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1. INTRODUCTION 

1.1. Overview 

Deterministic analysis of a drilled shaft/slope system has been a research topic since the 1960s 

(Chelapati, 1960; Getzler et al., 1968; Fukumoto, 1972 and 1973; Wang and Yen, 1974, Sommer, 

1977). In general, the analysis methods for considering the effects of reinforcing drilled shafts 

could be categorized into two approaches: a) increase in the resistance due to the added shear 

strength of the reinforced concrete drilled shafts (e.g., Ito, et al., 1981; Hassiotis, et al., 1997; 

Reese, et al., 1992; Poulos, 1995 and 1999), b) decrease in the driving force due to the soil 

arching as a result of the inclusion of rigid structural elements on the slope (e.g., Liang and Zeng, 

2002; Yamin, 2007; Al Bodour, 2010; Joorabchi, 2011). Despite the increased use of drilled 

shafts for slope stabilization in recent years, there still is a lack of coherent and widely accepted 

reliability based design methodology to ensure both safe and economical design outcomes.  

Probability-based approaches for assessing probability of failure of a slope have been the focus 

of research since the 1970s (e.g., Tang et al., 1976; Wu et al., 1989; Oka and Wu, 1990). The 

methodologies in probabilistic analysis of a slope usually employ first-order-second-moment 

(FOSM), first-order-reliability-method (FORM), and Monte-Carlo simulation (MCS) (e.g., Low 

et al., 1998; Liang et al., 1999; Malkawi et al., 2000; Cheung and Tang, 2005; Griffiths and 

Fenton, 2004; Zhang and Tang, 2011). Of these, MCS is commonly considered as the most 

robust methodology dealing with reliability analysis (Robert and Casella, 2004); however, it 

requires a large number of random samples in order to calculate the probability of failure.  
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A more advanced technique, the importance sampling technique (IST), is a probabilistic 

approach that is more efficient than MCS in reducing the sample calculations and increasing the 

accuracy in predictions for the probability of failure (Robert and Casella, 2004; Au et. al, 1999; 

Au and Beck, 2003; Ching et al., 2009 and 2010). Ching et al. (2009, 2010) have presented 

analytical techniques for determining the probability of failure (reliability index) of a slope using 

IST in connection with the ordinary method of slices (OMS). The literature on IST contains very 

few studies on slope stability analysis using drilled shafts. As a result, additional investigations 

that apply IST for slope stabilization are needed.  

An additional consideration in the design process for slope stabilization is the configuration of 

the drilled shafts. A single row of drilled shafts may not be adequate for stabilizing a slope, if the 

failed slope length is large and the force thrusting onto the drilled shaft is high. Multiple rows of 

drilled shafts are needed to arrest slope movement and enhance the safety margin of the failing 

slope. To date, there is no available literature on design and analysis methods for a drilled 

shaft/slope system using multiple rows of drilled shafts to stabilize an unstable slope. 

 

1.2. Statement of the Problem 

Landslides and slope failures occur frequently every year, which have a major impact on the 

operational safety of roadways and add financial burdens to the highway agencies responsible for 

performing slope repairs and maintenance. Although many slope improvement methods are 

available, the use of drilled shafts has been a commonly adopted method with several advantages: 

this method offers a permanent structural fix, it normally does not require additional right of way, 

it can be constructed in most soil and rock conditions, and it can be constructed rather rapidly. In 
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the design of slope stabilization, much of the challenge involved in evaluating alternative 

maintenance and repair actions lies in the fact that the future performance of a slope is uncertain. 

Because of this uncertainty, future costs for maintenance and repair are also uncertain. We 

simply cannot achieve—or cannot afford to achieve—absolute safety for any slope. There will 

always be underlying geotechnical variability, a potential for unforeseen loading conditions from 

extreme events, or the possibility that an unknown behavior will occur because of an incomplete 

understanding of slope performance.  

A deterministic computer program known as UA Slope was originally developed by a research 

team at the University of Akron (Liang, 2010) with funding from the Ohio Department of 

Transportation (ODOT). The UA Slope program has been used by ODOT and its consultants to 

design drilled shafts for the stabilization of unstable slopes. The program uses the concept of soil 

arching to account for the stabilization effects of drilled shafts on the slope. The basic idea is that 

with properly spaced drilled shafts on a slope, the movement of soils on the slope will cause the 

transfer of the downslope earth thrust to the more rigid inclusions (i.e., drilled shafts), thus 

reducing the driving stresses on the slope. Consequently, the factor of the safety of the drilled 

shaft stabilized slope would be increased when compared to that of the original unstable slope. 

The load transfer due to the presence of drilled shafts was found to be influenced by several 

major factors, such as soil strength parameters (i.e., cohesion c, friction angle φ), slope geometry 

(i.e., slope angle β), drilled shaft center-to-center spacing (S0), shaft diameter (D), and shaft 

location (ξx). A semi-empirical equation was developed for calculating the load transfer factor (η) 

based on a regression analysis of approximately 41 finite element (FE) numerical simulation 

results using the strength reduction method. Although the UA Slope program has been used by 
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ODOT’s Office of Geotechnical Engineering and by consultants, there are several features of the 

program that could be improved:   

1) The equation for the load transfer factor is critical for the accuracy of the computational 

algorithm in UA Slope program. Due to the semi-empirical nature of an equation that is 

based on a limited number of FE simulation/modeling results, uncertainties and errors 

associated with this semi-empirical equation need to be systematically accounted for in a 

probability framework. A method based on probabilistic description of the bias of the 

semi-empirical equation can be developed so that the uncertainties of the load transfer 

factor could be incorporated systematically in the computational algorithm of the UA 

Slope program.  

2) The UA Slope program utilizes the conventional method of slices within the principle of 

limiting equilibrium. The computational algorithm, however, is deterministic as far as the 

soil properties are concerned. The determination of soil properties for a slope can be 

uncertain due to the nature of the soil boring information and the necessary engineering 

judgment in selecting the representative parameters. Therefore, a probabilistic 

computational algorithm needs to be developed to systematically take into account the 

uncertainties of soil parameters.   

Using current approaches, the uncertainties are typically addressed collectively by imposing a 

required factor of safety, such as a factor of safety equals to 1.3 for both temporary and 

permanent slopes and a factor of safety equals to 1.5 for slopes supporting or containing a 

structure or structure foundation elements. Nevertheless, the prescribed factor of safety does not 

change, regardless of the degree of uncertainties and variability in soil parameters. Furthermore, 
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more conservative design having a higher FS with the consequent high construction costs cannot 

guarantee that it can reasonably increase the degree of safety of a slope, because the variability in 

soil parameters and model errors were not systematically taken into account. Therefore, a truly 

reliability-based design method for using drilled shafts to stabilize a slope is highly desirable.  

Mathematically speaking, traditional MCS uses samples that “randomly” fall into the failure 

region to calculate the probability of failure (Pf), which means that if the Pf is quite small, it must 

require a large number of sample calculations. Obviously, plenty of calculation time has been 

wasted unless the samples can undergo “parallel translation” and/or “shrink” into the failure zone. 

IST is based on the above theory, and it can generate the more “important” samples falling into 

the failure region to achieve a fast calculation while attaining the required accuracy.  

In practical cases, to prevent a large-scale landslide, multiple rows of drilled shafts may often be 

used. The two major reasons for employing multiple rows instead of one row of drilled shafts are: 

(1) the global factor of safety of the slope will never satisfy the target factor of safety (FSTarget) if 

only one row of drilled shafts is used to stabilize the slope; and (2) although the global factor of 

safety of the slope can reach the target, the net force on the drilled shafts is tremendous, in which 

case the slope does not satisfy the service limitation (for example, when the lateral deflection of 

the drilled shafts exceeds the target).  

 

1.3. Objectives 

1) The main objective of this research is to refine a previously developed deterministic design 

and analysis method and the accompanied computer program (UA Slope) into a reliability 
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based computational algorithm, as well as to develop a research-grade probabilistic 

computer program for a drilled shaft/slope system. The uncertainties of three soil 

properties (cohesion c, friction angle φ and unit weight γ) will be considered in the 

developed reliability based method. In addition, the bias (δ) of the load transfer factor (η) 

will be considered and assumed to follow the lognormal distribution with the mean (μδ) 

and variance (σδ), which will be determined by comparing the results of 41 FE models with 

those of the semi-empirical equation. By employing Monte-Carlo simulation (MCS), the 

probability of failure (Pf) for the drilled shafts/slope system will be determined. Specific 

objectives of this research are enumerated as follows: 

a) Formulate the deterministic limit equilibrium equation into a probabilistic Monte-

Carlo algorithm for the UA Slope soil-arching based theory; 

b) Develop a research-grade computer program to calculate probability of failure and 

the reliability index in a drilled shaft/slope system, using the existing UA Slope 

program as the basis. 

c) Develop a step-by-step design procedure for reliability based optimization design for 

using a row of drilled shafts to stabilize a slope, and compare the relationship 

between the reliability index and the factor of safety. 

2) As an extension of this research study, further objectives will be achieved as follows: 

a) Adopt IST in reliability assessment of a drilled shaft/slope system for improved 

computational efficiency. A combination of ordinary method of slices (OMS) and 

arching theory will be proposed to determine the performance function, g(x), and the 
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design point will be pinpointed using this function. The importance function IS(x) 

will be formed based on the design point. Meanwhile, a range in the standard 

deviation (SD) from 0.92 to 1.00 for the importance function IS(x) will be selected to 

analyze the accuracy and convergence rate of the estimator. 

b) Develop a computer program for handling multiple rows of drilled shafts to stabilize 

a slope. Specific objectives are enumerated as follows: i) Write a PC-based program 

to deal with multiple rows of drilled shafts for slope stabilization; ii) Develop an 

optimization strategy and criteria for the selection of the shaft diameter, clear spacing, 

the total number of rows, and the position of each row; iii) Develop a step-by-step 

design procedure for multiple rows of drilled shafts in stabilizing slopes.  

 

1.4. Scope of Work 

The goal of this study is to develop a new reliability-based optimization design for drilled shafts 

used in stabilizing slopes. The specific scope of work is enumerated as follows: 

1) Reliability-based optimization design for drilled shafts to stabilize a slope using MCS. 

Uncertainties involved in the deterministic method are identified as: 1) soil properties as 

input data (i.e. cohesion, friction angle, and unit weight) caused by soil boring selections, 

soil variability, and measurement error; and 2) the model error of the semi-empirical 

equation of the load transfer factor caused by 41 finite element regressions. To take into 

account the uncertainties of these two sources, a probabilistic framework will be developed. 

A Monte Carlo random number generator algorithm will be developed and applied to the 
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soil properties, including the Mohr-Coulomb strength parameters and the unit weight of the 

soil. The statistical description of these input soil parameters as well as the bias of the 

semi-empirical equation will include the mean, standard deviation, and lognormal 

distribution. Once the statistical characteristics of these variables are developed, then the 

MCS will be performed to assess the probability of failure and reliability index of the 

drilled shaft-slope system. Thereafter, the computer program, LPILE (developed by Ensoft, 

Inc.), will be utilized to perform the structural analysis. After that, a step-by-step design 

procedure will be developed. The final design result will be optimized by changing drilled 

shaft parameters in order to achieve the minimum total concrete volume based on 

satisfying the target reliability index and structural performance.  

2) Computationally efficient reliability analysis of the drilled shaft/slope system using IST. 

Uncertainties of soil parameters in the slope will be considered by statistical descriptors, 

including mean, coefficient of variance (c.o.v.), and lognormal distribution. Model errors 

of the semi-empirical predictive equation for computing the load transfer factor for 

characterizing the drilled shaft–induced soil arching effects will be considered by the 

statistics of bias. The importance function and the design point will be determined by the 

OMS with the accompanying load transfer factor. Once the importance sampling design 

point is obtained, it can be employed in constructing a new probability density function 

(PDF) of importance function. And finally, the probability of failure for the drilled 

shaft/slope system will be calculated based on the importance function. 

3) The deterministic optimization design method on multiple rows of drilled shafts in 

stabilizing slope will be developed. The global factor of safety and the net force on each 

row of drilled shafts will be calculated by modifying the UA Slope program. The 
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optimization strategy and criteria will be developed, and a step-by-step design procedure 

will be provided to deal with multiple rows of drilled shafts in stabilizing slopes. During 

calculation, the assumptions of this analysis are enumerated as follows: 

a) FS was considered to be identical for all slices;  

b) Normal force on the base of the slice was applied at the midpoint of the slice base;  

c) The location of the thrust line of the interslice forces was placed at one-third of the 

average interslice height above the failure surface, as in Janbu (1973);  

d) In the method of slices calculation, the right-interslice force was assumed to be 

parallel to the inclination of the preceding slice base. The left-interslice force was 

assumed to be parallel to the current slice base; 

e) There is no group pile effect between the two adjacent rows of drilled shafts; and 

f) There is no soil arching influence between the two adjacent rows of drilled shafts.  

Figure 1-1 illustrates the scope of work to achieve the stated objectives of this research. 
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Figure 0-1: Flowchart depicting the scope of work 

1.5. Report Outline 

Chapter 2 presents a brief summary of state-of-the-art studies on the design methods for using 

the drilled shafts to stabilize an unstable slope. 

Chapter 3 presents the development of the UA Slope computing algorithm from deterministic 

version to probabilistic version using MCS, and it also introduces the developed reliability-based 

optimization design methodology of a single row of rock-socketed drilled shafts for stabilizing 

an unstable slope, based on two illustrative examples. 

Chapter 4 presents a more advanced probabilistic technique (importance sampling technique) in 

a drilled shaft/slope system. 

Drilled Shaft/Slope System 

ODOT Student Project 

Extensions 

Monte-Carlo 

Simulation (MCS)  

Research Version of 

UA Slope Program  

Importance Sampling 

Technique (IST)  

Multiple Rows of Drilled 

Shaft/Slope System 
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Chapter 5 presents a deterministic design approach of multiple rows of drilled shafts in 

stabilizing a large failed slope, and it provides the optimization strategy and criteria used in the 

design process. 

