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6.1 Introduction

Manufacturers are increasingly recycling and remanufacturing their post-
consumed products due to new, more rigid environmental legislation, 
increased public awareness, and extended manufacturer responsibility. In 
addition, the economic attractiveness of reusing products, subassemblies or 
parts instead of disposing off them has further fueled this effort. Recycling 
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Disassembly Line Balancing 237

is a process performed to retrieve the material content of used and nonfunc-
tioning products. Remanufacturing, however, is an industrial process in which 
worn-out products are restored to like-new conditions. Thus, remanufactur-
ing provides the quality standards of new products with used parts.

Product recovery seeks to obtain materials and parts from old or outdated 
products through recycling and remanufacturing to minimize the amount of 
waste sent to landfi lls. This includes the reuse of parts and products. There 
are many attributes of a product that enhance product recovery; examples 
include: ease of disassembly, modularity, type and compatibility of mate-
rials used, material identifi cation markings, and effi cient cross-industrial 
reuse of common parts/materials. The fi rst crucial step of product recovery 
is disassembly.

Disassembly is defi ned as the methodical extraction of valuable parts/
subassemblies and materials from discarded products through a series of 
operations. After disassembly, reusable parts/subassemblies are cleaned, 
refurbished, tested, and directed to the part/subassembly inventory for 
remanufacturing operations. The recyclable materials can be sold to raw-
material suppliers, while the residuals are sent to landfi lls.

Disassembly has gained a great deal of attention in the literature recently 
due to its role in product recovery. A disassembly system faces many unique 
challenges; for example, it has signifi cant inventory problems because of the 
disparity between the demands for certain parts or subassemblies and their 
yield from disassembly. The fl ow process is also different. As opposed to the 
normal “convergent” fl ow in regular assembly environment, in disassembly 
the fl ow process is “divergent” (a single product is broken down into many 
subassemblies and parts). There is also a high degree of uncertainty in the 
structure and the quality of the returned products. The conditions of the 
products received are usually unknown and the reliability of the compo-
nents is suspected. In addition, some parts of the product may cause pollu-
tion or may be hazardous. These parts tend to have a higher chance of being 
damaged and hence may require special handling, which can also infl uence 
the utilization of the disassembly workstations. For example, an automo-
bile slated for disassembly contains a variety of parts that are dangerous to 
remove or present a hazard to the environment such as the battery, airbags, 
fuel, and oil. Various demand sources may also lead to complications in dis-
assembly line balancing. The reusability of parts creates a demand for them, 
however, the demands and availability of the reusable parts is signifi cantly 
less predicable than what is found in the assembly process. Most products 
contain parts that are installed (and must be removed) in different attitudes, 
from different areas of the main structure, or in different directions. Since 
any required directional changes increase the setup time for the disassem-
bly process, it is desirable to minimize the number of directional changes in 
the chosen disassembly sequence. Finally, disassembly line balancing is crit-
ical in minimizing the use of valuable resources (such as time and money) 
invested in disassembly and maximizing the level of  automation of the dis-
assembly process and the quality of the parts (or materials) recovered.
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238 Environment Conscious Manufacturing

In this chapter, the disassembly line balancing problem (DLBP) is solved 
using exhaustive search and combinatorial optimization methodologies. 
Exhaustive search consistently provides the optimal solution, though its expo-
nential time complexity quickly reduces its practicality. Combinatorial opti-
mization techniques are instrumental in obtaining optimal or near-optimal 
solutions to problems with intractably large solution spaces. Combinatorial 
optimization is an emerging fi eld that combines techniques from applied 
mathematics, operations research, and computer science to solve optimiza-
tion problems over discrete structures. These techniques include: greedy 
algorithms, integer and linear programming, branch-and-bound, divide and 
conquer, dynamic programming, local optimization, simulated annealing, 
genetic algorithms (GAs), and approximation algorithms. In this chapter, an 
exhaustive search algorithm is presented for obtaining the optimal solution to 
small instances of the DLBP. A GA is then presented. The GA considered here 
involves a randomly generated initial population with crossover, mutation, 
and fi tness competition performed over many generations. The DLBP is then 
solved using an ant colony optimization (ACO) metaheuristic. The ACO used 
here is an ant system (AS) algorithm known as the ant-cycle model [7] that is 
enhanced for DLBP. A deterministic hybrid process consisting of a greedy sort-
ing algorithm followed by a hill-climbing heuristic (adjacent element hill climb-
ing, AEHC) is then applied. Finally, a new general-purpose heuristic algorithm 
is presented for obtaining near-optimal solutions to the problem. Infl uenced 
by the hunter–killer (H–K) search tactics of military helicopters, this heuristic 
easily lends itself to the DLBP. All of these combinatorial optimization tech-
niques seek to provide a feasible disassembly sequence, minimize the number 
of workstations, minimize the total idle time and minimize the variation in 
idle times between workstations while attempting to remove hazardous and 
high-demand product components as early as possible and remove parts with 
similar part removal directions together. Examples are considered to illustrate 
implementation of the methodologies. The conclusions drawn from the study 
include the consistent generation of optimal or near-optimal solutions, the abil-
ity to preserve precedence relationships, the superior speed of the methods, 
and their practicality due to the ease of implementation in solving DLBPs.

6.2 Literature Review

There are many steps involved in product recovery and remanufactur-
ing. The fi rst crucial step of product recovery is disassembly. Disassembly 
is a methodical extraction of valuable parts/subassemblies and materials 
from postused products through a series of operations. After disassembly, 
 reusable parts/subassemblies are cleaned, refurbished, tested, and directed 
to the part/subassembly inventory for remanufacturing operations. The 
recyclable materials can be sold to raw-material suppliers and the residu-
als are disposed of. Many papers have discussed the different aspects of 
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 product recovery. Brennan et al. [4] and Gupta and Taleb [20] investigated 
the problems associated with disassembly planning and scheduling. Torres 
et al. [49] reported a study for nondestructive automatic disassembly of per-
sonal computers. Gungor and Gupta [15,16,19] presented the fi rst introduc-
tion to disassembly line balancing and developed an algorithm for solving 
the DLBP in the presence of failures with the goal of assigning tasks to work-
stations in a way that probabilistically minimizes the cost of defective parts 
[18]. For a review of environmental conscious manufacturing and product 
recovery, see Gungor and Gupta [17]. For a comprehensive review of disas-
sembly sequencing, see Lambert [27] and Lambert and Gupta [28].

Gutjahr and Nemhauser [21] fi rst described a solution to the assembly line 
balancing problem with an algorithm developed to minimize the delay times at 
each workstation. The heuristic accounts for precedence relationships and seeks 
to fi nd the shortest path through a network with the resulting technique being 
similar to dynamic programming. Erel and Gokcen [11] developed a modifi ed 
version of Gutjahr and Nemhauser’s line balancing problem algorithm by allow-
ing for mixed-model lines (assembly lines used to assemble different models of 
the same product) by allowing multiple state times then, during construction 
of the solution network, considering all state times before categorizing a given 
set of completed tasks to a workstation. Suresh et al. [48] fi rst presented a GA 
to provide a near-optimal solution to the assembly line balancing problem that 
minimized idle time and minimized probability of line stoppage; that is, mini-
mized the probability that the workstation time exceeds cycle time. Hackman 
et al. [22] proposed a branch-and-bound heuristic for the simple assembly line 
balancing type I problem, while Ponnambalam et al. [45] provided quantitative 
evaluations of various assembly line balancing techniques.

Dorigo et al. [9] fi rst described ant colony optimization. Dorigo et al. [8] 
 provide a summary and review of ant algorithms. McMullen and  Tarasewich 
[42] used ant colony optimization techniques to solve the assembly line 
balancing problem with parallel workstations, stochastic task durations, 
and mixed models. Bautista and Pereira [2] used ant colony optimization 
 techniques to solve the assembly line balancing problem and compared 
these to their hill climbing heuristics.

McGovern et al. [40] fi rst proposed combinatorial optimization techniques 
for the DLBP. McGovern and Gupta demonstrated an early version of the 
H–K heuristic in [31].

6.3 Notation

The following notation is used in the remainder of the chapter:

≤P Polynomial time reduction or polynomial transformation; read 
as: “can be converted to,” “is easier than,” “is a subset of,” or “is a 
smaller problem than”
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≺ Partial ordering; that is, x precedes y is written x ≺ y
〈1, 2, …, n〉 Ordered n-tuple
{1, 2, …, n} Set (formal defi nition used here; i.e., listing of n distinct items)
(1, 2, …, n) List of n items
|X| Cardinality of the set X
⎡x⎤ Ceiling function of x; assigns the smallest integer ≥x, for exam-

ple, ⎡1.3⎤ = 2
∀ “For all,” “for every”
∈ “An element of,” “is in”
∃ “There exists,” “there exists at least one,” “for some”
O “Big-O,” g(x) is O(h(x)) whenever ∃ a :|g(x)| ≤ a|h(x)|∀ x ≥ 0
!  Factorial
:  “Such that”
∆ψk kth Element’s delta skip measure; difference between problem 

size, n, and skip size, ψk (i.e., for ∆ψ = 10 and n = 80, ψ = 70)
ψk kth Element’s skip measure (i.e., for the solution’s third element, 

visit every second possible task, if ψ3 = 2) 
α Weight of existing pheromone (trail) in path selection
β Weight of the edges in path selection
ηpq Visibility value of edge (arc for DLBP) pq at time t
ρ Variable such that 1 − ρ represents the pheromone evaporation 

rate 
τpq(NC) Amount of trail on edge pq (arc for DLBP) during cycle NC 
a Multiprocessor scheduling problem task variable
A Multiprocessor scheduling problem task set
B Function variable in complexity theory
B Multiprocessor scheduling problem deadline bound
BSTk kth Part in temporary best solution sequence during AEHC
c Initial amount of pheromone on all of the paths at time t = 0
CT Cycle time; maximum time available at each workstation
dk Demand; quantity of part k requested
D Demand rating for a given solution sequence; also demand 

bound for the decision version of DLBP
D* Lower demand bound (optimal) for a given instance; also used 

to refer to the set of solutions optimal in D
Dnom Upper demand bound (nominal) for a given instance
DP The set of demanded parts
F Measure of balance for a given solution sequence; fi tness mea-

sure in GA
F* Lower measure of balance bound (optimal) for a given instance; 

also used to refer to the set of solutions optimal in F
Fnom Upper measure of balance bound (nominal) for a given instance
Ftr  Measure of balance of ant r’s sequence at time t
FS Feasible sequence binary value; FS = 1 if feasible, 0 otherwise
hk Binary value; 1 if part k is hazardous, else 0
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H Hazard rating for a solution; also hazard bound for the decision 
version of DLBP 

H* Lower hazard bound (optimal) for a given instance; also used 
to refer to the set of solutions optimal in H

Hnom Upper hazard bound (nominal) for a given instance
HP Set of hazardous parts
i Counter variable
I Total idle time for a given solution sequence; also refers to an 

instance of a problem in complexity theory
I* Lower idle time bound (optimum) for a given instance
Ij Total idle time of workstation j
Inom Upper idle time bound (nominal) for a given instance
ISSk Binary value; 1 if kth part is in solution sequence, else 0
j Workstation count (1, …, NWS)
k Part identifi cation (1, …, n)
l(a) Multiprocessor scheduling problem task length
L A given problem in complexity theory
Lr ACO delta trail divisor value; set equal to Fnr for DLBP 
m Number of processors in the multiprocessor scheduling prob-

lem; also number of ants
n Number of parts for removal
N Number of chromosomes (population)
Ν Set of natural numbers; that is, {0, 1, 2, . . .}
NCmax Maximum number of cycles for ACO
NPWj Number of parts in workstation j
NWS Number of workstations required for a given solution sequence
NWS* Minimum possible number of workstations for n parts
NWSnom Maximum possible number of workstations for n parts
p Counter variable; also edge/arc variable providing node/vertex 

identifi cation
 p pq  r  (t) Probability of ant r taking an edge (arc for DLBP) pq at time t 

during cycle NC 
P Set of n part removal tasks
PRT Set of part removal times
PRTk Part removal time required for kth part
PSk kth Part in a solution sequence; that is, for solution 〈3, 1, 2〉, 

PS2 = 1
PSG Solution sequence after application of the greedy algorithm
PSSk kth Part in solution sequence after sorting
PST Solution sequence after AEHC
q Counter variable; also edge/arc variable (node/vertex 

identifi cation)
Q Amount of pheromone added if a path is selected
r Set of unique part removal directions; also ant count
rk Integer value corresponding to the kth part’s removal direction
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R Direction rating for a given solution sequence; also direction 
bound for the decision version of DLBP

R* Lower direction bound (optimal) for a given instance; also used 
to refer to the set of solutions optimal in R

Rk Binary value; 0 if part k can be removed in the same direction as 
part k + 1, else 1

Rm  Mutation rate
Rnom Upper direction bound (nominal) for a given instance
Rx  Crossover rate
STj Station time; total processing time requirement in workstation j
t Time within a cycle; ranges from 0 to n 
TMPk kth Part in temporary sequence during AEHC
V Maximum range for a workstation’s idle time
x General variable; also refers to a part removal direction
y General variable; also refers to a part removal direction
z General variable; also refers to a part removal direction
Z Set of integers; that is, { …, −2, −1, 0, 1, 2, …}
Z+ Set of positive integers; that is, {1, 2, …}
Zp pth Objective to minimize or maximize

6.4 Considerations Related to Disassembly Lines

Gungor and Gupta [19] fi rst formally proposed the disassembly line in 2002. 
The following is a summary of some of the various considerations in a disas-
sembly line setting due to their observation of a disassembly line as being 
fraught with a variety of disassembly-unique complications. The following 
is a reprinted listing and description of these considerations.

6.4.1 Product Considerations

The number of different products disassembled on the same line is an 
 important characteristic of a disassembly line. The line may deal with only 
one type of product whose original confi guration is the same for every  product 
received; for example, only Pentium-based PCs with  certain  specifi cations. 
The line may also be utilized to disassemble products  belonging to the same 
family; that is, whose original confi gurations are only slightly  different from 
each other. For example, we may have different models of PCs, such as  Pentium-
based PCs, 486-based PCs, etc. on the same line. The line may receive several 
types of products, partially disassembled products and  subassemblies whose 
confi gurations are signifi cantly or completely  different from one another such 
as PCs, printers, digital cameras, motherboards, and monitors.

Changing characteristics of the products complicates the disassembly 
operations on the line. Intuitively, balancing a disassembly line used for the 
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disassembly of several types of products can become very complex. Such 
a line may be balanced for a group of products, yet its status may become 
largely or completely unbalanced when a new type of product is received.

6.4.2 Line Considerations

Various disassembly line confi gurations may be possible. Some layouts will 
probably be inspired by assembly lines layouts. For example, layouts like 
serial, parallel, circular, U-shaped, cellular, and two-sided lines [47] may 
also fi nd their way onto disassembly lines. Even so, new layouts may still be 
required to create more effi cient disassembly lines.

One of the most important considerations of a disassembly line is the line 
speed. Disassembly lines could be either paced or unpaced. Paced lines may 
be used to regulate the fl ow of parts on disassembly lines. However, if there 
is too much variability in the task times (which might depend on the condi-
tions of the products being disassembled or the variety of the products pro-
cessed on the line), it might be preferable to have an unpaced line. In such 
lines, each station works at its own pace and advances the part to the next 
station whenever it completes the assigned tasks. The advantages of paced 
lines over unpaced lines include considerably less work in process, less space 
requirements, more predictable and higher throughput and, if properly han-
dled, less chance of bottlenecks. To take advantage of the positive aspects of 
a paced line, its speed can be dynamically modifi ed throughout the entire 
disassembly process to minimize the negative effects of variability (includ-
ing variability in demand).

6.4.3 Part Considerations

6.4.3.1 Quality of Incoming Products

When a disassembly system receives the returned products, their conditions 
are usually unknown; sometimes they are in good shape and relatively new, 
while at other times they are old, nonfunctioning items. Therefore, there is 
a high level of uncertainty in the quality of the products and their constitu-
ent parts. There is a trade-off between the level of uncertainty and the effi -
ciency of the disassembly line. When the level of uncertainty increases, the 
effi ciency measures worsen, especially if the disassembly line has not been 
designed to cope with the uncertainty factors.

A part is considered to be defective if it has a different structure or differ-
ent operational specifi cations than its original structure and specifi cations. 
A part can become defective in various ways, such as being in an accident 
or being exposed to a hostile operating environment. There are mainly two 
types of defects:

Physical defect. A part can be physically defective indicating that 
the geometric specifi cations (dimensions and shape) of the part are 

•
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 different than its original design. For example, the CRT of a  computer 
monitor can be broken, or the cover of a PC can be dented.
Functional defect. A part may not contain any physical defect;  however, 
it may not function as it was originally designed to. For example, the 
CPU of a PC may be perfect in its physical aspects but it may not 
function due to an internal problem.

6.4.3.1.1 Removable Defective Parts (Type A Defect)

Some of the physically defective parts in the product can be disassembled 
even though they sustain some level of damage. We call this type of physi-
cal defect a “type A defect.” The precedence relationships must be satisfi ed 
during the assignment of the disassembly tasks to the disassembly worksta-
tions. When a part is physically defective and yet removable, it might take 
longer to disassemble that part. However, it does not affect the disassembly 
of other parts since the precedence relationship is not affected by the longer 
disassembly time.

