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1.0 INTRODUCTION 

A research program was undertaken at Oregon State University to assess the 
remaining capacity and life of conventionally reinforced concrete girders. The 
research program included field and laboratory testing, as well as analytical 
approaches to develop a methodology for assessment of diagonally-cracked girders, 
and the results from the research on girders were reported (Higgins, et al. 2004). 
However, bent caps differ from girders in geometric proportions, the manner of 
loading, support conditions and steel reinforcing details, resulting in a different 
type of structural behavior, which identifies the need for research solely focusing 
on conventionally reinforced concrete bent caps. 
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2.0 RCDG BRIDGE BENT CAPS 

Bent caps are non-redundant cross members that support the main girders, and are 
oriented transverse to the direction of traffic. Typical vintage RCDG bridge bent 
caps are deep beams that support four to five main girders and are in turn typically 
supported on two columns, which provide relatively small rotational restraint at the 
ends. Typical bent cap spans range from 21 to 27 ft with main girders, spaced 
between 7 and 9 ft, framing into the bent caps. Dimensions for bent caps are in the 
range of 16 in. wide and the depth varies between 4 and 9 ft. Utility holes are 
commonly located in the bent caps, at upper corners of each shear span. 
 
Vintage reinforcement details typically contain straight bars for the flexural steel 
and cutoff of these bars where not required by calculation at design. Anchorage of 
the flexural steel reinforcement is of particular concern since these details would be 
considered inadequate by modern standards in which the flexural steel is now 
required to be hooked at the ends for better anchorage. Previous research on 
vintage girders (Higgins, et al. 2004) showed that anchorage of flexural steel plays 
a key role in assuring the shear capacity of a reinforced concrete member. It was 
observed that the presence of diagonal tension cracks at the level of the reinforcing 
steel increases the stresses on the flexural steel and can lead to the rebar pulling out 
of the concrete if the bar is not adequately anchored. However, anchorage zones in 
bent caps differ from those in girders, due to active confinement, such as the 
presence of normal pressure from the column, transverse to the potential splitting 
plane.  
 
An important characteristic of bent caps is the indirect load transfer mechanism 
between girders, the bent cap, and the columns. Bent caps are primarily loaded by 
reaction forces from the main girders. Bent caps “feel” the applied load indirectly, 
uniformly distributed along the height of the connected girder, instead of 
concentrated loads directly applied on top of the member. In return, bent caps 
transfer the load indirectly to the columns, due to the monolithic construction. As a 
result of the indirect load mechanism, there is little benefit from concrete 
confinement at the load application regions. The bent cap, its related components, 
and the load transfer mechanism are illustrated in Figure 2.1. 
 



 
 

 4

 
 

Figure 2.1: Bent cap components and the indirect load transfer mechanism 

As mentioned before, RCDG bridge bent caps are considered in the “deep beam” 
category of structural components. Deep beams are structural elements which are 
mainly characterized by a small shear span to depth ratio (a/d ratio). Numerous 
definitions of deep beams exist in current code provisions, which are discussed in 
Section 2.1 of this document. 
 
Due to the small a/d ratio the shear resistance mechanism in deep beams is different 
than that of slender beams. It is widely recognized that in deep beams, shear is 
resisted by two separate mechanisms: a truss mechanism analogous to the shear 
resisting mechanism in slender beams, and an arch mechanism unique to deep 
members, where the load is directly transferred from the load point to the support 
through the shear span. In contrast to slender beams, the so-called “plane sections 
remain plane” hypothesis is not valid for deep beams, due to nonlinear strain 
distributions in a cross-section. Consequently, approaches based on the 
conventional beam theory may not be applicable in determining the internal force 
distribution. Generally, shear deformations are ignored in calculations of slender 
beams, since they are negligible when compared to flexural deformations. 
However, shear deformations are characteristically significant in deep beams, and 
they may have to be accounted for in calculations. The differences in the 
characteristic properties of bent caps (deep beams), and girders (slender beams) are 
summarized in Table 2.1. 
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Table 2.1: Characteristics of RCDG Bridge Bent Caps and Girders 

Characteristic Property Bent Caps Girders 
Shear span to depth ratio a/d < 2.0 →Deep Beam a/d > 2.0 →Slender Beam
Load Transfer Mechanism Indirect Direct 
Shear Resistance 
Mechanism 

Arch & Truss 
Mechanisms Truss Mechanism 

Strain Distribution in cross-
section Significantly Nonlinear Can be assumed as linear 

in practice 

Bernoulli’s Hypothesis Not Valid Valid (Enables section 
analysis) 

Shear Deformations Significant May be neglected in 
practice 

Shear Capacity Prediction 
Methods 

No widely accepted 
methodology 

Generally based on 
section analysis 

 

2.1 OBJECTIVES AND SCOPE OF THE RESEARCH 

The main objectives of this research were to improve the understanding of the 
structural behavior of diagonally cracked RCDG bridge bent caps with 1950s 
vintage details, and present analytical methods which are suitable for capacity 
assessment. The research methodology included a detailed review of the  literature, 
and design codes, collection of data describing structural properties of in-field bent 
caps, construction and laboratory tests of realistic full-scale bent caps specimens to 
evaluate strength and behavior for a variety of specimen parameters, development 
of a unique fatigue load protocol using field data to simulate the effects of service 
exposure to ambient traffic loading, and assessment of capacity using a range of 
analytical methods. 
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3.0 LITERATURE REVIEW 

3.1 CODE PROVISIONS 

In this part, current code provisions, such as American Building Code 
Requirements for Structural Concrete (2005), American Association of State 
Highway and Transportation Officials LRFD Bridge Design Specifications (2004), 
Eurocode 2 Design of Concrete Structures (2004), Canadian Highway Bridge 
Design Code (2000), Euro-International Committee for Concrete & International 
Federation for Prestressing Model Code (1990), and International Federation for 
Prestressing Recommendations on Practical Design of Structural Concrete (1999) 
were reviewed with regard to design strength and detailing of deep beams. 
 
 
3.1.1 ACI 318 American Building Code Requirements for 
Structural Concrete 

The 2005 edition of the ACI-318 Building Code Requirements for Structural 
Concrete (ACI 318-05) defines deep beams in section 10.7.1, as members loaded 
on one face and supported on the opposite face so that compression struts can 
develop between the loads and the supports. These members have either a clear 
span, measured face-to-face of supports, equal to or less than four times the overall 
member depth, or regions with concentrated loads within twice member depth from 
the face of the support. 
 
ACI 318-05 permits design of deep beams either by taking into account nonlinear 
strain distributions, with the effects of cracking on the stress distribution, or by 
Strut-and-Tie Method, which was recently incorporated into Appendix A in 2002.  
 
ACI 318-05 specifies that nominal shear capacity, Vn, for a deep beam, not to 
exceed '

c w10 f b d , where '
cf  (psi) is the specified compressive strength of the 

concrete, bw (in.) is the web width, and d (in.) is the distance from the extreme 
compression fiber to the centroid of the longitudinal reinforcement. There are also 
limits on the vertical and horizontal shear reinforcement. The area of shear 
reinforcement perpendicular to the flexural tension reinforcement, Av (in2), should 
not be less than 0.0025bws, and the web reinforcement spacing, s (in.) should not 
exceed the smaller of d/5 or 12 in. The minimum area of shear reinforcement 
parallel to the flexural tension reinforcement, Avh, is calculated as 0.0015bws2, and 
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s2 should not exceed the smaller of d / 5 or 12 in.  Starting with the 2002 edition of 
ACI 318, the maximum spacing of web reinforcement was reduced from 18 in. to 
12 in. in order to restrain crack widths. 
 
The code commentary recommends that the longitudinal reinforcement in deep 
beams should be extended to the supports and anchored by embedment, hooks, or 
welding to special devices.  
 
In the 1999 edition of ACI 318, the nominal shear strength provided by concrete 
and web reinforcement for deep beams was calculated as: 
 

 'u u
c c w w

u u

M V dV 3.5 2.5 1.9 f 2500 b d     ACI 318-99 11.29
V d M

⎛ ⎞⎛ ⎞
= − + ρ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

(3.1) 

 

 
n n

v vh
s y

2

l l1 11A Ad dV f d          ACI 318-99 11.30
s 12 s 12

⎡ ⎤⎛ ⎞ ⎛ ⎞+ −⎢ ⎥⎜ ⎟ ⎜ ⎟
= +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (3.2) 

 
Where Vc and Vs (kips) are the shear resistances of concrete and reinforcement, Mu 
(kips-in) and Vu (kips) are the factored moment and shear, d (in.) is the effective 
height, '

cf  is the specified compressive strength of concrete (psi), wρ  is the main 
tension reinforcement ratio, bw (in.) is the beam width, Av and Avh (in2) are the 
vertical and horizontal web reinforcement cross-sectional areas, s and s2 (in.) are 
the spacing’s of vertical and horizontal web reinforcement, and fy is the yield 
strength of the web reinforcement.  However, these provisions were removed due 
to the severe discontinuities in design strength when clear span to overall member 
depth ratio was varied. Instead, a new appendix to ACI 318 was introduced in 
2002, which provides an alternative methodology for design of deep beams called 
the Strut-and-Tie Model (STM) approach. This approach represents limit states, 
utilizing the lower-bound theorem of plasticity, which means the plastic design 
assures that none of the elements in a STM is loaded beyond its capacity.  ACI 
318-05 Appendix A presents a limit state design tool, rather than a direct approach 
to calculate shear and moment capacities of an existing member. 
 
ACI 318-05 Appendix A defines B-regions (beam or Bernoulli regions) as a 
portion of a member in which the plane sections assumption of flexure theory can 
be applied. In contrast, D-regions (discontinuity or disturbed regions) are defined 
as the portion of a member within a distance equal to the height of the member, 
from a force discontinuity or a geometric discontinuity, where plane sections 
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assumption is not applicable. According to St. Venant’s principle, a local 
disturbance, such as a concentrated load or reaction dissipates approximately 
within a distance which is equal to the height of the member. For instance, it can be 
stated that D-regions extend away from a concentrated load, support reactions, or 
abrupt changes in geometry a length approximately equal to the height of the 
member. ACI 318 states that the area between two D-regions can be treated as B-
regions, and the traditional shear design procedures can be applied, where beam 
theory is applicable. There may be cases where two D-regions overlap. In that case, 
the whole area can be considered as a single D-region for design purposes. 
 
ACI 318-05 Appendix A distinguishes deep beams from slender beams using the 
shear span to overall height ratio, av / h.  Accordingly, a deep beam has an av / h 
ratio less than or equal to 2, otherwise it is considered as a slender beam. The ACI 
distinction between deep/slender beams and beam/discontinuity regions are 
illustrated in Figure 3.1. 
 

 
Figure 3.1: ACI 318-05 Graphical description of deep and slender beams 
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The STM approach is defined as building a truss model of a structural member, or a 
D-region in such a member, consisting of compressive struts, and tension ties 
connected at nodes, which are capable of transferring loads between truss 
members, as well as to the supports or adjacent B-regions.  Struts are the prismatic 
or bottle shaped compression members, which represent the resultant of a parallel 
or fan-shaped compression field. Ties are tension members which may be 
prestressed or conventional steel in a reinforced concrete member. The meeting 
points of struts, ties and concentrated loads are defined as nodes and the concrete 
surrounding the node is called a nodal zone. At least three forces must act at a node 
to maintain equilibrium. Depending on forces acting at a node, the nodes are 
classified as C-C-C, C-C-T, C-T-T, and T-T-T nodes, where C is compressive and 
T is tensile forces, respectively. 
 
ACI 318-05 Appendix A provides a basic design procedure for D-regions, by 
means of a STM, having struts, ties, and nodes. The selected truss model must be 
capable of transferring all concentrated loads to the supports or adjacent B-
Regions, and must be in equilibrium under applied loads. The design steps for 
building a STM involve defining the D-regions in a member, computing resultant 
forces on D-region boundaries, selecting an appropriate truss model, calculating the 
internal forces of the struts and ties in the system, and determining the effective 
widths of the struts and nodal zones according to the internal forces of the struts 
and ties. Ties are permitted to cross struts, but struts cannot overlap each other. 
ACI 318-05 also indicates that the minimum angle between the struts and ties 
should not be less than 25 degrees. The basic design equation for struts, ties and 
nodal zones is: 
 
 n uF F           ACI 318-05 A-1φ ≥  (3.3) 

 
Where Fu is the factored force acting in a tie, strut, or nodal zone, Fn is the nominal 
capacity of a tie, strut, or nodal zone, and φ  is the strength reduction factor, having 
a value of 0.75 for all cases. 
 
The nominal strength of a strut, Fns, should be calculated for both ends of a strut, 
and the minimum value should be taken as: 
 
 ns ce csF f A           ACI 318-05 A-2=  (3.4) 

 
Where Acs (in2) is the cross-sectional area of the strut, and fce (psi) is the smaller of 
the effective compressive strength of the concrete in the strut or in the nodal zone, 
which are given as: 
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 '
ce s cf 0.85 f           ACI 318-05 A-3= β  (3.5) 

 
 '

ce n cf 0.85 f           ACI 318-05 A-8= β  (3.6) 

 
Where sβ  and nβ  parameters are strut efficiency factors, depending on the strut 
shapes (uniform, bottle-shaped etc.), and amount of transverse reinforcement 
crossing the strut. Compressive forces in the strut can be assumed to spread at a 
slope of 2 longitudinal to 1 transverse relative to the axis of the strut. A verifying 
equation to determine the efficiency factors for bottle shaped struts, as long as '

cf  is 
less than 6000 psi, is given as: 
 

 si
i

s i

A sin 0.003          ACI 318-05 A-4
b s

= α ≥∑  (3.7) 

 
Where Asi is the total area of surface reinforcement at spacing si in the i-th layer of 
reinforcement crossing a strut at an angle iα  to the axis of the strut. If a uniform 
cross-sectional strut is considered, the efficiency factor  sβ  should be taken as 1.0. 
For bottle-shaped struts, where the width of the midsection of the strut is larger 
than the width at the nodes, the efficiency factor should be taken as 0.75, if 
Equation 3.7 is satisfied, or as 0.60λ , where λ  is a modification factor related to 
the unit weight of the concrete. The efficiency factor for struts in tension members, 
or the tension flanges of members should be taken as 0.40, which reflects that these 
struts need to transfer compressive forces across cracks in a tension zone. ACI 318-
05 recommends the value 0.60 for all the other cases, such as struts in the web of 
the beam, where parallel diagonal cracks divide the web into inclined struts. 
 
The nominal strength of a tie, Fnt, is calculated as: 
 
 nt ts y tp se pF A f A (f f )          ACI 318-05 A-6= + + Δ  (3.8) 

 
Where Ats (in2) is the cross-sectional area of the reinforcing bars, fy (psi) is the 
yield strength of the reinforcing bars, fse (psi) is the effective stress in prestressing 
steel, pfΔ  (psi) is the increase in prestressing steel stress due to factored loads, and 

tpA  (in2) is the cross-sectional area of the prestressing steel. 
 
The nominal compression strength of a nodal zone, Fnn, similar to strut and tie 
strengths is given as: 
 



 
 

 12

 nn ce nzF f A           ACI 318-05 A-7=  (3.9) 

 
Where fce (psi) is the effective compressive strength of the concrete in the nodal 
zone, which was previously defined in Equation 3.5 and Equation 3.6, and Anz (in2) 
is the smaller of the area of the face of the nodal zone on which Fu acts, taken 
perpendicular to the line of action of Fu, or the area of a section through the nodal 
zone, taken perpendicular to the line of action of the resultant force on the section. 
 
 
3.1.2 American Association of State Highway and Transportation 
Officials LRFD Bridge Design Specifications 

American Association of State Highway and Transportation Officials LRFD Bridge 
Design Specifications 2004 (AASHTO – LRFD) define deep beams in AAHSTO – 
LRFD Section 5.2 as deep components, in which the distance from the point of no 
shear to the face of the support is less than twice the effective depth, or as 
components in which a load causing more than one-third of the shear at a support is 
closer than twice the effective depth from the face of the supports. AASHTO – 
LRFD does not provide a direct assessment method to calculate the shear and 
moment capacities of existing deep beams. However, it contains provisions for 
STM approach, as a limit states design tool. Introduced in the 2004 edition of 
AASHTO – LRFD, use of STM approach is recommended where the conventional 
methods of design is not applicable due to nonlinear strain distributions. The 
provisions specify that rather than determining the moment and shear capacities at 
different sections along the span, the flow of compressive stresses going from the 
loads to the supports, and the required tension force between the supports must be 
established.  
 
AASHTO – LRFD provides separate design requirements for transverse 
reinforcement in deep beams, for both strength and serviceability. The minimum 
transverse reinforcement area, Av (in2), within distance s (in.) is given as: 
  

 ' v
v c

y

b sA 0.0316 f            AASHTO - LRFD 5.8.2.5-1
f

≥  (3.10) 

 
Where bv (in.) is the minimum web width, s (in.) is the spacing of stirrups, '

cf  (ksi) 
is the specified compressive strength of concrete for use in design, and fy (ksi) is 
the specified minimum yield strength of the transverse reinforcement. 
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AASHTO – LRFD 5.6.3.6 has a special requirement, if STM is used. According to 
the specifications, in order to ensure minimum ductility and control crack growth, 
an orthogonal grid of reinforcement with a minimum spacing of 12 in. is required 
near each face. In addition to this, the ratio of the reinforcement area to the gross 
concrete area should not be less than 0.003 in longitudinal and transverse 
directions.  
 
For deep beams, AASHTO – LRFD specifies detailing requirements such that the 
factored tensile resistance, NR (kips), of transverse reinforcing bars must satisfy: 
 
 R y s vN f A 0.12b s          AASHTO - LRFD 5.13.2.3-1= φ ≥  (3.11) 

 
For both horizontal and vertical components of the orthogonal reinforcing grid, 
where bv (in.) is the width of the web, fy (ksi) is the yield strength of reinforcing 
steel, As (in2) is the area of steel in distance s (in.), which is the spacing of the 
reinforcement, and φ  is the resistance factor having a value of 0.90. 
 
Similar to ACI 318-05, AASHTO – LRFD has separate provisions for the design 
strength of compressive struts, tension ties, and nodal zones. The design strength of 
struts and ties are taken as: 
 
 r nP P           AASHTO LRFD 5.6.3.2-1= φ  (3.12) 

 
Where Pr is the factored resistance of struts and ties, Pn is the nominal resistance of 
strut or tie, and φ  is the resistance factor for tension or compression, having a 
value of 0.70 for compression struts, and a value of 0.90 for tension ties in strut-
and-tie models. 
 
Like ACI 318-05, AASHTO – LRFD limits the effective compressive stresses in 
the struts and nodal zones. Unlike ACI 318-05, which considers the shape of the 
struts and the amount of transverse reinforcement crossing a strut, AASHTO – 
LRFD bases the factors for calculating the effective compressive stresses on 
Modified Compression Field Theory (MCFT) (Vecchio and Collins 1986).  
 
The limiting compressive stress, cuf , in a strut is given as: 
 

 
'

'c
cu c

1

ff 0.85f           AASHTO LRFD 5.6.3.3.3-1
0.8 170

= ≤
+ ε

 (3.13) 

 
In which: 
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 2

1 s s s( 0.002)cot           AASHTO LRFD 5.6.3.3.3-2ε = ε + ε + α  (3.14) 

 
Where sε  is the tensile strain in the concrete in the direction of the tension tie sα  is 
the smallest angle between the compressive strut and adjoining tension ties, and '

cf  
(ksi) is the specified compressive strength. It is assumed that the concrete can 
withstand compressive stresses up to 0.85 '

cf  as long as it is not subjected to 
principle tensile strains larger than 0.002, and compression struts are not crossed or 
joined by tension ties.  Equation 3.13 takes into account the imposed tensile strains 
on the concrete due to bonding between the reinforcement and concrete. The 
expression for 1ε  is based on the assumption that the principal compressive strain 
in the direction of the strut is 0.002, and the tensile strain in the direction of tension 
tie equals sε , which can be taken as the tensile strain due to factored loads in the 
reinforcement bars. From Equation 3.13 and Equation 3.14, it is seen that the 
limiting compressive stress increases as the angle between the compressive strut 
and the tension tie increases. In AASHTO – LRFD, the strut angle has an upper 
limit of 65° relative to the tie. 
 
The nominal resistance of a tension tie, Pn, is calculated in a manner similar to ACI 
318-05, as: 
 
 n y st ps pe yP f A A (f f )          AASHTO LRFD 5.6.3.4.1-1= + +  (3.15) 

 
Where fy (ksi) is the yield strength of the mild steel longitudinal reinforcement, and 
Ast (in2) is the total area of longitudinal mild steel reinforcement in the tie, Aps (in2) 
is the area of prestressing steel, and fpe (ksi) is the effective stress in the 
prestressing steel after losses. 
 
For nodal zones, AASHTO – LRFD code limits the concrete compressive stress 
according to the presence of tension ties. The concrete compressive strength in the 
node regions of the struts is limited to '

c0.85 fφ  for node regions bounded by 
compressive struts and bearing areas, '

c0.75 fφ  for node regions anchoring one 
tension tie, and '

c0.65 fφ  for node regions anchoring tension ties in more than one 
direction. The resistance factorφ  has a value of 0.70 for struts and nodes, and 0.90 
for ties. 
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3.1.3 Canadian Highway Bridge Design Code 

Canadian Highway Bridge Design Code 2000 (CHBD) defines deep beams as 
members having a span-to-depth ratio of less than 2.0, where for continuous spans 
the effective span is taken as the distance between points of contraflexure due to 
dead load. CHBD presents a sectional analysis method, but warns that that such a 
methodology for analyzing a deep beam may not be accurate, since this method 
assumes the reinforcement required at a particular section only depends on the 
moment, shear, and axial force at the section, regardless of the loading and support 
conditions. Moreover, the sectional analysis in the Canadian code assumes that the 
shear flow remains constant through the height, dv, which is defined as the internal 
force couple moment arm, and that the longitudinal strain distribution has a linear 
behavior over the height. For a deep beam these assumptions are not assured. 
CHBD does not provide a direct assessment method for calculating the moment 
and shear capacities of existing deep beams, but recommends the flow of forces 
through the complete structure be considered, rather than a sectional analysis and 
further recommends use of STM, which permits structural idealization as a truss 
formed by a series of reinforcing steel tension ties, and concrete compressive struts 
which are interconnected at nodes capable of transferring the factored loads to the 
supports. A simple STM of a deep beam from CHBD is shown in Figure 3.2. 
 

 
Figure 3.2: CHBD simple STM example 
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CHBD requires the compressive force; Fcs (N), in a strut does not exceed a limit 
value, calculated as: 
 
 cs c cu csF f A           CAN/CSA-S6-00 Clause 8.10.3.1= φ  (3.16) 

 
Where fcu (MPa) is the limiting compressive stress in the strut, computed from 
Equation 3.17, Acs (mm2) is the effective cross-sectional area of the strut, which is 
calculated considering the available concrete area, and the anchorage conditions at 
the end of strut, as shown in Figure 3.3, and cφ  is the resistance factor for concrete 
having a value of 0.75. 
 

 
Figure 3.3: Influence of anchorage conditions on effective cross-sectional area of struts according to 

CHBD 
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'

'c
cu c

1

ff  0.85f           CAN/CSA-S6-00 Clause 8.10.3.3
0.8 170

= ≤
+ ε

 (3.17) 

 
Where '

cf  (MPa) is the specified compressive strength of the concrete, and 1ε  is 
calculated as: 
 
 2

1 s s s ( 0.002)cot           CAN/CSA-S6-00 Clause 8.10.3.3ε = ε + ε + θ (3.18) 

In which sε  is the strain in the tensile tie inclined at an angle sθ  to the compressive 
strut. CHBD uses similar formulation and assumptions as AASHTO – LRFD. 
However, the influence of anchorage conditions on the effective cross-sectional 
area of struts and the calculation of the limiting compressive stress in the concrete 
strut are explained more directly, as illustrated in Figure 3.3. Moreover, CHBD 
suggests that for a strut anchored by tensile reinforcement, the effective concrete 
area extends a distance of up to six bar diameters from the anchored bar. 
 
The maximum amount of tensile force, which can be carried by a tie, sF  (N), is 
calculated as: 
 
 s s y st p py psF f A + f A           CAN/CSA-S6-00 Clause 8.10.4.1= φ φ  (3.19) 

 
Where fy (MPa) and fpy (MPa) are the specified yield strengths for reinforcing bars 
and prestressed tendons, respectively, stA  (mm2) and psA  (mm2) are the cross-
sectional area of the reinforcing bars, and prestressed tendons in the tie, 
respectively, and sφ , and pφ  are the resistance factors for reinforcing bars and 
prestressed tendons, having values of 0.90 and 0.95, respectively. 
 
CHBD requires that the reinforcement in the tension tie be anchored, so it is 
capable of carrying the calculated tensile force. If straight reinforcement extends a 
distance beyond the inner edge of the node region less than the required 
development length, then the tensile strength of the bar is reduced, assuming the 
stress decreases linearly over the development length distance.  
 
CHBD has the same provisions for limiting stresses in nodal zones as AASHTO – 
LRFD. For detailing, CHBD requires an orthogonal grid of reinforcing bars at each 
face. The maximum spacing for the reinforcing bars in the orthogonal grid should 
not exceed 300 mm, the reinforcement ratio should be at least 0.3%, and the 
maximum amount of reinforcing bars at each face should be less than 1500 mm2/m. 
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3.1.4 Eurocode 2: Design of Concrete Structures 

The European Standard EN 1992-1-1:2004 (Eurocode) was published by European 
Committee for Standardization in 2004. The Eurocode exists in three official 
languages, which are English, French and German. The English version, which is 
also the current British Standard, was reviewed in this section. 
 
The Eurocode defines a deep beam as a member for which the span is longer than 
three times the overall section depth. The Eurocode provides specific detailing 
requirements for deep beams. Orthogonal reinforcement grid is required at each 
face, with a minimum reinforcement ratio of 0.1%, but not less than 150 mm2/m in 
each face, and each direction. The distance between two adjacent bars of the mesh 
should not exceed the lesser of twice the deep beam thickness or 300 mm. Lastly, 
the reinforcement, corresponding to the ties in the design model, should be fully 
anchored for equilibrium in the nodal zone, by bending the bars, by using U-hoops, 
or by anchorage devices, unless the distance between the node and the end of the 
beam is greater than the required anchorage length.  
 
The Eurocode presents strut-and-tie models as an analysis option for members 
where a nonlinear strain distribution exists. The code defines strut-and-tie models 
as simplified representations of the actual members, consisting of struts 
representing compressive stress fields, ties representing the reinforcement, and 
nodes connecting struts and ties, with all the truss members maintaining their 
equilibrium with the applied loads in the ultimate limit state. Suitable strut-and-tie 
models must adopt stress trajectories, and distributions from linear-elastic theory, 
or the load path method. 
 
The design strength for a concrete strut in a region with transverse compressive 
stress or no transverse stress, Rd,maxσ , is calculated as: 
 
 Rd,max cdf           EN 1992-1-1:2004  6.55σ =  (3.20) 

 
Where fcd (MPa) is the compressive design strength of the concrete, to be 
calculated as: 
 cd cc ck cf f /           EN 1992-1-1:2004  3.15= α γ  (3.21) 

 
Where fck (MPa) is the characteristic compressive cylinder strength of concrete at 
28 days, cγ  is the partial safety factor for concrete taking a value of 1.5 or 1.2 for 
persistent/transient and accidental design situations, respectively, and ccα is a 
coefficient taking into account long term effects on the compressive strength and of 
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unfavorable effects resulting from the manner in which the load is applied. The 
Eurocode states that the ccα factor should take a value between 0.8 and 1.0 
according to the country in which the code is applied, but recommends a value of 
1.0. 
 
The Eurocode requires that the design strength of a concrete strut should be 
reduced in cracked compression zones, and calculated as: 
 
 Rd,max cd0.6 f           EN 1992-1-1:2004  6.56′σ = υ  (3.22) 

Where the value of ′υ  is calculated according to the National Annex of the country 
in which the code is applied, but a recommended formula is also presented in 
Equation 3.23. 

 
 ck1 f / 250           EN 1992-1-1:2004  6.57N′υ = −  (3.23) 

 
No specific formula is given for the design strength of transverse ties and 
reinforcement in the Eurocode. However, the design yield strength fyd can be 
determined as: 
 
 yd yk sf f /          EN 1992-1-1:2004 Clause  3.2.7= γ  (3.24) 

 
Where fyk is the characteristic yield strength of reinforcement steel, and sγ  is the 
partial safety factor for reinforcement with a value of 1.15 or 1.0 for 
persistent/transient and accidental loading situations, respectively. 
 
The Eurocode provides two cases for calculating the design values for the 
compressive stresses within nodes, as presented in Figure 3.4. The first is called “in 
compression nodes” where no ties are anchored at the node, and the latter is called 
“in compression – tension nodes” with anchored ties provided in one direction. The 
design stress for in compression nodes is computed as: 
 Rd,max 1 cdk f           EN 1992-1-1:2004  6.60′σ = υ  (3.25) 

 
and the design stress for in compression – tension nodes is computed as: 
 
 Rd,max 2 cdk f           EN 1992-1-1:2004  6.61′σ = υ  (3.26) 
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Where k1 and k2 are coefficients recommended to be taken as 1.0, and 0.85 
respectively. The ′υ  factor should be calculated according to Equation 3.23, as 
explained previously. 
 

 
Figure 3.4: Example CCC and CCT nodes in Eurocode 2 2004 

The Eurocode allows an increase in the design values for the compressive stresses 
within nodes by up to 10%, if triaxial compression is ensured, all angles between 
struts are greater than or equal to 55 degrees, the stresses applied at supports or at 
point loads are uniform, and the node is confined by stirrups, the reinforcement is 
arranged in multiple layers, or the node is reliably confined by means of bearing 
arrangement or friction. 
 
 
3.1.5 Euro-International Committee for Concrete Publications 

3.1.5.1 CEB-FIP Model Code 1990 

CEB-FIP Model Code 1990 (CEB-FIP) which was published by the Euro-
International Committee for Concrete in association with the International 
Federation for Prestressing, is a general document serving as a basis for the 
design of buildings and civil engineering works in structural concrete using 
normal-weight aggregates. CEB-FIP does not cover specific topics such as 
design of bridges or highways, but it can be considered as a general guide 
for development of national and international structural design codes. CEB-
FIP employs partial safety factors for both demand and resistance. The 
loading demands are increased, whereas the material strengths are 
decreased with the use of partial safety factors. CEB-FIP does not 
parametrically define deep beams, but provides three design methods 
specifically, for deep beams and walls. The provisions allow design by 
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linear analysis, analysis by statically admissible stress fields, and nonlinear 
analysis for use with ultimate limit state (ULS) and service limit state (SLS) 
design. The linear analysis uses the theory of elasticity, assuming Poisson’s 
ratio of 0.0 to 0.2. The provisions indicate that in most cases, only 
numerical solutions such as finite difference, and finite element methods or 
boundary element methods are suitable for such linear analysis. Analysis by 
statically admissible stress fields employs the use of strut-and-tie method. 
According to CEB-FIP, a member can be simplified as an equivalent truss, 
consisting of concrete struts as compressive members, steel reinforcement 
as tensile tie members, and employs nodal regions as connections between 
truss components. The provisions require that the evaluated stress 
distribution in the equivalent truss system must closely represent the linear 
analysis results. For the non-linear analysis, CEB-FIP recommends use of 
numerical methods, by taking into account the nonlinear material 
properties, but no detailed information is provided for this method. CEB- 
FIB provides a generalized design methodology for deep beams. An 
analysis method for estimating shear and moment capacities of existing 
deep beams is not presented as it is the case with previously reviewed 
codes. 

The model code provides general allowable stresses which also can be 
applied to compressive struts, tension ties, and nodal zones. The angle 
between struts and ties is recommended to be larger than 45 degrees. The 
design strength of the zones under effectively uniaxial compression (struts) 
is calculated for uncracked zones as: 

 ck
cd1 cd

ff 0.85 1 f           CEB-FIP Model Code 6.2-4
250

⎡ ⎤= −⎢ ⎥⎣ ⎦
 (3.27) 

and for cracked zones as: 

 ck
cd2 cd

ff 0.60 1 f           CEB-FIP Model Code 6.2-5
250

⎡ ⎤= −⎢ ⎥⎣ ⎦
 (3.28) 

Where fcd1 (MPa) is the allowable average stress in concrete for uncracked 
zones, fcd2 (MPa) is the allowable average stress in concrete for cracked 
zones, fck (MPa) is the characteristic strength of concrete in compression, 
and fcd (MPa) is the design strength of concrete in compression. The design 
strength of concrete, fcd, is determined by dividing concrete characteristic 
strength, fck, by the partial safety factor cγ , taking a value of 1.5 or 1.2, 
depending on whether the design situation addresses persistent/transient or 
accidental loading. 
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The design strength of tension ties is computed as: 

 ytd ytk sf f /           CEB-FIP Model Code 6.2-8= γ   (3.29) 

Where fytd (MPa) is the design yield strength of steel in tension, fytk (MPa) 
is the characteristic yield strength of steel in tension, and sγ  is the partial 
safety factor for steel, taking a value of 1.15 or 1.0, depending on whether 
the design situation addresses persistent/transient of accidental loading. 

CEB-FIP requires nodal zones to be checked both for stresses from the 
compressive struts in the node, and anchorages of ties connecting to the 
node. Average design stresses in any surface of the node should not exceed 
fcd1 for nodes where only compression nodes meet and fcd2 for nodes where 
main tensile bars are anchored. 

CEB-FIP provides detailing instructions for deep beams. For simply 
supported deep beams, the main longitudinal reinforcement is required to be 
uniformly distributed over a depth measured from the lower face of the 
beam, equal to the lesser value of 0.12h, or 0.12l, where h is the total height 
of the beam, and l is the design span. If the load is applied to the top of the 
beam, which is called direct loading, an orthogonal reinforcement grid 
consisting of horizontal layers and stirrups should be arranged. For each 
direction, a reinforcement ratio of 0.2% is required. If the load is applied at 
the bottom of the beam, which is called suspended loading, additional 
stirrups are required to the orthogonal grid described previously. The 
purpose of these additional stirrups is to transmit the total load from the 
lower application level to the level corresponding to the lesser of h, or l. 
The reinforcement detailing for direct and suspended loading are presented 
in Figure 3.5. 
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Figure 3.5: Deep Beam Reinforcement detailing for direct (top) and suspended (bottom) 

loading in CEB-FIP Model Code 1990 
 

3.1.5.2 CEB-FIP Recommendations 1999 

The FIP Recommendations for Practical Design of Structural Concrete 
(CEB-FIP Recommendations) is considered as a state of the art document, 
which was published by the International Federation of Prestressing in 
1999. The CEB-FIP Recommendations is based on the CEB-FIB Model 
Code 1990, but extends the scope on Strut-and-Tie Models as a supplement, 
providing much more detail on the design and detailing process.  

The CEB-FIP Recommendations document introduces efficiency factors for 
calculating the capacity of a concrete strut, considering crack widths and 
geometrical disturbances. The resisting force of a strut, FRcd, is calculated 
as: 

 Rcd c cd,effF A f           CEB-FIP Recommendations 1999 5.6=  (3.30) 

Where Ac (mm2) is the area of the strut, and fcd,eff (MPa) is the effective 
compressive strength of the strut, depending on the state of stress and strain, 
as well as on the crack widths and geometrical disturbances. The effective 
compressive strength of the strut is calculated as: 
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cd,eff 1 1cd cd,eff 2 1cdf f   or  f f    CEB-FIP Recommendations 1999  5.5= υ = υ  

          
         (3.31) 

For an uncracked strut, where a rectangular stress block is used instead of a 
realistic stress distribution, the reduction factor 1υ  is used, which is 
calculated as; 

1 ck(1- f / 250)          CEB-FIP Recommendations 1999  5.7υ =  (3.32) 

Where ckf  (MPa) is the characteristic compressive cylinder strength of 
concrete at 28 days. 

The efficiency factor 2υ  may have different values for different situations. 
For struts with cracks parallel to the strut and bonded transverse 
reinforcement, the value is 0.80, since the strength of the strut is reduced 
due to the transverse tension and disturbances by the reinforcement, and the 
irregular crack surfaces. For struts transferring compression across cracks 
with normal crack widths, such as in webs of beams, the value is 0.60. 
Lastly, for struts transferring compression across large cracks, such as in 
members with axial tension or flanges in tension the value is 0.45. The 
CEB-FIP Recommendations also address the presence of confinement 
around concrete struts. Strut capacity can be increased when transverse 
reinforcement confines the concrete core. The increase in strut strength 
depends on a volumetric reinforcement ratio, and the increased capacity can 
be calculated as: 

ccd w 1cdf (1 1.6 ) f           CEB-FIP Recommendations 1999  5.11= + αω (3.33) 

Where α  and wω  take values depending on the geometric properties of the 
section, and the placement of reinforcement, as shown in Figure 3.6. 

The strength of nodal zones depends on the stress state at the node. For 
biaxial compression, an efficiency factor of 1.20 is used. If a triaxial 
compression stress state is considered (CCC nodes), then the efficiency 
factor is taken as 3.88. 
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Figure 3.6: Capacity of confined concrete struts 

 

3.2 EARLIER WORK 

In this part, previous experimental and theoretical research in the literature is 
reviewed, and presented in a chronological manner. 
 
Clark (1951) conducted one of the earliest experimental studies on the shear 
strength of deep beams. Clark observed that the shear capacity of a beam increased 
with the strength of concrete when other factors were kept the same. Clark also 
concluded that the strength in shear was inversely proportional with a/d ratio. In 
addition, the resistance to shear was found to vary as the square root of web 
reinforcement and the first power of the ratio of tensile reinforcement. 
 
Ramakrishnan and Ananthanarayana (1968) tested 26 single span rectangular deep 
beams having a constant span length of 27 in. (69 cm) center to center, and span to 
depth ratios varying between 0.94 and 2.04. Loads were applied as four point 
bending, three point bending and uniformly distributed for various specimens. Plain 
mild steel round bars were used as tensile reinforcement in all of the specimens, 
while four of the specimens contained web reinforcement, as well. The researchers 
concluded that in reinforced concrete deep beams, especially with low shear span 
to depth ratios, the loads were primarily transferred to the supports with direct 
compression, leading to diagonal-tension shear failures. It was further stated that 
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the failure mechanism in deep beams failing by diagonal tension was similar to that 
in a concrete cylinder under diametral compression, such as in a tensile splitting 
test. Ramakrishnan and Ananhanarayana proposed a basic formula for predicting 
the ultimate shear capacity of a deep beam, using the splitting strength of the 
concrete, calculated from: 
 
 c tP K f b H= β  (3.34) 

 
Where β  is a factor related to the shear span in the beam, having a value of 2 for 
central concentrated load and symmetrical two-point loading, K is the splitting 
coefficient having a value of 1.57 for the tensile splitting test, ft (psi) is the cylinder 
splitting strength, b (in.) is the beam width, and H (in.) is the overall depth of the 
beam. 
 
Kong, et al. (1970) investigated the influence of web reinforcement on the behavior 
of simply supported deep beams. They tested 35 rectangular deep beam specimens 
of 36 in. (91.5 cm) overall length, width of 3 in. (7.6 cm) and overall span to depth 
ratios varying between 1 and 3, under four point bending. Undeformed plain round 
steel was used for tensile reinforcement. The arrangements for web reinforcement 
are shown in Figure 3.7.  