Chapter 6 provides a summary of work completed as a part of this study, as well as conclusions 

and recommendations for implementation. 
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2. LITERATURE REVIEW 

2.1. State-of-the-Art Review for Drilled Shaft/Slope System 

To effectively carry out a design for drilled shafts that are capable of mitigating landslides, it is 

necessary to correctly understand the stabilizing mechanism of drilled shafts. The use of drilled 

shafts to stabilize a failed slope has been widely adopted over the past several decades (Bulley, 

1965; Morgenstern and Price, 1965; Taniguchi, 1967; De Beer et al., 1972; Fukumoto, 1972; Esu 

and D’Elia, 1974; Ito and Matsui, 1975; Sommer, 1977; Fukuoka, 1977; Offenberger, 1981; Ito 

et al., 1981 and 1982; Morgenstern, 1982; Nethero, 1982; Gudehus and Schwarz, 1985; Norris, 

1986; Hada et al., 1988; Reese et al., 1992; Rollins and Rollins, 1992; Poulos, 1995 and 1999; 

Ashour et al., 1997 and 2002; Firat, 1998; Bicocchi, 2001; Zeng and Liang, 2002; Smethurst, 

2003; Merklin et al., 2007; Yamin, 2007; Ngwenya, 2007; Reid, 2008; Wei, 2008; Yoon, 2008, 

Durrani et al., 2008; Ghee, 2009; Kourkoulis, 2009; Qin, 2010; Al Bodour, 2010; Kanagashabai, 

2010; Jiang, 2011; Kanagasabai et al., 2011; Zacharopoulos, 2012; Joorabchi et al., 2013; 

Zacharopoulos, 2013), where more than 30 doctoral theses have been identified globally on 

various elements of this specific foundation engineering topic. Following the publication of 

studies by Poulos (1973, 1995, 1999) and Viggiani (1981), which became the pillars of the 

practicing analyses of this particular complex problem in foundation engineering, a worldwide 

surge in research has focused on the design of the piles under complex soil movements. Research 

has increased significantly during the last decade, as the increasingly catastrophic effects of 

climate change on the built environment have become more apparent. The last decades’ active 

research groups in this area have attempted to demystify the complex behaviour of the drilled 

shaft/slope system. These research teams include Hong-Song’s group in Seoul Korea, Powrie’s 
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group (Smethurst, Kanagasabai, Bicocchi, Pan, Zacharopoulos) in University of Southampton in 

the U.K.; Loehr’s group (Ang, Bozok) at the University of Missouri; Gazetas’s group 

(Kourkoulis, Athanasopoulos, Gerolymos) at the National Technical University of Athens in 

Greece; Anagnostopoulos-Georgiadis group at Aristotle University of Thessaloniki in Greece; 

Poulos and his students/colleagues (Chen L.T. Lee, Hull, Xu) in Sydney, Australia; Guo’s group 

(Ghee, Qin) in Brisbane, Australia; Ellis group (Durrani, Yoon) in Nottingham and Portsmouth 

in the U.K.; Evangelista-Conte-Viggiani’s (Lirer, Ausilio, Cairo, Dente, Urciuoli, Pellegrino, 

Fortunate, Morra) combined efforts in Italy; Cai and Ugai in Japan; Elsawaaf’s group in Egypt; 

Ashour’s group (Norris, Pilling, Ardalan) in Nevada and Alabama; and Liang’s group (Zeng, 

Yamin, Al Bodour, Joorabchi, Li) at The University of Akron, to name but a few. The success of 

these documented successful cases of using drilled shafts to stabilize an unstable slope could be 

attributed to rather conservative design approaches and the large structural capacity offered by 

drilled shafts or cast-in-place piles. The practical experience of the authors has showed that, in 

large part, current practice often leads to the overdesign of the structures, because some of the 

complexities and uncertainties that influence designing factors are not truly clarified and well 

understood (Cornforth,  2005; Ho and Lau, 2010). 

A new era in the design of stabilizing piles has emerged with certain theories (e.g. Liang et. al., 

2010, 2013; Kourkoulis et al., 2009, 2012; Guo, 2013, Ashour and Ardalan, 2012) able to create 

close predictions against known well-documented full scale load tests and site data that have 

been published in the literature (e.g. Carrubba et al., 1989; Kalteziotis et al., 1993; Leung et al., 

2000; Cai and Ugai, 2003; Richardson, 2005; and Smethurst and Powrie, 2007). Despite the 

success of these field applications, it is also clear that no universally accepted reliability based 

optimization design method is available for assessing the probability of failure (Pf) and reliability 
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index (β) of a slope reinforced with a single row of spaced drilled shafts as well as for 

determining the earth thrusts on the drilled shafts in the process of the structural design of the 

shafts. 

2.2. Previous Work by the University of Akron Group 

During previous years, the method for incorporating the effects of drilled shafts in a failed slope 

within the framework of limit equilibrium approach has been accomplished in one of two ways. 

In the first approach, as given in Equation 2-1, the resistance to the slope sliding is increased 

after installation of a row of drilled shafts, thus enhancing the safety factor (Ito et al., 1981; 

Reese et al., 1992; Poulos, 1995). In contrast, the second approach as given in Equation 2-2, the 

increase of the factor of safety is due to soil arching induced reduction on the driving force 

(Liang and Zeng, 2002; Yamin, 2007; Al-Bodour, 2010, Joorabchi, 2011). 

 R R Shaft

D

F F
FS

F

 
                                                                                                                    (2-1) 

 
R

D D arching

F
FS

F F


 
                                                                                                                (2-2) 

where, FS is global factor of safety of a slope/shaft system, FR is the resistance force, (ΔFR)shaft is 

additional resistance due to drilled shafts, FD is driving force, and (ΔFD)arching is drilled shaft 

induced arching effect on the driving force. 

To address the structural issues, the force and moment distribution on the shaft need to be 

identified. However, this is a very complicated issue because it involves soil-structure interaction. 

The force that is applied to the shaft is a function of the movement of the soil mass and the 
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amount of stresses transferred from the upslope to the downslope. Once the force on the drilled 

shaft is recognized, the analysis typically uses the beam on Winkler spring type of solution 

algorithm, such as those employing the LPILE (Reese et al., 2004) computer program, to 

compute the internal forces due to the prearranged external loads or displacement field. The 

amount of stress that is reduced, as soil mass moves from upslope to downslope, can be captured 

by the arching concept. The arching function is a function of several parameters, including the 

spacing between the shafts, soil properties, and the diameter of the shaft. Three-dimensional FE 

analysis is necessary to quantify the arching phenomena based on these parameters. 

 

2.2.1. Arching Theory in Slope Stabilization 

The soil arching concept was first introduced by Terzaghi (1936, 1943). Some experimental 

research was done by Bosscher and Gray (1986) to identify the vertical stress re-distribution 

caused by arching, through the use of a trap door device. The objective and motive of early 

research in arching was to gain a better understanding of the earth pressure acting on the 

underground pipes or tunnel linings. Kellogg (1987) observed different shapes of soil arching 

(such as parabolic, hemispherical, and corbelled shapes) under different conditions. Recently, a 

renewed interest in soil arching has focused on applications related to pile-supported 

embankments on soft ground, such as the work done by Hewlett and Randolph (1988).  

There is some literature available regarding soil arching in the drilled shaft/slope system. For 

example, Chen and Martin (2002) used the finite difference method to analyze the soil structure 

interaction for a slope reinforced with different types of piles. Several assumptions were 

involved in this research. Chen and Martin used a two-dimensional model for studying a three-
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dimensional problem, and they assumed rigid piles and relatively small soil movements in the 

modeling. Earlier, Wang and Yen (1974) also investigated the soil arching in a slope. In his 

study, the slope was considered as an infinite slope while the soil was modeled as an elastic-

perfectly plastic soil. Based on their numerical study, Wang and Yen concluded that soil strength 

parameters and the spacing between the piles played an important role in arching behavior. 

Adachi et al. (1989) described the arching zone as an equilateral triangular arch and 

characterized the arching foothold around the drilled shaft. However, they did not provide any 

quantitative estimation for the load transfer behavior from the soil to the pile.  

Bransby and Springman (1999) studied the effect of pile spacing and the soil constitutive law on 

the load transfer process in a slope reinforced with a row of drilled shafts, using small-scale 

model tests along with FE simulation techniques. Their study showed the link between the soil 

stress-strain behavior, the soil deformation mechanism, and the load transfer curves. However, 

their work was limited to sandy soils. Jeong et al. (2003) applied FE analysis to examine the 

response of a row of slope-stabilizing piles to the lateral loads. They described the load transfer 

factor using the maximum moment produced in a pile in a row of reinforcing piles to the 

maximum moment built up in an isolated single pile. The Jeong study illustrated the group effect 

of a row of drilled shafts for stabilizing a slope.  

To interpret the interaction between the drilled shaft and slope, a soil arching theory was 

proposed by Liang and Zeng (2002) that used a two-dimensional finite element approach to 

obtain a semi-empirical equation for the load transfer factor. They found that soil arching in a 

drilled shaft/slope system is highly dependent upon the soil movement relative to the drilled 

shafts, soil properties, and drilled shaft configurations (diameter and spacing). Yamin (2007) 

focused on a comprehensive three-dimensional FE simulation, calculating the ultimate state of 
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the shaft/slope system by incrementally increasing the surcharge load at the top of the slope. Al 

Bodour (2010) presented three-dimensional FE analysis using the strength reduction finite 

element simulation method to obtain regression-based, semi-empirical equations for quantifying 

the arching effect through the load transfer factor. Recently, Joorabchi (2011) ascertained that six 

parameters (soil cohesion c, soil friction angle φ, slope angle β, shaft diameter D, shaft center to 

center spacing S0, and shaft location ξx) are highly related to the load transfer factor based on the 

importance parameter analysis. Joorabchi further modified the semi-empirical load transfer 

factor equation based on 41 high-quality FE model simulation results. 

 

2.2.2. Research by Zeng and Liang (2002) 

Zeng and Liang (2002) presented a two-dimensional finite element approach, as shown in Figure 

2-1, to investigate soil arching behavior. In the FE simulations, Zeng and Liang used Mohr 

Coulomb failure criteria in which the soil is assumed to be an elastic–perfectly plastic material, 

and the drilled shafts were modeled as a rigid material. Applying these assumptions, this model 

was very similar to a trap door experiment. To formulate the effect of soil arching, Zeng and 

Liang used a triangular displacement field, placed in the soil between the drilled shafts. Based on 

this study, it was found that soil arching is highly dependent upon the prescribed soil movement, 

soil properties, and drilled shaft configurations. 

By applying a systematic parametric finite element simulation, the arching effect in the 

slope/shaft system was formed through the use of the load reduction factor and residual stresses. 

The load reduction factor was described as the percent of the soil stresses remaining in the soil 

between the adjacent drilled shafts, assuming that full arching in the drilled shaft/slope system 
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was developed. In addition, a limiting equilibrium based method of slices for slope stability 

analysis was developed to incorporate the load reduction factor. A computer program, UA 

SLOPE 1.0, was developed based on Zeng and Liang’s work. This work was later revised and 

improved by Yamin, through the development of three-dimensional finite element simulations of 

the drilled shaft/slope system in order to better measure the load reduction factor.  

 

Figure 0-1: Finite element model for slope/shaft system (after Liang and Zeng, 2002) 
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2.2.3. Research by Yamin (2007) 

Yamin (2007) focused on a comprehensive three-dimensional FE simulation in order to evaluate 

the effects of the drilled shafts in promoting the development of soil arching between the 

adjacent drilled shafts in a slope/shaft system. The representative finite element mesh used by 

Yamin is shown in Figure 2-2. The model includes a single drilled shaft due to the nature of 

symmetry. In Yamin’s methodology, the slope fails by increasing the applied load at the crest. 

The slope movement was initiated by incrementally raising the magnitude of the surcharge load 

placed at the top of the slope crest. Failure criteria are defined by either the numerical 

convergence problem or by excessive deflection of the drilled shaft. The forces on the upslope 

and downslope side of the drilled shaft are obtained by integrating the stresses surrounding the 

drilled shaft. The load transfer factor was then defined as the ratio of force downslope to the 

force on the upslope side, and it was used to formulate the stability analysis equations of the 

drilled shaft/slope system. 
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Figure 0-2: 3D Finite Element Model Developed by Yamin (2007) 

 

Based on Yamin’s study, nine parameters were found to have controlling influences on the load 

transfer factor. These parameters include soil cohesion, soil angle of internal friction, shaft 

diameter, shaft length, shaft elastic modulus, shaft location, spacing-to-diameter ratio, rock 

socket length of the shaft, and failure surface depth. Liang and Yamin (2010) presented a series 

of design charts to estimate the load transfer factor for specific conditions. Yamin and Liang 

(2010) presented a closed solution for calculating the factor of safety of a drilled shaft/slope 

system using the load transfer concept. The closed form solution is given in Equation 2-3, where 

FS needs to be calculated in an iterative manner to satisfy the force equilibrium requirement. 
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where, m: is the required load transfer factor 

iW : weight of Slice i 

iN : force normal to the base of Slice i 

iT : force parallel to the base of Slice i 

iQ : external surcharge applied at Slice i 

iR : right-interslice force of Slice i 

iL : left-interslice force of Slice i 

i : inclination of Slice i base 

1i : inclination of Slice i-1 base 
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i : inclination of the external surcharge applied at Slice i 

ci : soil cohesion at the base of Slice i 

φi: soil friction angle at the base of Slice i  

In Yamin’s study, the ultimate state of the slope-shaft system was achieved by incrementally 

increasing the surcharge load at the top of the slope. The ultimate state was defined by the 

limiting shaft displacement. In the majority of instances, failure of slope/shaft system is caused 

by excessive soil movement at small shaft displacements. The limiting shaft displacement in 

Yamin’s study is greater than the shaft displacement at failure. Finally, there are not any 

validations for the results of the method proposed in his study. 

2.2.4. Research by Al Bodour (2010) 

To address the deficiency of Yamin’s work, Al Bodour (2010) presents the three-dimensional FE 

analysis to obtain the regression-based semi-empirical equations for quantifying the arching 

effect through the load transfer factor by incorporating the strength reduction methodology into 

the FE simulations. An approach combining the strength reduction method with the FE method 

was introduced by Zienkiewicz et al. (1975) and Duncan (1996). The strength reduction method 

reduced the soil strength parameters (c and φ) incrementally to cause the slope to reach failure 

mode. The factor of safety of the slope is equal to strength reduction factor, which is the 

available soil strength divided by the reduced soil strength at slope failure, as shown in Equations 

2-6 and 2-7. The strength reduction method is well-matched for the soil behavior and obeys the 

elastic-perfectly plastic constitutive law with strength parameters of c and φ, such as Mohr-

Coulomb model or Drucker-Prager model. 
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/Rc c RF                                                                                                                                   (2-6) 

   tan( ) tan /
R

RF                                                                                                               (2-7) 

 

Figure 0-3: 3D Finite Element Model Developed by Al Bodour (2010) 

Based on Al Bodour’s study, the load transfer factor was defined as force downslope to upslope 

side of the shaft area, and it was formulated using the results of a parametric study of different 

parameters as shown in Figure 2-4. Al Bodour quantified the load transfer factor as a function of 

eight parameters, which are presented in Equations 2-8 through 2-13. 
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Figure 0-4: Illustration of the Terms Related to the Slope Geometry (Al Bodour, 2010) 
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Using the load transfer factor equation, Al Bodour was successful in adopting the arching in the 

limit equilibrium analysis to calculate the factor of safety. Also, a case study of a fully 

instrumented and monitored slope stabilization project, ATH-124, in Athens County, Ohio, is 

introduced. The analysis of the stabilized slope at the ATH-124 project site using finite element 

modeling (FEM) is presented along with the field monitoring data. However, Al Bodour could 

not validate the result of the proposed methodology with the FE results when using different 

definitions for the load transfer factor. Instead, he proposed an empirical formula based on the 

FE result to obtain the maximum force on the shaft. 

