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Abstract

The Expectation-Maximization algorithm is perhaps the most broadly used algorithm for
inference of latent variable problems. A theoretical understanding of its performance, however,
largely remains lacking. Recent results established that EM enjoys global convergence for
Gaussian Mixture Models. For Mixed Regression, however, only local convergence results have
been established, and those only for the high SNR regime. We show here that EM converges for
mixed linear regression with two components (it is known not to converge for three or more),
and moreover that this convergence holds for random initialization.

1 Introduction

The expectation-maximization (EM) algorithm is widely used for inference in the presence of missing
data, often modeled as latent variables. It is a general-purpose technique for computing the maximum
likelihood solution for such problems [1, 2]. In general, solving the max-likelihood problem in
the presence of missing data is an intractable (NP-hard) problem due to the non-convexity of the
likelihood function. EM is an iterative procedure that computes successively tighter lower bounds
on the (typically non-convex) likelihood function. Its appeal stems from its success as observed in
a broad array of problems in practice, and its computational simplicity: it is essentially no more
complex than solving the ML problem in the setting of no missing variables. Despite its simplicity
and widespread use, very little is understood about EM. Recent results have demonstrated that in
the high SNR regime (and under some additional regularity assumptions), EM converges locally (e.g.,
[3, 4, 5, 6, 7]). For the special case of Gaussian Mixtures with two components, very recent work
[8] has demonstrated that a two-phase version of EM converges from a random initialization point.
As far as we are aware, no comparable result is known for mixed linear regression — in other words,
prior to this work, no results guarantee global convergence of EM. Nevertheless, the EM algorithm is
widely used to solve mixed linear regression in practice (e.g., see [9, 10]).

We show that EM for mixed linear regression (MLR) with two components converges globally.
There is no need for any special initialization. Moreover, our proof reveals (a bound on) the rate
of convergence of EM as a function of how far it is from the optimal solution. Locally, we recover
and expand on past results (e.g., [6, 4]), as these not only required an initialization step, but only
demonstrated that EM converges in the high SNR regime. We explain the connections to prior art in
more detail in Section 1.2.



1.1 Basic Setup and the EM Algorithm

Mixed linear regression (MLR) models the setting where different subsets of the response variables
are generated by different regressors. In the case of two components, which we consider here, data
(x5,:) € R x R are generated by:

* .
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where z; are the hidden or latent variables that take values z; € {1,2}, and thus play the role of labels,
denoting that a sample (;, y;) satisfies a (noisy) linear equation based on 3; or 3. Finding the true
parameters 37, 33 is known to be NP-hard in general [6], even in the absence of noise. Accordingly, a
common assumption in the literature requires both x; and e; to be sampled independently according
to a Gaussian distribution, i.e., ¢; ~ N(0, I) and e; ~ N'(0,0%). We assume, moreover, that the
hidden variables are balanced, and independent of everything else.

At each iteration, the EM algorithm performs two steps, known as the E-step and M-step; these
can be written as follows:

E-step:  Q(BI8:) = Ex[D_ p(z|X;B:)log f(X, 2 B)),
Mestep: By = argmax Q(B|6,), (1)

where f is the probability distribution function that generates the data. Specifically, the E-step forms
the likelihood function by assigning conditional probability to hidden labels given samples, based on
the current estimator of true parameters. Subsequently, the M-step maximizes the expectation built
at the E-step to find a new estimator. The EM algorithm alternates over these two steps iteratively
until it converges. Due to the intuitive appeal of updating weights, and then updating the estimates
of the 3;, and also due to the computational tractability of each iteration, the EM algorithm has
been widely used in many different applications.

When we take f to be the Gaussian distribution, the log becomes the squared loss function, and
hence the M-step becomes the familiar (weighted) least squared loss minimization problem. In the
finite-sample setting, the expectation over X is the empirical distribution over the samples {x;}
observed, and the EM update has a closed form expression: for sample-based EM operator with
current estimator 3, the update becomes

5 I~ ol Bl
(EM)  f'=(~ > wl) (— Ztanh(ﬁyi)yixi). (2)
i=1 i=1

In the setting where the covariates have identity covariance (or have been normalized to have identity
covariance), it is also interesting, as we explain further below, to consider a further simplified version
of EM that replaces (% S xial) with its expectation. In this case, for the finite sample setting,

the EM update, or “easy EM update” as we call it, takes the following form:
FasyEM) 37 = (&5 tanh(Pt g e, 3
(Easy-EM) p" = (ﬁ; an (7%)%1'1)- (3)

The contribution of this work is to analyze these two iterations in the finite-sample setting, and
thereby to provide guarantees for their convergence from a random initialization point.

1.2 Related Work and Main Contributions

Despite the popularity of EM in practice, our knowledge of when it converges to the true solution is
still limited, as mentioned above. In general, it is known that EM algorithm may settle in a bad



local optimum unless it starts from well initialized point [2]. Examples that illustrate this poor
performance are, however, contradictory, at least in spirit, to the observations of EM’s practical
performance, where global convergence from random initialization has been observed and indeed
conjectured for some time.

In MLR, the local convergence of EM has been recently established, i.e., it is known that the EM
algorithm does converge to the global optimum if it starts from a small enough neighborhood around
the true parameter [3, 4, 5, 6, 7|. In other words, if we assume we have the good fortune of starting
from a point sufficiently close to the desired solution, the EM algorithm converges to it. However,
the EM algorithm has been successful in practice for this particular problem even when started from
randomly initialized point which is not necessarily close to the true parameter.

EM is also a very popular algorithm for a the somewhat simpler problem of clustering; specifically,
its behavior has recently been studied for the problem of learning a Gaussian mixture model(GMM).
Motivated by [4], two works in [8, 11] on global analysis of EM for the mixture of two Gaussians
have recently delivered results that guarantee convergence of EM for this specific problem, from a
random initialization.

For both GMM and MLR, the EM update involves a quadratic minimization problem, hence the
problems are related. As we detail below in Section 2, there are some similarities between EM for
the GMM problem, and EM for the MLR problem which we focus on here. Therefore we are spared
from reinventing the wheel: some useful lemmas and proof techniques from analysis on GMM can be
reused in our proof. We highlight these carefully in the details that follow. We also point out the
numerous differences, that posed novel challenges to demonstrating the global convergence of EM for
MLR.

MLR is in and of itself an interesting problem, and in fact, until work in [6, 12], there were no
efficient results for the solution of the problem. The work in [12] developes a lifted convex formulation
approach and using information theoretic arguments, obtains tight minimax bounds on solving MLR.
A good initialization strategy for EM based on Stein’s second-order lemma was proposed in [6],
though this seems to rely on the noiseless setting which they study. The above two papers have
focused on the two component case. Recent work has extended the focus to more components. Work
in [13, 14] develops gradient descent based algorithms. In parallel, the work in [7, 15, 16] is based on
tensor decomposition, which estimates third order moments to recover true parameters.

Recently, the work in [4] proposed a novel framework to analyze EM algorithm in general, and
showed a local convergence result for MLR with two symmetric components as an application. A
better local region was suggested in [5], where the convergence is guaranteed inside a region where
the angle formed by the initialization with the true parameter is small enough. Still, all known results
remain inherently local, and in particular, are not satisfied by random initialization, even when a
norm bound on the true parameter is known.

Still, the question of whether EM converges from a random initialization, remains open. Our
main contribution is to resolve this point affirmatively.

Main Contributions. We prove the global convergence of the EM algorithm, i.e., it converges
with probability 1, when initialized from a random initialization point. We first establish this result
for the infinite sample limit, i.e., population EM. We then develop concentration inequalities to couple
the finite-sample version of EM with population EM, thereby providing a finite sample analysis.
Though the general approach and most of the technical details differ, this approach of coupling
the finite sample analysis with the population version is inspired by [4]. As we comment on in
greater detail below, this coupling is strong enough to yield information theoretically optimal sample
complexity dependence on the dimension, but our results still leave room for improvement on the
precise dependence on the signal-to-noise ratio.



1.3 A Roadmap and Proof Outline

We provide a brief outline of the main steps of the paper. Because of our balanced (and independent)
hidden label assumption, solving a standard regression in the infinite data setting (i.e., ignoring the
fact that the problem is a mixture) returns the mean of the two parameters, B erﬁ 2 Even with finite
samples, we can get a center within small sampling error. This allows the re-centering of the data.
Therefore, throughout this paper, we consider a symmetric model, i.e., z; is randomly selected with

probability % for each, and B8* = B = —35.

Analysis on Global Convergence of Population EM.

e Decreasing Angle. For both noisy and noiseless settings, previous work on mixed regression
([6, 4, 3, 17]) relies on demonstrating that the distance between the current iterate and the
true solution, contracts at every iteration. Specifically, prior work has relied on demonstrating
a fixed contraction with respect to Iy distance, between the estimator and the true parameter.
All techniques following this approach, are able to show that such a contraction holds only
when the iterates are close enough to the true parameter, i.e., only under a sufficiently good
initialization. Indeed, this is not surprising, for as pointed out in [5], the EM update may in fact
result in larger distance from the solution at some specific points in the sequence of iterations.
Thus, a proof of global convergence solely based on contraction in distance is fundamentally
impossible. We needed another approach to prove global convergence.

