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Abstract 

A fundamental problem in traÿc networks is driving under safety and limited physical space con-
straints. In this project, we study the interplay of these constraints with control and its impact on 
system level performance. This is done in the setting of a closed system, i.e., without arrival or 
departures, as well as in the setting with arrival and departures. 

In the frst setting, we design longitudinal vehicle controllers and study the dynamics of a system 
of homogeneous vehicles on a single-lane ring road in order to understand the interplay of limited 
space, speed, and safety. Each vehicle in the system either operates in the cruise control mode or 
follows a vehicle ahead by keeping a safe time headway. We show that if the number of vehicles 
is less than a certain critical threshold, vehicles can occupy the limited space in many di˙erent 
confgurations, i.e., di˙erent platoons of di˙erent sizes, and they converge to a uniform maximum 
speed while attenuating errors in the relative spacing upstream a platoon. If the number of vehicles 
exceeds the threshold, vehicles converge to a unique symmetric confguration and the equilibrium 
speed decreases as the number of vehicles increases. Next, we consider vehicle-to-vehicle (V2V) 
communication and show that it increases the critical number of vehicles that can travel with the 
maximum speed. We demonstrate the performance of the proposed controllers via simulation. 

In the second setting, we consider a generalization to allow entry of vehicles under a microscopic 
ramp metering control. Upon arrival, the vehicle dynamics is similar to the frst setting. The 
vehicles leave the system from o˙-ramps upon completion of their respective trips. We consider 
ramp metering policies inspired by scheduling policies from spatial queues with reuse, and provide 
performance analysis in terms of throughput. 
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3 Introduction 

Traÿc congestion has costed billions of dollars, hours, and gallons of fuel in the past years [1]. 
While this congestion is a direct consequence of high travel demand competing to utilize the limited 
supply of road networks in a safe manner [2, 3], it is magnifed by poor human drivers’ response 
to various disturbance [4]. It has been reported that Connected and Autonomous Vehicles (CAVs) 
have the potential to compensate for human errors and corresponding delays to e˙ectively improve 
the throughput and capacity of highways [4]. Hence, it is important to understand the interplay of 
the limited supply of road networks, which we shall refer to as bounded space, and safety constraints 
in the microscopic traÿc studies of CAVs. 

The impact of CAVs on traÿc fow in the longitudinal direction is often evaluated by considering 
autonomous vehicles on an unbounded single lane road with no passing. The majority of research 
in this direction consider a platoon of vehicles and assume that the leader of the platoon follows a 
desired speed trajectory. The objective is then to design state-feedback throttle/brake controllers for 
the following vehicles such that they can adjust their speed to the speed of the leader while keeping 
a safe distance from the next vehicle [5,6]. The dynamical analysis of the following vehicles provide 
results on collision avoidance, attenuation of errors upstream the platoon, the e˙ect of delay in the 
system performance, ride comfort, and the impacts of integration of communication channels [5–15]. 
The aforementioned research e˙orts focus on evaluating the performance of CAVs when they are 
already in the vehicle following mode. In practice, the performance of CAVs in handling di˙erent 
situations such as switching between di˙erent modes of operation must be also taken into account. 
In [16], a supervisory controller was designed and analyzed which was responsible for interacting 
with the throttle/brake controller, choosing the proper mode of operation, e.g., cruise control or 
vehicle following, the transition between these modes, and detecting any irregular behavior such 
as an emergency stopping situation. In all of these studies, increasing the size of the platoon does 
not a˙ect the speed or density since it is assumed that the platoon leader can follow the desired 
trajectory without being interrupted. Therefore, the trade-o˙s between bounded space, safety, and 
speed is studied by performing steady state capacity analysis [17] where the capacity is calculated 
by assuming that the vehicles are already at steady state. 

It is of more practical interest to study these trade-o˙s when vehicles are not at steady state. 
While studying vehicles on a fxed-length section of the road with boundary conditions is a possibil-
ity, we choose a ring road set up because of the following advantages. First, it is analytically easier 
to study the dynamics of vehicles on a ring road compared to its straight line analogue. Second, the 
ring road can capture the high-density traÿc dynamics in which every vehicle follows a vehicle in 
front [18–20]. Third, it gives the fexibility for a vehicle to switch between cruise control and vehicle 
following depending on the local traÿc. Moreover, experimental evidence [21] suggests that the 
ring road setup can capture the formation of stop-and-go waves in the absence of bottlenecks/lane 
changes. Our results in this project indicate that the conditions for stability and attenuation of 
errors upstream of a platoon, as well as the conclusions about the dissipation of stop-and-go waves 
on a ring road are consistent with previous results on a straight line. Furthermore, the macroscopic 
quantities discussed in this project such as capacity, critical, and jam densities, are independent 
of the circumference of the ring road and are identical to their analogues obtained by previous 
steady-state capacity analysis. In spite of the scale invariance property of the ring road setup, the 
literal interpretation of the model for real highways is perhaps best done at large circumferences to 
avoid pathological scenarios induced by rigid space constraint at small circumferences. 

Inspired in part by [21] and the theoretical advantages of a ring road model, there has been recent 
dynamical analysis on this setup for mixed-autonomy [18–20, 22–24]. The foci of the analytical 
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aspects of these works, however, is on the formation of traÿc jams and their dissipation using 
autonomous vehicles for a high density scenario, without explicit consideration of safety. Earlier 
work from the authors [25] explicitly included the safety constraint for a simple vehicle model. 
However, the impact of V2V communication and coordination of vehicles on the bounded space 
was not addressed. Practical bounds on the acceleration of vehicles was not considered either. 