 

 
Figure 3.7: Web reinforcement arrangements, Kong, et al. (1970) 

 



 
 

 27

During tests, they observed crack patterns starting with flexural cracks at the center 
at the early stages of loading, followed by diagonal cracks propagating between the 
loading points and the supports. The failure occurred mostly by splitting of the 
beam by one of the diagonal cracks between the loading points and the supports. 
They observed concrete crushing near the loading points or the supports usually as 
a secondary effect, and a few times the beams failed by crushing of the concrete 
strut between two parallel diagonal cracks. Kong, et al. concluded that the 
effectiveness of the web reinforcement to limit deflections and the crack widths 
highly depends on overall span to depth (L/d) and shear span to depth (a/d) ratios. 
It was stated that for low L/d and a/d ratios, horizontal web reinforcement placed 
near the bottom was the most effective, whereas vertical stirrups performed better 
as L/d and a/d ratios were increased. 
 
Manuel, et al. (1971) tested 12 reinforced concrete deep beam specimens with 
varying L/d and a/d ratios, and keeping the other parameters constant. They used 
specimens with a constant cross-section of 4 in. x 18 in. (10 cm x 46 cm), while the 
L/d and a/d ratios ranged from 1 to 4 and 0.3 to 1.0, respectively. According to 
their test results, they concluded that the ultimate strength of reinforced concrete 
deep beams was influenced significantly by the a/d ratio rather than the L/d ratio.  
 
Zsutty (1971) performed a regression analysis to predict the shear capacity of deep 
beams with and without web reinforcement. The researcher stated that the proposed 
formula should be used for practical prediction only, since the formula was not 
meant to convey detailed information concerning the actual or theoretical 
mechanisms of failure. 
 
Fereig and Smith (1977) studied the effect of direct and indirect loading of beams 
with short shear spans. They tested a total of 18 beams under direct and indirect 
loading, with and without web reinforcement, having a/d ratios of 0.5, 1.0 and 2.0. 
The authors found that the nominal shear stress at failure and the shear span-to-
depth ratio became inversely proportional when the a/d ratio was below a limit 
value which depended on the type of loading. According to the experimental 
results, the limit value for directly loaded beams without web reinforcement was 
approximately 2.5, whereas there was a smaller gain in strength for the indirect 
loading case, and the increase occurred below an a/d ratio of 1.5. They also 
observed that there was a smaller gain for strength in directly loaded beams when 
web reinforcement was added; however, the strength contribution was more 
significant for the indirect loading case. The effect of direct and indirect loading 
related to a/d ratio is shown in Figure 3.8. 
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Figure 3.8: Direct and indirect loading related to a / d , Fereig and Smith (1977) 

Smith and Vantsiotis (1982) conducted an extensive experimental research 
program on deep beams to investigate the effect of vertical and horizontal web 
reinforcement and shear span to effective depth ratio on inclined cracking shear, 
ultimate shear strength, midspan deflection, tension reinforcement strain, and crack 
width. They tested 52 simply supported reinforced concrete deep beams, with 
constant amount of flexural reinforcement, and a constant cross-section of 4 in. x 
14 in. (10 cm x 35.5 cm), under four point bending. Shear span to depth ratio for 
the specimens ranged between 0.77 and 2.01. All of the 52 specimens failed in 
shear, in a similar way, due to excessive damage to the concrete in the shear span. 
Vertical flexural cracks were observed at about 20 percent of the ultimate load, 
followed by inclined cracks that propagated suddenly between 40 and 50 percent of 
the ultimate load, reducing the stiffness of the beam. The beam failure occurred by 
crushing of the concrete at the compression zone, or by fracture of concrete along 
the inclined crack. The failure mode was not affected by the existence of web 
reinforcement; however, specimens with web reinforcement exhibited considerably 
smaller crack widths. During tests, it was observed that specimens with higher 
amounts of web reinforcement but lower concrete strengths, failed at lower loads 
than specimens with lower amounts of web reinforcement but higher concrete 
strengths, which indicated that the concrete compressive strength could have a 
significant effect on ultimate shear strength of reinforced concrete deep beams. A 
linear regression analysis revealed that the influence of concrete strength on the 
load capacity was more apparent at lower a/d ratios, but this phenomenon 
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diminished as the a/d increases, which was explained as a result of the arching 
action in beams with low a/d ratios. According to test results, the presence of 
vertical or horizontal web reinforcement had no effect on inclined cracking load. 
However, it was generally observed that web reinforcement increased the shear 
strength of the beams. The researchers concluded that horizontal web 
reinforcement had little influence on ultimate shear strength, which was more 
noticeable for beams with a / d  ratio less than 1. On the other hand, vertical web 
reinforcement, being more efficient for beams with a/d ratio greater than 1, 
increased the shear strength. 
 
Collins and Mitchell (1986) summarized the essential features of the 1984 
Canadian shear design provisions, which were mainly based on the compression 
field theory and using concepts from plasticity and truss models developed in 
Europe at that time. The breakthrough about the 1984 Canadian Concrete Code 
(CCC) was the introduction of a more rational design model with a better 
application of the shear behavior, instead of the empirical formulas which were 
adopted by the 1983 ACI Building Code. The design procedures introduced in the 
code were based on the assumptions that shear stresses are uniformly distributed 
over the depth of a section, which cannot be applied to design of disturbed regions 
near discontinuities. However, the CCC adopted the use of strut and tie truss 
models to approximate the internal flow of forces in such disturbed regions. The 
limit stresses in the nodal zones, compressive struts, and tension ties recommended 
by the 1984 CCC are still used in the latest editions of the Canadian Highway 
Bridge Design Code (2000) and correspond to those used in the AASHTO LRFD 
Bridge Design Specifications (2004).  
 
Rogowsky, et al. (1986) conducted an experimental research program on deep 
beams, and reported results of 7 simply supported and 17 two-span continuous 
deep beams with varying a/d ratios from 1.0 to 2.5, and different configurations of 
horizontal and vertical web reinforcement. The depth of the specimens ranged 
between 15.7 in. (40 cm) and 39.4 in. (100 cm). The width of the specimens was 
kept constant at 7.9 in. (20 cm). The flexural reinforcement extended through the 
full span terminating in standard hooks located within the column cages, or kept as 
straight bars which were cut off 6 in. (15 cm) into the column. For the simply 
supported specimens, a load setup of three point bending was used. The continuous 
specimens were loaded via five point bending. The beams were tested until one of 
the shear spans failed, then that shear span was reinforced with external stirrups, 
and the specimens were tested again until total failure.  The behavior of the simple 
span beams with light stirrups or no stirrups having hooked flexural steel was that 
of a truss or a tied arch after diagonal cracking. These beams failed due to crushing 
of the compressive strut at the shear span. Slip of the anchorage bars was noticed 
for the specimen with straight flexural reinforcement at 87% of the failure load. 
The amount of slip increased while inclined cracks propagated at the anchorage 
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zone. The behavior was almost similar for continuous beams with no web 
reinforcement, with horizontal web reinforcement, or with vertical stirrups. In the 
deeper beams with low a/d ratios, the failure was due to crushing of the 
compressive strut and for the shallower beams with high a/d ratios, failure was due 
to diagonal tension or opening of the inclined crack. In a companion paper, 
Rogowsky and MacGregor (1986) used the previous test data to propose use of an 
equilibrium truss model based on the lower-bound theorem of plasticity for the 
design of reinforced concrete deep beams.  
 
Mau and Hsu (1987) developed a theoretical model for calculating the shear 
strength of directly loaded deep beams with web reinforcement, extending the 
softened truss model theory. In the model, they separated the shear span of the 
beam into three parts, as illustrated in Figure 3.9.  
 

 
Figure 3.9: Stress condition in web of deep beams, Mau and Hsu (1987) 

The top element, consisting of concrete and longitudinal compression steel, resists 
compression due to sectional moment. The bottom element, only including the 
longitudinal tension steel, resists tension resulting from the sectional moment. The 
middle portion, with a height of dv, including concrete and both compression and 
tension steel to carry both flexural stresses and horizontal shear stresses, resists 
shear forces in the section. The authors stated that due to the nature of short shear 
spans, the top load, and the bottom support reaction create large compressive 
stresses in the web, causing arch action, which contributes significantly to shear 
strength of the member. The estimated transverse compression stress distributions 
for various a/h ratios are shown in Figure 3.10.  
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Figure 3.10: Distribution of transverse compressive stresses for various shear span ratios, Mau and 

Hsu (1987) 

According to their assumptions, the effective transverse compression stress, p, and 
the effective shear stress, v, acting on the shear element can be calculated as: 
 

 V 4 2 ap ( )                 0.5 a / h 2
ba 3 3 h

= − ≤ ≤  (3.35) 

 

 
v

Vv
bd

=  (3.36) 

 
The authors used stress-strain relationships for concrete previously proposed by 
Vecchio and Collins (1986), with a slight modification in the tension stress-strain 
formula to achieve continuous stress values at cracking. For steel, a linear elastic-
perfect plastic relationship was assumed. Using equilibrium and compatibility 
equations, and the material behavior of the shear element, an iterative solution 
methodology was proposed. To compare their solution with available experimental 
results in the literature, 64 specimens were identified which had failed in web shear 
mode, contained at least minimum web reinforcement by ACI 318-03, had an a/h 
ratio less than 2, and were simply supported. Their iterative solution yielded results 
within ±10% error, for 51 of the 64 specimens. The authors also performed a 
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parametric study, and investigated the effects of three dimensionless parameters 
within the formulas, namely, the longitudinal reinforcement index, '

l ly c( f / f )ρ , the 

transverse reinforcement index, '
t ty c( f / f )ρ , and the shear span to overall height 

ratio, a/h, which is shown in Figure 3.11. It was also stated that the transverse 
reinforcement does not contribute to the shear strength for a/h ratios less than 0.5. 
 

 
Figure 3.11: Effect of shear span ratio, transverse reinforcement, and longitudinal reinforcement to 

shear strength, Mau and Hsu (1987) 
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Cook and Mitchell (1988) performed comparative analyses of disturbed regions 
using simple strut and tie models and nonlinear finite element analysis which 
employed compression field theory to account for the strain softening of the 
cracked concrete.  The nonlinear finite element analysis was performed using a 
computer program, FIELDS, developed by the authors, using two dimensional 
triangular and quadrilateral plate elements. The reinforcement and the cracks were 
assumed to be smeared uniformly within the elements, and between the cracks, the 
reinforcement and the concrete were assumed to have average values of stresses. 
The simple strut-and-tie models were developed according to the guidelines set by 
Collins and Mitchell (1986), simplified with a statically determinate truss for 
simply supported deep beams, and with a statically indeterminate truss for 
continuous deep beams, accounting for the relative stiffness of members. To 
compare their solutions with the experimental tests, the authors picked two of the 
continuous deep beams tested by Rogowsky, MacGregor et al. (1986), concluding 
that the nonlinear finite element analysis provided a more accurate prediction of the 
disturbed regions than simple strut and tie models.  
 
Adebar, et al. (1990) conducted an experimental program involving the design of 
pile caps, which are structural members designed to function as transfer members 
between the columns and a group of piles. Results showed that the strut-and-tie 
model approach adopted by the Canadian Concrete Code (1984) was more adept in 
predicting the capacities, than the ACI Building Code (1983) provisions, which 
failed to capture the trend of the experimental results. 
 
Adebar and Zhou (1993) investigated the capacity of plain concrete cylinders of 
varying diameters and heights with single and double punch tests, to study the 
phenomenon regarding transverse splitting of compression struts, due to spreading 
of compression within the member, as a follow up of the pile cap tests conducted 
by Adebar, et al. (1990). The authors stated that the stress limit for concrete 
subjected to shear depended on the amount of existing reinforcement. The authors 
suggested a maximum bearing stress formula for design, depending on the aspect 
ratio of the compression strut, the amount of confinement, and the geometry of the 
compression stress field. 
 
Wang, et al. (1993) proposed formulas to predict the ultimate shear strength of 
reinforced concrete deep beams. Their equations were based on limit analysis 
theorems, and energy methods, assuming perfect plasticity with a modification 
factor for the material model. According to the authors, the ultimate shear strength 
of a deep beam can be calculated as:  
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*
t

h

bhfP [sin K cot cos
cos cos( )
sin cos( )  cos sin( )] υ

= α + α α
β α −β

+ψ α α −β + ψ β α −β
 (3.37) 

 
Where b is the width of the beam, h is the height of the beam, α  is the normal 
direction of failure criterion, β  is the direction of the yield line, K is a constant 
defined for the failure criterion of concrete, υψ  and hψ  are the degrees of vertical 
and horizontal web reinforcement, and *

tf  is the effective tensile strength of 
concrete. The authors introduced empirical modification factors with the shear-to-
span ratio parameter, based on statistical analyses for the concrete strength, in order 
to use a perfectly plastic material model. A total of 64 scaled specimens previously 
reported by Mau and Hsu (1989) were used to calibrate the proposed formula. The 
ratio of predicted to experimental shear force was computed and the mean of this 
ratio for the 64 specimens was found to be 1.02, with a coefficient of variation of 
12.5%.  
 
Siao (1993) proposed formulas to assess the ultimate shear strength of reinforced 
concrete deep beams and pile caps based on a refined strut-and-tie model, which 
can be seen in Figure 3.12.  
 

 
Figure 3.12: The simple and refined strut-and-tie models to predict the ultimate shear strength of 

deep beams, Siao (1993) 
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The author’s solution was based on shear failure from diagonal splitting. According 
to Siao, the ultimate shear strength of a deep beam can be calculated as: 
 
 u tV 1.8f bd=  (3.38) 

and 
 ' 2 2

t c h vf 6.96 f [1 n(p sin p cos )]= + θ+ θ  (3.39) 

 
Where n is the modular ratio of steel to concrete, ph and pv are the steel ratios of 
horizontal and vertical web reinforcement (ph = As/bd, pv = Ast/bd). The proposed 
formula was compared with 73 test results available in the literature. The ratio of 
predicted to experimental strength was computed for the 73 specimens, with a 
mean value of 1.04, and a coefficient of variation of 10.4%.   
 
Aoyama (1993) published a paper explaining the design guideline for shear by the 
Architectural Institute of Japan (AIJ). The basic design philosophy was based on 
the recognition of a certain collapse mechanism of a structure, and performing a 
hinge mechanism design. According to the guideline, the compressive strength of 
concrete in a simply supported beam is shared by two different mechanisms: the 
truss mechanism, and the arch mechanism, as shown in Figure 3.13.  
 

 
Figure 3.13: Truss action and arch action in a simple beam, Aoyama (1993) 

The truss mechanism depends on the amount of web reinforcement, and for a beam 
without web reinforcement, the truss mechanism is non-existent. The diagonal 
compression members of the truss mechanism and the compression struts in the 
arch mechanism both consist of concrete. The contributions to the shear strength 
from the arch mechanism and the truss mechanism were derived using a 
rectangular section subjected to end moments and shear with or without axial load 
as shown in Figure 3.14.  
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Figure 3.14: Truss action and arch action in a member subjected to bending moment and shear 

force, Aoyama (1993) 

According to this approach, shear carried by arch mechanism is calculated from 
Equation 3.40, assuming the yield strength of flexural reinforcement to be infinitely 
large, and following the lower bound theorem of plasticity. 
 

 a o B
DV b (1 ) tan
2

= −β ν σ θ  (3.40) 

 
Where b is the width of the section (mm), D is the total depth of the section (mm), 

Bσ is the cylinder strength of concrete (MPa), θ is the angle of inclination of the 
arch with respect to longitudinal axis of the specimen, oν  is a strength reduction 
factor for web concrete in a non-ductile member, calculated from Equation 3.41, 
and β  is the ratio of the truss stress to the effective strength, calculated from 
Equation 3.42. 
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Using the principle of superposition, shear carried by the truss mechanism is 
calculated as: 
 
 t t w wyV bj cot= ρ σ φ  (3.43) 

Where jt (mm) is the distance between the centroids of compressive and tensile 
flexural reinforcement wρ  is the web reinforcement ratio, wyσ  (MPa) is the yield 
strength of web reinforcement, and φ  is the angle of struts in the truss mechanism, 
where the value of cotφ  is the largest value within the range of: 
 

 o B

w wy

t

2

cot 1

j
D tan

⎧ ⎫
⎪ ⎪
⎪ ⎪
⎪ ⎪ν σ

φ ≤ −⎨ ⎬ρ σ⎪ ⎪
⎪ ⎪
⎪ ⎪

θ⎩ ⎭

 (3.44) 

 
Combining the contributions from the arch mechanism and the truss mechanism, 
the ultimate shear strength of the member according to AIJ guidelines can be 
calculated as: 
 

 u a t o B t w wy
DV V V b (1 ) tan bj cot
2

= + = −β ν σ θ+ ρ σ φ  (3.45) 

 
Goh (1995) studied the feasibility of using neural networks to predict the ultimate 
shear capacity of deep beams. A neural network application does not use the 
predefined mathematical relationships between the variables, but instead tries to 
find a pattern among the input parameters involved in accordance with an output 
parameter. Goh trained the neural network application using data obtained from 
previous experimental work in the literature. Input parameters such as ph and pv, '

cf , 
d, b, and a/h from 43 deep beam tests were used in training to predict the ultimate 
shear strength of the beams as the output variable. Results obtained from the neural 
networks were compared with the previous shear strength predictions by Mau and 
Hsu (1987) and Siao (1993). Goh stated that the neural network approach produced 
more reliable results than the previous theoretical work, by comparing the 
correlation coefficients of predicted to experimental results. However, using 
limited data from smaller scale test results to train neural networks may not provide 
similar correspondence for full-scale deep beams. 
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Zielinski and Rigotti (1995) conducted an experimental research program to 
determine the maximum shear capacity for structures such as deep beams, corbels, 
and dapped-end beams. Twenty-eight prismatic beam specimens with a constant 
cross section of 12 in. (30.5 cm) x 1.75 in. (4.5 cm), and a span of 38 in. (96.5 cm) 
having only flexural reinforcement (Series H), horizontal (Series S), vertical 
(Series V), horizontal and vertical (Series C) web reinforcement in addition to 
flexural reinforcement, and inclined reinforcement (Series B) configurations were 
tested under direct loading, as shown in Figure 3.15.  
 

 
Figure 3.15: Specimen details and loading setup, Zielinski and Rigotti (1995) 

A high percent of steel was used to achieve a balanced condition where the 
capacity of concrete struts is equal to that of the steel ties. The authors reported that 
the specimens with inclined reinforcement had greater ultimate strengths than those 
with any configuration of horizontal reinforcement. It was also stated that specimen 
series S and H behaved similar to series C and V, respectively, which yielded to a 
conclusion that the vertical stirrups did not contribute significantly to the shear 
capacity of the test samples. The shear strength of the specimens was calculated 
using strut-and-tie models, adopting a horizontally and inclined reinforced concrete 
corbel analogy, which are shown in Figure 3.16.  
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Figure 3.16: Free body models for horizontally and inclined reinforced corbels, Zielinski and 

Rigotti (1995) 

According to these models, the authors concluded that the shear capacity of 
corbels, dapped-end beams, and deep beams is equal to the capacity of the concrete 
compression strut, as long as the concrete accompanied by an equal, or greater steel 
tension capacity, and the capacity can be calculated using the following formulas: 
 
 hf y wf yT A f      or     T A f= =  (3.46) 

 

 ' '
cs c c

bh bhC f 0.85f 0.6f bh
2 2

= = =  (3.47) 

 
 u uV T     or     V C 2        (Horizontal web reinforcement case)= = (3.48) 

 

 u
(C T)V                             (Inclined web reinforcement case)

2
+

=  (3.49) 

 
Where Ahf is the area of horizontal steel, Awf is the area of steel projected on a line 
perpendicular to the cracks, b is the width of the beam, and h is the overall height 
of the beam. 
 
Tan, et al. (1995) tested 19 reinforced concrete deep beams with high-strength 
concrete (HSC), generally having a compressive strength between 6000 psi (41 
MPa) to 8600 psi (59 MPa), under two point direct loading. The specimens had a 
constant cross-section of 19.7 in. (50 cm) x 4.3 in. (11 cm), with reinforcement 
ratios of 1.23ρ =  and v 0.48ρ = , which were kept constant. The research 
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investigated the effects of varying shear span-to-depth ( 0.27 a / d 2.70≤ ≤ ), and 
effective span-to-depth ( e2.15 l / d 5.38≤ ≤ ) ratios to the behavior of the deep 
beams. A typical test specimen from this research program is shown in Figure 3.17.  
 

 
Figure 3.17: Typical test specimen from high strength concrete deep beam research, Tan, et al. 

(1995) 

Test results showed that the ultimate and cracking stresses varied slightly for 
different effective span-to-depth ratios. The ultimate shear stress was independent 
of le/d, but a rapid increase in ultimate shear stress was observed with a decrease in 
a/d. On the contrary, the ultimate shear stress decreased with an increase in a/d 
which was attributed to degradation in the effectiveness of the tied arch action. In 
addition to this, the diagonal cracking stress appeared independent of both le/d, and 
a/d ratios.  
 
Kong, et al. (1996) tested 24 lightweight concrete deep beams to investigate the 
effect of embedment lengths for the end-anchorage of the main tension 
reinforcement to deep beam behavior.  The tested beams had a cross-section of 30 
in. (76 cm) x 4 in. (10 cm), having either an orthogonal grid of web reinforcement, 
or inclined web reinforcement. Six of the specimens had a span of 60 in. (152 cm), 
with a clear shear span-to-depth ratio of 0.55. The remaining 18 specimens had a 
span of 37.5 in. (95 cm), and the clear shear span-to-depth ratio was 0.30. The 
specimen details are shown in Figure 3.18.  
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Figure 3.18: Specimens for embedment length research Kong, et al. (1996) 

Test results showed that progressive reduction of the embedment length of the 
tension steel did not result in significant reductions in the ultimate shear strength, 
maximum crack widths, or deflections, except in cases where the embedded 
reinforcement was terminated at the centerline of the supports. It was further noted 
that a standard hook equivalent to an embedment length of 17.5 db did not perform 
better than a straight bar embedment length of 10 db. This was attributed to the 
effect of the clamping force acting on the tension steel, which is created by the 
support reaction, and the compressive tied-arch strut common for deep beams, to 
the bond strength, which ensured adequate anchorage even with reduced 
embedment lengths.  
 
Tan, et al. (1997) continued their experimental research program, this time 
investigating the effect of web reinforcement on HSC deep beams. They tested 18 
specimens under two point direct loading, having a compressive strength between 
8000 psi (55 MPa) to 12500 psi (86 MPa). A constant cross-section of 19.7 in (500 
mm) x 4.3 in (110 mm) was used, with different arrangements of horizontal and 
vertical web reinforcements, and varying shear span-to-depth ratios of 0.85, 1.13, 
and 1.69. The flexural reinforcement ratio was kept constant at 2.58ρ = , while the 
horizontal web reinforcement ratio, hρ , was varying between 0 to 3.17, and the 
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vertical web reinforcement ratio, vρ , was between 0 to 2.86. Different types of 
specimens tested in this research program are shown in Figure 3.19.  
 

 
Figure 3.19: Specimen types tested by Tan, et al. (1997) 
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The researchers observed that the contribution of vertical web reinforcements to 
beam stiffness is more significant when a/d ratio exceeds 1.13. It was also seen that 
vertical web reinforcement was more effective than horizontal web reinforcement 
in crack control. However, the best results in terms of serviceability were achieved 
with web reinforcement placed as an orthogonal grid. It was also noted that the 
effect of horizontal web reinforcement on shear strength diminished when a/d ratio 
exceeds 1.13. The researchers concluded that vertical web steel has a greater effect 
in increasing the ultimate shear resistance than the horizontal web steel of the same 
steel ratios. 
 
Tan, et al. (1997) investigated the effect of main tension steel in HSC deep beams, 
by testing 22 specimens having concrete compressive strengths exceeding 8000 psi 
(55 MPa), with a constant cross-section of 19.5 in. (50 cm) x 4.3 in. (11 cm), and 
an effective span varying between 48 in. (125 cm) and 136 in. (350 cm). The web 
reinforcement ratio vρ  was kept constant at 0.48 percent, while the tensile 
reinforcement ratio wρ  was used as a variable, having values of 2.00, 2.58, 4.08 and 
5.80.  The 4 main types of specimens tested by Tan, et al. are shown in Figure 3.20. 
According to the authors, the transition point between HSC deep beams and 
shallow beams was around a/d of 1.5, where this transition occurred at an a/d ratio 
between 2.0 and 2.5 for medium/low strength concrete deep beams. The failure 
mode of the HSC deep beams was mainly controlled by the a/d ratio, and the effect 
of the main tension steel on the failure mode was not significant. Increasing the 
main tension steel ratio increased the load capacity of the HSC beams, as long as 
the a/d ratio was less than 1.50. 
 
Ashour (1997) conducted an experimental research program to investigate the 
behavior of 2 span continuous deep beams. The eight specimens tested had a 
constant overall length and width of 118 in. (300 cm), and 4.7 in. (12 cm) 
respectively. The overall height of the beams varied between 16.7 in. (42.5 cm) and 
24.6 in. (62.5 cm), to achieve a/d ratios between 0.8 and 1.18. The concrete 
compressive strengths was between 3625 psi (25.0 MPa), and 5685 psi (39.2 MPa). 
Ashour observed the same failure mode in all specimens, by a major diagonal crack 
located in the intermediate shear span, between the edges of the bearing plates 
located at the support and loading zones. The author also concluded that the 
vertical web reinforcement had more influence on the shear capacity of the 
continuous deep beams than the horizontal web reinforcement. 
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Figure 3.20: Specimen types tested by Tan, et al. (1997) 

Foster and Gilbert (1998) tested 16 HSC concrete deep beams to examine their 
behavior, and compared the results with the design methods from the building 
codes of the era. The concrete strengths ranged from 7250 psi (50 MPa) to 17400 
psi (120 MPa), and the shear span-to-depth ratios were varied from 0.5 to 1.32. The 
beam depth was one of the variables, ranging from 27.5 in. (70 cm) to 47.2 in. (120 
cm), with a constant beam width of 4.9 in. (12.5 cm).  The test specimens were 
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tested under either single point or two point direct loading, and the specimen 
details are shown in Figure 3.21. The researchers observed that the crack 
formations and the failure modes were similar to those observed in conventional 
strength concrete deep beams, previously tested in the literature. It was concluded 
that the ACI deep beam design formulas from the 1989 version of the code yielded 
conservative results, whereas the plastic truss model derived by Rogowsky and 
MacGregor (1986) was reported to be more reliable and easier to apply. 
 

 
Figure 3.21: Specimens from the HSC tests, Foster and Gilbert (1998) 
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Tan and Lu (1999) conducted an experimental program on the size effect in 
reinforced concrete deep beams. This experimental program was important in terms 
of contribution to the size effect studies, since data from large scale specimens are 
very scarce in the literature. Tan and Lu tested 12 specimens, with different depths 
and effective spans varying between 19.7 in. (50 cm) – 68.9 in. (175 cm), and 59 
in. (150 cm) – 178 in. (452 cm), respectively. The beam widths kept constant at 5.5 
in (14 cm), in order to maintain two dimensional similarities. The concrete 
compressive strength for the specimens was 5800 psi (40 MPa), and a constant 
tensile reinforcement ratio of 2.60% was used. The deep beam specimens from the 
size effect tests are shown in Figure 3.22.  
 

 
Figure 3.22: Specimens from the size effect research, Tan and Lu (1999) 
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The authors compared the normalized ultimate stress and diagonal cracking stress 
versus overall height, and observed that a size effect was apparent when the overall 
height increases from 19.7 in. (50 cm) to 39.4 in. (100 cm). However, there was not 
a significant relative stress reduction as overall height increases beyond 39.4 in. 
(100 cm), as shown in Figure 3.23, which indicated that there is a critical overall 
height where the size effect diminishes beyond that point. The size effect in 
diagonal cracking stress was insignificant. It was also observed that the size effect 
seemed relatively independent of the a/d ratio.  
 

 
Figure 3.23: Normalized ultimate stress and diagonal cracking stress versus overall height, Tan and 

Lu (1999) 

Shin, et al. (1999) tested directly loaded and supported high strength concrete deep 
beams with variable a/d ratios. The researchers stated that the mode of failure was 
mainly affected by the a/d ratio, rather than the shear reinforcement ratio. ACI 318-
95 deep beam equations were found to be overly conservative when compared with 
test results. Strength prediction formulas were proposed which were based on a 
regression analysis performed on the test data. 
 
Averbuch and de Buhan (1999) proposed a general framework aimed at the shear 
design of reinforced concrete deep beams, based on the yield design theory with a 
“mixed modeling” of the reinforced concrete structure, which depends on the 
homogenization of shear reinforced concrete zones. The authors stated that the 
stress distribution in the shear reinforced zone can hardly be approximated by a 
STM, since the shear reinforcement results in a significant rotation of the 
compressive stresses towards the vertical direction, as opposed to a shear zone 
without web reinforcement. Averbuch and de Buhan concluded that the numerical 
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estimates from the theoretical approach yielded reliable results when compared 
with the experimental data obtained from previous tests in the literature. 
 
Ashour (2000) developed an analysis method for predicting shear failure of simply 
supported reinforced concrete deep beams. In this approach, concrete and steel 
reinforcement were modeled as rigid perfectly plastic materials, and the deep beam 
was modeled as an assemblage of moving rigid bodies. The strength of deep beams 
were derived using  a location function based on the instantaneous center of 
relative rotation of moving blocks, which were separated by failure zones of 
displacement discontinuity. The yield line theory was used to calculate the internal 
dissipated energy in the concrete and in the steel reinforcement. After a parametric 
study, Ashour concluded that the shear strength of a deep beam depends on the 
shear span-to-depth ratio, rather than the effective span-to-depth ratio. 
 
Yun (2000) developed a nonlinear STM approach for analysis and design of 
reinforced concrete structures. In conventional STM analysis, the struts and ties are 
placed according to the principle stress flows, generally achieved from a linear 
elastic finite element analysis. In Yun’s approach, the plain concrete was analyzed 
non-linearly, and the preliminary model was constructed in this manner, to be 
refined afterwards within an iterative process, taking into account the material non-
linearity. The author tested only a single scaled beam specimen, having a cross-
section of 20 in. (5.08 cm) x 8 in. (20.3 cm), with an effective span of 10.8 in. 
(274.3 cm) to demonstrate the proposed nonlinear STM approach. The analytical 
outcome seemed to satisfactorily match the experimental result 
 
Teng, et al. (2000) conducted an experimental research program on the shear 
strength of concrete deep beams under fatigue loading. 12 scaled beams, with a 
concrete compressive strength of 5800 psi (40 MPa), having a constant cross-
section of 31.5 in. (80 cm) x 6.9 in. (17.5 cm) were tested under two point direct 
loading. The specimens had an effective span of 133.8 in. (340 cm) and a shear 
span-to-an overall height ratio of 1.5. Three beams were either without web 
reinforcement, with vertical web reinforcement, or with inclined web 
reinforcement. Each set of specimens had at least one specimen tested under static 
loading, and the rest was tested under fatigue loading until failure. The specimen 
details and the load setup are shown in Figure 3.24.  
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Figure 3.24: Details of fatigue test deep beam specimens, and the load setup, Teng, et al. (2000) 
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It was observed that cracks widened, and propagated further, especially in the first 
few cycles of fatigue loading. The specimen without web reinforcement 
demonstrated the worst performance, and the specimen with inclined web 
reinforcement was the best in terms of crack control. This was attributed to the 
efficiency of the inclined web reinforcement, since the stirrups were placed in the 
tensile principle stress direction. Arrangement of the web reinforcement seemed to 
have no effect on the formation of first flexural and inclined cracks. The authors 
reported that some of the specimens failed in flexural mode and concluded that 
fatigue loading has a more significant impact on flexural strength than the shear 
strength. According to the test data, the fatigue strength of the deep beams seemed 
to vary linearly with log N, where N is the number of cycles, as shown in Figure 
3.25.  
 

 
Figure 3.25: Fatigue Strength of Deep Beams, Teng, et al. (2000) 

Furthermore, the authors modified the ACI deep beam equations which became 
obsolete after the 1999 edition of the ACI code, to express the fatigue load range of 
a deep beam. The fatigue load ranges contributed by the concrete Vr,c and by the 
steel reinforcement Vr,s were calculated from Equation 3.50, 3.51, and 3.52, 
respectively. 
 

 'u u min
r,c c

u u u

M V d V1V (3.5 2.5 )(1.9(1 log N) f 2500 )(1 )bd
V d N M Vα= − −β + ρ − (3.50) 
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Where 
 '

r,c min cV V 6 f bd+ ≤  (3.51) 
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⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (3.52) 

 
Finally, the overall fatigue load range was calculated from Equation 3.53 and 3.54. 

 
 r r,c r,sV V V= −  (3.53) 

Where 
 r max minV V V= −  (3.54) 

 
According to the authors, these formulas can be used to calculate the maximum 
fatigue load range Vmax for certain values of N and Vmin. The constants α  and β  
were calibrated accordingly with the experimental results, and through numerical 
iterations the suitable values for α  and β  were found to be 0.12 and 0.059, 
respectively. However, the deep beam equations used by the authors as a template, 
were removed from the ACI code due to the severe discontinuities that these 
equations give when clear span to overall member depth ratio is varied, which 
limits the proposed formulas.  
 
Hwang, et al. (2000) proposed a softened strut-and-tie model for determining the 
shear strength of deep beams. Selected test specimens from the literature were 
compared with prediction results from the proposed method, and also with ACI 
318-95 deep beam equations. ACI 318-95 deep beam equations were found to 
underestimate the contribution of concrete and overestimate the contribution of 
web reinforcement on the shear strength of deep beams, but still resulting in overly 
conservative predictions. 
 
Sanad and Saka (2001) used neural networks to predict ultimate shear strength of 
reinforced concrete deep beams. A collection of experimental data available in the 
literature consisting of 111 scaled deep beam specimens was used to train the 
neural network. Ten different input parameters including the effective span, beam 
width, beam depth, shear span, compressive strength of the concrete, yield 
strengths of horizontal and vertical web reinforcement, reinforcement ratios of 
horizontal tensile steel, total horizontal steel, and transverse steel were used. The 
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neural network predictions were compared with the predictions from ACI 318-95 
deep beam equations, and the equations derived by Siao (1993), and by Mau and 
Hsu (1989). The authors stated that the prediction bias was significantly better than 
the other methods used for comparison. However, the database used to train the 
neural networks consisted of data from scaled specimens. In order to get realistic 
results from neural networks, a large database of full-scale specimens must to be 
used for training. Acquiring such a database is almost impossible due to high costs 
of such tests. 
 
Aguilar, et al. (2002) tested four deep beam specimens to evaluate the design 
procedures for shear strength of deep reinforced concrete beams. The specimens, 
having a constant overall length of 176 in (4470 mm), and a constant cross-section 
of 36 in. (91.5 cm) x 12 in. (30.5 cm), were tested directly under monotonic two 
points loading until failure, as shown in Figure 3.26.  
 
The same amount of tensile flexural steel was used in all of the specimens, whereas 
the amounts of horizontal and vertical web reinforcement were variable. In addition 
to this, two different types of anchorages were used, either being mechanical 
anchorage using bearing plates, or 90-degree hook anchorage. The concrete 
compressive strength, and the reinforcement yield strength were 4000 psi (28 
MPa), and 60 ksi (410 MPa), respectively. The test results were compared with 
obsolete ACI 318-99 deep beam design equations and with the STM approach 
presented in Appendix A of the later editions of the ACI specification. The 
researchers stated that both ACI 318-99 and ACI 318-02 Appendix A provisions 
were shown to be conservative; however, results from the very basic STMs seemed 
more reliable with a 25% degree of conservatism.  
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Figure 3.26: Specimen and loading details, Aguilar, et al. (2002) 
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Matamoros and Wong (2003) proposed a procedure and a set of equations for 
design of simply supported deep beams using STM. Four basic strut and tie models 
representing basic load transfer mechanisms, as shown in Figure 3.27, were 
analyzed separately to characterize the contributions from the concrete, vertical 
web reinforcement, and horizontal web reinforcement to assess the ultimate shear 
strength of reinforced concrete deep beams.  

 
Figure 3.27: Dimensions of the nodal zone, and the basic strut-and-tie models used in the analysis, 

Matamoros and Wong (2003) 
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The first three basic models were statically determinate trusses, including a 
compression strut mechanism for concrete, a vertical truss mechanism representing 
the vertical web reinforcement, and a horizontal truss mechanism representing the 
horizontal web reinforcement. The last model was an internally determinate truss, a 
combination of the vertical and the horizontal truss mechanisms. Each truss system 
was solved using principles of static’s. When the member responses were 
compared for different a/d ratios, as shown in Figure 3.28, it was observed that the 
simple truss models may not be consistent with experimentally observed behavior 
and may lead to reinforcement configurations that are not appropriate for the 
particular stress field. The researchers developed correction factors to address the 
inconsistencies between the experimental results and the magnitude of forces 
calculated using elastic truss models.  
 

 
Figure 3.28: Fraction of total shear carried by truss elements in direct strut, horizontal truss, vertical 

truss, and statically indeterminate truss, Matamoros and Wong (2003) 

According to this approach, the ultimate shear strength of a deep beam can be 
calculated as: 
 
 c strut wv tv wh thV C S C S C S= + +  (3.55) 

 
Where Sstrut, Stv, and Sth are the nominal strengths of the concrete strut, vertical web 
reinforcement, and horizontal web reinforcement, respectively, whereas Cc, Cwv, 
and Cwh are the corresponding correction factors, calibrated using the experimental 
test data in the literature. The proposed equations for nominal strengths of the 
members and the correction factors are 
 
 '

strut c stS f bw=  (3.56) 
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 tv tv yv wv yv
aS A f = b f
3

= ρ  (3.57) 

 

 th th yh wh yh
dS A f = b f
3

= ρ  (3.58) 

 

 c
0.3C 0.85sin
a / d

= ≤ θ  (3.59) 

 
 wvC 1=  (3.60) 

 

 wh
aC 3(1 ) 0
d

= − ≥  (3.61) 

Where, '
cf  is the compressive strength of the concrete, a is the shear span, b is the 

width of the beam, wst is the width of the strut, Atv and Ath are the effective areas of 
horizontal and vertical ties, wvρ  and whρ  are the reinforcement ratios for vertical 
and horizontal web reinforcement, and fyv and fyh are the yield stresses for vertical 
and horizontal web reinforcement. According to the proposed model, the total shear 
strength is given by 

 '
c st tv yv th yh

0.3V f bw A f 3(1 a / d)A f
a / d

= + + −  (3.62) 

 
Zararis (2003) proposed a method to predict shear compression failure in 
reinforced concrete deep beams having an a/d ratio between 1.0 and 2.5, under two 
points or a single point direct loading. This study included expressions derived for 
the restricted depth of compression zone, as well as for the ultimate shear force of 
deep beams with and without web reinforcement. According to this method, the 
longitudinal and the vertical steel bars at the crack location undergo not only 
elongations but shear strains as well. Indicating the directions of the horizontal and 
vertical reinforcement with x and y respectively, the reinforcement stresses were 
expressed in matrix form, which implies that the shear forces in reinforcement are 
caused by a pure shearing deformation of the bars at the crack location regardless 
of slip at the crack faces, which occurs when dowel forces are produced: 
 

 
2

sx sxy
s cr 2

syx sy

cos 0.4sin cos
E

0.4sin cos sin
σ τ⎡ ⎤ ⎡ ⎤ϕ ϕ ϕ

= ε⎢ ⎥ ⎢ ⎥τ σ ϕ ϕ ϕ⎣ ⎦⎣ ⎦
 (3.63) 



 
 

 57

 
Where crε the strain is perpendicular to the crack, Es is the steel modulus of 
elasticity, and ϕ  is the angle between crack and vertical direction. Zararis used a 
free body diagram which includes internal and external forces after cracking, and at 
failure, as shown in Figure 3.29, to calculate the depth of compression zone above 
the critical diagonal crack, and the ultimate shear strength of the deep beam.  
 