The first step in our proof is to show that the angle between the estimate and the true solution
is always decreasing, unless we start from exactly orthogonal vector (a measure zero event).
We show that the sine of the angle is globally contracting from the first EM update, regardless
of the initial distance from the true parameter, 8*. Consequently, EM quickly enters a local
region where the direction of the current parameter estimate is well aligned to that of the true
solution, B*. We then show that once the angles are well aligned, the estimate is close enough
so that subsequent iterations indeed yield a contraction in distance.

e Low SNR. Even in this local region about the true parameter, previous results ([6, 4, 3, 17])
have additionally assumed high (or infinite) SNR; that is, the standard deviation, o, of the
additive noise, is of the same scale or smaller than the norm of the true parameter. Indeed,
the low-SNR regime poses additional challenges, precisely because the SNR does impact the
convergence rate. In our analysis, we reveal the explicit convergence rate as a function of the
noise level, and tracking this dependence allows us to demonstrate convergence independently
of the magnitude of ¢. In particular, after the angle has become small enough, we show that
the l5 distance error decreases in rate max(cy, 1 — 02772) where ¢; < 1,co > 0 is a constant that

depends on the norm of initial guess and angle, and n = @ denotes the SNR.

e Escaping Nearly Orthogonal Region. Asissued in [8], random initialization in d-dimensional
space is highly likely to yield a vector whose projection in the direction of 8* is O(1/ \/&)
In that region, the convergence behavior of sine or distance can be very subtle. We concern
how many iterations should we run the algorithm until the estimator and 8* have enough
correlation.

In population EM, we show that we can escape from the nearly orthogonal region by simply
running EM algorithm a few more steps. Specifically, in O(max(1,7~2)logd) number of EM
iterations, we get an estimator whose projection into 3* direction is larger than a constant.

Finite Sample EM Analysis

e After analyzing and proving global convergence for population EM, we provide our results
on finite-sample based EM. In [4], a concentration bound for a sample-based estimator was



provided in l5 distance. Since our argument is based on contraction of angle, we extend the
concentration result to bound cosine and sine of the angle. Then, we conclude that, starting
from random initial guess in d-dimensional space, with n = O(max (1, poly(n~=2))d/e?) fresh
samples in each iteration, after T = O(max(1,n~?) max(logd,log(1/e))) iterations, we reach
the Iy error bounded by O(e).

e Small e. For the initial iterations of EM when the cosine between the estimate (or random
initialization) and the true parameter can be as small as 1/4/d, our results have a dependence
on €2. As long as € is small (smaller than 1/v/d), this €2 term has no impact on the final result.

e Arbitrary e. For e significantly larger than 1/v/d, the €? term may be significant. If instead
we iterate using our “Easy-EM” iteration (i.e., Eq. (3)), then our analysis requires no such
€2 term. Therefore our results show that one can either run Easy-EM until convergence (this
information-theoretically optimal dependence on dimension, d and number of samples, n), or
run Easy-EM until the cosine of the angle of the current estimate and the true parameter is
larger than ¢, and subsequently run EM.

Paper Organization The remainder of this paper is organized as follows. In Section 2, we derive
a closed form equation of population EM in standard MLR, setting. Section 3 is devoted to summarize
our results on global convergence of population EM, and give a (sketch of) proof for each theorem.
Then analysis on finite-sample based EM is provided in Section 4. All technical proofs that are not
given in the main paper are deferred to the Appendix to facilitate readability.

2 Population EM Update

This section derives a closed form expression for the population EM operator. This serves as a
starting point of our subsequent analysis and proof of convergence.

2.1 Basic Notation

We begin with establishing the notation we use throughout the remainder of the paper. We use X,Y
to denote random variables that follow MLR with two components as defined in introduction. Then,
x;,y; are samples of X and Y, respectively. Thanks to our symmetrization of the problem, the true
parameters of the mixture are —3* and 3*, and so rather than referring to the pair of parameters, we
express our results in terms of convergence to 3*. Accordingly, at the t*" iteration of the algorithm,
B: € R? is the current estimate of B*, the true parameter to be recovered. If we are interested in
understanding the impact of a single iteration, we drop the subscript ¢ and we use 8 in place of
B¢, and B’ in place of B;11. We use 6; to denote the angle formed by B; and B*; similarly, 6y,
corresponds to the angle formed by 3,1 and 8*. Similarly to B; and By, 1, we often use 6 and 6’ for
0; and 0;11. We assume without loss of generality that the initial angle with 8*, 6y is in [0, 7/2).
We exclude /2 because it is a measure zero event for our random initialization. An initialization
falling in the remainder of the circle has precisely the same behavior, but with convergence to —3*
in place of 3*. Rather than add an additional subscript, we use the same notation in the infinite and
finite sample analysis, as the context makes the distinction clear.

Every norm operator || - || without subscript is taken as the lo norm. We use o to denote the
standard deviation of the additive noise in each sample. An important parameter in the sequel is the
signal-to-noise ratio (SNR); we use 1 to denote this:

)

a



2.2 The EM Update

As in [4], the population EM operator for the problem we consider is

Biy1 = 2E[wg, (X, Y)Y X], (4)
where wg, (X,Y) is defined as
exp (~V=17)

wg, (X,Y) = (5)

Y+8]7 X)2 Y-8 Xx)2\’
exp (—7( +23;2 ) )—i—exp (—7( 23;2 ) )

and the expectation is taken over the joint distribution of X x Y.

We can check that the conditional distribution, Y|X ~ 0.5N(8* " X, 02) + 0.5( — B8* ' X, 02), is
symmetric in sign. Thus, we can further simplify Eq. (4) by substituting it and dividing common
factors in wg,. This yields

Brr1 = Exnno,) [(Ey|w~/v<ww*,o2> {tanh (ﬁt y) yD w] : (6)

We focus on one update of population EM to see how each iteration yields the next estimator.
First, we change the basis by choosing v; = 3/]|3||, the unit vector in the direction of the current
estimator, and vy to be the orthogonal complement of vy in span{3,3*}. We let vs,...,v4 be a
completion to an orthonormal basis for the full parameter space, R?, along with v; and vy. By the
spherical symmetry of the distribution of &, we have

2 [ (2520)] ] @

where the expectation is taken over a; ~ N(0,1), and y|a; ~ N (a1} + agbl, 0?), and we defined
by = (B,v1) = |18, b = (B*,v1), and b5 = (8%, v2). Without loss of generality, we assume
b1,07,b5 > 0.

The inner expectation over y does not have any dependence on «; for i > 3. Therefore, taking
expectation over «; for ¢ > 3 yields 0, which implies 3’ is also on the plane spanned by vy, vy. It
enables us to rewrite it as 3’ = bjv; + bhvy where

2E!

bia
by =Eay a0 {Eyal)az [tanh( 1021
’ b10é
by = Ea ar |Eyjay,a, |tanh = vyl asl, (9)

where the expectation is similarly taken over a; ~ N(0,1), and yla; ~ N (b} + aszbs, o?).
Before we move on to the convergence analysis, we further simplify &} and b}, with the following
lemma.

/8/ = Eai

Lemma 1. Let the variables b*, bs, by, by, bl be as defined above. Further, define 02 = 0% + b3>.
Then, we can derive the following simplified equations

by =biS + R,
by = b3S, (10)
where S and R are defined as

a1by b b
S=E [tanh( 2 (y+a1b*)> a121(y+a1b’{)tanh’ (a;;(y+a1b*1‘)):| (11)

R= (% + 1708 [ 25 ot (224 + ) )] (12)




where expectation is taken over a; ~ N(0,1), y ~ N(0,03).

Lemma 1 is the consequence of several applications of Stein’s lemma [18], and the proof can be

found in Appendix A.1. From this lemma, we can deduce that the new 3’ forms a smaller angle with

b
é.
Since @' lies on the plane spanned by 8* and 3, it always lies between the two vectors. Note that
R > 0 since it is the expectation of positive values. Lemma 7 in the appendix shows that S > 0.

B*. To see this, compare the cotangent of angles which 3 and 8* form with base axis, 2—,1 >
2

3 Main Results on Population EM

In this section, we provide our main results on the global convergence of the population EM algorithm
for mixed linear regression. As described in the introduction, we adopt a different strategy from
previous works that have established local convergence for mixed regression. Rather than trying to
show the distance to the optimal parameter is contracting in all regions, we initially show the angle
decreases. Specifically, as long as we begin from an initial vector not exactly orthogonal to 3*, then
(i) the sine of angle between 3; and 3* geometrically decreases, (ii) when the angle has become less
than 7/8, we show that ||3; — 3*| is bounded by geometrically decreasing error. The amount of
decrease in each case depends on the angle and SNR.

In d-dimensional space, a random initialization is highly likely to yield a vector whose inner
product with 3* is ©(1/+v/d). Recall that this was also discussed as a technical challenge in [8]. In
Subsection 3.2, we build our result on the growth of the cosine. We use this to show that O(logd)
iterations of the EM algorithm suffice to bring the current iterate within a range of O(1) inner
product with G*.

Then Section 3.3 completes the result, proving linear convergence in a neighborhood of the optimal
parameter.

3.1 Convergence of Sine

As the problem is symmetric in sign, without loss of generality, we assume that the inner product of
Bo and B* is positive where Gy is the initial guess. Then, we prove sine of the angle geometrically
converges to 0. This is reminiscent of the proof for Theorem 3 in [11] where they used a similar
logic to show the convergence of population EM for the non-centered mixture of two Gaussians.
However, that work does not provide an explicit rate of convergence. This makes it difficult to
analyze the exact behavior of the angle at each iteration — something that is critical in order to port
the population-level results to the finite sample setting.

The next result proves the convergence, and also provides a convergence rate, for the sine value
of the angle between the current estimate and the true solution.

