset TSP
problem because of the triangle inequality. Since we are taking about n — oo, we can pay attention
to the second case.

2. m > k.y/n: Under this case, we have:
VRP(X1,..., Xn;key/nym) = |fqr|1in VRP(S; key/1)
= min ), CRP(S NLi; ke/n)

|S|=m ;=1
P(S N s kev/1; ¢;)

S
= min \Y
qeQ z;

where q is a vector denoting the number of points from each [J; that are selected:

S
Qz{qéZT:Z(,-:m, ¢ <|SN0, Vi)
i=1

Combined with Theorem 11, we can get:

liminf VRP(X1, ..., Xy key/nym) = liminf min Y ¥RP(S NL;; kev/n; gi)

S

> lim inf min ax{TSP(S N;, ¢;), —2~ r
S

= lim inf min 3> fax{TSP(S N, ¢i). 224 sr, )

n—oo qeQ i=1
s

> 1 . . ) . 2qZ T
> l%nnigf érélg Z; ax{TSP(S N ;, @), _kc\/ﬁrml}

S
> l . . . ) . 2q; — .
> 5 hgn inf gélél(ifl TSP(S N0, i) + izgl kc\/ﬁrmz)

where 7, is the average distance to depot for [J; and Fsnm, is the average distance to depot for
those picked point within [J;. Using Definition 3.2.1, we can reconstruct:

1
TSP(S' N[}

TSP(S N Di) =
V@

for all subset S and points in each [;, Vi follows uniform distribution. It is easy to get:
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S S
min ) TSP(SNL[l;q;) = min
quz; ( ’ qZ) qui:z:I

S

> min .

F=TSP(S" N T )

Ke=TSP(S" N )

qeQi=1
S
. 2q,L — . .
min TE, > min ) io
q€Q Fe/n qeqQi=1 hev/n =

ticular tel[sus that 0 < t —¢£(t) < efor all t. The set Q is the image of (|n&(q1/n)], ..., [n&(gs/n)])

Where Q js a “lower bounding set ” of Q defined as follows: fix e and let {(t) = €[t /], which in par-
for all feaf:ble vectors q € Q. The detail is shown in [22].

Combined with the result in corollary 10.1, we can get:

S S
. . . 1 / /" ~ > . . . 1 1 ,.. ~
hnniloréf gél(% l; \/ETSP(S N q) > hnrr_1>1£f gél(% Z; \/aTvTSP(S NEY; )
S
> min liminf

tepAs—l n—oo 3

1 l /(4.
\/afiTSP(S NLY; (i — e)n)

S ~ S
lim sup min ) ﬁ%?gi > liminfmin ) &
n—oo geQi=1 ° N0 geQi=1 ¢

S
> min liminf ) (i Oving
tepAs—t nm—oo ;o

It is easy to show that g; > (t; — e)nby g; = [ne| || andt =t; = ¢;/nin 0 <t — £(t) < e. Now
by corollary 10.1, we have

AL Ul i—e€) ift;—e<1
liminf 2P Ot —n)  JHalti—e) ifti—e<1/s
e vn otherwise

and so ultimately, as this is a minimization problem, we can bound it below in terms of the fraction
of points in each cell:

i=1 n i=1
st St=p (4.2)
i=1
0<t;<1/s Vi

For clarity, we can rewrite the objective function as

LA 2V

2 i=1 Vai ke
By monotonicity, it is easy to see that the optimal solution is achieved by setting t; = -+ = || =

1/sandtr,s) = p—|ps]/s (see e.g. exercises 4.8(e) of Boyd [19]). We can disregard the ¢ ,,,| term for

notational convenience and use the fact that = € UZLflJ J; if and only if N(x) > |ps|/s. Therefore,
the objective function of eq. (4.2) is at least
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P 2100 = Y 3Gk + 52 - e 5 (a4 2
> %[\/sﬁLsz +22?)—€Z(/\%+m)]
— %%f 2) > p)dz+ 2 f(;@ 2)||zl|2L(N () > p)dz)
—5vn(Ais J(m - [ f(a)|z]lsdz)
i (E) el NN (@) > p)do
R

3

= f(/\lsx/% + k—c<f>(3«“)||9b‘||2)dﬂC

which completes the proof.
O

Theorem 13 (Tour length from a general distribution). Let f, R be as in the notational conventions. The
capacity satisfies ¢ = k./n With probability one, we have

g Ve i o) ; 4 <A1\/1(<x> + @l 1(Y (@) = )z
where
T(x) = Pr(v(X) < v(x)) = /Q
and

_ /Tgm/l((x) + k%f(ﬂﬁ)llxllzdﬂi
xe

Proof. Let ¢ be the approximation of f from theorem 12. By a standard coupling argument (for example
the -y coupling of [51]), there is a joint distribution for random variables (X, Y) such that X has density f,
Y has density ¢ and then Pr(X # Y') < e for any e. We have

VRP(X1,..., Xn;keyv/nspn) > L(Xy, ..., Xy 0 Xi = Yiskey/n;pn)
=VRP(Y1,...,Y, : Xi = Yi; key/ni; pn)
> VRP(Y1,...,Yp;key/nspn) — VRP(Y1, ..., Yy : X; # Yiskey/n;pn) — O(1)

2 1
VRP(Y1,...,Y, : X; # Yiskeyv/n;pn) < [pvn] 7T+ (1— : \/E)TSP(YL oo Y Xy # Y ke/n; pn)
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Since the convergence result in [75] is almost surely for TSP(Y1,. ..,

Y, : X; # Yiikey/n;pn), we

have
lim sup TSP(Y1,...,Y, : X; # Yi;key/n;pn) < ag\/Area(R)epn
s Jn Jn
Combining them, we get:
lim inf VBP0 Xnskey/mipn) - i o0 e VRP(Y- ,Yn,kc\f,pn) _ VRP(Yi1,....Yn:X;#Yskey/nipn)
n—00 Vvn - 1n—>oo vn
> 3 R J (Aol + e o(@)|z[2)1(N(z) > p)dz
e
(2}57‘“"’ (1-— ﬁﬁ)ag Area(R)epn) (
= >\ [ Vé(x)L(N(z) > p)dx — (1 — cf) 2 Area(R)ep)(
:CER
+r [ o@)lzl21(N(x) > p)dz — 2ep7> <
TER
(4.3)
We can select our approximation Y, IV arbitrarily closely so that
¢ =max|L(Y = p) — L(N = p) !+f£¢ fldz
> [S|L(Y > p) — LN > p)|+ [ (&~ fIL(T > p)
> [[oIL(N > p) — ¢L(T > p) + 4L(T > p) — f1(T > p)|
= [fo1(N > p) — f1(Y > p)|
and furthermore, we ha
Area(R)pe > [/JPIN = p) — JL(X = p)| > | [(/SLN = p) — [ (/FL(P = p)
=  [VFLUN >p) = [H/AUY >p) — \/peArea(R)
epr > [N > p) — fL(Y > p)l[|z]l2
= [oL(N =p)lzl2 = [PLUY = p)llzll2 — epT
Therefore, we ultimately find that
>‘21 Vo(x)L(N(z) > p)dx — (1 m)ag Area(R)ep
xE’R
> A fR V@)L (z) > p)dx — peArea(R)) (1— kci/ﬁ)ag Area(R)ep
FAS
A 1
= A x) > p)dr — 2Ly Area(R)ep
A )2 )= (5 + (1= ) /Area(R)
(%)
J{o@)||z[2L(N(z) > p)dx — 2
S
> [Lf(@)L(Y(z) = p)llzll2dz — epT — 2epT
S
= JLf(@) (Y (z) = p)||z|l2dz — 3epT
= ~—~—
(%)
Where (*) and (**) shrink to 0 by choosing sufficiently small values of ¢.
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Putting them into eq. (4.3), we have

hnnl)iggf VRP(X1,...\,/)%n;kc\/ﬁ;pn) _ % (M/f(z) + k%f(x)\lxllz)]l(”f(w) > p)dz
TER

which completes the proof.
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5 Analysis of the Cumulative TSP when n — oo

This chapter presents a comprehensive probabilistic analysis on the upper and lower bounds for the Cu-
mulative TSP where the number of points tends to infinity. The analysis begins by considering uniform
distributions, followed by non-uniform distributions. The objective of this analysis is to provide a thorough
understanding of the behavior of the bounds and their relationship to the distribution of the points, which
is a crucial step towards the development of efficient algorithms for large-scale problems. The results of
this analysis have significant implications for a range of applications, from logistics and transportation to
network optimization and facility location.