6.4.3.1.2 Nonremovable Defective Parts (Type B Defect)

Sometimes a physically defective part in the product cannot be disassem-
bled because it is either badly damaged (and thus gets stuck in its place) or 
its  fi xture is of the type that cannot be undone. This is a “type B defect” 
and it has a tremendous impact on the effi ciency of the disassembly line. 
For  example, even if the nonremovable part does not have a demand, 
it may still precede other demanded part(s). This case may have various 
levels of  negative effects on the disassembly line depending on the num-
ber of demanded (and not necessarily all) parts that are preceded by the 
 nonremovable part. A part with a type B defect may also result in what we 
call the disappearing  workpieces phenomena (DWP) (see Section 6.4.4.5 for a 
discussion on DWP).

6.4.3.1.3 Parts with Functional Defects

Assume that part k does not have a physical defect (Types A or B), but rather 
sustains a functional defect. If this fact were known in advance, then the 
disassembler may or may not have an incentive to disassemble it (unless, of 
course, it precedes other demanded parts). Therefore, in addition to concerns 
related to physical defects on parts, the possibility of functional defects on 
parts in incoming products should also be incorporated in operating and 
balancing a disassembly line.

6.4.3.2 Quantity of Parts in Incoming Products

Another complication is related to the quantity of parts in the incoming prod-
ucts. Due to upgrading (or downgrading) of the product during its use, the 
number of parts in the product may not match with its original  confi guration. 

•

AQ1
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The actual number of parts may be more or less than expected when the 
product is received.

The following should be considered:

The demanded part of the product may be absent or its quantity may 
be less than expected. This may require a provision in the calcula-
tion to ensure that the demand for the missing parts is met. Another 
approach would be to carry out a preliminary evaluation of the 
product to make sure that all the parts of interest exist in the product 
before it is pushed down on the disassembly line. This evaluation 
may be used to determine the route of the product on the disassem-
bly line.
The number of demanded parts may be more than expected. The most 
common example would be the example of a PC disassembly system. 
Assume that there is a demand for the memory modules of old PCs. 
Further assume that PCs being disassembled were originally confi g-
ured to have one 32 MB memory module. However, if the owner of 
the PC upgraded the computer’s memory to 64 MB using another 32 
MB module, two 32 MB memory modules would be retrieved as a 
result of the disassembly of the PC, which is one more than expected. 
This situation would affect the memory demand constraints and the 
workstation time (since the disassembly of two memory modules 
would take longer than the removal of just one).

6.4.4 Operational Considerations

6.4.4.1 Variability of Disassembly Task Times

Similar to the assembly line case, the disassembly task times may vary 
depending on several factors that are related to the condition of the product 
and the state of the disassembly workstation (or worker). Task times may 
be considered as deterministic, stochastic, or dynamic. Dynamic task times 
are possible due to learning effects, which allow systematic reduction in 
disassembly times. For example, in their case based reasoning (CBR) 
approach, Zeid et al. [51] demonstrated that the disassembly of products can 
be assisted by the reuse of solutions to similar problems encountered in the 
past, thus reducing disassembly times.

6.4.4.2 Early Leaving Workpieces

If one or more (not all) tasks of a workpiece that has been assigned to the 
current workstation cannot be completed due to some defect, the workpiece 
might leave the workstation early. This phenomenon is termed as the early 
leaving workpiece (EWP).

Due to EWP, the workstation experiences an unscheduled idle time for 
the duration of the tasks that causes the workpiece to leave early. Note that 

•

•

CRC_DK552X_Ch006.indd   245CRC_DK552X_Ch006.indd   245 7/6/2007   7:22:48 PM7/6/2007   7:22:48 PM



246 Environment Conscious Manufacturing

the cost of unscheduled idle time is high because, although the demand for 
parts associated with failed tasks is unfulfi lled, the disassembly cost of failed 
tasks has been incurred. For example, assume that disassembly of the hard 
disk and the fl oppy drive of a PC is carried out at workstation 1. After the 
removal of the hard disk, if the holding screws of the fl oppy drive are stuck or 
damaged, we may not be able to remove the fl oppy. Therefore, the workpiece 
(the PC being disassembled) can leave workstation 1 early. When this hap-
pens, workstation 1 remains idle for the duration of the normal disassembly 
time of fl oppy.

6.4.4.3 Self-Skipping Workpieces

If all tasks of a workpiece that have been assigned to the current workstation 
are disabled due to some defect they posses or precedence relationships, the 
workpiece leaves the workstation early without being worked on. This phe-
nomenon is known as self-skipping workpiece (SSWP).

Consider the disassembly of the PC example given above. Assume that the 
disassembly of the hard disk must be carried out before the disassembly of 
the fl oppy drive. If the hard disk of the PC cannot be removed because its 
holding screws are damaged, neither of the tasks assigned to workstation 1 
(disassembly of the hard disk and the fl oppy drive) can be done. Therefore, 
the workpiece can leave the workstation without being worked on; in other 
words, it self-skips workstation 1.

6.4.4.4 Skipping Workpieces

At workstation j, if one or more defective tasks of a workpiece directly or 
indirectly precede all the tasks of workstation j + 1 (i.e., the workstation 
immediately succeeding workstation j), the workpiece “skips” workstation 
j + 1 and moves on to workstation j + 2. This phenomenon is known as a 
skipping workpiece (SWP).

The number of workstations a work-piece skips is the strength of skipping. 
If a workpiece skips only one workstation, it is a 1-SWP; if there are two 
workstations skipped, it is a 2-SWP, and so on. In addition to unscheduled 
idle time, both SSWP and SWP experience added complexities in material 
handling (e.g., how to transfer the workpiece out of turn to the downstream 
workstation) and the status of the downstream workstation (e.g., it may be 
busy working on other workpieces and may require some sort of buffer 
allocation procedure to hold the skipped workpiece until the machine 
becomes available). Using the disassembly of a PC given before, assume the 
disassembly of the fl oppy drive precedes the removal of the RAM modules 
and the sound card of the PC scheduled to be carried out at workstation 2. 
If the fl oppy drive cannot be removed at workstation 1 due to its damaged 
holding screws, the workpiece leaves workstation 1 early and may skip 
workstation 2 because neither the RAM modules nor the sound card can be 
removed from the workpiece. In this case, workstation 2 remains idle for the 
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duration of its originally scheduled tasks, namely the removal of the RAM 
modules and the sound card.

6.4.4.5 Disappearing Workpieces

If a defective task disables the completion of all the remaining tasks on a 
workpiece, the workpiece may simply be taken off the disassembly line 
before it reaches any downstream workstation. In other words, the workpiece 
effectively disappears, which is referred to as a disappearing workpiece (DWP).

DWP may result in starvation of subsequent workstations leading to 
a higher overall idle time, highly undesirable in a balanced line. DWP, in 
a way, is a special case of SWP, where the workpiece skips all succeeding 
workstations. The consequences of the DWP are similar to the SWP, but to a 
greater extent.

For example, assume that the disassembly of the top cover of the PC is 
carried out at workstation 1 in addition to the disassembly of hard disk and 
the fl oppy drive. If the top cover cannot be removed due to damage, the PC 
(workpiece) can be taken off the line since we cannot reach any of the parts 
inside the PC. In a way, it disappears and the idle times propagate through-
out the remaining workstations.

6.4.4.6 Revisiting Workpieces

A workpiece currently at workstation j may revisit a preceding workstation 
( j – p), where ( j – p) ≥ 1 and p ≥ 1 and integer, to perform task x if the comple-
tion of current task y enables one to work on task x, which was originally 
assigned to workstation ( j – p) and was, however, disabled due to the failure 
of another preceding task. These are termed revisiting workpieces (RWP).

An RWP results in overloading one of the previous workstations. As a 
result, it may lead to complications in the material-handling system because 
of reverse fl ows, decoupling from the revisited workstation or introduction 
of a buffer to hold the revisiting workpiece until the workstation becomes 
available. This would obviously have fi nancial consequences as well.

To exemplify RWP, assume that at workstation 1, the hard disk and the 
fl oppy drive are disassembled; at workstation 2, the RAM modules and 
the sound card are disassembled; and at workstation 3 the power unit of a 
PC is disassembled. Also assume that RAM modules can be removed after 
the removal of either the fl oppy drive or the power unit. Further assume 
that disassembly of the fl oppy drive precedes the removal of the sound 
card. If the fl oppy drive cannot be removed due to preexisting damage, 
the PC skips workstation 2 and goes to workstation 3 where the power 
unit is removed. Since the power unit has been taken out of the PC, the 
RAM modules can be removed. Thus, the PC (workpiece) is sent back to the 
workstation 2 for the disassembly of the RAM modules. Complicated RWPs 
that could make the material handling and fl ow control more diffi cult may 
also exit the line.
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6.4.4.7 Exploding Workpieces

A workpiece may split into two or more workpieces (subassemblies) as it 
moves on the disassembly line because of the disassembly of certain parts 
that hold the workpiece together. Each of these subassemblies acts as an 
individual workpiece on the disassembly line. This phenomenon is known 
as exploding workpieces (EWP).

EWP complicates the fl ow mechanism of the disassembly line, however 
EWP can be planned in advance since we know which part’s removal would 
result in the EWP. In a disassembly line, a complication occurs when the part 
that would normally result in EWP cannot be removed due to some defect.

6.4.5 Demand Considerations

Demand is one of the most crucial issues in disassembly line design and 
optimization since we wish to maximize the utilization of the disassembly 
line while meeting the demand for parts in associated planning periods. In 
disassembly, the following demand scenarios are possible: demand for one 
part only (single part disassembly—a special case of partial disassembly); 
demand for multiple parts (partial disassembly); and demand for all parts 
(complete disassembly).

Parts with physical defects or with functional defects may infl uence the 
performance of the disassembly line. If part x is not demanded and it directly 
or indirectly precedes a demanded part y, then part x must be disassembled 
before the removal of part y. (Note that when part a is precedent to part b, 
which is precedent to part c, then part a is said to be a direct precedent to part 
b and an indirect precedent to part c.) Removal of part x may require additional 
time due to the presence of a defect, which, for example, may extend the 
access time. This may cause the processing time to exceed the cycle time, 
which could result in the starvation of subsequent workstations and block-
age of the previous workstations. Placing buffers at the workstations may 
be necessary to avoid starvation, blockage, and incomplete disassembly. If 
part x has a demand, then the various types of demand sources may lead to 
complications. These demand considerations affect the number of products 
to be disassembled, and eventually the disassembly line balance. There are 
three types of demand.

The fi rst type is as follows: the demand source may accept part k “as is.” 
This is possible, for example, when part k is demanded for its material con-
tent (in which case the defect in the part may not be important).

The second-type demand is described as follows. The demand source 
may not accept parts with any type of defect. This occurs when a part is 
used “as is” (e.g., in remanufacturing or repairs of other products). Thus, if 
a demanded part has a defect, its disassembly does not satisfy the demand. 
Since the primary objective of a disassembly line is to meet the demand, 
the objective function and demand constraints must cope with this type of 

AQ2
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complication. If the part has second-type demand and it does not directly 
or indirectly precede another demanded part, the disassembly of the part 
is redundant. This may have an effect on the effi ciency of the disassembly 
line since the workstation responsible for removing the defective part will 
remain idle for some time.

In the third-type demand, the demand source may accept certain defec-
tive parts depending on the seriousness of the defect. This type of demand 
may be received from a refurbishing environment where the parts undergo 
several correction processes (such as cleaning and repair) before reuse. This 
type of demand introduces a further complication, which requires some 
sort of tracing mechanism to identify the type of defect and the associated 
demand constraint.

6.4.6 Assignment Considerations

In addition to precedence relationships, several other restrictions limit the 
assignment of tasks to workstations. Although similar restrictions are also 
present in assembly lines, the following are some restrictions related specifi -
cally to disassembly.

Certain tasks must be grouped and assigned to a specifi c workstation for a 
reason. For example, the removed parts will be sorted and packaged together 
for shipment to the demand source. Thus, assigning the disassembly of these 
components (parts or joining elements) to the same workstation minimizes the 
distance that the components travel in the disassembly system. Moreover, the 
tasks requiring similar operating conditions (e.g., temperature and lighting) 
can be restricted to certain workstations as well.

The availability of special machining and tooling at certain workstations 
may necessitate the assignment of certain tasks to these workstations. For 
example, disassembly of hazardous parts may be assigned to highly special-
ized workstations to minimize the possibility of contamination in the rest of 
the system. Similarly, the skills of human workers can be a factor in the task 
assignment restrictions.

Tasks may be assigned to workstations such that the amount of reposition-
ing of the workpieces on the disassembly line (e.g., the disassembly direction 
changes) is minimized. Similarly, tasks may have to be assigned to minimize 
the number of tool changes throughout the disassembly process.

6.4.7 Other Considerations

There are additional uncertainty factors associated with the reliability of the 
disassembly workstations. Some parts of the product may cause pollution 
or nuisance due to the nature of their contents (e.g., oil and gas), which may 
increase the chance of breakdowns or workstation downtime. Furthermore, 
hazardous parts may require special handling, which can also infl uence the 
utilization of the workstations.

CRC_DK552X_Ch006.indd   249CRC_DK552X_Ch006.indd   249 7/6/2007   7:22:49 PM7/6/2007   7:22:49 PM



250 Environment Conscious Manufacturing

6.5 DLBP Model Considerations

The DLBP investigated in this chapter is concerned with a paced disassem-
bly line for a single model of product that undergoes complete disassembly. 
Part removal times are known and discrete; hence they do not posses any 
probabilistic component. A summary of model assumptions is listed at the 
end of this section.

The desired solution to a DLBP instance consists of an ordered sequence 
(n-tuple) of work elements (also referred to as tasks, components, or parts). 
For example, if a solution consisted of the 8-tuple 〈5, 2, 8, 1, 4, 7, 6, 3〉, then 
component 5 would be removed fi rst, followed by component 2, then com-
ponent 8, and so on.

While different authors use a variety of defi nitions for the term “balanced” 
in reference to assembly [10] and disassembly lines, we propose the following 
defi nition [40] [30] that will be used consistently throughout this chapter:

Defi nition A disassembly line is optimally balanced when the fewest 
possible number of workstations is needed and the variation in idle 
times between all workstations is minimized. This is mathematically 
described by

Minimize NWS

then

Minimize [max (STx) − min (STy)] ∀x, y ∈ {1, 2, . . ., NWS}

Except for some minor variation in the greedy/hill-climbing approach, all 
of the combinatorial optimization techniques described here use a similar 
methodology to address the multicriteria aspects of DLBP. Since measure of 
balance is the primary consideration in this chapter, additional objectives are 
only considered subsequently; that is, the methodologies fi rst seek to select 
the best performing measure of balance solution as given by Formula 6.4; 
equal balance solutions are then evaluated for hazardous part removal 
 positions per Formula 6.13; equal balance and hazard measure solutions 
are  evaluated for high-demand part removal positions as measured by 
Formula 6.21; and equal balance, hazard measure, and high-demand part 
removal position solutions are evaluated for the number of direction changes 
as  measured by Formula 6.26. Based in lexicographic goal programming, 
this priority ranking approach was selected over a weighting scheme for its 
 simplicity, ease in reranking the priorities, ease in expanding or reducing 
the number of priorities, due to the fact that other weighting methods can 
be readily addressed at a later time, and primarily to enable unencumbered 
effi cacy analysis of the  combinatorial  optimization methodologies and 
 problem data instances under consideration.
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Model assumptions include the following:

The line is paced.
Part removal times are deterministic, constant, and discrete (or able 
to be converted to integer form).
Each product undergoes complete disassembly (even if demands are 
zero).
All products contain all parts with no additions, deletions, modifi ca-
tions, or physical defects.
Each part is assigned to one and only one workstation.
The sum of the part removal times of all the parts assigned to a 
workstation must not exceed CT.
The precedence relationships among the parts must not be violated.