Theorem 1 (Convergence of sine). Let 0 < 6§ < T be the angle between B and B*. Similarly, we
denote by 0" the angle between B’ and B*. Then for every population EM iteration,
sin@’ < ksiné,
1

wheren:<\/1+2ozfﬁ;l2> < 1.

Proof. (Sketch) We provide a brief proof sketch here, and defer the details to the appendix. From
Lemma 1, straightforward algebra yields

R
VR2+ S2|B*[|> + 2SRb}

sin@ = sinf




Our strategy is to find a good lower bound for %. Applying Stein’s Lemma yields % > %,

which in turn gives the desired result by plugging in to the inequality. See Appendix A.2 for
details. O

Remark (Convergence Rate). The constant k can be rewritten in terms of n and 0, as:

-1
22
n:<\/l—|— " c0529> .
L+ 7n?

From this expression, we can infer that the convergence rate increases as the angle decreases. We note
that in the high SNR regime (n > 1), k can be much smaller than 1 (depending on the initialization
angle). In low SNR (v < 1) regime, however, the convergence rate cannot be faster than 1 — O(n?),
regardless of the initial angle.

While we do not (and cannot) guarantee the contraction in distance between the estimator and
true parameter, we want the norm of the estimator to remain bounded so that it does not blow up.
The following lemma guarantees that while EM may increase the norm of 3, the growth can be
controlled, i.e., we have bounds for ||3'|.

Lemma 2. For any B € R?, we have

18]l < 3v/ o2 + [|B*[|2. (13)

3.2 Convergence of Cosine

The previous section establishes the convergence of sine. While we could use this to conclude that
eventually EM pushes any random initialization into a local neighborhood of the optimal solution,
we need to further strengthen the results to establish a good bound on the number of steps of EM
required to achieve this.

We accomplish this by turning to the cosine of the angle, and obtaining bounds on how quickly it
grows with each EM iteration. In particular, we show that if we start from cosy = ©(1/+/d), then
t = O(log(d) max(1,1772)) iterations of EM is sufficient to guarantee cos 6, = O(1).

Theorem 2. As long as 5 > 0 > %, one population EM iteration yields

cos @ > kcosd,

— n?
where Kk = /1 + i

If cos By = ©(1/+/d), after t = O(log(d) max(1,7n~2)) iterations, we get 6; < 7/3 or cosf; > 1.
We defer the proof to Appendix A.3.

3.3 Convergence of Distance

We have established that sin 0; is geometrically decreasing, and cos 8; geometrically increasing, and in
particular that after at most O(log(d) max(1,172)) iterations, the angle between the current iterate
and the optimal solution is no more than 7/8. We now turn our attention to the convergence to the
true B*. The next result shows that the distance does in fact contract, once the angle has become
smaller than 7/8.

Theorem 3 (Convergence in Distance). Assume that 6 < 7/8, and define o3 = 0 + b3%. If b5 < o

2
or Z3by < b}, then ,

18— 81 < w18 = 671+ (16 5in° 0)16° 5. (1)
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o 1
min(—2by,b%)2
wheren—( 1+("2211)> )

Otherwise, we get

18" = B[ < 0.6]8 - B (15)

Proof. (Sketch) We show this result holds by finding a bound for the difference in each coordinate
separately after one EM update. That is, we obtain bounds for |b] — b3| and |0, — b}| respectively.
While this is a standard way to get an upper bound for |3’ — 3*||, the challenge comes from the fact
that bounding |0} — bf| solely in terms of |b; — b}| is not always possible.

To see that, consider the case when b; = b7. If b5 were 0, then b} becomes a fixed point in
equation (8), yielding b) = b} as desired. However, if b5 > 0, then b} is not a fixed point and b} will
be moved slightly apart from it. As a result, [} — b%| > |by — bj| = 0.

Instead, we obtain a bound using |b; — bf| and b5. In Appendix A.4, we prove the following
inequality holds:

*2

b
6= 651 < 5| (01— 8) + (16)

using the similar logic used in [8]. While this does not directly yield (14), an intuition can be obtained
from it. If b5 =0, i.e., if B is perfectly aligned to B8*, we easily get a contraction in distance. It can
be then combined with the fact that b5 = ||3*| sin @ decreases geometrically as shown in the previous
subsection to conclude that EM converges to 8*.

However, another technical difficulty arises when ¢ — 0, i.e., in the noiseless case, as the right-hand
side becomes infinitely large, making (16) useless. Therefore, we divide the cases by when b5 < o
and b3 > o to avoid pitfalls in the limit of small 0. See Appendix A.4 for a detailed proof. O

We note that this result does not conflict with any previous result on local convergence of EM.
In fact, if we start from smaller angle and assume noise is small enough, we can guarantee locally
constant rate of contraction in distance.

Corollary 1 (Local Convergence with Small Noise). If B is a point close enough to B* and 1 is
sufficiently large, then
18" = B[ < 0.6]8 - 7| (17)

Proof. First note that the proximity of 8 implies small angle #. Large n and small 6 gives a proper
upper bound on k. Suppose we set a condition such that x is guaranteed to be less than 0.5. For
instance, we can set 2 < n and ||3* — B|| < ||3*||/16. This condition leads us to

15 15
22080l bz 8,
1
2 ¢ 52(1 4 —p?
0% < 0*(1+ o)
min( 23 by ,b7)2 !

which altogether gives a numerical bound to kK = ( 1+ "(2721> less than 0.5.
2

Then small sinf < 1/16 restricts the second term in (14) to be smaller than 0.1||3*| sinf <
0.1]|8 — B*||. Then they altogether become less than 0.6||8 — B*||. O

To conclude on the convergence of distance in arbitrary noise level, we bound the error after ¢
iterations of population EM.



Corollary 2. Assume we start from 0y < 7/8. After t iterations of population EM, there exists
some constant k < 1 such that,

2

1B = B7| < K'[|1Bo — B*|| + t&"|| B* HlJr 5 (18)
In particular, the result is satisfied if we take k to be the mazimum among
1Boll? -1 0.8n>
0.6 14+ —— 1-—-F7. 19
O+ 5) T (19)

Remark. For the convergence rate, observe that it depends on the norm of initial guess and the
SNR, n. In the Appendiz, we show that the convergence rate only becomes faster as the EM algorithm
proceeds. Depending on the SNR, the convergence rate is either constant or 1 — O(n?), as was in the
case of sine. Therefore, the required number of iterations t is O(max(1,1772)log(1/€)) to achieve an

e-optimal solution. Note that 11722 =0(1).

3.4 Summary of Phases in Convergence Behavior

Collecting all results we have, we can summarize the behavior of population EM algorithm in three
phases.

1. Starting from randomly initialized vector in d-dimensional space, after O(max(1,1~2)logd)
iterations, we reach the angle below /3.

2. Starting from a vector whose angle formed with 8* is less than /3, after O(max(1,1772))
iterations we have an estimator whose angle with 3* is less than 7/8.

3. Starting from a vector which is well aligned with 8* such that the angle between two vectors is
less than 7/8, after O(max(1,772)log(1/€)) iterations, we have an error less than O(e).

4 Finite Sample Analysis

We now turn to prove the convergence of finite-sample based EM. As discussed in the outline, our
approach is to couple the finite sample EM to the population EM.

Along the way, we also prove the convergence of the Easy-EM algorithm. As we discuss in length
below, this is interesting on its own, but also useful in the setting where € is chosen as an O(1)
quantity, rather than when we take it very small.

We define additional notation that we use in this section. When we focus on one finite-sample
based EM iteration, we use 3 to denote our current estimator, 3’ to denote the result from one step
of the population EM operator, and 3’ to denote the result from one step of the finite-sample EM
operator. We use 6’ to represent the angle formed by 3’ and 3*. When we consider the sequence of
estimators from finite-sample based EM, we use 3; for the estimator at the ¢** iteration.

We consider sample-splitting as an analysis technique, as it renders subsequent steps of the EM
algorithm independent. As with the many other papers that have used this technique, we believe it
is an artifact of the analysis, but we as well are unable to find a way to remove it. Recall that the
closed form equation for sample-based EM operator with current estimator 3 is as given in Eq. (2),
which we reproduce here:

é/ _ (% Z Ztanh 2 yz)yzwl)

10



For simplicity, let us assume that the problem is normalized, i.e., ||3*|| = 1. In this normalized
setting, 02 = n72. We use n~2 when we control statistical error in this section, in order to state the
dependence of statistical error and sample complexity on SNR more explicitly. All statistical error in
lo norm will therefore implicitly have a dependence on ||3*|.

Work in [4] establishes a bound between the population EM update and the finite sample EM
update. Specifically, starting from 3, then with probability at least 1 — 8, the update 3’ from one
iteration of finite-sample EM with n samples is controlled by &', the population-EM update, as
follows:

- d
18" =Bl < C\/(c72 +118*(12) ~ log(1/5).

Equivalently, that with n = O(max(1,7~2)d/e?) samples, we have ||’ — B/ < e.

Recall, however, that to make our analysis global, we need to make use of contraction of sine
and cosine. We thus need to couple these sufficiently strongly to the finite sample setting. That is,
we must show that cosine and sine of the angle are concentrated around the respective quantities
from population EM. For that purpose, we need a more fine-grained concentration result. This is the
content of the next theorem.