 
Figure 3.29: Forces on elements of a deep beam with web reinforcement (a) with critical diagonal 

crack and (b) at failure, Zararis (2003) 

According to the proposed theory, the vertical reinforcement is assumed to yield 
first. Yielding of the vertical reinforcement causes a significant increase of the 
shear force, Vd, acting on the flexural reinforcement. When the shear force acting 
on the flexural reinforcement is beyond a limit, a horizontal crack forms at the 
tension steel level, eventually causing the loss of force Vd. At this point, normal 
and shear forces of concrete in the compression zone above the diagonal critical 
crack increase excessively, leading to crushing of the concrete at the top of the 
crack in deep beams with web reinforcement. From the equilibrium of moments 
and forces acting on the free body diagram, the ultimate shear strength of a deep 
beam with and without vertical web reinforcement can be calculated as: 
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2 2

's s s
u c v yv

c c cbd aV 1 0.5 f 0.5 f 1
a / d d d d d
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 (3.64) 

 
where a is the shear span, b is the width of the beam, d is the effective depth of the 
tension reinforcement, vρ  is the ratio of the horizontal reinforcement, fyv is the 
yield strength of vertical reinforcement, and cs is the depth of compression zone 
above critical diagonal crack, obtained from: 
 

 
2

s
2

c 1 0.27R(a / d) c
d 1 R(a / d) d

+
=

+
 (3.65) 

 
Where 
 
 2

vR 1 ( / )(a / d)= + ρ ρ  (3.66) 

 
and the c/d ratio is the positive root of the following expression: 
 

 
2

' '
c c

c c600 600 0
d f d f

ρ ρ⎛ ⎞ + − =⎜ ⎟
⎝ ⎠

 (3.67) 

 
Zararis checked the validity of the proposed equations for deep beams having 
vertical web reinforcement with the experimental data in the literature, yielding a 
prediction bias of 0.996 with a coefficient of variation of 9%.  
 
Tang and Tan (2004) proposed an interactive mechanical model for shear strength 
of deep beams, using the STM approach, adopting the classical Mohr-Coulomb 
failure criterion, which provides a linear relationship between principle tensile and 
compressive stresses. According to the simple STM, shown in Figure 3.30, 
compressive stresses f2 are formed in the diagonal strut acting between the load and 
support zones. The compressive stresses are resisted by the concrete, which may 
cause failure from crushing. On the other hand, tensile stresses f1 are formed 
perpendicular to the diagonal strut, resisted by the main tension reinforcement, web 
reinforcement, and concrete tensile strength.  
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Figure 3.30: Strut-and-tie model for simply supported deep beams, Tang and Tan (2004) 

According to the Mohr-Coulomb failure criterion, a linear relationship was adopted 
as: 
 

 1 2
'

ct c

f f 1
f f

+ =  (3.68) 

 
Where ctf  is the tensile strength, and '

cf  is the cylinder compressive strength of the 
concrete. Using the identity above, the ultimate shear strength of the deep beam can 
be calculated as: 
 

 
n ds dc

1 1 1
V V V

= +  (3.69) 

 
Where Vn is the ultimate shear strength of the deep beam, Vds and Vdc are the strut 
capacities against diagonal splitting and crushing of the concrete, respectively, 
obtained from the following proposed expressions: 
 

 ct ct yw w w s y s s
ds

s

f A f A sin( ) 2f A sin
V

2cos
+ θ + θ + θ

=
θ

 (3.70) 

 
 '

dc c str sV f A sin= θ  (3.71) 
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Where fyw and fy are the yield strengths of web reinforcement, and main tension 
reinforcement, Act is the concrete section along diagonal strut, Aw and As are the 
areas of the web reinforcement, and main tension reinforcement, sθ  is the angle 
between longitudinal tension reinforcement and diagonal strut, and wθ  is the angle 
between web reinforcement and horizontal axis of beams at intersection of 
reinforcement and diagonal strut. Tang and Tan compared the prediction results 
from the proposed equations with three sets of experimental data in the literature. 
Comparison with experiments conducted by Tan et al. (1995) where a wide range 
of a/d ratios was present yielded a prediction bias of 1.10, with a coefficient of 
variation of 10.5%. Application of the method to data with an emphasis on different 
configurations of web reinforcement, and varying a/d ratios, provided by Smith and 
Vantsiotis (1982) produced a prediction bias of 1.30, with a coefficient of variation 
of 8.6%. The prediction bias and the coefficient of variation from the last set of 
data for specimens with different configurations of web reinforcement, compiled by 
Kong et al. (1970, 1972), were 1.32 and 11.6%, respectively. 
 
Russo et al. (2005) proposed a model for determining the shear strength of 
reinforced concrete deep beams using a STM approach, including the contributions 
of diagonal concrete strut, longitudinal main reinforcement, and the 
horizontal/vertical web reinforcement to the shear strength. The simple strut and tie 
model for a deep beam with web reinforcement and the equilibrium of compression 
force in the strut due to web reinforcement is shown in Figure 3.31.  
 

 
Figure 3.31: (a) Strut-and-tie model for deep beam with web reinforcement; (b) equilibrium of 

compression force in strut due to web reinforcement, Russo (2005) 
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A simple ultimate shear stress formulation, calibrated according to 240 deep beam 
tests from the literature, was derived as: 
 

 '
n c h yh v yv

av 0.76 k f cos 0.25 f cot 0.35 f
d

⎛ ⎞= χ θ+ ρ θ+ ρ⎜ ⎟
⎝ ⎠

 (3.72) 

 
where a (mm) is the shear span, d (mm) is the effective depth, θ  is the angle of 
inclined strut and vertical direction, hρ  and vρ  are the horizontal and the vertical 
reinforcement ratios, '

cf  (MPa) is the cylindrical concrete compressive strength, yhf  
(MPa) and yvf  (MPa) are the yield strength of the horizontal and vertical web 
reinforcement, k is the non-dimensional depth of compressive zone with respect to 
d, calculated as: 
 2

f f fk (n ) 2n n= ρ + ρ − ρ  (3.73) 

Where n is the ratio of steel to concrete elastic moduli, and fρ  is the flexural 
reinforcement ratio. The parameter χ  is a non-dimensional interpolation function 
calculated as: 
 

 
3 2' ' '

c c cf f f0.74 1.28 0.22 0.87
105 105 105

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎢ ⎥χ = − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

 (3.74) 

 
Where χ  is valid for the range '

c10 f 105≤ ≤  (MPa). For 240 tested deep beams in 
the literature, the proposed shear strength formula produced a prediction bias of 
1.0, and a coefficient of variation of 19%. 
 
Tan and Cheng (2006) investigated the size effect phenomenon on shear strength of 
deep beams, using a STM approach. The researchers stated that the primary cause 
of size effect is due to the conventional definition of ultimate shear strength of 
V/(bd), which is adopted from the shear distribution mechanism in steel beams. 
According to the authors, in reinforced concrete deep beams, after cracking occurs, 
the loads are mainly transferred via arch action, which is barely a shear transfer 
mechanism, and arch action does not transmit a tangential force to a nearby parallel 
plane, as previously stated by ACI-ASCE Committee 426 (1974). Due to the arch 
action, the effective depth d does not remain constant under increasing load, but 
reduces with the decreasing depth of the uncracked compression zone, rendering 
the adaptation of V/bd erroneous. According to the researchers, a secondary cause 
of size effect occurs from the strut geometry, and boundary conditions. The 
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proposed ultimate shear strength formula which is based on a simple STM, as 
shown in Figure 3.30, also taking into account the size effect was computed: 
 

 n
s

'
t c c str s

1V sin 2 1
f A f A sin

=
θ

+
ν θ

 (3.75) 

 
Where sθ  is the angle between longitudinal tension reinforcement and diagonal 
strut, ft is the combined tensile strength of reinforcement and concrete, '

cf  is the 
compressive strength of concrete, Ac is the area of cross-section, strA  is the cross-
sectional area of the diagonal strut, and ν  is the compression efficiency factor 
calculated from the following expressions 
 
 ν = ξζ  (3.76) 

 

 0.40.8
1 (l s) / 50

ξ = +
+ −

 (3.77) 

 

 s

s

kd0.5 1.2
l

ζ = + ≤  (3.78) 

Where l and s are the length and the width of the strut, respectively, k is a factor for 
particular reinforcement grade, ds is the minimum diameter of main longitudinal 
steel, and ls is the maximum spacing of steel bars. The authors compared the 
predicted shear strengths obtained from the proposed formula with 3 different sets 
of data compiled from the literature. The prediction bias and the coefficient of 
variation from each set were 0.92, 6.5%, 0.88, 14.7%, and 0.84, 19.3%, 
respectively. 
 
Quintero-Febres, et al. (2006), conducted an experimental research program aimed 
at evaluating the adequacy of the strength factors for concrete struts in strut-and-tie 
models given in Appendix A of the 2002 ACI Building Code. A total of 12 
reinforced concrete deep beam specimens with various shear span-to-depth ratios 
ranging from 0.82 to 1.57, concrete strengths between 4000 psi (28 MPa) and 8000 
psi (55 MPa), and different reinforcement layouts were tested under two point 
direct loading. All beams had an overall length of 96 in. (244 cm), and a constant 
cross-section of 18 in. (46 cm) x 6 in. (15 cm), except the high strength concrete 
specimens, where the beam web width was reduced to 4 in. (10 cm), as shown in 
Figure 3.32.  
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Figure 3.32: Details for test specimens, Quintero-Febres, et al. (2006) 

The test results compared with ACI 318-02 predictions, and it was observed that 
the strut strength factors given in Appendix A were adequate for use in normal 
strength concrete. However, the provisions for required minimum transverse 
reinforcement in normal strength concrete were found to be inconsistent and 
needed to be reevaluated.  
 
Brown and Bayrak (2007) conducted an experimental program to examine the 
effects of load distribution and shear reinforcement on the strength of deep beams. 
The test results were compared with predictions from simple strut-and-tie models, 
and the researchers concluded that the application of strut-and-tie models produce 
conservative values of strength. 
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3.3 LITERATURE REVIEW SUMMARY 

Experimental research on deep beams in the literature is summarized in terms of 
support conditions, manner of loading, and specimen dimensions, in Table 3.1. 
Specimen dimensions are also shown in Figure 3.33. Analytical methods proposed 
in the literature are summarized in terms of the basis of the methodology, number 
of different data sets and specimens used for calibrating the proposed formulas, the 
prediction bias and the coefficients of variation, in Table 3.2. Prediction results 
from available methodologies in the literature are also shown in Figure 3.34, where 
the error bars represent standard deviations, and the radius of the bubbles indicate 
the number of specimens used for calibrating the proposed formulas. 
 
Table 3.1: Deep Beam Experiments in the Literature 

Year Researcher Support 
Type 

Loading 
Type 

Number of 
Specimens 

Tested 

bw 
[in] 

h 
[in] a/d 

1951 Clark Direct Direct 62 6.00 15.0 
– 
18.0 

1.00 
– 
2.00 

1968 Ramakrishnan 
Ananthanarayan
a 

Direct Direct 20 3.00 15.0 
– 
30.0 

0.94 
– 
2.00 

1970 Kong, et al. Direct Direct 35 3.00 10.0 
– 30 
.0 

1.00 
– 
3.00 

1971 Manuel, et al. Direct Direct 12 4.00 18.0 0.30 
– 
1.00 

1977 Fereig 
Smith 

Indirect Indirect 6 6.00 12.0 0.50 
– 
2.00 

1982 Smith 
Vantsiotis 

Direct Direct 52 4.00 14.0 0.77 
– 
2.01 

1986 Rogowsky, et al. Direct Direct 24 7.90 15.7 
– 
39.4 

1.00 
– 
2.00 

1995 Tan, et al. Direct Direct 19 4.30 19.7 0.27 
– 
2.70 

1995 Zielinski 
Rigotti 

Direct Direct 24 1.75 12.0 - 
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1996 Kong, et al. Direct Direct 24 4.00 30.0 0.83 
– 
1.33 

1997 Tan, et al. Direct Direct 53 4.30 19.7 0.85 
– 
1.69 

1997 Ashour Direct Direct 8 4.70 16.7 
– 
24.6 

0.80 
– 
1.18 

1998 Foster 
Gilbert 

Indirect Direct 16 4.90 27.5 
– 
47.2 

0.50 
– 
1.32 

1999 Tan 
Lu 

Direct Direct 12 5.50 
 

19.7 
– 
68.9 

0.50 
– 
1.00 

1999 Shin, et al. Direct Direct 30 4.90 9.6 1.50 
– 
2.50 

2000 Teng, et al. Direct Direct 12 6.90 31.5 1.5 
2000 Yun Direct Direct 1 8.00 18.0 2.0 
2002 Aguilar, et al. Direct Direct 4 12.00 36.0 1.0 
2006 Quintero-Febres, 

et al. 
Direct Direct 12 6.00 18.0 0.82 

– 
1.57 

2007 Brown 
Bayrak 

Direct Direct 10 6.00 30.0 0.50 
– 
1.00 

 
Table 3.2: Analytical Methods Proposed in the Literature 

Year Researcher Methodology 

Number 
of Data 

Sets 

Number 
of 

Specimen
s 

Bias 
VEXP/VP

COV

1968 Ramakrishnan 
Ananthanarayan
a 

Mechanical 
Approach 

- - - - 

1971 Zsutty Regression 
Analysis 

    

1986 Collins 
Mitchell 

Strut-and-Tie - - - - 

1986 Rogowsky Strut-and-Tie - - - - 
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MacGregor 
1987 Mau and Hsu Softened Truss Model - - - - 
1988 Cook 

Mitchell 
Strut-and-Tie 
NLFEA 

1 2 0.97 0.7 

1993 Wang, et al. Energy Methods 3 64 1.03 12.8 
1993 Siao1 Strut-and-Tie - - - - 
1993 Aoyama2 Mechanical 

Approach 
- 175 1.07 19.0 

1995 Goh Neural 
Networks 

2 20 0.98 8.9 

1995 Zielinski 
Rigotti 

Strut-and-Tie 1 25 1.19 23.8 

1999 Averbuch 
de Buhan 

Yield Line 
Theory 

- - - - 

1999 Shin, et al. Regression 
Analysis 

- - - - 

2000 Ashour Yield Line 
Theory 

2 20 1.04 11.6 

2000 Yun Strut-and-Tie 1 1 1.00 - 
2000 Teng, et al. Mechanical 

Approach 
- - - - 

2000 Hwang, et al. Strut-and-Tie 5 123 1.15 16.0 
2001 Sanad 

Saka 
Neural 
Networks 

5 10 0.97 7.5 

2003 Matamoros 
Wong 

Strut-and-Tie - 175 1.40 22.0 

2003 Zararis3 Mechanical 
Approach 

4 
2 
2 

52 
65 
28 

1.02 
1.00 
1.02 

13.2 
9.0 
9.0 

2004 Tang4 
Tan 

Strut-and-Tie 3 19 
52 
45 

1.10 
1.30 
1.32 

10.5 
8.6 
11.6 

2005 Russo, et al. Strut-and-Tie 15 240 1.00 19.0 
2006 Tan5 

Cheng 
Strut-and-Tie 3 5 

12 
19 

1.09 
1.15 
1.24 

6.6 
13.6 
22.4 
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1. Proposed methodology by Siao (1993) was only compared with 
experimental results from shear wall and corbel tests. 

 
2.  Prediction methodology was later compared with experimental results by 

Matamoros and Wong (2003). 
 
3.  Zararis’ comparison results are in three separate parts: “deep beams without 

stirrups”, “deep beams with stirrups”, and “deep beams with vertical and 
horizontal web reinforcement”. 

 
4.  Tang and Tan separately compared their theory with three different data 

sets from Tan et al. (1995), Smith and Vantsiotis (1982), and Kong et al. 
(1970). 

 
5. Tan and Cheng separately compared their theory with three different data 

sets from Tan and Cheng (2006), Tan et al. (1999), and Kani (1967). 
 

Effective Height d [in]

Effective Height d [mm]

Sh
ea

r 
Sp

an
 a

 [
in

]

Sh
ea

r 
Sp

an
 a

 [
m

m
]

0

0

10

254

20

508

30

762

40

1016

50

1270

60

1524

70

1778

80

2032

0 0

20 508

40 1016

60 1524

80 2032

100 2540

120 3048

a / d = 2.00 a / d = 1.00

a / d = 0.50

Clark 1951
Ramakrishnan and Ananthanarayana 1968
Kong, et al. 1970
Manuel, et al. 1971
Fereig and Smith 1977
Smith and Vantsiotis 1982

Rogowsky, et al. 1986
Tan, et al. 1995
Kong, et al. 1996
Tan, et al. 1997
Foster and Gilbert 1998
Tan and Lu 1999

Shin, et al. 1999
Teng, et al. 2000
Aguilar, et al. 2002
Quintero-Febres, et al. 2006
Brown and Bayrak 2007

 
Figure 3.33: Overall geometries for deep beam experiments in the literature 
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Figure 3.34: Analytical methods proposed for deep beams in the literature 

 
3.4 LIMITATIONS OF DESIGN CODES AND THE CURRENT 
LITERATURE 

Based on the review of the technical literature, the following limitations in current 
design codes and previous research are identified: 
 

• There is no consensus on a clear definition of deep beams in current design 
codes. 

• None of the current design codes provides a shear strength prediction 
formula for existing deep beams. The ACI code prior to 1999 included 
shear strength formulas, but they became obsolete in the later editions. 

• Use of shear strength equations for slender beams in current codes is not 
recommended for analysis of deep beams due to the different internal force 
transfer mechanisms and nonlinear strain distributions in the cross-section. 

• Each design code recommends use of Strut-and-Tie models (STM) in 
design of deep beams. However, STM analysis provides virtually an infinite 
number of solutions to a design problem rather than a unique prediction 
result. In addition, since STM is based on plastic analysis, it is not possible 
to assess behavior of deep beams at serviceability limit states with this 
methodology. 
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• The amount of experimental data available in the literature on shear 
strength of deep beams is very limited as compared to those on slender 
beams. 

• Due to high costs and lack of adequate equipment, almost all of the 
laboratory experiments were performed on small-scale specimens. Results 
from small-scale tests may not reflect the behavior of full-scale deep beams 
due to the size effect. 

• Indirect and direct loading have different effects on shear capacity of deep 
beams (Fereig and Smith, 1977). RCDG bridge bent caps are indirectly 
loaded members. However, 99% of the deep beam specimens in the 
literature were tested under direct loading. 

• Anchorage of flexural reinforcement, which is thought to be one of the 
salient parameters for ultimate shear strength of deep beams, has not been 
studied in detail. 

• Deep beam specimens in the literature were mostly (96%) supported 
directly on bearing plates. Due to significant stress levels at the support 
locations, local bearing failures were observed frequently. However, RCDG 
bridge bent caps in the field are supported indirectly via stocky columns, 
allowing limited rotations at the ends. 

• Effect of fatigue loading on deep beam behavior has not been studied in 
detail. A realistic fatigue load protocol based on actual bridge service 
performance data needs to be developed. 

• A formal theory for deep beam behavior has not been widely accepted. 
Most of the proposed analysis methods are either based on different 
modifications of STM, semi-empirical approaches, use of neural networks 
or regression analysis. 

• Proposed strength prediction equations in the literature may not be 
applicable to full-scale bent caps since related formulas were generally 
calibrated with data from previous small-scale deep beam tests where 
specimens were uniformly reinforced (both for flexure and shear) and 
mostly directly loaded and supported. 
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4.0 EXPERIMENTAL SETUP 

4.1 INTRODUCTION 

In order to provide structural response data for evaluation of conventionally 
reinforced concrete deck-girder (RCDG) bridge bent caps, an experimental 
program was undertaken in Oregon State University Structural Engineering 
Department. The experimental program consisted of 6 full-scale bent cap 
specimens, in which the overall height, number of anchorage bars, web 
reinforcement size and grade, flexural reinforcement cut-off locations, and loading 
type (static or fatigue loading) were varied.  
 
In this section, findings from a review of the Oregon Department of Transportation 
(ODOT) in-service bridge inventory with an emphasis on RCDG bridge bent caps 
are discussed. Next, the specimens are described in terms of geometry, 
reinforcement, boundary conditions, and material properties. Finally, the laboratory 
tests are explained, including detailed information on instrumentation of the 
specimens. 
 
 
4.2 OREGON DEPARTMENT OF TRANSPORTATION 
INVENTORY REVIEW 

In order to design full-scale specimens that are realistic and reflective of actual in-
service vintage RCDG bridge bent caps, 204 of ODOT’s inventory of RCDG 
bridges constructed from 1947 to 1962 and identified as cracked were reviewed. 
The bent caps were characterized by span, support conditions, member properties, 
flexural and transverse steel details, and the size and locations of utility holes, 
using digital drawings provided by ODOT, as shown in Figure 4.1. A database of 
these characteristics was developed, and results are summarized below. These data 
were used to develop full-scale prototype laboratory specimens that are most 
reflective of the bridges currently in service.  
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Figure 4.1: Example vintage RCDG bent cap in the ODOT inventory 

 
4.2.1 Column Dimensions 

The size and shape of the columns that support the bent caps were characterized. 
The columns were built integrally with the bent caps and provide connection to the 
foundation. Both round and square columns were identified in the bridge 
population considered. The most common were square columns with longitudinal 
reinforcing bars located in the corners only. The most frequent column type was the 
24 in. x 24 in. (610 mm x 610 mm) square column cross-section, having a 
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frequency of 43%. Other common types were 20 in. x 20 in. (508 mm x 508 mm), 
and 30 in. x 30 in. (762 mm x 762 mm) square columns, with frequencies of 24%, 
and 11%, respectively. The typical column dimensions and overall column lengths 
provide little flexural stiffness to the bent caps, and further the columns were not 
detailed to provide moment restraint, thus can be idealized as providing vertical 
support alone. The distribution of column section dimensions was grouped together 
using a bin size of 6 in. (152 mm) and is shown in Figure 4.2. 
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Figure 4.2: ODOT inventory bent cap column dimensions 

 
4.2.2 Bent Cap Heights 

Overall bent cap height in the inventory was identified and categorized using a bin 
size of 6 in. (152 mm). There was variation among bent cap heights within the 
inventory. However, bent caps with 72 in. (1829 mm) (8% frequency), and 48 in. 
(1219 mm) (7% frequency) depths were the most common. The distribution of bent 
cap heights is shown in Figure 4.3. 
 
 



 
 

 74

Beam Overall Height h [in]

Beam Overall Height h [mm]

Fr
eq

ue
nc

y 
[%

]

0

0

12

305

24

610

36

914

48

1219

60

1524

72

1829

84

2134

96

2438

108

2743

120

3048

0

10

20

30

40

50

60

70

80

90

100

110

 
Figure 4.3: ODOT inventory Bent Cap Overall Heights 

 
4.2.3 Bent Cap Widths 

Bent cap width in the inventory also varied, as was the case with bent cap height. It 
was observed that a bent cap width of 16.5 in. (419 mm) was the most common, 
with a frequency of 22%. The distribution of bent cap widths using a bin size of 2 
in. (51 mm) is shown in Figure 4.4. In addition, the data were filtered for 72 in. 
(1829 mm), and 48 in. (1219 mm) bent cap heights, in order to observe the specific 
width range for these two most common bent cap depths. The width distributions 
for 72 in. (1829 mm) and 48 in. (1219 mm) deep bent caps are shown in Figure 4.5, 
and Figure 4.6, respectively, which illustrates that the cap width for both these 
heights is typically between 16 in. to 18 in. 
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Figure 4.4: ODOT inventory Bent Cap Widths 
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Figure 4.5: ODOT inventory Bent Cap Widths for h = 72 in. (1829 mm) 
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Figure 4.6: ODOT inventory bent cap widths for h = 48 in. (1219 mm) 

 
4.2.4 Centerline Reinforcement to Anchorage Reinforcement Ratio 

Most bent caps were proportioned for the minimum amount of reinforcement 
required by calculation. As a result, in some cases flexural bars were terminated 
where no longer required by design. This results in flexural bar termination within 
the flexural tension zone, thus not all flexural tension bars extend over the entire 
length of the cap beams. In this part, a ratio of the area of main flexural tension 
reinforcement at midspan (As,mid) to the area of reinforcement that is anchored in 
the columns (As,end) of the bent caps was inspected. In 46% of the bent caps the 
ratio was determined as 1, where As,mid equals As,end, which indicates no rebar cut-
offs. However, in 54% of the bent caps, cut-offs were observed with various 
centerline reinforcement to anchorage zone reinforcement ratios. The centerline 
tension reinforcement to anchorage zone reinforcement ratio distribution is shown 
in Figure 4.7. 
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Figure 4.7: ODOT inventory As,mid  / As,end ratio 

4.2.5 Flexural Tension Reinforcement Anchored in Column 
Section 

Three different types of tension reinforcement were identified for the anchorage 
zones in beam – column connection zone. Anchorage of the flexural reinforcement 
was provided with straight bars, 90° hooks, or 180° hooks extended into the 
column section. It was observed that straight bars were used more often (63%) than 
90° hooks (10%), or 180° hooks (27%) for anchorage. There were also some cases 
where multiple anchorage types were used in a single bent cap. Generally these 
different anchorage types were contained in two different layers of flexural 
reinforcement. The distribution of flexural rebar anchorage types in the cross-
section is shown in Figure 4.8.  
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Figure 4.8: ODOT inventory anchorage types 

4.2.6 Utility Holes 

Most of the bent caps in the inventory contained utility holes within the bent cap 
body. The holes are generally located in the upper stem near the exterior columns. 
The effect of these service holes on structural performance of bent caps was of 
interest due to field observations of vertical cracks extending from the deck and 
crossing through service holes in some of the bent caps. In some bent caps, stirrups 
that would typically be located at the hole position were placed adjacent to and 
tangential to the holes, and in other cases no additional stirrups were located 
around the hole. Three different cases were defined whereas, (1) stirrup present 
around the hole, (2) no stirrup present around the hole, (3) no holes exist in the bent 
cap, and results are shown in Figure 4.9. It was observed that 24% of the bent caps 
had no service holes. Of the bent caps with holes, 66% had no stirrups around the 
hole, while 34% of the bent caps had stirrups tangential to the service holes.  In 
addition to these data, the utility hole sizes were investigated. Generally, three 
holes with the diameters of 8 in. (203 mm), 4 in. (102 mm), and 1 in (25 mm) were 
seen as a group located in the upper corners at each end of the bent caps. There are 
also some cases where only 8 in. (203 mm) and 4 in. (102 mm) holes were present 
as a couple. The distribution of hole diameters in the ODOT inventory bent caps is 
shown in Figure 4.10. 
 



 
 

 79

Hole Condition

Fr
eq

ue
nc

y 
[%

]

.

0

10

20

30

40

50

60

70

80

90

100

Stirrup around hole No stirrup around hole No holes in bent cap

 
Figure 4.9: ODOT inventory service hole – stirrup relation 
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Figure 4.10: ODOT inventory service hole sizes 
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4.3 SPECIMEN DESIGN 

4.3.1 Specimen Dimensions & Reinforcement Arrangement 

Using the data from the ODOT bent cap inventory, a series of full scale bent cap 
specimens were designed. The database was used to select the specimen 
proportions, reinforcement details, and column details, thereby realistically 
reflecting their in-service counterparts. A total of 6 specimens were constructed, 
and test variables included bent cap overall height, number of flexural bars 
anchored in the columns, web reinforcement size and grade, flexural reinforcement 
cut-off locations, and loading type (static and fatigue loading). The specimen 
naming convention is illustrated in Figure 4.11. 
 
 

 
Figure 4.11: Specimen name convention 

A subassemblage test specimen of the pertinent bridge components at the bent cap 
region was developed. This included the integral columns, cap beam, and portions 
of the main girders that frame into the cap beam. In indeterminate RCDG bridges, 
the forces from the main girders are transferred to the supporting elements (bent 
caps) indirectly, via interface shear. External girders are typically located over the 
columns and they do not impose shear or bending, whereas loading on the interior 
girders does produce shear and moment on the bent cap. In order to produce 
realistic loading conditions, and to avoid creating triaxial compressive stresses, 
which can significantly increase the shear strength of directly loaded deep beams 
(Fereig and Smith, 1977), the loads were applied indirectly to the bent cap 
specimen through four stub-girder portions located on each side of the cap beam at 
the 1/3 span locations.  
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Five specimens, including the fatigue specimen, had an overall height of 72 in. 
(1829 mm), and one specimen had an overall height of 48 in. (1219 mm). The 
locations of the applied loads and the support reactions were kept the same for all 
of the failure tests. The centerline-to-centerline distance between support reactions 
and external loads was 96 in. (2438 mm). The shear span-to-overall height ratios 
were 1.33 and 2.00, for 72 in. (1829 mm) and 48 in. (1219 mm) high specimens, 
respectively. The overall length of the specimens was 312 in. (7925 mm), including 
the column portions, and the clear span of the specimens was 264 in. (6706 mm), 
disregarding the columns. The width of the bent caps was kept constant at 16 in. 
(406 mm) for all specimens. Each four of the girders were 48 in. (1219 mm) high, 
with a cross-section of 14 in. x 16 in. (357 mm x 406 mm). 
 
The cap beams were indirectly supported by 96 in. (2438 mm) high integral square 
columns. The column cross-section was 24 in. x 24 in. (610 mm x 610 mm). Both 
of the columns were cast on a 1 in. thick, 24 in. x 24 in. (610 mm x 610 mm) A36 
steel plate to avoid the crushing of the concrete in the support zones, especially at 
the roller end. Column reinforcing bars were welded to the plates to ensure 
anchorage and aid construction. One of the columns was welded to additional A36 
steel plates, which were laterally restrained, but moderately free to rotate, 
simulating the pin-end of a simply supported beam. The other column plate was 
placed on a high strength roller resting on a slightly curved steel plate, representing 
the roller-end of a simply supported beam.  
 
Table 4.1 summarizes the dimensions for the six test specimens. The dimensions 
for the specimens are also shown in Figure 4.12. 
 

 
Figure 4.12: Bent cap overall specimen dimensions 
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Table 4.1: Dimensions of test specimens 

Specimen Name Beam Dimensions Column 
Dimensions 

Stub Girder 
Dimensions 

# 
 

h     
[in] 

(mm)

b     
[in] 

(mm)

ln     
[in]    

(mm)

hc     
[in]    

(mm)

Cross-
section     

[in]        
(mm) 

hg     
[in]    

(mm) 

Cross-
section     

[in]        
(mm) 

1 D6.A4.G60#5.S 72     
(1829)

16    
(406)

264   
(6706)

96    
(2438)

24 x 24     
(610 x 610) 

48   
(1219) 

14 x 16     
(356 x 406)

2 D6.A4.G40#4.S 72     
(1829)

16    
(406)

264   
(6706)

96   
(2438)

24 x 24     
(610 x 610) 

48   
(1219) 

14 x 16     
(356 x 406)

3 D6.A2.G60#5.S 72    
(1829)

16    
(406)

264   
(6706)

96    
(2438)

24 x 24     
(610 x 610) 

48    
(1219) 

14 x 16     
(356 x 406)

4 D6.A2.G40#4.S 72    
(1829)

16    
(406)

264   
(6706)

96    
(2438)

24 x 24     
(610 x 610) 

48   
(1219) 

14 x 16     
(356 x 406)

5 D4.A2.G40#4.S 48    
(1219)

16    
(406)

264   
(6706)

96    
(2438)

24 x 24     
(610 x 610) 

48   
(1219) 

14 x 16     
(356 x 406)

6 D6.A2.G40#4.F 72    
(1829)

16    
(406)

264   
(6706)

96    
(2438)

24 x 24     
(610 x 610) 

48   
(1219) 

14 x 16     
(356 x 406)

 
The main tension and compression reinforcement used for the specimens were 
ASTM 615/615M-05a (2005) Grade 60 (420 MPa) #11 (36 mm) deformed rebar. 
The main flexural tension reinforcement consisted of 10 or 8 #11 bars, arranged in 
three layers (4-4-2), with three cut-off locations, for the 72 in. (1829 mm) deep 
specimens, and in two layers (4-4), with three cut-off locations, for the 48 in. (1219 
mm) deep specimen. In two of the specimens, all the bottom layer reinforcement 
extended into the columns, producing an embedment with four bars. The rest of the 
specimens had only two bars embedded in the column, having the other two bars of 
the bottom layer terminating just at the face of the columns. The compression 
reinforcement consisted of 2 #11 bars for all specimens, which were continuous 
over the full length of the specimen. 
 
Two different types of stirrups were used for the web reinforcement. Two 
specimens had ASTM 615/615M-05a (2005) Grade 60 (420 MPa) #5 (16 mm) 
deformed stirrups, placed at an average spacing of 8.75 in. (222 mm) at the shear 
spans, and a constant spacing of 8 in. (203 mm) at the constant moment zone. The 
difference was due to the existence of service holes at the shear spans. The rest of 
the specimens, had the same spacing arrangement, but with ASTM 615 nominal 
Grade 40 (276 MPa) #4 (13mm) deformed stirrups, which corresponds more 
closely to Intermediate Grade (40 ksi, 276 MPa) A305 steel used in the 1950s and 
1960s. 
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Table 4.2 summarizes the main flexural tension reinforcement and vertical web 
reinforcement ratios at different sections for all of the specimens. The reinforcing 
details, and the rebar instrumentation for the 72 in. (1829 mm) and 48 in. (1219 
mm) specimens are illustrated in Figure 4.13 and Figure 4.14, respectively. 
 
Table 4.2: Reinforcement of test specimens 

Vertical web 
reinforcement Longitudinal flexural reinforcement 

# Specimen Name Grade 
[ksi] 

(MPa) 

fv 
[%] 

Grade 
[ksi] 

(MPa)
CL 

[%] 
fcut1 
[%] 

fcut2 
[%] 

fcut3 
[%] 

1 D6.A4.G60#5.S Gr. 60
(420) 0.44 Gr. 60

(420) 1.45 1.14 0.85 0.56 

2 D6.A4.G40#4.S Gr. 40
(276) 0.29 Gr. 60

(420) 1.45 1.14 0.85 0.56 

3 D6.A2.G60#5.S Gr. 60
(420) 0.44 Gr. 60

(420) 1.45 1.14 0.85 0.28 

4 D6.A2.G40#4.S Gr. 40
(276) 0.29 Gr. 60

(420) 1.45 1.14 0.85 0.28 

5 D4.A2.G40#4.S Gr. 40
(276) 0.29 Gr. 60

(420) 1.76 - 1.31 0.43 

6 D6.A2.G40#4.F Gr. 40
(276) 0.29 Gr. 60

(420) 1.45 1.14 0.85 0.28 
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Figure 4.13: 72 in. (1829 mm) deep specimen reinforcing details 

 
Figure 4.14: 48 in. (1219 mm) deep specimen reinforcing details 
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The columns contained four ASTM 615/615M-05a (2005) Grade 60 (420 MPa) 
#11 (36 mm) bars with one in each corner, and ASTM 615/615M-05a (2005) Grade 
60 (420 MPa) #4 (13 mm) ties with a spacing of 4 in. (102 mm) at the lower 
column section (outside the cap beam), and 8 in. (203mm) through the height of the 
cap beam. 
 
In order to prevent a premature local failure in the zones of load application, the 
stub girders were heavily reinforced with a reinforcement cage consisting of ASTM 
615/615M-05a (2005) Grade 60 (420 MPa) #6 (19 mm) and #5 (16 mm) closed 
ties, as shown in Figure 4.15.  
 

 
Figure 4.15: Bent cap specimen reinforcing cage 

4.3.2 Specimen Construction 

Due to the large size and self-weight of the specimens, they were constructed in 
place within the load frame. Steel cages for the column pieces, the cap beam, and 
the stub girders were assembled. Formwork for the specimens was built using ¾ in. 
(19 mm) thick medium density overlay (MDO) panels. The panels were stiffened 
by 2x4 (38 mm x 89 mm) and 2x6 (38 mm x 140 mm) wooden studs to maintain 
geometry, and were assembled together using mechanical connectors. Steel 
channels were used on each side of the stem, secured by threaded rods, to maintain 
the web width. The form panels were supported on a steel plate which was further 
supported by steel post shores, to prevent deformations due to the weight of the 
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fresh concrete. Steel angles were used to connect the form panels to the steel plate. 
Furthermore, to control the overall geometry, and provide additional safety during 
concrete placement, side bracing was used. Concrete cover was provided at all 
sides using 1.5 in. (38 mm) slab bolsters, which were tied to the web reinforcement, 
and also placed on the steel plate to maintain bottom cover. PVC pipes with 8 in. 
and 4 in. diameters were used to form utility holes. Concrete was placed via a 
concrete boom pump truck, as shown in Figure 4.16, since the specimen was too 
high for direct placement from the ready mix truck. Concrete was consolidated 
using a mechanical vibrator, and the top surface was hand trowel finished.  
 

 
Figure 4.16: Bent cap specimen concrete placement 

Cylinders for characterizing the concrete strength were made simultaneously with 
the specimens in respect to ASTM C192/C192M-05 designation; using ASTM 
C470/C 470M-05 compatible 6 in. x 12 in. (152 mm x 305 mm) cylinder molds. 
After concrete placement, specimens were covered with burlap and plastic sheets, 
and kept moist during the curing process. The formwork was stripped once the 
specimen gained sufficient strength over one week. The beam surface was 
whitewashed in order to increase the visibility of cracks. The web reinforcement 
locations, and the tensile reinforcement cut-offs were marked using a Profometer 
rebar locator, and a grid of 12 in. x 12. in (305 mm x 305 mm) was placed for crack 
mapping.  
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4.4 MATERIAL PROPERTIES 

4.4.1 Concrete 

Concrete was provided by a local ready-mix supplier, and the same mix design was 
used for all specimens. The mix design was based on 1950s AASHO Class A 
concrete used in previous research at OSU (Higgins et al., 2003). The aggregate 
composition for the mix was reported by the supplier to be: 97% passing the 3/4 in. 
sieve (19 mm), 82% passing 5/8 in. (16 mm), 57% passing 1/2 in. (12.5 mm), 33% 
passing 3/8 in. (9.5 mm), 21% passing 5/16 in. (8 mm), 9.3% passing 1/4 in. (6.3 
mm), 3.0% passing #4 (4.75 mm), 0.6% passing #8 (2.36 mm) and 0.3% passing 
the #200 (0.075 mm) sieve. The sand composition of the mix was also reported as: 
99.7% passing the 1/4 in. sieve (6.3 mm), 96.8% passing #8 (2.36 mm), 59.4% 
passing #16 (1.18 mm), 44.9% passing #30 (0.600 mm), 17.9% passing #50 (0.300 
mm), 3.7% passing #100 (0.150 mm) and 1.7% passing the #200 (0.075 mm) sieve. 
The coarse aggregate was from Willamette River bed deposits and consisted of 
smooth rounded basaltic rock. The specified concrete compressive strength was 
3000 psi (21 MPa), which is comparable to the design strength of concrete used in 
1950s bridges. Actual concrete compressive strengths were determined from 6 x 12 
in. (152 x 305 mm) cylinders which were tested during curing, and on day-of-test 
in accordance with ASTM C39M/C 39M-05 and ASTM C617-98. Tensile splitting 
tests were performed on day-of-test to estimate the tensile splitting strength of 
concrete in accordance with ASTM C496/C496M-04e1. Test day compressive and 
tensile strengths of concrete are presented in Table 4.3. 
 