In this project, we consider homogeneous automated vehicles on a single lane ring road. We 
adopt a nonlinear vehicle model with frst-order engine dynamics from [26] derived from Newton’s 
second law of motion. We design state-feedback control laws based on feedback linearization to 
control the throttle and brake commands. Two di˙erent settings are considered. 

In the frst setting, we consider a closed system, i.e., without external arrivals or departures 
of vehicles. Within this setting we consider two scenarios. In the frst scenario, we assume that 
vehicles do not communicate and there is no coordination. Each vehicle either follows a constant 
speed trajectory, i.e., the cruise control mode, or safely follows the vehicle ahead, i.e., the vehicle 
following mode, by keeping a safe time headway. Transitioning between modes of operation is 
determined by a combination of relative spacing and speed signals and is handled by the vehicle’s 
supervisory controller as discussed in [16]. It is analytically shown that the equilibrium of this 
dynamical system leads to the well-known triangular fundamental diagram. In other words, the 
interplay of bounded space, speed limit, and safety can be quantifed in a straightforward manner 
with this problem formulation. We explicitly characterize the critical density ρc of the fundamental 
diagram, at which the fow is maximized, in terms of system parameters (time headway constant, 
free fow speed, minimum standstill safety distance, and length of each vehicle). In the second 
scenario, we assume that vehicles are also able to communicate their braking capabilities and their 
instantaneous acceleration with their following vehicle. We show that V2V communication increases 
ρc and the capacity of the road compared to the frst scenario, thus it enhances the free fow region 
of the fundamental diagram. We demonstrate the performance of the controllers by simulating 
di˙erent scenarios. 

In the second setting, we model arrivals and departures of vehicles. Vehicles arrival to the on-
ramps and the destination o˙-ramp is governed by an exogenous process. The entry of the vehicles 
into the ring road from the on-ramps is governed by ramp metering policies. The objective is to de-
sign ramp metering policies so as to keep the network undersaturated for a maximal combination of 
external demand and initial conditions. It is also of interest to analyze the impact of communication 
infrastructure between the vehicles and the ramp metering controllers, and coordination between 
the controllers on the ability to keep the traÿc network undersaturated. We present a sample of our 
ongoing work in the form of two illustrative ramp metering policies and their performance analyses. 
A comprehensive treatment is being prepared for a journal paper submission, which also contains 
technical details which may have been omitted from this report for brevity. 

4 Task 1: Modeling and analysis of traÿc in a bounded space for 
di˙erent demand levels 

Consider n homogeneous vehicles of length L, on a closed ring road. Without loss of generality, 
assume that the perimeter of the ring road is P for some P > nL. We assign coordinates over 
the distance interval [0, P ] to the ring road in the clock-wise direction. Let N = {1, 2, · · · , n} be 
the set of vehicles’ indices, where vehicle i is the ith-closest vehicle to point 0 at time t = 0. Let 
0 ≤ xi(t) < ∞ denote the distance traveled by the ith vehicle with respect to a fxed reference 
point on the roadside (without loss of generality we assume that this reference point is the point 
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Figure 1: Example of three vehicles on a closed ring road setup 

0), and vi(t), ai(t) denote the speed and acceleration at time t ≥ 0, respectively. Moreover, let 
yi(t) = xi+1(t) − xi(t) − L be the relative spacing of the ith vehicle with respect to the vehicle i +1 
ahead at time t ≥ 0, where xn+1 ≡ P + x1 due to the periodicity of the ring road. Throughout the 
report, except when needed, we use xi, vi, ai, and yi without explicitly mentioning their dependence 
on time. For simplicity of notations, we formulate the vehicle model and controller design for an 
ego vehicle with subscript e and use the subscript l in order to di˙erentiate between the ego vehicle 
and its immediate vehicle ahead, i.e., the lead vehicle. We must emphasize that the lead vehicle 
should not be confused with the leader of a platoon. 

Figure 2: Logic diagram for determining the mode of operation P nNote that by defnition, = P − nL. This constraint is the main contrast to a straight i=1 yi 
line with no space limitation. An illustration of this setup for three vehicles is depicted in Figure 1. 

4.1 Modes of Operation 

Each vehicle operates in one of the following two modes of operation: cruise control or vehicle 
following, see Figure 2. If there is no coordination, an ego vehicle operates in the cruise mode if no 
valid vehicle is ahead that is within its sensing range. The validity of the lead vehicle is determined 
by comparing the relative spacing to a design threshold value. The ego vehicle is in the vehicle 
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following mode, i.e., it follows the lead vehicle by keeping a safety distance, as long as the lead 
vehicle’s speed is within the allowable speed limit. The speed limit is taken to be equal to the free 
fow speed Vf when there is no coordination. The platoon formation state in Figure 2 is activated 
in order to achieve a desired platoon formation when a coordinator is present. 

4.2 Vehicle Model 

We assume that the road surface is horizontal and there is no wind gust. We use Newton’s second 
law of motion for the ego vehicle to write, 

2 meae = Fe − kdv − dm(ve)e 

where Fe is the engine force, me is the mass, kd is the aerodynamic drag coeÿcient, and dm(ve) is 
the mechanical friction of the ego vehicle travelling with the speed ve [26]. Assuming a frst-order 
engine dynamics we have, 

1
Ḟe = (θe − Fe)

τ(ve) 

where θe is the throttle angle’s force to the engine, and τ(ve) is the engine’s time constant at the 
speed vi [27]. 