Theorem 4. Consider one iteration of sample-based EM algorithm. There exist absolute constants
c1,c9 > 0, such that statistical error in a fized direction 3* can be bounded with probability at least
1—90, by

(B - B) 8| <+ BT (mW a1l ‘”) | 20

Corollary 3. Suppose that the norm of the estimator ||B| is larger than “?;”. Then, with n =

O(max(1,172)d/e?) samples for one finite-sample based EM iteration, we have

cos® > k(1 —10€) cos§ — O <max (\;g,ez)> , (21)

sin? 0’ < &'sin 0 4 O(e), (22)

2
if’nz cos?0)71 < 1.

. in2 0

thhH:\/l—i_coszeilgmzl’ andH/:(1+ 1

The theorem implies that the statistical error is very small in a fixed direction 3*. We note the

extra factor €2 in the bound. Technically, this arises from controlling the impact of the inverse of
1 T

sample covariance matrix (+ > 1 | x;x; )~L. This term is negligible when we select e small enough,

namely, € < 1/ Vd. In fact, the proofs of Theorem 4 and Corollary 3 (in the Appendix), demonstrate
that the €2 term becomes negligible as soon as € < (B, 3*), i.e., as soon as € is smaller than the dot
product of the estimate with the true solution. Thus the term is negligible either if € is very small
(smaller than 1/4/d), or if the current iterate is good. In Section 4.1 we show that Easy-EM exhibits
very similar convergence behavior, without the appearance (at all) of the €2 term. Therefore, one
can simply run Easy-EM to e-convergence, as guaranteed by the results of Section 4.1, or one could
run Easy-EM and then switch to EM.

For now, we assume that one of the conditions described above holds, and thus we can assume
that the €2 term can be safely ignored.

The condition for the norm of initial guess is to guarantee that the overall statistical error €

cannot dominate the angle. We show that once the norm of estimator is greater than 1870 the EM

0
algorithm maintains the norm of our next estimator larger than w.

Lemma 3. If | 3] > H?SH} then after one finite-sample EM update with n = O(max(1, poly(n=?))

~ ﬁ*
(d/¢2)) samples, |8 = 1271

11



Thus, if our initial guess is sufficiently large in norm, we keep having estimator large enough so
that we can ignore € in norm. It can be easily satisfied by setting the norm of initial estimator large
enough. We note here that @ is a pessimistic choice of lower bound for the norm of the estimator,
and in practice it quickly increases to ||3*|| even if we start from small initial vector. The proof for
Theorem 4 and Lemma 3 are given in Appendix C.

With (21) and (22), we can give our results on sample-splitting finite-sample based EM for
our problem. Recall that the convergence rates of sine and distance are 1 — O(n?) in low SNR
regime. Therefore, the statistical error has to be smaller than 1? in order to guarantee that every
iteration improves the estimator. It makes the sample complexity heavily dependent on 7, which
becomes O(n~%d/e?) in low SNR regime. We revisit this high dependency on SNR after we state our
main theorem. For the following results, we will slightly abuse the notation € so that it is in fact
€1 min(1,n?) where €1 > 0 is the desired statistical error we control, instead of e.

Lemma 4 (Increasing Cosine in Finite-Sample EM). Let By be the initial guess and 0; be the
angle formed by B; and B* and assume ||Bol| > %. We run sample-splitting sample-based EM
algorithm, each step with n/T = O(max(1,7~2)d/e?) samples, T = O(max(1,n~2)logd) iterations,
and € = €; min(1,n?). We also take €; > 0 small enough such that there exists a constant k =

(1 -10€)4/1+ % > 1. As long as 0, > w/3 for t < T, with high probability,
3
-1

k—1

O(—=)- (23)

cosOr > k' cosbfy —

In particular, when cos 8y = @(ﬁ), we get cos Oy > % —O(er).
Lemma 5 (Convergence of Sine in Finite-Sample EM). Suppose we get a By whose angle formed
with B is less than~7r/3 from previous phase. We run sample-splitting sample-based EM with sample
complexity n/T = O(max(1,772)d/€?) and error e = e; min(1,1?). Then with high probability, with

a constant k = (/1 + ?fzz)fl <1,

sin? O < k27 sin? 0y + O(er). (24)
After T = O(max(1,1~2)) iterations, we have sin® O < sin® 5 T 0(er).

Remark. We will take ¢, > 0 small enough such that as long as sin® @ is not too small, in each

iteration
0.5n2

L+n?
i.e., 0" keeps remaining less than previous angle with high probability. Therefore, we are convinced

that our estimator stays in the second phase of convergence. Note that we set € = ¢ min(1,7n?) such
that it is guaranteed with sufficiently small €;.

(1+ )_1 sin? @ + O(e) < sin? 6,

Finally, suppose we have reached the angle below 7/8. We provide a convergence guarantee in Iy
distance for sample based EM.

Lemma 6 (Convergence of Distance in Finite-Sample EM). Suppose we get By whose angle
formed with B* is less than 7 /8 from previous phase. We run sample-splitting EM with n/T =
O(max(1,772)d/€*) and € = ey min(1,7?), getting

2
187 =871 < 67180 — | + TwT 5 +0e), (25)

where K is the maximum among (19) as in Corollary 2.
After T = O(max(1,n72)log(1/e1)) iterations, we get O(e1) optimal error.

12



Collecting all the lemmas we have stated in this section, we can conclude this section with the
following theorem for sample-splitting sample-based EM.

Theorem 5. Suppose we start from initial vector whose correlation with B* is at least Q(ﬁ), with

norm larger than at least U8 i, d-dimensional space. We run sample-splitting sample-based EM
algorithm with O(max(1, poly(n=2)) (d/e?)1og(T/5)) fresh samples in each iteration, where € is the
desired statistical error less than 1/v/d. After T = O(max(1,1~2) max(logd,log(1/€))) iterations,
we get

P(|Br — B[ <€) 21 -0

The overall sample complexity in order to achieve € error is n = O(max(1, poly(n=2))(d/€?)). In
the high SNR regime, this is the optimal rate of sample complexity up to logarithmic factors. In the
low SNR regime, we can see that EM algorithm is very sensitive to SNR and we need presumably
large number of samples. This high dependency on SNR is to guarantee the statistical error be less
than 1%, as we are trying to convince that every iteration improves the estimator. It seems to be the
nature of EM algorithm as we have seen similarly high dependence on SNR in GMM settings [§].
Nevertheless, once enough number of samples are given to offset low SNR, the statistical error is still
optimal up to logarithmic factors in dimension and error.

4.1 Initialization of EM with non-small ¢

As mentioned, we believe the €2 in equation (21) is simply an artifact of our analysis. Therefore here,
we analyze Easy-EM. Recall that the Easy-EM update is given by:

B
o2 Yi)YiTs)-

B’ = (% ;tanh(

We note that this too is an unbiased estimator of population EM operator.

We show that Easy-EM behaves in an almost identical fashion as EM. Because of the absence of
the inverse of the empirical covariance matrix, our analysis does not require the € term. Thus, for
large €, one can obtain the same guarantees as the main theorem above, either by simply using this
Easy-EM algorithm until convergence, or by using Easy-EM, and then transitioning to EM.

Our main result is as follows.

Theorem 6. Consider one iteration of Easy-EM algorithm. There exist absolute constants c1,co > 0,
such that with probability at least 1 — ¢,

~ d
18" = Bl < e1v/a® + 182~ log(1/9),

(8"~ 86" < 2/ H BTy og(1/6).

Furthermore, suppose that the norm of current estimator ||B| is larger than ”’%”. Then, with
n = O(max(1,n72)d/e?) samples for one Easy-EM iteration, we have

cos " > k(1 —10€) cos — O(—= ,
> k( ) ()

sin? 0" < k' sin? 6 + O(e),

with/i:\/l—l—ﬁiin,z) >1, and k' = (1—&—%00529)71 < 1.

13



The only difference between Theorem 4 and 6 is that we do not have an extra factor €2 in equation
(6). Thus, we do not require € to be smaller than 1/\/& anymore, and Lemmas 4, 5, and 6, and
Theorem 5 can be identically applied to this simplified version of EM.

The reason we obtain the same results for Easy-EM and standard finite-sample EM is that the
statistical error we use for both versions of EM relies on the concentration of ,é" around (3’. The
inverse of the sample covariance matrix in standard EM presents a technical analytical challenge
under the framework where we are trying to control the behavior of finite-sample EM through
coupling with population EM; as practical experience also supports, the effect of the inverse of the
sample covariance matrix is beneficial. For instance, using a different approach that does not have
a global analog, we know that we have an exact (but local) recovery guarantee when finite-sample
EM is directly analyzed in noiseless case [6]. It would be interesting to explore precisely how the
standard EM has advantages over Easy-EM in more general settings. We leave it as a future work.

To conclude this section, we propose that when e is larger than 1/ Vd, we run Easy-EM for
O(log(e/+/d) max(1,7~2)) iterations to get cos @ larger than e. At this point, both ~5 and €2 become
small enough compared to cosine. Then we return to standard version of finite-sample EM, and run
it until it converges. We summarize our proposition as follows.

Summary of Finite-Sample EM In all iterations, we use n = O(max(1,poly(n=2))d/e?) fresh
samples.

1. Starting from randomly initialized vector with large enough norm in d-dimensional space,
compare the statistical error € to 1/v/d. If it is smaller than 1/v/d, then go to step 2.

Otherwise, run Easy-EM for O(log(e/+/d) max(1,772)) iterations to get cosf > O(e).