 

2.2.5. Research by Joorabchi (2011) 

To address the deficiency of the work done by Al Bodour (2010), the finite element analysis is 

reviewed and returned to quantify the arching by Joorabchi (2011). The main purpose of this 

study was to define the major parameters that control the load transfer process under the effect of 

shear strength reduction in a slope reinforced with a single row of drilled shafts. The parametric 

study was performed by scientifically changing the value of one parameter while keeping all of 
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the other parameters the same as a baseline model. The range of all the parameters is shown in 

Table 2-1. The parameters, which showed no significant effect on the load transfer factor, were 

further investigated by randomly exchanging them with other parameters to ensure that the same 

conclusions could be reached. The parameters that were considered to be non-significant were 

based on the total importance percentage of less than 5%. The importance of each parameter was 

calculated from the following equation:  

)minmax

minmax

( ii

iiI










                                                                                                                 (2-14) 

where 

I = importance of the parameter (i) 

max

i = the maximum load transfer factor obtained from the parameter (i) 

min

i = the minimum load transfer factor obtained from the parameter (i) 

The parameters that were found to have a controlling effect are presented in Table 2-2. 
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Table 0-1: The Ranges of the Parameters Used in the Parametric Study (Al Bodour, 2010) 

Group No. Parameter Parameter 

Value 

Range of Parameter 

Soil 

Properties 

1 Angle of  internal 

friction (φ, degrees) 

10 0,5,10,15,20,25,30,35,40,45,50 

2 Cohesion  ( c, psf )  400 0,250,400,500,750,1000, 

1250,1500,1750,2000 

3 Soil Elastic Modulus 

(Es, psf) 

2 × 10
5
 1,2,5,7.5,10,12.5,15,17.5,20(x10

5
) 

4 Dry Soil Unit weight 

(γd, pcf) 

115 100,105,110,115,120,125,130 

Shaft 

Parameters 

5 Pile Diameter (D, ft) 4.0 2,3,4,5,6,8,9,10 

6 Pile length (Lp, ft) 50 30,40,45,50,60,65,70,75,80 

7 Pile Elastic Modulus 

(Ep, psf) 

4.2 × 10
8
 3.5, 4.2,4.8,5.6,6.8 (x10

8
) 

8 Pile Poisson’s Ratio 

(υp) 

0.2 0.12,0.15,0.18,0.22,0.25 

9 Rock Socket Length 

ratio ( Lr/Lp) 

0.2 0.15,0.2,0.25,0.35,0.45,0.5 

Rock 

Properties 

10 Rock Elastic 

Modulus (Er) 

5 × 10
8
 0.5,1,3,5,5.5,7,8 (x10

8
) 

11 Rock Poisson’s 

Ratio (υr) 

0.2 0.15,0.2,0.18,0.23,0.25 

Geometry and 

Arrangement 

12 Slope angle  

(, degrees) 

40 25,30,35,40,45,50,55,60 

13 S0/D Ratio 3.0 1.875,2,2.75,3.25,3.5,4,4.5,5 

14 Pile location  

(xi/X) =x 

0.5 0.15,0.3,0.4,0.6,0.75,0.9 

Interaction 15 Soil-Pile friction 

(tanδ) 

0.3 0,0.1,0.2,0.3,0.4,0.5 

 

Table 0-2: The importance of each parameter in affecting load transfer factor 

Ranking Parameters Importance 

1 Pile diameter (D) 28% 

2 Internal friction angle (φ) 21% 

3 Pile location (x) 18% 

4 S0/D ratio 16% 

5 Cohesion (c) 12% 

6 Slope angle (β) 6% 
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Based on the importance of parameters analysis from Joorabchi’s study, the load transfer factor 

was related to six parameters: shaft diameter D, friction angle φ, shaft location ξx, ratio between 

center to center spacing and shaft diameter S0/D, cohesion c, and slope angle β. Joorabchi’s final 

equation for the load transfer factor is presented in Equation 2-15. 

0.153 -0.429 (-0.578tan )0

2

S
=-0.272C (tan ) (-1.17 1.114 )(e )(0.065+0.876D)

D

(-0.252+0.61 -0.57( ))x x

 

 


                             (2-15) 

where all the parameters have been shown in the above expression. 

 

2.3. Multiple Rows of Drilled Shafts Stabilizing Slope 

To prevent a large-scale landslide, multiple rows of drilled shafts are frequently used. A number 

of studies have dealt with the analysis of multiple rows of piles to stabilize a slope. Ito et al. 

(1982) analyzed eight rows of piles in stabilizing a slope, considering both pile stability and 

slope stability. Mujah et al. (2013) analyzed the mechanism of small-diameter steel piles and 

investigated how multiple rows of arrangement of the piles would affect the reinforced slope 

failure in a landslide countermeasure. In Mujah’s study, finite element analysis employing Mohr-

Coulomb’s elastic–perfectly plastic soil model was carried out to simulate real conditions, in 

which the effect of the varying ground densities (Dr = 30% and Dr = 80%) and two pile cross 

sections were considered for landslide prevention. However, none of the studies in the literature 

has introduced soil arching to calculate the factor of safety and the force on the drilled shaft. 
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2.4. Probabilistic Study 

Probability-based approaches for slope stability analysis have been a topic of research since the 

1970s. Notable examples of probabilistic theory for slope stability analysis are cited in this 

section. Tang et al. (1976) presented a probability-based method for evaluating the short-term 

stability of a slope, involving consideration of uncertainties based on an extensive literature 

survey. Oka and Wu (1990) elucidated that the upper bound of the system failure probability 

could be twice as large as the failure probability of a critical slip surface. Low et al. (1998) 

calculated the reliability index of a slope by using generalized method of slices of the Hasofer-

Lind second moment. Liang et al. (1999) developed the reliability and probability theory for 

assessing the reliability index and the corresponding probability of failure of multi-layered 

embankment dams and slopes. Malkawi et al. (2000) compared FOSM and Monte-Carlo 

simulation (MCS) for analyzing the reliability of a slope. Griffiths and Fenton (2004) analyzed 

the slope spatial variability using a two-dimensional random field. Cheung and Tang (2005) 

proposed a procedure to model the slope deteriorating effect on the probability of failure with 

time. Hong and Roh (2008) employed the first-order reliability method (FORM) for estimating 

the reliability index of earth slopes. Zhang and Tang (2011) proved that neglecting the past 

failure information of the slope may lead to unsafe or uneconomical decisions based on site-

specific performance information.  

It is noted that none of the existing literature deals with the probability framework for a drilled 

shaft stabilized slope. Nevertheless, the critical knowledge base gathered from reviewing these 

probability based analysis methods for slope safety evaluation should provide a fundamental 

basis for the proposed research work. 
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2.4.1. Importance Sampling Technique  

MCS is commonly considered as the most robust methodology dealing with reliability analysis 

(Robert and Casella, 2004). Mathematically, however, traditional MCS involves samples 

“randomly” falling into the failure region to calculate the estimator (Pf), which means if the 

estimator (Pf) is quite small, it requires a large number of samples. If we intend to generate 

random samples more efficiently, we make an effort to distribute more “useful” samples into the 

failure zone, which means fewer samples should be wasted during the probabilistic calculation. 

Au et al. (1999) and Au and Beck (2003) proved the feasibility in high dimensional cases by 

employing statistical calculations, and they suggested that keeping the covariance matrices (Σ) of 

IS(x) and f(x) equal to identical matrix E is a much more accurate way to deal with high 

dimensional cases. Ching et al. (2009, 2010) studied landslides without drilled shafts using the 

importance sampling technique (IST) based on the ordinary method of slices (OMS). Although 

multiple soil layers have been proposed, only one soil parameter (such as cohesion c) has been 

considered as an uncertainty and others (e.g. friction angle φ and unit weight γ) have been 

assumed as certainties during sample calculations. However, in practice, uncertainties for all soil 

parameters are present at all times.  

It should be noted that there are no prior studies that consider IST in dealing with a drilled 

shafts/slope system. 
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3. PROBABILISTIC VERSION OF UA SLOPE COMPUTING ALGORITHM 

3.1. Introduction 

Stabilization of unstable slopes or man-made embankments along highways has been an 

important geotechnical issue that needs to be addressed to ensure the operational safety of 

roadways. A wide variety of slope stabilization methods have been presented by numerous 

researchers in the past. Among these methods, the concept of using a row of drilled shafts to 

reinforce unstable slopes has been used successfully by state transportation agencies. Although 

the analysis and design of these drilled shafts has been a research topic since the 1960s, a 

complete reliability-based design for drilled shaft/slope systems is still a new area of study.   

A deterministic analysis and design method for a slope reinforced with a row of drilled shafts 

using the concept of soil arching (Liang and Zeng, 2002; Yamin, 2007; Al Bodour, 2010; 

Joorabchi, 2011) has been developed and coded into a computer program called UA Slope 

(version 2.1). However, this program cannot systematically account for the uncertainties of soil 

parameters and the semi-empirical equation for quantifying the soil arching effects. Presented in 

this report is the mathematical formulation of the probabilistic computational algorithms for 

determining the probability of failure (or reliability index) of a slope reinforced with a row of 

equally spaced drilled shafts, considering all important sources of uncertainties of the input soil 

parameters and any bias introduced by the semi-empirical equations for the soil arching effects. 

The details of FEM techniques for quantifying characteristics of soil arching effects are 

presented, together with the statistical analysis for deriving the mean and variance of bias of the 

semi-empirical predictive equation for the arching effects. Finally, two design examples are 
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presented to illustrate the use of the probabilistic computing algorithm for achieving optimized 

design. 

 

3.2. Deterministic Limiting Equilibrium Method of Slices in Drilled Shaft/Slope System 

The formulation of the method of slices incorporating the arching effects caused by the drilled 

shafts is presented briefly in this section. Details regarding the development of the methodology 

can be found in Liang (2010). The interslice force Pi
L
 and Pi

R
 shown in Figure 3-1a can be 

related by considering the force equilibrium and Mohr-Coulomb strength criterion, as given in 

Equation 3-1. With the insertion of drilled shafts into the slope, the force on the downslope side 

of the drilled shaft will be reduced by multiplying the load transfer factor (η) to the previous 

interslice force, 1

L

iP , expressed by Equations 3-2 and 3-3: 
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 
                                                                (3-1) 

 1 1

tan
sin cosL Li i i

i i i i i i i i i

c l
P w w u l k P

FS FS


   
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 
                                                           (3-2) 
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tan
cos sin i

i i i i ik
FS


                                                                                            (3-3) 

The net force applied to the drilled shaft due to the difference in the interslice forces on the 

upslope and downslope sides of the drilled shaft can be calculated as follows: 

  11Shaft iF P S                                                                                                                      (3-4) 
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where wi is the weight of Slice i; 
iN  is the force normal to the base of the Slice i; Ti is the force 

parallel to the base of Slice i; 
L

iP is the interslice force acting on the left side of the slice; 
R

iP  is 

the interslice force acting on the right side of the slice; 
i  is the inclination of Slice i base; 

1i  

is the inclination of Slice i-1 base; ci is the soil cohesion at the base of Slice i; and φi is the soil 

friction angle at the base of Slice i. Based on Equations 3-1 to 3-3, the factor of safety for a 

drilled shaft/slope system can be calculated in an iterative computational process by satisfying 

boundary load conditions and equilibrium requirements, along with the Mohr-Coulomb strength 

criterion.  

 

Figure 0-1a: A typical slice showing all force components 
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Figure 0-1b: Slice force change due to arching 

To interpret the arching effects in a drilled shafts/slope system, a load transfer factor and soil 

stress distribution have been introduced as shown in Figures 3-2a and 3-2b, which is defined as 

the ratio of the horizontal force on the downslope side of the vertical plane at the interface 

between the drilled shaft and soil (i.e., Pdownslope) to the horizontal force on the upslope side of the 

vertical plane at the interface between the drilled shaft and soil (i.e., Pupslope). Mathematically, the 

load transfer factor is expressed as: 

η = Pdownslope/Pupslope                                                                                                                                                                             (3-5) 

The resultant force in the upslope and downslope sides of drilled shaft is calculated by 

integrating the horizontal soil stresses from the top of the shaft down to the failure surface, as 

described in Equations 3-6 and 3-7. 
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where D is the diameter of the drilled shaft; Lf is the distance from the top of the shaft down to 

the failure surface; σxx is the horizontal soil stresses on the upslope side of the shaft; σ’xx is the 

horizontal soil stresses on the downslope side of the shaft; ds is the integration increment along 

the periphery of the shaft; and dz is the depth increment.   

 

Figure 0-2a: Definition of the soil arching 
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Figure 0-2b: Soil stress distribution 

3.2.1. Latest Study of Load Transfer Factor by Joorabchi (2011) 

To quantify the soil arching effects and the load transfer factor in a drilled shaft/slope system, Al 

Bodour (2010) constructed a baseline 3D finite element model using ABAQUS v. 6.7-1 for 

studying the soil structure interaction behavior of the drilled shafts on a slope under the effect of 

shear strength reduction method (SSRM). The strength reduction method in finite element 

simulation was first proposed by Zienkiewicz (1975) to study the slope stability problem. The 

concept of the strength reduction method in the finite element method for determining FS of a 

slope is to gradually decrease the soil strength parameters (c and φ) until the condition of slope 

failure (FS = 1) is reached. The initial soil strength parameters [c and tan (φ)] are reduced 

incrementally by dividing them with a reduction factor (RF). Therefore, the reduced cohesion, CR 

and internal friction angle, φR are given as: 

RC C RF                                                                                                                                 (3-8) 
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[tan( )] tan( )R RF                                                                                                                  (3-9) 

In the 3D finite element model in Al Bodour (2010), soil is modeled as a linear elastic–perfectly 

plastic material characterized by the angle of internal friction, cohesion, elastic modulus, and 

Poisson’s ratio. The geometry and finite element mesh of the 3D model are depicted in Figures 

3-3a and 3-3b, respectively, which consists of 7,696 hexahedral elements for soil body, 23,600 

similar elements for rock, and 420 similar elements for drilled shafts. The mesh of the drilled 

shaft and the adjacent area was finer than that of the other zones. The mesh was refined on the 

basis of the convergence of the numerically computed FS. The baseline model geometry and the 

parameters for this study were selected such that the non-reinforced slope has FS = 1. A series of 

parametric finite element studies were conducted, in which each parameter was investigated by 

changing its value over a reasonable range. For each different value of each parameter, the model 

was analyzed using both FEM and the shear strength reduction method. At failure, the FS, the 

upslope and downslope horizontal soil stresses around the shaft perimeter, and the depth of the 

failure surface at the drilled shaft location were obtained. The soil arching effect can observed in 

the computed horizontal stresses on the upslope and downslope sides of the drilled shafts, shown 

in Figure 3-4 as a stress contour plot of a horizontal plane. 
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Figure 0-3a: Geometry and dimensions of the 3D model a) Cross-section b) Top view 

Note: 

1m=3.28ft 
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Figure 0-3b: 3D finite element model developed by Al Bodour (2010) 

 

Figure 0-4: Soil arching as observed from the horizontal soil stresses in the direction of the soil 

movement (after Al Bodour, 2010) 

The parameters affecting soil arching effects can be divided into five groups: 1) Soil parameters 

(cohesion c, internal friction φ, elastic modulus Es, and unit weight ); 2) Rock properties 

(Elastic modulus Er, and Poisson's ratio r); 3) Shaft properties (total shaft length Lp, rock socket 

length Lr, diameter D, elastic modulus Ep, and Poisson's ratio p); 4) Geometry (spacing to 
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diameter ratio S/D, slope angle , dimensionless shaft location = xi/X); and finally 5) The soil-

shaft friction at interface . The geometry of the slope is shown in Figure 3-5 with all the related 

terms defined. A detailed importance analysis of these influencing parameters on the arching 

effect was presented in Joorabchi (2011). Based on FE simulation results and the regression 

analysis, Joorabchi (2011) proposed a semi-empirical equation as shown in Equation 3-10 below, 

which includes the important influencing parameters: soil cohesion c, friction angle φ, drilled 

shafts diameter D, center to center shaft spacing S0, shaft location on slope ξx, and slope angle β.  

 

Figure 0-5: Illustration of the Terms Related to the Slope Geometry 
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The load transfer factor should always be greater than zero and less than one. The value of zero 

indicates that drilled shafts take all of the earth thrust. Also, the load transfer factor equal to 1.0 

indicates that drilled shafts exert no effect on arching. For the purpose of checking the validity of 

the developed semi-empirical equations, the load transfer factor was calculated using Equation 3-

10 for all the FE models. The results obtained from Equation 3-10 are compared against the FE 

results shown in Figure 3-6. It can be seen that there is a good agreement between the FE results 

and the results obtained from Equation 3-10. A PC-based deterministic computer program, UA 

Slope 2.1, has been developed by Liang (2010) based on the above computational algorithm to 

calculate the factor of safety of a slope reinforced with a row of equally spaced drilled shafts and the 

net force on the drilled shaft. 