6.6 The DLBP Model Mathematical Description

The particular problem investigated in this chapter seeks to fulfi ll fi ve 
objectives:

 1. Minimize the number of disassembly workstations and hence, 
minimize the total idle time

 2. Ensure the idle times at each workstation are similar
 3. Remove hazardous components early in the disassembly sequence
 4. Remove high-demand components before low-demand components
 5. Minimize the number of direction changes required for disassembly

A major constraint is the requirement to provide a feasible (i.e., precedence 
preserving) disassembly sequence for the product being investigated. The 
result is an integer, deterministic, n-dimensional, multiple-criteria decision-
making problem with an exponential search space. Testing a given solution 
against the precedence constraints fulfi lls the major constraint of precedence 
preservation. Minimizing the sum of the workstation idle times, which will 
also minimize the total number of workstations, attains objective 1 and is 
described by

 I = (NWS . CT) –   ∑ 
k=1

  
  n

   PR T k  (6.1)
or

 I =   ∑ 
j=1

  
NWS

   (CT – S T j ) (6.2)

•
•

•

•

•
•

•
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This objective is represented as

 Minimize  Z 1  =  ∑ 
j=1

   
NWS

  (CT – S T j ) (6.3)

Line balancing seeks to achieve perfect balance (all idle times equal to zero). 
When this is not achievable, either line effi ciency (LE) or the smoothness 
index (SI) is used as a performance evaluation tool [10]. We use a measure 
of balance that combines the two and is easier to calculate. SI rewards 
similar idle times at each workstation, but at the expense of allowing 
for a large (suboptimal) number of workstations. This is because SI com-
pares workstation elapsed times to the largest STj instead of the CT. LE 
rewards the minimum number of workstations, but allows unlimited vari-
ance in idle times between workstations because no comparison is made 
between STjs. This chapter makes use of the balancing method developed 
by McGovern and Gupta [30,40]. The McGovern–Gupta balancing method 
simultaneously minimizes the number of workstations while aggressively 
ensuring that idle times at each workstation are similar, though at the 
expense of the  generation of a nonlinear objective function. The method 
is computed based on the minimum number of workstations required, as 
well as the sum of the square of the idle times for each of the workstations. 
This penalizes solutions where, although the number of workstations may 
be minimized, one or more have an exorbitant amount of idle time when 
compared to the other workstations. It provides for leveling the work-
load between different workstations on the disassembly line. Therefore, 
a resulting minimum numerical performance value is the more desirable 
solution indicating both a minimum number of workstations and similar 
idle times across all workstations. The McGovern–Gupta measure of bal-
ance is represented as

 F =  ∑ 
j=1

   
NWS

  (CT – S T j  ) 
2  (6.4)

with the DLBP balancing objective represented as

 Minimize  Z 2  =   ∑ 
j=1

   
NWS

  (CT – S T j  ) 
2  (6.5)

Perfect balance is indicated by

  Z 2  = 0 (6.6)

Note that mathematically, Formula 6.5 effectively makes Formula 6.3 
redundant due to the fact that it concurrently minimizes the number of 
workstations.
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Theorem 6.1 Let PRTk be the part removal time for the kth of n parts, where 
CT is the maximum amount of time available to complete all tasks assigned to 
each workstation. Then for the most effi cient distribution of tasks, the minimum 
number of workstations, NWS* satisfi es

 NWS* ≥
 
 ⎡      ∑ k=1  

n
   P RT k  _________ 
CT

   ⎤  
(6.7)

Proof: If the above inequality is not satisfi ed, then there must be at least 
one workstation completing tasks requiring more than CT of time, which 
is a contradiction.

Subsequent bounds are shown to be true in a similar fashion and are pre-
sented throughout the chapter without proof.

The upper bound for the number of workstations is given by

 NWSnom = n (6.8)

Therefore

  ⎡     ∑ k=1  
 n
     PRT k  __________ CT   ⎤  ≤ NWS ≤ n 

(6.9)

The lower bound on F is given by

 F* ≥   (   I ______ NWS*   )  
2
  ⋅  NWS* (6.10)

while the upper bound is described by

  F nom  =  ∑ 
k=1

  
   n

   (CT − PR T k  ) 
2  (6.11)

therefore

   (   I ______ NWS*   )  
2
  ⋅ NWS* ≤ F ≤  ∑ 

k=1
  

   n

   (CT –  PR T k ) 
2   (6.12)

A hazard measure was developed to quantify each solution sequence’s 
performance, with a lower calculated value being more desirable [33]. This 
measure is based on binary variables that indicate whether a part is con-
sidered to contain hazardous material (the binary variable is equal to one 
if the part is hazardous, else zero) and its position in the sequence. A given 
solution sequence hazard measure is defi ned as the sum of hazard binary 
fl ags multiplied by their position in the solution sequence, thereby reward-
ing the removal of hazardous parts early in the part removal sequence. This 
measure is represented as

 H =  ∑ 
k=1

  
n

     ( k ⋅  h  PS k 
  )   h  PS k 

  =  {  1, hazardous
         

0, otherwise
    (6.13)
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with the DLBP hazardous part objective represented as

 Minimize  Z 3  =  ∑ 
k=1

  
n

     ( k ⋅  h  PS k 
  )  (6.14)

The lower bound on the hazardous part measure is given by

 H* =   ∑ 
p=1

  
|HP|

  p (6.15)

where the set of hazardous parts is defi ned as

 HP = {k : hk ≠ 0 ∀ k ∈ P} (6.16)

and its cardinality can be calculated with

 |HP| =  ∑ 
k=1

  
n

     h k   (6.17)

For example, a product with three hazardous parts would give an H* value of 
1 + 2 + 3 = 6. The upper bound on the hazardous part measure is given by

  H nom  =    ∑ 
p=n–|HP|+1

  
n

   p (6.18)

or alternatively

  H nom  = (n ⋅ |HP|) – |HP| (6.19)

For example, three hazardous parts in a product having a total of 20 would 
give an Hnom value of 18 + 19 + 20 = 57 or equivalently, Hnom = (20 ⋅ 3) – 3 = 
60 – 3 = 57. Formulae 6.15, 6.18, and 6.19 are combined to give

  ∑ 
p=1

  
|HP|

  p ≤ H ≤    ∑ 
p=n–|HP|+1

  
   n

   p = (n ⋅ |HP|) – |HP|  (6.20)

Also, a demand measure was developed to quantify each solution sequence’s 
performance, with a lower calculated value being more desirable [33]. This 
measure is based on positive integer values that indicate the quantity 
required of this part after it is removed—or zero if it is not desired—and 
its position in the sequence. Any given solution sequence demand measure 
is defi ned as the sum of the demand value multiplied by their position in 
the sequence, rewarding the removal of high-demand parts early in the part 
removal sequence. This measure is represented as

 D =  ∑ 
k=1

  
n

     ( k .  d  PS k 
  )   d  PS k 

 ∈ N, ∀P S k   (6.21)
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with the DLBP demand part objective represented as

 Minimize  Z 4  =  ∑ 
k=1

  
n

     ( k ⋅  d  PS k 
  )  (6.22)

The lower bound on the demand measure (D*) is given by Formula 6.21, 
where

  d  PS 1 
  ≥  d P S 2 

  ≥ … ≥  d P S n 
   (6.23)

For example, three parts with demands of 4, 5, and 6, respectively would give 
a best-case value of (1 ⋅ 6) + (2 ⋅ 5) + (3 ⋅ 4) = 28. The upper bound on the 
demand measure (Dnom) is given by Formula 6.21, where

  d P S 1 
  ≤  d P S 2 

  ≤ … ≤  d P S n 
  (6.24)

For example, three parts with demands of 4, 5, and 6 respectively would give 
a worst-case value of (1 ⋅ 4) + (2 ⋅ 5) + (3 ⋅ 6) = 32.

Finally, a direction measure was developed to quantify each solution 
sequence’s performance, with a lower calculated value indicating minimal 
direction changes and a more desirable solution [35]. This measure is based 
on a count of the direction changes. Integer values represent each possible 
direction (typically r = {+x, −x, +y, −y, +z, −z}; in this case |r| = 6). These 
directions are expressed as

  

r 

 

PS k

 

 

 =

  
{     
 
+1, direction + x

             –1, direction − x 
           +2, direction + y 
           −2, direction − y 
           +3, direction + z  
           −3, direction − z    

(6.25)

and are easily expanded to other or different directions in a similar manner. 
The direction measure is represented as

 R =  ∑ 
k=1

  
n–1

    R k    R k  =  {  1,  r P S k  
 ≠  r P S k+1 

 
          

0, otherwise
   (6.26)

with the DLBP direction part objective represented as

 Minimize  Z 5  =  ∑ 
k=1

  
n–1

     R k  (6.27)
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The lower bound on the direction measure is given by

 R* = |r| – 1 (6.28)

For example, for a given product containing six parts that are installed/
removed in directions rk = (–y, +x, –y, –y, +x, +x) the resulting best-case 
value would be 2 – 1 = 1 (e.g., one possible R* solution containing the opti-
mal, single-change of product direction would be: 〈–y, –y, –y, +x, +x, +x〉). In 
the specifi c case, where the number of unique direction changes is one less 
than the total number of parts n, the upper bound on the direction measure 
would be given by

  R nom  = |r| where |r| = n – 1  (6.29)

Otherwise, the measure varies depending on the number of parts having 
a given removal direction and the total number of removal directions. It is 
bounded by

 |r| ≤  R nom  ≤ n – 1 where |r| < n – 1 (6.30)

For example, six parts installed/removed in directions rk = (+x, +x, +x, –y, 
+x, +x) would give an Rnom value of 2 as given by the lower bound of  Formula 
6.30 with a solution sequence of 〈+x, +x, –y, +x, +x, +x〉. Six parts installed/
removed in directions rk = (–y, +x, –y, –y, +x, +x) would give an Rnom value 
of 6 – 1 = 5 as given by the upper bound of Formula 6.30 with a solution 
sequence of 〈–y, +x, –y, +x, –y, +x〉, for example.

In the special case, where each part has a unique removal direction, the 
measures for R* and Rnom are equal and are given by

 R* =  R nom  = n – 1 where |r| = n  (6.31)

Note that the preceding optimal and nominal hazard, demand, and direc-
tion formulae are dependent on favorable precedence constraints that will 
allow for generation of these optimal or nominal measures.

6.7 Computational Complexity of DLBP

Although similar in name to the assembly line balancing problem (a claimed 
NP-hard combinatorial optimization problem), the DLBP contains a variety 
of complexity-increasing enhancements. The general assembly line  balancing 
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problem can be formulated as a scheduling problem, specifi cally as a fl ow 
shop [44]. In its most basic form, the objective of DLBP is to minimize the 
idle times found at each machine (workstation). Since fi nding the optimal 
solution requires investigating all permutations of the sequence of n part 
removal times, there are n! possible solutions. The time complexity of search-
ing this space is O(n!), referred to as exponential time. Though a possible solu-
tion to an instance of this problem can be verifi ed in polynomial time, it 
cannot always be optimally solved. Therefore this problem is classifi ed as 
nondeterministic polynomial (NP); if the problem could be solved in poly-
nomial time, it would then be classifi ed as polynomial (P). (Note that a great 
deal of the explanations that follow can be found in Garey and Johnson [12] 
and Tovey [50].)

NP-completeness provides strong evidence that the problem cannot be 
solved with a polynomial time algorithm (the theory of NP-completeness 
is applied only to decision problems). Many problems that are polynomial 
solvable differ only slightly from other problems that are NP-complete. 
3-Satisfi ability and 3-dimensional matching are NP-complete while the 
related 2-satisfi ability and 2-dimensional matching problems can be solved 
in polynomial time (polynomial time algorithm design is detailed in Refs. 
1 and 46). If a problem is NP-complete, some subproblem (created by addi-
tional restrictions being placed on the allowed instances) may be solvable in 
polynomial time. Certain encoding schemes and mathematical techniques 
can be used on some size-limited cases of NP-complete problems (an exam-
ple is a dynamic programming approach to partition that results in a search 
space size equal to the size of the instance multiplied by the log of the sum 
of each number in the instance) enabling the solution by what is know as a 
“pseudopolynomial time algorithm.” In the PARTITION case, this results in 
a polynomial time solution as long as extremely large input numbers are not 
found in the instance. Problems for which no pseudopolynomial time algo-
rithm exists (assuming P ≠ NP) are known as “NP-complete in the strong 
sense” (also, unary NP-complete—referring to allowance for a nonconcise or 
unary encoding scheme notation where a string of n 1s represents the num-
ber n—with an alternative being binary NP-complete). Typical limiting fac-
tors for NP-complete problems to have a pseudopolynomial time algorithm 
include the requirement that the problem be a number problem (versus a 
graph problem, logic problem, etc.) and be size constrained, typically in the 
number of instance elements (n in DLBP) and the size of the instance ele-
ments (PRTk in DLBP). Formally, an algorithm that solves a problem L will be 
called a pseudopolynomial time algorithm for L, if its time complexity function 
is bounded above as a function of the instance I by a polynomial function of 
the two variables: Length[I ] and Max[I]. A general NP-completeness result 
implies that the problem cannot be solved in polynomial time in all the cho-
sen parameters.

Knapsack has been shown to be solvable by a pseudopolynomial time algo-
rithm in a dynamic programming fashion similar to partition by Dantzig [6]. 
Multiprocessor scheduling and sequencing within intervals have both been 
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shown to be NP-complete in the strong sense. The same is true for 3-partition, 
which is similar to partition but has m (instead of 2) disjoint sets and each of 
the disjoint sets has exactly three elements. By considering subproblems cre-
ated by placing restrictions on one or more of the natural problem parameters, 
useful information about what types of algorithms are possible for the general 
problem can be gleaned.

The decision version of DLBP is NP-complete in the strong sense. This can 
be shown through a proof by restriction to multiprocessor scheduling. Garey 
and Johnson [12] describe multiprocessor scheduling as:

Instance: A fi nite set A of tasks, a length l(a) ∈ Z+ for each a ∈ A, a number 
m ∈ Z+ of processors, and a deadline B ∈ Z+.

Question: Is there a partition A =  A 1  ∪  A 2  ∪ . . . ∪  A m  of A into m dis-
joint sets, such that 

 max ∑ 
a∈ A i 

  
 

   l(a) : 1 ≤ i ≤ m ≤ B?

In DLBP, NWS is equivalent to m in multiprocessor scheduling, P is equiva-
lent to A, while CT is equivalent to B.

The following theorem provides the proof:

Theorem 6.2 DLBP is NP-complete in the strong sense.

Instance: A fi nite set P of tasks, partial order ≺ on P, task time PRTk ∈ 
Z+, hazardous part binary value hk ∈ {0, 1}, part demand dk ∈ N, and 
part removal direction rk ∈ Ζ for each k ∈ P, workstation capacity CT ∈ 
Z+, number NWS ∈ Z+ of workstations, difference between largest and 
smallest idle time V ∈ N, hazard measure H ∈ N, demand measure D ∈ 
N, and direction change measure R ∈ N.

Question: Is there a partition of P into disjoint sets PA, PB, . . ., PNWS, such 
that the sum of the sizes of the tasks in each PX is CT or less, the dif-
ference between largest and smallest idle times is V or less, the sum of 
the hazardous part binary values multiplied by their sequence position 
is H or less, the sum of the demanded part values multiplied by their 
sequence position is D or less, the sum of the number of part removal 
direction changes is R or less, and it obeys the precedence constraints?

Proof: DLBP ∈ NP. Given an instance, it can be verifi ed in polynomial 
time if the answer is “yes” by counting the number of disjoint sets and 
showing that they are NWS or less, summing the sizes of the tasks in 
each disjoint set and showing that they are CT or less, examining each of 
the disjoint sets and noting the largest and the smallest idle times, then 
subtracting the smallest from the largest and showing that this value is V 
or less, summing the hazardous part binary values multiplied by their 
sequence position and showing this is H or less, summing the demanded 
part values multiplied by their sequence position and showing that this 
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is D or less, summing the number of changes in part removal direction 
and showing that this is R or less, and checking that each task has no 
predecessors listed after it in the sequence.

Multiprocessor scheduling ≤P DLBP. Restrict to multiprocessor scheduling 
by allowing only instances in which V = CT, ≺ is empty, and hx = hy, dx = dy, 
rx = ry ∀x, y ∈ P.

Therefore, the decision version of DLBP is NP-complete in the strong 
sense.

DLBP has also been shown to be NP-hard [36]. It is easy to see that the 
bin-packing problem is also similar to DLBP. The bin-packing problem is 
NP-hard in the strong sense (it includes 3-partition as a special case), which 
indicates that there is little hope in fi nding even a pseudopolynomial time opti-
mization algorithm for it. To solve an exponential time problem, Papadimitriou 
and Steiglitz [43] propose one of the following approaches be used:

Approximation. Application of an algorithm that quickly fi nds a subop-
timal solution that is within a certain (known) range or percentage 
of the optimal solution.

Probabilistic. Application of an algorithm that provably yields good aver-
age runtime behavior for a distribution of the problem instances.

Special cases. Application of an algorithm that is provably fast if the 
problem instances belong to a certain special case.

Exponential. Strictly speaking, pseudopolynomial time algorithms are 
exponential; also, many effective search techniques (e.g., branch-
and-bound, simplex) have exponential worst-case complexity.

Local search. Recognized to be one of the most effective search tech-
niques for hard combinatorial optimization problems, local (or neigh-
borhood) search is the discrete analog of “hill climbing.”

Heuristic. Application of an algorithm that works reasonably well on 
many cases, but cannot be proven to always be fast or optimal.

In this chapter, several promising heuristic techniques are demonstrated 
using some of the few DLBP instances found in the literature at this time.

6.8 Graphical Representation

DLBP can be represented by a directed graph (digraph). The DLBP digraph is 
strongly connected when there are no precedence constraints and weakly con-
nected otherwise. A modifi ed digraph-based disassembly diagram is effec-
tive for displaying the additional and relevant information in a disassembly 
problem’s precedence diagram [34]. It is based on the familiar format found 
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in assembly line balancing problems (as depicted in Ref. 10; see Ref. 27 for 
other representations), which consists of a circular symbol (the vertex) with 
the task identifi cation number in the center and the part removal time listed 
outside and above. This is selectively enhanced to provide greater usability 
in application to disassembly problems. The part removal time is kept out-
side of the vertex, but in the upper right corner. Working around in a clock-
wise manner, the additional considerations found in disassembly are listed 
using, as a default, the order of priority as given in this chapter; that is, “H” 
(only if the part is labeled as hazardous, else blank), the part’s demand, and 
the part’s removal direction (Figure 6.1). 