5.1 The “most dense to Least dense” Rule Explained

In analyzing the non-uniform case of CTSP, we will repeatedly refer to a routing strategy that we call the
“most dense to least dense”. It proceeds as follows:

From Theorem 3, we know that step density function ¢ can be used as the approximation of f, due to
a standard coupling argument. Define ¥ : R — RR? be the union of all ¥;, where {¥; : [J; — LW (y) =
Vaiy + &} & is chosen to make:

e Each [J] disjoint;
o Area([)) = 1 for all i;
e Points in I, are uniform distribution;

The rule is shown in Figure 5.1. The idea is that the tour should start in the darkest (i.e., densest and
smallest) areas to lighter (larger and sparser) areas.

Compared to the traditional TSP problem, this assumption is a strong one, which is decided by the
different objective functions.

n n
TSP: min Z Z Cinij
i=1j=1
n n
CTSP: min Y ZCZ']'Y;']‘
i=1j=1
Where

X , if the repairman travels arc (i, j)
/ , otherwise

Vi — — k + 1, if arc (i, j) appears in position k on the Hamiltonian tour
“ , if arc (i, j) is not used
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/

<

)

N

(a) b} (c)

o} Ea Oy @5 Es op op [y 1o

(d)

Figure 5.1: Figure (a) shows a step function ¢ that presumably satisfies the conditions (darker - i.e., denser-
regions are smaller, reflecting the assumption that a;Area([];) = 1/s) for all ) (b) shows the TSP tour of a
collection of independent samples Y7, ..., Y, of ¢ whose length differs from that of a collection of tour
within each component (c) by a constant. (d) shows the rescaled component [} = W([J;) and the points
Y{,...,Y,)

While the TSP is order-invariant and allows for multiple optimal tours, the CTSP introduces the additional
constraint of time, with the cost of an arc depending on its position in the tour. As such, minimizing the
cost of the tour requires considering both arc costs and position, prioritizing the placement of arcs with
smaller costs earlier in the tour. In the context of continuous approximation formulas, the tour should be
constructed by traveling from the most dense to the least dense points.

5.2 Upper Bounds for CTSP

The upper bounding of the CTSP involves the key concept that the waiting time of each customer, repre-
sented by the distance travelled by the vehicle until it reaches the customer, should not exceed the waiting
time of the previously visited customer. This approach ensures an effective upper bounding strategy of the
CTSP, with each customer being visited within an appropriate time frame.
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i.i.d

5214 X, ~ U

Theorem 14 (Upper bound; Uniform CTSP). Let X1, ..., X,, be independent uniform samples drawn from
a region of R with area A in R?. We have

(5.1)

. CumL(Xl,...,Xn) Bg\/A
lim sup 3/2 <
n—o0 n 2

with probability one where 55 ~ 0.714.

Proof. The main objective of this proof is to establish a feasible solution for upper bounding the routing
problem, where the optimal value of the problem should not exceed this feasible solution. To achieve this,
we consider the TSP tour as a feasible tour, where the earlier position of a customer carries more weight
in the CTSP objective. Since the optimal starting point is unknown, we take each node as a starting node
and compute the average cost as the upper bound to avoid worst-case scenarios. The aggregate feasible
solution costs are presented in the table 5.1, demonstrating the effectiveness of this approach.

Starting Position Cumulative Tour Value
Starting at X3 nriy + (TL — 1)d12 + (n — 2)d23 + -+ d(nfl)n + 0dpo
Starting at X nro + (TL — 1)d23 + (n — 2)d34 + -+ +dp1 + 0di2

Starting at X, nry + (n - 1)dn1 + (n - 2)d12 + -+ d(nfg)(nfl) + Od(nfl)n

Table 5.1: Feasible Starting positions

Adding them together, we have:

nz [(n—1)+ (n—2)4---+0]TSP(X1,..., X,)

—nz TSP(Xl, LX)

As the minimum is smaller than the average, combined with Theorem 1, the upper bound will be:

Z T
. C’LLmL(Xl,,Xn) . T, € 1
1171gsolip 3 < llgszp ey + o™ 3/2TSP(X1, oy Xn)
ﬂzf mo B2vV/A
n—>oo \/> 2n
_ M
2
For the second line, as n — oo, ﬁ — 0and % — 0, which completes the proof. L]
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522 X, Zp

Theorem 15 (Upper bound; Step function CTSP). Let X1, ..., X,, be independent samples, where X follows
the step density function ¢(x) = Y}/ | a;1(z € [J;) with compact support R C R2suchthata; > --- > ag
and a;Area(l;) = L for all i (so thaf Area(R) = 1). Suppose that I1(z) is as defined in Lemma 3. We have

lim sup C’umL(,:l(;/,2. - < /82 /ix/ ) (z (5.2)

n—o0

with probability one where 5o ~ 0.714.

Proof. As in the uniform case, we begin by finding a feasible solution. For each [-J;, we can reconstruct [-;
to [} using a function 1;(x) = \/a;x + &; to make:

e Each [/ disjoint;
e Area(}) = L forall i;

e Points in I, are uniform distribution;

Basic scaling arguments tell us that TSP([J;) = \/%TSP(D;)
Since now each point in this area is uniformly distributed, we can apply the BHH theorem:

. TSP(E) \f\f_@ . 1 B
nh_}rgo NG = P2 B ;—?:>nh_>ngoTSP(Dz)—\/@TSP(DZ-)—S\/CTZ'

Since each [J; is related to a;, one of the possible ways to travel to all points is to follow “most dense
to least dense” rule, which merely means that we travel from ¢, . . ., [s. (From the definition of our step
function, the densest part of the distribution is equivalent to the smallest area [, which is [1;). Using
Theorem 4, for point X, € [1;, its waiting time should be less than or equal to :

TSP(Cy) + TSP(CJg) + - - - + TSP([ 6% Bav/n / Vo (x')da'
a’:p(x') ()

asn — oo.
Using the Law of Large Numbers,

1
X1, Xa N/ = = = [ X1y, X N = 2
S S

We find that, as n — oo, each set will have % points. Therefore, combining both terms together, we
can get the cumulative waiting time in each [J; for all 4:

e cumulative waiting time in [y < 2L((Jq)
e cumulative waiting time in [y < 2[L(EJy)+L(C2)].
o ...

e cumulative waiting time in [, < 2 [L(Cy) + - - - 4+L(0s)].
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Summing all entries, we find:

CumL(Xq,...,X,) < ZZ((DZ) =n ﬁZL(Bi)

and therefore, from our previous formulation, we have:

lim sup CumL(Xy,... X < 52/ o(x /( Vo(x')dz' dz
/ /)>¢(

n—00 77,3/2
= 52/ / od(x)\/ P(x')dx’ dx
z€ER J A :p(a") > ¢(x)

= B2 / o(x)\/ P(z')dxdz’
z'€R Jq:p(x)<p(z’)
_ B / @) f(:z:)dm) dz’
z'€R z’)
5 ||
'ER
5 ||
ER
which completes the proof. O
Theorem 16 (Upper bound; non-uniform CTSP). Let X1, ..., X,, be independent samples from a region of

R C R?, where X; follows the density function f, Vi. P(x) is as defined in Lemma 3. We have

lim CumL(Xy,..., X <52 /£ /—P (5.3)

n—00 n3/2

with probability one where 55 =~ 0.714.