 

Figure 0-6: Comparison of load transfer factor computed by semi-empirical equation and FEM (after 

Joorabchi, 2011) 
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3.3. Probabilistic Version of UA Slope 

The goal of this study is to develop of a new computational algorithm that is probabilistic in 

nature to take into account the uncertainties of the soil parameters (i.e., cohesion c, friction angle 

φ and unit weight γ) and the load transfer factors (η) in the current UA Slope computational 

algorithm, which is deterministic in nature. 

3.3.1. Uncertain Parameters in a Drilled Shaft/Slope System 

The influencing parameters in a drilled shaft reinforced slope system can be divided into two 

major categories: soil properties (cohesion c, friction angle φ, and unit weight γ) and drilled shaft 

related parameters (shaft diameter D, clear spacing S between the adjacent drilled shafts, the 

location of the shaft on the slope ξx). In this report, the drilled shaft related parameters are treated 

as certain, while the soil properties are considered as uncertain in the developed reliability based 

analysis method for a drilled shafts/reinforced slope system. 

3.3.2. Bias of Load Transfer Factor 

The semi-empirical load transfer factor (η) function given in Equation 3-10 contains bias as 

compared to the “true” value from the results of the 41 cases of 3D finite element simulations. 

The load transfer factor bias (δ) is considered as a random variable with the mean and variance 

statistically analyzed by comparing the finite element simulation results and the predictions of 

the semi-empirical equation. The mean and c.o.v. are 1.01 and 0.15, respectively. As indicated in 

Equation 3-11, the load transfer factor is randomly generated through the randomly generated 

bias: 
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 0, , , , ,xc D S                                           (3-11) 

where,   is the randomly generated load transfer factor;   is the randomly generated bias of 

load transfer factor; c  and   are the randomly generated soil cohesion and friction angle, 

respectively; β, D, ξx and S0 are considered as deterministic parameters. 

3.3.3. Monte-Carlo Simulation  

The probability of failure for the drilled shafts/slope system is computed by means of Monte 

Carlo simulation (MCS) method, as expressed by Equations 3-12 to 3-13. In this report, a 

probabilistic version of the UA Slope computer program, UA Slope 3.0, was coded for reliability 

analysis of a drilled shaft stabilized slope. The UA Slope 3.0 is a newly developed computer code 

based on the previous deterministic program UA Slope 2.1. Instead of inputting the deterministic 

soil parameters (c, φ, γ), the randomly generated parameters can be inputted into the UA Slope 

3.0 program for Monte Carlo simulations of the selected simulation sample sizes to obtain the 

corresponding probability of failure. In addition, the bias of load transfer factor   will be 

considered using Equation 3-11. The probability of failure and the associated coefficient of 

variance (c.o.v.) are given in Equations 3-12 and 3-13. 
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where Pf is the computed probability of failure for the drilled shafts/slope system,  fP  is the 

coefficient of variance (c.o.v.) of Pf, I[FS<1] is the indicator function, N is the sample numbers, 

and β is the reliability index. The value for β can be negative when the Pf is larger than 0.5. 

The advantages of using Monte Carlo simulation are numerous: 1) it can address the various 

sources of uncertainties mentioned; 2) the consideration of uncertainties is more transparent to 

the designers; 3) the user is able to define statistical descriptions of the uncertainties of the input 

parameters in the UA Slope program; and 4) it can accommodate different site conditions. 

 

3.4. Monte-Carlo Coding Strategy for UA Slope Program 

A research version computer program for UA Slope has been developed during this study by 

using MATLAB and C++. MATLAB will be used to generate the Monte Carlo random variables 

(c, φ, γ, δ) by using the ziggurat algorithm, and C++ will be used to perform the reliability 

analysis by Monte Carlo simulation. Figure 3-7 presents a preliminary version of the coding 

strategy of Monte Carlo simulation within UA Slope program. Essentially, the work involves the 

following steps: 

 Step 1: Specify the input slope and drilled shaft geometry. 

 Step 2: Read three data fields from three text files (c.txt, Fai.txt, Gamma.txt). 

 Step 3: Read one data field from a bias of load transfer factor file (Bias.txt). 

 Step 4: Calculate the factor of safety of the shafts/slope system one time. 
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 Step 5: Perform Monte Carlo simulation for N times. 

 Step 6: Calculate the probability of failure and reliability index for the drilled shaft/slope 

system. 

 

Figure 0-7: Preliminary research version of Monte Carlo coding strategy for UA Slope program 
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3.5. Design Method 

3.5.1.  Step-by-Step Design Procedure 

The computational algorithms of the UA Slope 3.0 program include the following features and 

steps. 

 Step 1: Specify the slope and drilled shaft geometry. 

 Step 2: Specify the probability distribution for soil properties, (i.e. cohesion c, friction 

angle φ and unit weight γ); currently, it is assumed that these variables follow a 

lognormal function with the specified mean and variance values. 

 Step 3: Perform statistical analysis of the bias of the load transfer factor, expressed in the 

previous section. 

 Step 4: Perform Monte-Carlo simulations using the deterministic computing algorithm 

for the drilled shafts/slope system; the ziggurat algorithm is used as a pseudo-random 

number generator. 

 Step 5: Obtain the reliability index for a drilled shaft/slope system. 

The flowchart of the UA Slope 3.0 program is depicted in Figure 3-8. 
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Figure 0-8: Flowchart of MCS method for the drilled shaft/slope system 

 

3.5.2. Illustrative Example 1 

The slope shown in Figure 3-9 consists of two soil layers with soil properties for each layer 

summarized in Table 3-1, in which the range of coefficient of variance for each soil parameter is 

taken from Phoon and Kulhawy (1999) and the soil parameters for the two soil layers follow an 

independent identical distribution. The critical slip surface for the slope without the drilled shafts 

was determined by a conventional slope stability analysis program, such as STABL (developed 

by Purdue University), with the computed FS equal to 0.78. The identified critical slip surface is 

represented by connecting 14 points. In most design problems that involve reinforcing an 
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unstable slope, the slip surface can be obained through field monitoring or other means. 

Therefore, in the present sutdy, the slip surface is treated as a pre-existing failure surface and is 

fixed in the probability analysis. The groundwater table is assumed to be at an elevation of -7.93 

m. It is noted that effective stress approach is used in the analysis.  

The relationship between probability of failure (Pf) and the corresponding coefficient of variation 

(c.o.v.) can be expressed as follows:  

       . . . 1 / 1/f f f fc o v P P N P N P                                                                              (3-15) 

In the present design example, we generate 100,000 samples for each variable: cohesion (c), 

friction angle (φ) and unit weight (γ), as well as the bias (δ) of load transfer factor. 

 

Figure 0-9: Slope geometry for two-layer slope 

 

Note: 

1m=3.28ft 
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Table 0-1: Soil Properties of the Two-Layer Slope 

 

Layer No. 

Mean 

c.o.v. 

Layer 1 Layer 2 

c (kN/m
2
) 

0.958 

(20psf) 

2.394 

(50psf) 

0.2 

φ (degree) 11 18 0.1 

γ (kN/m
3
) 

21.21 

(135pcf) 

22.78 

(145pcf) 

0.01 

 

3.5.2.1. Step-by-Step Design Procedure for Drilled Shaft/Slope Design for Example 1 

The step-by-step procedure for designing a drilled shaft/slope system for the slope in Example 1 

is as follows: 

 Step 1: Collect data concerning the geometry of the slope, soil paremeters, groundwater 

table, critical slip surface, etc. (the collected data are presented in Figure 3-9 and Table 3-

1). Again, the slip surface is considered deterministic and fixed in the present approach.  

 Step 2: Choose a target reliability index. As recommended by Abramson et al. (2002), the 

target reliability index βTarget can be selected as 3.0. 

 Step 3: Select different drilled shaft locations. Feasible locations for drilled shafts are 

between 12.3 m (40 ft) and 21.8 m (70ft) (ξx = 0.2~0.8) horizontally from the crest of the 

slope to the toe of the slope (as shown in Figure 8). In the current design, we analyze the 
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location starting from X = 12.3 m (40 ft) and ending at X = 21.8 m(70ft), with an 

increment equal to 1.9 m (6ft). 

 Step 4: Select different pairs of clear spacing S and shaft diameter D combinations within 

the permissible range. This usually depends on site accessibility and local availability of 

construction equipment. In this example, the range for D is selected to be between 0.6 m 

and 2.4 m (2 ft~8 ft), and the range of the S/D ratio is selected to be between 1.0 and 3.0. 

The following combinations for (S, D) are selected: (0.6m (2.0ft), 0.6m (2.0ft)), (1.2m 

(4.0ft), 0.6m (2.0ft)), (1.8m (6.0ft), 0.6m (2.0ft)), (1.2m (4.0ft), 1.2m (4.0ft)), (2.4m 

(8.0ft), 1.2m (4.0ft)), (1.8m (6.0ft), 1.8m (6.0ft)), and (2.4m (8.0ft), 2.4m (8.0ft)).  

 Step 5: For each (S, D) combination, plot the relationship between the computed 

reliability index and shaft location, as shown in Figure 3-10. 

 Step 6: For each (S, D) combination, plot the relationship between the computed net force 

on the drilled shaft and shaft location, as shown in Figure 3-11. 
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Figure 0-10: Reliability index of the shaft-slope system versus shaft location for different (S, D) 

combinations 

 

Figure 0-11: Shaft force versus shaft location for different (S, D) combinations 

 

Note: 

1m=3.28ft 

Note: 

1m=3.28ft 

1KN=224.8lb 
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 Step 7: Optimize the design for achieving the target reliability index, while requiring the 

least amount of drilled shaft volume for the project. As can be seen in Figure 3-10, the 

reliability index (β) tends to increase with shaft location (measured by the distance from 

the crest of slope) and then decreases after reaching the middle location of the slope. The 

location of 16 m provides the highest reliability index for the given shaft diameter and 

spacing. However, as shown in Figure 3-11, the drilled shafts at the location equal to  

16 m are also subject to the largest net forces, which would have resulted in higher 

internal moments and shears in the shaft and higher required reinforcement ratios as well. 

It appears that the force on the shafts would decrease after the location 18 m, and the 

computed reliability index (β) would still satisfy the target reliability index. Furthermore, 

the required length of drilled shafts could be reduced if the location of the drilled shaft is 

moved further downslope. From these considerations, three combinations are selected:  

(a) location X = 21.8 m (70ft), D = 0.6 m (2.0ft), S/D = 1.0; (b) X = 19.9 m (65ft), D = 0.6 

m (2.0ft), S/D = 2.0; and (c) X = 19.9 m (65ft), D = 1.2 m (4.0ft), S/D = 1.0. 

 Step 8: The software LPILE (developed by Reese et al., 2004), which is based on a p-y 

method of analysis for laterally loaded piles, was used for the analysis of the structural 

response of the shaft. The three combinations obtained from Step 7 (i.e., (a) D = 0.6 m 

(2.0ft), S/D = 1.0, F = 351 kN (78.9 kips), X = 21.8 m (70 ft); (b) D = 0.6 m (2.0 ft), S/D 

= 2.0, F = 423 kN (95.1 kips), X = 19.9 m (65 ft); (c) D = 1.2 m (4.0 ft), S/D = 1.0, F = 

583 kN (131 kips), X = 19.9 m (65 ft)) with the corresponding net forces can be used as 

inputs to the LPILE program to calculate the lateral deflections and the internal forces 

and moments in the drilled shaft. After calculation with LPILE, the lateral deflections on 

the top of the shaft are 0.0035 m (0.14 inch), 0.0052 m (0.20 inch), and 0.0081 m (0.32 



 

53 

 

inch), respectively, for the three design combinations (a, b and c), and the total shaft 

lengths for the three combinations are 2.5 m (8.5ft) , 3.5 m (11.5ft), and 3.5 m (11.5ft), 

respectively. All the lateral deflections on the top of the shaft can be considered to be 

within the allowable deflection (say, half an inch, or approximately 12.7 mm). If we 

perform the quantitative analysis of the required drilled shaft volume, the drilled shaft 

volumes per unit width of a slope for the three combinations are 0.588 m
3
, 0.550 m

3
, and 

1.649 m
3
, respectively. Thus, Combination (b) (D = 0.6 m (2.0ft), S/D = 2.0, F = 423 kN 

(95 kips), X = 19.9 m (65ft)) can be chosen as the most economical design with the least 

amount of drilled shaft volume required to meet the required target reliability index. The 

computed reliability index is 3.4 for Combination (b). 

 

3.5.2.2. Sensitivity Analysis of Soil Arching Model Errors 

This section presents a sensitivity analysis on the influence of model errors associated with the 

empirical equation for the load transfer factor. This analysis is performed because the statistics of 

bias for the predictive equation for the load transfer factor could be different from current values, 

if additional finite element simulation results or if high-quality field monitoring data becomes 

available. Combination (b) (D = 0.6 m (2.0ft), S/D = 2.0, F = 423 kN (95 kips), X = 19.9 m (65 

ft)) in the previous section is chosen as a case in the sensitivity analysis to demonstrate how the 

model errors will affect the design results. Figure 3-12 presents the relationship between the 

computed probability of failure and the mean value of bias of the load transfer factor; the other 

values remain the same as in the example. The notation SD in Figure 3-12 is standard deviation 

of bias of the predictive equation for the load transfer factor. It can be seen that the computed 
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probability of failure is sensitive to the statistics of the bias of η. Therefore, a more refined 

predictive equation for the load transfer factor with a smaller value of standard deviation of bias 

would be desirable.  

 

Figure 0-12: Relationship between Pf and mean of bias of η for different standard deviation 

 

3.5.3. Illustrative Example 2 

The slope failure at the ATH-124 project site in Ohio was previously analyzed by Liang (2010, 

2011) using the deterministic computer program UA Slope. The failed slope at Ohio State Route 

124 from Station 107 + 40 to Station 108 + 60 was part of a test site sponsored by ODOT. The 

laboratory tests of soil samples retrieved from the field included the determination of specific 

gravity and natural water content, as well as direct shear test, the isotropically consolidated-

undrained test, and the unconfined compression test. In addition, the rock-quality designation 

and unconfined compression strength of rock cores were obtained. The critical factor of safety 

for the failed slope was calculated as 0.909. The simplified soil profile of the failed slope and the 
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soil properties based on the two site investigation reports are presented in Figure 3-13. The slip 

surface of the failed slope was determined from inclinometer readings during the two years of 

monitoring after the occurrence of the first slippage (in 2004), and this data is shown in Figure 3-

13 as well. The pertinent soil and rock properties including strength parameters (c, φ and γ) are 

summarized as mean values in Table 3-2, while the coefficient of variation (c.o.v.) of these soil 

parameters are taken from Phoon and Kulhawy (1999). 

 

Figure 0-13: Slope geometry for ATH-124 slope (shaft location 26 m) 
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Table 0-2: Soil properties at the slope of ATH-124 project 

 Mean 

c.o.v. 

Layer No. 1 2 3 4 5 

c (kN/m
2
) 

3.35 

(70psf) 

3.35 

(70psf) 

0 

(0psf) 

3.35 

(70psf) 

7.42 

(155psf) 

0.2 

φ (degree) 24 24 11.5 24 35 0.1 

γ (kN/m
3
) 

23.56 

(150pcf) 

21.21 

(135pcf) 

20.42 

(130pcf) 

21.21 

(135pcf) 

24.35 

(155pcf) 

0.01 

 

3.5.3.1. Step-by-Step Design Procedure for Example 2 

The step-by-step design procedure for the slope in Example 2 is as follows: 

 Step 1: Collect data (i.e. the geometry of the slope, soil paremeters, ground water table, 

critical slip surface, etc.) and generate random variables. All parameters are provided in 

Figure 3-13 and Table 3-2. 