Table 4.3: Day of Test Compressive and Tensile Strengths of Concrete 

# Specimen Name 
fc’ 

[psi]       
(MPa) 

fct                 
[psi]         

(MPa) 

1 D6.A4.G60#5.S 3872   
(26.7) 

415         
(2.9) 

2 D6.A4.G40#4.S 3796   
(26.2) 

386         
(2.7) 

3 D6.A2.G60#5.S 3995   
(27.5) 

418         
(2.9) 

4 D6.A2.G40#4.S 3542   
(24.4) 

362         
(2.5) 

5 D4.A2.G40#4.S 3661   
(25.2) 

376         
(2.6) 

6 (Precrack) D6.A2.G40#4.F 3463   
(23.9) 

353         
(2.4) 

6    (Failure) D6.A2.G40#4.F 3828   
(26.4) 

381         
(2.6) 
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4.4.2 Reinforcing Steel 

All reinforcing steel was fabricated by a local rebar fabricator per OSU approved 
shop drawings. The Grade 40 (276 MPa) #4 (13 mm) reinforcing bars were taken 
from the lowest yield-stress heat of steel produced by Cascade Steel Rolling Mills 
during a production run. Steel samples were cut from Grade 40 (276 MPa) #4 (13 
mm) and Grade 60 (420 MPa) #5 (16 mm) bars at a length of 20 in. (508 mm) 
ready for testing. Steel samples from Grade 60 (420 MPa) #11 (36 mm) bars were 
machined in accordance with ASTM E8 for the 505 specimen size. All steel 
specimens were tested in a 110 kip (490 kN) capacity universal testing machine 
using a 2 in. (51 mm) gage length extensometer to measure strain. The yielding 
stress (fy), and the ultimate stress (fu) were obtained and shown in Table 4.4. 
 
Table 4.4: Reinforcing steel material properties 

Flexural Steel Transverse Steel 

# Specimen 
Name 

fy 
[ksi] 

(MPa) 

fu 
[ksi] 

(MPa)

fu 
[in/in] 

fy 
[ksi] 

(MPa)

fu 
[ksi] 
(MPa

) 

fu 
[in/in]

 

1 D6.A4.G60#5.S 71.1 
(490) 

105.5 
(727) 0.111 62.2 

(429) 
104.8 
(723) 0.107 

2 D6.A4.G40#4.S 68.2 
(470) 

112.9 
(778) 0.117 50.5 

(348) 
76.5 
(527) 0.164 

3 D6.A2.G60#5.S 68.2 
(470) 

112.9 
(778) 0.117 62.2 

(429) 
104.8 
(723) 0.107 

4 D6.A2.G40#4.S 68.2 
(470) 

112.9 
(778) 0.117 50.2 

(346) 
80.0 
(552) 0.172 

5 D4.A2.G40#4.S 69.4 
(478) 

107.1 
(738) 0.114 50.6 

(349) 
76.2 
(525) 0.155 

6 D6.A2.G40#4.F 68.1 
(469) 

103.9
(716) 0.109 49.8 

(343) 
78.6 
(542) 0.163 

 
 
4.5 LOADING SCHEME 

4.5.1 Static Tests 

Forces were applied to the specimen via two force-controlled closed-loop servo-
hydraulic actuators, at a constant rate of 1.67 kips/sec (7.4 kN/sec) and were 
measured by 500 kip (2224 kN) capacity load cells. Spreader beams were used to 
distribute the actuator forces symmetrically to 4 in. (102 mm) wide bearing plates 
which were placed over centerline of the stub girders in order to achieve indirect 
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loading. The load frame, the position of the specimen, and hydraulic actuators are 
shown in Figure 4.17. Each main load step consisted of three sub-load steps. 
Firstly, Actuator 1 was loaded up to the target load level and then unloaded while 
Actuator 2 maintained a constant load of 5 kips (22 kN). Secondly, Actuator 1 was 
maintained at a load of 5 kips (22 kN) while Actuator 2 was loaded up to the target 
load level and then unloaded. Thirdly, Actuator 1 was loaded up to the target load 
level and, without unloading Actuator 1, Actuator 2 was loaded up to the target 
load level to achieve the total load for the main load step. In order to reduce the 
creep effects, the load in Actuator 2 was immediately reduced by 10% once the 
peak total load was achieved.  To complete a main load cycle, Actuator 2 was 
unloaded, followed by Actuator 1, down to 5 kips (22 kN). Before the unloading 
phase at the end of each sub-load step, visible cracks were marked and mapped, 
and pictures were taken.  Load magnitudes from each actuator were increased in 
subsequent cycles by an amount of 50 kips (222 kN) until failure. A schematic 
representation of the load protocol for a single increment of the static tests is shown 
in Figure 4.18. 
 

 
Figure 4.17: Experimental setup for static tests (loading frames shown, bracing frames not shown 

for clarity) 
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Figure 4.18: Schematic representation of a single increment of the loading protocol for static tests 

 
4.5.2 Fatigue Test 

Fatigue test was performed on specimen D6.A2.G40#4.S. An initial loading, or 
precrack test, was performed to produce diagonal cracks in the specimen similar to 
those observed in the field inspections. For the precrack test, the static test load 
setup and the static load protocol was used, and the specimen was loaded for 5 
main cycles up to a total load of 450 kips (2002 kN). Apart from the general static 
load protocol, in the last cycle Actuator 1 and Actuator 2 was loaded up to 225 kips 
(1001 kN) each instead of 250 kips (1112 kN).  The crack widths measured from 
the main diagonal cracks varied between 0.030 in. - 0.050 in. (0.76 mm – 1.27 
mm), and 0.016 in. – 0.030 in. (0.41 mm – 0.76 mm) for the pinned support and the 
roller support side shear spans respectively. 
 
Due to the size of the hydraulic cylinders used in the static tests, which were not 
suitable for high frequency load cycles, and in order to avoid synchronization 
problems between two independent actuators, it was decided to use a single 
actuator to perform the high-cycle fatigue test. A 220 kip (979 kN) capacity 
actuator was placed over the centerline of the deep beam and connected to the 
reaction frame resulting in the fatigue loads to be applied as a single point loading, 
thereby applying similar demand on each side. The load was transferred from the 
actuator to the deep beam via a 15 in. x 15 in. (381 mm x 381 mm) steel plate. As a 
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precaution against slipping of the actuator clevis pin during long test sessions, a 
steel saddle was placed between the actuator and the specimen, as shown in Figure 
4.19. 
 

 
Figure 4.19: Experimental setup for fatigue test (loading frames shown, bracing frames not shown 

for clarity) 

The high-cycle fatigue test was performed in 10 increments, and each segment 
consisted of 100,000 load cycles with a load range of 150 kips – 210 kips (667 kN 
– 934 kN) at a frequency of 1.0 Hz. This load range imitates a constant dead load of 
150 kips (667 kN), and an ambient traffic load of 60 kips (267 kN) on the 
specimen. The derivation of this load range is explained in section 3.5.2.1  
 
Before beginning each fatigue segment, a baseline test was performed using the 
external and internal sensors together which enabled a comparison of relative 
global behavior of the specimen due to fatigue loading. In order to avoid fatigue 
damage to the external sensors, due to their mechanical nature, the external sensors 
were not used during the continuous fatigue cycles. The baseline tests were 
performed in three phases. In the first phase the specimen loaded up to 210 kips 
(934 kN), and unloaded to 5 kips (22 kN) for five cycles. In the second phase, a 
cyclic load ranging between 180 kips (801 kN) and 210 kips (934 kN) was applied 
at 0.1 Hz, for five cycles. In the last phase, the specimen was loaded up to 215 kips 
(956 kN), and unloaded to 5 kips (22 kN) for five cycles. During the baseline test, 
new cracks from the previous fatigue cycle were marked, and the change in crack 
widths of main diagonal cracks was measured. At the end of each baseline test, 
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external sensors were removed, except anchorage zone slip sensors and the crack 
clip array, and a new fatigue cycle increment of 100,000 load cycles was started. 
 
When 1,000,000 cycles of fatigue loading was completed, the fatigue load setup 
was replaced with the static load setup. The specimen was tested with the static 
load protocol from the beginning, until failure. 
 

4.5.2.1 Derivation of Fatigue Load Range 

Bent caps in RCDG bridges are subjected to repeated loads that range from 
dead load only to dead load plus superimposed live loads. In order to derive 
the load ranges applied in the fatigue test, structural analysis tools and field 
data from a previous research program (Higgins, et al., 2004) were used. If 
a single stirrup in a bent cap is taken into consideration, the maximum stress 
in the stirrup, under a repeated loading can be expressed as: 

 MAX DL SRσ = σ +       (4.1) 

Where σMAX is the total stress in the stirrup, σDL is the constant stress 
induced by the dead load, and SR is the live load induced stress range, such 
as that produced by a truck passing over the bridge.  

In order to achieve the dead load component of the induced stress, a finite 
element analysis was performed on a vintage RCDG bridge model. 
McKenzie River Bridge in Oregon, which is a 3 span continuous, 4 girder 
RCDG bridge was used in the model, and the total dead load imposed due 
to bridge self-weight was calculated. The amount of dead load per unit 
length on each girder was calculated by dividing the total dead load per unit 
length to the number of girders, as permitted in AASHTO LRFD. It was 
assumed that the dead load on external girders was transferred to the 
foundation directly through the columns and did not affect the stress level in 
the stirrups between the external and internal girders. A basic finite element 
model (FEM) of the bridge with line loads applied to the internal girders 
was constructed in SAP 2000 as shown in Figure 4.20. According to the 
FEM analysis solution the axial force in a single column connected to the 
bent cap was 87 kips (387 kN). Regarding the capacity of the fatigue 
actuator, it was decided to apply a dead load of 150 kips (667 kN), which 
corresponds to 75 kips (334 kN) of axial force at each column. 
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Figure 4.20: Simple FEM of McKenzie River Bridge for dead load analysis 

The live load component of the induced stress was determined using the 
available field data. Higgins et al. (2004) investigated McKenzie River 
Bridge, Jasper Bridge, and 15 Mile Creek Bridge in Oregon under ambient 
traffic and controlled truck loadings. In these series of field tests, strain 
gages were installed by chipping into the concrete and exposing the 
embedded stirrups at selected crack locations in both girders and bent caps. 
Ambient traffic induced variable amplitude stresses in stirrups, and the 
number of cycles measured was recorded at each bridge over a period of 8 
days. The data extracted from the instrumented bent cap stirrups, which 
were of particular interest, were used in this analysis. 

First, the variable amplitude stresses were converted to an equivalent 
constant amplitude stress range for each instrumented bent cap stirrup using 
Miner’s Rule (1945): 

 mimeqv i
tot

nSR SR
N

= ∑      (4.2) 

Where SReqv is the equivalent constant amplitude stress range from the 
field, m is a material constant, which is taken as 3 in the case of reinforcing 
steel, iSR  is the ith stress range, ni is the number of cycles observed for the 
ith stress range, and Ntot is the total number of cycles at all stress ranges.  
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Second, the projected number of cycles for the equivalent stress range in 50 
years was calculated, since the bridges of interest have been in service over 
a period of approximately 50 years, by: 

 tot
50yrs

test  days

NN 365 50
n

= × ×      (4.3) 

Where N50yrs is the projected number of cycles in 50 years, and ntest days is 
the number of days data were collected in the field. 

Finally, due to time constraints, the equivalent constant amplitude stress 
ranges collected from the field were amplified to produce equivalent 
damage in the laboratory specimen in 1,000,000 cycles. Miner’s Rule was 
rearranged to calculate the stress range for the laboratory test as: 

 
eqv

50yrs m
mLAB

lab

N
SR SR

N
=      (4.4) 

Where SRLAB is the amplified stress range for laboratory tests, m is a 
material constant, taken as 3 in the case of reinforcing steel, N50yrs is the 
projected number of cycles in 50 years, NLAB is the number of cycles for 
laboratory tests, and SReqv is the equivalent constant amplitude stress range 
from the field measurements. The results were summarized in Table 4.5. 
For 1,000,000 cycles of fatigue loading in the laboratory environment, the 
highest stress range was derived as 8.40 ksi. In order to find the applicable 
load range to the fatigue specimen, D6.A2.GR40#4.F, strain versus load 
data compiled from D6.A2.GR40#4.S, which had the same reinforcement 
detailing with the fatigue specimen, were analyzed. It was found that in 
order to generate a target stress of 8.40 ksi (58 MPa) in the shear span 
stirrups, which was the largest laboratory stress range required to produce 
equivalent damage to the field observed stresses, 30 kips (133 kN) of shear 
force was needed, which corresponds to a total actuator force of 60 kips 
(267 kN).  
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Table 4.5: Fatigue Stress Range Derivation 

Instrumented 
Bridge 

Sensor 
Code 

Number of 
Cycles 

Measured in 
Field 

SReqv 
[ksi] 

(MPa) 

Projected 
Number of 

Cycles in 50 Yrs 

SRLAB,100000

0 [ksi] 
(MPa) 

CH_11 39814 1.88 
(13.0) 89197827 8.40 

(57.9) McKenzie 
Bridge 

CH_22 17764 0.791 
(5.5) 39797815 2.70 

(18.6) 

CH_07 2544 1.53 
(10.5) 3901513 2.41 

(16.6) 

CH_16 13076 1.86 
(12.8) 20053529 5.05 

(34.8) 

CH_17 13007 1.91 
(13.2) 19947710 5.18 

(35.7) 

CH_18 8142 1.81 
(12.5) 12486681 4.20 

(29.0) 

CH_19 13811 1.89 
(13.0) 21180735 5.23 

(36.1) 

Jasper Bridge 

CH_32 7432 1.87 
(12.9) 11397815 4.21 

(29.0) 

CH_06 1241 1.12 
(7.7) 2792633 1.58 

(10.9) 

CH_07 14644 1.25 
(8.6) 32953514 4.01 

(27.6) 

CH_14 13154 1.02 
(7.0) 29600555 3.16 

(21.8) 

CH_15 12151 0.94 
(6.5) 27343496 2.83 

(19.5) 

CH_16 13162 1.00 
(6.9) 29618557 3.09 

(21.3) 

CH_17 1284 1.14 
(7.9) 2889396 1.62 

(11.2) 

CH_18 10279 0.94 
(6.5) 23130919 2.68 

(18.5) 

15 Mile Creek 
Bridge 

CH_19 9129 0.86 
(5.9) 20543064 2.36 

(16.3) 
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A trial run was performed on the fatigue specimen to check the stress 
ranges using a constant dead load of 150 kips (667 kN) plus a load range of 
60 kips (267 kN) resulting in cycles between 150 kips (667 kN) and 210 
kips (934 kN). The stirrup stress ranges captured from the trial test 
corresponding to each of the shear span stirrups are shown in Figure 4.21. 
Even though stress ranges in some of the stirrups were higher than the 
target stress range mentioned before, it was decided to use the load range of 
60 kips (267 kN) to maintain conservatism. It should also be noted that the 
stress ranges in all of the stirrups corresponding to the 150 kips – 210 kips 
(667 kN – 934 kN) load cycles were suitable for investigating the effect of 
bond fatigue rather than metal fatigue since all of the field measured stress 
ranges were well below 20 ksi (138 MPa), which is generally taken as the 
threshold for inducing metal fatigue on reinforcing steel (McGregor, 1997). 
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Figure 4.21: Stirrup strain ranges for P = 60 kips (267 kN) (stirrup #1 near column, stirrup #7 near 

stub girder) 



 
 

 97

4.6 ARRANGEMENT OF MEASURING DEVICES 

Specimens were instrumented to measure loads, strains, and displacements during 
testing. Data acquisition was performed by using an Ethernet based IOtech 
DaqBook/2001 portable data acquisition system with IOtech DBK15 universal 
current/voltage input cards. Data monitoring and recording was performed using 
DASYLab 7.0 for subsequent analyses. 
 
 
4.6.1 Internal Sensor Array 

The strains in the longitudinal flexural tension reinforcement bars were measured 
with Vishay CEA-06-125UN-120 general purpose strain gages with a gage factor 
of 2.085 ± 0.5%. Two reinforcing bars were instrumented at each reinforcement 
layer, at the centerline location, by placing strain gages between two rebar 
deformations. These strain gages were connected to Vishay 2120 series strain gage 
conditioners running at an excitation voltage of 5V and a gain of x500. 
 
In order the measure the strain in the vertical web reinforcement, the same strain 
gage model and strain gage conditioning settings were used with those used for the 
longitudinal tension reinforcement strains. In order to place strain gages, two of the 
deformations on the stirrups were removed by grinding without decreasing the 
main steel area. At least 7 stirrups were instrumented at each shear span diagonally 
where the anticipated main diagonal crack passes through the stirrups. Only for 
specimen D4.A2.GR40#4.S were the strain gages placed at the mid-height of the 
stirrups. After the precracking of specimen D6.A2.GR40#4.F, it was observed that 
most of the stirrup strain gages were damaged in the last phase of the test. In order 
to measure strains in the vertical web reinforcement, the stirrup locations were 
marked using a Profometer rebar detector, and the concrete was removed by 
chipping, thereby exposing stirrups crossing the main diagonal cracks within each 
shear span. The exposed stirrups were re-instrumented for data collection through 
the fatigue test and permitted direct comparison with field measured results.  
 
The demand on the flexural tension bars anchored in the column was measured by 
instrumenting the bars at three locations within the anchorage zone. This setup 
allowed monitoring the change in the tension force in the bars through the 
development length. The same strain gage type and strain gage conditioning 
settings were used as for the centerline longitudinal tension reinforcement. The first 
strain gage was placed on the bar at the column face where the column and the 
beam intersect, the second strain gage was placed on the bar at the centerline of the 
column, and the third strain gage was placed in between the first two. Only for 
specimen D6.A4.GR60#5.S were the anchorage bars instrumented at two locations 
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without using the third gage in the usual setup. For all of the specimens two 
anchorage bars were instrumented at each side of the specimens. 
 
 
4.6.2 External Sensor Array 

To measure global and local displacements, displacement transducers and string 
potentiometers were used. A schematic representation of the external sensor 
locations is illustrated in Figure 4.22. 

 
Figure 4.22: Typical instrumentation scheme 

In order to measure centerline and stub girder vertical displacements, 10 in. (254 
mm) and 5 in. (127 mm) string potentiometers were used, respectively, at each side 
of the beam. Support settlements were measured with displacement transducers 
having 1 in. (25 mm) stroke at the centerline of columns on both sides. The 
excitation voltage for these sensors was 5V. 
 
The diagonal deformations at each shear span were measured by 2 in. (51 mm) 
stroke string potentiometers running at an excitation voltage of 25V. Two string 
potentiometers were placed at the corners of each shear span close to the column 
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connection. The top string potentiometers measured the positive diagonal 
displacements, and the bottom string potentiometers measured the negative 
diagonal displacements, where positive is tension deformation of cracking and 
negative is compression deformation. 
 
The horizontal displacement of the specimen relative to the strong floor was 
measured using a 5 in. (127 mm) string potentiometer, which was attached to a 
stand on the strong floor. The horizontal displacements of columns relative to each 
other were measured using 5 in. (127 mm) string potentiometers attached to both 
sides of the roller support columns. The excitation voltage for these sensors was 
25V.  
 
An array of displacement sensors were placed to measure characteristic diagonal 
crack deformations. These sensors were 0.5 in. (13 mm) stroke displacement 
transducers and were mounted over the pinned side of the shear span across the 
characteristic diagonal crack. Some of the sensors were mounted to the concrete 
surface where a stirrup was embedded underneath, and some of them were on plain 
concrete zones to observe the limiting effect of web reinforcement to the crack 
width restraint. The specimens with crack clip arrays were D6.A2.GR60#5.S, 
D6.A2.GR40#4.S, and D6.A2.GR40#4.F. 
 
In order to monitor the possible slip of the flexural tension bars anchored in the 
columns, the concrete covering the tail of the bars was removed to expose the ends 
of the bars. The bars were drilled and tapped, and a hook with a threaded end was 
screwed in. String potentiometers were connected to the hooks and attached to the 
concrete in order to measure the relative slip of anchorage bars between the 
reinforcement bar and concrete. 
 
Only for specimen D6.A2/GR40#4.F were Vishay EA-06-015DJ-120/LE strain 
gages placed on concrete as a 45° strain rosette assembly in order to derive 
principle strains in the concrete.  Two strain rosette assemblies were placed at each 
shear span on the concrete strut zone. These strain gages were connected to Vishay 
2120 series strain gage conditioners running at an excitation voltage of 5V and a 
gain of x2000, for increased sensitivity. 
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5.0 EXPERIMENTAL RESULTS 

5.1 INTRODUCTION 

In this section, experimental results from full-scale bent cap specimen tests are 
presented. Results from static tests and the fatigue test are discussed separately. All 
of the specimens tested spanned in a north-south direction. The Figures illustrating 
the beams show the south end with the pin support at the left end, whereas the 
north end has the roller support shown at the right end. 
 
In the first section, results from static tests are discussed in terms of global 
structural behavior, load-deformation response, average shear stress and the depth 
of compression block reduced due to shear including the effect of vertical web 
reinforcement, and the effect of embedded reinforcement at the anchorage zone on 
the ultimate shear strength. 
 
The second section solely focuses on the fatigue test result. The effect of 1,000,000 
cycles of fatigue loading on the structural response and other experimental 
variables are discussed in detail.  
 
A reduced set of data is presented in this section in order to highlight characteristic 
results and the influence of experimental parameters on the structural behavior. The 
complete data set is contained in a separate report (Higgins, et al., 2008). 
 
 
5.2 RESULTS FROM STATIC TESTS 

5.2.1 Global Structural Behavior 

All the specimens were tested to failure as described in Section 3.5.1. Similar to the 
slender beams, visible flexural cracks at the mid span were initially observed for all 
6 ft deep specimens with combined actuator load of 200 kips (890 kN) (100 kip in 
each cylinder) resulting in a moment of 9600 kips-in (1085 kN-m) in the moment 
region between the stub girders except specimen D4.A2.G40#4.S where flexural 
cracking took place at about 100 kips (445 kN) of total load corresponding to a 
moment of 4800 kips-in (542 kN-m) in the moment region between the stub 
girders. A characteristic diagonal crack formed in the shear spans suddenly while 
the specimens were under incremental loading. Since the tests were performed via 
load control instead of displacement control, the rapid propagation of the critical 
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diagonal crack was an expected feature. For 72 in. (1.83 m) deep specimens, the 
magnitude of shear in the shear span varied between 115 kips – 130 kips when the 
characteristic diagonal crack formed. The diagonal crack was easy to distinguish, 
initiating at the bottom corner of the beam-column connection penetrating toward 
the compression block at the load application zones of the stub girders. After the 
formation of the characteristic diagonal crack, the propagation of the flexural 
cracks at the mid span diminished, and additional diagonal cracks approximately 
parallel to the critical diagonal crack formed with further load increases outlining 
the stress field at each shear span.  
 
Specimen D6.A4.G60#5.S failed while the load was held due to the crushing of 
concrete in the compression zone. Close to failure, arching diagonal cracks were 
formed that passed through the service holes. The crack pattern for specimen 
D6.A4.G60#5.S and a view of the failed shear span are shown in Figure 5.1 and 
Figure 5.2, respectively. The maximum crack width measured was 0.45 in (11.4 
mm) at a peak load of 506.4 kips (2253 kN), and the critical diagonal crack angle 
was 39.7° with respect to the horizontal direction. 
 
 

 
Figure 5.1: Crack pattern for Specimen D6.A4.G60#5.S 
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Figure 5.2: Specimen D6.A4.G60#5.S shear span at failure 

The failure mode for specimen D6.A4.G40#4.S was a shear-compression failure. In 
this mode, the concrete at the compression block was crushed, and spalling at both 
ends of the compressive strut was observed. However, there were no cracks visible 
around service holes. The crack pattern for specimen D6.A4.G40#4.S and a view of 
the failed shear span are shown in Figure 5.3 and Figure 5.4, respectively. The 
maximum crack width measured in this specimen was 0.36 in (9.1 mm) at a peak 
load of 406.6 kips (1809 kN), and the critical diagonal crack angle was 39.5° with 
respect to the horizontal direction. 
 

 
Figure 5.3: Crack pattern for Specimen D6.A4.G40#4.S 
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Figure 5.4: Specimen D6.A4.G40#4.S shear span at failure 

Specimen D6.A2.G60#5.S was the only specimen to have a ductile shear-
compression failure mode. Spalling of the concrete near the beam-column 
connection at the main longitudinal reinforcing bar elevation and minor kinking of 
the embedded reinforcing bars at the beam–column interface was observed post 
failure. Diagonal cracks crossing service holes were formed similar to those in 
Specimen D6.A4.G60#5.S.  The crack pattern for specimen D6.A4.G40#4.S and a 
digital photograph of the failed shear span are shown in Figure 5.5 and Figure 5.6, 
respectively. A maximum crack width of 0.24 in. (6.1 mm) was measured at a peak 
load of 394.2 kips (1754 kN), and the critical diagonal crack angle was 40.9° with 
respect to the horizontal direction. 
 

 
Figure 5.5: Crack pattern for Specimen D6.A2.G50#5.S 
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Figure 5.6: Specimen D6.A4.G50#5.S shear span at failure 

The failure mode for Specimen D6.A2.G40#4.S was a brittle shear-compression 
failure. Major spalling of the concrete was observed at both ends of the critical 
diagonal crack. Major deformations occurred in the longitudinal bars both at the 
compression zone and at the lower beam–column interface. Almost all of the 
stirrups were fractured at post failure. No diagonal cracks were formed around 
service holes as was the case with the other specimen having Grade 40 #4 vertical 
web reinforcement, D6.A4.G40#4.S. The crack pattern for specimen 
D6.A2.G40#4.S and a digital photograph of the failed shear span are shown in 
Figure 5.7 and Figure 5.8, respectively. In this test it was not possible to measure 
the maximum crack width, since the specimen was loaded further after the peak 
load of 293.8 kips (1307 kN). The critical diagonal crack angle was measured as 
40.5° with respect to the horizontal direction. 
 

 
Figure 5.7: Crack pattern for Specimen D6.A2.G40#4.S 
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Figure 5.8: Specimen D6.A2.G40#4.S shear span at failure 

Specimen D4.A2.G40#4.S was the only specimen with a/d ratio different than the 
other specimens, having the same shear span length, but with a shallower cross-
section. The failure mode of D4.A2.G40#4.S was brittle shear-compression. The 
crack angle for the critical diagonal crack was shallower than those observed in the 
6 ft high specimens. In addition, the critical diagonal crack became almost flat 
within the compression block connecting to a typical inclined crack propagating 
from the loading zone at the stub girder. Due to the location of the service holes, 
the critical diagonal crack passed through the smaller of the service holes, as seen 
in Figure 5.9. At later stages of loading near failure, inclined cracks were observed 
over the service holes in the failed shear span, which was unique to this specimen. 
A horizontal crack around the column circumference at the beam-column 
connection elevation was also observed. This horizontal crack was not observed in 
the other specimens, and it was assumed to form due to the bending of the column, 
which was relatively more slender compared to those in 6ft specimens. Minor 
spalling of the concrete was observed at the longitudinal reinforcement elevation 
near the beam-column connection. A digital photograph of the failed shear span is 
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shown in Figure 5.10. The maximum crack width measured for this specimen was 
0.22 in (5.6 mm), at a peak load of 207.3 kips (922 kN), and the critical diagonal 
crack angle was measured as 37.2° with respect to the horizontal direction. 
 
 

 
Figure 5.9: Crack pattern for Specimen D4.A2.G40#4.S 

 
 

 
Figure 5.10: Specimen D4.A2.G40#4.S Shear span at failure 
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5.2.2 Load – Deformation Response of Specimens 

Overall load-deformation behavior for each specimen is shown in Figure 5.11–15. 
The initial stiffness of all the 6 ft high specimens was quite similar, since the 
reinforcement is ineffective at this phase. As expected, specimen D4.A2.G40#4.S 
proved to be less stiff than the deeper specimens due to its relatively reduced 
moment of inertia. Structural response characteristics of the specimens are 
summarized in Table 5.1. The shear strength of specimen D6.A2.G40#4.F is 
included for comparison purposes.  
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Figure 5.11: Centerline load – deformation plot for specimen D6.A4.G60#5.S 
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Figure 5.12: Centerline load – deformation plot for specimen D6.A4.G40#4.S 
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Figure 5.13: Centerline load – deformation plot for specimen D6.A2.G60#5.S 
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Figure 5.14: Centerline load – deformation plot for specimen D6.A2.G40#4.S 
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Figure 5.15: Centerline load – deformation plot for specimen D4.A2.G40#4.S 
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Table 5.1: Structural response characteristics of the specimens 

# Specimen 
Name 

VAPP 
[kips] 
(kN) 

VDL 
[kips]
(kN) 

VTOT 
[kips] 
(kN) 

VCR 
[kips]
(kN) 

VCL 
[in] 
(mm) 

VDiag 
 [in] 
(mm) 

wcr 
[in] 
(mm) 

 

1 D6.A4.G60#5.S 495.2   
(2203) 

11.2     
(50) 

506.4     
(2253) 

130 
(572) 

0.77 
(19.5) 

0.26 
(6.6) 

0.45 
(11.4)

39.7 

2 D6.A4.G40#4.S 395.4   
(1759) 

11.2     
(50) 

406.6     
(1809) 

125 
(550) 

0.71 
(18.0) 

0.27 
(6.9) 

0.36 
(9.1) 

39.5 

3 D6.A2.G60#5.S 383.0   
(1704) 

11.2     
(50) 

394.2     
(1754) 

113 
(497) 

1.17 
(29.7) 

0.33 
(8.4) 

0.24 
(6.1) 

40.9 

4 D6.A2.G40#4.S 282.6   
(1257) 

11.2     
(50) 

293.8     
(1307) 

115 
(506) 

0.54 
(13.7) 

0.30 
(7.6) 

- 40.5 

5 D4.A2.G40#4.S 199.2   
(886) 

8.1       
(36) 

207.3     
(922) 

68 
(299) 

0.68 
(17.3) 

0.19 
(4.8) 

0.22 
(5.6) 

37.2 

6 D6.A2.G40#4.F 271.9 
(1204) 

11.2     
(50) 

283.1 
(1254) 

- - - - - 

 
The ultimate shear load is the combination of two components, expressed as VAPP 
and VDL. VAPP is the maximum shear force at the failure shear span applied by the 
actuators. VDL is the shear force from the beam self-weight acting on the failure 
plane. In order to calculate the VDL component, the beam self-weight of the 
effective reinforced concrete volume acting on the diagonally cracked failure plane 
was computed, as illustrated in Figure 5.16.  
 

 
Figure 5.16: Effective volume used in dead weight calculation 

The unit weight of reinforced concrete was taken as 150 lb/ft3 (2400 kg/m3) and 
multiplied with half of the effective reinforced concrete volume to calculate the 
shear force from the beam self-weight acting on the failure plane. VTOT is the total 
shear force calculated by adding the self weight shear to the maximum shear force 
applied by the actuators. VCR is the diagonal cracking shear force determined 
according to the readings from the diagonal displacement sensors measuring the 
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total diagonal displacement orthogonal to the crack orientation at the shear spans. 
The relation between the diagonal displacement at the shear spans where failure 
occurred and the maximum shear force applied by the actuators for all specimens is 
shown in Figure 5.17. VCL is the centerline displacement corresponding to the 
failure load calculated by subtracting support settlements from the centerline 
deflection measurement taken relative to the strong floor. VDiag is the diagonal 
displacement measured across the tension-field of the failed shear span at the 
maximum applied load, and � is the characteristic diagonal crack angle with 
respect to the longitudinal axis of the specimen. 
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Figure 5.17: Diagonal displacements for all specimens at the failed shear span (backbone curves are 

shown for clarity) 

First, a comparison between the specimens having the same anchorage zone steel 
configuration will be made. When specimens D6.A4.G60#5.S and D6.A4.G40#4.S 
are compared where the amount of flexural steel at the anchorage zone was the 
same but the product of the nominal web reinforcement area, Av, and the measured 
web reinforcement yield strength, fyv, was reduced approximately by 48%, there 
was a loss in shear capacity by 99.8 kips (443.5 kN), which corresponds to a 19.7% 
reduction in capacity. When specimens D6.A2.G60#5.S and D6.A4.G40#4.S are 
compared, which have the same anchorage zone steel configuration, it is seen that 
there is a degradation in shear capacity by 100.4 kips (446 kN) corresponding to a 
25.5 % decrease in shear capacity when Av*fyv was reduced by 48%. 
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A second comparison can be made between specimens having the same web 
reinforcement configuration but different anchorage zone steel properties. 
Specimens D6.A4.G60#5.S and D6.A2.G60#5.S both have Grade 60 #5 stirrups as 
the web reinforcement, but there is a reduction of 52% in the product of the area of 
embedded flexural steel anchored in the column and the measured tension steel 
yield strength fy, which results in a loss of 112.2 kips (498.6 kN) in shear strength 
corresponding to a 22.2 % reduction in shear capacity. Similarly, when specimens 
D6.A4.G40#4.S and D6.A2.G40#4.S, both having Grade 40 #4 stirrups as the web 
reinforcement, are compared, a loss of 112.8 kips in shear strength (501.3 kN) is 
observed corresponding to a 27.7% reduction in shear capacity when the flexural 
anchorage capacity was reduced by 50%. 
 
Specimen D4.A2.G40#4.S had the same number of embedded flexural steel 
anchored in the column and web reinforcement properties as specimen 
D6.A2.G40#4.S. As a result of reducing the overall height of the specimen by 
33.3%, the loss in shear capacity was 86.5 kips. 
 
 
5.2.3 Average Shear Stress and Depth of the Shear Compression 
Block (cs) 

Depth of the concrete shear compression block, cs, has been identified as an 
important variable affecting the overall shear strength of a deep beam since it 
defines the zone where failure occurs when shear-compression failure mode is 
observed. The depth of the shear compression block is a portion of the flexural 
compression block, c, above the flexural cracks as illustrated in Figure 5.18. 
According to Zararis (2003), the height of the shear compression block depends 
mainly on the shear span to depth ratio and secondarily on the ratio �v/� where �v 
is the web reinforcement ratio and � is the flexural reinforcement ratio. 
 

 
Figure 5.18: Shear compression block (cs) and flexural compression block (c) 
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Table 5.2 shows the approximate shear compression block depth, cs, measured after 
failure; the effective depth, dvs, which is the vertical distance between the mid-
height of the concrete shear compression block and the tension reinforcement at the 
beam-column connection; flexural reinforcement ratio at the anchorage zone, �a, 
calculated from Equation 5.1; vertical web reinforcement ratio, �v, calculated from 
Equation 5.2; the average shear stress at failure term, �average,max, introduced for 
comparison purposes calculated from Equation 5.3; and the average shear stress at 
failure,�normalized, normalized by the square root of day-of-test cylinder concrete 
compressive strength in order to eliminate variations in test day concrete strengths 
for a more direct comparison. 
 

 s,a
a

A
b d

ρ =  (5.1) 

 
Where As,a is the area of the embedded reinforcement in the anchorage zone, b is 
the beam width, and d is the effective height, defined as the distance between the 
centroid of the flexural tension steel bars, and the top compression fiber of the 
section. 

 

 v
v

A
bs

ρ =  (5.2) 

 
Where Av is the vertical web reinforcement area, b is the beam width, and s is the 
vertical web reinforcement spacing. 

 

 APP
average,max

vs

V
bd

ν =  (5.3) 

 

 APP
normalized

vs c

V
bd f

ν =
′

 (5.4) 

 
Where VAPP (lbs) is the ultimate shear force including self-weight, b (in) is the 
beam width, dvs (in) is the vertical distance between the mid height of the concrete 
shear compression block and the tension reinforcement at the beam-column 
connection, and fc’ (psi) is the test day cylinder compressive strength of concrete. 
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Table 5.2: Average Shear Stress and Depth of Shear Compression Block 

# Specimen 
Name 

cs 
[in] 
(cm) 

da 
[%] 
 

dv 
[%] 
 

dvs 
[in] 
(cm) 

daverage,max 
[ksi] 
(MPa) 

d normalized
[-] 
(NA) 

1 D6.A4.G60#5.S 9.500 
(24.1) 0.558 0.443 65.05 

(165.2) 
0.487 
(3.32) 

7.74 

2 D6.A4.G40#4.S 9.125 
(23.5) 0.558 0.286 65.23 

(165.7) 
0.390 
(2.69) 

6.29 

3 D6.A2.G60#5.S 6.250 
(15.9) 0.279 0.443 66.67 

(169.3) 
0.370 
(2.55) 

5.80 

4 D6.A2.G40#4.S 6.250 
(15.9) 0.279 0.286 66.67 

(169.3) 
0.275 
(1.90) 

4.64 

5 D4.A2.G40#4.S 3.750 
(9.5) 0.426 0.286 43.92 

(111.5) 
0.295 
(2.03) 

4.85 

6 D6.A2.G40#4.F 6.500 
(16.5) 0.279 0.286 66.55 

(169.0) 
0.266 
(1.83) 

4.28 

 
For the first four specimens, where the shear span to depth ratio remains the same, 
it can be seen that the compression block depth above the critical diagonal crack is 
primarily affected by the amount of tension reinforcement embedded in the 
anchorage zone and secondarily affected by the vertical web reinforcement ratio. 
The depth of the shear compression block above the critical diagonal crack 
significantly increases with increasing amount of tension reinforcement embedded 
in the anchorage zone, while it slightly decreases with increasing vertical web 
reinforcement ratio. 
 
Figure 5.19 illustrates the relation between the reinforcement ratios and the 
normalized average shear stress at failure for all of the specimens. The dash lines 
were placed in order to compare specimens having the same tension reinforcement 
ratio but different web reinforcement ratios or vice versa.  
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Figure 5.19: (a) Normalized average shear stress – tension reinforcement stress, (b) Normalized 

average shear stress – vertical web reinforcement stress 

By comparing specimens having the same web reinforcement ratios but different 
tension reinforcement ratios at the column face (D6.A4.G60#5.S – D6.A2.G60#5.S 
and D6.A4.G40#4.S – D6.A2.G40#4.S, it was observed that the same amount of 
reduction in the number of bars embedded in the anchorage zone resulted in 
approximately the same degradation in the normalized average shear stress at 
failure for both cases. Likewise, by comparing specimens having the same tension 
reinforcement ratios at the column face but different web reinforcement ratios 
(D6.A4.G60#5.S – D6.A4.G40#4.S and D6.A2.G60#5.S – D6.A2.G40#4.S), it was 
seen that the same amount of reduction in the web reinforcement ratio (and also in 
the yield strength) resulted in approximately the same degradation in the 
normalized average shear stress at failure for both cases. As expected, the same 
degradation pattern was not observed when the 4 ft (122 cm) deep specimen 
D4.A2.G40#4.S was compared with 6 ft (183 cm) deep specimens, which is due to 
the change in the a/d ratio resulting in a different response behavior. Moreover, 
when specimens D6.A2.G40#4.S and D6.A2.G40#4.F are compared, the degrading 
effect of the fatigue loading to the normalized average shear stress at failure can be 
observed. Detailed results from the fatigue test will be discussed in later sections. 
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The relation between the tension reinforcement ratio at the column face, the web 
reinforcement ratio, and the normalized average shear stress at failure for the 
statically loaded specimens having the same a/d ratio can also be illustrated as a 
failure plane as shown in Figure 5.20. 
 