Proof. The key point is the same as what we did in step density function: Theorem 15. Based on Theorem 3,
f can be approximated using ¢. Based on the “Most dense to Least dense ” Rule, for point z, the amount
of time he/she has to wait is:

/32\/5/ V f(a)da'
' f(x")>f(x)

When traveling all n points, the length is

Bgﬁ/ f(x) /(.f( . )\/f(m’)dx/dl‘
=PBav/n /( fx)\/ f(a))da'dx
z€R Ja:f(x")> f(x)

. Pacific
* . Southwest 31

Region UTC
LA University Transportation Center



Continuous Approximation Models with Temporal Constraints and Objectives

= Ndzdz'
Bov/ / - / Lo (I

5 [V T
sy [ _V{@Pa
b/ [ V[@P@)s

S

Each points’ traveling time should be less than or equal to the total tour length, so we get:

lim CumL(Xl’Q”"Xn) < B2 / Vf(@)P(z)d
xTe

n—00 n3/

which completes the proof. O

5.3 Lower Bound for CTSP

This section presents a lower bounding approach for the tour length of CTSP, which involves dividing the
optimal tour of n points into m consecutive sets and obtaining lower bounds for each point by considering
the shortest possible tour that visits n/m points out of n points to travel. The starting time for each set is
determined by adding the travelling time of all previous visited sets. By summing up the lower bounds for
each point, we can obtain a lower bound for the CTSP tour length.

531 X,y

Theorem 17 (Lower bound; Uniform CTSP). Let X1, ..., X, be independent uniform samples drawn from
a region of area R in R%. We have

n—00 n3/2
with probability one, where A1 = 0.2935.

Proof. Fixp € (0,1). Divide all n points into % sets. As introduced in Section 4, let L(X;,..., X,;pn)
denote the length of the shortest tour that visits pn points out of X1, ..., X,, Each customer’s waiting time
in the ith set should be at least (i —1) L(X1, ..., X,; pn). Since each set has pn points, then the cumulative
waiting time in this setis (i — 1)pnL(X1, ..., X,; pn). Based on this analysis, the total waiting time should
be at least:

1
P

CumL(Xy,...,X,) > Z<< — DpnL(Xy,...,X,;pn)
=1

1.1
= 5(5 — )nL(Xy,...,Xn;pn)

Applying Theorem 10, we see that

lim inf C’umL(i;l,z. s Xn) > %(1 —p)AVA
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This holds for all p, and %(1 — p)A1V/A increases as p decreases. The tightest lower bound will be
reached when we choose p — 0T. Therefore,

lim inf

n—00 n3/2
which completes the proof. O
532 X, AP
Theorem 18 (Lower bound; step function CTSP). Let X1, ..., X,, be independent samples, where X; follows

the density function ¢(x) = > i(, a;1(z € [J;) with compact support R such that a; > --- > as and
a;Area(l;) = L for all i (so that Area(R) = 1). II(x) is defined in Theorem 3. We have

n—o0 n3/2

lim inf CumL(Xy, ..., Xn) > A\ //gx/gé(x)ﬂ(x)dx

with probability one, where A1 = 0.2935.

Proof. For each [J;, using the same mapping procedure as shown in Section 5.1 to reconstruct L([J;) =
\/—%L(D;) Applying the same reasoning as in the uniform analysis, suppose that we want to visit pn points

S
out of n in total as cheaply as possible. Suppose we pick p;n points in each [ so that )" p; = p. Using the

i=1
result in Corollary 10.1, we see that

L(X1,..., Xn;pn) Z—L (B2 pin)

asn — oo, where L(LJ}; p;n) represents that picking p;n points from [,
It is straightforward to verify that the tightest lower bound can be achieved if we visit as many points as

possible in the denser part (where q; is large). Therefore, based on the Law of Large Numbers: | X7, ..., X,,N
& /n — % as n — 0o, the maximum number of points we can visit in each [-J; is 2
The optimal p; values that minimize the above expression are to set p; = -+ = Plps] = 1/s and

Prps] = P — [ps]/s. Under this assignment, the equation above changes to:

A[ps)

LI ps) Lps]
WS e <3 (e ML S S
i=1 v i=1 ’ i=1

—nvi [ V@) 2 [ps]/5)ds

TER
> v [ Vo) = pis
TER
as n — o0o. Using the Law of Large Numbers, | X7, ..., X, N ;| /n — % = [X1,..., Xn NG| — 2.
Finally, we observe that these bounds enable us to state the following:
e cumulative waiting time in [J; > o.
e cumulative waiting time in [y > 2L([0y, pn) > 2L(X4,..., X, pn).
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e cumulative waiting time in (g > %L(Uf;llmi,pn) > 2L(Xy, ..., Xp, pn).

CumL(Xy,...,Xp)

| V

s s
Z( (Xla--'aXn7pn):nZGL(Xlw"aXnvpn)
= j=0

= f (X1,... Xn,pn)dp
>n fo Avn [ /o(z)L(IL(X) > p)dzdp

zER

= \n3/? f f YI(II(X) > p)dx
xER
v e s SO > i

(I
- Aln% fxeR (fo ) > )dp) (x
=nnt [fq %( J(x)dz

= hmlnf%}é’m 2)\1< Vo (x)II(z)dz

n—oo
O
The preceding step function analysis yields the following result by standard coupling arguments:
Theorem 19 (Lower bound; non-uniform CTSP). Let X1, ..., X,, be independent samples drawn from a
region of R C R?, where X; follows the density function f, Vi. P(x) is defined in Lemma 3. We have
e . C’umL(Xl,...,
>
l%nni)gf Y5 )\1 7£ V f(z)P(z
with probability one, where A1 = 0.2935.
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6 Analysis of the Cumulative CVRP when n — oo

In this chapter, we present a comprehensive probabilistic analysis of the upper and lower bounds for the
cumulative capacitated vehicle routing problem (CCVRP) as the number of points tends to infinity. Starting
with uniform distributions, we then extend our analysis to non-uniform distributions. We begin by exam-
ining the scenario where there is only one vehicle, and in the following chapter, we will generalize our ap-
proach to consider multiple vehicles. This analysis will provide a deeper understanding of the performance
of the algorithms designed to solve the CCVRP, which is an essential problem in the field of operations
research.

6.1 Choice of ¢

The core idea to find the necessary bounds for CCVRP is the same as our approach for the CTSP. In Chapter 5,
we use a probabilistic bound for the TSP (the BHH theorem), and for this section, it is necessary to find a
related bound for the CVRP.

The bound that we will use for CVRP is proven in Section 4.2. In a nutshell, we will find that local cost at a
point = can be approximated by 52/ f(x) + @f(w) ||z||2. Since we are interested in asymptotic behavior,
we will assume that ¢ varies relative t¢ n via the relationship ¢ = k./n. This is because if ¢ = o(y/n), then
the radial cost term @f(x)”x!]g dominates, and if ¢ = w(y/n), then the TSP term 24/ f(x) dominates;
both of these are easier problems to analyze.

As in our preceding analysis, the key for our analysis of the non-uniform CCVRP relies on an approxima-
tion of the true density f with a step function:

Lemma 20 (Approximation with a step function). Let f be a probability density function with compact
support R C R? whose level set have Lebesgue measure zero. Define

T, e, ) = Pr(o(X, ¢, k) < 0,0, Fy)) = /g Fa!)ds!
ho(a! e .kp) [w(z,c,kp)

Where

v(z, e, kp) = kp/ f(2) (@)|[|2

For any € > 0, there exists a step density functiok ¢(zx) := 2%1 a;1(z € LJ;) and corresponding

2y/n
=

K

/<( o(a')da’
(2 ckp) e(z,c,kp)
Where

2y/n
e ky) = W(w + 20(@) 22
such that the following conditions hold:

I(z,c,kp) = Pr(u(X,c, kp) < oz, e, kp)) =
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1 [ lé(@) = f(a)ldr <e,
2. |[I(Y(X,c) >p)—1(I(X,c) >p)| <e VreTR,

3. All of the components of ¢ have the same mass, i.e. a;Area(ld;) = 1/s.

Proof. The proof is essentially identical to the step function approximation from Theorem 3 and we omit it
for brevity; we merely replace / f (x) with v(z, ¢, kp). O

The functions Y'(-) and v(-) serve as substitutes for the functions P(z) and \/ f(x) which we used in
our analysis of the CTSP; equivalently, the functions I (- and t(+) serve as substltutes for II(z) and \/¢
i.e., the step function approximations of P(x) and / f

The necessary machinery to bound the CCVRP under the assumption that ¢ = k./n follows nearly
identical logic to our analysis of the CTSP; in the interest of brevity, we will present our bounds here without
additional proofs.