 Step 2: Set the target reliability index at 3.0. 

 Step 3: Select different drilled shaft locations. The allowable locations for drilled shafts 

are between 23 m and 30.5 m horizontally from the top of the slope (the upper left corner 

shown in Figure 3-13). The slope/shaft system will be analyzed for different shaft 

locations starting from X = 23 m (75 ft) to X = 30.5 m (100 ft) in 1.5-m (5.0 ft) 

increments. 
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 Step 4: Select different pairs of clear spacing S and shaft diameter D combinations within 

the permissible range. The range for D can be selected between 0.6 m to 2.4 m (2 ft~8 ft), 

and the range of S/D can be selected to be between 1.0~3.0. The following combinations 

for (S, D) are selected: (0.6m (2.0ft), 0.6m (2.0ft)), (1.2m (4.0ft), 0.6m (2.0ft)), (1.8m 

(6.0ft), 0.6m (2.0ft)), (1.2m (4.0ft), 1.2m (4.0ft)), (2.4m (8.0ft), 1.2m (4.0ft)), (1.8m 

(6.0ft), 1.8m (6.0ft)), and (2.4m (8.0ft), 2.4m (8.0ft)). All units in the parentheses are in 

meters. 

 Step 5: For each (S, D) combination, plot the relationship between the computed 

reliability index and the shaft location, as shown in Figure 3-14. 

 Step 6: For each (S, D) combination, plot the relationship between the computed net 

forces on the drilled shaft and shaft location, as shown in Figure 3-15. 

 

 

Figure 0-14: Reliability index of the shaft-slope system versus shaft location for different (S, D) 

combinations 

Note: 

1m=3.28ft 
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Figure 0-15: Shaft force versus shaft location for different (S, D) combinations 

 Step 7: Optimize the design parameters. As can be seen in Figure 3-14, the reliability 

index β tends to increase with distance from the top of slope and then decreases slightly. 

The location of 27.5 m provides the highest reliability index for the given shaft diameter 

and spacing. In addition, it can be seen that the following foundation dimensions  

would satisfy the chosen target reliability: (a) location X = 27.5 m (90 ft), D = 0.6 m (2.0 

ft), S/D = 1.0, (b) X = 27.5 m (90ft), D = 0.6 m (2.0 ft), S/D = 2.0, and (c) X = 27.5 m (90 

ft), D = 1.2 m (4.0ft), S/D = 1.0. However, as shown in Figure 3-15, the shafts at the 

location equal to 27.5 m (90 ft) are also subjected to the largest net forces, which would 

have resulted in higher internal moments and shears in the shaft and a higher 

reinforcement ratio as well. It appears that the force on the shafts would decrease after the 

location 27.5 m (90 ft), and the computed reliability index β would still satisfy the target 

reliability index. Furthermore, the required length of drilled shafts could be reduced if the 

location of the drilled shafts is moved further downslope. From these considerations, 

three different combinations are selected: (a) location X = 30.5 m (100 ft), D = 0.6 m (2.0 

Note: 

1m=3.28ft 

1KN=224.8lb 

（
K

N
）
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ft), S/D = 1.0; (b) X = 30.5 m (100 ft), D = 0.6 m (2.0 ft), S/D = 2.0; (c) X = 30.5 m (100 

ft), D = 1.2 m (4.0ft), S/D = 1.0. 

 Step 8: The software LPILE was used for the structural analysis of the shaft. The three 

combinations obtained from Step 7 (i.e., (a) D = 0.6 m (2.0 ft), S/D = 1.0, F = 470 kN 

(106 kips); (b) D = 0.6 m (2.0 ft), S/D = 2.0, F = 440 kN (99 kips); (c) D = 1.2 m (4.0 ft), 

S/D = 1.0, F = 620kN (140 kips)) can be taken into LPILE program to calculate the 

lateral deflection and the internal forces and moments on the shaft. The soil and rock 

properties were used as input in the computer code LPILE. In such a case, typically the p-

y curves were internally generated in the computer code based on the input soil and rock 

properties. After calculation with LPILE, the lateral deflections on the top of the shaft are 

0.008 m, 0.075 m, and 0.015 m, respectively, for the three combinations (a, b, and c), and 

the total shaft lengths for the three combinations are 11.0 m (36 ft), 11.0 m (36 ft), and 10 

m (32 ft), respectively. Meanwhile, if we set up the allowable deflection as half an inch 

(12.7 mm), then Combination (c) needs to be excluded. Finally, Combination (b) (with X 

= 30.5 m (100 ft), D = 0.6 m (2.0 ft), S/D = 2.0, F = 440 kN (99 kips)) can be chosen as 

the optimized design, considering both the construction cost (the least amount of concrete 

volume per unit width of slope) and performance requirements (i.e., target reliability of 

the system and lateral deflection at the top of the drilled shaft).  

3.5.3.2. Reliability Index and Factor of safety 

The difference between the deterministic version UA Slope and the probabilistic version P-

UASLOPE is demonstrated in Table 3-3 for a case where the shaft diameter is equal to 0.6 m (2.0 

ft) and the shaft location is at 23.0 m (75 ft) for the slope geometry and soil properties in 
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Example 2. It can be seen that the computed reliability index for this case does not satisfy the 

target reliability index (βTarget = 3.0), even though the calculated FS is greater than one. For the 

case presented in Table 3-3, the factor of safety should be close to 1.5 if the chosen target 

reliability is 3.0. The case presented in Table 3-3 provides insight on the importance of using a 

reliability-based design approach for the slope stability problem, as a single value of FS cannot 

be properly chosen to reflect the uncertainties associated with soil properties and the 

computational methods. 

Table 0-3: Comparison between Reliability Index and Factor of Safety (D = 0.6 m (1.97ft)) 

Shaft Location 
23.0m 

(75ft) 

24.5m 

(80ft) 

26.0m 

(85ft) 

27.5m 

(90ft) 

29.0m 

(95ft) 

30.5m 

(100ft) 

S/D=1 

Reliability Index (β) 2.23 3.98 4.75 4.75 4.75 4.75 

FS 1.31 1.64 2.24 3.62 3.28 3.16 

S/D=2 

Reliability Index (β) 0.93 2.19 3.46 3.98 3.98 3.99 

FS 1.16 1.31 1.53 1.81 1.69 1.64 

S/D=3 

Reliability Index (β) 0.02 0.86 1.74 2.42 2.26 2.21 

FS 1.06 1.14 1.25 1.36 1.31 1.29 

 

3.6. Summary and Conclusions 

In this chapter, a reliability-based computational algorithm for the design of a row of equally 

spaced drilled shafts to stabilize an unstable slope was presented. The computational algorithm 

was based on the deterministic approach using a modified limiting equilibrium method of slices 

incorporating the drilled shaft-induced soil arching effects in calculating the global factor of 
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safety of a drilled shaft/reinforced soil slope system. The uncertainties of soil parameters and the 

model errors of a semi-empirical equation for predicting the load transfer factor in characterizing 

the soil arching effects were taken into consideration in the new computer program, UA Slope 

3.0, by using Monte Carlo simulation techniques. The ziggurat algorithm was used for pseudo-

random generation of random numbers for the uncertain variables of the system, including soil 

cohesion, soil friction angle, soil unit weight for each soil layer, and bias of the load transfer 

factor. The UA Slope 3.0 program was used in two design examples to illustrate the design 

procedure for achieving the required target reliability index while using the most economical 

drilled shaft combinations in terms of location of the drilled shafts on the slope as well as the 

diameter, length, and spacing of the drilled shafts. Finally, a sensitivity analysis of model error 

on the computed probability of failure of the drilled shaft/slope system for a design example was 

presented to demonstrate the need to refine the predictive model of the semi-empirical equation 

for the load transfer factor. Specific conclusions based on the design example and sensitivity 

study can be made as follows: 

1. The design of a single row of equally spaced drilled shafts for stabilizing an unstable 

slope involves consideration of both geotechnical global factor of safety (or reliability 

index) as well as structural performance of the drilled shafts in terms of meeting the 

requirements of limiting the drilled shaft deflection and the necessary reinforcements for 

sustaining the internal forces and moments. This chapter presented reliability-based 

methodologies for computing reliability index of a drilled shaft/slope system as well as 

the loads on the drilled shaft for determining internal forces and moments for structural 

design of a drilled shaft. 
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2. The location, spacing, diameter, and length of the drilled shafts are the fundamental 

design variables that can be varied in different combinations to achieve the target 

reliability index. The final selection of the design combination should be based on 

economic analysis and consideration of constructability of the drilled shafts.  

3. Bias in the semi-empirical load transfer prediction equation, or the model error, can affect 

the computed probability of failure of a drilled shaft/reinforced slope system. There is an 

incentive for conducting additional 3D finite element simulations covering more 

simulation conditions so that the bias of the semi-empirical predictive equation can be 

reduced.  

4. The case presented in Table 3-3 provides insight on the importance of using the reliability 

based design approach for slope stability problems, as a single value of FS cannot be 

properly chosen to reflect uncertainties associated with soil properties and model errors 

of the computational methods.   
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4. ADVANCED PROBABILISTIC TECHNIQUE IN A DRILLED 

SHAFT/SLOPE SYSTEM 

4.1. Introduction 

Traditional brute force Monte Carlo simulation (MCS) typically presents a sloppy process for 

calculating the probability of failure, since it needs a large number of samples to obtain the 

required accuracy. In this chapter, a more advanced methodology known as the importance 

sampling technique (IST) is proposed for determining the probability of failure and the reliability 

index of a drilled shaft/slope system.  

Recently, Li and Liang (2012, 2013) developed an approach based on MCS to extend the 

deterministic UA Slope program into a probabilistic version in which uncertainties of the soil 

parameters such as strength parameters and unit weight of soils are considered. In addition, the 

modeling error of the semi-empirical equation for quantifying the load transfer factor was 

considered by introducing a bias factor for the load transfer factor. However, the brute force 

MCS process draws samples “randomly” when calculating the estimator for the probability of 

failure (Pf). If the estimator Pf is quite small, then a large number of samples will need to be 

drawn, as illustrated in Figure 4-1. Since the use of brute force MCS requires a large number of 

samples and intensive use of computational power, there is a need to develop a computationally 

efficient MCS approach for assessing the probability of failure of the described drilled 

shaft/slope system.  
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Figure 4-1: Sketch of PDF Comparison between MCS and IST (1D) 

 

The objective of this chapter is to provide a computationally efficient algorithm that can 

accurately and efficiently calculate the probability of failure and the reliability index for a drilled 

shaft/slope system. The basic concept of the method of slices, incorporating the arching effects 

of the drilled shafts, has been described in Chapter 3. In this chapter, a creative method to form 

the performance function of the system is developed, from which the design point can be 

determined. The importance function (i.e., IS(x)), which is within the context of importance 

sampling techniques, is developed based on the design point. A more efficient random sample 

generation scheme based on the importance function IS(x) is implemented in the probabilistic 

PC-based program, UA Slope 3.0, to efficiently compute the Pf of a drilled shaft/slope system. A 

computational example of a real-world slope stabilization project is presented at the end of the 

chapter. 

Failure zone 

Safe zone 

Limit state 

PDF of MCS 
PDF of IST 
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4.2. Basic Concept of Importance Sampling Technique  

Brute force MCS provides the most robust way for computing the probability of failure (Robert 

and Casella, 2004); however, the tremendous computation demand of this method may pose 

severe limitations to its adoption by practicing engineers, especially when Pf is small. The 

importance sampling technique (IST) is a variance reduction technique in which the Pf is 

calculated by the samples generated from a different distribution rather than from the original 

distribution. If these “important” values are emphasized by sampling them more frequently, then 

the variance of the estimator (i.e., Pf) can be reduced. In other words, the computing of the 

estimator (Pf) will be converged faster while reaching a more accurate value. Figure 4-1 shows 

the contrast of the one-dimensional probability density function (PDF) between the brute force 

MCS and the IST. 

Concerning Equation 3-12 of the MCS algorithm, the Pf can be considered as the ratio between 

the number of failure events (i.e., the number of events when the computed FS is less than 1) and 

the total sample number (i.e., N). The mathematical equation of probability of failure can be 

written as Equation 4-1 by introducing an importance function IS(x): 

      

   
1

1 1 1

1
1 1

f f
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i

IS i

i i

f ( x )
P E I FS I FS f ( x )dx I FS IS( x )dx

IS( x )

f ( x )f ( x )
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IS( x ) N IS( x )

       

 
    

 

 



           (4-1) 

where  

Pf = the probability of failure of the drilled shaft/slope system; 
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I[FS<1] = the indicator function of the specified failure mode (with a factor of safety that 

is less than 1); 

f(x) = the original probability distribution function of the parameters; 

IS(x) = the importance function; 

i = the i-th random number; and 

N = total number of randomly generated samples. 

Equation 4-1 represents the basic concept of IST for one dimension. As can be seen from this 

equation, the distribution of random numbers (xi) has been transferred from the original 

probability distribution function, f(x), to the importance function, IS(x). Use of an appropriate 

importance function can make the Pf calculation converge quickly. Therefore, the key is to 

choose the appropriate importance function to enable fast and accurate convergence on the 

calculated Pf. 

 

4.3. Importance Sampling Technique for the Drilled Shaft/Slope System 

4.3.1. Design point of importance function 

Typically, the appropriate expression of importance function IS(x) is very difficult to determine. 

Au and his research team (Au and Beck, 1999; Au et al. 2003) suggested that the PDF of the 

importance function IS(x) can be determined using “design points” for high dimensional cases. 

For example, Ching et al. (2009, 2010) utilized the ordinary method of slices (OMS) to obtain 

the performance function (g(x)) of a slope without the drilled shafts, from which the design point 
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OMS

wz  was calculated by using the first-order algorithm on g(x). In our drilled shaft/slope system, 

however, there is no functional expression for g(x). A new method to determine the performance 

function (g(x)) as well as the design point for the drilled shaft/slope system will be developed in 

the following subsections. 

Since the calculation of the factor of safety for the drilled shaft/slope system is an iterative 

computation algorithm using the method of slices, which is different from those of a functional 

expression such as Bishop’s method (Bishop, 1955) or Chen’s method (Chen, 1975) for slope 

stability analysis. Consequently, there is no direct expression of performance function if 

Equations 3-1 to 3-3 are used. However, considering that OMS is the only noniterative method 

dealing with a homogeneous slope (Ching et al., 2009), the determination of the performance 

function is proposed by combining OMS and arching theory. Based on Equation 2-2, the 

performance function can be written as: 

   
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Δ Δ 1

R D D arching
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   
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         (4-2) 

where, ci and φi = cohesion and friction angle at the base of the ith slice; Wi = total weight of  

the ith slice; ui = pore water pressure at the middle point of the ith slice base; Δli = length of  

the slice base; αi = inclination angle of the slice base; η = load transfer factor; and 1

L

iP = the left 

interslice force on Slice i-1. All these parameters are depicted in Figures 3-1(a) and 3-1(b). If the 

performance function g(x) < 0, the drilled shaft/slope system fails, and vice versa. Assuming the 

critical slip surface passes through n soil layers, the performance function can be rewritten as 

follows: 
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where j = soil layer number; i = slice number; ψi = tan(φi); γj = unit weight of jth layer; and the 

remaining parameters were defined previously in Equation 4-2. The design point of the drilled 

shaft/slope system can be written as: 

2
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                                                             (4-4) 

where Xi is the i-th parameter of the performance function; 
*

iμ is the design point of the i-th 

parameter; and β is the reliability index of the drilled shaft/slope system, which is: 
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where  ΔR D D arching
F F F
μ ,μ ,μ are the means of FR, FD, and (ΔFD)arching, respectively; and 

 ΔR D D arching
F F F

σ ,σ ,σ are the standard deviations of FR, FD, and (ΔFD)arching, respectively. 