 
Figure 5.20: Relationships between the tension reinforcement ratio at the column face, web 

reinforcement ratio, and the normalized average shear stress at failure, for statically loaded 
specimens having a/h ratio of 1.33 

 
5.2.4 Web Reinforcement 

Since strain gages were placed along the critical diagonal crack path, it was 
possible to measure the maximum demand on stirrups. It was observed that at 
earlier steps of loading, stirrups strains were insignificant since the demand on 
stirrups was very low or almost nonexistent prior to cracking. Upon formation of 
the characteristic diagonal crack, which propagates from the beam soffit–column 
face upward toward the loading point as shown in Figure 5.21, there was a sudden 
increase in strain measured in the stirrups crossing diagonal crack. This was 
observed for all of the bent cap specimens. At later loading stages, the critical 
diagonal crack continued to propagate and crossed over additional stirrups inducing 
strains on those which were previously not engaged. It can be seen that stirrups 
crossing the critical diagonal crack were activated sequentially depending on the 
progress of the crack propagation.  
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Figure 5.21: Splitting plane of the critical diagonal crack 

The relation between stirrup strains and the shear force on the corresponding shear 
span for specimen D6.A2.G60#5 is shown in Figure 5.22, as an example. By 
observing the force–strain relation in the plot, it can be seen that all of the stirrups 
sequentially achieve yield before failure. Thus, Vs can be reasonably estimated as 
the yield stress times the area of stirrups crossing the characteristic diagonal crack. 
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Figure 5.22: Stirrup strains – shear force relation for specimen D6.A2.G60#5.S 

The sequential yielding behavior of the vertical web reinforcement can be seen 
more clearly in Figure 5.23, where the variation of stresses in specimen 
D6.A2.G60#5.S north shear span stirrups is shown for each increment of 50 kips in 
applied shear force (see Section 3 for stirrup numbering system), as an example. 
Stirrup stresses was calculated according to the Hooke’s Law, by taking the 
modulus of elasticity as 29000 ksi (200 GPa) up to the yield point and then 
assuming perfectly plastic behavior after yielding.  
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Figure 5.23: Change in stirrup stresses at different stages of loading 
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In order to assess the post-failure behavior of bent caps, specimen D6.A2.G40#4.S 
was loaded further after reaching the peak load. Fracture of stirrups was observed 
as the specimen underwent very large displacements as shown in Figure 5.24. 
However, this phenomenon is a post-failure event, and the failure of specimens was 
not controlled by progressive fracture of stirrups. 
 

 
Figure 5.24: Fractured stirrups at post-failure (specimen D6.A2.G40#4.S) 

 
5.2.5 Anchorage Zone 

The flexural tension reinforcement at the bottom of a bent cap, which is anchored 
into the bent columns, plays a crucial role on the failure mode and the ultimate load 
capacity of bent caps since a pull-out or anchorage failure may lead to total system 
collapse of the bridge due to the non-redundant nature of the bent cap member. 
1950’s vintage RCDG bridge bent caps are usually considered as inadequate due to 
poorly detailed anchorages when analyzed by conventional methods such as those 
available in the ACI and AAHSTO specifications. The specimens were designed in 
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a manner that reasonably reflects their in-field counterparts including the 
anchorage zone detailing.  
 
As described in Section 3.6, the embedded straight flexural tension reinforcement 
terminated in the columns. Only a minimum cover was provided at the tail. 
Reinforcing bars were monitored with strain gages to measure the strain in the bar 
at distinct locations within the anchorage zone, and the ends of the bars were 
monitored with displacement transducers to measure the rebar end slip relative to 
the column surface. Strain gages along the embedment were placed at the column 
face, ¼ point, and centerline of the column. 
 
Relative displacement measurements revealed that slip of the flexural 
reinforcement in the column did not occur for 6ft deep bent cap specimens. 
However, slip of the flexural reinforcement was observed in all the embedded 
reinforcing bars for specimen D4.A2.G40#4.S with relative displacement ranging 
between 0.0037 – 0.0049 in. This phenomenon can be explained by the interaction 
between the beneficial influence of normal pressure from column axial loading on 
bond strength and the relative bond stress demand on the tension reinforcement. 
Untrauer and Henry (1965), Malvar (1992), Kong et al. (1996), and Koester and 
Higgins (2008) studied the influence of normal pressure on bond strength, and their 
experiments showed that normal pressure applied on the rebar anchorage increases 
the bond strength.  Specimens D6.A2.G40#4.S and D4.A2.G40#4.S had the same 
properties in terms of web reinforcement and the embedded tension reinforcement. 
Slip of the reinforcement was measured when approximately 130 kips of shear 
force was applied to specimen D4.A2.G40#4.S, but no rebar slip event was 
observed for specimen D6.A2.G40#4.S at the same load level corresponding to the 
same amount of normal pressure applied on the embedded rebar. However, the 
demand on the tension reinforcement in specimen D4.A2.G40#4.S at that load was 
higher than it was in specimen D6.A2.G40#4.S due to the reduced moment arm 
length in the shallower specimen. When the demand on the tension reinforcement 
in the deeper specimen reaches the same amount that caused slip of the 
reinforcement in the shallower specimen, the normal pressure on the rebar also 
increases with higher applied load increasing the slip resistance. 
 
Embedded tension reinforcement strains were measured with strain gages bonded 
at three distinct locations along the embedment as explained in Section 3.6.1 for 
each of the two reinforcing bars at both sides of the specimens except specimen 
D6.A4.G60#5.S where only two strain gages were bonded for each end of the 
embedded reinforcing bar. Since the demand on the embedded reinforcing bars at 
the anchorage zone was very low prior to the appearance of the characteristic 
diagonal crack, reinforcing bar strains were also almost nonexistent. A sudden 
increment in strain was observed when the characteristic diagonal crack formed 
due to the progressive demand on the reinforcing bars as shown in Figure 5.25 
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where the relation between the column reaction and northwest embedded 
reinforcement strains are shown for specimen D6.A2.G40#4.S as an example.  
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Figure 5.25: Relation between the column reaction and strains at the embedded reinforcement at the 
anchorage zone (Specimen D6.A4.G40#4.S NW) 

 
5.2.5.1 Estimating the Demand on the Tension Reinforcement at Failure 

In order to determine the demand on the tension reinforcement at failure, 
the strain measurement at the column–beam interface is needed. However, 
it was observed that the strain gage placed at the column face where the 
column and the beam intersect did not always yield reliable measurements 
for load steps after the formation of the critical diagonal crack due to 
extensive cracking at that location and localized bending of the bar at the 
interface. In order to estimate the demand on the tension reinforcement and 
the average bond stress at failure, a second order polynomial extrapolation 
technique was employed. Since the strain and the bond stress must be zero 
at the tail of the reinforcing bar (taken as the origin), boundary conditions 
given in Equation 5.5 must to be satisfied. 

 
(0) 0
(0) 0

ε =
′ε =

       (5.5) 
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Disturbances due to cracking and bending was minimal at locations of inner 
two strain gages, and strain readings from those two gages for each new 10 
kips increment in shear force were collected to be used in the extrapolation. 
The strain at the tail of the reinforcing bar was set to zero, and this location 
was added as a third point for the curve fit. Using a commercially available 
mathematics package, a second order polynomial curve fit in the form given 
by Equation 5.6, which satisfies the boundary conditions, was developed 
from the measured strains in order to achieve a strain distribution function 
along the anchorage zone. An example plot presenting sequential strain 
distribution functions for incremental load steps is shown in Figure 5.26. 
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Figure 5.26: Strain distribution in the embedded reinforcement at the anchorage zone 

(D6.A2.G40#4.S SE bar) 

 2(x) Axε =        (5.6) 

The tension stress, A(x), and the tension force, F(x), in the longitudinal 
reinforcing bar as a function of the distance from the rebar tail is calculated 
from Equation 5.7, and Equation 5.8, respectively: 

 

 y

y y

(x) E for (x)
(x)

f E for (x)
ε ε < ε⎧

σ = ⎨ ε ≥ ε⎩
   (5.7) 
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 s y

y s y

(x) A E for (x)
F(x)

f A for (x)
ε ε < ε⎧

= ⎨ ε ≥ ε⎩
   (5.8) 

Where E is the modulus elasticity of steel, taken as 29000 ksi, As is the area 
of the tension reinforcement, and fy and fy are the yield stress and yield 
strain of steel from material tests, respectively. An example plot presenting 
sequential stress distribution functions for incremental load steps is shown 
in Figure 5.27. 
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Figure 5.27: Stress distribution in the embedded reinforcement at the anchorage zone 
(D6.A2.G40#4.S SE bar) 

The bond stress, F(x), between concrete and the reinforcing bar can be 
defined as the rate of change in the tension force in the bar divided by the 
nominal perimeter of the bar. Since the force distribution function can be 
obtained from Equation 5.8, it is possible to calculate the approximate bond 
stress, F(x) on the reinforcing bar at any location within the anchorage zone 
from Equation 5.9: 

 
b

1 dF(x)(x)
d dx

μ =
π

      (5.9) 
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Where db is the diameter of the reinforcing bar.  

The average bond stress, �avg, along the anchorage zone can be calculated 
as the area under the approximate bond stress curve, divided by the 
distance, which is given in Equation 5.10. 

 

y

y c

y

x

0
avg

(x)dx
, 0 x x

x

μ
μ = < ≤

∫
    (5.10)  

Where xy is the coordinate of the yield location in the reinforcing bar within 
the anchorage zone. It should be noted that if the yield location occurs 
outside of the column anchorage zone, the value of xy should be taken as the 
total length of the anchorage zone, which equals the column width less the 
tail cover, xc. An example plot presenting bond stress distributions for 
incrementally larger load steps is shown in Figure 5.28. 
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Figure 5.28: Bond stress distribution in the embedded reinforcement at the anchorage zone 

(D6.A2.G40#4.S SE bar) 
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5.2.5.2 AASHTO LRFD and ACI 318-05 Development Length 

In this section development length and average bond stress equations from 
AASHTO LRFD (2005), and ACI 318-05 (2005) are compared with the 
experimental data. 

Development length, ld, is defined as the minimum length of the embedment 
required to fully develop the rebar stress from zero to yield stress, fy, and 
can be expressed as: 

 y b
d

avg

f d
l

4
=

μ
       (5.11) 

According to AASHTO-LRFD, the development length of a straight bar 
only depends on the diameter and the yield strength of the bar and the 
compressive strength of concrete neglecting all other effects such as passive 
or active confinement, concrete unit weight, and existence of coatings. 
AASHTO-LRFD section 5.11.2.1.1 calculates the development length for 
#11 (36) or smaller straight reinforcing bars as: 

 b y
d AASHTO LRFD

c

1.25A f
l

f
=

′
     (5.12) 

Where Ab (in2) is the area of the reinforcing bar being developed, fy (ksi) is 
the nominal yield strength and fc’ (ksi) is the concrete cylinder compressive 
strength. AASHTO-LRFD limits the development length by: 

 d,min AASHTO LRFD b yl 0.4d f=      (5.13) 

Where db (in2) is the diameter of the reinforcing bar, and fy (ksi) is the 
nominal yield strength. 

ACI 318-05 provides a more complex equation to determine the 
development length taking into account passive confinement, concrete unit 
weight, and rebar coating among others, but not considering the effect of 
active confinement. ACI 318-05 section 12.2.3 calculates the development 
length as: 
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    (5.14) 

Where db (in) is the diameter of the bar, fy (psi) is the yield strength of the 
bar, fc’ (psi) is the concrete cylinder compressive strength, �t, �e, and �s 
are coefficients for location of the bar, epoxy coating, and bar size effects, 
� is a modifier for normal or lightweight concrete, cb is the least dimension 
of either the distance from the center of the bar to nearest concrete surface 
or one-half the center-to-center spacing of the bars being developed, and Ktr 
is a factor that represents the contribution of confining reinforcement, 
calculated as: 

 tr yt
tr

A f
K

1500 sn
=        (5.15) 

Where Atr (in2) is the area of transverse steel, fty (psi) is the yield strength of 
the transverse reinforcement, s (in) is the center to center spacing of the 
transverse reinforcement, and n is the number of bars being developed in 
the plane. ACI 318-05 also states that the term (cb+Ktr)/db cannot be taken 
as larger than 2.5. 

It is possible to determine the average bond stress employed by AASHTO 
LRFD and ACI 318-05 by equalizing Equation 5.11 to Equation 5.12 and to 
Equation 5.14, respectively: 

 c
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π
      (5.16) 
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Development lengths and average bond stresses calculated from AASHTO-
LRFD and ACI 318-05 expressions are given in Table 5.3. The 
experimental values, which were derived from the polynomial extrapolation 
technique described previously, are also included in this table. First, the 
calculated flexural rebar development lengths and corresponding bond 
stresses were averaged for south and north ends of specimens. Second, 
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average bond stresses from the north and south ends were compared, and 
the larger of average values was selected to populate the table.  It should be 
noted that slip of the embedded reinforcement was not observed in any of 
the specimens, except specimen D4.A2.G40#4.S. Therefore, calculated 
values from experiments do not represent limiting values such as those from 
pull-out tests.  

Table 5.3: Development lengths and average bond stresses 

# Specimen 
Name 

ld 

AASHTO
[db] 

lave 

AASHTO 
[psi] 

(MPa) 

ld ACI 
[db] 

lave ACI 
[psi] 

(MPa) 

ld EXP 
[db] 

lave EXP 
[psi] 

(MPa) 

1 D6.A4.G60#5.S 50.4 353 
(2.43) 44.6 399 

(2.75) - - 

2 D6.A4.G40#4.S 48.8 349 
(2.41) 43.2 395 

(2.72) 15.0 1122.3 

3 D6.A2.G60#5.S 47.6 358 
(2.47) 42.1 405 

(2.79) 12.3 1370.0 

4 D6.A2.G40#4.S 50.5 338 
(2.33) 44.7 382 

(2.63) 12.7 1324.0 

5 D4.A2.G40#4.S 50.6 343 
(2.37) 44.7 388 

(2.67) 14.7 1162.0 

 
As seen in Table 4.3, AASHTO-LRFD provides more conservative results. 
On the other hand, ACI 318-05 benefits from the additional passive 
confinement term, and results in relatively less conservative predictions. 
None of the current North American codes takes into account the beneficial 
effects of active confinement, such as the presence of normal pressure in the 
column, which causes a clamping force across the developing flexural 
reinforcement, thereby improving the bond strength, resulting in reduced 
development lengths. Koester and Higgins (2008) conducted experimental 
research to evaluate flexural reinforcing bar anchorages terminating in 
columns and proposed a modification function for ACI 318-05 development 
length equation, which introduces a relation between the bond strength and 
the active confining stress produced in the column. The proposed relation 
between active confining stress and bond strength within a lower end 95% 
confidence interval is: 

 avg ACI,modified avg ACI
p(0.8 )

800
μ = + μ     (5.18) 
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Where p (psi) is the active confining stress in the column acting transverse 
to the developing bars. 

Even though the bent cap flexural bond stresses from experimental results 
are not limit values, the data fit very closely with the average results, as 
shown in Figure 5.29. 
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Figure 5.29: Effect of confining stress on bond strength (Koester, Higgins 2008) 

 
5.2.6 Crack Growth in Specimens 

As explained in Section 3.6.2, an array of crack displacement measurements were 
taken using, 0.5 in. (13 mm) stroke displacement transducers that were mounted 
over the pinned side of the shear span along the characteristic diagonal crack. Some 
of the crack displacements were measured on the concrete surface where a stirrup 
was embedded underneath, and some of them were on plain concrete zones to 
observe the limiting effect of web reinforcement to the crack width growth. 
Specimens with crack clip arrays were D6.A2.GR60#5.S, D6.A2.GR40#4.S, and 
D6.A2.GR40#4.F. 
 
The crack width changes at increasing loads were observed to be highest near the 
column-beam interface, and became relatively smaller along the crack path to the 
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load application point. It was also observed that at lower load levels, the limiting 
effect of the web reinforcement to restrain the crack width was not very significant. 
At lower load levels, the average crack width growth was approximately 
proportional to the applied shear. However, significant restraining effect of the 
stirrups to the crack width was observed at higher loads, as seen in Figure 5.30. 
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Figure 5.30: Change in crack growth in Specimen D6.A2. G60#5.S for various load levels (asterisks 

denote existence of web reinforcement under the crack clip) 

Offset of the concrete surface along the critical diagonal crack was observed in all 
of the specimens, as seen in Figure 5.31. The crack motion was primarily in the 
direction transverse to the critical diagonal crack, which can also be seen in Figure 
5.31. 
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Figure 5.31: Offset of the concrete surface along the critical diagonal crack 

 
5.2.7 Summary Observations from Static Tests 

• The observed failure mode in all of the specimens was shear 
compression, which is caused by crushing of concrete in the 
compression zone at the top of a characteristic diagonal crack. 

• Failure mode was generally brittle; however, a ductile failure mode was 
observed in one specimen due to substantial yielding of the flexural 
anchorages. 

• Both anchorage of flexural steel and vertical web reinforcement was key 
to developing higher ultimate capacity. 

• Initial diagonal-tension cracking was observed at an average concrete 
shear stress approximately corresponding to cr c1.8 f ′ν = , with a 
coefficient of variation of 0.09. 

• For specimens having the same a/d ratio, depth of the concrete 
compression block is mainly controlled by the amount of embedded 
reinforcement in the anchorage zone. The effect of vertical web 
reinforcement to the depth of the concrete compression block was 
minimal. 

• Sequential yielding of the vertical web reinforcement was observed in 
all of the specimens as the characteristic diagonal crack further 
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propagated into the compression block. Crack widths were sufficiently 
wide to permit yielding of all stirrups across the crack. 

• A polynomial extrapolation method was employed to approximate the 
tension demand on the embedded reinforcement in the anchorage zone. 
Results show that the embedded flexural reinforcement was beyond 
yield at the column face when failure occurred. 

• Slip of embedded reinforcement was not observed except for the 4 ft 
deep specimen, D4.A2.G40#4.S. 

• Development length equations provided in AASHTO-LRFD and ACI 
318-05 codes were observed to be overly conservative since neither of 
these provisions takes into account the beneficial effect of active 
confining stress on bond strength.  

• At flexural steel cut-offs, vertical flexural cracks were observed to turn 
into diagonal cracks near the bar cut-off locations due to the stress 
concentration at those locations. However, these did not control the 
strength of specimens. 

• The angle of the characteristic diagonal crack appeared to mainly 
depend on the a/d ratio and secondarily on the amount of embedded 
reinforcement in the anchorage zone. The effect of vertical web 
reinforcement on the crack angle was relatively less. 

• The heavier web reinforcement configurations resulted in more 
extensive cracking at the shear span compared to specimens with lighter 
web reinforcement. 

• Offset of the concrete surface was observed most visible along the 
critical diagonal crack probably as a result of localized stirrup 
debonding. 

• Observed crack motions indicated relatively little motion parallel to the 
diagonal crack when compared with the motion in the direction 
transverse to the crack.  

• The presence of utility holes did not affect the ultimate shear strength of 
6 ft (183 cm) deep specimens considering their location with regard to 
the characteristic diagonal crack. However their presence might have 
affected the behavior of the 4 ft (122 cm) deep specimen since the 
critical diagonal crack passed through one of the holes. This issue is 
further investigated by comparing experimental and nonlinear finite 
element analysis results in Section 5.6 of this document. 

 



 
 

 133

5.3 RESULTS FROM THE FATIGUE TEST 

Specimen D6.A2.G40#4.F was subjected to high cycle fatigue to examine the 
effects of repeated service level loading on structural response and strength. The 
fatigue experiment was conducted in three phases. In the first phase a precracking 
test was performed on specimen D6.A2.GR40#4.F using the static test load setup 
and the previously described loading protocol in order to produce significant 
diagonal cracks similar to those observed from field inspections. In the second 
phase the loading scheme was changed to single point loading, and 1,000,000 
cycles of fatigue loading were applied to the specimen. During this phase, data 
were collected from strain gages placed on the transverse reinforcement, flexural 
reinforcement, and on the concrete surface where mean strain and strain range data 
were collected continuously. An array of displacement sensors was also placed 
across the characteristic diagonal crack on the south shear span in order to observe 
crack motions during fatigue cycles. At intervals of 100,000 cycles, “check” tests 
were performed to capture additional data from displacement sensors that were 
detached during fatigue cycling. The last phase of the fatigue experiment was the 
failure test where the fatigue load setup was replaced with the static load setup. In 
this final phase, the specimen was tested with the static load protocol from the 
beginning until failure. More information about material properties, fatigue loading 
scheme, and instrumentation is given in Section 3. 
 
In the following sections, results and observations from each of the fatigue 
experiment phases are presented and discussed. Similar to the static test results, a 
reduced set of data is presented in this section to highlight characteristic results and 
the influence of experimental parameters on the structural behavior. The complete 
data set is contained in a separate report (Higgins, et al., 2008). 
 
 
5.3.1 Precracking Test 

Specimen D6.A2.G40#4.F was loaded for 5 main static cycles up to a total applied 
load of 450 kips (2002 kN) resulting in an applied shear load of 225 kips (1001 
kN), which corresponds to a total shear load of 236 kips (1050 kN) with the 
inclusion of dead load on both shear spans. When specimen D6.A2.G40#4.F is 
compared with specimen D6.A2.G40#4.S, which had the same reinforcement 
detailing, the total shear load applied for the precracking test corresponds to 83% 
of the static test specimen’s shear capacity. Load–deformation response of the 
fatigue specimen during the precracking phase is shown in Figure 5.32.  
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Figure 5.32: Load - deformation response of similarly detailed fatigue and static specimens during 

initial loading 

The initial stiffnesses of specimen D6.A2.G40#4.S and specimen D6.A2.G40#4.F 
were observed to be similar. The formation of the characteristic diagonal crack in 
the fatigue specimen took place slightly earlier than its counterpart, which was 
attributed to different test day concrete strengths (3463 psi vs. 3542 psi). The 
overall load–deformation response of both specimens was similar, which enables 
direct comparisons to be made after fatigue cycles. Key structural parameters from 
the precracking test are given in Table 5.4. 
 
Table 5.4: Specimen D6.A2.G40#4.F Precracking Structural Response Parameters 

# Specimen 
Name 

VAPP 
[kips] 
(kN) 

VDL 
[kips] 
(kN) 

VTOT 
[kips] 
(kN) 

VCR 
[kips] 
(kN) 

VCL 
[in] 
(mm) 

VDiag 
[in] 
(mm) 

6 D6.A2.G40#4.F 225 
(1001) 

11.2 
(49.8) 

236.2 
(1051) 

102 
(454) 

0.33 
(8.4) 

0.12 
(3.1) 

 
The crack widths were monitored at six distinct locations on the characteristic 
diagonal cracks on both shear spans with an Oregon Department of Transportation 
(ODOT) crack comparator at load and after unloading. A micrometer was used 
when the crack width was beyond the crack comparator’s range. The crack widths 
measured on the main diagonal cracks when the specimen was unloaded at the end 
of the precracking test ranged between 0.030 in. - 0.050 in. (0.76 mm – 1.27 mm), 
and 0.016 in. – 0.030 in. (0.41 mm – 0.76 mm) for the north and the south shear 
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spans, respectively. Readings from six distinct crack measurement locations at 
unloaded stages are given in Table 5.5. Crack measurement locations are also 
shown for the south and north shear spans in Figure 5.33, and Figure 5.34, 
respectively. 
 
Table 5.5: Measured Crack Widths at the End of the Precracking Test 

Location 
Crack Width 

[in] 
(mm) 

CML North – 1 0.020 
(0.51) 

CML North – 2 0.030 
(0.76) 

CML North – 3 0.016 
(0.41) 

CML South – 1 0.030 
(0.76) 

CML South – 2 0.050 
(1.27) 

CML South – 3 0.040 
(1.02) 

 

 
Figure 5.33: Specimen D6.A2.G40#4.F south shear span instrumentation layout 
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Figure 5.34: Specimen D6.A2.G40#4.F north shear span instrumentation layout 

It was observed that all of the instrumented stirrups reached yielding during the 
precracking test. As was the case in the previous static tests, stirrups crossing the 
critical diagonal crack were activated sequentially depending on the progress of the 
crack propagation. The relation between stirrup strain in Stirrup S-S7 and the 
applied shear is shown in Figure 5.35 as an example. 
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Figure 5.35: Specimen D6.A2.G40#4.F stirrup S-S7 shear – strain relation 
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None of the instrumented flexural bars at mid-span yielded during the precracking 
test. This result was expected since yielding of the flexural bars at mid-span was 
not observed in the previous specimens even at much higher loads due to the large 
amount of reinforcement at mid-span. On the other hand, readings from the strain 
gages on the embedded reinforcement at the anchorage zone indicated that the bars 
were either very close to yielding or yielded in the last load cycle of the 
precracking test. The same polynomial extrapolation method, which was explained 
previously in Section 5.2.5.1, was employed to approximate the tension demand on 
the embedded reinforcement at the column face in the anchorage zone. An example 
plot which shows the relation between anchorage steel strain readings from the SE 
embedded bar strain gages and the applied shear is shown in Figure 5.36. 
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Figure 5.36: Specimen D6.A2.G40#4.F SE embedded bar shear – strain relation 

5.3.2 Fatigue Test 

The fatigue load range was determined from field tests as described in Section 
5.3.2.1. The fatigue load was applied with a single hydraulic actuator at the 
centerline of the specimen for 1,000,000 cycles and ranged between 150 kips and 
210 kips. In this case, the shear load at each shear span varied between 75 kips and 
105 kips simulating the superimposed dead load on the bridge bent cap plus the live 
load imposed by vehicles passing through the bridge. The applied fatigue load was 
monitored directly. Mean shear and the shear range applied to the specimen 
through the fatigue testing phase is shown in Figure 5.37. 
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Figure 5.37: Specimen D6.A2.G40#4.F mean shear load and shear load range during fatigue phase 

5.3.2.1 Effect of Fatigue Loading on Web Reinforcement 

It was observed that in the south shear span the stirrup mean stresses tended 
to decrease during the fatigue loading as shown in Figure 5.38. The north 
shear span stirrup mean stresses also decreased in most of the cases as 
shown in Figure 5.39. However the average reduction in mean stress was 
less than that observed in the south shear span. Mean stress readings from 
all north and south stirrups are summarized in Table 5.6 presenting best fit 
of the results over the entire fatigue cycling and the percentage difference. 
In general the changes in mean stresses were small. As seen in Figure 5.38 
and Figure 5.39, there was a definite temperature influence seen in the 
strain data. The general declining trend of the mean stresses was very slight 
and negligible compared with the thermal effects. 
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Figure 5.38: Specimen D6.A2.G40#4.F south shear span stirrup mean stresses 
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 Figure 5.39: Specimen D6.A2.G40#4.F north shear span stirrup mean stresses 
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Table 5.6: Specimen D6.A2.G40#4.F Stirrup Mean Stresses 

Stirrup # 

0-100K 
cycles 
Mean Stress 
[ksi] 
(MPa) 

900K-1000K 
cycles 
Mean Stress 
[ksi] 
(MPa) 

% Difference 

S-S1 27.6 
(190) 

27.1 
(187) 

-1.9 

S-S2 34.0 
(234) 

32.5 
(224) 

-4.4 

S-S3 34.7 
(239) 

32.8 
(226) 

-5.6 

S-S4 27.6 
(190) 

28.1 
(194) 

1.9 

S-S5 28.0 
(193) 

26.9 
(186) 

-3.7 

S-S6 24.1 
(166) 

21.9 
(151) 

-9.3 

S-S7 26.1 
(180) 

22.8 
(157) 

-12.9 

S-N1 26.9 
(186) 

26.7 
(184) 

-0.5 

S-N2 36.6 
(252) 

36.4 
(251) 

-0.4 

S-N3 33.2 
(229) 

33.8 
(233) 

1.9 

S-N4 35.9 
(248) 

34.7 
(239) 

-3.5 

S-N5 32.6 
(225) 

32.3 
(223) 

-0.9 

S-N6 24.8 
(171) 

24.4 
(168) 

-1.6 

S-N7 21.2 
(146) 

20.7 
(143) 

-2.2 

 
Stress ranges in the first four stirrups from the beam-column interface 
(except stirrup S-N1) in both shear spans slightly increased during fatigue 
loading, while strain ranges measured on the remaining stirrups closer to the 
stub girders tended to slightly decrease as seen in Figure 5.40 and Figure 
5.41. The change in the stress ranges occurred mainly in the first half of the 
fatigue test then became relatively steady and almost constant in the later 
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part of the test. Stress range readings from all north and south stirrups are 
summarized in Table 5.7 including best fit line of the data during fatigue 
cycling and the percentage difference from the initial to final cycles. It was 
also seen that the two stirrups closest to the stub girders on both shear spans 
exhibited lower stress ranges than other stirrups in the respective shear 
spans. Stress ranges in all of the stirrups during fatigue loading were less 
than 20 ksi (138 MPa), thus the possibility of stirrup fracture due to metal 
fatigue was not likely. 
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Figure 5.40: Specimen D6.A2.G40#4.F south shear span stirrup stress ranges 

Cycles [-]

St
re

ss
 R

an
ge

 [
ks

i]

St
re

ss
 R

an
ge

 [
M

P
a]

0 200000 400000 600000 800000 1000000
0 0

4 28

8 55

12 83

16 110

20 138

24 165

Metal Fatigue Limit σ = 20 ksi (138 MPa)

Stirrup N1
Stirrup N2
Stirrup N3
Stirrup N4

Stirrup N5
Stirrup N6
Stirrup N7

 
Figure 5.41: Specimen D6.A2.G40#4.F north shear span stirrup stress ranges 
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Table 5.7: Specimen D6.A2.G40#4.F Stirrup Stress Ranges 

Stirrup # 

0-100K cycles 
Stress Range 

[ksi] 
(MPa) 

900K-1000K cycles 
Stress Range 

[ksi] 
(MPa) 

% Difference 

S-S1 10.15 
(70) 

10.29 
(71) 1.38 

S-S2 11.43 
(79) 

11.74 
(81) 2.72 

S-S3 10.28 
(71) 

10.51 
(72) 2.28 

S-S4 10.36 
(72) 

10.99 
(76) 6.15 

S-S5 9.72 
(67) 

9.65 
(67) -0.73 

S-S6 7.71 
(53) 

7.58 
(52) -1.70 

S-S7 6.70 
(46) 

6.34 
(43) -5.41 

S-N1 10.24 
(70) 

10.02 
(69) -2.10 

S-N2 13.11 
(90) 

13.61 
(94) 3.84 

S-N3 11.61 
(80) 

11.66 
(81) 0.46 

S-N4 11.13 
(77) 

11.22 
(77) 0.77 

S-N5 10.68 
(74) 

10.48 
(72) -1.94 

S-N6 7.78 
(54) 

7.73 
(53) -0.54 

S-N7 6.40 
(44) 

6.28 
(43) -1.78 

 
Miner’s Rule, given in Equation 5.2, was used to calculate equivalent 
constant amplitude stress ranges for all of the monitored stirrups as shown 
in Table 5.8. As seen from Figure 5.42, all of the stirrups except two on 
each side recorded higher equivalent constant amplitude stress ranges than 
the target stress range, 8.41 ksi (58 MPa), derived from the field tests. 
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Figure 5.42: Specimen D6.A2.G40#4.F equivalent constant amplitude stress range 
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Table 5.8: Equivalent Constant Amplitude Stress Ranges 

Stirrup # 

Equivalent Constant 
Amplitude Stress Range 
[ksi] 
(MPa) 

S-S1 10.26 
(71) 

S-S2 11.68 
(81) 

S-S3 10.48 
(72) 

S-S4 10.86 
(75) 

S-S5 9.74 
(67) 

S-S6 7.69 
(53) 

S-S7 6.53 
(45) 

S-N1 10.11 
(70) 

S-N2 13.45 
(93) 

S-N3 11.61 
(80) 

S-N4 11.13 
(77) 

S-N5 10.50 
(72) 

S-N6 7.69 
(53) 

S-N7 6.31 
(43) 

 

5.3.2.2 Effect of Fatigue Loading on Crack Widths 

At earlier stages of fatigue loading (0 - 100,000 cycles), further propagation 
of existing diagonal cracks was observed as well as formation of a few new 
diagonal cracks followed by no apparent change in the crack pattern in the 
later stages. No flexural crack propagation was detected at midspan 
throughout the fatigue test. A crazing of very fine hairline cracks distributed 
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across the specimen surface was also observed, but that phenomenon was 
attributed to drying shrinkage. 

Concrete raveling along the cracks and fine particles were observed at 
locations where concrete cover was removed in order to install strain gages 
on the stirrup leg. This material was observed at early stages of fatigue 
loading. In addition, it was possible to visually observe relative slip 
occurring between the concrete and in the stirrups due to local debonding of 
the stirrup when the load was cycling. 

Crack motions were monitored on the south shear span via an array of 
displacement transducers as shown in Figure 5.33. All of the sensors were 
placed at 45 degrees relative to the vertical. The measurements indicated 
that there were increasing crack width motions measured at different 
locations along the characteristic diagonal crack as the fatigue loading 
progressed. It should be noted that the most significant increase in the crack 
width ranges occurred during the initial 0 – 100,000 fatigue cycle. After 
these initial cycles, a more steady growth in crack width range was noted at 
the later stages of the test. One displacement transducer (CClip 11H) was 
placed at the beam soffit in order to monitor the diagonal crack movement 
at the beam-column interface. Readings from this particular sensor revealed 
that there was no change in the crack width range at the beam soffit location 
throughout the whole fatigue test. Crack width range readings from all 
displacement transducers on the characteristic diagonal crack were 
summarized in Table 5.9 including best fit and the percentage difference. 
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Table 5.9: Specimen D6.A2.G40#4.F Crack Width Ranges 

Crack 
Sensor # 

0-100K cycles 
Crack Width Range 
[in] 
(mm) 

900K-1000K cycles 
Crack Width Range 
[in] 
(mm) 

% Difference 

CClip-1 5.814E-03 
(0.148) 

6.332E-03 
(0.161) 

8.90 

CClip-2 2.081E-03 
(0.053) 

2.890E-03 
(0.073) 

38.9 

CClip-3 6.318E-03 
(0.160) 

6.514E-03 
(0.165) 

3.10 

CClip-4 5.195E-03 
(0.132) 

5.899E-03 
(0.150) 

13.6 

CClip-5 5.052E-03 
(0.128) 

6.695E-03 
(0.170) 

32.5 

CClip-6 4.360E-03 
(0.111) 

6.519E-03 
(0.166) 

49.5 

CClip-7 3.720E-03 
(0.094) 

5.126E-03 
(0.130) 

37.8 

CClip-8 3.565E-03 
(0.091) 

4.970E-03 
(0.126) 

39.4 

CClip-9 3.011E-03 
(0.076) 

4.447E-03 
(0.113) 

47.7 

CClip-10 3.553E-03 
(0.090) 

4.217E-03 
(0.107) 

18.7 

CClip-
11H 

4.781E-04 
(0.0121) 

4.810E-04 
(0.0122) 

0.60 

 
Average crack width ranges for every 100,000 cycles were determined in 
order to sequentially compare the rate of change in crack width ranges at 
different locations. As seen in Figure 5.43, change in crack width ranges 
during the fatigue loading were minimal near the crack tip and at the level 
of the flexural anchorage but relatively higher near the middle of the shear 
span. It was also observed that the change in crack width ranges 
significantly occurred in the first half of the fatigue cycles (0 – 500,000 
cycles) then the rate of change diminished at the later stages. At the same 
time, the readings from the displacement sensor placed at the beam soffit 
were almost constant throughout the fatigue test. 
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Figure 5.43: Specimen D6.A2.G40#4.F crack width ranges 

Since some of the displacement transducers were placed at locations where 
the characteristic diagonal crack crosses stirrups, it was possible to inspect 
the effect of transverse web reinforcement on restraining the crack width 
ranges and also the relationship between crack width ranges and stirrup 
stress ranges/mean stresses. The change in crack width range and the mean 
stress at the associated stirrup at different fatigue load cycles is shown in 
Figure 5.44 as an example. Decreasing stirrup mean stresses with increasing 
crack ranges was a characteristic trend which was observed in most of the 
cases. Figure 5.44 illustrates the change in crack width and the stress range 
at the related stirrup. From Figure 5.44, it can be observed that 
approximately in the first half of the fatigue test, the strain range was 
directly proportional to the crack width range. However, in the second half 
of the fatigue cycles, the strain range became almost steady while the crack 
width range kept gradually increasing. It is likely that in the second half of 
the fatigue test, the effective gage length of the rebar started to increase so 
even as the crack opens wider, the rebar does not strain by the same 
proportion, which is an indicator of reduction in bond between concrete and 
the rebar. 
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Figure 5.44: Specimen D6.A2.G40#4.F average crack width range vs. distance from the face of the 

column 

5.3.2.3 Effect of Fatigue Loading on Flexural Reinforcement 

The change in mean stress and the stress range in the first layer of the 
flexural reinforcement at the centerline location. The mean stress was 
observed to be fluctuating with temperature and tended to decrease over 
cycles. On contrary, the strain range in the flexural reinforcement was 
nearly constant. 

Since anchorage of flexural steel was found to be a key to developing 
higher ultimate capacity of the specimens, embedded bars in the anchorage 
zones were also monitored throughout the fatigue cycles. There were not 
very significant changes in mean stresses measured at three distinct 
locations at the embedded bar as shown in Figure 5.45. The only reading 
which showed that the mean stress was decreasing at a very low rate was 
from the strain gage at the column face location. This phenomenon was not 
observed at the other two locations, where mean stresses seemed to be 
constant. A similar behavior was observed concerning strain range readings, 
where the strain range at the column face location was decreasing gradually 
and strain ranges at the inner two locations were constant as shown in 
Figure 5.46. 
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Figure 5.45: Specimen D6.A2.G40#4.F stirrup S-2 mean Stress vs. CWR 
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Figure 5.46: Specimen D6.A2.G40#4.F stirrup S-2 stress range vs. CWR 
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5.3.2.4 Effect of Fatigue Loading on Structural Stiffness 

Fatigue check tests were performed to collect more data from additional 
displacement sensors and applied to the specimen at intervals of 100,000 
cycles. With the inclusion of additional displacement sensors, which were 
not used during the fatigue cycling in order to avoid fatigue damage on the 
sensors themselves, it was possible to investigate the effect of fatigue 
loading on the stiffness of the specimen. 