6.2 Upper Bound for CCVRP

Theorem 21 (Upper bound; uniform CCVRP). Let X1, ..., X,, be independent uniform samples drawn from
region R in R2, whose area is A and vehicle capacity is k./n. We have

L(Xq,...,Xn k T VA
lim sup CumL(X4, 3/2 V') L + P2

Proof. Inspired by the Upper bound in Theorem 11:

e We construct a feasible solution coming from Optimal Tour Partition (OPT)[43] to this routing problem
whose value is at most equal to the upper bound.

e Cumulative length of the n solutions comes from two parts: leaving and entering depot plus tour
length.

We start from shortest travelling salesman'’s tour, breaking it into [ = [‘g—f} disjoint segments so that
each segment cannot contain more than k./n customers, and connecting endpoints of each segment to
the depot.

To improve on this result, we start from an arbitrary orientation of the travelling salesman’s tour, re-
peating the above construction by moving the endpoints of the original [ paths 1, 2, ... up to n positions in
the direction of this orientation. The value of the best resulting solution will be less than the average value
founded.

W.L.O.G, suppose that { X1, Xs,..., X,,} are the shortest travelling salesman’s tour we consider. For
leaving and coming back to the depot, the summation is

{r<+2[(n—kc\/ﬁ)+--'+(n—(\[
:[n+n(\]f—1)12(,-

:kc

}Zm

The sum of cumulative tour length is the similar as what we did in Theorem 14:
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1. For the starting sub-tour L( X7, ..., X,), its cumulative tour lengthis (n — 1)d12 4+ (n —2)dag + - - - +
ld(n—l)n + 0dp1

2. For the starting sub-tour L(Xo, ..., X.+ 1), its cumulative tour lengthis (n — 1)da3 + (n — 2)ds4 +
-+ + 1dpn1 + 0d12

3. ...

4. For the starting sub-tour L(X,,, ..., X._1), its cumulative tour length is (n — 1)d,1 + (n — 2)d12 +
w4+ ldpm—2)(n-1) + 0d(_1)n

The sum of all the terms above is (7)L(X1, e Xn)
Combining them together, the average value we found is:

i ComLy, . Xuheym) _ 7 BVA VA

n—00 n3/2 kC 2 2n
T BvA
<ty

which completes the proof.
O

Theorem 22 (Upper bound; Step function CCVRP). Let X1, ..., X,, be independent samples where X fol-
lows the density function ¢(z) = >3/, a;1(z € [J;) with compact support R C R? such thata; > --- >
as and a;Area([;) = % for all i (so that Area(R) = 1). Suppose capacity is k. /n and that v(x, k.\/n, 52)

and I(x, kc.\/n, B2) are as defined in bemma 20. We have

n—0o0 TL3/ 2

L(X1, ... X ke
limsup Cum ( b ’ k\/ﬁ) < //gb(l’,kc\/ﬁ752)1($;kc\/ﬁaﬁ2)dl‘

Proof. As in the uniform case, we begin by finding a feasible solution. For each [];, we can reconstruct [-J;
to (1. The details are shown in Theorem 15 Proof.
Starting from [J; and the cumulative waiting time in each [J; for all 7 is:

cumulative waiting time in [y < ZVRP(Ly; key/n).

cumulative waiting time in [y < % [VRP([y; ke/n) + VRP(L; key/n)).

cumulative waiting time in [y < 2 [VRP([y; key/n) + - - - + VRP(Eg; key/n)].

Summing all entries, we find:

7j=1

CumL(X1..... Xps ke/n) < ) Zi(RP Ei; ke/n) —nz Z(RP Ei; ker/7)
i
= n/(gz o(x) Z:(RP(Di; keyv/n)dx

\
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and therefore, combined the result in Remark 1, we have:

L(X1, ... X ke
lim sup CumL (X, 32’ Fey/m) S/ (;5(:6)/ (@ kev/n, Bo)dx’ dx
n—so0 n?/ veR (0! e/, B2) > ke, B2)

= / / d(x) (2, ken/n, Bo)dx' dx
2€R JA (! ker/n,B2)>1(x,ker/1,B2)

¢($)L($/a kc\/ﬁa ﬁZ)dl‘daj,

/‘TIGR (L(m)kC\/ﬁ)Bz)SL(:E/:kC\/;’ﬁﬁZ)

= / u(z!, kev/n, Ba) / gzﬁ(:c)da:) dx’
r’€ER 2z ke/m,B2) <i(z! ker/1,B2)
= / L(l‘/vkc\/ﬁa ﬁ?)l(aj/?kC\/ﬁv ﬁZ)d-T/
'ER

:/ RL(J},kcﬁ,,62)1($7kc\/ﬁaﬁ2)dx
S

which completes the proof. ]
The preceding step function analysis yields the following result by standard coupling arguments:

Theorem 23 (Upper bound; non-uniform CCVRP). Let X1,..., X, be independent samples drawn from
a region of R C R?, where X; follows the density function f, Vi. Suppose capacity is k.y/n and that
v(x, key/n, B2) and Y (z, key/n, B2) are as defined in Lemma 20. We have

L(Xq,...,X,;
thllp Cum ( 1 ) nakc\/ﬁ

n—0o0 TL3/2

) < /R<u(x,kcﬁ,ﬂzmx,kcmﬁz)dx

6.3 Lower Bound for CCVRP

Theorem 24 (Lower bound; uniform CCVRP). Let X1, ..., X, be independent uniform samples drawn from
a region of area A in R? and vehicle capacity is k./n. We have

i inf CumL(X1,..., Xp;ke/n)

n—00 n3/2

1 1
> max{§)\1 VA, k—?}

Proof. From Theorem 11, it is easy to see that the optimal CVRP should be larger than or equal to both TSP
result and leaving and returning depot distances. This conclusion can apply to CCVRP as well, which is the
optimal CCVRP should be larger than or equal to both CTSP result and leaving and returning depot distances
summation.

From Theorem 17, we can get:

i inf CumL(Xy, ..., Xn; key/n) > lim inf CumL(X1,...,X,) > %)\1\/2

n—00 n3/2 n—00 n3/2

Consider the subset X; = {X,, Xj,,..., X}, } of customers, visited by the jth tour. Ignoring any tours

before this tour, It's easy to know the time for this tour is at least 2 )Enaic T
i€
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To make it easy to illustrate, we define:

X;e j
We have
(i
S Xe o 1 o
Tmi = Iax T; ;
Txex, " T AN T keyn
i < Imax {r:}
=1,...,n
So the total time is :
vn/ke
CumL(X1,. .., Xpikev/n) 22 > (n = (i = Dkey/n)rm:
i=1
3/2
n n,\/n
= — o= =1))rm
ke 2" ke
n3/2
= k—c'f’mz + nT‘m]’
n3/2
> . F+nT
L(Xq,..., Xk 1
— lim inf Cum ( 1 y Adnyy C\/ﬁ) Z _F
n—oo n3/2 kc
which completes the proof. O]

Theorem 25 (Lower bound; Step function CCVRP). Let X1, ..., X, be independent samples where X; fol-
lows the density function ¢(x) = > i/, a;1(x € [J;) with compact support R C R2 such thatay > --- >
as and a;Area(l];) = % for all i (so tﬁt Area(R) = 1). Suppose capacity is k./n and that .(z, ke/n, A1)
and I(x, key/n, \1) are as defined in

liminfCumL(Xl"?;/'2’X";kC\/— >_/T£ (2, ko7, M) T (@, kor/TT, A1)
n

mma 20. We have

n—oo

Proof. Similar as uniform case, for each [J;, we can reconstruct [J; to [-J,. The details are shown in Theo-
rem 15 Proof. With the result in Theorem 12, each [J; cumulative waiting time (set the start time in [; as
zero) satisfies:

e cumulative waiting time in J; > o.
e cumulative waiting time in [y > 2VRP(Ly; key/n; pn) > 2VRP(X 1, ..., Xyp; ke/n; pn).
o ...

