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1. INTRODUCTION AND MOTIVATION 

Route-level Origin-Destination (OD) flow matrices provide useful information for ridership 
forecasting, service planning (e.g., extending routes, splitting or combining routes, and 
introducing new routes), and control strategies development (e.g., short turning, expressing, and 
holding). Since directly observing OD flows via on-board surveys is time consuming and costly, 
many methodologies have been proposed to estimate route-level OD matrices from boarding and 
alighting counts (Ben-Akiva et al., 1985; Ben-Akiva, 1987; Kikuchi and Perincherry, 1992; Li 
and Cassidy, 2007; Li, 2009; Hazelton, 2010; Ji et al., 2014; Ji et al., 2015). Passenger boarding 
and alighting counts are relatively easier and less costly to collect than OD flow data. Moreover, 
many transit agencies are now collecting large quantities of boarding and alighting counts on a 
routine basis via Automatic Passenger Count (APC) technologies, thus, providing the 
opportunity to estimate up-to-date OD flows on an ongoing basis. 

Transit agencies have also been adopting Automatic Fare Collection (AFC) technologies. 
Transit passenger OD flows could be derived from AFC data. However, many AFC systems, 
notably those for bus transit, are access-based (i.e., swipe-on or tap on) only and, thus, only 
record the stops where passengers board and do not record the stops where passenger alight. As a 
result, assumptions, some of which are difficult to verify, need to be made for inferring 
individual passenger OD flows (Chan, 2007; Wang el al., 2011) from such AFC data. 

The focus of this study is on the use of large quantities of APC data to estimate OD flows 
for transit bus routes. Since most OD flow estimation methodologies based on boarding and 
alighting counts were developed before the prevalence of APC technologies, the value of large 
quantities of APC boarding and alighting data are not effectively utilized in previously 
developed estimation methodologies (Ji et al., 2014; Ji et al., 2015). More specifically, many OD 
estimation methodologies – such as the well-known and extensively used Iterative Proportional 
Fitting (IPF) procedure (Ben-Akiva et al., 1985; Bacharach, 1970) in its most commonly 
implemented form – predominantly rely on aggregated boarding and alighting counts to 
determine a time-of-day period OD flow matrix, where the aggregation is performed by stop 
across bus trips.  

In contrast to methodologies that rely on aggregated boarding and alighting counts, 
Hazelton (2010), Ji (2011), and Ji et al. (2015) proposed similar statistical formulations but 
different solution methods to estimate transit OD flows based on sets of disaggregate trip 
boarding and alighting counts. Specifically, Hazelton (2010) used Markov chain Monte Carlo 
(MCMC) (Robert and Casella, 2005) methods to generate samples from the posterior 
distribution. This approach can be very time consuming for realistically long transit bus routes 
and large boarding and alighting datasets. Ji (2011) and Ji et al. (2015) considered the 
expectation maximization (EM) algorithm (Dempster, 1977) to find the mode of the posterior 
distribution as an estimate and developed a heuristic approximation of the expectation of the trip 
volume matrices, given the probability OD flow matrix and boarding and alighting count data, to 
circumvent the need for the computationally prohibitive enumeration of all OD flow matrices 
that satisfy the boarding and alighting count data. Ji (2011) and Ji et al. (2015) showed that the 
resulting algorithm – referred to as the Heuristic Expectation Maximization (HEM) method – is 
able to efficiently estimate the probability OD flow matrix with a high degree of accuracy, 
especially with APC data on many bus trips. This method, however, only estimates the posterior 
mode of the OD flow estimates and not their full distribution. While it is possible to determine a 
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distribution of the flow estimates determined by the HEM method via bootstrapping (Efron and 
Tibshirani, 1994), doing so is distinctly different from estimating the posterior distribution of the 
true flows – for example, as estimated by the MCMC method – and introduces an additional 
computational burden. Variational Bayes methods (Jordan et al., 1999), which approximate the 
posterior with the closest distribution from a simpler class of distributions leading to efficient 
estimation algorithms, allows for estimating the distribution of the true flows and offers the 
opportunity to do so in a computationally efficient manner.  

In this study, a computationally efficient variational Bayes method that approximates the 
posterior distribution of the probability OD flow matrix is developed. In addition, a data-inspired 
simulation based evaluation is conducted to show that the estimates obtained are as accurate or 
more accurate than those obtained from competing methods when a single underlying OD flow 
matrix is assumed. 

2. METHODOLOGY 

The notation used in this report is the following: 

yl = volume OD flow matrix for the lth bus trip, 
l = index representing bus trips, 
L = number of bus trips, 
nl = total number of passengers on trip l, 
α = probability OD flow matrix, 
xl = boarding and alighting counts for trip l, and 
q = approximate posterior distribution of the true OD flows. 