To determine the change in structural stiffness, load-deformation curves 
were obtained at intervals of 100,000 cycles of fatigue loading. In order to 
ensure proper data measurement with the reapplied sensors, only data from 
the last load cycle in a fatigue check test were used for calculations. A first 
order line fit was employed to determine the slope of a portion of the load-
deformation curve for each fatigue check test between 50 kips (223 kN) and 
150 kips (668 kN). The slope of the load-deformation curve was taken as 
the average secant stiffness of the specimen. Figure 5.49 shows the change 
in the load-deformation response at each 100,000 cycle increment including 
the baseline precracking test as well. It is seen that the stiffness of the 
specimen reduced more during the first 100,000 cycles of fatigue loading 
when compared with the rest of the fatigue cycles as seen in Figure 5.50. 
This is consistent with the crack extensions and local changes discussed 
previously. The stiffness still had a slight decline even after 100,000 cycles 
which was consistent with crack width changes and local stirrup debonding. 
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Figure 5.47: Specimen D6.A2.G40#4.F Flexural Steel at centerline mean stress and stress range 
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Figure 5.48: Specimen D6.A2.G40#4.F SE anchorage bar mean stress 
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Figure 5.49: Specimen D6.A2.G40#4.F SE load-deformation relation (50 – 150 kips load range) 
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Figure 5.50: Specimen D6.A2.G40#4.F effect of fatigue loading on structural stiffness 

 
5.3.2.5 Effect of Fatigue Loading on Concrete Principal Stresses 

The effect of fatigue loading on concrete principal stresses was investigated 
using 45° rosette assemblies installed in each shear span. Identities from 
Mohr’s circle were employed in order to calculate principle strains, 
principle stresses, and the directions of principal planes. The principal 
strains and stresses in a 45° rosette can be calculated from: 

 ( ) ( )2 2
1,2 a c a c b a c

1 2
2
⎡ ⎤ε = ε + ε ± ε − ε + ε − ε − ε⎢ ⎥⎣ ⎦

  (5.19) 

 ( ) ( )2 2a c
1,2 a c b a c

E 1 2
2 1 1

ε + ε⎡ ⎤σ = ± ε − ε + ε − ε − ε⎢ ⎥− υ + υ⎣ ⎦
 (5.20) 

 b a c
p

a c

2tan 2 ε − ε − ε
θ =

ε − ε
     (5.21) 

Where є1 and є 2 are principle strains, є a, є b, and є c are the component 
strains from the rosette, σ1 and σ2 are principle stresses, 2Өp is the 
orientation of the principals, E is the modulus of elasticity, and є is 
Poisson’s ratio. 
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In order to compare concrete principle stresses at different stages of fatigue 
loading, data were collected from the last cycle of the fatigue check tests 
when the shear load on the shear span was equal to 100 kips (445 kN). It 
was observed that even though there were minor fluctuations, the concrete 
principle stresses did not change significantly throughout the fatigue test as 
shown in Figure 5.51. Fluctuations in the principle stresses were probably 
due to temperature differences since some of the fatigue check tests were 
performed at midday while some were conducted at night. 
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Figure 5.51: Specimen D6.A2.G40#4.F Effect of fatigue loading on concrete principal stress 

magnitudes 

 
5.4 FAILURE TEST 

Once the fatigue phase was completed, the fatigue load setup was replaced with the 
static load setup, which was used for previous bent cap experiments. The specimen 
was loaded through the static load protocol which was described in Section 5.3.1.  
 
The failure mode for specimen D6.A2.G40#4.F was shear-compression failure as 
the concrete at the compression block was crushed. The fatigue loading did not 
change the failure behavior since specimen D6.A2.G40#4.F failed in a very similar 
manner to that of the static test counterpart (Specimen D6.A2.G40#4.S). Spalling 
of concrete at the vicinity of the characteristic diagonal crack was observed. Only a 
small number of new cracks were detected and marked. No diagonal cracks were 
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formed around service holes as was the case with the other specimens having 
Grade 40 #4 transverse web reinforcement. The crack pattern for specimen 
D6.A4.G40#4.S and a view of the failed shear span are shown in Figure 5.52. The 
maximum crack width measured in this specimen was 0.48 in (12.2 mm), and the 
characteristic diagonal crack angle was 40.4° with respect to the horizontal 
direction. Key structural parameters are listed in Table 5.10. Results from the static 
test specimen D6.A2.G40#4.S were included for direct comparison. Centerline and 
diagonal displacement measurements at the failure test were combined with those 
measured during the precracking test. This was performed by using the final 
measured displacement at the end of the precracking test as the initial displacement 
for the failure test. Any offset produced by fatigue loading was neglected. 
 
 

 
Figure 5.52: Crack pattern for Specimen D6.A2.G40#4.F at failure 

 
Table 5.10: Specimen D6.A2.G40#4.F failure test structural response parameters 

# Specimen Name 
VAPP 
[kips] 
(kN) 

VDL 
[kips] 
(kN) 

VTOT 
[kips] 
(kN) 

VCL 
[in] 

(mm) 

VDiag 
[in] 

(mm) 

4 D6.A2.G40#4.S 282.6   
(1257.1) 

11.2      
(49.8) 

293.8     
(1306.9) 

0.54 
(13.7) 

0.30 
(7.6) 

6 D6.A2.G40#4.F 271.9 
(1210) 

11.2 
(49.8) 

283.1 
(1260) 

0.59 
(15.0) 

0.34 
(8.6) 

 
Comparison of specimens D6.A2.G40#4.S and D6.A2.G40#4.F shows that fatigue 
loading did not significantly reduce the ultimate shear strength of the specimen. 
The reduction in the ultimate shear strength was only 3.6%. By contrast, the 
centerline and diagonal displacements increased by 9.3% and 13.3%, respectively. 
This increase in deformations was due to fatigue induced stirrup debonding, which 
softened the specimen. 
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As was the case with other bent cap specimens, all of the stirrups yielded before 
reaching the failure load. In addition, flexural reinforcing bars embedded at the 
anchorage zone were beyond yield at both north and south ends of the specimen. 
Unique to this specimen, it was possible to monitor concrete principal strains and 
stresses and their orientations until failure. Calculations were performed employing 
the identities in Section 5.3.2.5 for the rosette locations given in Section 5.6.2. 
Results including peak principle stresses and their orientations are given in Table 
5.11 where positive and negative indicate tension and compression, respectively. 
An example plot showing the relation between applied shear and the concrete 
principle stresses is given in Figure 5.53. As seen here, the orientations of principle 
stresses match the characteristic diagonal crack directions very well at related 
locations.  
Table 5.11: Specimen D6.A2.G40#4.F peak principle stresses and orientations 

Strain 
Rosette # 

�1 
[psi] 
(MPa) 

�2 
[psi] 
(MPa) 

� 
[Degrees] 

R-S1 210 
(1.45) 

-511 
(3.52) 

40.3 

R-S2 371 
(2.56) 

-592 
(4.09) 

39.6 

R-N1 332 
(2.29) 

-546 
(3.77) 

40.6 

R-N2 234 
(1.61) 

-448 
(3.09) 

35.8 
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Figure 5.53: Concrete principal stresses at rosette R-S2 during failure test 
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5.4.1 Summary observations from the Fatigue Test 

A full-scale test of a conventionally-reinforced concrete bent cap designed and 
constructed to reflect 1950’s vintage details and materials was performed under 
high-cycle fatigue loading. Prior to fatigue loading, the specimen was precracked to 
achieve desired crack widths corresponding to observed field conditions. High-
cycle fatigue loading was applied to the precracked specimen with a constant 
amplitude load range of 60 kips (267 kN) for 1,000,000 cycles, which was derived 
based on results from field tests of in-service steel. After fatigue loading, the 
specimen was tested to failure. Based on the experimental results, the following 
observations are presented: 
 
• High cycle fatigue leading to metal fatigue of embedded stirrups in a bent cap is 

unlikely since stress ranges imposed on stirrups are less than 20 ksi (138 MPa), the 
specified stress range for metal fatigue of reinforcing steel. 

• Stirrup mean stresses were observed to be sensitive to thermal changes and overall 
changes were slight during the fatigue loading. 

• Stirrup stress ranges in the first stirrups closer to the beam-column interface 
slightly increased during fatigue loading, while strain ranges measured on the 
stirrups closer to the stub girders tended to slightly decrease. 

• No significant change in stress ranges were observed for flexural reinforcement at 
the centerline and at the anchorage zone. 

• Concrete principal stress magnitudes and orientations were not significantly 
affected by fatigue loading. 

• The width of the characteristic diagonal crack continuously increased under 
repeated loading where the highest rate of change observed occurred at the initial 
cycles (0 – 100,000 cycles). 

• During cycling, movement of stirrups relative to the surrounding concrete due to 
local debonding was observed at locations of applied strain gages where short 
lengths of reinforcement were exposed. This was also verified by the test data 
where no change in stress ranges in stirrups were observed even as crack width 
displacement ranges increased. 

• Since metal fatigue of the embedded steel is unlikely, the mechanism for damage 
from high-cycle fatigue is bond fatigue at the stirrup-concrete interface, which 
leads to reduced constraint at crack locations increasing crack widths. 

• The overall stiffness of the specimen was reduced under repeated loading. The 
fatigue specimen exhibited larger displacements compared to an otherwise similar 
specimen not subjected to fatigue. 

• High cycle fatigue did not cause a significant degradation in the ultimate capacity 
for the specimen details and loading considered. However, the increase in crack 
widths may decrease the resistance of the structure against environmental effects 
and increase the likelihood of corrosion on embedded reinforcement. 
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6.0 ANALYTICAL METHODS 

6.1 INTRODUCTION 

In order to assess the behavior and capacity of the bent cap specimens, various 
analysis methods were employed, and the results are presented in this section. The 
experimental results were compared with predicted capacities from the traditional 
ACI 318-05 shear design method and the obsolete ACI 318-99 deep beam 
equations. The applicability of a sectional approach of the Modified Compression 
Field Theory (Vecchio and Collins 1986) was investigated using the computer 
program Response 2000 (Bentz 2000). Given that current design codes recommend 
strut-and-tie models for the design of deep beams, simple and detailed strut-and-tie 
models were constructed, an iterative optimization methodology was introduced, 
and the sensitivity of outcomes for different levels of complexity was investigated. 
The formal theory and the mechanical model derived by Zararis (2003) stands out 
in the literature due to the absence of empirical expressions typically used in past 
research. In order to model the unique conditions for vintage bent caps, the 
mechanical model originally proposed by Zararis (2003) was adapted for these 
conditions, and the related modifications are presented. Finally, non-linear finite 
element analyses were performed in order to predict the behavior and the shear 
capacity of the laboratory specimens. Non-linear finite element analyses were 
carried out with VecTor2 (Vecchio and Pong 2003), a non-commercial finite 
element analysis package for the analysis of two-dimensional reinforced concrete 
membrane structures subjected to quasi-static load conditions. 
 
 
6.2 ACI 318 DESIGN METHODS 

6.2.1 ACI 318-05 Shear Design Method 

ACI 318-05 design method for shear is based on a parallel truss model with 45° 
constant inclination diagonals supplemented by an empirical concrete contribution 
where the nominal shear strength of a conventionally reinforced concrete beam is 
given as: 
 
 n s cV V V= +  (6.1) 

Where Vs (lbs) and Vc (lbs) are shear resistances of transverse steel and concrete, 
respectively.  
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ACI 318-05 assumes all stirrups yield at failure within the horizontal projection of 
the 45° inclined crack, which is taken to be equal to the effective depth, d (in.). The 
shear resistance provided by the transverse steel is determined as: 
 

 v y
s

A f d
V

s
=  (6.2) 

Where Av (in2) is the area of the transverse steel, fy is the yield strength of the 
transverse steel (psi), and s (in) is the spacing of the transverse steel. 
 
ACI 318-05 uses a concrete shear resistance, Vc, which is taken to be equal to the 
shear strength of a beam without transverse reinforcement. Proposed equations are 
based on a rudimentary statistical analysis and lacks theoretical background such 
that MacGregor (1984) described the ACI shear provisions by “empirical mumbo 
jumbo.” The method allows either a simplified method given in Equation 6.3 or a 
detailed method given in Equation 6.4 to compute the concrete shear distribution 
as: 
 
 c c wV 2 f b d′=  (6.3) 

 

 w u
c c w

u

2500 V dV 1.9 f b d
M

⎛ ⎞ρ′= +⎜ ⎟
⎝ ⎠

 (6.4) 

 
Where fc'(psi) is the compressive strength of the concrete, bw (in.) is the width of 
the beam stem, �w is the flexural reinforcement ratio, Vu (kip) is the factored shear 
at the design section, and Mu (kip-in) is the factored moment at the design section. 
 
The critical section for shear in ACI 318-05 is taken at a distance “d away from the 
face of the support.” In order to calculate the reinforcement ratio at the critical 
section, flexural reinforcement areas were adjusted based on the ratio of available 
reinforcing bar length at the critical section to the development length of the bar 
calculated from Equation 6.14 while neglecting the contribution of transverse 
reinforcement. 
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6.2.2 ACI 318-99 Deep Beam Equations 

Currently ACI 318 does not include equations to compute the shear capacity of 
deep beams. However, earlier editions of the specification contained such 
equations. 
 
In the 1999 edition of ACI 318, the nominal shear strength for deep beams 
provided by the web reinforcement and concrete was calculated from two empirical 
expressions given in Equation 6.5 and Equation 6.6. However, it also allowed use 
of the simplified concrete shear resistance, given in Equation 6.3.  
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Where ln (in.) is the clear span, and Avh (in2) and s2 (in.) are the area and spacing of 
the horizontal web reinforcement, respectively. 
 
The critical section in ACI 318-99 shear design provisions for deep beams was 
specified as half of the distance between concentrated load and the face of the 
support. These deep beam provisions in ACI 318-99 were removed due to the 
discontinuities in the estimated design strength when clear span to overall member 
depth ratio was varied. Deep beams are now designed using the strut-and-tie 
provisions in ACI 318-02 Appendix A, which is addressed at Section 5.4 of this 
document. 
 
 
6.2.3 ACI 318 Prediction Results 

Generally, ACI 318 equations produced widely variable outcomes in predicting the 
ultimate shear strength of bent cap specimens as summarized in  
Table 6.1. By employing ACI 318-05 shear design equations, sometimes 
unconservative results were achieved. On the other hand, ACI 318-99 deep beam 
equations produced very conservative results in all cases (sometimes very 
conservative up to a factor of 2.02). Surprisingly, the more reasonable results were 
achieved with ACI 318-05 detailed shear design equations, with a prediction bias 
of 1.05, but with a coefficient of variation of 15.4%. Overall, ACI 318 equations 
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both for slender beams and deep beams did not produce consistent predictions of 
the ultimate shear capacity of bent cap specimens. The most obvious issue with 
these approaches is their inability to account for changes in the embedded flexural 
reinforcement configuration at the anchorage zone. 
Table 6.1: ACI 318 Shear Design Provisions Prediction Results 

Analysis Series 
 

Specimen 
 

VEXP 
[kips] 
(kN) 

VP 
[kips] 
(kN) 

Bias 
VEXP/VP 

Mean 
 

STD
 

COV
[%] 

D6.A4.G60#5.S 506.4 
(2253) 

440.8 
(1962) 

1.14 

D6.A4.G40#4.S 406.6 
(1809) 

296.2 
(1318) 

1.37 

D6.A2.G60#5.S 394.2 
(1754) 

442.2 
(1968) 

0.89 

D6.A2.G40#4.S 293.8 
(1307) 

288.8 
(1285) 

1.02 

ACI 318-05 
Slender Beams 
Simplified Approach 

D4.A2.G40#4.S 207.3 
(922) 

192.8 
(858) 

1.08 

1.10 
 

0.179
 

16.2 
 

D6.A4.G60#5.S 506.4 
(2253) 

457.7 
(2037) 

1.10 

D6.A4.G40#4.S 406.6 
(1809) 

314.1 
(1398) 

1.29 

D6.A2.G60#5.S 394.2 
(1754) 

457.3 
(2035) 

0.86 

D6.A2.G40#4.S 293.8 
(293.8) 

303.0 
(1348) 

0.96 

ACI 318-05 
Slender Beams 
Detailed Approach 

D4.A2.G40#4.S 207.3 
(922) 

201.1 
(895) 

1.03 

1.05 
 

0.162
 

15.4 
 

D6.A4.G60#5.S 506.4 
(2253) 

259.4 
(1154) 

1.95 

D6.A4.G40#4.S 406.6 
(1809) 

201.2 
(895) 

2.02 

D6.A2.G60#5.S 394.2 
(1754) 

261.3 
(1163) 

1.50 

D6.A2.G40#4.S 293.8 
(1307) 

194.6 
(866) 

1.51 

ACI 318-99 
Deep Beams 
Simplified Approach 

D4.A2.G40#4.S 207.3 
(922) 

147.5 
(656) 

1.41 

1.68 
 

0.285
 

16.9 
 

ACI 318-99 
Deep Beams 

D6.A4.G60#5.S 506.4 
(2253) 

359.5 
(1600) 

1.41 1.35 
 

0.338
 

25.0 
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D6.A4.G40#4.S 406.6 
(1809) 

302.9 
(1348) 

1.34 

D6.A2.G60#5.S 394.2 
(1754) 

359.2 
(1598) 

1.10 

D6.A2.G40#4.S 293.8 
(1307) 

286.8 
(1276) 

1.02 

Detailed Approach 

D4.A2.G40#4.S 207.3 
(922) 

110.1 
(490) 

1.89 

 

6.3 MCFT SECTIONAL ANALYSIS APPROACH 

The modified compression field theory (MCFT) (Vecchio and Collins 1986) is a 
further development of the compression field theory (CFT) (Collins and Mitchell, 
1974) that accounts for the influence of the tensile response of the cracked 
concrete. MCFT describes the behavior of a single reinforced concrete element via 
compatibility and equilibrium equations and a set of constitutive relationships for 
the composite material, which were derived through a series of experiments 
conducted at the University of Toronto (Vecchio and Collins 1986). MCFT has 
been implemented in three major ways so far with varying levels of complexity. 
The simplest method of analysis that uses MCFT is based on the response of a 
single biaxial element such as in the case of the beam design equations in the 
AASHTO LRFD code. The second level of complexity is based on a sectional 
analysis that takes into consideration the variation in the shear stress profile over 
the depth of the beam. An implementation of the sectional MCFT analysis was 
proposed by Bentz (2000) accompanied by a computer program, Response 2000. 
The most rigorous implementation of the MCFT is a membrane based finite 
element analysis program, which is addressed at Section 5.6 of this document. The 
most problematic issue with the first two implementations of the MCFT is the 
assumption of plane sections remain plane after bending, which is not valid for 
disturbed regions where the strain distribution in a section is significantly non-
linear such as in the case of shear spans in a deep beam. Even though it is known 
that a MCFT based sectional analysis may not yield reliable results for predicting 
the capacity of deep beams, a series of analyses with Response-2000 were 
performed in order to investigate the results obtained from this method. 
 
Based on the experimentally observed cracking patterns, the critical section was 
chosen as the interface between the column and the bent cap beam since the 
characteristic diagonal crack propagated from this location. Moreover, regarding 
the cracking mechanism and the failure mode, it is believed that the rest of the 
flexural bar layers did not provide significant resistance against shear. The flexural 
bars embedded at the anchorage zone were assumed to be fully developed at the 
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critical section reflecting the experimental results. Actual material properties from 
each specimen (see Section 3.4) were used as input for the analyses. The predicted 
ultimate shear strengths were achieved by using the “sectional response” option in 
Response 2000. Sectional MCFT ultimate shear strength predictions are 
summarized in Table 6.2, and also shown in Figure 6.1. 
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Figure 6.1: Response 2000 sectional MCFT analysis results 

Table 6.2: Response 2000 Sectional MCFT Analysis Prediction Results 

Analysis Series 
 

Specimen 
 

VEXP 
[kips] 
(kN) 

VP 
[kips] 
(kN) 

Bias 
VEXP/VP 

Mean 
 

STD
 

COV
[%] 

D6.A4.G60#5.S 506.4 
(2253) 

438.9 
(1953) 1.15 

D6.A4.G40#4.S 406.6 
(1809) 

317.1 
(1411) 1.28 

D6.A2.G60#5.S 394.2 
(1754) 

327.4 
(1457) 1.20 

D6.A2.G40#4.S 293.8 
(1307) 

256.0 
(1139) 1.15 

Response 2000 
Sectional MCFT 

Analysis 

D4.A2.G40#4.S 207.3 
(922) 

200.6 
(893) 1.03 

1.16 0.091 7.8 

It can be seen that the sectional MCFT analysis under predicted shear capacities for 
specimens with the low a/d ratio as previously reported by Potisuk (2004). 
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However, for specimen D4.A2.G40#4.S, with a/d ratio of 2.1, the prediction bias 
was 1.03, which demonstrates that sectional MCFT analysis is better suited to 
predict the shear capacity for slender beams. 
 
 
6.4 STRUT-AND-TIE MODELS 

The use of truss models as conceptual tools in analysis and design of reinforced 
concrete structures stretches back to early 1900s when Ritter (1899) proposed that 
a cracked reinforced concrete beam can be idealized as a parallel chord truss with 
compression struts inclined at 45° with respect to the longitudinal axis of the beam. 
Mörsch, in consecutive publications, (1909, 1912, 1922) introduced the use of truss 
models for torsion. As a feasible model for shear and torsion in reinforced concrete 
and prestressed concrete beams, truss models with diagonals having variable 
inclination angles were proposed by Kupfer (1964), Lampert and Thürlimann 
(1971), and Thürliman et al. (1983). Schlaich et al. (1987) discretized structural 
members into D (discontinuity or disturbed) and B (beam or Bernoulli) regions, 
generalized the truss analogy, and applied it in the form of the so-called “strut-and-
tie model” (STM). STM can be referred as a conceptual framework where the 
stress distribution in a structural member are idealized as a system of compression 
struts, and tension ties, which are connected to each other by nodes.  
According to the principle of St. Venant, the localized effect of a disturbance 
caused by concentrated loads, reactions, or abrupt changes of cross-section creates 
a complex flow of internal stresses which diminish as the distance away from the 
disturbance approaches the member-depth. These regions where the distribution of 
strains is significantly nonlinear are referred as the D-regions. Conversely, the 
portions of a member where Bernoulli’s “plane sections remain plane” hypothesis 
is applicable due to the linear distribution of strains are referred as the B-regions. 
Generally, both D and B-regions exist within the same member of the structure. 
However, in some cases a structural reinforced concrete member may consist 
entirely of a D-region such as in corbels, pile caps, or deep beams. The 
conventional theory of flexure and the traditional (Vc+Vs) approach for shear 
design do not apply to D-regions as previously demonstrated in section 5.2.1 of this 
document. Instead, all current major design codes such as ACI 318, AASHTO 
LRFD, CHBD, and CEB-FIP recommend use of strut-and-tie models in design of 
D-regions. Details on STM provisions from the mentioned design codes are given 
in Section 2.1 of this document. The proposed STMs in this study are based on the 
provisions given in ACI 318-05 Appendix A. ACI 318-05 requires a resistance 
factor of 0.75 to be applied to the calculated nominal capacities when STMs are 
used in design. No resistance factor was used in this present study. 
 
In order to construct a STM, D and B-regions in a structural member should be 
identified, and the flow of forces in these regions should be visualized. In a STM, 
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the flow of concentrated compressive stresses is idealized with compressive struts, 
and tension ties, required for equilibrium, represent the reinforcing steel.  
 
The Computer Aided Strut-and-Tie (CAST) software, developed by Tjihn and 
Kuchma (2002) at the University of Illinois at Urbana-Champaign, was used in 
construction and evaluation of the strut-and-tie models in this study. CAST 
provides a graphical working environment in which the designer can sketch the 
boundaries of the D-region, construct an internal load-resisting truss, solve for 
member forces, and select dimensions of struts and reinforcement for ties. 
Dimensioning of the nodal zones is performed by the program automatically. Since 
STM analysis is an iterative design methodology in terms of refining and 
optimization, repetitive calculations regarding member forces and dimensioning of 
nodes may be very time consuming when done by hand. In CAST, the position of 
the nodes can be adjusted at any stage within the design process, and the resulting 
stress distribution can be reviewed immediately. 
 
In order to construct a STM in CAST, first the boundaries of the D-region are 
defined. These boundaries do not affect calculations, but provide visual aid in 
positioning the truss elements. Second, the proposed truss system is drawn as a 
series of straight lines, the material properties are entered, and the loads are 
applied. The resulting force distribution can be assessed at this stage. Finally, the 
estimated reinforcement and strut widths are assigned to the truss members in order 
to check whether the capacities of the struts and ties as well as the stress on the 
faces of the nodes are adequate or not. From this point on, minor changes can be 
applied to the selected STM for optimization purposes. CAST also includes an 
option for basic capacity prediction. In computing the capacity of a STM, the 
program locates the weakest truss component using a ratio of applied stress to the 
stress limit of the member in consideration and determines the capacity by a linear 
extrapolation of the applied external loads. CAST uses the resistance and efficiency 
factors from ACI 318-05 Appendix A by default. However, the program also 
allows user input for resistance and efficiency factors, which enables analyses with 
other design codes such as AASHTO-LRFD or CEB-FIP. 
 
 
6.4.1 Analysis with a Simple Strut-and-Tie Model 

A simple STM consisting of a main inclined strut, two vertical struts, one 
horizontal strut, one tension tie, and two nodal zones was constructed for the 
capacity assessment of bent cap specimens, as shown in Figure 6.2. Only one half 
of the specimen was modeled to take advantage of symmetry. The types and the 
efficiency factors of the truss member classifications according to ACI 318-05 
Appendix A are summarized in Table 6.3: 
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Figure 6.2: Proposed simple strut-and-tie model for bent cap specimens 

 
Table 6.3: Types and Efficiency Factors of Truss Members for the Simple STM 

Truss Member Type Efficiency Factor 
S1 Prismatic Strut 0.85 

S2 Bottle-Shaped Strut with 
Steel 0.64 

S3 Prismatic Strut 0.85 
S4 Prismatic Strut 0.85 
T1 Tension Tie 1.00 
N1 C-C-T Node 0.68 
N2 C-C-C Node 0.85 

 
 
 
 
The effective width of the top horizontal prismatic strut, S4, was derived from the 
classical bending theory for a single reinforced beam section: 
 
 cw k d=  (6.7) 
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Where d (in.) is the effective depth of the beam at the centerline of the beam, and k 
is calculated from: 
 

 ( )2k n 2n n= ρ + ρ − ρ  (6.8) 

 
Where n is the modular ratio of steel to concrete, and k is the longitudinal 
reinforcement ratio. The width of the vertical prismatic strut, S3, was assumed to 
be equal to the width of the monolithic internal girders that frame into the cap. The 
tension tie, T1, was placed at the same height with the centroid of the bottom-most 
reinforcement layer, and the width of the tension tie was calculated as twice the 
distance between the bottom edge of the cap beam and the centroid of the 
reinforcing bars at the bottom-most reinforcement layer. The tension tie was 
distributed into segments with pseudo-nodes at the locations of rebar cut-offs in 
order to account for different amounts of reinforcing steel. The pseudo-nodes were 
connected to node N2 with stabilizers, which are zero force members, but required 
to avoid ill-conditioned structure stiffness matrix in truss analysis. Since yielding 
of the flexural bars embedded at the anchorage zone was observed during the 
experiments, the reinforcement in the tie segment connected to node N1 was 
considered as fully developed. The initial width of the vertical prismatic strut, S1, 
at the supporting column was taken as two thirds of the column width, and the strut 
was placed at the centerline of the column for trial analyses. The main inclined 
strut was assumed to be bottle-shaped since the compressive stresses tend to spread 
in the shear spans. In order to account for the beneficial effect of web 
reinforcement the efficiency factor was chosen accordingly. The initial width of the 
strut main inclined bottle-shaped strut, S2, was determined as: 
 
 d c w,girderw w cos b sin= θ+ θ  (6.9) 

 
Where bw,girder is the width of the monolithic internal girders that frame into the cap, 
and b is the angle between the main inclined strut and x-direction. Since the 
coordinates of nodes N1 and N2 were already determined, it was possible to 
calculate b by means of basic geometrical calculations. The dimensioning of the 
nodal zones was performed by CAST automatically. 
 
Once the initial strut-and-tie models were constructed and solved, it was observed 
that the ultimate load capacity of the truss system was controlled by the yielding of 
the tension tie, T1, for all specimens. The initial analyses underestimated the shear 
strength of bent cap specimens with a prediction bias of 2.27, and a coefficient of 
variation of 25.4%. Investigating node N1 shows that the demand on the main 
tension tie depends on the inclination angle of the diagonal strut. In other words, 
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the predicted capacity by the STM increases when the diagonal strut angle is 
increased. In order to achieve the most optimal result for the proposed simple STM, 
an iterative analysis procedure was followed. This procedure involves moving the 
supporting strut, S1, horizontally, as close as possible to the beam–column 
interface thus increasing the inclination angle of the diagonal strut S2 while 
decreasing the width of the supporting strut, S1, as long as the limiting stress 
capacity of the strut S1 allows. The final results achieved after the iterations 
produced better but still very conservative prediction results with a prediction bias 
of 2.03 and a coefficient of variation of 25.3%. As it was the case with the initial 
analyses, the load capacity of the STM was controlled by the yielding of the 
tension tie, T1, as illustrated in Figure 6.3. The initial and final shear capacity 
prediction results are summarized in Table 6.4: 
 

 
Figure 6.3: Failure mode in simple strut-and-tie model 

 
 
Table 6.4: Simple Strut-and-Tie Model Prediction Results 

Analysis Series 
 

Specimen 
 

VEXP 
[kips] 
(kN) 

VP 
[kips] 
(kN) 

Bias 
VEXP/VP 

Mean 
 

STD
 

COV
[%] 

ACI 318-05 
Appendix A D6.A4.G60#5.S 506.4 

(2253) 
268.1 
(1193) 1.89 2.27 0.577 25.4
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D6.A4.G40#4.S 406.6 
(1809) 

257.1 
(1144) 1.58 

D6.A2.G60#5.S 394.2 
(1754) 

128.6 
(572) 3.07 

D6.A2.G40#4.S 293.8 
(1307) 

128.6 
(572) 2.28 

 
Simple STM 
Initial Results 

D4.A2.G40#4.S 207.3 
(922) 

82.0 
(365) 2.53 

D6.A4.G60#5.S 506.4 
(2253) 

299.2 
(1331) 1.69 

D6.A4.G40#4.S 406.6 
(1809) 

287.0 
(1277) 1.42 

D6.A2.G60#5.S 394.2 
(1754) 

143.5 
(639) 2.75 

D6.A2.G40#4.S 293.8 
(1307) 

143.5 
(639) 2.05 

ACI 318-05 
Appendix A 

 
Simple STM 
Final Results 

D4.A2.G40#4.S 207.3 
(922) 

91.6 
(408) 2.26 

2.03 0.514 25.3

 
It can be concluded that the most basic STM frequently found in the literature as an 
example for deep beam design was excessively conservative in predicting the 
ultimate shear strength of bent cap specimens. This can be attributed to the absence 
of vertical web reinforcement in the model and to the idealization of compressive 
forces as a single straight strut, which exerts very large anchorage demand on the 
tension tie. 
 
 
6.4.2 Analysis with a Detailed Strut-and-Tie Model 

A more detailed STM consisting of three inclined struts, two vertical struts, one 
horizontal strut, three tension ties, and four nodal zones was also constructed for 
the capacity assessment of bent cap specimens, as shown in Figure 6.4. Only one 
half of the specimen was modeled by taking advantage of symmetry.  
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Figure 6.4: Proposed detailed strut-and-tie model for bent cap specimens 

Contrary to the simple STM described in the previous section, the web 
reinforcement was taken into consideration and idealized as a single tension tie 
where the total area of the web reinforcement was lumped into a single truss 
member. In addition, the main inclined compression strut was subdivided into two 
segments in order to simulate arching of the compressive stresses in the shear span. 
The types and the efficiency factors of the truss members according to ACI 318-05 
Appendix A are summarized in Table 6.5. 
 
Table 6.5: Types and Efficiency Factors of Truss Members for the Detailed STM 

Truss Member Type Efficiency Factor 
S1 Prismatic Strut 0.85 
S2 Bottle-Shaped Strut with Steel 0.64 
S3 Bottle-Shaped Strut with Steel 0.64 
S4 Prismatic Strut 0.85 
S5 Prismatic Strut 0.85 
S6 Bottle-Shaped Strut with Steel 0.64 
T1 Tension Tie 1.00 
T2 Tension Tie 1.00 
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T3 Tension Tie 1.00 
N1 C-C-T Node 0.68 
N2 C-C-T Node 0.68 
N3 C-C-C Node 0.85 
N4 C-T-T Node 0.51 

 
The effective width of the top horizontal prismatic strut, S5, was calculated from 
Equation 6.7 and Equation 6.8. The effective width of the vertical prismatic strut, 
S4, was assumed to be equal to the width of the monolithic internal girders that 
frame into the cap. The initial width of the vertical prismatic strut, S1, at the 
supporting column was taken as two thirds of the column width, and the strut was 
placed at the centerline of the column for trial analyses. The initial effective widths 
of the bottle shaped struts S2 and S3 were calculated from Equation 6.9. Location 
of nodes N2 and N4 in x-direction was chosen as the midpoint of the clear shear 
span. Similar to the simple STM, the tension ties, T1 and T2, were placed at the 
same height with the centroid of the bottom-most reinforcement layer, and the 
width of the tension ties was calculated as twice the distance between the bottom 
edge of the cap beam and the centroid of the reinforcing bars at the bottom-most 
reinforcement layer. The initial location of node N2 in y-direction was assumed to 
be 1/3 overall depth away from the top compression fiber. Similar to the simple 
STM, pseudo-nodes were created to identify tension tie segments with different 
amounts of reinforcement, and these nodes were connected to node N3 with 
stabilizers in order to avoid an ill-conditioned stiffness matrix. 
 
Once the initial STMs were constructed and solved, it was observed that the 
ultimate load capacity of the truss system was controlled either by the yielding of 
the embedded reinforcement at the anchorage zone (tension tie T2) or yielding of 
the web reinforcement (tension tie T3). The initial analyses underestimated the 
strength of bent cap specimens with a prediction bias and a coefficient of variation 
of 1.71 and 17.6%, respectively. The initial prediction results from the detailed 
STM better estimated the capacity when compared to the simple STM, but the 
results were still very conservative.  
 
In order to achieve the most optimal result for the proposed detailed STM, an 
iterative analysis procedure was followed. According to this model, the demand on 
the tension tie T2, this represents the embedded flexural steel at the anchorage 
zone, decreases when the inclination angle of the compressive strut S2 increases. 
Alternatively, the demands on the tension tie T3, which represents vertical web 
reinforcement, decreases when the relative angle of orientation between 
compressive struts S2 and S3 decreases. To achieve the largest predicted capacity, 
both truss elements should reach the limit state simultaneously. The iterative 
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optimization procedure involves repositioning the supporting strut, S1, and the 
node N2. The supporting strut, S1, should be moved horizontally using the same 
technique explained in the simple STM analysis to relieve the demand on the 
tension tie T2. In addition, the node N2 should be moved vertically to relieve the 
demand on the tension tie T3. The iterative analysis ends when yielding of the 
reinforcement is observed in the flexural steel and the web reinforcement 
simultaneously as illustrated in Figure 6.5. The final results achieved after the 
iterations produced the best prediction among the proposed STMs with a bias of 
1.24 and a coefficient of variation of 11.0%. This can be attributed to the inclusion 
of the contribution from vertical web reinforcement and to treatment of the arching 
strut. The initial and final shear capacity prediction results are summarized in Table 
6.6, and shown in Figure 6.6. 
 

 
Figure 6.5: Failure mode in detailed strut-and-tie model 



 
 

 172

VEXP [kips]

VEXP [kN]

V
P
 [

ki
p

s]

V
P
 [

kN
]

0

0

100

445

200

890

300

1335

400

1780

500

2225

600

2670

0 0

100 445

200 890

300 1335

400 1780

500 2225

600 2670

Conservative

Unconservative

Simple STM Trial Analysis
Simple STM Final Analysis

Detailed STM Trial Analysis
Detailed STM Final Analysis

 
Figure 6.6: Simple and detailed strut-and-tie model prediction results 

Table 6.6: Detailed Strut-and-Tie Model Prediction Results 

Analysis Series 
 

Specimen 
 

VEXP 
[kips] 
(kN) 

VP 
[kips] 
(kN) 

Bias 
VEXP/VP 

Mean 
 

STD 
 

COV
[%] 

D6.A4.G60#5.S 506.4 
(2253) 

377.9 
(1682) 1.34 

D6.A4.G40#4.S 406.6 
(1809) 

243.2 
(1082) 1.67 

D6.A2.G60#5.S 394.2 
(1754) 

181.3 
(807) 2.17 

D6.A2.G40#4.S 293.8 
(1307) 

181.3 
(807) 1.62 

ACI 318-05 
Appendix A 

 
Detailed STM 
Initial Results 

D4.A2.G40#4.S 207.3 
(922) 

120.3 
(535) 1.72 

1.71 0.30 17.6 

D6.A4.G60#5.S 506.4 
(2253) 

449.7 
(2001) 1.13 

D6.A4.G40#4.S 406.6 
(1809) 

365.1 
(1625) 1.11 

D6.A2.G60#5.S 394.2 
(1754) 

275.7 
(1227) 1.43 

D6.A2.G40#4.S 293.8 
(1307) 

221.0 
(983) 1.33 

ACI 318-05 
Appendix A 

 
Detailed STM 
Final Results 

D4.A2.G40#4.S 207.3 
(922) 

172.2 
(766) 1.20 

1.24 0.14 11.0 
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6.4.3 Complex Strut-and-Tie Models 

In addition to the proposed STMs, even more sophisticated models were also 
constructed. The complex STM, shown in Figure 6.7, consisted of five inclined 
struts, three vertical struts, three horizontal struts, five tension ties, and eight nodal 
zones.  

 
Figure 6.7: A complex strut-and-tie model for bent cap specimens 

Similar to the previous proposed models, only one half of the specimen was 
modeled taking advantage of symmetry. In this model the web reinforcement was 
equally distributed to two vertical tension ties. The arching strut was modeled with 
three inclined strut segments. In order to take into account the effect of indirect 
loading, the applied load was distributed into three nodes along the height of the 
compression block, and the distributed load magnitudes were calculated with the 
assumption of a triangular shear stress distribution. Since the hypothetical truss 
system was internally and externally determinate, axial stiffnesses of the truss 
members were calculated accordingly with initial dimensions, and the calculated 
values were normalized with respect to the member with the highest stiffness. 
Normalized stiffnesses were applied as relative stiffness factors in CAST. It was 
observed that performing an iterative analysis on such a complex truss system may 
be very time consuming since the relative stiffness factors must to be calculated 
each time a member is resized. However, the most problematic issue was that the 
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predicted capacities and failure modes were found to be very sensitive to 
adjustments in the geometry of the truss system, which was not observed to this 
extent in the previously described strut-and-tie models. In order to observe the 
effect of changes in truss geometry on ultimate load capacity of the complex strut-
and-tie model, the locations of nodes N2 and N3 were moved in y-direction 
alternately. The predicted capacities (VP) and corresponding lengths (L) of tension 
ties T4 and T5 were noted for each iteration. The prediction results from the 
iterative analyses of a specimen were compared with the experimental load 
capacity of the related specimen (VEXP), and the nearest prediction result and the 
corresponding tension tie length was determined as VPo and Lo, respectively. The 
relationship between the ratio of VP to VPo and the ratio of L to Lo is shown in 
Figure 6.8. Additionally, the relationship between the prediction bias (VEXP/VP) 
from each iteration and the ratio of L to Lo is shown in Figure 6.9. As seen here, 
relatively small changes in geometry produce large changes in strength prediction 
and also change which component controls failure. Therefore, experience is needed 
to develop and assess these models and results, although the results were 
consistently conservative. 
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Figure 6.8: Effect of changes in truss geometry to STM ultimate load capacity 
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Figure 6.9: Effect of changes in truss geometry to prediction results 

Overall, STM analysis based on the provisions from ACI 318-05 Appendix A 
produced conservative results. In many respects, the predicted strength was 
excessively conservative. Due to the simple nature of the proposed models, the 
failure mode of the specimens was not fully captured. The simple STM provided 
the most conservative results. The detailed STM and the proposed iterative solution 
predicted higher but still conservative load capacity of the bent cap specimens. Use 
of a very complex STM is not recommended for capacity prediction since the 
results were observed to be very sensitive to the location of the truss members and 
the need to repeatedly calculate relative stiffness factors may be time consuming. It 
is important to note here that STM analysis is a design tool, which provides 
virtually an infinite number of lower bound solutions for a design situation, rather 
than a unique prediction result, and it takes experience to determine the most 
efficient strut-and-tie models for different situations. The excessive conservatism of 
the STMs at design may be tolerable, but for evaluation of existing structures 
where the purpose of the analysis is to reveal the best estimate of available capacity 
may be uneconomical. 
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6.5 MECHANICAL MODELS 

6.5.1 Zararis Mechanical Model 

According to Zararis (2003), in simply supported deep beams with an a/d ratio 
between 1.0 and 2.5, the failure mode is mainly shear compression, which is due to 
the crushing of the concrete in the compression zone at the top of a critical diagonal 
crack (referred to as the characteristic diagonal crack in other sections of this 
document). The critical diagonal crack is governed by shear rather than bending 
extending from the loading point to the support. The prediction method proposed 
by Zararis (2003) describes the shear compression failure in deep beams and 
determines the reduced depth of the compression zone above the critical diagonal 
crack as well as the ultimate shear capacity of deep beams with or without web 
reinforcement. 
 