e cumulative waiting time in (g > 2VRP(USZ{ [;; key/n; pn) > ZVRP(X 1, . ..., Xp; key/n; ).
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CumL(Xy,...,Xp) > i AVRP(X1, ..., Xpikey/nipn) = n Zs: AVRP(X 1, ..., Xy ke/1s pn)
= ;:1()(VRP(X1, ooy Xy ke/ms pn)dp FOC
lminf CumL(XZS/,Xn,kcf) > [l 72 Al\/_+ 2 0(@)||lz]2)1(N(z) > p)dzdp
y xef (&, e/, M) LN (2) 2 p)ddp
:%f ( yken/my A1) fo x) > p)dpdz
= %mefR vz, key/m, Al)I(x,kc\/ﬁ, A1)dx
which completes the proof. ]
The preceding step function analysis yields the following result by standard coupling arguments:
Theorem 26 (Lower bound; non-uniform CCVRP). Let X1,..., X, be independent samples drawn from

a region of R C R?, where X; follows the density function f, Vi. Suppose capacity is k.y/n and that
v(x, kern/my A1) and Y(x, key/n, A1) are as defined in Lemma 20. We have

L(X1,. .. Xk
liminfcum (X1, 3/2’ biev/n) >—/7£ v(x, kev/n, M) (2, kev/n, Ar)dae
n

n—00
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7 Multiple Vehicle Cumulative Routing Problem: m-CTSP

In this chapter, we aim to expand our analysis from the single-vehicle case to multiple vehicles in the context
of cumulative vehicle routing problems. Our focus is on providing a probabilistic analysis of upper and
lower bounds for the multiple vehicles’ cumulative traveling salesman problem (m-CTSP) and the multiple
vehicles’ cumulative capacitated vehicle routing problem (m-CCVRP), taking into consideration the scenario
where the number of points tends to infinity. Our analysis will begin with the uniform distribution case and
subsequently move on to non-uniform distributions.

7.1  Upper Bound for m-CTSP

i.1.d

711 X, ~ U

Theorem 27 (Upper bound; Uniform m-CTSP). Let X1, ..., X, beindependent uniform samples drawn from
a region of R with area A in R?. There exist m vehicles in total. We have

) CumL(m; X1,...,X,) _ PaVA
lim sup <

A1
n—o00 n3/2 - 2m2 (7 )

with probability one where 55 =~ 0.714.

Proof. Divide the region A into m equal-area sub-regions, such that each vehicle visits one sub-region. The
optimal value of this problem should be less than or equal to the value generated by this feasible solution.

For each sub-region, we can use Theorem 14 to finish the proof. The number of each sub-region’s points
converge to % when n — oo. Since all vehicles start tour at the same time, each vehicle's cumulative
traveling time is equal to this cumulative problem’s traveling time:

C’LL’I?’LL(m;Xl,.. ,Xn) 52

li —
P (n/m)3/2 =5
CumL(m; Xq,..., X A
= lim sup umLm; X1, ..., Xn) < pavA
n—00 n3/2 2m?

L i
712 X, '"'Pp

Theorem 28 (Upper bound; Step function m-CTSP). Let X1, ..., X,, be independent samples, where X;
follows the density function ¢(z) = Z%l a;1(x € [;) with compact support R C R? such that a; >

Pacific
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-+ > ag and a;Area([;) = 1 for all i (so that Area(R) = 1). Suppose that I1(x) is as defined in Lemma 3.

s
There exist m vehicles in total. We have

CumL(m; Xq,..., X,
lim sup um (mn3/21 )SZQQ/ ¢(x)(z)dx (7.2)

n—oo

with probability one where 55 ~ 0.714.

Proof. As in the uniform case, we begin by finding a feasible solution. For each [-];, we can reconstruct [-J;
to [J} using a function ¢ (z) = \/a;x + & to make:

e Each [ disjoint;
o Area([)) = 1 for all i;

e Points in [ are uniform distribution;

Basic scaling argument tells us that TSP([J;) = %TSP(B;)

Similar as uniform case proof before, we can divide each cell [, into m sub-cell and every vehicle travels
one sub-cell. Since now each point in the sub-cell is uniformly distributed, we can apply the BHH theorem:

TSP(ir.m) 1 1 N

li = fBo— = lim TSP(LJ;) = TSP(L)) =
1m IBZSm nl)rgo ( 1) \/07 ( Z) Sm\/@

n—oo \/ﬁ
where [;/.,,, represents the mth sub-cell related to L],/ cell.

All m vehicles start at the same time, so one vehicle’s TSP can represent this region’s TSP. Each [J; is
related to a;, one of the possible ways to travel to all points is to follow “most dense to least dense” rule,
which merely means that we travel from [y, . . . | [s. (From the definition of our step function, the densest
part of the distribution is equivalent to the smallest area [-], which is ;). Using Theorem 4, for point
X; € [y, its waiting time should be less than or equal to :

j
TSP(1,) + TSP(Dom) + -+ - + TSP(EHjm) = Z %\/% = %\/ﬁ L Vo(z!)da'
=1 y N()

z':p(x

asn — o0.
Using the Law of Large Numbers,

1
X1, X O Dol /0= — = | X1, .., X N B = ——
sm sm

We find that, as n — oo, each set’s sub-region will have % points. Therefore, combining both terms
together, we can get the cumulative waiting time in each [J; for all ¢:

e cumulative waiting time in [y, < - L(E)

e cumulative waiting time in [z ;;, < - [L(Ey ) +L(E2 )]

¢ cumulative waiting time in [, ,,, < 2% [L(E1m) + - - +L(Es )]

— sm )
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Summing all entries, we find:

s J s J

CumL(m; X1, ..., Xn) < Z = Z ((E]Lm) - % 3 % > L(Eim)
j=1 97 i=1
J
- /(en‘b 2 Y L

i=1

and therefore, from our previous formulation, we have:

Jim sup CumL(m; Xq,...,X,) < B / (o / /—dl‘ g
n—00 n3/2 ') >¢(x
= B—22 / / q{)(az)\/ o(x")dx' dz
m= Jeer Ja':¢(z')>(x)
= /6—22 od(x)\/ d(2')dxdz’
M= JareR Jp(z)<¢(')
—2 ) e [ f(a:)dm> &
me Je'er z:¢(2)<¢(z')
ﬂ? / / /
=—= (2" Il(z")dz
m2 'R
B2 /
=—= o(x)I(z)dx
m? Jier
which completes the proof. O]
Theorem 29 (Upper bound; non-uniform m-CTSP). Let X1, ..., X,, be independent samples from a region

of R C R2?, where X; follows the density function f, Yi. P(x) is as defined in Lemma 3. There exist m
vehicles in total. We have

iy ML X0) o B e -
BAS

n—00 n3/2

with probability one where (5o ~ 0.714.

Proof. The key point is the same as what we did in step density function: Theorem 28. Based on Theorem 3,
f can be approximated using ¢. Again, since we have m vehicles, each vehicle will handle % points as
n — oo. Based on “Most dense to Least dense ” Rule, for point x, the amount of time he/she has to wait
is:

52— /( \/mdw’

When traversing - points, the length is

/32—/ /L o V f(2")dx' dx
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—5, V" / B /( o VT
=Pa-— L . /( o (2)\/f(a')dxda’

—62—/ / f(:L‘)d{L’) da’
a’'€R a:f(z)<f(a')

Each points’ traveling time should be less than or equal to the total tour length and each tour length,
there exists % points, so we get:

CumL(m; X1,. .., Xn
lim — (mq;g/;’ ! )g% //i\/f(a:)P(x)dx
S

n—o0

which completes the proof. ]

7.2 Lower Bound for m-CTSP

, 1a4.d
724 X, '"~'U

Theorem 30 (Lower bound; Uniform m-CTSP). Let X1, ..., X, be independent uniform samples drawn
from a region of area R with area A in R?. There exist m vehicles in total. We have
Hm ot T ST
with probability one, where A1 = 0.2935.