By combining the last two equations we derive, 

ȧ e = β(ve, ae) + α(ve)θe 

where, 
1 

α(ve) = 
meτ(ve) 

kd 1 
β(ve, ae) = − 2 veae − ḋ 

m(ve) 
me me 

1 kd 2 dm(ve)− [ae + v + ]eτ (ve) me me 

At each speed ve, throttle angle is chosen such that, 
1 

θe = [ue − β(ve, ae)]
α(ve) 

which leads to the equation, 
ȧ e = ue (1) 

where ue is to be designed to meet the control objectives presented below: 

1. Safety: no rear-end collision under a worst-case stopping scenario as explained in [6] 

2. Smooth longitudinal maneuver: Smooth position and/or speed tracking in the two modes 
of operation as well as a smooth transition between these modes 

3. String error attenuation: attenuation of the amplitude of errors, e.g., in the position, 
upstream a platoon 

4. Passenger comfort: amin ≤ ae ≤ amax, except in an emergency braking scenario, and small 
jerk ȧ e [5] 

In the following sections, we design and analyze control laws that can meet the objectives with 
and without V2V communication and in the presence of a coordinator. 
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4.3 No V2V Communication 

In this section, we assume that vehicles do not communicate with each other and obtain the neces-
sary data for cruising or vehicle following by using their own sensing capabilities. When the mode 
of operation is determined as explained in Section 4.1, the sensing data are passed through appro-
priate flters [16] in order to generate continuous-time signals passed to the longitudinal controller 
ue designed as follows. It should be noted that controllers of similar form have been well-studied 
in the literature, e.g., see [16]. 

1. Cruise: 

ue = Kaae + Cv(vr − ve)Z t 
+ [Cs(vr − ve)]dτ (2) 

0 

v̇r = sat[p(Vs − vr)],⎧ 
vr(0) = ve(0) (3) ⎪amax⎨ if x ≥ amax 

sat[x] = x⎪⎩ 
amin 

if 
if 

amin < x < amax 

x ≤ amin 

(4) 

2. Vehicle following: 

ue = Kaae + Cp(t)δe + Cv(vr − ve)Z t 
+ [Cq(τ)δe + Cs(vr − ve)]dτ (5) 

0 
−λt vr = vl + (vr(0) − vl)e (6) 

δe = ye − (hve + S0) (7) 

where Ka < 0, Cv, Cs, p, λ > 0 are design constants, Vs is the speed limit and Vs = Vf . Moreover, 
the threshold distance Δd for switching from the cruise control mode to the vehicle following mode 
is chosen as follows, ( 

hve + S0 + r(ve − vl) if ve ≥ vl 
Δd = (8)

hve + S0 otherwise 

where r > 0 is a design constant. If the relative spacing of the ego vehicle with respect to the lead 
vehicle ahead is greater than Δd at t = 0, the ego vehicle starts operating in the cruise control 
mode and the speed tracking controller (2) is used. The reference speed vr in this case is generated 
by passing the desired speed limit Vs through the nonlinear acceleration limiter flter (3) with the 
saturation function described in (4). The acceleration limiter prevents the acceleration outside the 
comfortable range when there is a large initial speed error Vs − ve(0) [5]. If the relative spacing 
becomes less than Δd at some time t0 ≥ 0, the ego vehicle switches to the vehicle following mode and 
the speed/position tracking controller (5) is used. The design parameters Cp(t), Cq(t) are smoothly 

−λ(t−t0)),increased from zero to some positive design constants Cp, Cq > 0, i.e., Cp(t) = Cp(1 − e 
Cq(t) = Cq(1 − e−λ(t−t0)), t ≥ t0. Moreover, the reference speed vr is smoothly changed from the 
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initial value to the speed of the lead vehicle vl (see (6)), and the reference relative spacing is set to 
hve + S0 (see (7)), where S0 > 0 is a constant standstill separation distance and h is a safe time 
headway constant. This is a well-known safe vehicle following strategy where the following vehicles 
try to keep a safe constant time headway from the vehicle ahead [6]. It was shown that the value of 
the time headway constant can be chosen such that two consecutive vehicles do not collide under a 
worst-case stopping scenario as explained in [6]. Accordingly, the switching distance Δd is chosen 
to be equal to the safety distance hve + S0 plus an additional non-negative term r(ve − vl) if the ego 
vehicle is travelling at least as fast as the lead vehicle (see (8)). The ego vehicle keeps operating in 
the vehicle following mode as long as the lead vehicle’s speed is within its allowable speed limit Vs. 

Remark 1. • The objective is to design the control parameters such that (2) - (8) ensures sta-
bility, string error attenuation, and, lastly, satisfes comfort. We should emphasise that the 
designed longitudinal controller is only responsible for smoothly adjusting the spacing and/or 
speed. Other operations such as emergency braking are assessed by a higher-level supervi-
sory controller and operated by di˙erent control laws which are not addressed in this report. 
However, this problem is resolved in other papers, see for example [5], [16]. 

• The ring road setting is a simple abstraction for bounded space. It is implicitly assumed that 
the perimeter of the road is large enough so that the lateral dynamics of the vehicle is negligible. 

PWe defne nc = as the critical number of vehicles on the ring road (nc can be non-hVf +S0+L 

integer). We also defne confguration as the vector of relative spacings on the ring road. 

Theorem 1. There exist design parameters such that the following hold: 

1. The controller (2) - (8) guarantees smooth vehicle following and/or speed tracking in all modes 
of operation and string error attenuation, i.e., the attenuation of the amplitude of errors with 
respect to the desired relative spacing, speed, and acceleration upstream a platoon. 

2. If n < nc, there is an infnite number of vehicle confgurations on the ring road; however the 
equilibrium speed is Vf in each of these confgurations. 

3. If n ≥ nc, there is a unique vehicle confguration where all vehicles are symmetrically dis-
tributed around the ring road and their speed converges to an equilibrium speed of 1 (P − S0 −h n 
L) ≤ Vf . 