In this model, the crack opening is assumed to be perpendicular to the direction of 
propagation, implying that the normal and shear forces of the embedded steel bars 
are the only forces acting on the faces of the diagonal crack. Strains and stresses of 
reinforcement at diagonal cracks are adopted from a previous study (Zararis 1988) 
where the longitudinal and the vertical steel bars at the crack location undergo not 
only elongations but shear strains as well. Indicating the directions of the horizontal 
and vertical reinforcement with x and y, respectively, the reinforcement strains can 
be expressed in matrix form, which implies that the shear forces in reinforcement 
are caused by a pure shearing deformation of the bars at the crack location, 
regardless of slip at the crack faces which occurs when dowel forces are produced: 
 

 
2

sx sxy
cr 2

syx sy

cos sin cos
sin cos sin

ε γ⎡ ⎤ ⎡ ⎤ϕ ϕ ϕ
= ε⎢ ⎥ ⎢ ⎥γ ε ϕ ϕ ϕ⎣ ⎦⎣ ⎦

 (6.10) 

 
Where �cr is the strain perpendicular to the crack, �sx and �sy are the normal 
strains in x and y directions, respectively, �sxy and �syx are the shear strains, and � 
is the angle between the critical diagonal crack and the vertical direction. 
 
Constitutive relationships for the reinforcing steel, which are valid prior to 
yielding, can be written as: 
 
 s s sEσ = ⋅ε  (6.11) 

 
 s s sGτ = ⋅ γ  (6.12) 
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 s
s

EG
2(1 )

=
+ υ

 (6.13) 

Where Gs is the steel normal stress, Gs is the steel shear stress, Es is the steel 
modulus of elasticity, and Gs is the steel shear modulus. If the Poisson’s ratio for 
steel, G, is taken as 0.3, resulting in Gs = 0.4Es, the stress tensor for reinforcing bars 
at a crack can be determined from: 
 

 
2

sx sxy
s cr 2

syx sy

cos 0.4sin cos
E

0.4sin cos sin
σ τ⎡ ⎤ ⎡ ⎤ϕ ϕ ϕ

= ε⎢ ⎥ ⎢ ⎥τ σ ϕ ϕ ϕ⎣ ⎦⎣ ⎦
 (6.14) 

 

It should be noted that the stress tensor implies that on a diagonal crack, in addition 
to the normal forces, shear forces of steel bars also act.  
 
The critical diagonal crack divides the shear span into two parts by reducing the 
flexural compression block depth, c, to a depth indicated as cs, as illustrated in 
Figure 6.10 and Figure 6.11. The forces acting on the diagonal crack and their 
equilibrium can be analyzed by constructing two free body diagrams representing 
the reinforced concrete elements of a deep beam above and below the critical 
diagonal crack. 
 

 

Figure 6.10: Forces acting on the element above the critical diagonal crack (adapted from Zararis 
2003) 
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Figure 6.11: Forces acting on the element below the critical diagonal crack (adapted from Zararis, 

2003) 

The forces acting on the reinforced concrete element above the critical diagonal 
crack are the normal force T, the shearing force Vd of longitudinal steel bars, and 
the force Vs of vertical web reinforcement lumped at the middle of the critical 
diagonal crack.  These forces are in equilibrium with the reaction force P, the 
compression force C acting at a distance of t1 away from the top compression fiber, 
and the shear force at the compression zone Vc as illustrated in Figure 6.10.  The 
arrangement of forces is based on Zararis’ original work but adjusted for bent cap 
specimens. According to Zararis (2003) the force from shearing deformation of the 
vertical web reinforcement is negligible. In this analysis, the shear span, a, is taken 
as the distance between the column face and the centerline of stub girders. This was 
selected based on the observation of the experiments that showed the diagonal 
crack propagating from the column-beam intersection to the loading points due to 
indirect loading. The distance t1 is approximated as 0.4cs. 
 
When the forces acting on the reinforced concrete element below the critical 
diagonal crack are considered, it should be mentioned that the force in the 
longitudinal steel bars in the region of pure bending, Tf, is greater than the force in 
the longitudinal bars at the critical diagonal crack, T. This is attributed to the still 
intact concrete region between the tips of the critical diagonal crack and the 
flexural crack at the pure bending section, which permit carrying additional 
compressive forces at a magnitude of C, the resultant acting at a distance t2 away 
from the tip of the critical diagonal crack, as illustrated in Figure 6.11. Zararis 
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(2003) approximated the distance t2 as 0.15 (c/d)(d-cs), which was found to be 
convenient for further simplification at later stages of the analysis. The equilibrium 
between the tension and compression forces acting in the x direction is given as: 
 
 f fT C C T C C= + Δ = + Δ =  (6.15) 

 
Although the plane sections remain plane assumption is not valid within the shear 
span due to excessive shear deformations, outside this area, as stated by Zararis 
(2003), it can be assumed that the distribution of strains over a vertical section is 
linear as illustrated in Figure 6.12. 
 

 
Figure 6.12: Stress/Force and strain profiles at the load application section 

The concrete stress–strain relationship is defined by the Hognestad parabola 
(Hognestad 1951), which is given as: 
 

 
2

c c
c c

co co

f 2
⎡ ⎤⎛ ⎞ ⎛ ⎞ε ε′ ⎢ ⎥σ = −⎜ ⎟ ⎜ ⎟ε ε⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (6.16) 

 
Where fc', and �co are the peak compressive stress and strain, respectively. In order 
to calculate Cf and Tf, the value of �co is taken as 0.002 similar to the Eurocode 
(1992). If the stress parabola is integrated over the depth of the flexural 
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compression block with a width of b, the resultant compressive force is calculated 
as: 
 

 f c
2C bcf
3

′=  (6.17) 

 
For the same section, considering the linear distribution of strains, the resultant 
tensile force can be determined from: 
 

 f s s s s c
(d c)T A E bd E

c
−

= ε = ρ ε  (6.18) 

 
Equating Tf and Cf, the depth of the flexural compression block can be obtained 
from the positive root of the following quadratic equation: 
 

 
2

s co s co
c c

c 3 c 3E E 0
d 2 f d 2 f

ρ ρ⎛ ⎞ + ε − ε =⎜ ⎟ ′ ′⎝ ⎠
 (6.19) 

 
Once the flexural compression block height, c, is calculated, it is possible to 
determine the reduced compression block height cs, by employing moment 
equilibrium equations for the free body diagrams illustrated in Figure 6.10 and 
Figure 6.11. Using Equation 6.14, it is possible to express the steel forces at the 
critical diagonal crack in terms of the normal stress in x direction in order to 
eliminate the number of unknowns in the moment equilibrium equations:  
 
 sxT bd= ρ σ  (6.20) 

 
 d sxV 0.4 bd tan= ρ σ ϕ  (6.21) 

 3
s v sx sV bd (1 c / d) tan= ρ σ − ϕ  (6.22) 

 
Where V is the main tension reinforcement ratio and �v is the vertical web 
reinforcement ratio. In bent cap specimens, due to the rebar cut-offs, the main 
tension reinforcement ratio has different values at the column face and the load 
application sections. However, according to Zararis (2007), the main tension 
reinforcement ratio should be calculated using the amount of reinforcing bars that 
exist at the critical diagonal crack, and it is appropriate to assume steel bars that are 
not well anchored at the section are not as effective when calculating the ultimate 
shear strength of a deep beam.  
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From the equilibrium of moments on the free body diagram above the critical 
diagonal crack at the point of application of force C, the dowel component Vd is 
expressed as: 
 

 d 2
s s s d

P(a / d) tanV
2.5 c / d (1 c / d)(1 0.5V / V ) tan

ϕ
=

− + − + ϕ
 (6.23) 

 
Moreover, from the equilibrium of moments on the free body diagram below the 
critical diagonal crack at the point of application of force C, while considering Tf= 
P(a/z), where z is the flexural lever arm, it results in: 
 

 d
2s d

P(a / d) tanV
(1 0.5V / V )z 2.5 tan

d 1 0.15c / d

ϕ
=

+⎡ ⎤+ ϕ⎢ ⎥−⎣ ⎦

 (6.24) 

 
When Equation 6.23 and Equation 6.24 are set equal to one another, the solution 
for the reduced compression block depth as a function of the flexural compression 
block depth can be determined as: 

 

 
2

s
2

c 1 0.27R(a / d) c
d 1 R(a / d) d

+
=

+
 (6.25) 

 
Where 
 

 2
vR 1 ( / )(a / d)= + ρ ρ  (6.26) 

 
A number of simplifications and approximations, such as taking the tangent of the 
crack angle V equal to the a/d ratio and elimination of terms with relatively very 
insignificant numerical values, were made in order to derive Equation 6.25 and 
Equation 6.26. The details of these simplifications can be found in Zararis (2003). 
The proposed equations regarding the reduced compression block indicate that the 
depth of the reduced compression block mainly depends on the shear span to depth 
ratio and secondarily on the �v/� ratio. Furthermore, it can be said that the depth 
of compression block increases with increasing amounts of embedded web 
reinforcement at the anchorage zone, whereas the depth decreases with increasing 
amounts of vertical web reinforcement, albeit to a lesser degree. 
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Once the reduced compression depth, cs, is determined, it is possible to calculate 
the ultimate shear capacity of the deep beam. According to Zararis (2003), the 
shear force of the longitudinal reinforcement Vd disappears after stirrup yielding 
causing an excessive increase in the normal and shear forces of concrete at the 
reduced compressive zone and eventually resulting in the crushing of the concrete. 
It is assumed that the concrete compressive stress exceeds the concrete strength, fc', 
over the entire depth of the reduced compression zone, thus the concrete 
compressive force becomes: 
 
 s cC c b f ′=  (6.27) 

 
The ultimate shear capacity of the deep beam can be computed by employing a 
moment equilibrium equation at the application point of the concrete compressive 
force C, using the free body diagram illustrated in Figure 6.13, and this analysis 
results in: 
 

 
2 2

s s s
p c v yv

c c cbd aV 1 0.5 f 0.5 f 1
a / d d d d d

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞′= − + ρ −⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 (6.28) 

 
Where Vp is the predicted ultimate shear capacity of the deep beam. 

 
Figure 6.13: The free body diagram employed for calculating the ultimate shear capacity of deep 

beams in the Zararis Mechanical Model 
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Ultimate shear strength predictions for the bent cap specimens using the Zararis 
Mechanical Model are summarized in Table 6.7 and also shown in Figure 6.15. 
 

 
Figure 6.14: The free body diagram employed for calculating the ultimate shear capacity of deep 

beams in the proposed Modified Zararis Mechanical Model 
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Figure 6.15: The Zararis and the Modified Zararis Mechanical Models analysis results 
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Table 6.7: Zararis Mechanical Model Analysis Prediction Results 

Analysis Series 
 

Specimen 
 

VEXP 
[kips] 

 

VP 
[kips] 

Bias 
VEXP/VP 

Mean 
 

STD
 

COV
[%] 

D6.A4.G60#5.S 506.4 
(2253) 

563.3 
(2507) 0.90 

D6.A4.G40#4.S 406.6 
(1809) 

528.6 
(2352) 0.77 

D6.A2.G60#5.S 394.2 
(1754) 

438.1 
(1950) 0.90 

D6.A2.G40#4.S 293.8 
(1307) 

376.8 
(1677) 0.78 

0.84 0.072 8.6 Zararis 
Mechanical 

Model 

D4.A2.G40#4.S 207.3 
(922) 

191.5 
(852) 1.08    

 
The mean standard deviation and coefficient of variation of the strength prediction 
bias are shown in Table 6.7 and were calculated only taking into account the first 
four specimens since it is recognized that better results are achieved using the 
sectional analysis implementation of MCFT with Response 2000 for beams having 
an a/d ratio greater than 2.0. Using only the first four specimens, it can be seen that 
the analysis method as proposed by Zararis (2003) over estimates the ultimate shear 
strength of the bent cap specimens in all four cases with a mean prediction bias of 
0.84, and a coefficient of variation of 8.6%. 
 
In this model it was assumed that there was sufficient main longitudinal steel 
embedded at the anchorage zone to balance the compressive force generated at the 
reduced compression zone. However, there may be cases where the maximum 
compressive forces are limited by the availability of the longitudinal reinforcing 
steel. The calculated compressive force C, and the maximum tensile force of the 
steel reinforcement Tmax, which is the total area of the embedded steel 
reinforcement at the anchorage zone multiplied by the actual yield strength of steel 
for the specimens, are listed for each specimen in Table 6.8. 
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Table 6.8: Compressive and tensile forces at failure according to the Zararis Mech. Model 
Analysis Series 

 
Specimen 

 
C 

[kips] 
Tmax 
[kips] 

Ratio 
C/Tmax 

Mean 
 

STD
 

COV
[%] 

D6.A4.G60#5.S 584.3 443.7 1.32 
D6.A4.G40#4.S 614.2 425.6 1.44 
D6.A2.G60#5.S 394.2 212.8 1.85 
D6.A2.G40#4.S 398.4 212.8 1.87 

1.52 0.283 18.6Zararis 
Mechanical 

Model 

D4.A2.G40#4.S 243.5 216.5 1.12    
 
Seen from Table 6.8, the compressive force is larger than the maximum tensile 
force of the steel reinforcement in all cases, thus the horizontal equilibrium in the 
free body diagram is not satisfied. 
 
Another issue is that the horizontal shear force contribution of the vertical web 
reinforcement is disregarded in this model. However, considering the rapid rate of 
change in the diagonal tensile strains in the shear span after yielding of the main 
longitudinal steel embedded at the anchorage zone and the deformations in the 
vertical web reinforcement observed during the experiments, the horizontal shear 
force contribution of the vertical web reinforcement may be significant and 
necessary to achieve horizontal equilibrium. 
 
 
6.5.2 Modified Zararis Mechanical Model 

In order to better model the unique conditions for vintage bent caps, the proposed 
model by Zararis was modified in terms of limiting the concrete compressive 
strength and introducing the horizontal shear contribution of the vertical web 
reinforcement in order to achieve the equilibrium conditions used in the derivation. 
In this model the concrete compressive strength is limited to 0.85 fc' since it is 
believed that the existence of tensile stresses and lack of confinement of the 
compression zone due to the indirect loading mechanism may cause compression 
softening, which is defined as the reduction of compressive strength and stiffness 
relative to the uniaxial compressive strength. In addition, by limiting the concrete 
compression strength to 0.85 fc', a degree of familiarity with current design codes 
such as ACI 318, or AASHTO LRFD is achieved.  
 
Using the stress tensor given in Equation 6.14, the horizontal shear force 
contribution of the vertical web reinforcement can be calculated as: 
 sd sV 0.4V tan= ϕ  (6.29) 
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Since the stirrups are assumed to be at yield while calculating the ultimate shear 
strength of the deep beam, Equation 6.29 gives the maximum horizontal shear force 
contribution of the vertical web reinforcement. 
 
In this modified analysis method, first the initial values of c, cs and Pu are computed 
according to the original Zararis Mechanical Model but using the reduced concrete 
strength of 0.85 fc'. Second, the horizontal equilibrium of the forces in the free body 
diagram illustrated in Figure 6.13 is checked: 
 
 max s y c sT A f C 0.85f bc′= ≥ =  (6.30) 

 
Where Tmax is the tensile load capacity, As is the total area, and fy is the yield 
strength of the available longitudinal reinforcing steel bars embedded at the 
anchorage zone and crossing the critical diagonal crack. If Equation 6.30 is 
satisfied, this indicates that the ultimate shear strength of the deep beam is 
governed by concrete, and additional contribution from the shear force of the 
vertical web reinforcement is not needed. Thus, the ultimate shear strength can be 
directly computed from Equation 6.28 by only replacing the term fc' with 0.85 fc'. 
 
If Equation 6.30 is not satisfied, then it indicates that an additional contribution 
from the shear force of the vertical web reinforcement is needed in order to satisfy 
the horizontal equilibrium equation. The free body diagram constructed for this 
case is illustrated in Figure 6.14, and the new equilibrium equation becomes: 
 
 max sd c sT V C 0.85f bc′+ ≥ =  (6.31) 

 
In case the sum of the tensile load capacity of the longitudinal tensile steel 
embedded at the anchorage zone and the maximum additional contribution from the 
horizontal shear force of the vertical web reinforcement exceed the compressive 
force C, the analysis proceeds with the initial value of cs as calculated before. 
However, the contribution from the horizontal shear force of the vertical web 
reinforcement should be limited to: 
 
 sd,limited max max sdV C T if T V C= − + >  (6.32) 

 
Thus, when the moment equilibrium equation at the application point of the 
compressive force C is employed, the ultimate shear strength of the deep beam can 
be computed as: 
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s,initial
max s sd,limited

P

c aT 1 0.5 0.5V 0.5V
d d

V
(a / d)

⎛ ⎞ ⎛ ⎞− + +⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠=  (6.33) 

 
If both Equation 6.30 and Equation 6.31 are not satisfied, this indicates that the 
ultimate strength of the deep beam is governed by the amount of reinforcing steel, 
and the reduced compression block depth cs, should be re-calculated in order to 
satisfy the horizontal equilibrium. The new reduced compression block depth, 
cs,limited is given by: 
 

 max sd
s,limited

c

T Vc
0.85f b

+
=

′
 (6.34) 

 
Using the free body diagram illustrated in Figure 6.14 and employing a moment 
equilibrium equation at the application point of the compressive force C, the 
ultimate shear strength of the deep beam can be computed from: 
 

 

s,limited
max s sd

P

c aT 1 0.5 0.5V 0.5V
d d

V
(a / d)

⎛ ⎞ ⎛ ⎞− + +⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠=  (6.35) 

 
The flowchart of the methodology is shown in Figure 6.16. The correlation 
between the experimental and predicted ultimate shear strengths for the bent cap 
specimens using the Modified Zararis Mechanical Model are summarized in Table 
6.9, and also shown in Figure 6.15. 
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Figure 6.16: Solution procedure for the Modified Zararis Mechanical Model 
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Table 6.9: Modified Zararis Mechanical Model Analysis Prediction Results 

Analysis Series 
 

Specimen 
 

VEXP 
[kips] 
(kN) 

VP 
[kips] 
(kN) 

Bias 
VEXP/VP 

Mean 
 

STD
 

COV
[%] 

D6.A4.G60#5.S 506.4 
(2253) 

528.8 
(2353) 0.96 

D6.A4.G40#4.S 406.6 
(1809) 

439.5 
(1956) 0.93 

D6.A2.G60#5.S 394.2 
(1754) 

381.6 
(1698) 1.03 

D6.A2.G40#4.S 293.8 
(1307) 

280.4 
(1248) 1.05 

0.99 0.059 5.9 Modified 
Zararis 

Mechanical 
Model 

D4.A2.G40#4.S 207.3 
(922) 

192.7 
(858) 1.08    

 
As seen here, better correlation was achieved with the Modified Zararis 
Mechanical Model with a prediction bias of 0.99 and a coefficient of variation of 
5.9% based on four bent cap specimens. In addition, the governing parameters at 
failure are summarized in Table 6.10 for each specimen. 
 
Table 6.10: Modified Zararis Mechanical Model Failure Cases 
Analysis Series 

 
Specimen 

 
Failure Case

 
Note 

 
D6.A4.G60#5.S 2 Strength governed by concrete 
D6.A4.G40#4.S 3 Strength governed by reinforcing steel 
D6.A2.G60#5.S 2 Strength governed by concrete 
D6.A2.G40#4.S 3 Strength governed by reinforcing steel 

Modified 
Zararis 

Mechanical 
Model 

D4.A2.G40#4.S 1 Strength governed by concrete (Vsd = 0)
 
According to the analysis results, the strength of bent cap specimens D6.A4.G40#4 
and D6.A2.G40#4 is governed by the availability of reinforcing steel. This is due to 
the fact that the shear force contribution of the vertical web reinforcement is 
relatively low in specimens with weaker web reinforcement. However, the 
horizontal shear contribution of the vertical web reinforcement was adequate in 
specimens D6.A4.G60#5.S and D6.A2.G60#5.S to allow use of the initial reduced 
compression block depth. Specimen D4.A2.G40#4.S was the only specimen where 
the shear force contribution of the vertical web reinforcement was not necessary to 
maintain equilibrium, which may be considered as an indicator of a different 
behavior caused by the a/d ratio. 
 



 
 

 190

In order to determine confidence intervals for the proposed methodology, partial 
safety factors, �, were calculated assuming normal distribution probability density 
functions as shown in Figure 6.17. If a normal distribution is assumed for the 
analysis method, the probability of over predicting the experimental strength 
(VEXP/VP > 1) with the Modified Zararis Mechanical Model varies depending on 
the selected confidence intervals as seen in Table 6.11. For example, the 
probability of having a conservative prediction result is 99% if a partial safety of 
0.85 is used.  
 

0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5

Normal Distribution for VEXP/VP
Normal Distribution for VEXP/φVP  φ = 0.85
56%
1%

 
Figure 6.17: Assumed probability density functions for the prediction bias, and the effect of partial 

safety factors 

Table 6.11: Confidence Intervals and the Corresponding Resistance Factors 
Confidence Interval 

 
Partial Safety 

 
90% 0.92 
95% 0.89 
99 % 0.85 
99.9% 0.80 
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An analysis based on the Modified Zararis Model gives a good estimate of the bent 
cap specimen capacity. The relatively simple nature of the proposed equations 
allows hand calculations or a spreadsheet program to be used in order to achieve 
fast results. Such a spreadsheet was constructed with Microsoft Excel and used for 
the analysis of bent cap specimens in this study. 
 
 
6.6 NON-LINEAR FINITE ELEMENT ANALYSIS 

The advent of computers in the 1940s and the subsequent rapid development of the 
finite element method (FEM) in the 1950s provided structural engineers with 
powerful tools for analyzing very complex structures. In order to achieve reliable 
results with the FEM, realistic modeling of the structure geometry, boundary 
conditions, and the material behavior are of utmost importance. The latter has 
proved to be the most challenging part when modeling reinforced concrete 
structures due to the quasi-brittle and anisotropic nature of concrete, which 
becomes even more complex with the addition of steel reinforcement. Even though 
the computing power has grown rapidly resulting in faster computing times even 
with sophisticated analysis algorithms, the challenge of modeling the behavior of 
reinforced concrete still remains the subject of many research activities. Quoting 
from Vecchio (2001), “Unfortunately, reinforced concrete is a complex and 
stubborn material that sometimes refuses to act according to the accepted rules of 
mechanics”. 
 
The two main approaches used in FEM analysis to represent the cracking 
phenomenon in concrete structures are the “discrete crack approach”, and the 
“smeared crack approach”.  
 
In the discrete crack approach, the crack is treated as a geometrical entity where the 
finite element mesh has to be altered to accommodate propagating cracks. The need 
to modify the mesh topology as the crack propagates under increasing loads may 
limit the speed and ease of the analysis when the discrete crack approach is 
employed. Nilson (1967, 1968) was the first to treat cracks in a FEM of a 
reinforced concrete beam discretely followed by other researchers such as Ngo and 
Scordelis (1967), Salah El-Din and El-Adawy Nassef (1975), Hillerborg et al. 
(1976), Gerstle (1982), Ingraffea et al. (1984), and Gustafsson and Hillerborg 
(1988).  
 
In the smeared crack approach, the constitutive properties of finite elements in the 
vicinity of the crack are adjusted rather than changing the topography of the finite 
element grid. The earliest procedure related to the smeared crack approach (Rashid 
1968) was based on reducing the material stiffness to zero in the direction of the 
principal tensile stress once the stress exceeded the tensile capacity of concrete. 
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More sophisticated material models may be used in the smeared crack approach to 
take into account the post peak tensile behavior of concrete. In the last decades, the 
smeared crack approach has become the most widely used approach in practice due 
to its computational convenience. Naming a few, Cervenka and Grestle (1972), 
Valliappan and Doolan (1972), Colville and Abbasi (1974), Nam and Salmon 
(1974), Darwin and Pecknold (1976), Schnobrich (1977), Bazant and Cedolin 
(1980), Bedard and Kotsovos (1985), Chang et al. (1987), Channakeshava and 
Iyengar (1988), Vecchio (1989), Gupta and Maestrini (1989), Bhatt and Abdel 
Kader (1998) and Maekawa et al. (2003) reported that it is possible to achieve 
reliable results using the smeared crack approach. 
 
There is no consensus on a “better” approach since both smeared and discrete crack 
models have their own advantages and disadvantages. As mentioned before, the 
mesh regeneration process in the discrete crack approach may become a tedious 
and difficult job relegated to the analyst. Smeared crack approach is known to have 
better handling of the reinforcement (modeled as discrete or smeared) since the 
behavior at the crack vicinity becomes too complex when the discrete crack 
approach is used. On the other hand it was reported that the exact failure mode may 
not be always assessed using smeared crack models, whereas there is better 
agreement with the discrete crack models and the experimental failure modes 
(Jendele et al. 2001). Another issue with the smeared crack approach is the mesh 
sensitivity (Bazant 1976) where the analyst has to try models with different mesh 
sizes in order to ensure convergence. However, it should be noted that good results 
have been achieved on the load capacity prediction using both approaches. 
 
 
6.6.1 Non-linear Finite Element Analysis Using VecTor2 

The finite element code VecTor2 v6.0 was employed in this study to predict the 
capacity and behavior of the bent cap specimens. VecTor2 is a non-linear finite 
element analysis program focused on the analysis of two-dimensional reinforced 
concrete membrane structures under static, cyclic or thermal loads, which has been 
under constant development at the University of Toronto since early 1990’s. The 
theoretical background of the program is based on the Modified Compression Field 
Theory (MCFT) (Vecchio and Collins 1986) and the Disturbed Stress Field Model 
(DSFM) (Vecchio 2000), which are analytical models for predicting the response of 
rectangular reinforced concrete elements subjected to in-plane shear and axial 
stresses.  
 
VecTor2 uses low-order planar triangular, rectangular and quadrilateral elements 
which model concrete with or without smeared reinforcement. The discrete 
reinforcement is modeled with linear truss bar elements. Non-dimensional link and 
contact elements are also supported in order to model bond-slip. VecTor2 employs 
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a rotating-smeared crack model approach to model reinforced concrete. Since the 
FEM analysis is used as a “tool” in this study, further detail on the derivation of the 
elements and the solution algorithm is out of the scope of this research and is 
detailed by Wong and Vecchio (2002). 
 
Although VecTor2 is the core application for the finite element analysis, the 
software is supported by a preprocessor and a postprocessor. FormWorks v2.0 is 
the preprocessor software which provides a graphical user interface for developing 
and visualizing the finite element model and generates input files to be used with 
VecTor2. FormWorks has auto-meshing capabilities and a bandwidth reduction 
algorithm to optimize the computing time. Augustus v5.0.6 is the postprocessor of 
the software suit, which uses the output files generated by VecTor2 and provides a 
graphical user interface for interpreting the analysis results. Augustus is capable of 
displaying the deflected shape of the structure, the crack patterns, and the stress and 
strain distributions in the elements. 
 
 
6.6.2 The Finite Element Model and Trial Analyses 

The specimens were modeled using their full geometry since the support conditions 
of the test specimens were not exactly symmetric. The roller support in the 
specimens was simulated by restraining a single node at the bottom of the column 
in y-direction only. Trial analyses were executed in order to determine the best way 
to simulate the pin support in the specimens. It was observed that when all bottom 
nodes were restrained in both x and y directions, the support acted like a moment 
connection, and extensive cracking occurred in the column due to bending resulting 
in premature local failure modes, which was not seen during the experiments where 
the real support condition allowed limited rotations. When the pin support was 
simulated by restraining a single node at the bottom of the column both in x and y 
directions, the extensive cracking phenomenon in the column was minimized 
resulting in limited column cracking similar to that observed during the 
experiments. 
 
Different out of plane thicknesses were assigned for the column and beam sections. 
Stub girder portions were not modeled since VecTor2 is a 2D analysis program. 
Instead, the loads were applied as uniformly distributed along the bent cap beam–
girder connection in some of the trial analyses.  
 
Rectangular and triangular elements were used to model plain concrete or concrete 
with smeared web reinforcement. Truss bar elements were used to model flexural 
steel in the bent cap, the vertical steel bars in the columns, and the transverse web 
reinforcement, if stirrups were modeled discretely. Column hoops were always 
modeled as smeared reinforcement in all of the models. A maximum element 
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aspect ratio of 1.5 was enforced. Example models of 6 ft deep specimens and the 4 
ft deep specimen with discrete flexural and transverse reinforcement is shown in 
Figure 6.18. 

 
Figure 6.18: Finite element models for (a) 6 ft deep specimens and (b) 4 ft deep specimen 

Since VecTor2 uses the smeared crack approach, models with different mesh sizes 
were analyzed in order to ensure convergence and to make a decision on the 
maximum mesh size that can be used which minimizes the computing time and 
provides convergence. According to Bedard and Kotsovos (1985) the smallest 
finite element size should be two to three times greater than the maximum 
aggregate size, which was ¾ in. (20 mm.) in the laboratory specimens. The auto-
mesh option was used in FormWorks for different mesh sizes of 1.97 in. (50 mm), 
3.94 in. (100 mm), 7.87 in. (200 mm), 11.81 in. (300 mm) in order to check 
convergence. The initial secant stiffness did not seem to be affected by the mesh 
size. However, relatively stiffer response under increasing loads and higher 
ultimate load capacities were achieved in models with larger mesh sizes. It was 
observed that a mesh size of 3.94 in. (100 mm) was sufficient to satisfy the 
convergence of the solution while providing reasonable computational time 
compared to a mesh size of 1.97 in. (50 mm). An example of the convergence trials 
from specimen D4.A2.G40#4.S is shown in Figure 6.19. For the same specimen, 
the required computing time as a function of the number of elements in the model 
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is shown in Figure 6.20. All analyses were performed on an Intel® based PC, with a 
Pentium® 4 3.0 GHz CPU, and 1 GB of DDR2 RAM. 
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Figure 6.19: Predicted load-deformation response for different finite element mesh sizes (Specimen 

D4.A2.G40#4.S) 
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Figure 6.20: Computing time for different mesh sizes (Specimen D4.A2.G40#4.S) 
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For displacement controlled analyses, a load step size of 0.04 in. (1.0 mm) was 
chosen. For forced controlled analyses, different load step sizes of 1 kip (4.5 kN), 5 
kips (22.5 kN), 10 kips (45 kN) and 25 kips (112.5 kN) were tried. Changing the 
load step size did not affect the behavior until the model was close to failure. Using 
large load steps such as 10 kips (45 kN) and 25 kips (112.5 kN) yielded artificially 
higher load capacities. It was observed that a load step size of 5 kips (22.5 kN) was 
adequate to capture the ultimate load capacity as shown in Figure 6.21. 
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Figure 6.21: Predicted load-deformation response for different load step sizes (Specimen 

D4.A2.G40#4.S) 

A total of 1757 rectangular and 30 triangular elements were used to represent 
concrete, and 427 truss elements were used to discretely model the flexural 
reinforcement and the vertical reinforcement in the columns for the finite element 
models of the 6 ft. deep specimens with smeared web reinforcement. For the 4 ft. 
deep beam specimen, a total of 1288 rectangular and 21 triangular elements were 
used to represent concrete, and 445 truss elements were used to model the discrete 
flexural reinforcement and the vertical reinforcement in the columns. When web 
reinforcement was discretely modeled, the total number of elements increased 
affecting the computing time. A total of 1689 rectangular and 354 triangular 
elements were used to represent concrete, where 1084 truss elements were used to 
model the discrete reinforcement in 6 ft. deep beam models. For the 4 ft deep 
specimen with discrete web reinforcement, a total of 1225 rectangular and 217 
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triangular elements were used to represent concrete, and 838 truss elements were 
used to model the discrete reinforcement. 
 
Results from the material tests were used for the input parameters such as the 
compressive strength of concrete and the yield and ultimate strengths of steel. The 
concrete tensile strength, ft’, was calculated from:  
 
 t cf 0.33 f (MPa)′ ′=  (6.36) 

 
Where fc’ (MPa) is the cylinder compressive strength of concrete since it was 
reported that tensile strengths found from the modulus of rupture tests are known to 
over-estimate the actual tensile strength of concrete when used with VecTor2 
(Saatci 2007). The initial tangent modulus of concrete, Ec was determined from: 
 
 c cE 5500 f (MPa)′=  (6.37) 

 
The cylinder strain at fc’, Eo is calculated from: 
 
 o c1.8 0.0075f (m )′ε = + ε  (6.38) 

 
The initial Poisson’s ratio, Eo, was taken as 0.15. The steel elastic modulus, Es, was 
taken as 200,000 MPa (29,000 ksi), the strain hardening modulus, Esh, was assumed 
as 20,000 MPa (2900 ksi). 
 
 
6.6.3 Constitutive Models for Concrete and Steel Reinforcement 

VecTor2 uses adaptive constitutive models both for concrete and steel 
reinforcement by taking into account a variety of second-order effects that are 
unique to reinforced concrete such as compression softening, tension stiffening, 
tension softening, and tension splitting. The program is also capable of modeling 
other complex phenomena related to reinforced concrete such as concrete dilation 
and confinement, bond slip, crack shear deformations, reinforcement dowel action, 
reinforcement buckling, and crack allocation processes. All material and behavioral 
models used for concrete and steel reinforcement were the default settings for 
VecTor2, and brief information about each model used in the finite element 
analysis section of this study is given in Appendix A of this document. More detail 
on derivations of these models, and information about other models supported by 
VecTor2 can be found in the VecTor2 and Formworks Manual (2002), and in the 
related references. 
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6.6.4 Nonlinear Finite Element Analysis Results 

Once optimal support conditions, mesh sizes, load step sizes, and the material 
models were determined, further displacement or force based analyses were 
conducted by using combinations of discrete/smeared web reinforcement, 
point/distributed loads, and monotonic/cyclic load increments. Varying parameters 
used in analyses are listed in Table 6.12. 
 
Table 6.12: Finite Element Analysis Series 

# Analysis Type Loading1 Loading2 
Flexural 

Reinforcemen
t 

Web 
Reinforcement

1 Displacement 
Controlled Monotonic Point Loads Discrete Smeared 

2 Force Controlled Monotonic Point Loads Discrete Smeared 

3 Force Controlled Monotonic Distributed 
Loads Discrete Smeared 

4 Force Controlled Monotonic Distributed 
Loads Discrete Discrete 

5 Force Controlled Monotonic Point Loads Discrete Discrete 

6 Force Controlled Cyclic Point Loads Discrete Discrete 
 
VecTor2 NLFEM analysis ultimate shear strength prediction results are shown in 
Figure 6.22, where the red circle denotes a premature failure mode observed for 
specimen D6.A4.G40#4.S only in analysis series 3 and 4 with distributed loads. In 
the premature failure mode case, the finite element analysis terminated abruptly 
due to numerical instability.   
 
Generally VecTor2 was capable of accurately predicting the ultimate shear strength 
in almost all of the cases with low values for the standard deviation and the 
coefficient of variation. Figure 6.23 shows the prediction results ranked according 
to the standard deviations. The results that best matched the experimental behavior 
were achieved in analysis series 5 with a mean prediction bias of 1.02 and a 
coefficient of variation of 1.46%. Prediction biases, standard deviations, and the 
coefficients of variation from each analysis series are summarized in  
Table 6.13.  
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Figure 6.22: VecTor2 NLFEA ultimate shear strength prediction results 
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Figure 6.23: VecTor2 NLFEA ultimate shear strength prediction results 
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It was observed that predicted shear strengths from analyses with smeared 
reinforcement were slightly unconservative. However, the predicted shear strengths 
decreased when transverse web reinforcement was modeled discretely. When 
analysis series 2 and 5 were compared, which were both force controlled and 
analyzed under monotonic point loading, the difference between the mean 
prediction biases was 6%. A comparison of analysis series 4 and 5, without taking 
into account specimen D6.A4.G40#4.S, showed that the ultimate shear capacities 
decreased insignificantly (1%) when distributed loads simulating indirect loading 
were applied as opposed to direct point loading.  This can be attributed to the two-
dimensional analysis approach VecTor2 uses where it was not possible to directly 
simulate the effect of three dimensional indirect load transfer mechanisms. 
 