2. Run finite-sample based EM for O(min(logd, log(1/¢)) max(1,772)) iterations to get cosf >
1/2.

3. Run finite-sample based EM for O(max(1,172)) iterations to get sin < sin(7/8).

4. Run finite-sample based EM for O(max(1,172)log(1/e€)) iterations to get |3 — B*|| < O(e).

5 Conclusion

We studied the convergence behavior of both population EM and sample-based EM, and at least for
two mixture of symmetric linear regression models we have shown that EM algorithm can recover the
true parameters. In particular, we found that EM converges to true parameters globally without any
specialized initialization algorithm in large sample limits. The explicit convergence rates of cosine,
sine, and distances were presented, from which we concluded O(max(1,7~2) max(logd, log(1/e)))
steps are required to get I error less than e. This is the first result that has shown the global
convergence of EM, as well as the convergence in low SNR regime.

In finite sample case, we showed that EM enjoys the same convergences behavior, though it may
need the aid of Easy-EM in the first few steps, given the number of samples O(max(1, poly(n~—2))d/€>)
in each iteration. It would be interesting to explore whether we can remove the dependency on
Easy-EM steps, as well as if we can improve the sample complexity in terms of SNR. Extensions of
this work could be analyzing the performance of EM when the weight of each component is not equal
or there are more than two components, as well as applying our results to high-dimensional setting.
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Appendix A Proofs for Main Results on Population EM

A.1 Proof of Lemma 1

Lemma 1. Let the variables b%, b}, by, b}, bl be as defined above. Further, define 03 = o + bj>.
Then, we can derive the following simplified equations

by =biS + R,
by = b3S, (10)
where S and R are defined as
S—E a1by * a1by * ;[ cab *
= E |tanh 2 (y +a1dy) | + ?(ijalbl)tanh = (y + a1b}) (11)
R= (02 4 8B | “12 tany (@212 b 12
= (o2 + 187 )E | L5 tant (21 + b)) [ (12

where expectation is taken over a; ~ N(0,1), y ~ N(0,03).

Proof. We start with second coordinate b),. We will occasionally omit variables for expectation when
it is clear over which variable the expectation is taken. We can rewrite the equation (9) as

b/2 = E[g(alaQZ)QQL

where g(a1, a2) = E,n(0,02)) [tanh( 23 (y + a1b] + asby))(y + a1b} + asby)]. Apply Stein’s lemma
with respect to as yields

/ 0
by = Elg(a1, a2)as] = E {&“29(0417@2)] )

o1by

a k * *
Pas (a1, a2) = b3E,n(0,02)) [tanh ( (y + a1b] + a2b2)> +

o2

b b
L+ ot + oottt (25 b + et ) |

(@ ;4 arb . atb .
= 03By N (0,02)) {tanh ( (+ albl)) + %(y + a;by) tanh’ (

o2

aq

).

by =058,
where in (a), we replaced y + agb5 with a new Gaussian variable as they are the sum of two Gaussian
variables.
For the first coordinate b}, we take the similar strategy but we arrange it in a different way. First,
we rewrite equation (8) as

g

b« N "
bll = IEa1~x\f(o,1) |:Ey~./\/(0,a%)) {tanh < - 21 (y+ a1b1)> (y + 041%)} 041} ) (26)
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where we again replaced y + a9bs with one Gaussian variable. Then observe that another application
of Stein’s lemma yields

E {tanh <0z121 (y+ albi))aﬂ =K {tanh (albl (y+ oqb*)) <2b ib1 o + b ) a1 tanh’ <a1b1 (y+ oqb*))}
o o2
=FE [tanh< by Ly + onb? )) a1b1 (y + a1b] )tanh'( c1by Ly + anb? ))]

+BE [0‘;21 h’(o‘;bl( +aib} ))] (27)

b (y—l—ozlbl))aly} _UQ]E[ otb h’( o1by Ly + aib} ))}

where we applied Stein’s lemma for y this time. Plugging the above two equations into (26), we get

On the other hand,

E a1~N(0,1) {tanh (
y~N(0,03))

by =biS + R,

completing the proof. O

A.2 Proof of Theorem 1

Theorem 1 (Convergence of sine). Let 0 < § < T be the angle between 3 and B*. Similarly, we
denote by 0’ the angle between 3’ and B*. Then for every population EM iteration,

sinf < ksin#,

-1

’wher@f{: (‘/14»2‘72""5') <1

Proof. From equation (10), we can compute cosine and sine.

,_<B.B > S||8*|]> + Rb;
cosf' = - = = ’ (28)
BBl |18*]|/R? + S2[|B*||2 + 2SRb;
sinf' = b5
18*[|/R? + 52[|B*|]* + 2SRb}
1
0
V14 (S/RIB°I]® +2(S/R)b;
SsinH;, (29)
1+ 2(S/R)b%

* 2
> W, which gives us the claimed result by plugging it

into (29). To see that, we first observe
a1by . a1by s [ aby . . 151 /[ aiby
S=E [tanh (UQ(y + albl)) + ?ytanh ( = (y+aib]) || +b01E 2 tanh 2
b
Grer )R

Now we are left with proving %b; >

(y+ alb’{)ﬂ .

A
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Since R > 0 as it is the expectation of positive function, if A is greater than 0, then we get the
desired result. Another application of Stein’s lemma yields

a1b . a1b N a1b a1b .
E {tanh < ;21 (y + albl))yﬂ = 05K {tanh ( 0121 (y + a1b1)> + 0121ytanh’ < ;21 (y + albl))]
=o2A.
We can rewrite the left side as

Oélbl « Oélbl « 1 Oélbl %
E [tanh( pe (y+041b1))y2:| =_F [tanh( 3 (y+a1b1))y2] + 51@ [tanh( 3 (—y+a1b1)> y2:|

1
2
1 agb . a1b .
= 5I[-E [(tanh < 01_21 (—y+ a1b1)> + tanh ( ;21 (y + albl)>> yﬂ
0

where in the last inequality, we used the fact that tanh(c + z) + tanh(—c + z) > 0 when = > 0 for
any real value c. Consequently, A > 0 and we complete the proof. O

A.3 Proof of Theorem 2
Theorem 2. As long as 5 >0 > %, one population EM iteration yields

cos@ > kcosé,

_ n®
where Kk = /1 + T

If cos By = ©(1/V/d), after t = O(log(d) max(1,1~2)) iterations, we get 6; < /3 or cos ) > 3
Proof. Recall that from the proof in Theorem 1, we have

* |12 * *
cos ) = SIATIE + Rb; ; and l > — a 2
[18*Il/R? + 2SRbj + S2|3+[]2 R o+ 8|

Starting from these two equations, we can get a lower bound of cos#’ in terms of cosf and o.
First observe that

(S/R)|1B°|> +b;
181/ T+ 2(S/R)b; + (S/RPB°
@ b1+ )

>
- % %2 * |2
1811\/1 + b1 = 2 + a2

®) b3?
> cosO4/1+ — 7,
k(o2)=1 + b}

where k(0?) = Hﬁ*||12+02 2+ Hﬂl‘flalzlfgz ). (a) comes from the following:

cost =

18*(1v/1 +2(S/R)b + (S/R)?[1B*]?

(S/R)|IB* || + by _ \/(S/R)QIB*IIZ +2(S/R)bi + b7 /|8*|I?
1+2(S/R)by + (S/R)?(18*||?

_ \/1 ] b3*/118°| 2
1+2(S/R)b; + (S/R)?||B*|]>’
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which shows us that cos#’ is an increasing in (S/R) and therefore lower bounded by the lowest
possible value of (S/R).

From (b), we can infer that the amount of increase gets smaller as the angle gets smaller. Thus,
we can further bound it with straight-forward algebra by

b3? sin” 0
cosby |1+ ——2—— >cosf[1+ 30
\/ k(o2)—1 —I—bfz - \/ 00529+%(1+77*2) (30)
" (31)
>cosf, 1+ +——, 31
s
where the last inequality is established since we assumed 6 > 7/3. O

A.4 Proof of Theorem 3

Before we prove Theorem 3, we state two lemmas that are essential in our proof. Let all the symbols
be as defined in Section 2. Recall that

b b b
S =Ea,~n(0,1) {tanh <a;21 (y + aﬂﬁ)) + %(y + a1b}) tanh’ <a0121 (y + alb’{))]

y~N(0,03)
. a?b a1b N
R=(0® 1+ 18|)E arenion [gltanh’ ( L albn)] |
y~N(0,02) L 7 g
min(g—gbl,b;)bf -1
Lemma 7. 1 — (/14 2220000 < g <,
2

Proof. From equation (27) in proof of lemma 1, we get

b b1 b7 b
S=E {a% tanh (a;; (y+ 0411)1‘)) — %a% tanh’ (al Ly + a1b’1k))}

o2

b
<E {a% tanh (a;; (y + a1b>1k))] <E[f] =1,

where we used tanh’(z) > 0 and tanh(z) < 1 for any x.
For the lower bound of S, we can apply the lemmas 1, 2 from [8].

Lemma 1 in [8] Leta,3 >0 and X ~ N(a,0?), then Etanh’(3X/0?)X] > 0.

Lemma 2 in [8] Let o, 3 >0 and X ~ N (o, 02), then E[tanh(3X/0?)] > 1 — exp[— 2inlefle]

202
* 2
We can apply these two lemmas by setting o = a1b7, 8 = a3 l;%bl (when «y < 0, we can get the
same result due to the symmetry of the expression in sign). It yields

a?b} min (b3, Z—gbl)
203

S >E,, ll—exp[—

1

i (—U%b bi)b .
min 1,b%)b¥
1_‘_%
o3

=1-
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Lemma 8. b} is increasing in by. Furthermore, in the limit by — oo,
*

2
lim b, = = (b tan™* (bi) + 03). (32)

b1 —o0 ™ 09

Proof. First, we show that b] is increasing in by. From (8), differentiate it with respect to b; yields
dv’ b
chi =E [tanh’(;o‘ly)yzaf] > 0. (33)

Next, we show the limit value of b}. Recall that b} = b7S + R. Again from Stein’s lemma, R can
be rewritten as

*||2 b
R = MEMW [tanh (Og;(y + Ozlb*f)) yOé1:| .