Remark 2. Simulations (and practical considerations) suggest that a vehicle in the vehicle following 
mode does not switch to cruise control under the proposed logic-based controller (see Figure 2). This 
implies that there is no switch in the overall mode of the system after fnite time. Furthermore, 
within each mode, we show in the proof of Theorem 1 in [28] that the saturation constraints on the 
acceleration are not binding, and hence thereafter the system can be treated as an LTI system. In 
this sense, linear system tools are suÿcient for asymptotic analysis. 

Remark 3. The proof of Theorem 1 in [28] suggests that when in the cruise control mode, a 
vehicle satisfes the comfortable acceleration limits and when in the vehicle following mode, it ac-
celerates/decelerates at most as high as the preceding vehicle except, maybe, for an exponentially 
vanishing term. We confrm via simulations that this guarantees the specifed comfort requirements 
except, maybe, for an exponentially vanishing time. 
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Figure 3: Fundamental diagram without V2V communication 

Remark 4. According to Theorem 1, for a given number of vehicles n < nc, vehicles can form pla-
toons of (possibly) di˙erent sizes with di˙erent inter-platoon spacing at steady state, which depends 
on the initial condition. We discuss in [28] the role of coordination in achieving a unique desired 
confguration in order to improve eÿciency in utilizing the limited space. 

∗Remark 5. Macroscopic traÿc fow interpretation of Theorem 1: Let v be the equilibrium speed 
n nc ∗of vehicles, k = be the space-mean density, kc = be the critical density, and q = kv∗ be P P 

∗ 1the equilibrium space-mean fow. It follows from Theorem 1 that v = min{Vf , (P − S0 − L)}.h n 
Therefore, ( 

Vf k if k < kc∗ 
1q = 
(1 − k(S0 + L)) if k ≥ kch 

In other words, when the density is less than the critical density, the fow increases linearly 
with increasing density. However, when the density exceeds the critical density, the fow decreases 
linearly with increasing density. This gives rise to the well-known triangular fundamental diagram 

∗(see Figure 3). The maximum value of q , i.e., the capacity C of the ring road, is then found to be 
VfC = hVf +S0+L . 

Remark 6. According to the proof of Theorem 1 in [28], for speed tracking in the cruise control 
mode the poles of the transfer function from the reference speed to the speed of the ego vehicle must 
lie in the open left half of the s-plane. This condition is satisfed if, 

KaCv + Cs < 0 (9) 

Moreover, for position/speed tracking and string error attenuation in the vehicle following mode, 
the design parameters must be chosen such that poles of the transfer function from the speed of the 
lead vehicle to the speed of the ego vehicle have negative real parts and |G(jω)| ≤ 1, ∀ω ≥ 0. The 
former can be guaranteed by using pole placement. Additionally, |G(jω)| ≤ 1, ∀ω ≥ 0 is satisfed if, 

C1 ≥ 0 
(10)

C2 − C2 ≥ 0v 

where, 
C1 = Ka 

2 − 2(hCp + Cv) 

C2 = (hCp + Cv)
2 + 2Cq + 2Ka(Cp + hCq + Cs)
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We provide a set of parameters in Section 4.5 that satisfes (9) and (10) (refer to (12)) as well 
as the stability criterion for G(s). 

4.4 V2V Communication 

We now assume that vehicles are able to communicate their braking capabilities as well as their 
instantaneous acceleration and deceleration to their following vehicle. This feature allows for ac-
curate reference tracking when vehicles are outside the sensing range and also smaller safe time 
headway constant between vehicles [29]. With V2V communication, the longitudinal control law in 
the vehicle following mode (5) is modifed as follows, 

ue = Kaae + Cp(t)δe + Cv(vr − ve) + Ca(t)(al − ae)Z t (11) 
+ [Cq(τ)δe + Cs(vr − ve) + Cb(τ)(al − ae)]dτ 

0 

where Ca(t), Cb(t) ≥ 0 are additional control parameters which behave similar to Cp(t), Cq(t). Note 
that the only di˙erence between (5) and (11) is the additional acceleration terms Ca(t)(al − ae) and 
Cb(t)(al − ae) in (11). Since by choosing Ca(t) = Cb(t) = 0, ∀t ≥ 0, (11) becomes identical to the 
control law in (5) all of the results for stability, string error attenuation, and comfort holds when 
V2V communication is possible. In fact, V2V communication adds additional degrees of freedom 
in choosing the design constants in order to guarantee good tracking performance. 

As mentioned earlier, V2V communication reduces the minimum safe time headway constant 
h. Thus, the critical number of vehicle nc for which vehicles can operate at the free fow speed 
increases. As a result, the critical density kc = 1 and the capacity C = Vf in Remark hVf +S0+L hVf +So+L 
5 are increased. Therefore, V2V communication expands the free-fow region of the Fundamental 
diagram. 

Furthermore, using V2V communication, vehicles can be organized in platoons and decide among 
themselves certain confgurations. Moreover, it allows for accurate tracking of the position, speed, 
and acceleration of the preceding vehicle even when they are outside the sensing range. This feature 
expands the number of possible confgurations that can be achieved in the presence of a coordinator, 
e.g., see [28]. 