This representation provides a reference to all of a given problem’s 
disassembly-unique quantitative data and concentrates this data in one loca-
tion while still enabling all of the graphical relationship information that a 
traditional precedence diagram portrays. Directed edges (arcs) continue to be 
depicted as solid lines terminated with arrows. The arrow’s direction points 
(top to bottom, or left to right) toward subsequent disassembly tasks; that is, 
the arrows leave the predecessor parts. This format tends to be more angu-
lar, similar to an electronics schematic or a fl owchart.

Another proposed modifi cation is the use of broken lines to express OR 
relations by connecting them to each other. Both AND and OR relationships 
are depicted in Figure 6.2; that is, remove (1 AND 2) OR (2 AND 3) prior to 4 
(note that, e.g., part 1 takes 2 s to remove, is hazardous, has a demand of 7, and 
can only be removed in direction –y).

Although all parts should be included in the diagram, only parts with 
demands (per Section 4.5, it is desirable to remove these parts and their pre-
decessors) or parts that are predecessors to subsequently demanded parts 
are required to be listed when incomplete disassembly is possible. Parts 
without demands that do not precede other parts having demands can be 
deleted from the diagram to conserve space—however, all of any deleted 
part’s additional information (PRTk, hk, and rk) will no longer be available to 
the reader. Since, in this case, the diagram would be incomplete, the begin-
ning and end of the disassembly precedence diagram can optionally be 
depicted using fl owchart-type terminator boxes, with the start box used to 

H (if 
hazardous)

dk

Part 
removal 
direction 

k

PRTk

FIGURE 6.1 
Proposed disassembly task/part vertex representation.

AQ3
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contain summary information about the product being disassembled. The 
total number of parts is listed in the center and, working around the outside 
in a clockwise manner, the total part removal time for the entire product 
is listed in the upper right corner, then the number of hazardous parts, the 
number of demanded parts, and the number of part removal directions; see 
Figure 6.3.

Similar to the set of hazardous parts, the set of demanded parts is defi ned as

 DP = {k : dk ≠ 0 ∀k ∈ P} (6.32)

6.9 Case Study Instances

Since DLBP is a recent problem, very few instances exist to study the perfor-
mance of different heuristic solutions. Four that have been used include: the 
personal computer problem instance, the 10-part problem instance, the cell 
phone problem instance, and a variable-size, known-solution benchmark set 
of instances.

H7

−y 2

1

1

−z 15

3

H8

−z 18

4

1

+x 2

2

FIGURE 6.2 
AND and OR example depicting the requirement to remove (1 AND 2) OR (2 AND 3) prior to 4.

n

|HP||DP|

∑
n

k=1

PRTk
|r |

FIGURE 6.3 
Disassembly precedence diagram start terminator box (optional).
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6.9.1 Personal Computer Problem Instance

Gungor and Gupta developed the personal computer problem instance based 
on an actual study [19]. This practical and relevant example from the litera-
ture consists of the data for the disassembly of a personal computer (PC) as 
shown in Table 6.1 where the objective is to completely disassemble a PC 
consisting of 8 subassemblies on a paced disassembly line operating at a 
speed, which allows 40 s for each workstation to perform its required disas-
sembly tasks (see Figure 6.4; note the dotted lines as described in Section 
8, which represent the OR relationship in the product; e.g., remove part 
(2 OR 3) prior to part 6).

6.9.2 10-Part Problem Instance

Kongar and Gupta provided the basis for the 10-part DLBP instance [25]. 
McGovern and Gupta then modifi ed this instance from its original use in 
disassembly sequencing and augmented it with disassembly line-specifi c 
attributes [35]. Here the objective is to completely disassemble a notional 
product (see Figure 6.5) consisting of n = 10 components and several prece-
dence relationships (e.g., parts 5 AND 6 need to be removed prior to part 7). 
The problem and its data were modifi ed for use on a paced disassembly line 
operating at a speed, which allows CT = 40 s for each workstation to perform 
its required disassembly tasks. This example consists of the data for the dis-
assembly of a product as shown in Table 6.2.

6.9.3 Cell Phone Problem Instance

With the growth of cellular telephone use and technology, rapid changes 
in usage, technology, and features have prompted the entry of new mod-
els on a regular basis. Unwanted cell phones typically end up in land-
fi lls and usually contain numerous hazardous parts including mercury, 
cadmium, lead, gallium arsenide, and beryllium; any of which can pose a 
threat to the environment. McGovern and Gupta [35, 37] selected a 2001 model 

TABLE 6.1

Knowledge Base of the Personal Computer Example

Task Part Removal Description Time Hazardous Demand Direction

1 PC top cover 14 No 360 −x

2 Floppy drive 10 No 500 +x

3 Hard drive 12 No 620 −x

4 Back plane 18 No 480 ±x, ±y

5 PCI cards 23 No 540 +y

6 RAM modules (2) 16 No 750 +z

7 Power supply 20 Yes 295 ±x, ±y

8 Motherboard 36 No 720 +z
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500

+x 10

Disassembly complete

360

−x 14

1

2

480

±x, ±y 18

4

540

+y 23

5

620

−x 12

3

750

+z 16

6

H295

20

7

720

+z 36

8

8

8

1495

1

±x, +y

FIGURE 6.4 
Personal computer precedence relationships.
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+x 14

1

500

+x 10

2

+y 17

4

−z

5

+x 12

3

750

−z 14

6

H295

+y 19

7

−x 36

8

10

4

1695

1

−y 10

10
360

−z 14

9

23

Disassembly complete

FIGURE 6.5 
10-part product precedence relationships.

TABLE 6.2 

Knowledge Base of the 10-Part Problem Instance

Task Time Hazardous Demand Direction

 1 14 No No +y

 2 10 No 500 +x

 3 12 No No +x

 4 17 No No +y

 5 23 No No –z

 6 14 No 750 –z

 7 19 Yes 295 +y

 8 36 No No –x

 9 14 No 360 –z

10 10 No No –y

CRC_DK552X_Ch006.indd   264CRC_DK552X_Ch006.indd   264 7/6/2007   7:22:52 PM7/6/2007   7:22:52 PM



Disassembly Line Balancing 265

year Samsung SCH-3500 cell phone for disassembly analysis. The result is an 
appropriate, real-world instance consisting of n = 25 components having sev-
eral precedence relationships. The data set includes a paced disassembly line 
operating at a speed that allows CT = 18 s per workstation. Collected data on 
the SCH-3500 is listed in Table 6.3. Demand is estimated based on part value or 
recycling value; part removal times and precedence relationships (Figure 6.6)
were determined experimentally; part removal times were repeatedly 
 collected until a consistent part removal performance was attained.

TABLE 6.3 

Knowledge Base of the Cell Phone Problem Instance

Task Part Removal Description Time Hazardous Demand Direction

 1 Antenna 3 Yes 4 +y

 2 Battery 2 Yes 7 −y

 3 Antenna guide 3 No 1 −z

 4 Bolt (type 1) a 10 No 1 −z

 5 Bolt (type 1) b 10 No 1 −z

 6 Bolt (type 2) 1 15 No 1 −z

 7 Bolt (type 2) 2 15 No 1 −z

 8 Bolt (type 2) 3 15 No 1 −z

 9 Bolt (type 2) 4 15 No 1 −z

10 Clip 2 No 2 +z

11 Rubber seal 2 No 1 +z

12 Speaker 2 Yes 4 +z

13 White cable 2 No 1 −z

14 Red/blue cable 2 No 1 +y

15 Orange cable 2 No 1 +x

16 Metal top 2 No 1 +y

17 Front cover 2 No 2 +z

18 Back cover 3 No 2 −z

19 Circuit board 18 Yes 8 −z

20 Plastic screen 5 No 1 +z

21 Keyboard 1 No 4 +z

22 LCD 5 No 6 +z

23 Subkeyboard 15 Yes 7 +z

24 Internal IC 2 No 1 +z

25 Microphone 2 Yes 4 +z
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Disassembly complete
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1
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1
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4
1
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5
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3 2
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7
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8
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9 1
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1
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13 
1
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1
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1
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2

+z 2

17

2

3

18

1

+z 5
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4

+z 1
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H8

18
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H4

+z 2

25
6

+z 5
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+z 15

23

1

+z 2

24
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6

5

25
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−z

10−z

−z −z −z −z

−z

−z

−z

FIGURE 6.6 
Cell phone precedence relationships.
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6.9.4 DLBP A Priori Optimal Solution Benchmark

Any DLBP solution methodology needs to be applied to a collection of test 
cases to demonstrate its performance as well as its limitations. In addition, new 
methodologies must fi rst have their developed software thoroughly tested by 
undergoing a verifi cation and validation (V&V) process. Verifi cation consists 
of providing a wide range of inputs to a module of the software to ensure 
proper operation of an individual software component, while validation deter-
mines whether or not the program as a whole provides a correct output for 
given input, necessitating (in the case of DLBP and similar problems) varying-
size data sets having known optimal results.

Benchmark data sets are common for many NP-complete problems, such 
as Oliver30 and RY48P for application to the traveling salesman problem 
(TSP) and Nugent15/20/30, Elshafei19 and Krarup30 for the quadratic assign-
ment problem. Unfortunately, because of their size and their design, most of 
these existing data sets have no known optimal answer and new solutions 
are not compared to the optimal solution, but rather the best-known solution 
to date. In addition, since DLBP is a recently defi ned problem, no appropriate 
benchmark data sets exist. It was necessary to develop a set of instances for 
the DLBP to evaluate DLBP heuristics. We propose a known optimal solution 
benchmark line balance data set to determine effi cacy (a method’s effective-
ness in fi nding good solutions).

This size-independent a priori benchmark data set was generated [35] based 
on the following. Because, in general, solutions to larger and larger instances 
cannot be verifi ed as optimal (due to the time complexity of exhaustive 
search), it is proposed that instances be generated in such a way to always 
provide a known solution. This was done by using part times consisting 
exclusively of prime numbers further selected to ensure that no combinations 
of these part removal times allowed for any equal summations (to reduce the 
number of possible optimal solutions). For example, part removal times 1, 3, 
5, and 7 and CT = 16 would have minimum idle time solutions of not only 
one 1, one 3, one 5, and one 7 at each workstation, but various additional 
combinations of these as well since 1 + 7 = 3 + 5 = ½ CT. Subsequently, the 
chosen instances were made up of parts with removal times of 3, 5, 7, and 11 
and CT = 26. As a result, the optimal balance for all subsequent instances 
would consist of a perfect balance of precedence-preserving  combinations of 
3, 5, 7, and 11 at each workstation with idle times of zero. This a priori data set 
is then constrained by

 n =   x ⋅ |PRT : x ∈ Z+ (6.33)

To further complicate the data (i.e., provide a large, feasible search space), 
only one part was listed as hazardous and this was one of the parts with the 
largest part removal time (the last one listed in the original data). In addition, 
one part (the last listed, second-largest part removal time component) was 
listed as being demanded. This was done so that only the hazardous and the 
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demand sequencing would be demonstrated, while providing a slight solu-
tion sequence disadvantage to any purely greedy methodology (since two 
parts with part removal times of 3 and 5 are needed along with the larger part 
removal time parts to reach F*, assigning hazardous and demanded parts 
to those smaller part removal time parts may allow some methodologies to 
artifi cially obtain the initial F* single workstation sequence). From each part 
removal time size, the fi rst listed part was selected to have a removal direc-
tion differing from the other parts with the same part removal time. This 
was done to demonstrate direction selection while requiring any solution-
generating methodology to move these fi rst parts of each part removal time 
size encountered to the end of the sequence (i.e., into the last workstation) 
to obtain the optimal direction value of R* = 1 (i.e., if the solution technique 
being evaluated is able to successfully place the hazardous and demanded 
parts toward the front of the sequence). There were also no precedence 
 constraints placed on the sequence, a deletion that further challenges any 
method’s ability to attain an optimal solution. Known optimal results include 
F* = 0, H* = 1, D* = 2, R* = 1. While this chapter makes use of data 
with |PRT| = 4 unique part removal times, in general, for any n parts con-
sisting of this type of data, the following can be calculated

 NWS* =   n _______ 
|PRT|

   (6.34)

  NWS nom  = n (6.35)

 I* = 0 (6.36)

  I nom  =    
n ⋅ CT ⋅ (|PRT| – 1)

  __________________  
|PRT|

   (6.37)

 F* = 0 (6.38)

with Fnom given by Formula 6.11. Hazard measures and values are given by

  h k  =  {  1, k = n
         

0,    otherwise
   (6.39)

 H* = 1 (6.40)

  H nom  = n (6.41)
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with demand measures and values given by

 
 
d k  = 

 {    1,
   

0,
    

k =    
n . (|PRT| – 1)

  ______________ 
|PRT|

  

           
  otherwise    

(6.42)

 D* =  {  2,
   1,    

H = 1
      otherwise    (6.43)

  D nom  =  {  n – 1,
    n,    

H = n
      otherwise    (6.44)

and part removal direction measures and values given by

   
 

rk =
  {  1,

   0,     

k = 1,   n _____ |PRT|   + 1,   2n _____ |PRT|   + 1, . . .,   
(|PRT| – 1) ∙ n

  ____________ |PRT|   + 1

                            
   otherwise             

(6.45)

 R* = 1 (6.46)

 Rnom =  {   
0,     n = |PRT|

  
         

   2 ⋅ |PRT| – 1, n = 2 ⋅ |PRT|              
2 ⋅ |PRT|,  otherwise

    (6.47)

Because |PRT| = 4 in this chapter, each part removal time is generated by

 

PR T k

 

 

=

 

 

{  
  

 
3, 0 < k ≤   n __ 4  

         
5,   n __ 4   < k ≤   n __ 2  

  

         
7,   n __ 2   < k ≤   3n ___ 4  

  

  

      

  

11,    3n ___ 4   < k ≤ n

   

 

(6.48)

Although the demand values as generated by Formula 6.42 are the preferred 
representation (due to the fact that the resulting small numerical values 
make it easy to interpret demand effi cacy since D = k), algorithms that allow 
incomplete disassembly may terminate after placing the single demanded 
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part in the solution sequence. In this case, Formulae 6.42 through 6.44 may 
be modifi ed to give

 
 d k  =  {  2,

   
1,

  
 k =   

n . (|PRT| – 1)
  ____________ |PRT|  
           

otherwise
    

(6.49)

 D* =  {   2 +  ∑ 
p=1

  
n

   p, H=1
             

   1 +  ∑ 
p=1

  
n

   p, otherwise
   (6.50)

  D nom  =  {   n – 1 +  ∑ 
p=1

  
n

   p, H = n

              
  n +  ∑ 

p=1
  

n

   p,    otherwise
    (6.51)

Note that a data set containing parts with equal PRTs and no precedence 
constraints will have more than one optimal solution. To properly gauge the 
performance of any solution-generating technique on the DLBP a priori data, 
the size of the optimal solution set needs to be quantifi ed. From probability 
theory we know that, for example, with n = 12 and |PRT| = 4, the size of 
the set of optimally balanced solutions |F*| when using the DLBP a priori 
data could be calculated as (12 . 9 . 6 . 3) . (8 . 6 . 4 . 2) . (4 . 3 . 2 . 1) = 17,915,904 from 
Table 6.4.

Grouping these counts by workstation and reversing their ordering enables 
one to recognize a pattern more easily.

 
 
1  2  3  4)

      
(2  4  6  8)

 
      

 (3  6  9  12)
 

It can be seen that the fi rst row can be generalized as (1 ∙ 2 ∙ 3 ∙ … ∙ |PRT|), the 
second as (2 ∙ 4 ∙ 6 ∙ … ∙ 2 ∙ |PRT|), and the third as (3 ∙ 6 ∙ 9 ∙ … ∙ 3 ∙ |PRT|). Expand-
ing in this way, the number of optimally balanced solutions can be written as

|F*|= (1 ∙ 2 ∙ 3 ∙ … ∙ (1 ∙ |PRT|)) ∙ (2 ∙ 4 ∙ 6 ∙ … ∙ (2|PRT|)) ∙ … 

 ∙  (   n ______ |PRT|    .    
2n ______ |PRT|    .    