C’umL(m;Xl,...,Xn) A VA

Proof. Eachvehicle will travel .- asn — oo, sowe canfixp € (0, 1). Divide all n points into % sets. Asintro-
duced in Section 4, let L( X1, ..., X,;; pn/m) denote the length of the shortest tour that visits pn /m points
out of X1, ..., X, Each customer’s waiting time in the ith set should be at least (i — 1) L( X1, ..., X,;pn).
Since each set has pn/m points, then the cumulative waiting time in this setis (i — 1) 22 L( X1, ..., Xp,; pn).
Based on this analysis, the total waiting time for each vehicle should be at least:

1
P

CumL(m; Xq,...,X,) > Z((— 1)%L(X1, oo, Xpypn/m)
i=1

1,1
=50 - 1)mL(X1, oo Xpspn)

Applying Theorem 10, we see that

— CumL(m; Xq,...,X,)

n—00 n3/2

1 1
>—(1—-p)—5MVA
_2( p)m2 1\/_

This holds for all p, and %5(1 — p))q\/z increases as p decreases. The tightest lower bound will be
reached when we choose p — 0T. Therefore,
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.. .CumL(m; Xy,...,X,) A1
i = VA

which completes the proof. ]

.1.d
722 X; ~'P

Theorem 31 (Lower bound; step function m-CTSP). Let X1,...,X,, be independent samples, where X;
follows the density function ¢(z) = >}/, a;l(x € [J;) with compact support R such that a; > --- > a,
and a;Area(t);) = L for all i (so that Alea(R) = 1). I1(z) is defined in Theorem 3. There exist m vehicles
in total. We have

n—00 n3/2

i inf CumL(m; Xq,...,X,) A1 /

with probability one, where A1 = 0.2935.

Proof. For each [;, using the same mapping procedure as shown in Section 5.1 to reconstruct L([J;) =
\IFL(D ). Applying the same reasoning as in the uniform analysis, suppose that we want to visit pn/m

points out of n/m in total for each vehicle as cheaply as possible. Suppose we pick p;n/m points in each
S
[} so that > p; = p. Using the result in Corollary 10.1, we see that

=1
s

1
L(X1,...,Xn;pn/m) =
1 p ;@

asn — oo, where L(LJ/; p;n/m) represents that picking p;n/m points from D;
It is straightforward to verify that the tightest lower bound can be achieved if we visit as many points as

( 7p2n/m > )\1 pl

possible in the denser part (where q; is large). Therefore, based on the Law of Large Numbers: | X7, ..., X,,N
&|/n — % as n — 0o, the maximum number of points we can visit in each [J; is 2.
The optimal p; values that minimize the above expression are to set p; = -+ = Plps] = 1/s and

Prps] = P — [ps]/s. Under this assignment, the equation above changes to:

Lps]
1

Ny ST TR SN SR RS

— Va \/a[? — 5\/ai
= A\ / Vo(z)1(IT > [ps]/s)dx
> 3" / Vo@LIL(X) > p)da

S
as n — oo. Using the Law of Large Numbers, | X1, ..., X, N;|/n — % = | X1,..., Xn NG| — 2.

Each vehicle only needs to travel - out of all  points. Finally, we observe that these bounds enable us to
state the following:
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CumL(m; Xy,...,X,,) > zj: o L( X, X, pn/m) = - i:OGL(Xl,...,Xn,pn/m)
%_fl L(Xy,. .., n,pn/m)dp .
>n Y [ /@) 1(I(X) > p)dadp
=A ;L/ZZ 0 7672\/_11 p)dzx
=M [rer fo \/_]l = p)dpdz

3/2
=M% [er (fO z) 2 )dp) (x
- Al Ly (a:)H(m)dx
—  liminf CumL(vZ;jgl,m,Xn) 2 24 4(672 A /qS(x)H(:L’)dSC

n—oo

The preceding step function analysis yields the following result by standard coupling arguments:

X, be independent samples drawn from a

Theorem 32 (Lower bound; non-uniform m-CTSP). Let X1, ...,
P(z) is defined in Lemma 3. There exist m

region of R C R2, where X follows the density function f, Vi.
vehicles in total. We have

.. . CumL(m; Xq,..., X, A
lim inf ( n3/21 ) > m_12 L\/f(a:)P(x)dac
TE

n—o0

with probability one, where A1 = 0.2935.
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8 Multiple Vehicle Cumulative Routing Problem: m-CCVRP

In this chapter, we build upon our previous analysis by introducing vehicle constraints to our models. Specif-
ically, we consider the cumulative capacitated vehicle routing problem (CCVRP) with the assumption that
the relationship between the vehicle capacity ¢ and the number of points n is given by ¢ = k.\/n. We
will investigate the probabilistic upper and lower bounds for this problem, focusing on both uniform and
non-uniform distributions.

8.1 Upper Bound for m-CCVRP

Theorem 33 (Upper bound; uniform m-CCVRP). Let X1, ..., X,, be independent uniform samples drawn
from region R in R?, whose area is A and vehicle capacity is kc+/n. There exist m vehicles in total. We have

< 7(z+ B2V A

CumL(m; Xq,..., Xk 1
lim sup um (m, 1 y AAny C\/ﬁ) m2 - 5
c

n—00 n3/2

)

Proof. Divide the region A into m equal-area sub-regions, such that each vehicle visits one sub-region. This
problem reduces to CCVRP with region %. Using the result shown in Theorem 21 and proofs in m-CTSP, we
can complete the proof. O

By reducing all cases to a CCVRP that restricts each vehicle to a sub-region, we obtain the non-uniform
result as:

Theorem 34 (Upper bound; Step function m-CCVRP). Let X1,..., X, be independent samples where X;
follows the density function ¢(z) = >3/, a;1(x € [J;) with compact support R C R? suchthata; > --- >
as and a;Area([;) = % for all i (so thdt Area(R) = 1). Suppose capacity is k. /n and that v(x, k.\/n, 52)

and I(x, kc.\/n, B2) are as defined in Leilnma 20. There exist m vehicles in total. We have

CumL(m; Xq,..., X k 1
lim sup SYEE X1 -y X V) 1 Uz, ke, Bo) I (, e/, B2)da
n—00 n3/2 m?
S
Theorem 35 (Upper bound; non-uniform m-CCVRP). Let X1, ..., X, be independent samples drawn from

a region of R C R?, where X; follows the density function f, Vi. Suppose capacity is kcy/n and that
v(x, ker/n, B2) and Y (x, key/n, B2) are as defined in Lemma 20. There exist m vehicles in total. We have

n—oo n m
S
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8.2 Lower Bound for m-CCVRP

Theorem 36 (Lower bound; uniform CCVRP). Let X1, ..., X,, be independent uniform samples drawn from
a region of area A in R? and vehicle capacity is k.+/n. There exist m vehicles in total. We have

lim inf CumL(m; X1, .., Xni ) > LQ max{\ VA, %(277 — max {r;})}

n—00 n3/2 m c i=1,...,n

Proof. Divide the region A into m equally sub-regions, each vehicle visits one sub-region. This problem
reduces to CCVRP with reglon £ Using the result shown in Theorem 24 and proofs in m-CTSP, we can
complete the proof. O]

By reducing all cases to sub-region CCVRP, we can get the non-uniform result as:

Theorem 37 (Lower bound; Step function m-CCVRP). Let X1,..., X,, be independent samples where X;
follows the density function ¢(z) = >3/, a;1(x € ;) with compact support R C R2suchthata; > --- >
as and a;Area(l];) = % for all i (so thcéjrea(R) = 1). Suppose capacity is k./n and that .(z, kc\/n, A1)
and I(z, k./n, A1) are as defined in Lemma 20. There exist m vehicles in total. We have

liminfcumL(m;Xl’” 2 Xni /) _2 2//£ Lz, ken/n, M) I (z, kev/n, A1 )dx

n—00 n3/2

Theorem 38 (Lower bound; non-uniform m-CCVRP). Let X1, ..., X,, be independent samples drawn from
a region of R C R?, where X; follows the density function f, Vi. Suppose capacity is key/n and that
v(z, key/my A1) and Y(x, k./n, A1) are as defined in Lemma 20. There exist m vebhicles in total. We have

liminfcumL(m;Xl’” Xn’k\/_ _2 2/,£ v(x, kev/n, M) Y (2, kev/m, A1 )dz

n—00 n3/2
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9 Experimental Results

In this section, we present a comprehensive evaluation of the proposed bounds for simulated instances and
real-world datasets. To illustrate the effectiveness of our approach, we provide several examples demon-
strating the tightness of the bounds in simulated instances. Furthermore, we apply subsets of real data to
predict the optimal waiting time. To obtain the optimal solutions, we utilize LKH-3, a heuristic method, for
solving the cumulative Traveling Salesman Problem, and Google OR-Tools for solving the cumulative Vehicle
Routing Problems. The experimental results provide insightful observations on the efficacy of our proposed
bounds in practice.