4.5 Simulation Results 

In this section, we illustrate the performance of the designed control laws by simulating a few 
scenarios. In all scenarios, the control parameters are chosen as follows, 

Ka = −9, Cp = 2, Cv = 6, Cq = 0.01, Cs = 0.03 

h = 1.5 [s], S0 = 4 [m], p = 10, amin = −0.2g (12) 
amax = 0.1g, r = 1, λ = 0.5 

These design constants are chosen to ensure that stability, string error attenuation, and comfort 
conditions are satisfed; see [28] for further details. Other parameters are chosen to be as follows, 

m 
P = 320 [m], L = 4.5 [m], Vf = 29 [ ] 

s 

320Therefore, the critical number of vehicles is nc = = 6.04.1.5×29+4+4.5 
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(a) (b) 

Figure 4: Steady state confguration of vehicles when there is (a) no coordination, (b) coordination with 
2-platoon symmetrical desired confguration, where vehicles in the cruise control mode are colored in 
orange and the ones in the vehicle following are colored blue 

4.5.1 High Density Traÿc Regime 

Let n = 8 > nc, i.e., a high-density traÿc regime, with two platoons of sizes 3 and 5 initially at 
rest. The frst platoon consists of vehicles 1 − 3 with vehicle 3 as the leader, and the second platoon 
consists of vehicles 4 − 8 with vehicle 8 as the leader. The distance between the frst and second 
platoons is initially 100 meters, i.e., y3(0) = 100 [m], and all the following vehicles are assumed 
to be at the desired spacing at t = 0. According to Theorem 1, the system of vehicles converges 
to a unique confguration with the equilibrium relative spacing of P − L = 35.5 [m], and speed of n 
1 (P − S0 − L) = 21 [m ]. The speed, acceleration, and relative spacing profles for sample vehicles h n s 
are shown in Figures 5. As can be seen from the acceleration and speed profles, the leader of the 
frst platoon, i.e., vehicle 3, operates in the cruise control mode until t ≈ 15 [s]. At this point it 
switches to the vehicle following mode and the two platoons become connected. Furthermore, the 
leader of the second platoon switches to the vehicle following mode at t ≈ 26 [s], and a platoon with 
no leader 1 is formed. It is clear that the speed and acceleration profles are smooth and within the 
comfort range in both modes of operation as well as during the transition between the two modes. 

In connection to the fundamental diagram in Figure 3, it is seen that the density is k ≈ 40 [veh 
mi ] 

1and the fow converges to (1 − k(S0 + L)) ≈ 1888 [veh ] which is less than the capacity C = h h 
Vf ≈ 1995 [veh ].hVf +S0+L h 

4.5.2 Low Density Traÿc Regime: No Coordination 

In this scenario, let n = 4 < nc, i.e., a low-density traÿc regime, and all vehicles are initially at rest. 
We assume that vehicles 1 − 3 are initially in platoon formation with the following vehicles at the 
desired spacing, and vehicle 4 is 100 meters ahead. The speed, acceleration, and relative spacing 
profles of the vehicles are shown in Figure 6. It can be seen from the relative spacing profles that 
vehicles 3 and 4 operate in the cruise control mode at all times, thus at steady state, we have one 
platoon of three vehicles with vehicle 3 as the leader, and a single vehicle, i.e., vehicle 4, operating 

1The term “platoon with no leader" in this report refers to the situation where all the vehicles are operating in 
the vehicle following mode. 
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in the cruise control mode, see Figure 4a. Moreover, it can be easily verifed that all vehicles reach 
the free fow speed Vf while satisfying the the acceleration bounds during the transient. Also, it 
can be seen from the acceleration profles that the errors in acceleration are not magnifed upstream 
a platoon, i.e., string error attenuation. 

4.5.3 Low Density Traÿc Regime: With Coordination 

We again consider n = 4. We assume that vehicles are travelling at steady state speed of Vf 

and initial confguration of the previous scenario. Let the coordinator’s desired confguration be 
2-platoon symmetrical with vehicles 2 and 4 as the desired leaders. The simulation results for 
this scenario are shown in Figure 7. The coordinator communicates the desired confguration to 
vehicles 2 and 4 at t = 10 [s]. Since the platoon consisting of vehicles 3 and 4 has not formed 
at t = 10 [s], vehicle 4 sets its speed limit to Vs = 0.8Vf , and starts to decelerate until vehicle 3 
catches up. At the same time vehicle 2 smoothly increases its time headway constant to the desired 
value hd ≈ 3.43 [s], and starts decelerating in order to adjust its relative spacing. At t ≈ 20 [s], 
vehicle 3 switches to the vehicle following mode, and vehicle 4 resets its speed limit while smoothly 
increasing its desired relative spacing to hdv1 + S0. Due to large initial positive relative spacing and 
speed error at t ≈ 20 [s], this introduces acceleration outside the comfortable bounds for vehicle 
4. It can be seen from the relative spacing profles at t ≈ 35 [s], that the desired confguration 
is achieved asymptotically. The qualitative steady state confguration of this scenario is shown in 
Figure 4b. 

In contrast to the high-density case, the density in the last two cases are approximately 20 [veh 
mi ], 

≈ 30 [veh which is below the critical density kc Therefore, the fow in both cases eventually mi ]. 
converge to Vf k = 1969 [veh ]. Note, however, that the transient fow profles as well as the steady-h 
state confguration is di˙erent in each case. 

Figure 5: Simulation results for the high density traÿc regime 

Figure 6: Simulation results for the low density traÿc regime with no coordination 
15 



Figure 7: Simulation results with coordination and 2-platoon symmetrical desired confguration 

5 Tasks 2 and 3: Modeling and analysis of traÿc over network with 
entries and exits for di˙erent demand levels 

We discuss results for Tasks 2 and 3 together since they both deal with entry and exit of vehicles. 

5.1 Problem Setup 

Let there be m on- and o˙- ramps, as illustrated in Figure 8. The on- and o˙-ramps are placed 
alternately, and they are numbered in an increasing order along the clockwise direction. The road 
segment between on-ramps j and j + 1 is referred to as the link j. 