‘72

In the limit by — oo, tanh function becomes sign function. Therefore,

2

. " 1 [ o 3 oo _ ¥
Baplsign(ar(y+ aib))pan] = = [ 2% F( [y dy)day
0 a

m 02 ‘187
2 [ AU .

= — ajoge %92 e 2 dag
™ Jo

= Z02/(1+ (87/02)°),

Now we find a limit value of S. In the limit, lim._,+, cz tanh’(cz) = 0 for all z. Therefore,

lim S = E[sign(a;(y + a1b7)) / / 203 o= 3
b1 —o0 —alb*
o1b] /0’2 2 a2
/ / TTeT2 = ftan L(bt o).
™
Combining the results, we get the desired lemma. O

Now we are ready to prove Theorem 3.

Theorem 3 (Convergence in Distance). Assume that 6 < 7/8, and define o3 = 0> + b3%. If by < o

2
r %bl < by, then
7?2

14
1+7}2’ (14)

18" = B*|| < KlIB — B*|| + K(165in” 0)| 87|

—1
where&z( 1—|—mm(2bl’b)> .

93

Otherwise, we get

18" = B*|| < 0.6|8 — BI. (15)
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Proof of Theorem 3. First, difference in second coordinate is easily bounded.

(b3 — ) = (1— S)3 < (\/ 14 m“(bb’b) b, (34)

03

We therefore focus on giving a bound for |b] — b3].
We start from the following observation. Suppose b; = Z—zb’{ From equation (26), we have
2

Cklb*
bll =Ea, [Ey~./\f(a1bf,a§) [tanh( 031

y)y]al] = ]Eal [alb ] b (35)
Also from Lemma 8, b) is increasing in b;. We will separate the cases based on this point.

2
o’ k.
1. b1 < Ugbl'

2 o5
75 ai(33b1)
by — ;61 =E,, loa (Eyw\/(mb; [tanh ( ) ] — EyNN(al(Z—gbl),ag) ltanh (O’%y Y

2
(a) 2 o a1(Zb
> (bf - le)]E o  min e E |tanh w(y +u) | (y+w)
o ) o3

2
;LE(:%bl,b;‘

(b 2 b bt
(b - O%bl)E o2 (1 exp ( ofmin(Z3by, ) )) 7
o

203

where in (a) we used mean-value theorem, and in (b) we applied lemma 1, 2 in [8]. In turn, we

have
! 3 0% 3
by — by <k (b1 — ;bl) < k(b — b1), (36)
l‘ﬂin(ébl,bi‘)2 -1 . . o2 * -
where we have kK = ( 1+ 0072) and plugging the relation by < —3b; < b into the
2
above.

o2
min(—%bq,b%

~1
bt )b
Finally, we have (\/ 1+ “2021)1) < k. Combining them altogether, we have
2

18" = B'l| < &l|B" - BII.
2. by > < oz b 1, 0 > b5: Following the exactly same procedure above, we have

*2
b2

2
ag
b, — b} < ng(a—;bl = b}) = &*(by — b}) + K* by (37)

B .- . . . b{z -1 0'2+b’2‘2 .. .
y the condition in this case, k = ( 1+ —2) =\ =BT We divided cases into two parts.

T2

(i) Suppose by > 2b3, or by < 2(b; — b}). Then,

b*2

by — b} < k(b1 — b)) (1 +2-%5)
. U2+b*2 2b*2
= ﬁ(bl _bl)(02+||52*|‘2)(1+ 0,22 )

( 02+b§2 a2+2b§2

o2+ b2+ 32 o7 ) (81 = B1).

A
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Check if A is less than 1. To see that,
0*(0” + 577+ 57) — (0% + (b5)*) (0™ + 2(b3)%)
(@) ®
= o?(b7% — 2b3°) — 2b3" > o2 (b7 — 4b3”) > 0,
where (a) comes from b5 < o and (b) comes from tan § < 1/2.
Sb =07 < Kb - b7)

(i) by < 2b7. We will assume bllf—; > (Z5 — 1)(by — b}). Otherwise, we can easily get
by — b < k(b1 — b}) similarly by plugging it into equation (37).

b b
wg—b92<f£w1—bp2++&(2gjfman—bn-ijf@)

1— k2
202+2@2+bf>
b2 '

6 12 6,03.4;0 K2
< k’(by — b7) +/€(;)b1 2( )+ 1

b*
= 1O(br = b7)7 + £O(2)'01 (

We bound B. We rearrange terms as below:

%ﬂ%fﬂﬁ)
b2

=By (AN ()
g 1 bTZ 0-2+ ||ﬁ*||2

— i) (202+2b32+b1‘2) ((02+b32>2) !
’ bTQ 02+b§2+b”{2 ot o2 + [|8*|]?

b*
5=yt

2

1
<K x4 x5 4w (—
: i)

%2
— :“:'/2 32b2 *2
o + (18|

Therefore, we get () — b})? < k?(by — b7)? + /@2%@2. Combining it with (b — b3)? <
k2 (by — b3)? yields

3203°

! 3*12 < I€2 a2 +I<J2 2 *2

Now using va2 + b2 < a+ %,
16b3> b
o +|B*(* |18 — B~||
7

< kl|B - B +f€(165m39)|\5*|\m7

18" = B[ < &lIB = B[] + by

*

b2
where we used =5 <1
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2
3. bl>%§ 1,0<b2:
This condition leads us to a special analysis, a constant rate of contraction in local region with
high SNR.

First note that, b} > b7 and its difference (b] — b}) is increasing in b;. Therefore, invoking
lemma 8 yields

by — by < =(03 + b} tan™ (—1))—b1
7T g2
2 b
< ;(U2+b1tan (é))_bl
2
< Z(V2 - fcot 0)b3,
T

where we used 03 = o2 + b3* < 2b32, tan_l(%) = 5 — 0, and by = b3 cot 0.

One can easily check that 6 cot 6 is decreasing in [0, 5]. Therefore, we can further bound it:
2

b, — b < S(V2 — 2 cot )by < 0.355.

T 8 8

On the other side,

b5
1+ (b7/02)?

2 < 0.51b5.

by —by = (1= 95)b; <
b2
\/1+ (bt /b3)?

Combining the result, we get
18" = B[] < 0.6b; < 0.6|3 — 8],

as claimed.

Proof of Corollary 2

Corollary 2. Assume we start from 0y < ©/8. After t iterations of population EM, there exists
some constant k < 1 such that,

2

< K - +trt 18
18: = 871 < 5180 — "1+ 5418 | (18)
In particular, the result is satisfied if we take k to be the mazimum among
[1Boll* -1 0.8°
. 1 1-— . 1
0.6, \/(1+-—=5-) T (19)

Proof. We first show that x is only decreasing as iteration goes on. It is enough to show that after
2
one EM iteration, b] > min((r b1,b7), and b} is increasing as the iteration is going on.
If —bl is larger than bf, b} becomes larger than b as we can conclude from Lemma 8 and (35).

If % b1 were less than b7, then the corresponding % 2b, at the next iteration is larger than it, as it is
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inferred from (36). The fact that b = ||3*|| cos; is increasing is obvious from the fact that angle is
always decreasing.
Now we will fix k, the contraction rate at the first iteration. We compare the following quantities:

2 -3 . 02 -1
* *Qb b*Q
0.6,< 1+22b1*2> ,<\/1+mln(0221,1)> )
o + (18| 3

each of which can be rewritten as

2n2cos290)3 <\/ - |50||2)1 ( 112 cos? fg )1
06, (1/14+—"—"=1] ,(y/14+Q+n2sin®0) =) (/14 —7F—] .
< 1+772 ( 77 0) 0.2 1+772 Sin2 90

Since we start from 6y < 7/8, we can plug 6§y = 7/8 above and simplify the candidates as (19). We
will pick the maximum among these values and fix &.
Next, we rewrite the equation now with subscript ¢ on each variable:

2

* * . n
[1Be41 — Bl < kl|B: — B \|+ﬁ(1651n39t)m

< K2|Br—1 — B*|| + 26%(165in° 0;_1)

,,72

1+n?

,’72

< k'(|Bo — B*|| + tr! (16 sin® 6y T

772
L+n?

< K'|Bo — B*[| +tw'

where for the last inequality, we used 6y < /8. O

Appendix B Proofs for Finite-Sample Based EM

Throughout this section, we use the concentration results that with probability 1 —¢/7" in each EM
iteration, ||3" — B'|| < € from [4] as well as Theorem 4.
Now we are ready to prove lemmas on finite-sample based EM in three convergence phases.