9.1 Single Vehicle

9.1.1 Simulated Instances

In this section, we explore two different scenarios: regular and irregular regions. In the regular case, we
generate instances from a uniform distribution and Normal distribution with variances o2 = 490000 and
o2 = 250000, centered at (500, 500) and (750, 750), respectively, within a square area of side length 1000.
For our first instance, we analyze cumulative TSP experiments with uniform sample points.
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Figure 9.1: Ratio of uniform customers’ cumulative waiting time to VAn3/?

Figure 9.1 illustrates the results of the uniform distribution experiment, where we show the ratio of
cumulative waiting time to v/ AN3/2 for 10 runs of each n € {50,100, 150, ..., 1000}. The red dashed line
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.
represents the upper bound we proved before. The results show that as n increases, the ratio converges to
a value close to [0.34, 0.35], which is consistent with our upper bound.
For the non-uniform distribution experiment, we used a bi-variate Gaussian distribution. Figure 9.2(left)
displays the results when the depot is located at the center of the square, while Figure 9.2(right) shows the
results when the depot is located at an offset center. We also experimented with two different standard
deviations, 500 and 700, as shown in the top and bottom panels, respectively. The results indicate that
the variance only has an impact at the beginning when the data points are sparse. As the size of the data
increases, having the same depot location, the results converge to the same range. The different depot
locations converge to different ranges, but their difference is negligible.
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Figure 9.2: Ratio of normal customers’ cumulative waiting time to VAR3/2. (Top Left) figure depot is at
(500, 500) with standard deviation 500. (Top Right) figure depot is at (750, 750) with standard deviation
500. (Bottom Left) figure depot is at (500, 500) with standard deviation 700. (Bottom Right) figure depot
is at (750, 750) with standard deviation 700.
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Another case we consider is an irregularly-shaped region. For this part, we shift our focus to two convex
and one non-convex scenario. Both of them take a bi-variate Gaussian distribution. Figure 9.3 (left) shows
the results of this experiment when the region is a circle, triangular and pentagram, with corresponding
heatmaps (right). We observe that the ratio of cumulative waiting time is primarily determined by the
density function of the sample points.

For the CCVRP with uniformly distributed sample points, we choose the vehicle capacity to be /n. The
upper bound for this problem is 0(1.914n3/2). Figure 9.4 presents the results of the experiment, which
shows the ratio of cumulative waiting time #n3/2 for 10 runs of each n € {50, 100, . .., 1000} for uniform
sample points. We observe that the ratio converges to [1.7, 1.8], which is consistent with the theoretical
upper bound.

Figure 9.5 is the result when all points follow bi-variate Gaussian distribution. The left figures show the
experiment when the depot is in the center of the square and the right figures have the depot location at
an offset from the center. In addition, the top figures follow standard deviation 500 and the bottom figures
have 700 instead. We can figure out that variance only has impact at the beginning when the data points
are few. When we increase the size of data, having the same depot location, they will converge to the same
ratio range. Different depot locations have impact on the ratio range.

Still same as CTSP, we did the experiments considering another convex region: circle and non-convex
case: pentagram, whose points follow the bi-variate Gaussian distribution. The result is shown in Figure 9.6.
It still presents that the ratio only relates to the density distribution.

Overall, the results of our experiments for both CTSP and CCVRP indicate that the ratio of cumulative
waiting time for large n is close to the upper bounds we proved for uniform and non-uniform distribu-
tions. Furthermore, we have demonstrated that the upper bounds hold for different types of regions and
distributions.

9.2 Multiple Vehicles

Instead of considering only one vehicle, we investigate the effect of having multiple vehicles in this section.
Specifically, we consider four different cases where we have 2, 4, 8, and 16 vehicles, respectively. Our
investigation aims to deepen our understanding of the m-CTSP and m-CCVRP under different scenarios and
provide insights for practical applications.

9.2.1 Simulated Instances

As in the preceding single-vehicle situations, we still consider the vehicle with infinite and finite capacity
respectively. For each scenario, both regular and irregular boundary will be considered. As a service region,
we use a square area with side length 1000.

In this section, we extend our investigation to the Multi-Vehicle Capacitated Traveling Salesman Problem
(m-CTSP) by examining experiments with both uniform and non-uniform sample points. The top left of
Figure 9.7 illustrates the ratio of cumulative waiting time to vV AN3/2 for eachn € {50, 100, 150, ..., 1000},
where the points follow the uniform distribution. To assess the impact of varying numbers of vehicles, we
consider four different cases: 2, 4, 8, or 16 vehicles in the system, with the single-vehicle case serving as
the baseline for comparison. Remarkably, our findings demonstrate that, similar to the single-vehicle case,
regardless of the number of vehicles in the system, the ratio converges to a constant value of # [0.34,0.35],
where m denotes the number of vehicles. This result closely aligns with the upper bound we previously
provided, further validating the correctness of our approach. Moreover, doubling the number of vehicles
leads to a reduction of the cumulative waiting time to a quarter of its original value. To clarify this effect, we
take the logarithm of the ratio results, shown in the top right of Figure 9.7. We further examine the tours of
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multiple vehicles by sampling 500 data points, which must be visited by one of four vehicles. The resulting
heatmap and tour plan are depicted in the bottom of Figure 9.7. The tour results confirm the validity of our
proof process, with the entire region divided into four equal sub-regions, and each vehicle assigned to take
charge of one.

For the non-uniform distribution, we consider a bi-variate Gaussian distribution, with two cases: the
depot location at the center (Figure 9.8) and the offset center (Figure 9.9), similar to the single-vehicle
case. Our findings indicate that doubling the number of vehicles reduces the cumulative waiting time to
a quarter of its initial value. Moreover, from the tour plans on the right in Figure 9.8 and Figure 9.9, we
observe that minimizing the cumulative waiting time yields an optimal solution that follows our previously
established rule, progressing from the most dense to the least dense regions.

In addition, we examine the effect of region irregularity on the performance of the m-CTSP algorithm,
considering three different scenarios: two convex regions and one non-convex region. Each region is as-
sumed to follow a bi-variate Gaussian distribution. Figure 9.10 presents the experimental results for circular,
triangular, and pentagram regions, respectively. The outcomes demonstrate that the algorithm performs as
expected in each scenario, thereby providing further evidence of the algorithm’s robustness and versatility.

In the subsequent experiments, we aim to examine the performance of the Capacitated Vehicle Routing
Problem (CVRP) with multiple vehicles, considering both uniform and non-uniform sample points. Similar to
the CCVRP case, we adopt the square root of the number of nodes, denoted as \/n, as the vehicle capacity.

For uniformly distributed points, Figure 9.11 verifies that double the number of vehicles will decrease
the cumulative waiting time to a quarter.

Figure 9.12 is the result when all points follow bi-variate Gaussian distribution. We also did the experi-
ments whose region is not regular, which is shown in Figure 9.13. Here, we only consider one convex (Circle)
and one non-convex (pentagram) case.

9.2.2 Experiments with Road Network Data

The dataset we are using is driving times using HERE Maps API for 1500 points sampled in a rectangle in
downtown Los Angeles. We consider CTSP and CCVRP respectively, using subsets of data, from 50 points
to 1450 data points, to predict the cumulative waiting time. The predicted rule is as follows:

1. Randomly select n points from N data points where |n| € {50, 100, ..., 1500}.
2. If this is CCVRP case, calculate the average distance between picked points and depot.

3. Put previous equation in theorem to calculate ratios:

_ CumL(z1,...,xn)

(@) ratiocrsp = 372
. _ CumL(z1,....xn)
(b) ratioccvrp = —— 55"

4. Use ratio got from 3, multiple N3/2 (or RN3/2) to predict the simulated cost for 1500 data points.

RN3/2
m2

5. For the multiple vehicles’ case, we need to multiple st (or
m

vehicles to predict the simulated cost for 1500 data points.