It should be noted that the load transfer factor η and the slice force Pup in Equation 4-3 change 

based on different combinations of (ci, ψi, γi) during the analysis. The important simplifications 

in Equation 4-3 are: (a) the critical slip surface of the slope, which has been confirmed prior to 

installation of the drilled shafts, does not change after the drilled shafts are installed; and (b) the 

interslice force exists only in the calculation of the (ΔFD)arching, and there is no interslice force in 
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the calculation of OMS. Of course, the performance function (Equation 4-3) cannot precisely 

represent the actual function of the drilled shaft/slope system; nevertheless, we are only looking 

for an approximate location of the actual design point to build a new PDF of the importance 

function IS(x).  

Once the importance sampling design point 
*

iμ  is obtained, it can be employed in constructing a 

new PDF of importance function (IS(x)). The random numbers (i.e., ci, ψi, γi) are generated based 

on the new PDF of IS(x). Finally, the probability of failure Pf can be calculated based on 

Equation 4-1. 

 

4.3.2. The ratio between f(x) and IS(x) 

In the drilled shaft/slope system, the variability of three soil parameters (cohesion c, friction 

angle φ, and unit weight γ) typically occurs simultaneously. For example, in one layer slope, 

there are three variables that comprise the variable matrix x : (c, ψ, γ) (note: ψ = tan(φ)), and in a 

two-layer slope there are six variables: (c1, ψ1, γ1, c2, ψ2, γ2), and so on. All soil parameters are 

assumed to be independent and identically distributed; therefore, the correlation matrix 

associated with every soil parameter is the identical matrix: E . 

where 

1

1

1
M M

E



 
 
 
 
 
 

, where M = The number of soil parameters.
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In IST, the most important calculation for Equation 4-1 is the ratio between the original PDF, f(x), 

and the importance sampling PDF, IS(x), i.e., f(x)/IS(x). In practical application, the use of the 

lognormal distribution ensures that soil properties (i.e., cohesion, friction angle, and unit weight) 

are always non-negative. Therefore, in this paper, the original function of f(x) and IS(x) are 

assumed to follow a lognormal distribution. For mathematical simplification, the normal 

distribution is preferable for calculating the ratio, f(x)/IS(x). The transformation from a normal 

distribution to a lognormal distribution is shown in the following equations. 
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2
μ ln μ σ                                                              (4-8) 

where σ = standard deviation of a lognormal distribution; 

μ = mean of a lognormal distribution; 

0σ  = standard deviation of a normal distribution; 

0μ  = mean of a normal distribution; 

By using Equations 4-6 to 4-8, the normal variable can be transformed to lognormal distributed 

random variable. Assuming that variables in f(x) and IS(x) are independent, then the ratio of 

f(x)/IS(x) can be written as Equation 4-9. 
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                                          (4-9) 

where x  = The M×1 variable matrix of soil parameters, i.e.,  1 2

T

Mx x ,x , x , for example, in a 

two-layer slope,  1 1 1 2 2 2

T
x C ,ψ ,γ ,C ,ψ ,γ ; 

xi = the i-th soil parameter; 

M = the number of parameters; 

Σ  = M×M covariance matrix of original PDF f(x), which is equal to 1 for a standard 

normal distribution; 

μ  = M×1 mean matrix of original PDF f(x), which is equal to 0 for a standard normal 

distribution; 

Σ*  = M×M covariance matrix of importance sampling function IS(x); 

*μ  = M×1 design point matrix of importance sampling function IS(x); 

*

iμ  = Design point of the i-th parameter; and 

*

iσ  = The i-th standard deviation of the importance sampling function. 

 



 

72 

 

4.4. Procedure of Importance Sampling Calculation using the Design Point 

Typically, few samples generated from the original PDF can fall into the failure zone in the brute 

force MCS. If we reduce the mean of the original PDF, which means we horizontally move the 

original PDF to the left side, then it can generate more samples falling into the failure zone, as 

shown in Figure 4-1. Mathematically, the above theory can be used as the basis for building the 

importance function (IS(x)) by using the design point. In addition, if we reduce the variance of 

the PDF of IS(x), the PDF curve will “shrink,” which might produce more failure events, as 

shown in Figure 4-1. In our approach, the “design point” method is employed, and for 

comparison, the standard deviation of IS(x) will be slightly reduced in order to analyze the 

accuracy and efficiency of importance sampling. 

From Equations 4-1 and 4-9, the probability of failure for a drilled shaft/slope system can be 

computed using the following equation: 
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The corresponding c.o.v. of the estimator Pf is: 
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where all variables have been defined previously. The flowchart of the proposed IST for a drilled 

shaft/slope system is shown in Figure 4-2. The detailed procedure is described in the following 

steps: 
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Figure 4-2: Flowchart of importance sampling technique in a drilled shaft/slope system 

 Step 1: Specify the geometry and slope profile with soil parameters, including the 

location of the groundwater table and the relevant drilled shafts information (e.g., 

diameter D, clear spacing S, and shaft location ξx); 

 Step 2: Determine the parameters of performance function g(x) in Equation 3-3 by using 

ordinary method of slices and arching theory; 

N times 

Specify the geometry of slope, drilled shafts and 

underground water table 

Calculate probability of failure and corresponding c.o.v 

 

 

Calculate indicator function:  

Ii[FS<1]by LEM iteration 

calculation using C++ 

Generate random numbers based on: ~ N( ); 

where, = 0.92 ~ 1.0. 

Calculate the design point:  

Obtain the parameters of performance function g(x) 

Iteration Converge 

Yes 

No 
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 Step 3: Calculate each component of the design point 
*

iμ  using Equations 3-3, 3-4 and 3-5; 

 Step 4: Generate N random samples based on 
*

iX ~N(
*

iμ
*

iσ ), where, 
*

iμ  is the design point 

component calculated by Step 3, and 
*

iσ  is chosen as five cases: 0.92, 0.94, 0.96, 0.98, 

and 1.0; 

 Step 5: Calculate the indicator function Ii[FS<1] and the ratio of f(xi)/IS(xi) by using 

Equation 4-9 based on the new samples generated in Step 4; 

 Step 6: Calculate the Pf by using Equation 4-10. 

 

4.5. Illustrative Example of Application 

Slope ATH-124 on State Route 124 in Athens County, Ohio, is presented to illustrate the 

computational efficiency of the developed IST for a slope reinforced by using a drilled shaft. The 

soil parameters (ci, ψi, γi) are assumed to be independent and identically distributed for each 

layer. In addition, all soil parameters are considered to follow a lognormal distribution. The bias 

of the semi-empirical equation for the load transfer factor is considered to follow a lognormal 

distribution. The critical slip surface for the failed slope was determined from interpretation of an 

inclinometer reading obtained in the field. This interpreted slip surface is a dominant failure 

surface used in computing the reliability of a slope reinforced with a row of spaced drilled shafts. 

The detailed parameters of ATH-124 slope (including the slope geometry and simplified soil 

layer information) are presented in Figure 3-12. The location of a single row of drilled shafts is 

selected at 25.91 m horizontally from the top of the slope. The diameter and clear spacing of the 
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drilled shafts are 0.8 m and 1.8 m, respectively. The soil parameters for each soil layer and the 

assumed c.o.v. have been summarized in Table 3-2. After 40,000 samples of brute force Monte-

Carlo simulation, the probability of failure for this slope with the described drilled shafts layout 

is computed as 2.8%, with a corresponding c.o.v. of 0.06. 

To consider the “variance effect” of the importance function IS(x), the value of  standard 

deviation (SD) σi* (shown in Equation 4-9) is varied from 0.92 to 1.0 with an increment of 0.02. 

Using the importance sampling technique proposed in this paper, the Pf values calculated by 

MCS and IST are compared in Figure 4-3. As can be seen in this figure, the Pf value of the 

calculation using SD = 1.00 is the closest curve to the true value (i.e., Pf equals 2.8% after 

40,000 samples of brute force MCS). It is noted that the convergence rate is fast as well. Figure 

4-4 shows the comparison of c.o.v. of Pf calculated by brute force MCS and IST. By using IST, 

one can obtain a smaller c.o.v. of Pf than brute force MCS during sample calculations. Therefore, 

it seems that reducing the SD value in the IST computation can possibly lead to a relatively 

smaller c.o.v. of Pf. Figure 4-5 presents the number of failure events versus the number of 

sample calculations for different SD values. It can be seen that after 5,000 sample calculations, 

the number of failure events is 147 using brute force MCS, and it is 384 when using IST (SD = 

1.00). Obviously, using IST can draw more failure events than brute force MCS. However, 

having more failure events does not automatically mean that the estimator (i.e., Pf) is more 

accurate. As shown in Figure 4-5, reducing the SD value from 0.98 to 0.92 can indeed help in 

obtaining more failure events. Nevertheless, the calculated result for Pf deviates from the true 

value too much, if we choose an SD between 0.92 and 0.98, as shown in Figure 4-4. In summary, 

the best choice for the importance sampling function IS(x) is to use an SD value of 1.00 in 

Equation 4-9. 
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Figure 4-3: Comparison of Pf between MCS and IST (Pf = 2.8% after 40,000 MCS) 

 

 

Figure 4-4: c.o.v. of Pf for MCS and IST with different standard deviations 
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Figure 4-5: Number of failure events for MCS and IST with different standard deviations 

 

Table 4-1 shows the covergence analysis between IST and brute force MCS. As can be seen 

from this table, only 307 sample calculations are required when using IST (SD = 1.00) to make 

the c.o.v. of Pf reach 0.3, but 686 sample calculations are required when using brute force MCS. 

Also, as shown in Table 4-2, after 307 IS calculations, the relative error of Pf is only 2.68% 

compared with the true value (i.e., Pf  = 2.8% after 40,000 samples of brute force MCS). 

However, a total of 5,216 brute force MCS calculations are needed to reach the same accuracy, 

as shown in Table 4-2. The same trends are seen in the results of “c.o.v. (Pf) <= 0.2” presented in 

Tables 4-1 and 4-2. Therefore, using the importance sampling technique (IST) to calculate Pf is 

not only more efficient but also more accurate than using brute force MCS for a drilled 

shaft/slope system. 
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Table 4-1: Convergence analysis between IST and MCS 

 
SD 

reduction 

c.o.v. (Pf) <= 0.3 c.o.v. (Pf) <= 0.2 

Required 

sample 

calculations (N) 

Pf (%) 

Required 

sample 

calculations (N) 

Pf (%) 

IST 

0.92 169 1.702 380 1.745 

0.94 122 1.879 276 1.720 

0.96 103 2.372 228 2.156 

0.98 199 2.615 443 2.660 

1.00 307 2.725 682 2.821 

MCS 686 3.51 1698 3.13 

 

Note: The probability of failure is 2.8% after 40,000 Monte Carlo simulations, and the 

corresponding c.o.v. of Pf is 0.06. 

 

 

Table 4-2: Accuracy analysis between IST and MCS 

Method 

Required 

sample 

calculations (N) 

Relative 

error 

Required 

sample 

calculations (N) 

Relative 

error 

IST 

(SD=1.00) 

307 2.68% 682 0.75% 

MCS 5216 2.68% 22958 0.75% 

 

Note: The probability of failure is 2.8% after 40,000 Monte Carlo simulations, and the 

corresponding c.o.v. of Pf is 0.06. 
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4.6. Summary and Conclusions 

This chapter presents a novel methodology, the importance sampling technique (IST), which can 

be used in conjunction with the design point to perform the reliability analysis of a drilled 

shaft/slope system. Considering uncertainties of soil parameters and the bias of the semi-

empirical equation for the load transfer factor (η), the reliability analysis using brute force MCS 

is not efficient due to its requirement of a large number of samples. Compared with brute force 

MCS, IST offers advantages in terms of achieving computational efficiency and accuracy, 

especially when the estimator (Pf) is small. The illustrative application example provides 

evidence of the capability of the proposed IST. The following conclusions can be drawn from 

this paper:  

1. Importance sampling using the design point was developed to compute the probability of 

failure for a drilled shaft/slope system. The proposed ordinary method of slices (OMS), together 

with the arching theory, was shown to be able to efficiently determine the performance function 

g(x) and the design point. 

2. The standard deviation (SD) of importance function (IS(x)) should be chosen very 

carefully. Reducing the SD value of IS(x) may be able to produce more failure events; however, 

it does not automatically guarantee that the estimator Pf is more accurate. In this paper, a 

standard deviation equal to 1.00 for the importance function is suggested for determining the 

importance function IS(x) in the drilled shaft/slope system.  
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5. LIMIT EQUILIBRIUM BASED DESIGN APPROACH FOR SLOPE 

STABILIZATION USING MULTIPLE ROWS OF DRILLED SHAFTS 

Use of a single row of drilled shafts for stabilization of an unstable or failed slope has been 

employed for many years. However, there may be conditions under which the use of a single row 

of drilled shafts may not be feasible: these situations may occur in cases where there is an 

inability to provide the required global factor of safety, a high force is imparted on the shaft 

(with the attendant high reinforcement requirement that is not constructible), or where the 

deflection of the drilled shaft is too high to meet the service limit requirement. In the past, no 

design method has been developed to permit systematic design for optimizing multiple rows of 

drilled shafts for slope stabilization. In this chapter, a limiting equilibrium–based method of 

slices procedure, incorporating the arching effects of the drilled shafts, is developed for 

optimizing the use of multiple rows of drilled shafts, in terms of the number of rows, the location 

of each row, and the dimension and spacing of the drilled shafts in each row. Two design criteria 

are used for optimization: 1) the target global factor of safety and constructability and 2) the 

service limit. A PC-based research version program called UA Slope 2.2 has been coded to allow 

for handling of complex slope geometry, soil profiles, and groundwater conditions. A design 

example is presented in this chapter to illustrate the application of the UA Slope 2.2 program in 

the optimized design of multiple rows of drilled shafts for stabilizing an example slope. 
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5.1. Introduction 

The practice of using drilled shafts to stabilize an unstable slope has been widely and 

successfully adopted (e.g., Fukumoto, 1972, 1973; Sommer, 1977; Ito and Matsui, 1975; Ito et 

al., 1981, 1982; Nethero, 1982; Morgenstern and Price, 1965; Morgenstern, 1982; Gudehus and 

Schwarz, 1985; Reese et al., 1992; Rollins and Rollins, 1992; and Poulos 1995, 1999). However, 

most of the analyses and design methods are based on the limiting equilibrium approach, which 

considers the effect of drilled shafts to be an increase in resistance. The estimation of resistance 

from drilled shafts has been based on ultimate soil reaction pressure or displacement-based finite 

element analysis or a computational program such as LPILE (Reese et al., 2004) to determine the 

displacement-dependent soil pressures against the drilled shafts. The alternative approach, within 

the concept of the limiting equilibrium method of slices, has been proposed and developed by 

several researchers (Zeng and Liang, 2002; Yamin, 2007; Yamin and Liang, 2010; Liang et al., 

2010; Al Bodour, 2010; Joorabchi, 2011; Liang and Joorabchi, 2013), in which the effects of the 

drilled shafts are considered as the reduction in the driving forces due to the soil arching between 

the adjacent drilled shafts. The estimate of the reduction in the driving force is based on an 

empirical load transfer factor equation. The equation was derived from regression analysis of 

more than 40 cases of three-dimensional (3D) finite element simulation results. This method has 

been coded into a PC-based computer program (UA Slope 2.1n) for design applications.  