Proof of Lemma 4

Lemma 4 (Increasing Cosine in Finite-Sample EM). Let By be the initial guess and 6, be the
angle formed by By and B* and assume ||Bo] > w. We run sample-splitting sample-based EM
algorithm, each step with n/T = O(max(1,17~2)d/e?) samples, T = O(max(1,7~2)logd) iterations,
and € = €; min(1,n?). We also take €1 > 0 small enough such that there exists a constant k =

(1 —-10€),/1+ %22 > 1. As long as 0; > w/3 for t < T, with high probability,
3

kT —1 €
— O(ﬁ). (23)

In particular, when cosfy = @(—d), we get cos Op > % —O(eq).

cosOr > k' cosbly —
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Proof. From equation (21) with sufficiently small €, we have
€

ﬁ)
> k2 cosOp_o — (1 4+ k)O(

cosfr > kcosbr_1 — O

)

Sk

>kl cosby— (14 r+r2+ ... +rI7HO(

77
-1

ZHTCOSH()—i
k—1

O(ﬁ)’

where each inequality holds with probability at least 1—4§/T, and all inequalities hold with probability
1 — ¢ by taking a union bound. O

Proof of lemma 5

Lemma 5 (Convergence of Sine in Finite-Sample EM). Suppose we get a By whose angle formed
with B* is less than~7r/3 from previous phase. We run sample-splitting sample-based EM with sample
complezity n/T = O(max(1,172)d/€?) and error e = ¢; min(1,1?). Then with high probability, with

a constant k = (/1 + (l)fzz)_l <1,

sin? Op < k*T sin O + O(ey). (24)
After T = O(max(1,n72)) iterations, we have sin® O < sin” 5 T O0(er).
Proof. Similarly,

sin? 07 < w%sin® Oy _1 + O(e)

< ktsin? O7_o + (14 £2)O(e)

<k sin?0p + (1 + w2+ 62 + ...+ K2TD)0(e)

< k2T sin? 0y +

1-— nQO(E)’

with probability 1 — 4.
Finally,
1 _ min(1,7?) 1+ 1.5n2
20 =T 0m2
which yields the desired result. O

O(e1) = min(1, %)

(1) = O(er),

Proof of Lemma 6

Lemma 6 (Convergence of Distance in Finite-Sample EM). Suppose we get By whose angle
Jormed with B* is less than /8 from previous phase. We run sample-splitting EM with n/T =
O(max(1,772)d/e?) and € = €; min(1,7?), getting

2
87 = Bl < 5718 = 81+ TwT -5 + 0, (25)

where K is the maximum among (19) as in Corollary 2.
After T = O(max(1,m72)log(1/e1)) iterations, we get O(e1) optimal error.
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Proof. We start from Theorem 3. Note that the chosen k satisfies sin® 6, < xtsin® 6y + —0(e),
which can shown similarly as Lemma 5.

2

187 — B*|| < &[|Br-1 — B*|| + O(e) + K(16sin® Op_1) T+

< H2||ﬁT_2 =B+ (1 + k)O(e) + (/{2 sin® 07 _s + K sin® Or_1)

14172

1 16n°
< k1B — B*|| + EO(E) + 1 +n772 (k7' sin® 0y + kT " Lsin® ) + ... + wsin® Op )

. 1 167>
< Kl — Bl| + 00 +

1 n? 1612 1
<k’ - B —_— Tr"
S w1180 = BTl + 7 Oe) + T T+ T TP n)?
2 2
T * T 77 ]‘ 1 T]
= — T 57 50
K ||/60 ﬂ ||+ K 1_"_7724»1_&0(6)4»(1_K)21+7720(6)

k+rZ+ .+ KT
1—k

O(e)

(T sin® 0y + O(e))

2

Finally, check that 1 — & is O(min(1,7?)). Then the statistical error is in O(e;), as desired. O

Appendix C Proofs for Auxiliary Results

C.1 Proof of Lemma 2

Lemma 2. For any 8 € R?, we have
18] < 3v/a2 + |8+ (13)

Proof. From Lemma 8, we know that b] < b + %\/02 + b;Q. On the other side, from lemma 7 we

have b}, < b3. Therefore,
2
by < b7+ ;\/02 + b3?

L2
<[18"l|+ = Vo2 + BT
<2/ [P,

b < 116

Combining the bound for each, we get ||3'|| < 3/0? + ||8*|]2. O

C.2 Proof of Lemma 3

Lemma 3. If ||B|| > w, then after one finite-sample EM update with n = O(max(1, poly(n=2))

~ 6*
(d/€2)) samples, [|3']| > 1251

Proof. We divide the cases by varying #. Note that n is now proportional to poly(n=?), and we
control the number of samples so that statistical error in norm is ||3' — 8'|| < O(€) min(1,7?). We

first show that population EM operator ||3'|| is larger enough than IB°1l " therefore 18l - 118" — B

0
fo 18~
is greater than “55*.
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cosf > 0.2,sinf > 0.2: Suppose ||,8H ?;”. If cos® > 0.2 or b > Hﬂ;”, then as shown in

the proof of Corollary 2, ||3'|| > min(Z3 bl, b3) > min((1 + n?sin? 0)“'?—8”, 0.2]|8*||). We take small
enough €, we have ||8'|| > ||8'|| — € > ”?OH.

cosf < 0.2: Recall that ||3'|| > b} = Eftanh(2% (a1b] + y))(a1b} + y)a1], where ay ~ N(0,1),
y ~ N(0,0%). We first claim that b} > E[tanh (% aly)aly] i.e., lower bounded by setting b} = 0.
In order to show that, we differentiate b} with respect to b}, which yields

bia o 3, b«
E[af tanh(%(alb’{ +y)| + E[ (b} +) tanh'( - (a1bi + )]

However,

b« "
E[a? tanh(lgi;(allh +y))l =

1 0o oo b _ (w—arp])? _ (ytaid)?
— a%e*a%m/ tanh( 102[1 y)e 3 —e % dydag > 0.
o2 Jo 0 g
Simiarly,
ashy . b .
E[~L 2 (b +y)tanh( 7 (cnbi + )] =

1 a3b ) b o _ (y—agb})? _ (ytagd})?
— 1—216_0‘%/2/ y tanh’ (= Qly)(e 23 —e 23 dyda; > 0.
o2 Jo g 0 g
Now it becomes clear that b} is increasing in b}, thus the claim is verified.
Next, we bound E[tanh(az a1y)aqy).

7/2

b1 of
E[tanh( aly)aly] = / / alytanh aly) 23 e dondy
TOoO2

y2 a?
= —02/ / alytanh(—QJQOzly)e*JTe*Tldaldy
i 0 0 g

2 B e b y2 i
— 09 arytanh(—aqy)e” T e 2 dagdy.
0 0 g

™

%

> <. We can get a numerical result for the integration

o0 oo 1 2 a:2
/ / zytanh(Zzy)e” 7 e 7 dady,
o Jo 2

which is greater than 0.5. Thus we can conclude b} > %02 > %b;, which is much greater than

|8*|/10 when sin > /1 — 0.22.

If bl is less than 1/2, then we use the Taylor bound for tanh(z) > z — % ® to get

b o> 1
Now suppose if 2+ > 5.

2 I e b1 _y2 _od
— 09 oqytanh(—oqy)e ze 2 dody
s

b 1,b 2 a2
_*02/ / ary( lozly—g(*1 a1y)®)e” T e” 2 dondy

_b17(1_ ?) > by m(l—i&f) (38)
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2
Ifn = ” > 5, then since we assumed bl < 1/2, we have byy/1+ 2n?(1 — 3%) > 20y

Otherwise, suppose by = ||3*]|/10, then we have bj > by1/1+ 227?(1 — 1351?). When 1 <7 <5, we
have b} > 2b;. When 0 < 7 < 1, we have b} > by (1 + 0.3n%). Since by (33) we know b} is increasing

as by increases, and ||@'|| > b}. Therefore, we conclude that sufficiently e guarantees ||3'|| > Hﬁ ”.

* 2
sinf < 0.2: Assume by = ”?OH < &b Otherwise we can do as in the first case. From equation
2

(36), we have
by = by + (1= #%)(b] — ba),

o2 —1
in(Z301,67)2\ —1 2 . MR
where 1 = (\/1+ PCEI T > 1+ L Since b — by > 181 in this case, we have
2

by > by + 100+n I'@*H . Similarly as in other cases, since b} is increasing in by = ||8]], with sufficiently

small € we have ||,6’|| > ”ﬁ I whenever [18]] > ”5 H, O

C.3 Proof of Theorem 4

Theorem 4. Consider one iteration of sample-based EM algorithm. There exist absolute constants
c1,c2 > 0, such that statistical error in a fized direction 3* can be bounded with probability at least
1-96, by

|(B/ _ ﬁ/)Tﬂ*‘ < o2 +[|B*]2 <01 %log(l/@ +02210g(1/5)> : (20)

Proof. The error for which we are interested in giving a bound is

n

Zx x; - 2(2%0/3(30“ y;) — Dyizy) — 2E[wg(x, y)yx], (39)
—_— ——
=1 M
51 i
where wg is defined in equation (5). Now we fix some v € R? such that |[v|| = 1, and give a bound
for |(B" — B)Tv|. First observe that,
(8= B8) ol = (=7 — )l
=|(a— @) o+ u" (S = Do+ (h— @) (S = Dol
<[ (a—pTol+ [p"E7 = Dol +](p—w" (57 = v,
A B c

We will bound A, B and C separately. For simplicity, we will assume the problem is normalized, i.e.,

8% = 1.

Bounding A: We follow the same procedure that is in [4] with slight refinement in the argument.
The main difference is not taking an union bound over the covering set at the end of the stage, since
we are only interested in one fixed direction.