), where m is the number of

Figure 9.14 presents the results of our study. The bold red line represents the average cost when we
travel to all 1500 data points under CTSP and CCVRP situations. From the left figure, we observe that as
we increase the number of data points, the predicted cost becomes closer to the real cost. Moreover, the
right-hand side of the figure shows that using only 100 data points is already sufficient to obtain predictions
close to the real results.
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Figure 9.15 is the result showing what's happening if we have multiple vehicles. Same, the bold red line
represents the average cost when we travel to all 1500 data points under CTSP and CCVRP situations when
we have one vehicle. Still, it verifies our result.

9.3 Managerial Insights

Based on the experiment results and continuous approximation we proved, we can get the following man-
agerial insights:

e CTSP

- When the demand is uniform, as shown from the experiment results that optimal CTSP is close
to our upper bound. Since we generated the upper bound using TSP, this indicates that CTSP
and TSP when the demand is uniform do not have much difference.

- However, when the demand is non-uniform, the TSP can be dramatically worse than CTSP. As
shown in our analysis process, the tour that we generated for CTSP needs to follow the “most
dense to least dense” rule. However, the optimal TSP tour does not have any such notion in its
objective, so there is no particular incentive to visit denser regions earlier in the tour. In fact, an
extreme situation could occur when the TSP tour is travelled from the totally opposite direction,
which is “Least dense to most dense”, which can be arbitrarily poor.

- Combined these two observations, we conclude that a good cumulative TSP tour is a good TSP
tour, but not vice versa.

- Analysis suggests that districting strategies are not viable for non-uniform CTSP (but they are
popular for TSP), because all vehicles should move simultaneously from the densest regions to
less dense regions (see [23] for more details).

e CCVRP

- From both the experiment results and our analysis process, we figure out unlike CTSP, the depot
location has significant impact on CCVRP.

- For CCVRP, if capacities ¢ are not of the same order as /n, then either the returns to the depot
or driving between customers dominates

e Multiple Vehicle (m-CTSP and m-CCVRP)

- As shown from the experiment result that we can easily divide the region into multiple small
non-overlap sub-region and assign one vehicle to travel.

o Classical Vehicle Routing Problem vs Cumulative Vehicle Routing Problem

- It is easy to see that the Cumulative Problem is at least as hard as the Classical Problem. For
example, given a set of points on which we want to minimize the length of the TSP tour, one can
augment the set of points with /N points at “infinity” (for a large number V) (see BHH theorem
results, O(n)), so that the cumulative problem on the augmented set of points will have to
minimize the length of the TSP on the original set of points (see our result, O(n3/2)). This
connection shows that the Cumulative problem is NP-hard even in the case where the metric
space is a plane.
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Figure 9.6: Ratio of normal customers’ cumulative waiting time to rn3/2 (left) heatmap for Circle and Pen-
tagram region (right)

. Pacific
P ".Southwest 57

Region UTC
LA University Transportation Center



Continuous Approximation Models with Temporal Constraints and Objectives

=
° ] AN A S S S S B e S S e
Wﬂ—v\‘w@.ﬂﬁ, 7]
= ]
= T VeV -9 RV T QTR G- w7
]
L 'T
o
=
o
-
° TV vV TRV F -GV w-T
w |G
o B .
- 7 - - 7 X \ 7 -7 BB 0-B-p.p-gg-B-gq p-8-g-9-g-8-a
S | B-E-F-F-P- B-B-T-F-EB-OT-EB-0 -B-E5-0T--8-C-0
° 3
B - 1vehicle h B - 1 vehicle
B - Zvehide £ - 2vehicle
O 4 vehicle O 4 vehicle
- B 8 vehicle . B - Bvehicle
S ] EB - 16 vahicle o ] EB - 16 vehide
T T T T T T T T T T T T T T T T T T T T
100 200 300 400 500 600 7TOO BOO 900 1000 100 200 300 400 500 600 70O B0OO 500 1000
n n
10004
7504
level
1.25¢-06
1.006-06
> 5004
7.50e-07
5.008-07
2504
04
o 250 500 750 1000
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rectangular and uniform case. (Bottom Right) Tour schedule for 4 vehicles following m-CTSP.

. Pacific
P ".Southwest 58

Region UTC
Lﬁ University Transportation Center

!



Continuous Approximation Models with Temporal Constraints and Objectives

Figure 9.8: (Left) Ratio of uniform customers’ cumulative waiting time to VAn
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Figure 9.9: (Left) Ratio of uniform customers’ cumulative waiting time to v/ An®/2. (Center) Log ratio of
customers’, following normal distribution, cumulative waiting time to v/An?3/2. (Right) Tour schedule for 4
vehicles following m-CTSP. (Top) Depot is at (750, 750) with standard deviation 500. (Bottom) Depot is at
(750, 750) with standard deviation 700.
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10 Conclusion

We conducted asymptotic analysis of the cumulative tour problems of n points. For this problem, we re-
peatedly refer to a routing strategy that we call it “most dense to least dense”. This rule forces that vehicles
travel based on the probability density. Later, our simulated experiments show that the optimal solution
closes to tour solution generated via this rule.

We start from Cumulative TSP, where n — oo and without vehicle capacity’s limit. We prove

L(X1, ...
M < liminf UL Xn) g CumEXL X))

n—oo p3/2 [ (z)P(x)dz — n—oo n¥/2 [ (x)P(z)dx —
z€ER z€R

where f(x) is the probability density function and

P =pr(f) < f@) = [[ )i
o' f(z) Y (x)
The results we provide tell us that the cumulative tour length CumL (X1, ..., X,,) = O(n?/?).

In the next section, we added capacity constraints to the vehicles, which suggests a particular scaling
factor for modelling vehicle capacity size. Considering capacity ¢ = y/n, as n — oo, we found that:

CumL(X1, ..., Xn; ke/n) CumL(X1, ..., Xn; key/n)

1
— < lim inf < limsu <1
2= oo 132 [ [0(x, ker/m M) T (@, kioy/m M)Az~ mesoor 1372 [ (0(x, kior/, B2) T (2, kion/m, Bo)da
xe xre
Definitions about v(z, k.\/n,_) and Y (z, k./n,_) are shown in 20.
The results provide a constant boundary.
Until now, the above results have a strong assumption that we only have a single vehicle, which is
unrealistic. From Chapter 7, we extend our analysis from single vehicle to multiple vehicles. We divide the
original region into multiple sub-regions and assign one vehicle to travel one sub-region. According to this
strategy, for multiple CTSP case, we get
A CumL(m; X1,..., X . CumL(m; Xq,..., X
—12 < liminf umL(m; X, n) < lim sup umL(m; Xy n) < 5—22
m n—oo pd/2 (z)P(x)dz ~ n—oo n3/2 [ (2)P(x)de — m
TER TER
For multiple CCVRP case, still, we consider the vehicle size is /n, we have
1 < liminf CumL(m; X1, ..., Xy key/n) < limsup CumL(m; X1, ..., X, key/n) < 1
2m2 = n=oo n3/2 [ (v(x, key/n, M) Y (2, key/no M )dr T nseo 132 [[v(z, key/n, B2) Y (0, ken/m, Bo)dx T m?
Te e
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.

Both m-CTSP and m-CCVRP cases, the conclusions are similar to single vehicle, but when we double the

vehicle size, the boundary will decrease to quarter.
In Chapter 9, we conducted numerical experiments on CTSP and CCVRP, considering single vehicle and

multiple vehicles, using artificially generated data and real map data. The numerical results align with our

theoretical analysis, we verify that our upper bounds are tight to the optimal solution. In addition, our

results are suitable for any region, no matter convex or not. Depot locations may influence final converge

result, but their difference can be negligible. In addition, we show that our analysis provides a good pre-

diction when applied to simulations in the Euclidean plan and on road network data, where we are able to

predict the total costs within 5 % of the ground truth.
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Data Management Plan

Products of Research

The data that were collected consist of uniformly sampled points in a geographic region as well as
lat/Ing pairs sampled from Southern California. All origin-destination distances can be computed using
OpenStreetMaps, Google Maps, or HERE Maps.

Data Format and Content
There are no files to share; all experiments can be reproduced using only the contents of this paper.

Data Access and Sharing
The general public can access the data from this paper by repeating the experiments that we conducted,
which merely require a random number generator.

Reuse and Redistribution
No restrictions to report.
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