3n ______ |PRT|  
  . . .  ∙  n ) 

TABLE 6.4

Number of Possible Entries in Each Element Position Resulting in Perfect Balance 
Using the DLBP A Priori Data with n = 12 and |PRT| = 4

k 1 2 3 4 5 6 7 8 9 10 11 12
Count 12 9 6 3 8 6 4 2 4 3 2 1
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This can be written as

 |F*| =    ∏ 
x=1

  
|PRT|

   x ∙   ∏ 
x=1

  
|PRT|

   2x ∙   ∏ 
x=1

  
|PRT|

   3x  ∙  . . .  ∙   ∏ 
x=1

  
|PRT|

      n _____ |PRT|    
. x 

and fi nally as

 |F*|=   ∏ 
x=1

  
|PRT|

    x 
  n _______ 
|PRT|

  
  ⋅   ∏ 

y=1
  

  n _____ |PRT|  

   y  

or

 |F*|=   ∏ 
x=1

  
|PRT|

      ∏ 
y=1

  

  n _____ |PRT|  

    x 
  n _____ |PRT|    . y (6.52)

Since |PRT| = 4 in this chapter, Formula 6.52 becomes

 |F*| =   ∏ 
x=1

  
4

       ∏ 
y=1

  
  n __ 4  

     x   
n __ 4    . y (6.53)

In our example with n = 12 and |PRT| = 4, Formula 6.53 is solved as

 |F*| =   ∏ 
x=1

  
4

       ∏ 
y=1

  
  12 ___ 4  

    x   
12 ___ 4    ∙ y =  ∏ 

x=1
  

4

       ∏ 
y=1

  
3

    x 3  ∙ y =   ∏ 
x=1

  
4

     x 3   ∙ (1 ∙ 2 ∙ 3) 

or

 |F*|= 1 ∙ 1 ∙ 1 ∙ (1 ∙ 2 ∙ 3) ∙ 2 ∙ 2 ∙ 2 ∙ (1 ∙ 2 ∙ 3) ∙ 3 ∙ 3 ∙ 3 ∙ (1 ∙ 2 ∙ 3) ∙ 4 ∙ 4 ∙ 4 ∙ (1 ∙ 2 ∙ 3) 

which, when rearranged, can be written as the more familiar

 |F*|= (12 ∙ 9 ∙ 6 ∙ 3) ∙ (8 ∙ 6 ∙ 4 ∙ 2) ∙ (4 ∙ 3 ∙ 2 ∙ 1) = 17,915,904 

Even when all objectives are considered, there still exist multiple optimal 
solutions, again due to the use of a data set containing parts with equal PRTs 
and no precedence constraints. Using probability theory with the example 
having n = 12 and |PRT| = 4, it is known that the size of the set of solutions 
optimal in F, H, D, and R, |F*∩ H*∩ D*∩ R*|, when using the DLBP a priori 
data can be calculated as (1 ⋅ 1 ⋅ 6 ⋅ 3) ⋅ (4 ⋅ 3 ⋅ 2 ⋅ 1) ⋅ (4 ⋅ 3 ⋅ 2 ⋅ 1) = 10,368 from 
Table 6.5.

TABLE 6.5

Number of possible entries in each element position resulting in optimal in F, H, D, 
and R using a priori data with n = 12 and |PRT| = 4

k 1 2 3 4 5 6 7 8 9 10 11 12
Count 1 1 6 3 4 3 2 1 4 3 2 1
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Repeating the technique of grouping these counts by workstation and revers-
ing their ordering again reveals a pattern.

 
(1  2  3  4)

 
    

 (1  2  3  4)      
(3  6  1  1)

 

The middle elements will always be the same as those given by Formula 6.52, 
but with two fewer sets (due to different fi rst and last workstation elements). 
The fi rst row is always (1 ∙ 2 ∙ 3 ∙ … ∙ |PRT|) since the directional elements in 
the a priori data should always be together at the end (the beginning in this 
case since we reversed the sequence for readability) of any optimal solution 
sequence. The last row (again, reversed) is always ((n/|PRT|) ∙ (2n/|PRT|) ∙ 
(3n/|PRT|) ∙ … ∙ ((|PRT|−2) ∙ n/|PRT|) ∙ 1 ∙ 1) since there is only one hazardous 
part (optimal element position k = 1) and only one demanded part (optimal 
element position k = 2). Combining these components, the number of fully 
optimal solutions can be written as

|F* ∩ H* ∩ D* ∩ R*| = (1 ⋅ 2 ⋅ 3 ⋅ … ⋅ |PRT|) ∙

(1 ⋅ 2 ⋅ 3 ⋅ … ⋅ (1 ∙ |PRT|)) ⋅ (2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (2 ⋅ |PRT|)) ⋅ … ⋅ 1 ⋅  (   n ______ |PRT|   – 2 )  ⋅ 2

⋅  (   n ______ |PRT|   – 2 )  ∙ 3 ∙     (   n ______ |PRT|   – 2 )  ∙  … ∙  |PRT| ⋅  (   n ______ |PRT|   – 2 )  )  ) 
⋅  (  (   n _______ 

|PRT|
   ) ∙ (   2n ______ |PRT|   ) ∙ (   3n ______ |PRT|   )  ⋅ . .   . ⋅ (   (|PRT| – 2)∙n ___________ 

|PRT|
   ) ∙1 ∙ 1 ) 

By replacing the second term with a modifi ed version of Formula 6.52 and 
simplifying the fi rst and third terms, this can be written as

|F* ∩ H* ∩ D* ∩ R*|=  (   ∏ 
y=1

  
|PRT|

  y  )  ∙    ∏ 
y=1

  
|PRT|

      ∏ 
z=1

  

  n _______ 
|PRT|

   –2

   y 
  n _______ 
|PRT|

    –2
   ∙ z ∙  (    ∏ 

x=1
  

|PRT|–2

       n _______ 
|PRT|

    ∙ x )  
Expanding the second term gives

|F* ∩ H* ∩ D* ∩ R*|=  (   ∏ 
y=1

  
|PRT|

  y   )  ∙  (   ∏ 
y=1

  
|PRT|

   y 
  n _______ 
|PRT|

   –2
   ∙   ∏ 

z=1
  

  n _______ 
|PRT|

    –2

   z )   (    ∏ 
x=1

  
|PRT|–2

      n _______ 
 |PRT| 

   ∙ x ) 
Combining the fi rst and second terms results in

|F* ∩ H* ∩ D* ∩ R*|=  (   ∏ 
y=1

  
|PRT|

   y 
   n _______ 
|PRT|

    –1
    (    ∏ 

z=1
  

  n _______ 
|PRT|

   –2

  z  )  )  ∙  (    ∏ 
x=1

  
|PRT|–2

       n _______ 
|PRT|

    ∙ x ) 
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or

|F* ∩ H* ∩ D* ∩ R*| =    ∏ 
x=1

  
|PRT|–2

      nx _______ 
|PRT|

    ∙    ∏ 
y=1

  
|PRT|

       ∏ 
z=1

  

  n _______ 
|PRT|

    –2

     y 
  n _______ 
|PRT|

   –1
  ∙ z

with a constraint that

  n _______ 
|PRT|

    > 2

Alternatively, this can be written as

 |F* ∩ H* ∩ D* ∩ R*| =    ∏ 
x=1

  
|PRT|–2

      nx _______ 
|PRT|

    ∙    ∏ 
y=1

  
|PRT|

     ∏ 
z=1

  
a

      y 
  n _______ 
|PRT|

    –1
  ∙ z (6.54)

where

a =  {     
n _______ 

|PRT|
    – 2,
       1,    

    if   n _______ 
|PRT|

    > 2
         

otherwise
   

Since |PRT| = 4 in this chapter, Formula 6.54 becomes

 |F* ∩ H* ∩ D* ∩ R*| =   ∏ 
x=1

  
2

     nx ___ 4    ∙   ∏ 
y=1

   
4

       ∏ 
z=1

   
  n __ 4   –2

    y   
n __ 4   –1  ∙ z  (6.55)

In our example with n = 12 and |PRT| = 4, Formula 6.55 is solved as

|F* ∩ H* ∩ D* ∩ R*| =   ∏ 
x=1

  
2

    3x  ∙   ∏ 
y=1

   
4

       ∏ 
z=1

   
1

     y 2   ∙ z

or

|F* ∩ H* ∩ D* ∩ R*| =   ∏ 
x=1

  
2

   3x  ∙   ∏ 
y=1

  
4

     y 2  

giving

|F* ∩ H* ∩ D* ∩ R*|= ((3 ⋅ 1) ⋅ (3 ⋅ 2)) ⋅ ((1 ⋅ 1) ⋅ (2 ⋅ 2) ⋅ (3 ⋅ 3) ⋅ (4 ⋅ 4))

which, when rearranged, can be written as the more familiar

| F *  ∩  H *  ∩  D *  ∩  R * | = (1 ⋅ 1 ⋅ 6 ⋅ 3) ⋅ (4 ⋅ 3 ⋅ 2 ⋅ 1) ⋅ (4 ⋅ 3 ⋅ 2 ⋅ 1) = 10,368

Although the sizes of both DLBP a priori optimal solution sets are quite large 
in these examples, they are also signifi cantly smaller than the search space 
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of n! = 479,001,600. As shown in Table 6.6, the number of solutions that are 
optimal in balance alone goes from 100% of n at n = 4, to 22.9% at n = 8, and 
to less than 1% at n = 16; as n grows, this percentage gets closer and closer 
to 0%. The number of solutions optimal in all objectives goes from less than 
8.3% of n at n = 4, to 0.12% at n = 8, dropping to effectively 0% at n = 16; 
again, as n grows, the percentage of optimal solutions gets closer and closer 
to zero.

6.10 The Combinatorial Optimization Searches

Five solution techniques (exhaustive search, GA, ant colony optimization, 
greedy/adjacent element hill-climbing hybrid heuristic, and the H–K 
general-purpose heuristic) are considered, then the four heuristics are 
selected for analysis and evaluation using one of the instances from Section 
6.9 (although the DLBP a priori benchmark data are also used with exhaus-
tive search, this is primarily to demonstrate exponential growth rather than 
to allow for a thorough analysis of the chosen algorithm). Sections 6.10.5.4 
and 6.10.5.5 demonstrate the graphical analysis tools fi rst developed by 
McGovern and Gupta [38].

For consistency in software architecture and data structures, the authors 
wrote all of the search algorithms; no off-the-shelf software was used. In 
addition, any sections of software code that could be used by multiple pro-
grams were reused. All computer programs were written in C++ and run 
on a 1.6 GHz PM × 86-family workstation. After engineering, each program 
was fi rst investigated on a variety of test cases for V&V purposes. All of the 
combinatorial optimization computer software was run at least three times 
to obtain an average of the computation time. Solution data for use in effi -
cacy analysis were collected a minimum of fi ve times when methodologies 

TABLE 6.6

Comparison of Possible Solutions to Optimal Solutions for a Given n Using the 
DLBP A Priori Data

n n!

Number 
Optimal in 

Balance
Number 

Optimal in All
Percentage Optimal 

in Balance (%)
Percentage Optimal 

in All (%)

4 24 24 2 100.00 8.33
8 40,320 9,216 48 22.86 0.12
12 479,001,600 17,915,904 10,368 3.74 0.00
16 2.09228E+13 1.10075E+11 7,077,888 0.53 0.00
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 possessed a probabilistic component (ACO and GA) with the results aver-
aged to avoid reporting unusually favorable or unusually poor results.

6.10.1 Exhaustive Search

6.10.1.1 Exhaustive Search Model Description

An exhaustive search algorithm was developed to confi rm the exponential 
time growth of exhaustive search, to provide a time complexity benchmark 
for the subsequent algorithm studies, and to determine the optimal solu-
tions for any data set up to a given size (based on a reasonable search time). 
The exhaustive algorithm was built around a recursive function (Figure 6.7) 
that generated all permutations of a sequence of n numbers (given the input 
q = n when it is fi rst called) with each number representing a disassembly 
task and the order of the numbers representing the disassembly sequence. 
The purpose of this exhaustive algorithm is to fi nd every subset of the data 
set (every permutation) and from all those subsets, fi nd the solution set that 
best satisfi es the performance requirements by checking against all other 
permutations as described in Section 6.5.

Procedure GENERATE (q){
IF ((q = = 0) ∧ (PRECEDENCE_PASS)){

CALC_PERFORMANCE 

IF (FIRST_PERMUTATION_GENERATED){
SET best_solution := new_solution

            } 

IF (BETTER_SOLUTION (new_solution, best_solution)){
SET best_solution := new_solution

            } 
      } 

∀ k∈P{
            EXCHANGE (k, q − 1) 
            GENERATE (q − 1) 
            EXCHANGE (k, q − 1) 
      } 

RETURN
}

Procedure EXCHANGE (x, y){
SET temp := PSx
SET PSx := PSy
SET PSy := temp
RETURN

}

FIGURE 6.7 
Recursive backtracking algorithm to generate all permutations of n numbers.
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6.10.1.2 Exhaustive Search Algorithm Numerical Results

Figure 6.8 provides the plot of runtime versus instance size using the DLBP 
a priori benchmark for the exhaustive algorithm and an n3 curve for growth 
comparison and to demonstrate how the exhaustive search runtime rapidly 
increases with instance size. Using the DLBP a priori instances, n = 8 aver-
aged 0.10 s, while n = 12 averaged 1476.44 s (just under 25 min). At this rate 
it could be conservatively estimated (assuming a 10-fold increase for each 
single increment of n; this approximates the observed growth but is actu-
ally slower than its true n! growth) that n = 13 would take over 4 h, n = 14 
would take almost 2 days, n = 15 would run over 2 weeks, n = 16 almost 
6 months, n = 17 over 4.5 years, and so forth. Faster computers and pro-
gramming tricks can speed this up but the growth in exhaustive search is 
exponential nonetheless. Using the DLBP a priori instances in the range of 
8 ≤ n ≤ 80, only  n ≤ 12 sized instances were found to be solved in a reason-
able amount of time using the recursive exhaustive search algorithm. The 
algorithm’s time complexity was seen to increase with instance size; in fact, 
it was seen to be in proportion to 1.199(n!) (using the actual growth rate gives 
an n = 16 runtime of 2.04 years).
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FIGURE 6.8 
DLBP exhaustive search time complexity.
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6.10.2 Genetic Algorithm

6.10.2.1 The DLBP Genetic Algorithm and Model Description

A GA (a parallel neighborhood, stochastic-directed search technique) pro-
vides an environment where solutions continuously crossbreed, mutate, and 
compete with one another until they evolve into an optimal or near-optimal 
solution. Owing to its structure and search method, a GA is often able to fi nd 
a global solution, unlike many other heuristics that use hill climbing to fi nd a 
best solution nearby, resulting only in a local optima. In addition, a GA does 
not need specifi c details about a problem nor is the problem’s structure rele-
vant; a function can be linear, nonlinear, stochastic, combinatorial, noisy, etc.

GA has a solution structure, defi ned as a chromosome, which is made up of 
genes and generated by two parent chromosomes from the pool of solutions, 
each having its own measure of fi tness. New solutions are generated from old 
using the techniques of crossover (sever parents genes and swap severed sec-
tions) and mutation (randomly vary genes within a chromosome). Typically, 
the main challenge with any GA implementation is to determine a chromo-
some representation that remains valid after each generation.

For DLBP, the chromosome (solution) consisted of a sequence of genes 
(parts). A population, or pool, of size N was used. Only feasible disassembly 
sequences were considered as members of the population or as offspring. 
The fi tness (F) and NWS were computed for each chromosome using the 
same method for solution performance determination as in the exhaustive 
search (H, D, and R calculations are not listed in the interest of space; see Sec-
tion 6.5 for multicriteria treatment and Section 6.6 for the actual equations). 

6.10.2.2 DLBP-Specific Genetic Algorithm Architecture

The GA for DLBP was constructed as follows [39] [32]. An initial, feasible 
population was randomly generated and the fi tness of each chromosome 
in this generation was calculated. An even integer of Rx⋅N parents was ran-
domly selected for crossover to produce Rx⋅N offspring (offspring make up 
Rx⋅N⋅100% percent of each generation’s population). An elegant crossover, the 
precedence preservative crossover (PPX) developed by Bierwirth et al. [3], 
was used to create the offspring. As shown in Figure 6.9, PPX fi rst creates a 
mask (one for each child, every generation). The mask consists of random 1s 
and 2s, indicating which parent part information should be taken from. If, 
for example, the mask for child 1 reads 221211, the fi rst two parts (i.e., from 
left to right) in parent 2 would make up the fi rst two genes of child 1 (and 
these parts would be stricken from the parts available to take from both par-
ent 1 and 2); the fi rst available (i.e., not stricken) part in parent 1 would make 
up gene three of child 1; the next available part in parent 2 would make up 
gene four of child 1; the last two parts in parent 1 would make up genes fi ve 
and six of child 1. This technique is repeated using a new mask for child 2. 
After crossover, mutation is randomly conducted. Mutation was occasionally 
(based on the Rm value) performed by randomly selecting a single child then 

CRC_DK552X_Ch006.indd   277CRC_DK552X_Ch006.indd   277 7/6/2007   7:22:54 PM7/6/2007   7:22:54 PM



278 Environment Conscious Manufacturing

exchanging two of its disassembly tasks while 
ensuring that precedence is preserved. The Rx⋅N 
least fi t parents are removed by sorting the entire 
parent population from worst to best based on 
fi tness. Since the GA saves the best parents from 
generation to generation and it is possible for 
duplicates of a solution to be formed using PPX, 
the solution set could contain multiple copies 
of the same answer resulting in the algorithm 
potentially becoming trapped in a local optima. 
This becomes more likely in a GA with solution 
constraints (such as precedence requirements) 
and small populations, both of which are seen 
in the study in this chapter. To avoid this, DLBP 
GA was modifi ed to treat duplicate solutions as if 
they had the worst fi tness performance (highest 
numerical value), relegating them to replacement 
in the next generation. With this new ordering, 
the best unique (1 – Rx)⋅N parents were kept along 
with all of the Rx⋅N offspring to make up the next 
generation, then the process was repeated. To 
again avoid becoming trapped in local optima, 
DLBP GA—as with many combinatorial optimi-
zation techniques—was run not until a desired 
level of performance was reached but rather for 
as many generations as deemed acceptable by the 

user. Since DLBP GA always keeps the best solutions far from generation 
to generation, there is no risk of solution drift or bias, and the possibility 
of mutation allows for a diverse range of possible solution space visits over 
time.