We start from symmetrization argument. For symmetrization, we first introduce (7, y}), indepen-
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dent copy of (x;,y;). Then,

%Z (s, pi) = Vgilais ) = S Qualely 1) — Dyl also)| > 1/2)
> P15 Y- uwalai,y) ~ Dystorsv) = (o) >t S Qug(alsyl) — Dyllalse) = (oo} < 4/2)
= B(|-- S 2w ) — Daleer) — (o, 0)| 2 OF (|- S (Guis (el ) — Dyl ) = (,0)] < ¢/2)
i=1 i=1
2 lp 1 .
5 EZ 2wﬁ zi,yi) — Dyi(wi, v) — (u,0)| > 1),

i=1
where the first inequality comes from the fact that condition in the second line implies one in the

first line. For the last inequality we used Chevyshev’s inequality as the following
1 & Var((2wg(z}, yi) — 1)yi{z, v
(1% 3 Gua(al, ) — Do) = ()] 2 1/2) < TG 2 U 1)

i=1

< BlRug(a},y) — (2", 0)*] _ El(0® + (2, 87)*) (2, v)°]
- nt?/4 - nt?/4

(02 + 38°17) _ 1
nt2/4 -2

where in the last two inequalities we used E[(z’, u)?(2",v)?] < 3||u|[?||v||? from lemma 7 in [4] and
the fact that we will use the number of samples such that nt? > c3(o? + ||3*|]?) for some cs.
Then, we introduce Rademacher variables {&;} to conclude that

P (2wl i) — Dgslos v)— D (uael ) — Dyidel, )| > 1
< 2B(|2 3 eiC2ualn, ) — Dy, )| 2 1/2),

which in turn yields P(A > 4t) < 4P(]+ ZZ L 61(2’11)5(.%‘“:(/1) = Dyi(z;,v)| > t)
Now let us define two events Fy = {1 3" (z;,v)? <2} and By = {1 Y1 | &;((zs, B*) (wi, v) —

(B*,v)) <t/2}. Let E = E; N Ey. Then,

(= eiua(wi,yi) — Dyilwi,v) > t|E) + P(E°)
=1

3
3\*—‘

1 n
(= > eius(@i,ys) — Dyilws,v) > 1) <P(
i=1

In order to apply Chernoff’s bound, we bound the expectation given the event

exp Z{fz 2w,8 xzayl - )yi<xza >)|E <E eXp Z{fzyz Li, U

b whenever |a| < |b|, and [2wg(z;,y;) — 1| < 1.

where we used the fact that e* + e < e’ + e
Conditioned on w;, y; ~ €i(z;, 3*) + w;, where w; ~ N(0,0?%) and €} is a latent variable taking value
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+1 or —1 with equal probability. Then,

n

eXp Zgzyz T,V exp 22 51 xu $“ >+51wz<$1a5*>))|E]
i=1
< {E[exp (% ;(6z<xzﬁ*><mu >)|E eXp Zszwz T,V |E] }1/2
2 n
< {exp(At) E[exp ( ZE’ E] E[exp (2: o? ;<xi,v>2)|E]}l/2

2
< {exp (M + &w*,wz s

A 222
S0P+ 1871P)),

where we used Cauchy-Schwartz inequality first, then Gaussian-tail bound, and sub-Gaussian bound
for rademacher variables and definition of E. Using this, we use the Chernoff bound to get

)}1/2

< exp (

1 & 202 At
P(ﬁ > e (@i, yi) — Vil v) > t{E) < exp (T(IIﬁ 12 +0%) — 5),
i=1

from which optimal choice of A gives

1 2

- ZE’ QQuwg(xs, yi) — Dyi{zi,v) > t|E) < exp ( — nt
=1

B + 7))

3

Now we are left with bounding P(E°). As it is less than P(EY) 4+ P(ES), we are bounding
probability of these two events. As each (z;,v)? is a Chi-square random variable, using the sub-
exponential tail bound, we have P(E¢) < e~"/8. For bounding probability of E§, we first introduce
two random variables Z; = (z;,u) and Zy = {(x;,v) where u = 3*/||3*||. Note that Z;, Zs is jointly

1 (u, v)]

Gaussian with zero-mean and covariance [ (w,0) We are bounding
.

Ly t Elexp(\e(Z1Z5 — (u, n
Pl ez~ (u) > g < 2O e

First observe that Z5|Z; ~ N ((u,v)Z1,1—(u,v)?). Using it to get an expectation over Z, conditioned
on Z1, we get
)\2

Elexp(AeZ1Z5)] = ]E[exp(?(l — (u,v)?) + Ae(u,v)) Z3].
Since Z? is Chi-square variable, which is sub-exponential. Thus,

Elexp(Ae(Z1Z — (u,v)))] = E [exp (22(1 — {u,v)?) + Ae(u,v)) (Z3 — 1)} exp <)\22(1 - <u,v>2))

< exp (2 (22(1 — (u,v)?) + A5<u,v>)2> exp (22(1 - <u,v>2))

< exp(3)?),

where we first used sub-exponential tail bound for Chi-square distribution, used a + % == <1 for
a < 1, and the fact that we will use small enough A < 1. Finally, with optimal choice of A\, we have

),

nt?

IP(EQ) eXp( 48”,3*”2
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Combining all bounds for the probability, with probability at least 1 — §, we have A <
1 \/(02 +18*]1?) L log(1/6) for some universal constant c;.

Bounding B: Standard results from random matrix theory imply that ||, — I]|op < c2 4og(1/6)

with high probability. We will consider events under this condition.
Since inverse operator is hard to handle, we modify it using Taylor’s expansion

Sl=T-I-%)!
=T+(I-2)+T-%)%+..,
which in turn yields p7 (31 — Iv = uT(I — S)v + ||u||é(%)
For simplicity, let us define u = ﬁ and derive a bound for u” (I — £)v. Now we are left with
bounding uT (I — 2)v = uTv — L5 (@fu)(zfv). Let two random variables Z; = XTu, Zo = XTv.

Then Z;, Z5 are jointly Gaussian with zero-mean and covariance [ (ulv> <uiv> ] Then the probability
we are to give a concentration bound is

1 Elexp(AZ122)|™
P(ﬁ ZZLZ'ZQ’Z' — <’U,,’U> 2 f;) S %

Using the same procedure used to bound P(ES) before, we have

1
P(— 2o — (u,v) > t) < —nt?/12),
(n;fz‘l,zz, (u,v) > t) < exp(—nt”/12)

which gives with high probability, u” (I — %)v < O(\/g)
Finally, ||u|| < O(y/02 + [|8*|?) due to Lemma 2, we have B < cs1/0% + [|B*]|2(1/ £ log(1/6) +

d
")

Bounding C:  We have ||fi — p|| < c51/0% +[|B*[[24/ % 1og(1/6) from [4] with probability at least

1—6,as well as [|S7! = I|,p < c21/21og(1/8) from random matrix theory. Therefore, we get
P n g

) . ) . - d
(=" (&7 = Dol <= pll 1271 = Illop lloll < O(Vo? +[1B[P).

This gives a bound for C.
Finally, combining the bounds on A, B and C' with v = 3%, we get the first part of the theorem. [

: : 18~ : _
Corollary 3. Suppose that the norm of the estimator ||| is larger than “F5+. Then, with n =

O(max(1,172)d/e?) samples for one finite-sample based EM iteration, we have

0 > k(1 —10€) cos — O 6,2>, 21
cos 6 > k( €) cos (max(\/ae) (21)

sin? 0’ < &'sin 0 4 O(e), (22)

with k = \/1 + Mg% >1, and ' = (1+ 1%1:7;2 cos? )~ < 1.
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Proof. We start from the end of the proof for Theorem 4. We now replace statistical errors in terms
of € using the sample complexity n = O((1 + 1n72)d/€?). Recall the way we compute cosine,

o 8.8
wisl
8.8 (B -B.8)
BIs T 18 8l
e8I B =88
TR

> cos 9’(1

I P PN -
wiaTre " >||Bf||

> cos6'(1 — 10¢) — O(max (%762))

€
> k(1 — 10€) cos  — O(max (—=, €2)),
> (1 = 10¢) (max (==, <))
where the last two inequalities follows from the Lemma 2 and equation (30) in the proof of Theorem
2.

Now for sine, we have that

sin? =1 — cos? 0’
<1—cos?# +O(e)
< sin? 60 + O(e)
< K'sin? 0 + O(e),

where the last inequality comes from Theorem 1. O

C.4 Proof of Theorem 6

Theorem 6. Consider one iteration of Easy-EM algorithm. There exist absolute constants c1,co > 0,
such that with probability at least 1 — ¢,

~ d
18" =Bl < e1v/o? + 187 los(1/6).

(B~ 8) 78] < ex /o + BTy - og(1/0).

Furthermore, suppose that the norm of current estimator ||3|| is larger than ”%”. Then, with

n = O(max(1,n72)d/e?) samples for one Easy-EM iteration, we have

cos 0" > k(1 — 10¢) cos — O L,
=z ( 6) (\/E)

sin? 0" < 1’ sin? 6 + O(e),

: in 2 -1
with kK = \/1+W2(10+W’2) >1, and k' = (1+ 12;’7]2 00529) <1.

Proof. Bound for |(3” — 8')73*| directly follows from bounding A in the proof of Theorem 4. For

the norm, standard covering set argument tells we can take union bound over 1/2-covering set of
unit sphere to bound P(sup,cga |(8” — B8') Tv| > t), from which we can conclude

i [d
18" = B'll < exi/o? + 18|24/ log(1/9),
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with probability at least 1 — .
Finally, bound for cosine and sine can be derived by the exactly same procedure used in the proof
of Corollary 3. O
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