A model similar to those used by Hazelton (2010) and Ji at al. (2015) is assumed for the 
data-generating process of boarding and alighting data and is illustrated in Figure 1. It is assumed 
that each bus trip volume OD flow matrix is the result of a multinomial trial, with known total 
number of passengers, nl, and unknown probability OD flow matrix, α. Let yl represent the 
volume OD flow matrix for the lth bus trip. The OD flow volumes are not directly observed, but 
rather row- and column-wise summaries of them are provided in the boarding and alighting 
count data, which for a given trip l are represented by xl. 

Many strategies can be used to estimate the posterior distribution of probability OD flow 
matrix α. As argued in the introduction, variational methods (Jordan et al., 1999) are used in this 
study to approximate the posterior distribution of the true OD flows in a computationally feasible 
and efficient manner. Variational methods approximate the posterior distribution with another 
(variational) distribution, q, by assuming q belongs to a simpler class of distributions than the 
true posterior. If no restriction is put on q, the closest distribution will be the posterior itself. 
Naturally, this is not helpful and, therefore, simpler classes are used to find a closed form 
solution of the posterior distributions of the entities to be estimated. Ideally, the goal is to assume 
a realistic approximation that is not so complex as to make the computation infeasible. Once the 
class of distributions is specified, q is solved for such that the Kullback-Leibler (KL) divergence 
of q from the true posterior is minimized (Jordan et al., 1999). To estimate the probability OD 
flow matrix, it is assumed that the variational distribution of the OD trip volumes is independent 
of the variational distribution of the probability OD flow matrix, i.e., that q factorizes. Under this 
assumption, q can be estimated efficiently by iteratively updating the parameters of the 
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variational distribution in a fashion reminiscent to the EM algorithm (Parisi, 1988). Since it is 
infeasible to determine the expectation of the bus trip volume OD flow matrices conditional on 
the boarding and alighting counts, the heuristic approximation developed by Ji (2011) and Ji et 
al. (2015) is used. 

             

FIGURE 1: Graphical representation of the assumed data-generating process 

3. SIMULATION-BASED EVALUATION 

The quality of the estimates obtained when using the proposed method are compared to the 
quality of the estimates obtained by competing methods. While large quantities of empirical 
boarding and alighting data can be obtained from APC technologies, the true underlying 
probability OD flows are not available. Reliably determining ground-truth OD flows requires 
onboard surveys, which are time-consuming, labor-intensive, and expensive to carry out for large 
studies. It would also be informative to compare the performance of the various methods in a 
controlled experiment, where different parameters can be adjusted. Therefore, a data-inspired 
simulation experiment is performed. 

In the simulation, bus trip volume OD flow matrices are generated assuming a 
multinomial distribution based on a probability OD flow matrix and a bus trip volume 
distribution. To improve the realism of the simulation, the underlying probability OD flow 
matrix used to generate OD flow matrices is a matrix that is estimated using the method 
presented here from large quantities of boarding and alighting data obtained from APC 
technologies on operational bus routes. The total bus trip volumes are also drawn from the same 
route’s ridership data. 

To assess performance under a diverse set of scenarios, data from two different time-of-
day periods for a route are used to generate underlying probability and volume OD flow values 
for the simulation. Specifically, boarding and alighting data from The Ohio State University’s 
Campus Transit Lab (CTL, 2016) are used. The CTL is a living lab based on Campus Area Bus 
Service (CABS) (Campus Transit Lab, 2016), a transit service that serves approximately five 
million passengers annually on six routes. APC data are taken from the Campus Loop South 
(CLS) route during the AM (8 AM to 10 AM) and PM (3 PM to 5 PM) peak periods. CLS is over 
8 km long and has 141 feasible OD flow pairs. The total number of bus trips with APC data used 
to estimate the underlying probability OD flow matrices and volume distributions for the 
CLS-AM and CLS-PM route-periods are 780 and 638, respectively. 

For each of the two route-period combinations considered, the generated number of bus 
trips varies from 25 to 1,000. For each bus trip, an OD volume matrix is generated, and the 
boarding and alighting data which correspond to the row and column sums of the generated trip 



 

7 

volume OD flow matrices, are assumed to be observed without error. For a given set of boarding 
and alighting data, the probability OD flow matrix is estimated using the variational method and 
four other methods: the iterative proportional fitting (IPF) procedure, which serves as a 
representative of the state-of-the-practice, and three other methods that make use of the 
distribution of the APC data, namely, IPF with iteratively updated base (IPF-IB) (Ji et al., 2014), 
heuristic expectation maximization (HEM) (Ji, 2011; Ji et al., 2015), and Markov Chain Monte 
Carlo (MCMC) (Hazelton, 2010). Both the posterior mean and posterior mode of the variational 
method are considered. Since the mean and mode estimates are found to be very similar to each 
other except for the cases of very few trips with APC data where the variational mode is more 
accurate, only the variational mode results are discussed further. To maintain consistency across 
methods, each method is initialized by the same prior matrix (also known as the base or seed) 
where the prior probability flows of all feasible OD pairs are assumed to have equal 
probabilities, and the prior probability flows of all infeasible cells are set to 0. 