6.10.2.3 DLBP-Specific Genetic Algorithm Qualitative Modifications

DLBP GA was modifi ed from a general GA in several ways. Instead of the 
worst portion of the population being selected for crossover, in the DLBP GA 
all of the population was (randomly) considered for crossover. This better 
enables the selection of nearby solutions (i.e., solutions similar to the best 
solutions to date) common in many scheduling problems. Also, mutation 
was performed only on the children, not the worst parents. This was done 
to address the small population used in DLBP GA and to counter PPX’s ten-
dency to duplicate parents. Finally, duplicate children are sorted to make 
their deletion from the population likely since there is a tendency for the 
creation of duplicate solutions (due to PPX) and due to the small population 
saved from generation to generation.

Parent 1: 1 3 2 6 5 8 7 4 
Parent 2: 1 2 3 5 6 8 7 4 
Mask: 2 2 1 2 1 1 1 2
Child:

Parent 1: 1 3 2 6 5 8 7 4 
Parent 2: 1 2 3 5 6 8 7 4 
Mask: 2 2 1 2 1 1 1 2
Child: 1 2 

Parent 1: x 3 x 6 5 8 7 4  
Parent 2: x x 3 5 6 8 7 4 
Mask:      1 2 1 1 1 2
Child: 1 2 3 

Parent 1: x x x 6 5 8 7 4 
Parent 2: x x x 5 6 8 7 4  
Mask:         2 1 1 1 2
Child: 1 2 3 5 

Parent 1: x x x 6 x 8 7 4  
Parent 2: x x x x 6 8 7 4 
Mask:            1 1 1 2
Child: 1 2 3 5 6 8 7 

Parent 1: x x x x x x x 4 
Parent 2: x x x x x x x 4 
Mask:                     2
Child: 1 2 3 5 6 8 7 4 

FIGURE 6.9 
PPX example.

CRC_DK552X_Ch006.indd   278CRC_DK552X_Ch006.indd   278 7/6/2007   7:22:54 PM7/6/2007   7:22:54 PM



Disassembly Line Balancing 279

6.10.2.4 DLBP-Specific Genetic Algorithm Quantitative Modifications

A small population was used (20 versus the more typical 10,000 to 100,000) 
to minimize data storage requirements and simplify analysis (except for the 
case study where the generations were varied) while a large number of gen-
erations were used (10,000 versus the more typical 10–1000) to compensate 
for this small population while not being so large as to take an excessive 
amount of processing time. This was also done to avoid solving all cases to 
optimality since it was desirable to determine the point at which the DLBP 
GA performance begins to break down and how that breakdown manifests 
itself. Lower than the recommended 90% [26], a 60% crossover was selected 
based on test and analysis. Sixty percent crossover provided better solutions 
and did so with one-third less processing time. Previous assembly line bal-
ancing literature that indicated best results have typically been found with 
crossover rates of from 0.5 to 0.7 also substantiated the selection of this lower 
crossover rate. A mutation was performed about 1% of the time. Although 
some texts recommend 0.01% mutation while applications in journal papers 
have used as much as 100% mutation, it was found that 1.0% gave excellent 
algorithm performance for the disassembly line balancing problem.

6.10.2.5  DLBP GA Numerical Results Using the Personal 
Computer Case Study Instance

DLBP GA was used to solve the PC instance. Since one purpose of this exer-
cise was to demonstrate DLBP GA performance with changes in generation 
size, the data was run varying the generations and without the use of haz-
ard, demand, or direction data to avoid potential complications in the analy-
sis. Owing to GA’s stochastic nature also, it was run a minimum of fi ve times 
with the results averaged to avoid reporting unusually favorable or unusu-
ally poor results.

The GA converged to moderately good solutions very quickly. It was able 
to fi nd at least one of the four solutions optimal in F (Table 6.7) after no more 
than 10 generations. Hundred generations consistently provided three to four 
of the F-optimal solutions, while 1000 generations almost always resulted in 
the generation of all four optimal solutions. Similarly, the speed for the C++ 
implemented program searching 1000 generations of 20 chromosomes; each 
was just over 1 s on the previously described work station.

The balancing aspect of Formula 6.4 worked extremely well with four 
equivalent (and, in fact, F-optimal) solutions being found. All four, best solu-
tions consisted of a total of four workstations with 2–4 s per workstation 
of idle time. Therefore, the obtained solutions were optimal in number of 
workstations and also provided idle times at each workstation of at least 5% 
but not more than 10% of the total disassembly time of 40 s allocated to each 
workstation. Note that the search space is 8! or 40,320.
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6.10.3 The Ant Colony Optimization Metaheuristic

6.10.3.1 Ant Colony Optimization Model Description

ACO is a probabilistic evolutionary algorithm based on a distributed autocata-
lytic (i.e., positive feedback [9]) process (i.e., a process that reinforces itself in 
a way that causes very rapid convergence [9]) that makes use of agents called 
ants (due to these agents’ similar attributes to insects). Just as a colony of 
ants can fi nd the shortest distance to a food source, these ACO agents work 
 cooperatively toward an optimal problem solution. Multiple agents are placed 
at multiple starting nodes, such as cities for the traveling salesman problem 
(or parts for the DLBP). Each of the m ants is allowed to visit all remain-
ing (unvisited) edges as indicated by a Tabu-type list. Each ant’s  possible 
 subsequent steps (i.e., from a node p to node q giving edge pq,  vertices and 
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TABLE 6.7

The Four Disassembly Sequence Solutions Optimal in F
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arcs in DLBP) are evaluated for desirability and each is assigned a propor-
tionate probability as shown in Formula 6.56 (shown modifi ed for DLBP as 
described in the next section). Based on these probabilities, the next step in 
the tour is randomly selected for each ant. After completing an entire tour, 
all feasible ants are given the equivalent of additional pheromone (in propor-
tion to tour desirability), which is added to each step it has taken on its tour. 
All paths are then decreased in their pheromone strength according to a 
measure of evaporation (equal to 1 − ρ). This process is repeated for NCmax or 
until stagnation behavior (where all ants make the same tour) is demonstrated. 
The ant system/ant-cycle model has been claimed to run in O(NC ⋅ n3) [9].

6.10.3.2  DLBP-Specific Qualitative Modifications 
and the DLBP ACO algorithm

The DLBP ACO is a modifi ed ant-cycle algorithm [35]. It is designed around 
the DLBP problem by accounting for feasibility constraints and addressing 
multiple objectives. In DLBP ACO, each part is a vertex on the tour with 
the number of ants being set equal to the number of parts and having one 
ant uniquely on each part as the starting position. Each ant is allowed to 
visit all parts not already in the solution. (In the sequence example solution 
from Section 6.5—the n-tuple 〈5, 2, 8, 1, 4, 7, 6, 3〉—at time t = 3, component p 
would represent component 8 while component q ∈ {1, 4, 7, 6, 3} and possible 
partial solution sequences 〈5, 2, 8, 1〉, 〈5, 2, 8, 4〉, 〈5, 2, 8, 7〉, 〈5, 2, 8, 6〉, and 〈5, 2, 
8, 3〉 would be evaluated for feasibility and balance.) Each ant’s possible sub-
sequent steps are evaluated for feasibility and the measure of balance then 
assigned a proportionate probability as given by Formula 6.56. Infeasible 
steps receive a probability of zero and any ants having only infeasible subse-
quent task options are effectively ignored for the remainder of the cycle. The 
best solution found in each cycle is saved if it is better than the best found 
in all the cycles thus far (or if it is the fi rst cycle to initialize the best solution 
measures for later comparison), and the process is repeated for a maximum 
designated number of cycles; it does not terminate for stagnation to allow for 
potential better solutions (due to the ACO’s stochastic edge selection capa-
bilities). The best solution found is evaluated as described in Section 6.5.

Owing to the nature of the DLBP (i.e., whether or not a task should be 
added to a workstation depends on that workstation’s idle time and prece-
dence constraints), the probability in Formula 6.56 is not calculated once, at 
the beginning at each tour as is typical with ACO, but is calculated dynami-
cally, generating new probabilities at each increment of t. The ACO prob-
ability calculation formula is modifi ed for DLBP with the probability of ant r 
taking arc pq at time t during cycle NC calculated as

 
 p pq  r  

 
(t) =

 
 {       

[ τ pq  (NC) ] α  ∙ [ η pq  (t) ]  β 
  _____________________  

  ∑ 
   r∊allowe d r 

  
 

     [ τ pr (NC) ] α  . [ η pr (t) ] β 

  

               
                      0

    

     if q ∈ allowed

          
otherwise

    
(6.56)
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Also modifi ed for DLBP, the amount of trail on each arc is calculated after 
each cycle using

  τ pq (NC + 1) = p .  τ pq (NC) + ∆ τ pq  (6.57)

Where (unchanged from the general ACO formulation)

  ∆τ pq  =  ∑ 
r=1

  
m

    ∆ τ pq  r   (6.58)

and (also unchanged, other than the use of arcs versus edges and the 
recognition that arc pq ≠ qp in DLBP—further discussed at the end of this 
section)

 
∆

 τ pq  r  
 =

  {    
Q __  L r 

  
   0    
   arc(p,q)used

                otherwise    (6.59)

As in other DLBP combinatorial optimization methodologies, DLBP ACO 
seeks to preserve precedence while not exceeding CT in any workstation. 
As long as the balance is at least maintained, the DLBP ACO then seeks 
improvements in hazard measure, demand measure, and direction measure 
but never at the expense of precedence constraints. For DLBP ACO, the vis-
ibility, ηpq, is also calculated dynamically at each increment of t during each 
cycle and is defi ned as

    η pq (t) =   1 ___  F tr 
    (6.60)

where Ftr is the balance of ant r at time t (i.e., ant r’s balance thus far in its 
incomplete solution sequence generation). The divisor for the change in trail 
is defi ned for DLBP ACO as

  L r  =  F nr   (6.61)

where a small fi nal value for ant r’s measure of balance at time n (i.e., at the 
end of the tour) provides a large measure of trail added to each arc. Though 
Lr and ηpq are related in this application, this is not unusual for ACO applica-
tions in general; for example, in the traveling salesman problem, Lr is the tour 
length while ηpq is the reciprocal of the distance between cities p and q [9]. 
However, this method of selecting ηpq (effectively a short-term greedy choice) 
may not always translate into the best long-term (i.e., fi nal tour) solution for 
a complex problem like the DLBP. Also note that, although this is a multicri-
teria problem, only a single criterion (the measure of balance F) is being used 
in the basic ACO calculations and trail selection. The other objectives are 
only considered after balance and, only at the completion of each cycle, not 
as part of the probabilistic vertex selection. That is, an ant’s tour solution is 
produced based on F, while at the end of each cycle the best overall solution 
is then updated based on F, H, D, and R in that order. This is done because 
the balance is considered (for the purpose of this study) to be the overriding 

AQ4
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requirement, as well as to be consistent with previous multicriteria DLBP 
studies by the authors. (One way to consider other criteria in the n greedy 
steps taken in the selection of a solution would be a weighting scheme in the 
probabilistic step selection.)

Procedure DLBP_ACO { 
1. Initialize: 

SET NC := 0 {NC is the cycle counter} 
FOR every arc pq SET an initial value �pq(NC) := c for trail intensity and �pq := 0 

2. Format problem space: 
SET t := 0 {t is the time counter} 
Place the m ants on the n vertices 
SET s := 1 {s is the Tabu list index} 
FOR r := 1 to m DO

Place the starting part of the r th ant in Tabur (s)

3. Repeat until Tabu lists are full               {this step will be repeated (n − 1) times} 
SET s := s + 1 
SET t := t + 1 
FOR r := 1 to m DO

Choose the part q to move to, with probability pr
pq(t) as given by Formula 

(56) {at time t the r th ant is on part p = Tabur(s−
1)}
Move the r th ant to the part q 
Insert part q in Tabur(s)

4. FOR r := 1 to m DO
Move the r th ant from Tabur(n) to Tabur(1) 
Compute F,H,D, and R for the sequence described by the r th ant 
SAVE the best solution found per procedure BETTER_SOLUTION 

FOR every arc pq
FOR r := 1 to m DO

=∆
0

:
r

r
pq L

Q
τ

otherwise

arc (p,q)used

r
pqpqpq τττ ∆+∆=∆ :

5. FOR every arc pq compute �pq(NC + 1) according to �pq(NC + 1) := �⋅�pq(NC) + ∆�pq
SET NC := NC + 1 
FOR every arc pq SET ∆�pq := 0 

6. IF (NC < NCmax)
THEN

Empty all Tabu lists 
GOTO STEP 2 

ELSE
PRINT best_solution
STOP    

FIGURE 6.10 
DLBP ACO procedure.
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Three procedural changes to the algorithm in Dorigo et al. [9] were made 
(Figure 6.10). First, the time counter was reset to zero in each cycle. This has 
no effect on the software’s performance and was done only for program code 
readability. Second, “Place the m ants on the n nodes” was moved from step 
1 to step 2 (and “nodes” was changed to “vertex” in recognition of DLBP’s 
formulation as a digraph). This was done so that the resetting of each ant 
to each vertex would be repeated in each cycle, prohibiting the potential 
accumulation of ants on a single (or few) ending vertex (vertices) resulting 
in the subsequent restarting of all (or many) of the ants from that one (or 
few) vertex (vertices) in successive cycles; resetting the ants ensures solution 
diversity. This was also necessary due to the nature of the DLBP where the 
sequence is a critical and unique element of any solution. A part with numer-
ous precedence constraints will typically be unable to be positioned in the 
front of the sequence (i.e., removed early) and will often be found toward the 
end. In DLBP, not resetting each ant could potentially result in a situation 
where, for example, all ants choose the same fi nal part due to precedence 
constraints; when each ant attempts to initiate a subsequent search (i.e., the 
next cycle) from that last vertex, all fail due to the infeasibility of attempt-
ing to remove a fi nal part fi rst, effectively terminating the search in just one 
cycle. Finally, step 6 normally could also terminate for stagnation behavior, 
but (as discussed in the next section) this is not desired for DLBP and has 
been deleted.

Finally, it can be inferred from Ref. 9 that pq is equivalent to qp. Although 
this is acceptable and desirable in a TSP-type problem, in DLBP, sequence 
is an essential element of the solution (due to precedence constraints and 
size constraints at each workstation). For this reason, in DLBP ACO edges pq 
and qp are directed (i.e., arcs) and therefore distinct and unique and as such, 
when trail is added to one, it is not added to the other.

6.10.3.3 DLBP-Specific Quantitative Values

In DLBP ACO, the maximum number of cycles is set at 300 (i.e., NCmax = 300) 
since larger problems than those studied in this chapter were shown to reach 
their best solution by that count and as a result of experimentation by the 
authors. The process was not run until no improvements were shown but, 
as is the norm with many combinatorial optimization techniques, was run 
continuously on subsequent solutions until NCmax [23]. This also enabled the 
probabilistic component of ACO an opportunity to leave a potential local 
minimum. Repeating the DLBP ACO method in this way provides improved 
balance over time. As per the best ACO metaheuristic performance experi-
mentally determined by Dorigo et al. [9], the weight of pheromone in path 
selection α was set equal to 1.00; the weight of balance in path selection β was 
set equal to 5.00; the evaporation rate, 1 − ρ was set to 0.50; and the amount of 
pheromone added if a path is selected Q was set to 100.00. The initial amount 
of pheromone on all of the paths c was set equal to 1.00.
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6.10.3.4   DLBP ACO Numerical Results Using 
the 10-Part Case Study Instance

Over multiple runs, DLBP ACO was able to successfully fi nd several (due 
to the stochastic nature of ACO) feasible solutions to the 10-part instance. 
Table 6.8 depicts a typical solution sequence. This solution demonstrates the 
minimum number of workstations while placing the hazardous part (part 
number 7) and high-demand parts (parts 6, 7, and 9) relatively early in the 
removal sequence (the exception being part 2, primarily due to precedence 
constraints and part 2 having a smaller part removal time that is not condu-
cive to the ACO’s iterative greedy process) and allowing just six direction 
changes (due to precedence constraints, the optimum is fi ve while the worst 
case is eight). The speed for the C++ implemented program on this problem 
(averaged over fi ve runs) was just over one-tenth of a second on the 1.6 GHz 
PM × 86-family workstation.

Workstation

1 2 3 4 5

10 10

5 23

6 14

7 19

4 17

9 14

8 36

1 14

2 10
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)

Total 

time

33 33 31 36 36

Idle 

time

7 7 9 4 4

TABLE 6.8 

Typical DLBP ACO Disassembly Sequence Solution to the 10-Part Data Set
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The optimality of the NWS minimization and the balancing is demon-
strated by the solution consisting of all fi ve workstations operating at 78–90% 
of capacity while meeting all precedence constraints in the exponentially 
large search space (i.e., 10! or 3,628,800).

6.10.4 The Greedy Algorithm and AEHC Heuristic

Two approaches are used sequentially to provide solutions to DLBP. The 
fi rst rapidly provides a feasible solution to the DLBP and minimum or near-
 minimum NWS using a greedy algorithm. The greedy algorithm considered 
here is based on the fi rst-fi t-decreasing (FFD) algorithm (developed for the 
bin-packing problem and effectively used in computer processor schedul-
ing). The second is implemented after the DLBP greedy algorithm to com-
pensate for DLBP greedy’s inability to balance the workstations. The AEHC 
heuristic ensures that the idle times at each workstation are similar. It does 
this by only comparing tasks assigned in adjacent workstations; this is done 
both to conserve search time and to only investigate swapping tasks that will 
most likely result in a feasible sequence.