When looking at the various methods proposed for slope stabilization using drilled shafts, it was 

found that all of them were concerned with the design of a single row of drilled shafts. The 

method proposed by Liang (2010) allows for optimization of the size (diameter and length) of 

the drilled shafts, the spacing between the adjacent drilled shafts, and the location of the row of 

drilled shafts on the slope. However, in reality, the use of a single row of drilled shafts may not 
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be feasible due to the dimensions of the failed slope and because of the large earth thrust applied 

to the drilled shafts, which would render the structural design of the drilled shafts nearly 

impossible. Under these difficult conditions, the use of multiple rows of drilled shafts could be a 

feasible solution to both ensure that the global factor of safety of the stabilized slope meets the 

target factor of safety and that the size of drilled shafts and the amount of reinforcement used in 

the drilled shafts is constructible and economical. Specifically, multiple rows of drilled shafts are 

needed to arrest slope movement and enhance the safety margin of the failing slope for the 

following two scenarios: (1) one row of drilled shafts cannot satisfy the target factor of safety 

(FSTarget), regardless of the dimension of the drilled shafts and location of the drilled shafts; and 

(2) although the use of single row of drilled shafts can increase the global factor of safety of the 

slope to the target value, the net force applied to the drilled shafts is excessively large, which 

either precludes the design of a constructible reinforcement or produces a deflection of the shaft 

that may be too large to meet the service limit requirements. 

In this chapter, an analysis and design approach for using multiple rows of drilled shafts to 

stabilize an unstable slope is presented. The method is based on the limit equilibrium method of 

slices, incorporating the concept of soil arching in determining the reduction of the driving force 

in the stability analysis. The formulation of this method, together with the empirical equations 

for determining the arching-induced reduction in the driving forces, is described in detail. 

Optimization of the number of the rows, the dimensions of the drilled shafts, and the locations of 

each row of drilled shafts to achieve safety and service limit requirements is discussed. An 

example is presented to demonstrate the use of the proposed method to optimally design multiple 

rows of drilled shafts for the purpose of slope stabilization. 
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5.2. Using Multiple Rows of Drilled Shafts for Stabilizing a Slope 

Ideally, one would like to use only a single row of drilled shafts to stabilize an unstable slope. 

However, conditions exist that may require use of more than one row of drilled shafts. Usually, 

there are two major circumstances where multiple rows of drilled shafts are necessary: 1) cases 

where using one row of drilled shafts cannot satisfy the target FS regardless of the chosen 

dimension of the drilled shafts, the spacing of drilled shafts, and location of the row of drilled 

shafts, and 2) cases where the forces applied to the drilled shaft are excessively large such that 

either the reinforcement cannot be practically provided without causing constructability issues or 

the drilled shaft deflection is too excessive to meet the service limit requirements. Therefore, to 

address situations like these, there is a need to use multiple rows of drilled shafts.  

5.2.1. Method of Slices for a Two-Row Drilled Shaft/Slope System 

The global factor of safety of two or more rows in a drilled shaft/slope system can be calculated 

based on the limit equilibrium method of slices. The method of slices for two rows of drilled 

shafts incorporating the arching-induced reduction in driving force on the downslope side of 

drilled shafts is formulated herein. The basic assumptions made in the calculation of the method 

of slices are listed below: 

1) FS was considered to be identical for all slices; 

2) A normal force on the base of the slice was applied at the midpoint of the slice base; 

3) The location of the thrust line of the interslice forces was placed at one-third of the 

average interslice height above the failure surface, as in the study by Janbu (1973); 
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4) The inclinations of the interslice forces were assumed as follows: the right interslice 

force (
R

iP ) was assumed to be parallel to the inclination of the preceding slice base (i.e., 

i-1), and  the left interslice force (
L

iP ) was assumed to be parallel to the current slice 

base (i.e., i); 

5) There is no group pile effect between the two adjacent rows of drilled shafts; and 

6) There is no soil arching influence between the two adjacent rows of drilled shafts. 

Figure 5-1 shows a typical slice with all force components acting on the slice. The load in the 

drilled shaft/slope system is generated by gravity and friction and then transferred slice-by-slice 

through the interslice force 
L

iP . For a typical slice without drilled shafts on the slope, the 

interslice force 
L

iP  can be expressed as an equilibrium equation given in Equation 5-1. 

 
tan

sin cosL Ri i i
i i i i i i i i i

c l
P w w u l k P

FS FS


 

 
     

 
                                                              (5-1) 

After the drilled shafts are inserted into the slope, the interslice force on the downslope side of 

the drilled shaft will be reduced due to soil arching, i.e., it will be reduced by a multiplier called 

the load transfer factor (η) from the previous interslice force 
R

iP . Referring to Figures 5-1, 5-2 

and 5-3 and applying the force equilibrium while invoking Mohr-Coulomb’s strength criterion 

for any slice i of the slope, the interslice force shown in Figure 5-3 can be written using the 

following expressions:  

  1 1

tan
sin cosL Li i i

i i i i i i i i i

c l
P w w u l k P

FS FS


   

 
     

 
                                                           (5-2) 
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  2 1

tan
sin cos

j j jL L

j j j j j j j j j

c l
P w w u l k P

FS FS


   

 
     

 
                                                            (5-3) 

   1 1

tan
cos sin i

i i i i ik
FS


                                                                                            (5-4) 

   1 1

tan
cos sin

j

j j i j ik
FS


                                                                                          (5-5) 

where i < j; 
L

iP  and 
L

jP  are the interslice forces acting on the downslope side of Slices i and j; wi 

and wj are weight of Slices i and j; αi and αj are inclinations of the bases of Slices i and j; ci and cj 

denote the soil cohesion at the bases of Slices i and j; φi and φj are the soil friction angles at the 

bases of Slices i and j; ui and uj are the pore water pressures at Slices i and j; and η1 and η2 are 

the load transfer factors for Row 1 and Row 2.  

 

Figure 5-1: A typical slice showing all force components 
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Figure 5-2: A typical cross-section divided into slices for a slope reinforced with two rows of 

drilled shafts 

 

 

Figure 5-3: Method of slices using two rows of drilled shafts 

Non-yielding base 

 

1 

i-1 
i 

j-1 j 

Phreatic line 

Slip surface 
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n 

Drilled shafts row #1 
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The net force applied to the two rows of drilled shafts, which is due to the difference in the 

interslice forces on the upslope and downslope sides of the drilled shaft can be calculated as 

follows: 

 1 1 1 011 L

shaft row iF P S                                                                                                               (5-6) 

 2 2 1 021 L

shaft row jF P S                                                                                                               (5-7) 

where S01 and S02 are the center-to-center spacing between two adjacent drilled shafts of the two 

rows (Figure 5-2), 1

L

iP  and 1

L

jP   are the interslice forces acting on the upslope side of Slice i-1 

and j-1 (Figure 5-3) and Fshaft-row1 and Fshaft-row2 are the net forces on the drilled shaft in Row 1 

and Row 2, respectively. Based on Equations 5-2 to 5-5, the global factor of safety for two rows 

in a drilled shaft/slope system can be calculated in an iterative computational algorithm. For 

multiple rows of drilled shafts, the calculation principles of the global factor of safety and the net 

force for each row of shafts are the same as in the case of two rows of drilled shafts. A PC-based 

computer program, UA Slope 2.2, has been developed based on the above computational 

algorithm to calculate the global factor of safety for multiple rows of a drilled shaft/slope system 

and the net force imparted on each drilled shaft for each row of drilled shafts. 

In Equations 5-2 to 5-7, the load transfer factor η is defined as the ratio between the horizontal 

force on the downslope side of the vertical plane at the interface between the drilled shaft and 

soil (i.e., Pdownslope) to the horizontal force on the upslope side of the vertical plane at the 

interface between the drilled shaft and soil (i.e., Pupslope). For the expression of the load transfer 

factor, Joorabchi (2011) proposed a semi-empirical equation, given in Equation 2-15 in Chapter 

2, to compute the load transfer factor using regression analysis techniques on more than 40 cases 
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of 3D finite element model simulation results that were conducted by Al Bodour (2010). 

Assuming that a sufficient length of the drilled shaft is socketed into the rock layer, the other 

important influencing factors on the load transfer factor consist of the following six parameters: 

soil cohesion c, friction angle φ, drilled shafts diameter D, center to center shaft spacing S0, shaft 

location on slope ξx, and slope angle β.  

 

5.2.2. Optimization Strategy and Criteria 

The following principles are used for optimization of multiple drilled shafts on a slope: 

1) The global FS should be equal to or bigger than FSTarget. For example, FSTarget = 1.5 is 

used in the example given below; 

2) The lateral deflection of each drilled shaft should not exceed the prescribed service 

limit, say, 12.7 mm (0.5 inch) on the top of the shaft; and 

3) The location of drilled shafts should depend on site accessibility and on the local 

availability of appropriate construction equipment. 

After satisfying the above principles, further steps in the optimization strategy are taken to 

ensure constructability for practical reinforcement placements (such as rebar spacing, cover 

thickness, etc.) and to determine the drilled shaft with the minimum volume, as suggested below: 

4) To minimize the cost of reinforcement, the net force of drilled shafts should be as low 

as possible; 

5) To minimize the total cost of concrete, the total volume of drilled shafts for each 
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combination (shaft diameter D, shaft clear spacing S, and shaft length L) should be 

calculated and compared to find which shaft has the smallest volume. 

 

5.3. Illustrative Design Example 

An example slope is used to demonstrate the design approach for using multiple rows of drilled 

shafts in stabilizing the slope to the target global factor of safety. During the design procedure, 

one row of drilled shafts was analyzed first to demonstrate that it is not sufficient to stabilize the 

slope. Next, two rows of drilled shafts were considered in the design of the slope stabilization. 

Finally, if the need is demonstrated, three rows of drilled shafts are considered.  

The slope shown in Figure 5-4 consists of six soil layers, and the soil properties for each layer 

are summarized in Table 5-1. The critical slip surface for the slope was determined by a 

conventional slope stability analysis program, STABL, with the computed FS equal to 1.00. The 

identified critical slip surface is represented by connecting seven points. In the majority of design 

problems involving the reinforcement of an unstable slope, the slip surface of the failed slope is 

typically identified during field monitoring through the use of an inclinometer. Therefore, in the 

present study, the slip surface determined by the slope stability analysis is treated as a pre-

existing failure surface and is used in the subsequent design of drilled shafts for stabilization of 

this particular slope. In this example, we will provide a rock socket in Layer 6, which is a rock 

layer. The groundwater table is assumed at an elevation of -33.0 m (-108 ft), as shown in Figure 

5-4. It is noted that effective stress approach is used in the stability analysis.  
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Figure 5-4: Geometry of illustrative example (Unit: meter) 

 

Table 5-1: Soil Properties of Illustrative Example 

Layer No. Layer 1 Layer 2 Layer 3 Layer 4 Layer 5 Layer 6 

c (kN/m
2
) 

10.0 

(208psf) 

11.0 

(229psf) 

25.0 

(522psf) 

20.0 

(417psf) 

30.0 

(626psf) 

50.0 

(1044psf) 

φ (degree) 3.0 5.0 6.0 3.0 18.0 30.0 

γ (kN/m
3
) 

5.0 

(32pcf) 

7.0 

(45pcf) 

8.0 

(51pcf) 

12.5 

(80pcf) 

16.0 

(102pcf) 

19.9 

(127pcf) 

 

5.3.1. Step-by-Step Design Procedure 

The step-by-step procedure for the design of the illustrative example is as follows: 

 Step 1: Collect data concerning the geometry of the slope, soil profile, soil parameters, 

groundwater table conditions, location of the slip surface, and other necessary 

 

 
 

Shaft Row #1 

Shaft Row #2 

Shaft Row #3 

Note: 

1m=3.28ft 
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information. For this example, the relevant information is presented in Figure 5-4 and 

listed in Table 5-1. It is noted that the slip surface identified for the original slope will be 

used for the subsequent calculation and design, as this surface is considered to be the 

weakest surface for subsequent slope movement to occur.  

 Step 2: Choose a target factor of safety (FSTarget) for the drilled shaft/slope system equal 

to 1.5. 

 Step 3: Select feasible locations for drilled shafts, which may depend on the site situation 

and the local availability of construction equipment suitable for drilling shafts. The 

feasible locations for drilled shafts are between 30.0 m (98ft) and 90.0 m (295ft) 

horizontally from the left side of the slope (as shown in Figure 5-4). In the current design, 

we analyze the location starting at X = 30 m (98ft) and ending at X = 90 m (296ft), in 

increments of 5.0 m (16.5 ft). 

 Step 4: Perform analysis and design using one row of drilled shafts, considering different 

combinations of clear spacing S and shaft diameter D within the permissible range. In this 

example, the range for D is selected to be between 0.6 m to 2.4 m (2 ft~8 ft), and the 

range of S/D is selected to be between 1.0 and 3.0. The following combinations for (S, D) 

are selected for computation: (0.6m (2.0ft), 0.6m (2.0ft)), (1.2m (4.0ft), 0.6m (2.0ft)), 

(1.8m (6.0ft), 0.6m (2.0ft)), (1.2m (4.0ft), 1.2m (4.0ft)), (2.4m (8.0ft), 1.2m (4.0ft)), 

(3.6m (12ft), 1.2m (4.0ft)), (1.8m (6.0ft), 1.8m (6.0ft)), (3.6 (12ft), 1.8 (6.0ft)), (5.4 (18ft), 

1.8 (6.0ft)), (2.4m (8.0ft), 2.4m (8.0ft)), (4.8 (16ft), 2.4 (8.0ft)), and (7.2 (24ft), 2.4 

(8.0ft)). 
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 Step 5: Calculate global FS and shaft net force using the described method and the 

computer program UA Slope 2.2. For each (S, D) combination, it is necessary to plot the 

relationship between the computed global FS and different shaft locations, as well as to 

plot the relationship between the net force on the drilled shaft and the different shaft 

locations, as shown in Figures 5-5 and 5-6, respectively.  

 

Figure 5-5: Global FS versus shaft location for different (S, D) combinations using one row of 

drilled shafts 

As can be seen from Figure 5-5, the computed global FS for all combinations and shaft locations 

considered do not satisfy the target FS of 1.5. The next highest FS is 1.452, corresponding to the 

drilled shaft located at 80 m and the (S, D) combination of (0.6 m (2.0 ft), 0.6 m (2.0 ft)). 

Therefore, we need to consider the use of two rows of drilled shafts. 
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 Step 6: Perform analysis and design using two rows of drilled shafts, considering 

different combinations of clear spacing S, shaft diameter D, and various drilled shaft 

locations. For the (S, D) combinations and the drilled shaft locations, we choose the same 

range as was discussed in Steps 3 and 4.  

 

Figure 5-6: Shaft force versus shaft location for different (S, D) combinations  

using one row of drilled shafts 

At the beginning of Step 6, we place the location of the first row of drilled shafts on the slope 

crest; next, we change the location of the second row of drilled shafts from the slope crest to the 

slope toe. Thereafter, we place the first row 5.0 m further to the downslope direction, and we 
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change the location of the second row from the slope crest to the slope toe. We repeat the above 

procedure until the location of the first row reaches to the slope toe.  

 Step 7: Calculate the global FS and the shaft net force by using the computer program UA 

Slope 2.2. Since there are many possible combinations and it is hard to display all of the 

data in one figure, only those combinations that provide a global FS larger than FSTarget of 

1.5 and a shaft net force less than 400 kN (90 kips) are presented in Table 5-2. As can be 

seen in this table, only five feasible combinations are obtained for the case of using two 

rows of drilled shafts.   