Figure 8: Idealized graph of the problem setup with m = 3 on/o˙-ramps and nc = 14 virtual slots 

5.1.1 Vehicle Level Controller 

We adopt the control framework in similar spirit, but not restricted, to Section 4.3. Specifcally, 
safety considerations can be naturally divided into two scenarios: (a) vehicle-following on the ring 
road, and (b) merging from on-ramp into the ring road. 

Vehicle Following Let the speeds of the ego and the leading vehicles be denoted by ve and vl, 
respectively. 
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1. If ve is approximately equal to vl, then the ego vehicle tries to keep a constant time headway 
h > 0 plus an additional constant gap S0 > 0 [6], i.e., the safety distance in this case is 
hve + S0. This rule is widely adopted by human drivers as well as in standard adaptive cruise 
control systems. 

2. If ve is greater than vl, then the ego vehicle starts to decelerate at a safe distance Se that 
2 2v −ve lscales with the di˙erence of square of speed, i.e., Se = hve +S0 + , where amin < 0 is the 2|amin|

minimum possible deceleration of the lead vehicle. This distance accounts for an emergency 
braking scenario as explained in [6]. 

Merging We consider ramp metering policies which release vehicles into the ring road only if 
the distance of the merging vehicle from the upstream and downstream vehicles do not violate the 
safety distance required in an emergency braking situation. 

It is natural to assume that the initial condition of vehicles on the ring road is such that it 
satisfes the safety constraints. In particular, this implies that the initial number of vehicles is no 
more than P/(S0 + L). Under the safe merging constraint on the ramp metering policies, this also 
ensures that the number of vehicles on the ring road are also upper bounded by P/(S0 + L) at all 
times. 

We do not assume a specifc vehicle controller. We do however require the controllers to be such 
that there exists Tempty > 0 such that, starting from any safe confguration, all the vehicles on the 
ring road reach their destination o˙-ramps in time Tempty if no additional vehicles enter the ring 
road during this time. This is satisfed, e.g., by the controllers considered in Section 4.3. 

5.1.2 Demand Model 

It is convenient for performance analysis to adopt a discrete time setting. Let the time step be 
S0+Lh + Vf 

, representing the minimum safe time headway between two consecutive vehicles that are 
moving at the free fow speed. To conveniently track vehicle locations on the ring road in discrete 
time, we introduce the notion of slots. A slot is associated with a particular point on the ring 
road. Let nc be the maximum number of distinct points that can be placed on the ring road, such 
that the distance between adjacent points is hVf + S0 + L. This distance is governed by safety 
considerations (see Section 5.1.1). Without loss of generality, consider such a confguration of slots 
at t = 0 so that each on-/o˙- ramp has a slot in front of it. The slots are numbered in an increasing 
order in the clockwise direction, with the slot in front of on-ramp 1 assigned number 1. Thereafter, 
during each time step, the following sequence of events occurs: (i) the slots rotate one position in 
the clockwise direction; without loss of generality, we let nc and the location of on/o˙-ramps be 
such that, after rotation, each on- and o˙-ramp has a slot in front of it; the numbering of slots is 
reset with the new slot in front of on-ramp 1 numbered 1, and the rest numbered in an increasing 
order in the clockwise direction, (ii) vehicles that reach their destination o˙-ramp exit the network, 
(iii) every on-ramp releases a vehicle into a safe slot, if permitted by ramp metering. 

The following abstraction is inspired by similar problems studied in the queueing literature, 
e.g., see [30]. Let vehicles arrive to on-ramp i ∈ [m] according to an i.i.d. Bernoulli process with 
parameter λi ∈ [0, 1]. These processes are independent across the on-ramps. That is, in any given 
time step, the probability that a vehicle arrives at the ith on-ramp is λi independent of everything 
else. We refer to the parameter λi as the arrival rate to on-ramp i and we let λ := [λi] be the vector 
of arrival rates to the network. The destination o˙-ramp for individual arriving vehicles is i.i.d. 
and is given by a routing matrix R = [Rij ], where 0 ≤ Rij ≤ 1 is the probability that an arrival 
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P 
to on-ramp i wants to exit from o˙-ramp j. Naturally, for every on-ramp i we have j Rij = 1. 

˜ ˜Finally, we let R = [R̃ij ] be the cumulative routing matrix, where Rij is the fraction of arrivals 
at on-ramp i that needs to cross o˙-ramp j in order to reach their destination (this includes the 
vehicles that need to exit from o˙-ramp j). Note that 

P 
j R̃ij indicates the fraction of arrivals at 

all on-ramps that needs to cross o˙-ramp j in order to reach their destination. 

Example 1. Let the routing matrix for a 3-ramp network (see, for example, Figure 8) be given by ⎛ ⎞ 
R11 R12 R13 ⎝ ⎠R = R21 R22 R23 

R31 R32 R33 

Then, the cumulative routing matrix is calculated as follows: ⎛ ⎞ ⎛ ⎞ 
1 − (R12 + R13) 1 1 − R12 R11 1 R11 + R13 

R̃ = ⎝ 1 − R23 1 − (R23 + R21) 1 ⎠ = ⎝R21 + R22 R22 1 ⎠ 

1 1 − R31 1 − (R31 + R32) 1 R32 + R33 R33 P 
Let ρj := λiR̃ij be the average rate of arrivals that need to cross link j − 1 in order to reach i 

their destination o˙-ramp, and let ρ := maxj∈[m] ρj be the average load in the network. 