6.10.4.1 Greedy Model Description and the Algorithm

A greedy strategy always makes the choice that looks the best at the moment. 
That is, it makes a locally optimal choice in the hope that this choice will lead 
to a globally optimal solution. Greedy algorithms do not always yield opti-
mal solutions but for many problems, they do [5]. The DLBP greedy algorithm 
[33] was built around FFD rules. FFD rules require looking at each element 
in a list, from largest to smallest (PRT in the DLBP) and putting that element 
into the fi rst workstation in which it fi ts without violating precedence con-
straints. When all of the work elements have been assigned to a workstation, 
the process is complete. The greedy FFD algorithm is further modifi ed with 
priority rules to meet multiple objectives. The hazardous parts are priori-
tized to the earliest workstations, greedy ranked large removal time to small. 
The remaining nonhazardous parts are greedy ranked next, large removal 
times to small. In addition, selecting the part with the larger demand ahead 
of those with lesser demands breaks any ties for parts with equal part 
removal times and selecting the part with an equivalent part removal direc-
tion breaks any ties for parts also having equal part removal directions. This 
is done to prevent damage to these more desirable parts. The DLBP greedy 
algorithm provides an optimal or near-optimal minimum number of work-
stations; the more constraints, the more likely the optimal number of work-
stations is found. The level of performance (minimal NWS) will generally 
improve with the number of precedence constraints.

The specifi c details for this implementation are as follows. The DLBP 
greedy algorithm fi rst sorts the list of parts. The sorting is based on part 
removal times, whether or not the part contains hazardous materials, the 

AQ5
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subsequent demand for the removed part, and the part removal direction. 
Hazardous parts are put at the front of the list for selection into the solu-
tion sequence. The hazardous parts are ranked from largest to smallest part 
removal times. The same is then done for the nonhazardous parts. Any ties 
(i.e., two parts with equal hazard typing and equal part removal times) are 
not randomly broken, but rather ordered based on the demand for the part, 
with the higher demand part being placed earlier on the list. Any of these 
parts also having equal demands then selected based on their part removal 
direction being the same as the previous part on the list (i.e., two parts com-
pared during the sorting that only differ in part removal directions are 
swapped if they are removed in different directions—the hope being that 
subsequent parts and later sorts can better place parts having equal part 
removal directions).

Once the parts are sorted in this multicriteria manner, the parts are 
placed in workstations in FFD greedy order while preserving precedence. 
Each part in the sorted list is examined from fi rst to last. If the part had 
not previously been put into the solution sequence (as described by ISSk 
Tabu* list data structure), the part is put into the current workstation if idle 
time remains to accommodate it and as long as putting it into the sequence 
at that position will not violate any of its precedence constraints. ISSk is 
defi ned as

 IS S k  =  {  1,   0,     
assigned

      
otherwise

   (6.62)

If no workstation can accommodate it at the given time in the search due 
to precedence constraints, the part is maintained on the sorted list (i.e., its 
ISSk value remains 0) and the next part (not yet selected) on the sorted list 
is considered. If all parts have been examined for insertion into the current 
workstation on the greedy solution list, a new workstation is created and the 
process is repeated. Figure 6.11 shows the DLBP greedy procedure.

While being very fast and generally very effi cient, the FFD-based greedy 
algorithm is not always able to optimally minimize the number of work-
stations. In addition, there is no capability to balance the workstations; in 
fact, the FFD structure lends itself to fi lling the earlier workstations as much 
as possible, often to capacity, while later workstations end up with progres-
sively greater and greater idle times. This results in an extremely poor bal-
ance. This limitation led to the formulation of follow-on methods to fulfi ll the 
second objective, one of which is AEHC (see McGovern and Gupta [33] for a 
2-opt implementation modifi ed for DLBP by exchanging vertices instead of 
edges as would be done in a TSP application).

* Although the name recalls Tabu search as proposed in Refs. 13,14, the ISSk Tabu list is  similar 
to that used by the ant system [9] including, for example, the absence of any aspiration 
function.

AQ6
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6.10.4.2 Hill-Climbing Description and the Heuristic

A second-phase approach to DLBP was developed to quickly provide a near-
optimal and feasible balance sequence using a hill-climbing local search 
heuristic, AEHC [30]. AEHC was tailored to DLBP (and applicable to any bin-
packing-type problem having precedence constraints) to take advantage of 
knowledge about the problem’s format and constraints to provide a solution 
that is better balanced than DLBP greedy alone but signifi cantly faster than 
DLBP 2-opt [33]. Hill climbing is an iterated improvement algorithm, basi-
cally a gradient descent/ascent. It makes use of an iterative greedy strategy, 
which is to move in the direction of increasing value. A hill-climbing algo-
rithm evaluates the successor states and keeps only the best one [23]. AEHC 
is designed to consider swapping each task in every workstation with each 
task only in the next adjacent workstation in search of improved balance. It 
does this while preserving precedence and not exceeding CT in any work-
station. Only adjacent workstations are compared to enable a rapid search 
and since it is deemed unlikely that parts several workstations apart can be 
swapped and still preserve the precedence of all of the tasks in-between. 
As shown in the Figure 6.12 example, a part has a limited number of other 
parts it can be considered with for exchange. In the 2-opt methodology from 
 McGovern and Gupta [33] and using the Figure 6.12 data, part number 6 
would be  considered for exchange by parts 1 through 5, and would consider 

Procedure DLBP_GREEDY { 
1. SET j := 0 

2. ∀ PRTk | 1 ≤ k ≤ n, generate sorted part sequence PSS based on: 
hk := 1 parts (i.e., hazardous), large PRTk to small; then hk := 0 parts, large PRTk to  
small; if more than one part has both the same hazard rating and the same PRTk, 
then sort by demand, large dk to small; if more than one part has the same hazard   
rating, PRTk,  and demand rating, then sort by equal part removal direction 

3. ∀ p∈PSS | p := PSSk, 1 ≤ k ≤ n, generate greedy part removal sequence PSG by: 
IF ISSp = = 1 (i.e., part p already included in PSG)∨

PRECEDENCE_FAIL∨ 
Ij < PRTp (i.e., part removal time required exceeds idle time 
available at STj) 

THEN IF p = = n (i.e., at last part in sequence) 

THEN Increment j (i.e., start new workstation)
Start again at p := 1  

ELSE  Try next p 

ELSE  Assign p to STj and set ISSp := 1  

4. Using PSG:
Calculate F, H, D, and R 

}

FIGURE 6.11 
DLBP greedy procedure.
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FIGURE 6.12 
AEHC example.

exchanges with parts 7 through 11; that is, any part could be exchanged with 
any other part. In AEHC, part 6 would be considered for exchange only by 
parts 4 and 5, and would consider exchanges only with parts 8, 9, and 10.

The neighborhood defi nition and search details of AEHC are as follows. 
After the DLBP greedy algorithm generates a minimum-NWS, feasible solu-
tion, the AEHC heuristic is applied to improve the balance. AEHC does this 
by going through each task element (part) in each workstation and compar-
ing it to each task element in the next adjacent workstation. If the two task 
elements can be exchanged while preserving precedence, without exceeding 
either workstations available idle time, and with a resulting improvement in 
the overall balance, the exchange is made and the resulting solution sequence 
is saved as the new solution sequence. This process is repeated until task ele-
ments of the last workstation have been examined. The heuristic is given in 
pseudocode format in Figure 6.13.

In the DLBP greedy/AEHC hybrid heuristic, the DLBP greedy process is run 
once to generate an initial solution. Hill climbing is typically continuously run 
on subsequent solutions for as long as is deemed appropriate or acceptable by 
the user or until it is no longer possible to improve, at which point it is assumed 
that the local optima has been reached [23]. Repeating the AEHC method in 
this way provides improved balance with each iteration. The AEHC was tested 
both ways; run only once after the greedy solution was generated, as well as 
run until the local optima was obtained (a single AEHC iteration has several 
benefi ts including the observation that AEHC was seen to typically provide 
its largest single balance performance improvement in the fi rst iteration). 
Additionally, a single iteration of AEHC may be recommended for the real-
time solution of a very large DLBP instance on a dynamic mixed-model and 
mixed-product disassembly line.

6.10.4.3  DLBP Greedy/AEHC Hybrid Heuristic Numerical Results 
Using the Cell Phone Case Study Instance

Table 6.9 shows the solution generated by the DLBP greedy/AEHC hybrid 
heuristic; shading indicates workstation assignment. As per its design, DLBP 
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greedy removed hazardous parts early on, though many of these parts had 
to wait due to precedence constraints. Four parts with larger part removal 
times (15 s) were removed very early on (although parts 19 and 23 take as long 
or longer, precedence constraints prevent earlier removal) but at the expense 

TABLE 6.9 

DLBP Greedy/AEHC Hybrid Heuristic Solution to the Cell Phone Instance

Part ID 1 2 4 3 6 7 8 9 16 5 10 15 18 14 13 17 20 11 12 21 25 19 22 23 24
PRT 3 2 10 3 15 15 15 15 2 10 2 2 3 2 2 2 5 2 2 1 2 18 5 15 2
Workstation 1 1 1 1 2 3 4 5 5 6 6 6 6 7 7 7 7 7 7 7 7 8 9 10 10
Hazardous 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 1 0 1 0
Demand 4 7 1 1 1 1 1 1 1 1 2 1 2 1 1 2 1 1 4 4 4 8 6 7 1
Direction 2 3 5 5 5 5 5 5 2 5 4 0 5 2 5 4 4 4 4 4 4 5 4 4 4

Procedure DLBP_AEHC { 
1. Initialize: 

SET PST := PSG 
SET TMP := PSG
SET BST := PSG
SET START := 1 

2. ∀ j | 1 ≤ j ≤ NWS – 1, attempt to generate better balanced AEHC part removal 
sequence PST by performing AEHC part swap (i.e., swap eachTMPp in workstation j 
with every TMPq in workstation j + 1)   

∀ p∈TMP | p = TMPk,START ≤ k ≤ START + NPWj – 1  

∀ q∈TMP | q = TMPk,START + NPWj  ≤ k ≤ START + NPWj – 1+NPWj+1 

Calculate new STj , and STj+1  

IF ≤ ( (CT – new STj    0) ∧
≤(CT – new STj+1    0))

THEN Calculate new F, H, D, and R

IF ( (BETTER_SOLUTION(TMP, BST))
∧

   (PRECEDENCE_PASS) ) 

THEN SET BST := TMP 

SET START := START + NPWj 

3.  Save results: 
SET PST := BST 
SET TMP := BST 

4.  Repeat STEP 2 until no more improvements in F, H, D, or R can be made
}  

FIGURE 6.13 
DLBP AEHC procedure.
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of using an entire workstation, demonstrating a condition that limits DLBP 
greedy/AEHC’s effectiveness since the greedy portion works to take out 
large (time) items early (and therefore, potentially adjacent to each other in 
the sequence) and AEHC is not allowed to look out far enough to add smaller 
time items into the sequence to better fi ll those workstations. As can be seen 
in Figure 6.6, precedence relationships play a large role in determining the 
allowable solution sequences to this problem.

The DLBP greedy/AEHC heuristic hybrid was run three times to obtain 
an average computation time (due to the hybrid’s deterministic nature, all 
runs generated the same solution sequence). The solution to the cell phone 
instance was found extremely quickly, regularly taking less than 1/100th of a 
second. The hybrid technique was not, however, able to generate the optimal 
number of workstations or the optimal balance (with the assumption that 
NWS = 9 and F = 9 is optimal [37]).

6.10.5 The H–K General-Purpose Heuristic

A new search approach has been proposed to provide a rapid, near-optimal 
search for combinatorial optimization applications. This heuristic rapidly 
provides a feasible solution using a modifi ed exhaustive search technique to 
provide a data sampling of all solutions.

6.10.5.1 Heuristic Background and Motivation

Exhaustive search is optimal because it looks at every possible answer. In 
many physical search applications (e.g., antisubmarine warfare, search, and 
rescue), exhaustive search is not possible due to time or sensor limitations. 
In these cases, it becomes practical to sample the search space and operate 
under the assumption that, for example, the highest point of land found in a 
limited search is either the highest point in a given search area or is reason-
ably near the highest point. The proposed search technique [31,41] in this 
section works by sampling the exhaustive solution set; that is, search the 
solution space in a method similar to an exhaustive search, but in a pat-
tern that skips solutions (conceptually similar to the STEP functionality in 
a FOR loop as found in computer programming) to signifi cantly minimize 
the search space (in Figure 6.14, the shading indicates solutions visited, the 
border represents the search space).

This pattern is analogous to the radar acquisition search pattern known as 
“spiral scan,” the search and rescue pattern of the “expanding square,” or the 
antisubmarine warfare aircraft “magnetic anomaly detector (MAD) hunting 
circle.” Once the solution is generated, the space can be further searched 
with additional application of the H–K metaheuristic (with modifi cations 
from the previous H–K; see the end of Section 6.10.5.2), or the best-to-date 
solution can be further refi ned by performing subsequent local searches 
(such as 2-opt or smaller, localized H–K searches). That is, depending on the 
application, H–K can be run once, multiple times on subsequent solutions, 

CRC_DK552X_Ch006.indd   291CRC_DK552X_Ch006.indd   291 7/6/2007   7:22:57 PM7/6/2007   7:22:57 PM



292 Environment Conscious Manufacturing

multiple times from the same starting point using different skip measure 
(potentially as a multiprocessor or grid computing application), multiple 
times from a different starting point using the same skip measure (again, 
potentially as a multiprocessor or grid computing application), or followed 
up with an H–K or another, differing local search on the best or several of the 
best suboptimal solutions generated. H–K can also be used as the fi rst phase 
of a hybrid algorithm or to hot start another methodology (e.g., to provide 
the initial population in a GA). For the purpose of demonstrating the method 
and measuring its effi cacy, H–K is run alone to a single-phase solution in this 
chapter. The skip size ψ can be as small as ψ = 1, or as large as ψ = n. Since 
ψ = 1 is equivalent to exhaustive search, and ψ = n generates a trivial solu-
tion (it returns only one solution, that being the data in the same sequence as 
it is given to H–K, i.e., PSk = 〈1, 2, 3, …, n〉; also, in the single-phase H–K, this 
solution is already considered by any value of ψ), in general all skip values 
can be further constrained as

 2 ≤  ψ k  ≤ n – 1 (6.63)

6.10.5.2  H–K Methodology Comparison to Other 
Solution Generating Methodologies

The H–K general-purpose heuristic shows a variety of similarities to many 
currently accepted combinatorial optimization methodologies. For example, 
like ACO and GA—but unlike Tabu search—H–K generates the best solu-
tions when suboptimal solutions bear a resemblance to the optimal solu-
tion. In three dimensions, this would appear as a set with relatively shallow 
gradients (i.e., no sharp spikes); the more shallow the gradient, the better the 
chance the found solution is near the optimal solution. These data sets are 
effective in ACO applications since the ant agents work to reinforce good 
solution sections by adding trail (similar to pheromones in actual ants). They 
are effective in GA applications since those algorithms break apart good 
solutions and recombine them with other good solution sections, again, rein-
forcing preferred tours. The drawback to these is that if suboptimal  solutions 
do not bear a resemblance to the optimal solution, the optimal solution may 
not be found. However, in many applications, it is not typical for the data 

FIGURE 6.14 
Exhaustive search space and the H–K search space and methodology.
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to  perform in this manner. Also, it is not a signifi cant drawback since the 
general H–K takes a deterministic, nonweighted path; therefore, an isolated 
solution is as likely to be visited as the optimal shallow gradient solution. 
Isolated or steep gradient solutions are addressed in ACO and GA with 
probabilistically selected tours, allowing for potential excursions to seem-
ingly poor- performing areas of the search space.

Like simulated annealing (SA)—and unlike ACO, GA, and Tabu—the 
multiple phase version of H–K looks at a large area initially, then smaller and 
smaller areas in more detail.

Like Tabu search (and unlike ACO and GA), the single phase of H–K does 
not revisit solutions found previously during the same phase of search.

Unlike many applications of ACO, Tabu, and SA, (but like GA) H–K does 
not generate solutions similar to a branch-and-bound type of method where 
the best solution is grown by making decisions on which branch to take as the 
sequence moves from beginning to end. Rather, an entire solution sequence 
is generated prior to evaluation. Similarly, H–K does not contain any greedy 
component since the movement through the search space is deterministic 
and no branching decisions are required, which are typically made based 
upon the best short-term (greedy) move.

As with each of these heuristics, H–K can be applied to a wide range of 
combinatorial optimization problems. Like greedy and r-opt [29] heuristics 
and traditional mathematical programming techniques such as linear pro-
gramming, H–K selects solutions for consideration based on a deterministic 
manner, while metaheuristics such as ACO and GA have a strong probabi-
listic component. As a result, H–K is repeatable, providing the same solution 
every time it is run. However, probabilistic components can be added in the 
form of randomized starting point(s), skip size(s), or skip types.