Table 6.13: VecTor2 Finite Element Analysis Prediction Results 

Analysis Series 
 

Specimen 
 

VEXP 
[kips] 
(kN) 

VP 
[kips] 
(kN) 

Bias 
VEXP/VP

Mean 
 

STD
 

COV
[%] 

D6.A4.G60#5.S 506.4 
(2253) 

491.3 
(2186) 1.03 

D6.A4.G40#4.S 406.6 
(1809) 

405.1 
(1803) 1.00 

D6.A2.G60#5.S 394.2 
(1754) 

407.4 
(1813) 0.97 

D6.A2.G40#4.S 293.8 
(1307) 

332.4 
(1479) 0.88 

VecTor2 
NLFEA #1 

D4.A2.G40#4.S 207.3 
(922) 

218.6 
(973) 0.95 

0.97 0.057 5.88

D6.A4.G60#5.S 506.4 
(2253) 

505.9 
(2251) 1.00 

D6.A4.G40#4.S 406.6 
(1809) 

419.9 
(1869) 0.97 

D6.A2.G60#5.S 394.2 
(1754) 

414.6 
(1845) 0.95 

D6.A2.G40#4.S 293.8 
(1307) 

313.8 
(1396) 0.94 

VecTor2 
NLFEA #2 

D4.A2.G40#4.S 207.3 
(922) 

222.5 
(990) 0.93 

0.96 0.028 2.90

D6.A4.G60#5.S 506.4 
(2253) 

499.5 
(2223) 1.01 

D6.A4.G40#4.S 406.6 
(1809) 

359.0 
(1598) 1.13 

VecTor2 
NLFEA #3 

D6.A2.G60#5.S 394.2 
(1754) 

409.6 
(1823) 0.96 

1.00 0.078 7.81
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D6.A2.G40#4.S 293.8 
(1307) 

303.4 
(1350) 0.97 

D4.A2.G40#4.S 207.3 
(922) 

222.4 
(990) 0.93 

D6.A4.G60#5.S 506.4 
(2253) 

491.3 
(2186) 1.03 

D6.A4.G40#4.S 406.6 
(1809) 

359.0 
(1598) 1.13 

D6.A2.G60#5.S 394.2 
(1754) 

384.2 
(1710) 1.03 

D6.A2.G40#4.S 293.8 
(1307) 

283.5 
(1262) 1.04 

VecTor2 
NLFEA #4 

D4.A2.G40#4.S 207.3 
(922) 

202.2 
(900) 1.02 

1.05 0.045 4.31

D6.A4.G60#5.S 506.4 
(2253) 

485.6 
(2161) 1.04 

D6.A4.G40#4.S 406.6 
(1809) 

399.7 
(1779) 1.02 

D6.A2.G60#5.S 394.2 
(1754) 

389.5 
(1733) 1.01 

D6.A2.G40#4.S 293.8 
(1307) 

288.3 
(1283) 1.02 

VecTor2 
NLFEA #5 

D4.A2.G40#4.S 207.3 
(922) 

207.4 
(923) 1.00 

1.02 0.015 1.46

D6.A4.G60#5.S 506.4 
(2253) 

480.5 
(2138) 1.05 

D6.A4.G40#4.S 406.6 
(1809) 

404.7 
(1801) 1.00 

D6.A2.G60#5.S 394.2 
(1754) 

389.5 
(1703) 1.01 

D6.A2.G40#4.S 293.8 
(1307) 

283.2 
(1260) 1.04 

VecTor2 
NLFEA #6 

D4.A2.G40#4.S 207.3 
(922) 

212.4 
(945) 0.98 

1.02 0.029 2.84

 
 

6.6.4.1 Load Deflection Response 

Load–displacement curves obtained from the experiments and the finite 
element analyses were compared. The correlation between the experimental 
and predicted responses from analysis series 5, where best results achieved, 
is shown in Figure 6.24 – Figure 6.28. It was observed that VecTor2 was 
capable of capturing the initial stiffness of specimens and the general trend 
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in behavior very well. However, the sudden softening and re-stiffening 
phenomenon in the response of the experimental specimens around 120 – 
150 kips (534 kN – 668 kN), which was due to the sudden propagation of 
the characteristic diagonal crack, was not seen in the predicted behavior. 
This issue can be attributed to the smeared crack approach VecTor2 
employs and the force-controlled loading protocol which was used in the 
experiments.  
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Figure 6.24: Predicted and experimental response of specimen D6.A4.G60#5.S 
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Figure 6.25: Predicted and experimental response of specimen D6.A4.G40#4.S 
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Figure 6.26: Predicted and experimental response of specimen D6.A2.G60#5.S 
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Figure 6.27: Predicted and experimental response of specimen D6.A2.G40#4.S 
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Figure 6.28: Predicted and experimental response of specimen D4.A2.G40#4.S 
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Since a cyclic loading protocol was used in the experiments, cyclic analyses 
of bent cap specimens were also performed. Due to the limitations in 
VecTor2, the alternating load protocol with sub-load steps explained in 
Section 3.5.1 could not be directly applied in the finite element analysis. 
Instead the loads were applied simultaneously simulating the “both lanes 
loaded” load case while discarding the “one lane loaded” sub-load steps. In 
the cyclic loading analyses, the loads were increased by 50 kips after each 
loading–unloading cycle, and a load step size of 5 kips was used similar to 
the monotonic loading analyses. The major drawback with cyclic loading 
analyses was the significant increase in the required computing time due to 
additional load steps. While all of the force controlled monotonic analyses 
were completed in less than an hour (17 – 45 minutes), the required 
computing time for cyclic analyses was between 45 to 459 minutes 
depending on the ultimate load capacity of the specimen as shown in Figure 
6.29.  
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Figure 6.29: Computing time for monotonic and cyclic analyses (discrete web reinforcement) 

Applying cyclic loads did not significantly affect the predicted results since 
the load-displacement curves achieved from the cyclic loading analyses 
basically followed the backbone curve of the monotonic loading tests as 
shown in Figure 6.24 – Figure 6.28. The load capacity prediction bias was 
the same with the monotonic analyses with a standard deviation of 2.88%. 
The predicted plastic displacement offsets were less than those observed in 
the experimental tests in all of the cases, but the trend in the response was 



 
 

 206

generally captured. Overall, it can be said that using monotonically 
increasing loads in analyses of bent cap specimens was sufficient enough 
and more practical considering the similarities in the predicted behavior and 
the much longer required computing time for cyclic analyses. 

 
6.6.4.2 Crack Patterns 

Crack patterns predicted by VecTor2 were compared with the patterns 
observed from the tests as shown in Figure 6.30 – Figure 6.34. Generally, 
the experimental and predicted crack patterns match well. The locations and 
the heights of vertical cracks that propagate at the early stages of loading 
were predicted reasonably. The formation of the characteristic diagonal 
cracks was also correctly predicted. The more extensive cracking pattern 
observed in bent cap specimens with heavier web reinforcement was also 
well predicted by VecTor2. However, there were some discrepancies as 
well. For example, in specimens D6.A2.G40#4.S and D4.A2.G40#4.S the 
predicted characteristic diagonal cracks had a shallower angle than those 
seen in the experiments. In addition, the light flexural crack patterns 
predicted at the column regions were not observed in the tests.  

 

 
Figure 6.30: Experimental and VecTor2 predicted crack pattern for specimen D6.A4.G60#5.S 
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Figure 6.31: Experimental and VecTor2 predicted crack pattern for specimen D6.A4.G40#4.S 

 

 
Figure 6.32: Experimental and VecTor2 predicted crack pattern for specimen D6.A2.G60#5.S 

 

 
Figure 6.33: Experimental and VecTor2 predicted crack pattern for specimen D6.A2.G40#4.S 
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Figure 6.34: Experimental and Vector2 predicted crack pattern for specimen D4.A2.G40#4.S 

 
6.6.4.3 Concrete Principal Compressive Stress Distribution 

Concrete principal compressive stress trajectories predicted by VecTor2 are 
shown in Figure 6.35 – Figure 6.39. It can be seen that compressive forces 
are mainly transferred from the loading zones to the supporting columns 
through arch action. At later stages of the laboratory tests, a secondary strut 
outlined by other inclined cracks adjacent to the characteristic diagonal 
crack was generally observed. A similar response can be seen in the 
compressive principal stress trajectories predicted by VecTor2. The depth 
of the flexural compression block at the constant moment zone was also 
well predicted. Except specimen D4.A2.G40#4.S, the utility holes were 
mostly outside the path of principle stress trajectories; thus, it can be said 
that the utility holes do not affect the behavior of 6 ft deep bent cap 
specimens. 

 
Figure 6.35: Concrete principal compressive stresses for specimen D6.A4.G60#5.S 
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Figure 6.36: Concrete principal compressive stresses for specimen D6.A4.G40#4.S 

 
 

 
Figure 6.37: Concrete principal compressive stresses for specimen D6.A2.G60#5.S 

 
 

 
Figure 6.38: Concrete principal compressive stresses for specimen D6.A2.G40#4.S 
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Figure 6.39: Concrete principal compressive stresses for specimen D4.A2.G40#4.S 

 
6.6.4.4 Steel Reinforcement Stress Distribution 

The sequential yielding of stirrups observed in laboratory tests depended on 
the propagation of the characteristic diagonal crack, and this was also seen 
in finite element analysis results. VecTor2 predicted yielding of all the 
transverse web reinforcement in the shear span prior to failure except the 
stirrup closest to the beam column interface. Yielding of the flexural steel 
embedded at the anchorage zone near failure was also predicted by 
VecTor2. Figure 6.40 shows the steel reinforcement stresses at failure for 
specimen D6.A4.G60#5.S. The smallest bin value (blue) in the Figure 
corresponds to the yield strength of stirrups, whereas the largest bin value 
(green) in the Figure corresponds to a stress slightly larger than the yield 
strength of flexural reinforcement. 
 

 
Figure 6.40: Steel reinforcement stresses beyond yield (Specimen D6.A4.G60#5.S) 
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6.6.4.5 Effect of Fatigue Loading on Member Capacity 

In order to assess the capacity of the fatigue specimen D6.A2.G40#4.F, a 
finite element model was constructed with VecTor2 where the web 
reinforcement was modeled discretely and point loads were applied. The 
analysis type was chosen as force-controlled. In situations where metal 
fatigue of the embedded steel is unlikely due to low stress ranges, the 
mechanism for damage from high-cycle fatigue is bond fatigue at the 
stirrup-concrete interface, which leads to reduced constraint at crack 
locations thus increasing crack widths. In order to investigate the possible 
deteriorating effect of fatigue loading on member strength, first, perfect 
bond was assumed between web reinforcement and concrete. The non-
linear finite element analysis with perfectly bonded web reinforcement 
resulted in a prediction bias (VEXP/VP) of 1.00. Second, a new finite element 
model was constructed where a portion of the web reinforcement was 
assumed to be significantly debonded due to fatigue effects in order to 
simulate the worst conditions. This was accomplished by applying perfect 
bond to the top and bottom 10% segment of the truss elements, and the 
“unbonded bars or tensons” bond model was employed for the remaining 
80% length in between as illustrated in Figure 6.41. The non-linear finite 
element analysis with 80% debonded web reinforcement resulted in a 
prediction bias (VEXP/VP) of 1.04. When crack patterns of both models were 
compared, less extensive but wider cracks were observed in the debonded 
model. The load-deformation response from both models and the 
experimental data is shown in Figure 6.42. It was verified that the debonded 
model produced constant stress in the stirrups over the debonded segment.  

 
Figure 6.41: Finite element model with 80% debonded stirrups at each shear span 
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Figure 6.42: Predicted and experimental response of specimen D6.A2.G40#4.F 

According to the non-linear finite element analyses of specimen 
D6.A2.G40#4.F, an extreme case of 80% debonded stirrups due to bond 
fatigue resulted in a loss of capacity by 3.6%. In order to investigate the 
effect of bond fatigue on the strength of other specimens with different 
reinforcement configurations, a series of non-linear finite element analyses 
were carried out where the results from models with perfectly bonded and 
80% debonded stirrups were compared. The analysis results indicated that 
while the strength reductions for 6 ft deep specimens with lighter web 
reinforcement (Grade 40, #4 stirrups) was between 3.6% and 3.9%, severe 
bond deterioration had a much more significant impact on 6 ft deep 
specimens with heavier web reinforcement (Grade 60, #5 stirrups). The loss 
of capacity for 6 ft deep specimens with heavier web reinforcement was 
observed as 13.0% and 14.0% for specimens D6.A4.G60#5.S and 
D6.A2.G60#5.S, respectively. For the relatively slender 4 ft deep specimen, 
D4.A2.G40#4.S, the loss of capacity was only 2.4%. The analysis results 
are provided in Table 6.14 where the contribution of the stirrups was 
indicated with a stress term, Asfy / bs. The deterioration in member 
capacities due to severe bond fatigue is also shown in Figure 6.43. 
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Figure 6.43: Change in predicted capacity for fully bonded and 80% debonded stirrups 

Table 6.14: The Effect of Bond Fatigue on Predicted Specimen Capacities 

 
Analysis 

Series 
 

Specimen 
 

 
Asfy/bs 

[psi] 
(Pa) 

VP 
Perfectly 
Bonded 
[kips] 
(kN) 

VP 
80% 

Debonded 
[kips] 
(kN) 

Difference
[%] 

D6.A4.G60#5.S 275.5 
(1900) 

485.6 
(2161) 

422.5 
(1880) 13.0 

D6.A4.G40#4.S 144.3 
(995) 

399.7 
(1779) 

384.2 
(1710) 3.9 

D6.A2.G60#5.S 275.5 
(1900) 

389.5 
(1733) 

334.9 
(1490) 14.0 

D6.A2.G40#4.S 143.4 
(989) 

288.3 
(1283) 

277.9 
(1213) 3.7 

D4.A2.G40#4.S 144.6 
(997) 

207.4 
(923) 

202.4 
(901) 2.4 

NLFEA 
Fatigue 

Simulation 

D6.A2.G40#4.F 142.3 
(981) 

283.2 
(1260) 

273.1 
(1215) 3.6 
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From the fatigue experiment and the analysis results, debonding of stirrups 
due to fatigue loading did not seem to extensively affect the capacity of 
bent caps with light web reinforcement, and this effect tended to diminish 
further with increasing a/d ratios. However, effects of the fatigue loading 
appeared to be much more critical for heavily reinforced bent caps when the 
member capacity relies more on the web reinforcement. 

 
 
6.7 SUMMARY RESULTS 

Six different analytical methods were applied to assess the strength and behavior of 
the bent cap specimens with 1950s vintage details including ACI 318-05 traditional 
shear design method, ACI 318-99 deep beam shear design method, MCFT sectional 
analysis with Response 2000, Strut-and-Tie Models, the Zararis Mechanical Model 
and its modified adaptation, and non-linear finite element analysis with VecTor2. 
Based on these analyses and comparisons with experimental results, the following 
conclusions are presented: 
 

• ACI 318-05 traditional shear design method resulted variable outcomes and 
sometimes unconservative results. An unconservative prediction bias 
(VEXP/VP) of 0.86 was achieved in one of the specimens. 

• ACI 318-99 deep beam shear design equations produced conservative 
results for all specimens, but the results also had coefficients of variation of 
16.9% for the simplified approach and 25.0% for the detailed approach. 

• ACI 318-05 and ACI 318-99 do not account for changes in the embedded 
flexural reinforcement configuration at the anchorage zone that was 
observed in the experiments to affect strength. 

• MCFT sectional analysis with Response 2000 produced conservative 
estimates for the shear strength of bent cap specimens with an a/d ratio of 
1.38. However, this method reasonably predicted the capacity of the bent 
cap specimen with an a/d ratio of 2.1. 

• Results from the simple strut-and-tie model, which is frequently seen in the 
literature, were excessively conservative. The web reinforcement was not 
taken into account in this model, and the capacity of the member was 
always limited with the availability of the embedded reinforcement at the 
anchorage zone. 

• A more detailed strut-and-tie model produced still conservative but 
relatively better prediction results. This model employed a two-piece 
compression strut and a tension tie representing the web reinforcement. 
Optimization of the STMs by iteration was necessary to improve the 
prediction results, which takes time and experience. 
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• Very sophisticated strut-and-tie models are not recommended for predicting 
the strength of bent cap specimens since the behavior of the model becomes 
very sensitive to the location of the nodes, which may result in misleading 
outcomes. 

• The original mechanical model proposed by Zararis (2003) produced 
unconservative estimates of the strength. This model did not account for the 
cases where the strength was limited by the availability of the embedded 
reinforcement at the anchorage zone; thus, the horizontal equilibrium of 
forces was not always satisfied. 

• The Zararis Mechanical Model was modified by limiting the concrete 
compressive strength to account for the tensile stresses and lack of 
confinement caused by indirect loading, and the horizontal shear resistance 
of the vertical web reinforcement was taken into account. The proposed 
methodology included various checks to ensure horizontal equilibrium. 

• The Modified Zararis Mechanical Model reasonably predicted the capacity 
of the specimens with a prediction bias of 0.99 and a coefficient of variation 
of 5.9%. 

• Considering the available data, a partial safety factor of 0.85 is 
recommended to account for the method of analysis for conservative 
estimates with a 99% confidence interval. 

• Nonlinear finite element analyses with VecTor2 provided good correlation 
with experimental results. For a model with discrete reinforcement and 
point loads, a prediction bias of 1.02 with a coefficient of correlation of 
1.5% was achieved. 

• The predicted crack patterns and the flow of principle compressive stresses 
from the nonlinear finite element analyses were in good agreement with the 
experimental observations. 

• It was observed that applying cyclic loads taking into account the hysteretic 
response of concrete and reinforcing steel did not improve the analysis 
results while increasing computational time. 

• The shear capacity of the fatigue specimen D6.A2.G40#4.F was well 
predicted by nonlinear finite element analysis, while debonding of the 
stirrups due to fatigue loads was not considered. Another analysis case 
where the web reinforcement was assumed to be 80% debonded resulted in 
a deterioration of capacity by 3.6%. 

• According to the nonlinear finite element analyses, strength of specimens 
with heavy web reinforcement seemed to be much more sensitive to the 
effects of bond fatigue. The effect of bond fatigue seemed to diminish with 
decreasing a/d ratios. 
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7.0 CONCLUSIONS 

A research program was undertaken in Oregon State University to assess the 
remaining capacity and life of in-service RCDG bridge bent caps. Six full-scale 
bent cap specimens with vintage details were constructed and tested. Pertinent 
factors that describe the strength of the RCDG bridge bent caps were determined. 
The experimental results were compared with outcomes from various analytical 
methods to predict the capacity of the test specimens. 
 
Based on the experimental results, the following conclusions are presented: 
 

• For all bent cap specimens, the failure mode was shear compression due to 
the crushing of concrete in the compression zone at the top of a 
characteristic diagonal crack, which is commonly observed in deep beams 
with an a/d ratio between 1.0 to 2.5, typical of in-field bent caps. 

• Failure mode was generally brittle; however, a ductile failure mode was 
observed in one specimen due to substantial yielding of the flexural 
anchorages. 

• Initial diagonal tension cracking was observed at an average concrete shear 
stress approximately corresponding to cr c1.8 f ′ν = . 

• The embedded flexural reinforcement at the anchorage zone, the web 
reinforcement, and the a/d ratio were all found to be the pertinent 
parameters that affect the strength of bent cap specimens. 

• Sequential yielding of the web reinforcement was observed in all of the 
specimens as the characteristic diagonal crack further propagated into the 
compression block. 

• A polynomial extrapolation method was introduced to approximate the 
tension demand on the embedded flexural reinforcement at the anchorage 
zone. Results showed that the embedded flexural reinforcement was beyond 
yield at the column face when failure occurs for all specimens. 

• Slip of the embedded reinforcement was not observed except for the 4 ft 
deep specimen. This was attributed to the active confinement provided by 
the presence of normal pressure in the column that causes a clamping force 
across the developing flexural reinforcement thereby improving the bond 
strength resulting in reduced development lengths.  

• None of the current North American design codes takes into account the 
beneficial effects of active confinement on bond resulting in overly 
conservative development lengths. 
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• At intermediate steel cut-offs, vertical flexural cracks were observed to turn 
into diagonal cracks near the bar cut-off locations due to the stress 
concentration at those locations. However, these did not control the strength 
of the specimens. 

• The heavier web reinforcement configurations resulted in more extensive 
cracking at the shear span compared to specimens with lighter web 
reinforcement. 

• Offset of the concrete surface was observed most visible along the 
characteristic diagonal crack probably as a result of localized stirrup 
debonding.  

• A load protocol for fatigue testing of a bent cap was developed based on 
stress range data from field tests. High cycle fatigue leading to metal fatigue 
of embedded stirrups in a bent cap is unlikely since stress ranges imposed 
on stirrups are less than the specified stress range for metal fatigue of 
reinforcing steel. The mechanism for deterioration from high-cycle fatigue 
is bond fatigue at the stirrup-concrete interface. 

• In the fatigue test, stirrup mean stresses were observed to be sensitive to 
thermal changes and overall changes from loading were slight. On the other 
hand stirrup stress ranges tended to increase in the first half of the fatigue 
test, and then become steady. 

• No significant changes in stress ranges and mean stresses were observed for 
flexural reinforcement at the centerline and at the anchorage zone. 

• Concrete principal stress magnitudes and orientations were not observed to 
be affected by fatigue loading. 

• The width of the characteristic diagonal crack continuously increases under 
repeated loading. 

• During cycling, movement of stirrups relative to the surrounding concrete 
was observed, which indicated local debonding. 

• The overall stiffness of the specimen was reduced under repeated loading. 
In addition, the fatigue specimen exhibited larger displacements compared 
to an otherwise similar specimen not subjected to fatigue 

• High cycle fatigue did not cause a significant degradation in the ultimate 
capacity for the specimen details and loading considered. However, the 
continuous increase in crack widths may affect the resistance of the 
structure against environmental effects such as freeze and thaw effect on 
concrete and bond and corrosion of the embedded reinforcement. 

• Based on the analyses and correlations with experimental results, the 
following conclusions are presented: 

• ACI 318-05 traditional shear design method resulted in variable outcomes 
and sometimes unconservative results. 

• ACI 318-99 deep beam shear design equations generally produced very 
conservative results. 
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• ACI methods in general are unable to account for changes in the embedded 
flexural reinforcement configuration at the anchorage zone, which was 
observed in the experiments to affect strength. 

• MCFT sectional analysis with Response 2000 produced conservative 
estimates for the shear strength of bent cap specimens with an a/d ratio of 
1.38. However, this method reasonably predicted the capacity of the bent 
cap specimen with an a/d ratio of 2.1. 

• The Computer Aided Strut-and-Tie (CAST) software is recommended for 
faster construction and optimization of strut-and-tie models introduced in 
this study. 

• Results from the simple strut-and-tie model with a single strut were 
excessively conservative, and the capacity of the member was always 
limited with the availability of the embedded reinforcement at the 
anchorage zone. 

• A more detailed strut-and-tie model with a two-piece compression strut and 
a tension tie representing the vertical web reinforcement produced still 
conservative but relatively better prediction results. However, optimization 
of the strut-and-tie models by iteration was necessary to improve prediction 
results. 

• Very sophisticated strut-and-tie models are not recommended for predicting 
the strength of the bent cap specimens considering the time consuming 
iterative optimization process, the need to frequently re-calculate the 
stiffness of truss members, and the possible disparate outcomes due to the 
sensitivity of the results to the location of the nodes. 

• The proposed Modified Zararis Mechanical Model reasonably predicted the 
capacity of the specimens. It required much less time to achieve prediction 
results with this method compared to strut-and-tie models and non-linear 
finite element analysis. 

• A partial safety factor of 0.85 was recommended for the Modified Zararis 
Mechanical Model to account for the method of analysis. Additional 
probabilistic analyses to estimate a partial safety factor that accounts for 
errors regarding the geometry, material properties, and construction were 
not carried out since a reliability-based analysis was not within the scope of 
this study. 

• Nonlinear finite element analyses with VecTor2 provided good correlation 
with experimental results where predicted capacities, crack patterns, and the 
flow of principle stresses were in good agreement with the experimental 
results. 

• It was observed that applying cyclic loads while taking into account the 
hysteretic response of concrete and reinforcing steel did not improve the 
analysis results while significantly increasing the computational time. 
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• The shear capacity of the fatigue specimen D6.A2.G40#4.F was well 
predicted by nonlinear finite element analysis, while the debonding of the 
stirrups due to fatigue loads was not considered. Another analysis case 
where the web reinforcement was assumed to be 80% debonded resulted in 
a deterioration of capacity by only 3.6% for this specimen. 

• Further finite element analyses showed that strength of specimens with 
heavy web reinforcement seemed to be much more sensitive to the effects 
of bond fatigue. The effect of bond fatigue seemed to diminish with 
increasing a/d ratios. 

 
 

7.1 RECOMMENDATIONS FOR FUTURE WORK 

Following recommendations are presented regarding future research: 
 

• A partial safety factor was estimated for the Modified Zararis Mechanical 
Model to account for the analysis method in this study. In order to 
determine a resistance factor for the proposed approach, another partial 
safety factor which accounts for errors regarding the geometry, material 
properties, and construction must be evaluated. This can be accomplished 
by use of statistical data on “as-build” errors available in the literature. The 
“as-build” partial safety factor can be calibrated for the proposed method by 
populating necessary data using random sampling techniques such as the 
Monte Carlo simulations. 

• It was possible to accurately predict the strength of bent cap specimens with 
two dimensional nonlinear finite element analyses without considering the 
effects of indirect loading. As mentioned in Section 5.6.4, the significance 
of indirect loading may be related to scaling effects. Further experimental 
research in collaboration with nonlinear finite element analyses is 
recommended. Deep beam specimens with different scales may be 
constructed and tested under various direct and indirect load conditions. 

• This research demonstrated that debonding of the web reinforcement due to 
bond fatigue may be of some importance for heavily reinforced bent caps. 
Nonlinear finite element analyses showed that the effect of bond fatigue on 
the capacity of bent cap specimens becomes significant for members with 
low a/d ratios and heavy web reinforcement. Further experimental research 
in collaboration with nonlinear finite element analyses is recommended. 
Deep beam specimens with varying a/d ratios and initially debonded 
stirrups may be constructed and tested to simulate a condition of serious 
bond deterioration. 
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APPENDIX A:  CONSTITUTIVE MODELS USED IN NLFEA 
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In this section, brief information is given about the material and behavioral models 
employed in the non-linear finite element analyses portion of this study. 
 

CONCRETE COMPRESSION PRE-PEAK RESPONSE 

For the pre-peak response of concrete, the Hognestad parabola (Hognestad, 1951) 
was used which is suitable for normal strength concrete. The stress-strain curve for 
the Hognestad parabola, shown in Figure A.1, is described as: 
 

 
2

ci ci
ci p ci

p p

f f 2 0 for 0
⎡ ⎤⎛ ⎞ ⎛ ⎞ε ε⎢ ⎥= − − < ε <⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ε ε⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 (A1.1) 

 
Where fp and �p are peak compressive stress and strain, respectively. 
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Figure A.1: Hognestad parabolic concrete compression response (Hognestad, 1951) 
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CONCRETE COMPRESSION POST-PEAK RESPONSE 

The Modified Kent – Park model (Park et al., 1982), which was adapted for 
VecTor2 by Vecchio, was chosen for the post-peak compression response of 
concrete. This model accounts for the enhancement of concrete strength and 
ductility due to confinement provided by the transverse reinforcement. The stress-
strain curve for the Modified Park – Kent model, which is shown in Figure A.2, is 
described as: 
 
 ci p m p ci p p ci pf f Z f ( ) or 0.2f for 0⎡ ⎤= − + ε − ε − ε < ε <⎣ ⎦  (A1.2) 

Where 
 

 m 0.9
c lato

p
c

0.5Z
3 0.29 f f

145 f 1000 0.002 170

=
′+ ⎛ ⎞ε

× + + ε⎜ ⎟′ − − ⎝ ⎠

 (A1.3) 

 
Where �o is the concrete compressive strain corresponding to fc´ (MPa), and flat 
(MPa) is the summation of principal stresses, acting transversely to the direction 
under consideration: 
 
 lat c1 c2 c3 cif f f f f 0= + + − ≤  (A1.4) 

εp

fp

-εci

-fci

1

Zm

0.2fc'

 
Figure A.2: Modified Park – Kent post-peak concrete compression response (Park et al., 1982) 
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CONCRETE COMPRESSION SOFTENING 

Compression softening in cracked concrete is defined as the reduction of 
compressive strength and stiffness, relative to the uniaxial compressive strength, 
due to coexisting transverse cracking and tensile straining. The Vecchio 1992-A 
model, shown in Figure A.3, was used to simulate the effect of concrete 
compression softening in this analysis. This strength-and-strain softened model, 
where both the uniaxial compressive strength, and the corresponding strain is 
reduced by a factor, Cd, in order to determine the peak compressive strength, and 
corresponding strain, is based on a statistical analysis of panel and shell element 
experiments which were conducted at the University of Toronto (Vecchio and 
Collins, 1992). The formulation of the model is given as: 
 

 d
s d

1 1
1 C C

β = ≤
+ ⋅

 (A1.5) 

 

 
( )0.80d

0 if r 0.28
C

0.35 r 0.28 if r 0.28
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 (A1.6) 
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r 400−ε
= ≤
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 (A1.7) 

 

 s

0 if shear slip is not considered
C

0.55 if shear slip is considered
⎧

= ⎨
⎩

 (A1.8) 

 
 p d cf f ′= β  (A1.9) 

 
 p d oε = β ε  (A1.10) 

Where Cd is the strain softening factor, Cs is the shear slip factor, �c1 is the 
principal tensile strain, and �c2 is the principal compression strain. 
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Figure A.3: Vecchio 1992A concrete compression softening response (Vecchio, 1992) 

CONCRETE TENSION STIFFENING 

Due to the brittle nature of concrete response under tension, the behavior should be 
differentiated into two parts, as the uncracked response and the cracked response. 
Prior to cracking, concrete tension response can be assumed as linear elastic: 
 
 c1 c c1 c1 crf E for 0= ε < ε < ε  (A1.11) 

 

 cr
cr

c

f
E

ε =  (A1.12) 

 
Where �cr is the cracking strain, Ec is the initial tangent stiffness of concrete, �c1 is 
the principal tensile strain, and fcr is the cracking stress of concrete. 
 
After cracking of reinforced concrete, a short length of reinforcement steel debonds 
from concrete at the crack locations, and the concrete tensile stresses diminish to 
zero at the free surface of the cracks, where the applied loads must be carried only 
by the reinforcement steel locally. However, the concrete can still carry tension 
stresses between the cracks through the action of bond. Although tension stresses 
carried by still intact portions of concrete cannot exceed the cracking stress, fcr, 
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they act over a relatively large cross-section, resulting in a greater stiffness that that 
of a bare reinforcement bar. This phenomenon is referred as “tension stiffening”. 
 
The tension stiffening model proposed by Sato and Vecchio (2003), which 
accounts for the bond characteristics of the reinforcement, was used in this model. 
The average concrete tensile stress-strain response curve, based on a statistical 
analysis of experimental data given in Figure A.4, is determined as: 
 

 a cr
c1 cr c1

c1
m

i
i

i 1 bi

ff for 0
2.21

cos
d=

= < ε < ε
⋅ε

+
ρ

θ∑

 (A1.13) 

 
Where “i” indicates a reinforcement component (i = 1 to m), where �i is the 
reinforcement ratio, dbi is the reinforcement bar diameter, and �i is the inclination 
of reinforcement component. 
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εci
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Figure A.4: Bentz tension stiffening response (Bentz, 2000) 
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CONCRETE TENSION SOFTENING 

Since concrete is not a perfectly brittle material, post-cracking tensile stresses may 
exist in plane concrete. After cracking, the tensile stresses gradually diminish to 
zero under increasing tensile strains, rather than abruptly disappearing. This 
phenomenon is referred as “tension softening”. VecTor2 compares the average 
concrete tensile stress due to tension softening, fc1

a, and the average concrete 
tensile stress due to tension stiffening, fc1

b, and assumes the larger of the two 
tensile stresses to be the average post-cracking tensile stress. 
 
The linear tension softening base curve, shown in Figure A.5, was used in this 
analysis, which is determined from: 
 

 ( )
( )

c1 crb
c1 cr cr c1

ch cr

f f 1 0 for
⎡ ⎤ε − ε

= − ≥ ε < ε⎢ ⎥ε − ε⎣ ⎦
 (A1.14) 

 

 f
ch cr ch cr

r cr

2G for 1.1 10
L f

ε = ε < ε < ε
⋅

 (A1.15) 

Where �ch is the characteristic strain, Gf is the fracture energy with an assigned 
value of 75 N/m in VecTor2, and Lr is the distance over which the crack is assumed 
to be uniformly distributed, and assigned a value of half the crack spacing. 
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εci
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εch
 

Figure A.5: VecTor2 linear tension softening response (Wong and Vecchio, 2002)  
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CONCRETE TENSION SPLITTING 

Tension splitting is referred as the formation of splitting cracks parallel to the 
reinforcing bars in tension, due to the prying action of bar deformations. Since 
horizontal cracks at the flexural reinforcement elevation were not observed in the 
bent cap experiments, the effect of tension splitting was not considered in the 
present analysis. 
 
 

CONCRETE CONFINEMENT STRENGTH 

VecTor2 uses a strength enhancement factor, �l, to take into account the enhanced 
strength and ductility of confined concrete in compression. With the inclusion of 
the concrete confinement parameter, the peak compressive stress and strain 
become: 
 
 p d l cf f ′= β β  (A1.16) 

 p d l oε = β β ε  (A1.17) 

 
In this analysis, an adaptation of the relationship proposed by Kupfer et al. (1969) 
was used in order to determine the strength of concrete subjected to biaxial 
compression, which is given as: 
 

 
2

c2 c2
l c3 c2 c1

c c

f f1 0.92 0.76 for f f 0 and f 0
f f

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥β = + − < < =⎜ ⎟ ⎜ ⎟′ ′⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

(A1.18) 

 
Where fc1, fc2 and fc3 are the compressive stresses in acting in their respective 
directions. 
 
 
CONCRETE DILATATION 

For concrete in tension, VecTor2 calculates the Poisson’s ratio as follows: 
 

 
o c1 cr

12 21 c1
o cr c1

cr

for 0

1 0 for
2

ν < ε < ε⎧
⎪ν = ν = ⎛ ⎞ε⎨ν − ≥ ε < ε⎜ ⎟⎪ ε⎝ ⎠⎩

 (A1.19) 
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Where Vo is the initial Poisson’s ratio. 
 
For concrete in compression, a variable Poisson’s ratio based on the study by 
Kupfer et al. (1969), which increases nonlinearly as compressive strain increases, 
was used in this analysis. The Poisson’s ratio in this model is shown in Figure A.6, 
and determined as: 
 

 

o p cj

2

cjij
o cj p

p

for 0.5 0

2
1 1.5 1 0.5 for 0.5

ν − ε < ε <⎧
⎪⎪ ⎡ ⎤⎛ ⎞− ευ = ⎨ ⎢ ⎥ν + − ≤ ε < − ε⎜ ⎟⎪ ⎜ ⎟ε⎢ ⎥⎝ ⎠⎪ ⎣ ⎦⎩

 (A1.20) 
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Figure A.6: Kupfer variable Poisson’s ratio model for compression (Kupfer et al., 1969) 

CONCRETE CRACKING 

Concrete cracking strength, fcr, is generally different from the value of tensile 
concrete strength, f’t, due to existing stress states, e.g. the cracking strength 
generally decreases as transversely acting compressive stresses increase. In this 
analysis, the Mohr-Coulomb criterion is used to determine the concrete cracking 
strength, which is determined as: 
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 c3
cr cru t cr t

c

1 ff f for 0.20f f f
f

⎛ ⎞+ ′ ′= ≤ ≤⎜ ⎟′⎝ ⎠
 (A1.21) 

 
 
 
 
 
 
 
Where 
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 cru c
2c cosf f
2cos
⋅ φ′=

φ
 (A1.23) 

 

 c
1 sinc f
2cos
− φ′=

φ
 (A1.24) 

 
Where c is the cohesion and f is the angle of friction with an assigned value of 37°. 
 
The local shear stress on the crack surface is limited using the crack check equation 
from the Modified Compression Field Theory by Vecchio and Collins (1986). The 
maximum local shear stress is based on the work of Walraven (1981), and 
determined as: 
 

 cmax
ci

f
0.3 24w / (a 26)

′
ν =

+ +
 (A1.25) 

 
Where w is the crack spacing (mm), and a is the maximum aggregate size (mm). 
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CONCRETE SLIP DISTORTIONS 

Crack shear slip deformations are taken into account in this analysis, and 
determined by the Lai-Vecchio model (2002), which is a combination of the 
Walraven (1981) and Maekawa (1991) slip distortion models. The slip along a 
crack, �s, is computed as 
 

 s 2 2w
1
ψ

δ = δ ≤
−ψ

 (A1.26) 

Where 
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ci co
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0.5
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 (A1.27) 

 

 ci
max
ci

ν
ψ =

ν
 (A1.28) 

 cmax
ci

f
0.31 24w / (a 16)

′
ν =

+ +
 (A1.29) 

 

 cc
co

f
30

ν =  (A1.30) 

 
Where fcc (MPa) is the concrete cube strength, taken as 1.2f’c. 
 
 

 
 
CONCRETE HYSTERETIC RESPONSE 

The stress-strain response curves of concrete under loading, unloading, and 
reloading are generally non-coincident due to plastic offset strains caused by 
internal damage. In order to simulate the behavior of laboratory specimens which 
were tested under cyclic loading, the concrete hysteresis model proposed by 
Vecchio (1999) was used. This model yields a nonlinear response of loading and 
unloading with plastic offsets.  
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The resulting concrete stress fc when unloading in compression to a strain of Ec is 
determined by: 
 

 
c

c

N
c c cm

c cm c c cm cN 1p
c c cm

E ( )f f E ( ) for 1 N 20
N ( ) −

ε − ε
= + ε − ε + ≤ ≤

ε − ε
 (A1.31) 

 
Where �c

p is the current plastic offset strain, �cm is the maximum previously 
attained compressive strain, fcm is the corresponding stress, Nc is the Ramsberg-
Osgood power term representing the deviation from linear elasticity, calculated as: 
 

 
( )
( )
p

c c cm
c p

cm c c cm

E
N

f E

⋅ ε − ε
=

+ ε − ε
 (A1.32) 

 
When unloading in tension to a strain of Ec, the resulting concrete stress is 
determined by: 
 

 
t

t

N
c tm c

c tm c tm c tN 1p
c tm c

E ( )f f E ( ) for 1 N 20
N ( ) −

ε − ε
= − ε − ε + ≤ ≤

ε − ε
 (A1.33) 

 
Where Ec

p is the current plastic offset strain, �tm is the maximum previously 
attained tensile strain, ftm is the corresponding stress, Nt is the Ramsberg-Osgood 
power term representing the deviation from linear elasticity, calculated as: 
 

 
( )

( )
p

c tm c
t p

c tm c tm

E
N

E f

⋅ ε − ε
=

ε − ε −
 (A1.34) 

 
 

 
STEEL REINFORCEMENT RESPONSE 

VecTor2 uses a trilinear reinforcement stress-strain response curve, consisting of 
an initial linear-elastic response, a yield plateau, and a linear strain-hardening phase 
until rupture, as shown in Figure A.7. The trilinear stress strain curve is derived as: 
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( )

s s s y

y y s sh
s

y sh s sh sh s u

u s

E for
f for

f
f E for
0 for

⎧ ε ε ≤ ε
⎪ ε < ε ≤ ε⎪= ⎨ + ε − ε ε < ε ≤ ε⎪
⎪ ε < ε⎩

 (A1.35) 

 

 
( )u y

u sh
sh

f f
E
−

ε = ε +  (A1.36) 

 
where �s is the reinforcement strain, �y is the yield strain, �sh is the strain at the 
onset of strain hardening, �u is the ultimate strain, Es is the elastic modulus, Esh is 
the strain hardening modulus, fy is the yield strength, and fu is the ultimate strength. 
 

εy

fy

fu

εsh εu εs

fs

 
Figure A.7: Ductile steel reinforcement stress-strain response 

 

STEEL REINFORCEMENT DOWEL ACTION 

Dowel action is a phenomenon which occurs when a steel bar in a crack is 
subjected to a shear displacement, and defined as the shear resistance offered by 
reinforcing bars crossing a crack as the crack slips transversely to the axis of the 
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reinforcement. Especially for beams with small amounts of transverse 
reinforcement, dowel action may contribute significantly to the shear strength. The 
Tassios Model for dowel action is used in this analysis. The dowel force is 
computed as: 
 
 3

d s z s duV E I V= λ δ ≤  (A1.37) 

 

 
4

b
z

dI
64
π

=  (A1.38) 

 

 c b4

s z

k d
4E I

λ =  (A1.39) 

 

 c
c 2/3

b

127c f
k

d
′

=  (A1.40) 

 
 c 0.8=  (A1.41) 

 
 2

du b c yV 1.27d f f′=  (A1.42) 

Where Iz is the area moment of inertia of the reinforcement. The parameter V 
compares the stiffness of concrete to that of the reinforcing bar. The parameter kc is 
the stiffness of notional concrete foundation, where c is an experimentally based 
coefficient to reflect the bar spacing. The ultimate dowel force Vdu corresponds to 
plastic hinging of the reinforcement and crushing of the surrounding concrete in 
multiaxial compression. 
 
 
BOND MODELS 

Perfect bond between concrete and the reinforcement is assumed in this analysis, 
except for the models with debonded stirrups. In order to model the unbounded 
stirrup lengths, “Unbonded Bars or Tendons” option was selected. 
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D6.A2.G40#4.F N1 Stirrup Shear Load - Strain
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D6.A2.G40#4.F N4 Stirrup Shear Load - Strain
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D6.A2.G40#4.F N5 Stirrup Shear Load - Strain
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D6.A2.G40#4.F N7 Stirrup Shear Load - Strain
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D6.A2.G40#4.F S2 Stirrup Shear Load - Strain
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D6.A2.G40#4.F S3 Stirrup Shear Load - Strain
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D6.A2.G40#4.F S4 Stirrup Shear Load - Strain
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D6.A2.G40#4.F S5 Stirrup Shear Load - Strain
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D6.A2.G40#4.F S6 Stirrup Shear Load - Strain
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