For each method, the resulting estimated probability OD flow matrix is compared to the 
underlying probability OD flow matrix used to generate the bus trip volume matrices and APC 
data in the simulation. The distance between the true and estimated probability OD flow matrices 
is measured by the squared Hellinger distance (HD2) metric, which is commonly used to 
compare two probability distributions. The HD2 measure is the sum of the squared difference 
between the square root of the estimated probabilities and the square root of the true probabilities 
(Yang et al., 2000). Lower values of HD2 indicate more similar probability matrices and, 
therefore, that the estimated matrix is closer to the true overall time-of-day period-level 
probability OD flow matrix. (Other measures were computed as well, including the Chi Squared 
distance, Kullback Leibler divergence, mean squared error, and mean absolute error. The results 
were qualitatively similar for all metrics.) Finally, to assess the variability of the results, for each 
set of underlying probability OD flow matrix and number of bus trips considered, 20 sets of 
volume OD flow realizations and corresponding boarding and alighting counts are generated 
across the bus trips. 

Figure 2 shows the average HD2 value over the 20 simulation trials for each of the 
methods, periods, and number of bus trips. Each of the two panels displays the results for the two 
time-of-day periods. Within each panel, there is a generally decreasing pattern of HD2 for all 
methods as the number of trips increases. IPF-IB, HEM, and the variational HD2 values all seem 
to decrease towards 0 as the number of bus trips increases. Similar to the results of Ji et al. 
(2015), the accuracy of the IPF estimates does not improve much with increasing number of bus 
trips. The IPF method can be more accurate than the other methods when there are very few trips 
but less accurate than the other methods when collecting boarding and alighting data from more 
than about 200 bus trips, a fairly reasonable amount for a city-wide transit system equipped with 
an APC technology. 
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FIGURE 2: Mean accuracy comparisons for two route-periods 

It is not easy to observe the differences between the HD2 values for the estimates 
obtained by the IPF-IB, HEM, and the variational methods as plotted in Figure 2. Therefore, the 
differences of the HD2 values of the variational mode estimates and the estimates of each of the 
other methods are plotted in Figure 3. In this figure, the distribution of the differences over the 
20 simulated APC datasets are also shown in the form of box-plots. A distribution above 0 
indicates that the variational mode is more accurate than that method, and vice versa. From 
Figure 3, it is apparent that the variational method is more accurate than all the other methods in 
nearly all of the 400 simulations where APC data on at least 100 bus trips are available. In 
addition to determining better estimates, the variational method is also very feasible. For 
example, using an Intel(R) Xenon(R) 2.27GHz processor, estimates were determined in 11.1 
seconds on average using APC data on 1,000 bus trips. 

    

FIGURE 3: Distributional accuracy comparisons considering differences of  
HD2 values of the variational mode estimates and the estimates  

of each of the other methods for two route-periods 

4. FUTURE RESEARCH 

Given the promise of the developed methodology, a more comprehensive evaluation would be a 
valuable effort. That is, different simulations for additional route-periods and from a variety of 
ground-truths would further validate the algorithm’s effectiveness. In addition, empirical 
validations on a variety of routes would be essential to set the stage for adopting the developed 
methodology in future transit passenger OD flow studies for research or practice purposes. Since 
it is difficult to collect OD flow data for a large number of bus trips, one difficulty of such an 
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assessment is that there is often no known ground-truth probability OD flow matrix to compare 
the estimates to. OSU’s CTL from which data for the simulation evaluation are used offers the 
opportunity to amass high-fidelity onboard OD flow survey that could be used for this purpose. 

Given the high quality of the OD flow estimates arrived at by the variational 
methodology and its computational superiority with respect to other methods reported in the 
literature, the methodology allows for extending the estimation of OD flow patterns under more 
complex behavioral assumptions than is typically possible given the computational limitation of 
other methods. Specifically, due to varying trip purposes, which are associated with different sets 
of origin-destination pairs and departure times within a time-of-day period, OD flow patterns 
would be more realistically represented by multiple underlying probability OD flows. That is, it 
is conceivable that bus trips within a period could carry travelers that collectively exhibit 
different underlying probability OD flow patterns. The developed variational Bayes method 
could be extended to capture the presence of multiple underlying OD flow matrices in a 
computationally efficient manner. 
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