Unlike traditional mathematical programming techniques such as  linear 
programming, H–K is not limited to linear problem descriptions and, as 
shown in this chapter using the DLBP, readily lends itself to multicrite-
ria decision making as well as nonlinear problem formats. However, like 
most heuristics, it cannot consistently provide the optimal solution, while 
most mathematical programming methods generally do. Also common to 
 heuristics, there is some degree of tuning and design required by the user, 
for example, selection of number of generations, mutation rate, crossover 
rate and crossover method in GA, or pheromone evaporation rate, number 
of ants, number of cycles and visibility description for ACO. H–K decisions 
include:

Number of H–K processes. One or multiple
Starting point. Constant, deterministic varying (i.e., different but 
known starting points for use multiple H–K processes only), 
random
Skip type (type of skipping between solution elements). Constant type, 
deterministic varying type, random type

•

•

•
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Skip size (size of data skipped in each solution element). Constant size, 
deterministic varying size, random size
Follow-on solution refi nement. None, different H–K (different starting 
point, skip type, skip size, etc.), local H–K (H–K search about previ-
ous solution), other (such as 2-Opt or GA).

Depending on these structural decisions, H–K can take on a variety of forms; 
from a classical optimization algorithm in its most basic form, to a general 
evolutionary algorithm (EA) with the use of multiple H–K processes, to a 
biological or natural process algorithm by electing random functionality. To 
demonstrate the method and show some of its limitations, in this chapter 
the most basic form of the H–K metaheuristic is used; one process, constant 
starting point of PSk = 〈1, 1, 1, …, 1〉 (since the solution set is a permuta-
tion, there are no repeated items, therefore the starting point is effectively 
PSk = 〈1, 2, 3, …, n〉), constant skip type (i.e., each element in the solution 
sequence is skipped in the same way), constant skip size of ψ (although 
different skip sizes are used throughout the chapter to allow for a thorough 
effi cacy analysis, the skip size stays constant throughout each H–K run), and 
no follow-on solution refi nement.

6.10.5.3 The H–K Process and DLBP Application

As far as the H–K process itself, since it is a modifi ed exhaustive search 
allowing for solution sampling, it searches for solutions similar to depth-
fi rst search iteratively seeking the next permutation iteration—allowing for 
skips in the sequence—in lexicographic order. In the basic H–K and with 
ψ = 2, the fi rst element in the fi rst solution would be 1, the next element 
considered would be 1, but since it is already in the solution, that element 
would be incremented and 2 would be considered and be acceptable. This 
is repeated for all of the elements until the fi rst solution is generated. In the 
next iteration, the initial part under consideration would be incremented by 
2 and, therefore, 3 would be considered and inserted as the fi rst element. 
Since 1 is not yet in the sequence, it would be placed in the second posi-
tion, 2 in the third, etc. For DLBP H–K, this is further modifi ed to test the 
proposed sequence part addition for precedence constraints. If all possible 
parts for a given solution position fail these checks, the remainder of the 
positions are not further inspected, the procedure falls back to the previ-
ously successful solution addition, increases it by 1, and continues. These 
processes are repeated until all allowed items have been visited in the fi rst 
solution position (and by default, due to the nested nature of the search, all 
subsequent solution positions). For example, with n = 4, P = {1, 2, 3, 4}, and 
no precedence constraints, instead of considering the 4! = 24 possible per-
mutations, only fi ve are considered by the single-phase H–K with ψ = 2 and 
using forward-only data: PSk = 〈1, 2, 3, 4〉; PSk = 〈1, 4, 2, 3〉; PSk = 〈3, 1, 2, 4〉; 

•

•

AQ7
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PSk = 〈3, 1, 4, 2〉; and PSk = 〈3, 4, 1, 2〉. All of the parts are maintained in a 
Tabu-type list ISSk defi ned by Formula 6.62. Each iteration of the DLBP H–K 
generated solution is considered for feasibility. If it is ultimately feasible in its 
entirety, DLBP H–K then looks at each element in the solution and places that 
element using the next-fi t (NF) rule (from the bin-packing problem applica-
tion; once a bin has no space for a given item attempted to be packed into it, 
that bin is never used again even though a later, smaller item may appear in 
the list and could fi t in the bin [24]). DLBP H–K puts the element under con-
sideration into the current workstation if it fi ts. If it does not fi t, a new work-
station is assigned and previous workstations are never again considered. 
Although NF does not perform as well as fi rst-fi t, best-fi t, fi rst-fi t-decreasing, 
or best-fi t-decreasing when used in the general bin-packing problem, it is only 
one of these rules that will work with a DLBP solution sequence due to the 
existence of precedence constraints (see Section 6.10.4 or McGovern and Gupta 
[33] for a DLBP implementation of First-Fit-Decreasing). When all of the work 
elements have been assigned to a workstation, the process is complete and 
the balance, hazard, demand, and direction measures are calculated. The 
best of all of the inspected solution sequences is then saved as the problem 
solution. Although the actual software implementation for this dissertation 
consisted of a very compact recursive algorithm, in the interest of clarity, the 
general DLBP H–K procedure is presented here as a series of nested loops 
(Figure 6.15).

The following section studies how the skip size affects various measures 
including time complexity. The general form of the skip size-to-problem size 
relationship is formulated as

  ψ k  = n – ∆ ψ k  (6.64)

While not described in Section 6.10.5.1, early tests of time complexity growth 
with skip size suggest another technique to be used as part of H–K search. 
Since any values of ψ that are larger than the chosen skip value for a given 
H–K problem take signifi cantly less processing time, considering all larger 
skip values should also be considered to increase the search space at the 
expense of a minimal increase in search time. In other words, H–K can be 
run repeatedly on a given instance using all skip values from a smallest ψ 
(selected based on time complexity considerations) to the largest (i.e., n – 1 
as per Formula 6.63) without a signifi cant time penalty. In this case, any ψk 
would be constrained as

 n – ∆ ψ k  ≤  ψ k  ≤ n – 1 where 1 ≤ ∆ ψ k  ≤ n – 2  (6.65)

If this technique is used (as it is in the next sections), it should also be noted 
that multiples of ψ visit the same solutions; for example, for n = 12 and 
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2 ≤ ψ ≤ 10, the four solutions considered by ψ = 10 are also visited by ψ = 2 
and ψ = 5.

6.10.5.4 DLBP A Priori Numerical Results for Varying Skip Size

The benchmark data set from Section 6.9.4 was then used with DLBP 
H–K to provide a thorough effi cacy analysis. This section also demon-
strates proper use of the data set for complexity studies, effi cacy analysis, 
and graphical  representation, as well as an overview of the fi ndings with 
regard to the H–K general-purpose heuristic. The fi nal confi guration of 
the developed  benchmark was: |PRT| = 4, 19 instances with instance size 
evenly  distributed from n = 8 to n = 80 in steps of |PRT|. This provided 
numerous instances of predetermined, calculable solutions with the  largest 

Procedure DLBP_H−−K  { 
SET ISSk := 0 ∀ k ∈P
SET FS := 1 

PS1 := 1 to n, skip by �1
SET ISSPS1 := 1 

PS2 := 1 to n, skip by �2

WHILE  (ISSPS2
 = = 1 ∨

 PRECEDENCE_FAIL∧ 
 not at n) 

 Increment PS2 by 1  

IF ISSPS2
 = = 1

THEN SET  FS := 0 
ELSE SET ISSPS2

 := 1 
   : 
   : 

IF FS = =1
PSn := 1 to n skip by �n

WHILE  (ISSPSn
 = = 1 ∨

 PRECEDENCE_FAIL ∧
 not at n) 

    Increment PSn by 1  

IF ISSPSn
 = = 0  

THEN evaluate solution PS 
 : 
 : 

IF FS = = 1  
THEN SET ISSPS2

 := 0  
ELSE SET FS :=1

SET ISSPS1
 := 0 

SET FS :=1

}

FIGURE 6.15
DLBP H–K procedure.
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instance 10 times larger than the smallest instance. The size and range of 
the instances is considered appropriate and signifi cant for this study, with 
small ns tested—which decreases the NWS and tends to exaggerate less 
than optimal  performance—as well as large, which demonstrates time com-
plexity growth and effi cacy changes with n. To summarize, the test data
consisted of 8 ≤ n ≤ 80 parts with 4 unique part removal times giving PRT = 
{3, 5, 7, 11}. Only the last part having PRT = 11 is hazardous; only the last 
part having PRT = 7 is demanded. The fi rst of each part with PRTs equal 
to 3, 5, 7, and 11 are removed in direction +x; all others are in direction –x. 
The disassembly line is paced and operated at a speed that allows 26 s 
(CT = 26) for each workstation. Known optimal results include F* = 0, 
H* = 1, D* = 2, R* = 1.

The DLBP a priori instances were fi rst used to determine how skip size 
affects performance and time complexity then; based on these results, it was 
used to determine how the heuristic’s performance changes with problem 
size. Because H–K is exceptionally deterministic and performs no prepro-
cessing of the data, the order in which the data are presented can affect the 
solutions considered. For this reason, the analyses done in the following sec-
tions were fi rst run with the data as given by Formula 6.48 and then run 
again, but this time with the data presented in reverse. The better of the two 
results were used and the search times (forward and reverse) were added. 
Both forward and reverse were used to ensure unusually good (or bad) 
results that were not artifi cially obtained due to some unknown structural 
feature of the DLBP a priori data sets, since presenting data in both forward 
and reverse formats would be expected to be the most common application. 
This is not necessary where an instance contains a relatively large number 
of precedence constraints, individual parts in an instance do not bear a great 
deal of resemblance to each other, or where in an actual application one may 
expect a user of H–K to only run the data exactly as it was presented to 
them. Although not covered in this chapter, since this is an introduction to 
the basic concepts of H–K, note that it could be expected that better results 
may be achieved with multiple runs of H–K consisting of the data being 
presented to H–K in differing orders. (This is an effective H–K technique 
that is not described in Section 6.10.5.1, but one which may be the easiest to 
implement.)

Skip size was varied to determine if and how solution performance 
decreased with increases in ψ. All cases are the DLBP a priori data set with 
n = 12, and consideration of all skip sizes (including exhaustive search); that 
is, ψ = {1, …, n}. This problem size was chosen because it is the largest mul-
tiple of |PRT| that could be repeatedly evaluated by exhaustive search in a 
reasonable amount of time (n = 12 took just over 20 min, while n = 16 is cal-
culated to take over 2 years). This was essential since exhaustive search pro-
vides the time complexity and solution performance baseline. A full range 
of skip sizes was used to provide maximum and minimum performance 
measures, and all intermediate skip sizes were used to allow the highest 
level of detail for the study. Although most of the following results are not 

AQ8
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optimal, although there exist multiple optimum extreme points, this is more 
of a refl ection of the specially designed DLBP a priori data set. Suboptimal 
solutions are not an atypical result when this data set is evaluated. The data 
are intended to pose challenges, even at relatively small n values, to a variety 
of combinatorial optimization techniques.

The fi rst analysis done was a time complexity study. As shown in 
Figure 6.16, the solution time appears to grow slightly less than factori-
ally to the inverse of ψ, so even a very small change in skip size will yield 
a signifi cant speed up of any search. (The exhaustive search curve has 
no relationship to the H–K curve and is depicted only to provide a size 
and shape reference.) A more detailed view of the H–K time-to-skip size 
relationship can be seen in Figure 6.17. With an exponential curve (nn) 
adjusted for scale and overlaid, it can be seen that the rate of growth is 
actually exponential to the inverse of ψ.

Next, the balance performance was measured. The measure of balance was 
seen to remain optimal through ψ = 4 (i.e., while ψ stayed within 1/3 of n). As 
seen in Figure 6.18, performance then decreases as skip size increases but at 
a relatively slow rate.

The third objective was also seen to decrease in performance with increases 
in skip size; see Figure 6.19. The hazard measure remains optimal through 
ψ = 3, but eventually drops to worst case at ψ = 9.
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FIGURE 6.16 
DLBP H–K time complexity.
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Detailed DLBP H–K time complexity.
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DLBP H–K F performance with changes in ψ.
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FIGURE 6.19 
DLBP H–K H performance with changes in ψ.

The fourth and fi fth objectives decreased in performance with increases 
in skip size as well, each at a slightly steeper angle (attributed to the priori-
tization of the objectives); see Figures 6.20 and 6.21. Optimal and better than 
optimal (i.e., removing the high-demand part fi rst in the situation where the 
hazardous part is not removed fi rst) D results were seen as far out as ψ = 8. 
The part removal direction measure reaches worst case by ψ = 6, but then 
improves slightly at ψ = 9.

These studies show how the heuristic’s performance decreases with skip 
size and should provide at least a starting point for the selection of skip size 
based on the required level of performance as considered against time  com-
plexity. In large problems, time will quickly become the overriding consid-
eration. These and other experiments indicate that a ∆ψ ranging from 10 to 
12 (resulting in a ψ equal to from 10 to 12 less than n) gives time complexity 
performance on par with many other metaheuristic techniques, regardless 
of hardware implementation.

6.10.5.5 DLBP A Priori Numerical Results for Varying n

Problem size was varied to determine if and how solution performance 
changed with increases in n. All cases are the DLBP a priori problem with 
size varying between 8 ≤ n ≤ 80, 1 ≤ ∆ψ ≤ 10, and the resulting skip sizes 
of n − 10 ≤ ψ ≤ n − 1 based on the work of the previous section. On the full 
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FIGURE 6.20
DLBP H–K D performance with changes in ψ.
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DLBP H–K R performance with changes in ψ.
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range of data (8 ≤ n ≤ 80), DLBP H–K found solutions with NWS* work-
stations up to n = 12, then solutions with NWS* + 1 workstations through 
data set 11 (n = 48), after which it stabilized at NWS* + 2 (Figure 6.22). 
Increases in the balance measure are seen with increases in data set size. 
A detailed view of balance performance with problem size can be seen in 
Figure 6.23.

The hazardous part and the demanded part were both regularly subopti-
mally placed. Hazard part placement stayed relatively consistent with prob-
lem size (though effectively improving as compared to the worst case; see 
Figure 6.24), although demand decreased in performance when compared 
to best case and worst case (see Figure 6.25). These results are as expected 
because hazard performance is designed to be deferential to balance and 
is affected only when a better hazard measure can be attained without 
adversely affecting balance, although demand performance is designed to 
be deferential to balance and hazardous-part placement and is affected only 
when a better demand measure can be attained without adversely affecting 
balance or hazardous-part placement.

With part removal direction structured as to be deferential to balance, haz-
ard, and demand, it was seen to decrease in performance when  compared 
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FIGURE 6.22 
DLBP H–K workstation calculation.
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Detailed DLBP H–K balance measure.
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DLBP H–K hazard measure of performance.
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FIGURE 6.25 
DLBP H–K demand measure of performance.

to the best case and when compared to the worst case (see Figure 6.26). 
Again, these results are as expected due the prioritization of the multiple 
objectives.

Although less than optimal, these results are not unusual for heuristics run 
against this data set. The DLBP a priori benchmark data is especially designed 
to challenge the solution-fi nding ability of a variety of search methods to 
enable a thorough quantitative evaluation of these methods’ performance in 
different areas. A smaller ψ or, as with other search techniques, the inclu-
sion of precedence constraints will increasingly move the DLBP H–K method 
toward the optimal solution. As shown in Figures 6.27 and 6.28, the time 
complexity performance of DLBP H–K provides the tradeoff benefi t with the 
technique’s near-optimal performance, demonstrating the moderate increase 
in time required with problem size that grows markedly slower than the 
exponential growth of exhaustive search. Exhaustive, n2 and n3 curves are 
shown for comparison. (The anomaly seen in the H–K curve in Figure 6.27 
is due to a software rule added by the authors that dictated all ψ be equal 
to n – 10, but no less than ψ = 3, to prevent exhaustive or near-exhaustive 
searches at small n.)

Average-case time complexity using DLBP a priori data then appears to be 
O(bb) in skip size (where b = 1/ψ), while H–K appears to grow at approxi-
mately O(n2) in problem size.
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FIGURE 6.26 
DLBP H–K part removal direction measure of performance.
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Detailed DLBP H–K time growth with problem size.
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6.11 Conclusions

The disassembly line balancing problem was qualitatively introduced and 
mathematically defi ned, then proven to be unary NP-complete. Four very 
fast, near-optimal combinatorial optimization approaches to the problem 
were presented along with the four primary instances. The heuristics used 
rapidly provided a feasible solution to the DLBP using a wide variety of 
search techniques. Each demonstrates a near-optimal minimum number of 
workstations, with the level of optimality increasing with the number of con-
straints. They are also seen to generate feasible sequences with an optimal 
or near-optimal McGovern–Gupta measure of balance, while maintaining 
or improving the hazardous-materials measure, the demand measure, and 
the part removal direction measure. Although near-optimum methods, the 
DLBP versions of the ACO and GA metaheuristics, and the H–K general-
 purpose heuristic, along with a purpose-designed greedy/hill-climbing 
hybrid quickly found near-optimal solutions in DLBP’s exponentially large 
search space. These combinatorial optimization methods are well suited to 
the multicriteria decision-making problem format as well as for the solution 
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DLBP H–K time complexity compared to exhaustive search.
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of problems with nonlinear objectives. In addition, they are ideally suited 
to integer problems, a requirement of many disassembly problems, which 
generally do not lend themselves to rapid or easy solution by traditional 
 optimum  solution-generating mathematical programming techniques.
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