5.1.3 Saturation Limit and Ramp Metering 

The key performance metric here is the saturation limit of the network. For i ∈ [m], let Qi(t) be 
the set of destination o˙-ramps of the vehicles waiting at on-ramp i, arranged in the order of their 
arrival, at t. We assume a point queue model for vehicles waiting at the on-ramp, with the queue 
co-located with the on-ramp. Therefore, |Qi(t)| denotes the queue length at on-ramp i at time t. 
Let |Q(t)| be the vector of queue lengths at all the on-ramps at time t. Recall the placement of 
slots on the ring road and their numbering scheme. Let M(t) be the set of the destinations of the 
occupants of the nc slots on the ring road: M`(t) = j if the destination of the vehicle occupying 
slot ̀  at time t is o˙-ramp j, and M`(t) = 0 if slot ̀  is empty at time t. |M(t)| is therefore the 
number of vehicles on the ring road at time t. 

We consider ramp metering policies of the form π : |Q(t)| × |M(t)| → {0, 1}m . On-ramp i 
releases a vehicle into the slot in front at time t only if it is safe and πi(t) = 1. Note that ramp 
metering policies do not have access to the destination information of vehicles. 

The network is said to be under-saturated under a given demand (λ, R) and ramp metering 
policy π if lim supt→∞ E[|Qi(t)|] < ∞ for all i ∈ [m]; otherwise, it is called saturated. We are 
interested in fnding ramp metering policies which keep the network under-saturated for maximal 
combinations of (λ, R). 

5.1.4 A Necessary Condition for Under-saturation 

We frst develop a necessary condition for under-saturation, against which we benchmark the suf-
¯fcient condition for the ramp metering policies we design. To this purpose, let Dπ,p(t) be the 

cumulative number of vehicles that has crossed point p on the ring road up to time t under a ramp-
¯metering policy π. Then, the crossing rate at point p is defned as Dπ,p(t)/t and the “long-run" 

¯crossing rate is lim supt→∞ Dπ,p(t)/t. 

Proposition 1. Suppose that, for a given ramp metering policy, the long-run crossing rate is no 
more than one for at least one point on every link. If the network is under-saturated, then the 
demand must satisfy ρ < 1. 
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5.2 A Decentralized Policy with No V2I Communication 

Defnition 1. (Fixed-Cycle Quota Ramp Metering (FCQ-RM) policy) The policy works in 
cycles of fxed length T ∈ N. At the beginning of the kth cycle at tk = (k − 1)T , for all k ≥ 1, each 
on-ramp allocates itself a “quota" equal to the queue length at that on-ramp at tk. During the cycle 
t ∈ [tk, tk+1], each on-ramp releases a vehicle whenever an empty slot appears, until it reaches its 
quota. Once an on-ramp reaches its quota, it does not release a vehicle during the rest of the cycle. 

Theorem 2. Let the initial speed of all the vehicles on the ring road be Vf , and let the merging 
speed at all the on-ramps be Vf . For any cycle length T , the FCQ-RM policy keeps the network 
under-saturated if and only if ρ < 1. 

Note that, in spite of being decentralized, the FCQ-RM policy may not guarantee under-
saturation for all initial conditions. As we show next, this can be addressed through V2I com-
munication from all vehicles on the ring road to each on-ramp. Whether this can be achieved by a 
more local communication protocol is under investigation. 

5.3 A Centralized Policy with V2I Communication 

The key idea here is to impose minimum time gap between release of successive vehicles from on-
ramps on top of FCQ-RM, where this minimum time gap is dynamically updated based on traÿc 
condition. 

Defnition 2. (Adaptive FCQ-RM (aFCQ-RM) policy) The policy works in cycles of fxed 
length T ∈ N. At the beginning of the kth cycle at tk = (k−1)T , for all k ≥ 1, each on-ramp allocates 
itself a “quota" equal to the queue length at that on-ramp at tk. During the cycle t ∈ [tk, tk+1], the 
jth on-ramp releases a vehicle if a safe virtual slot appears, and at least g(t) time has passed since 
the release of the last vehicle. Once an on-ramp reaches its quota, it does not release a vehicle 
during the rest of the cycle. 

The minimum time gap g(t) is piecewise constant, updated periodically at t = Tper, 2Tper, . . ., as 
Tdescribed in Algorithm 1. The state of vehicle e is x = (ve − Vf , ae) in the cruise control mode, e 

Twhere ae is its acceleration, and is x = (ye − (hve + S0), ve − Vf , ae) in the vehicle following mode, e 
where ye is the distance to the leading vehicle. The state of all the vehicles is collectively denoted 

Tas XT = ({xe }e∈[n]) 

Algorithm 1 Update rule for the minimum time gap between release of vehicles under the aFCQ-
RM policy 
Require: Tper > 0, α > 0, θ > 0, g(0) = 0 
for t = Tper, 2Tper, · · · do 
if kX(t)k = 0 then 

g(t) ← 0 
else 

if kX(t)k < kX(t − Tper)k − α then 
g(t) ← g(t − Tper) 

else 
g(t) ← g(t − Tper) + θ 

end if 
end if 

end for 
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Proposition 2. Let the merging speed at all the on-ramps be Vf . For any cycle length T and 
positive design constants Tper, α, θ, the aFCQ-RM policy keeps the network under-saturated if and 
only if ρ < 1. 

5.4 Performance Analysis Approach 

The detailed proofs of Theorem 2 and Proposition 2 will be presented in a forthcoming journal 
paper. A key technical step is to cast the traÿc network under a ramp metering control as a 
discrete-time Markov chain with state 

Y4(t) := (XMC(t), XMC(t − 1), · · · , XMC(t −4 + 1)), t ≥ 4− 1 

where XMC(t) := (Q(t), π(t)), and 4 ∈ N will be specifed for the policy being analyzed. The 
transition probabilities are also determined by the ramp metering policy. The function 

tX 
V4(t) ≡ V (Y4(t)) := N2(s) (13) 

s=t−4+1 

plays an important role in the analysis. Note that (13) implies V4(t + 1) − V4(t) = N2(t + 1) − 
N2(t −4 + 1). The following is an adaptation of a well-known result, e.g., see [31, Theorem 14.0.1], 
for the setting of our paper. 