Table 5-2: Design Results using Two Rows of Drilled Shafts  

No. FS 

Row #1 Row #2 

Force 

(kN) 

Location 

(m) 

D 

(m) 

S 

(m) 

Force 

(kN) 

Location 

(m) 

D 

(m) 

S 

(m) 

1 1.500 
176.3 

(39.6kip) 

50 

(160ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

322.1 

(72.4kip) 

85 

(280ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

2 1.655 
269.1 

(60.5kip) 

55 

(180ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

358.8 

(80.6kip) 

80 

(260ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

3 1.554 
241.4 

(54.3kip) 

55 

(180ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

304.7 

(68.5kip) 

80 

(260ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

4 1.529 328.1 

(73.8kps) 

60 

(200ft) 

0.6 

(2.0ft) 

1.2 

(2.0ft) 

312.8 

(70.3kip) 

85 

(280ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

5 1.509 381.3 

(85.7kip) 

75 

(240ft) 

0.6 

(2.0ft) 

1.8 

(2.0ft) 

319.5 

(71.8kip) 

85 

(280ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

Note: D is the diameter of drilled shaft; S is the clear spacing between adjacent drilled shafts. 
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 Step 8: Use the p-y method based software, LPILE v.5.0 (developed by Reese et al., 

2004), to determine the internal forces and moments in the drilled shaft and the shaft 

deflections under the net shaft force given in Table 5-2. The calculation results of the 

analysis using LPILE indicate that the lateral deflections on the top of the shaft are very 

high, such that the program cannot even converge if the shaft net force exceeds 300 kN 

(67 kips). Although the use of two rows of drilled shafts can ensure that the global FS 

will be greater than the target FS, the LPILE analysis shows excessive deflections that do 

not meet the service limit requirements. Consequently, three rows of drilled shafts are 

considered for the subsequent analysis and design. 

 Step 9: Perform analysis and design using three rows of drilled shafts, considering the 

same range for the shaft location, shaft clear spacing S, and shaft diameter D as in Step 6. 

In the current step, we follow the same logic in trying different combinations of drilled 

shaft locations as described before. 

 Step 10: Calculate the global FS and shaft net force for each drilled shaft by using UA 

Slope 2.2, using the same methodology discussed in Step 7 and outputting only the 

combinations that provide the global FS larger than FSTarget of 1.5. In the meantime, only 

combinations showing net forces on drilled shaft that are less than 200 kN (45 kips) are 

considered. Table 5-3 shows the design results using three rows of drilled shafts. Two 

combinations can satisfy the requirements on the FSTarget, and the computed shaft net 

forces are less than 200 kN (45 kips) for both. 
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Table 5-3: Design Results using Three Rows of Drilled Shafts 

No FS 

Row #1 Row #2 Row #3 

Force 

(kN) 

Location 

(m) 

D 

(m) 

S 

(m) 

Force 

(kN) 

Location 

(m) 

D 

(m) 

S 

(m) 

Force 

(kN) 

Location 

(m) 

D 

(m) 

S 

(m) 

1 1.536 
184.85 

(41.6kip) 

50 

(160ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

169.10 

(38.1kip) 

65 

(220ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

140.48 

(31.7kip) 

75 

(240ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

2 1.504 
177.23 

(39.8kip) 

50 

(160ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

184.35 

(41.4kip) 

65 

(220ft) 

0.6 

(2.0ft) 

1.2 

(4.0ft) 

169.94 

(38.2kip) 

75 

(240ft) 

0.6 

(2.0ft) 

0.6 

(2.0ft) 

Note: D is the diameter of drilled shaft; S is the clear spacing between adjacent drilled shafts. 

 

 Step 11: Optimize design results by using the strategy of minimum concrete volume. As 

shown in Table 5-3, both combinations (No. 1 and No. 2) yield a similar shaft net force; 

however, the clear spacing for Row 2 of Combination No. 2 (i.e., S = 1.2 m (4.0 ft)) is 

larger than that for Combination No. 1 (i.e., S = 0.6 m (2.0 ft)), meaning that less 

concrete material is needed in Combination No. 2. Further structural analysis and total 

volume of drilled shafts are considered in Step 12.  

 Step 12: Perform soil-structure interaction analysis for the drilled shaft using the 

computer program LPILE (Reese et al., 2004). Assuming that at least 20% of the length 

of drilled shaft is embedded into the rock layer (Layer 6) below the slip surface, the shaft 

parameters of the two combinations obtained from Step 11 with the corresponding net 

forces for each drilled shaft can be used as inputs in LPILE to calculate the lateral 

deflection and the internal forces and moments on the drilled shaft. 
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In the LPILE analysis, the boundary conditions at the top of the drilled shaft are zero shear and 

moment. The net force is distributed as a triangularly distributed shear force acting on the drilled 

shaft above the slip surface. The total net force is taken from Table 5-3. After calculation with 

LPILE, the lateral deflections on the top of the shaft for each row are summarized in Table 5-4, 

and the total shaft lengths of the two combinations are summarized in Table 5-4 as well. All the 

lateral deflections on the top of the shaft can be considered to be within the allowable deflection 

(say, half an inch, or about 12.7 mm). If we perform the quantitative analysis of the volume of 

the required drilled shafts, the drilled shaft volume per unit width of a slope for the two 

combinations can be determined (the results are shown in Table 5-5). Clearly, Combination No. 

2 requires less total concrete volume than Combination No. 1. Thus, Combination No. 2 can be 

chosen as the most economical design with the least amount of drilled shaft volume while 

meeting the target global factor of safety.  

 

Table 5-4: Design Results of the Two Combinations Shown in Table 5-3 

Combination 

Row #1 Row #2 Row #3 

δ (m) L (m) δ (m) L (m) δ (m) L (m) 

No. 1 

0.0115 

(0.45inch) 

44.0 

(144ft) 

0.0102 

(0.40inch) 

32.0 

(105ft) 

0.0085 

(0.33inch) 

29.0 

(95ft) 

No. 2 

0.0105 

(0.41inch) 

44.0 

(144ft) 

0.0113 

(0.44inch) 

32.0 

(105ft) 

0.0103 

(0.41inch) 

29.0 

(95ft) 

Note: δ is the deflection on the top of drilled shaft; L is the shaft length. 
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Table 5-5: Total Volume per Unit Width for the Four Combinations 

Combination Row #1 Row #2 Row #3 Sum 

No. 1 

10.36 m
3
 

(365.9ft
3
) 

7.54 m
3
 

(266.3ft
3
) 

6.83m
3
 

(241.2 ft
3
) 

24.73m
3
 

(873.3 ft
3
) 

No. 2 

10.36 m
3
 

(365.9ft
3
) 

5.02 m
3
 

(177.3ft
3
) 

6.83 m
3
 

(241.2ft
3
) 

22.22 m
3
 

(784.7ft
3
) 

 

The specific reinforcement requirements for the drilled shaft were not discussed here. Suitable 

reinforcements can be designed by a qualified structural engineer, based on the computed 

internal forces and moments.  

 

5.4. Summary and Conclusion 

In this chapter, a design procedure for using multiple rows of drilled shafts to stabilize a slope is 

presented. The limiting equilibrium based slope stability analysis method, modified to 

incorporate the induced arching effects of multiple rows of drilled shafts through a semi-

empirical load transfer factor, is coded into a general slope stability computer program (UA 

Slope 2.2) for handling complex slope geometry, soil profile, and groundwater table conditions. 

Optimization principles for designing multiple rows of drilled shafts are discussed. A step-by-

step design procedure is given to illustrate the use of the design methodology. Specific 

conclusions drawn from the illustrative design examples are as follows: 
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 The need for using multiple rows of drilled shafts to stabilize a large slope was illustrated 

by the design example. It was shown that as compared to one row of drilled shafts, 

multiple rows of drilled shafts can effectively increase the global factor of safety and at 

the same time reduce the net force imparted on the shaft, thus making the reinforcement 

design more constructible and meeting the service limit. 

 Different combinations of shaft diameter, shaft spacing, and shaft location for each row 

can affect the global factor of safety. However, the final design recommendation should 

follow the principle of using the least amount of reinforcement, as well as minimizing the 

total volume of concrete. 

 Although the limit equilibrium method of slices is expressed as a two-dimensional 

calculation, the load transfer factor was derived from 3D finite element simulation results, 

indicating that this method is capable of representing three-dimensional soil arching 

effects.   
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6. SUMMARY AND CONCLUSIONS 

A reliability-based optimization design for using drilled shafts to stabilize a failed slope has been 

developed in this research, which can be used to achieve both safe and economical design 

outcomes. The corresponding preliminary research version of UA Slope has been updated as “UA 

Slope 3.0” to calculate the probability of failure and the reliability index for a drilled shaft/slope 

system. As an extension of this research, three additional subjects have been developed, 

including (1) a more advanced probabilistic algorithm than brute force Monte-Carlo simulation, 

and (2) the use of multiple rows of drilled shafts for stabilizing a large slope. During the 

development process, the corresponding preliminary research version programs for all theoretical 

work have been coded and debugged. The recommendations for implementation and future 

research are presented at the end of this chapter. 

 

6.1. Summary of Work Accomplished 

This research encompassed both program coding and design methodology development. The 

program coding consists of a limit equilibrium method of slices, a semi-empirical equation of 

load transfer factor, and techniques to account for uncertainties of soil parameters and load 

transfer factor parameters. On the design methodology side, the Ohio ATH-124 slope has been 

adopted to perform a Monte-Carlo reliability-based design using a single row of drilled shafts 

(UA Slope 3.0). The design methodology also includes the use of multiple rows of drilled shafts 

in stabilizing a failed slope (UA Slope 2.2). Specific contributions obtained from these program 

coding and design methodologies include the following: 
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 The state-of-the-art literature review clearly supported the need for conducting this 

research, which revealed that there was no reliability-based design and analysis on a 

drilled shaft/slope system with assured safety and economy. It was observed that in the 

past, most of the designs involving the use of drilled shafts tended to be ultra-

conservative, or they did not reach the reliability even though the factor of safety has 

satisfied the target. This situation, which is primarily due to a lack of adequate knowledge 

in probabilistic algorithms, can result in transportation agencies, such as ODOT, 

dedicating an excessive amount of financial resources to mitigate damage caused by 

landslides. 

 The next generation of slope stability design methodology, a true reliability-based 

optimization design method using Monte-Carlo simulation, has been developed for 

analyzing and designing a drilled shaft/slope system with a complex slope profile and 

groundwater activity. 

 The major contributions of this research include not only the development of improved 

methodology but also the accompanying computer program to solve a challenging design 

problem with no prior universally accepted solutions. This research-grade probabilistic 

computer program, UA Slope 3.0, has been developed in this research to calculate the 

probability of failure and the reliability index for a drilled shaft/slope system. 

 The step-by-step design procedure using the UA Slope 3.0 program for an optimized 

shaft/slope system presented in this report represents the first documented procedure 

where the design of the drilled shaft stabilized slope was treated as an optimization 
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process with an ultimate goal of achieving both the targeted reliability of the geotechnical 

system (including the structural components) and economy in construction costs. 

 A more efficient and accurate methodology, which employs the importance sampling 

technique (IST), has been developed to deal with high-dimensional drilled shaft/slope 

systems. It is demonstrated that IST is feasible and highly efficient in performing a 

reliability analysis for a drilled shaft/slope system. 

 A new deterministic methodology has been developed to analyze and design a system of 

multiple rows of drilled shafts to stabilize a large failed slope. A new limit equilibrium 

method of slices has been developed based on multiple load transfer factors in a slope. 

The optimization strategy and design criteria for how to choose the parameters (including 

the shaft diameter of each row, shaft clear spacing of each row, shaft location of each row, 

and shaft net force of each row) have been developed.  

 A research-grade version of a computer program, UA Slope 2.2, has been coded in this 

report to calculate the global factor of safety and shaft net force for a reinforced slope 

system using multiple rows of drilled shafts. A step-by-step design procedure has been 

developed based on the above optimization strategy and design criteria. 

 

6.2. Conclusions 

The main conclusions of this study are summarized as follows. 
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 The reliability based methodologies for computing reliability index of a drilled 

shaft/slope system as well as the loads on the drilled shafts for determining internal forces 

and moments for structural design of a drilled shaft have been developed. A case study 

employing UA Slope 3.0 shows that the location, spacing, diameter, and length of the 

drilled shafts are the fundamental design parameters that can be varied in different 

combinations to achieve the target reliability index. Furthermore, the model error of the 

semi-empirical load transfer prediction equation can affect the computed probability of 

failure in the drilled shaft/slope system.  

 Importance sampling technique (IST) using the design point is able to compute the 

probability of failure for a drilled shaft/slope system in which the combination of 

ordinary method of slices (OMS) and arching theory are used to determine the 

performance function g(x) and the design point. 

 Multiple rows of drilled shafts can effectively increase the global factor of safety of a 

large failed slope and can reduce the net force imparted on the shaft, thus making the 

reinforcement design for drilled shafts more constructible while meeting the service limit 

requirement. The final design should follow the principle of using the least amount of 

reinforcement and minimizing the amount of total concrete required. 

 

6.3. Recommendations for Implementation 

The implementable outcome of this study is a research-grade version of a probabilistic program 

(UA Slope 3.0) that can be used by design engineers to analyze complex soil profiles and slope 
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conditions that are frequently encountered in real-world projects. The computer program can also 

effectively be used for the necessary iterative optimization design process in order to achieve the 

best combination of shaft location, shaft diameter, and shaft spacing, which would provide the 

target reliability index for the drilled shaft/slope system while minimizing construction costs. 

The following recommendations are made for possible implementation. 

 The statistical values of soil properties (i.e. the mean and variance of cohesion, friction 

angle and unit weight) should be calculated based on measurements from field tests. 

However, the variance of soil properties can be adopted from Phoon and Kulhawy (1999) 

in cases where the field data is limited, a situation that would make the variance difficult 

to determine from the field data. 

 In the research grade UA Slope 3.0 program, the default distributions of soil parameters 

as well as the model error of semi-empirical equation follow a lognormal distribution. 

Other distributions are not included in UA Slope 3.0 and will be incorporated into the 

next generation of the program. 

 Following the successful completion of an initial stage of OGE’s trial use of the program, 

it is recommended that the program be sent to selected qualified geotechnical consultants 

for trial use. This would broaden the number of test cases of the program so that the 

robustness of the program can be ascertained. Any comments from the selected user 

group of consultants should be summarized and provided to the UA research team for 

further debugging and improvement of the program, if necessary. 

 Future implementation may include publishing the downloadable version of the UA Slope 

3.0 program, along with a user manual, on various pages of the ODOT website (such as 
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the pages for the Office of Geotechnical Engineering, the Office of Structures, and the 

Office of Research and Development) to allow for wide dissemination of the computer 

program to the professional community. 

 

6.4. Recommendations for Future Research 

The major development efforts of this study were concentrated on the reliability-based design 

optimization for a single row of equally spaced drilled shafts to stabilize a failed slope, as well as 

the probabilistic research version program, UA Slope 3.0. As an extension of this research, we 

have also developed the following methodologies and the accompanying computer programs:  

(a) an importance sampling technique applied to the probability-based methodology for a drilled 

shaft/slope system, and (b) a deterministic design method for the use of multiple rows of drilled 

shafts in stabilizing a slope. The following recommendations for future research are suggested: 

 Extend the research-grade coding of UA Slope 2.2 and UA Slope 3.0 into three user-

friendly programs. 

 Develop a more accurate semi-empirical equation for the load transfer factor. 

 Analyze the difference in the load transfer factor based on different configurations of 

drilled shafts, such as a staggered arrangement or an arched shape, as these placement 

configurations tend to offer more global stabilization benefits than a straight row of 

spaced drilled shafts.  
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 Develop a more efficient algorithm for using multiple rows of drilled shafts in stabilizing 

a large slope, in order to meet the target factor of safety and to minimize construction 

costs. 
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