Theorem 3. (Foster-Lyapunov drift criterion) Let {Z(t)}∞ be an irreducible and aperiodic t=1 
discrete time Markov chain evolving on a countable state space Z. Suppose that there exist V : Z → 
[0, ∞), f : Z → [1, ∞), a fnite constant b, and a fnite set B ∈ Z such that, for all z ∈ Z, 

EV (Z(t + 1)) − V (Z(t)) | Z(t) = z ≤ −f(z) + b1B (z), (14) 

where 1B(z) is the indicator function of the set B. Then, limt→∞ Ef(Z(t)) exists and is fnite. 

5.5 Simulation Results 

In this section, we provide simulation for the FCQ-RM policy. We use a ring road of length 
P = 620 [m] with two on/o˙-ramps and Vf = 15 [m/s]. The on-ramps (resp. o˙-ramps) are 
located at the [0 P/2] (resp. [P − 3(hVf + S0 + L) P/2 − 3(hVf + S0 + L)]) coordinates, and they 
are assumed to be empty at t = 0. Vehicles arrive according to i.i.d Bernoulli processes with the 
same rate λ, and are routed by � � 

0.8 0.2 
R = 

0.5 0.5 
. 

Note that, on average, most of the vehicles exit from o˙-ramp 1. Thus, under a greedy policy, one 
should expect that on-ramp 1 fnds more empty virtual slots than on-ramp 2. Equivalently, the 
on-ramp 2’s queue should be longer than on-ramp 1’s. We assume that vehicles are homogeneous 
and autonomous, i.e., each vehicle uses the control law (2)-(8) with design constants in 4.5 (thus, 
platoons of vehicles are stable and string stable). For this choice of design constants, nc = 20. 
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Figure 9: Queue length profles in heavy traÿc (merge speed at both on-ramps is the speed limit Vf ). 

5.5.1 The Greedy Policy 

In this scenario, we simulate the performance of the greedy policy, i.e., the FCQ-RM with T = 1, 
for "heavy" traÿc. We assume that the ring road is initially empty. 

We assume that the merging speeds of both on-ramps is Vf . Thus, the network’s saturation 
limit is {λ < 5/9}. The queue length profles of both ramps for λ = 0.5 (so that ρ = 0.9) are shown 
in Figure 9 for N = 1000 time steps. As can be seen, the queue at on-ramp 2 is generally longer 
than that at on-ramp 1 due to the choice of routing matrix and the use of a greedy policy. 

5.5.2 Comparing The Average Queue Lengths 

In this section, we compare the long-run average queue lengths induced by the FCQ-RM policies 
with T = 1, 5, 10, 50 under di˙erent loads. We use the batch means approach in order to estimate 
the average queue lengths. We choose the warm-up period of the batch means method to be 105 , 
i.e., the frst 105 observations are not used, and use batches of size 105 . In each case, the simulations 
are run until the margin of error of the 95% confdence intervals are 1%. We assume that the ring 
road is initially empty. 

Figure 10 shows the simulation results when the merge speed at both on-ramps is the speed 
limit Vf . As can be seen, the greedy policy induces the lowest average queue lengths for all values 
of ρ. Figure 10 also shows that the greedy policy has very low average queue length even when ρ 
is near 1. 

6 Conclusion 

We considered the design of vehicle longitudinal controllers for homogeneous vehicles following a 
single lane in a closed ring road under safety and comfort constraints in order to evaluate the 
impact of limited space on the speed of fow. We showed that if the number of vehicles is less 
than a certain critical number nc, which depends on the perimeter of the ring road, free fow speed 
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Figure 10: Average queue lengths (merge speed at both on-ramps is the speed limit Vf ). 

limit, and safety spacing, the vehicles can organize themselves around the ring road in an infnite 
number of di˙erent confgurations. When the number of vehicles increases to be greater than or 
equal to nc, all vehicles converge to a unique equilibrium confguration where the equilibrium speed 
decreases as the number of vehicles increases. When we add vehicle to vehicle communications, the 
controller is modifed for faster action during vehicle following and safety can be guaranteed under 
lower inter-vehicle spacing. As a result, the critical number of vehicles nc that can operate at the 
maximum allowable speed increases. 

We then extended the setup to allow entry and exit of vehicles, with entry modulated by 
microscopic ramp metering. Inspired by spatial queues from communication network literature, we 
formulate a notion of saturation limit for the transportation network, and propose ramp metering 
policies which achieve the maximum possible saturation limit. Future work will aim at adding 
more breadth to performance analysis in terms of relaxing modeling assumptions, considering fnite 
queue storage capacity at the on-ramps, travel time analysis for undersaturated conditions, as well 
as considering di˙erent communication and coordination architectures among the vehicles and ramp 
meters. 

7 Implementation 

Not applicable. 
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9 Data Management Plan 

Products of Research 

No new data was collected for this project. Only simulation data was generated. 

Data Format and Consent 

All the simulations were done in Matlab. 

Data Access and Sharing 

The input/output data for the simulations in this report is available at https://viterbi-web.usc.edu/ 
~ksavla/code.html. 

Reuse and Redistribution 

The data can be reused freely for non-commercial purposes. Its usage, in original or after modifcation, in 
publications is to be done with due acknowledgement to the authors of this report and by citation of relevant 
publications by the authors. 
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