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16 Abstract

The objective ol this rescarch is to make usce of a physically
bascd social system model to study the determinants ol city sizes and
their interactions in a nation. In particular, 1t was required that
attention be paid to how new transportation systems alffecct city sizes.

In this first part of a [linal report, the character of the distri
bution function for settlements of man is investigated. The distribu-
tion for wecakly intcracting scttlements (carly man as hunter-gatherer)
is developed and cxperimentally tested apgainst historical data. The
distribution function for interacting settlements (since agricultural

thcoretic, namely as a communicational "living"™ Tanguage, and then as o
communicational language for communitics of man looscly bound to the
carth. To keep the ensemble alive, the need for good cheap transporta
tion among o significant mobile (raction of the population is discussed
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PREFACE

The objective of this research is to make use of a physically
based social system model to study the determinants of city sizes
and their intcractions in a nation. In particular, it was required
that attention be paid to how new transportation systcms alfect

city sizes.

In this first part of a final report, the character of the
distribution function lor scttlements of man is investigated. The
distribution for weakly interacting scttlements (carly man as
huntcr gatherer) is developed and cxperimentally tested against
historical data. The distribution function for intcracting scttle
ments (since agricultural scttlements) Zip('s law - is then
treated, lirst as o purc information thcorctic, namely, as a
communicational "living' language, and then as a communicational
language for communitics of man looscly bound to the carth. To
keep the ensemble alive, the nced for good cheap transportation

among o signilicant mobile fraction of thc population is discussed.
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1. INTRODUCTION

Under a previous phase contract, a physical basis was devel-
oped for modeling a social system (1).* That phase was heavily in-
debted to earlier reports developed in Army contracts (2). In the
current contract, thc objective is to usc thesec devclopments to
study the determinants of city size, and how transportation systcms
are related to city sizes. More broadly, the purposc ol this
phasc is to study the relation between socio-economic lactors,
including demographic factors, governing cities and transportation

planning (such as the introduction ol ncw transportation systems).

Since there arc some cxisting notions ol a potential-like
nature (Zipf's law, demographic potential thecory) cxtant in urban
planning (sce (3), (4), (5), (6), (7), (8); also the information
theoretic literature (9), (10), (11), (12)), it was requested that
the effort be made to clarifly their foundations and relate them to
the new theory of a social physics. This is the problem to be
addressed in this report. The intent of this study has been to
develop a solid physical distribution function basis for some such
demographic potential methodology to be used in national transpor-

tation planning.

[t is uscful to rcmember that the model rclated to the concept ol
the following 5 physical compartments, and 5 potentials:

*

1. Materials balance 1. Environmental temperaturc
2. Lnecrgy balance 2. Environmental sources ol frcc
3. luman activity balance energy and materials
4. DPopulation balance 3. Genetic value systems (whereby
5. lconomic bhalance. human reproduction is insurcd)
4. lLipigenectic (learncd) valuc
systcm

5. ‘Technological potential in the
human mind.




2. PRELIMINARY DISCUSSION OF ZIPF'S LAW

A Tirst task that was proposed was: given a nation and its
Field potentials, provide a constructive derivation for Zipl's law-
as 1t rcelated to the size distribution of citics. Zipl's law
states that the distribution in city sizes in an interacting organ-
ization is distributed inverscly approximately as the [irst power

ol the rank ordering of size:
)
Po

. pO r)O P
PpL=¥p =py v P

where:
P = population ol particular citics
roo= rank order of cities in size
Lpo= cumulative urban population (I’l)
b, =@ characteristic population size
k= the limiting rank order of city size.

According to our notions ol social physics, we are restricting
our task to national systems possecssing urban centers which form
autonomous thermodynamic systems.*  These systems posscss all of
the required potentials, and operate frecely in an crgodic sensc
within the essential thermodynamic compartments. ‘That is, they can
frecly exchange materials, cnergics, persons and current technology.

Further, we belicve that there tends to bhe a ragped cut-off flor k.

This is opposed, say, to slave societies, in which some outside
agency runs the society by fairly strict rules. Note how some
such restricted performance is placed by man on his own imprisoned
species: rats, chickens, wheat, cows, bacteria, or even "wild"
species in a national park when he rasies or cultivates them.



That is, below some critical size po/k, any small population con-
centration is no longer part of an urban center. In some scnse it
is largely part of an agricultural community. The particular size
po/k, as well as p,, are characteristic, in an a priori sensc, of

a nation, its ecology, a technological era, and the historical
status of its civilization. With these restrictions (wec arc not
trying to derive a notion of Zipf's law as an absolutecly gencral
statistical property ol any or all enscmbles), wc can move toward

a4 constructive discussion of Zipf's law. [In order to achicve this
goal we have to asscmble a considerable number of disparate picces.

A final resolution, we belicve, will bring them all into linc.

At this point we would simply like to offer the following

approximate summary ol Zipl bound social cnscmbles:

where:

Pl = total nonfarm population (all associated with urban
rural scttlements or transicntly so associated. We
regard these scettlements as essentially greater than pre
Neolithic settlements which range from perhaps 400 200.

Its cut off is assumed a priori to be at a "250" level)

p = the population of the largest city {(the characteristic

population in Zipl rank-ordering).

As a rough derivation, we have:

pr = pg Zipf's law
k k k+.5
= N § S Loy
"oT 2, L L Z S P ,[ o
] ! 1.5

= p”[ln (2Kk+1) ().l()]




)

jut k ,)8”, , 10 '250" is taken as limiting the scttlement size
L0

that can be Zipl rank-ordered.

We hope to convince the carceful rcader that a sccond scgment
of a social physics is in progress. 16 we regard the carlicer scg-
ment (Army Rescarch Institute reports (2), 4 DOT reports (1)) as a
preliminary philosophic and descriptive outlining of a system's
thermodynamics for living systems, then we are bepinning now to
out line some harvd physical principles.  We are not yet up to the
detailing ol long range cquations of change; we can describe the
physical conscquences ol thermodynamic closure for systems that
persist in spite ol life and death processes. In particular, we
proposce to convince the recader that we arc dealing with the "com-

munications' aspects of such thermodynamic systems.



3., ON A PRIMITIVE BASIS FOR DISTRIBUTION FUNCTIONS

The problem is to provide the most parsimonious scientific
construct for physical distribution functions. The following scems

to be a minimal path for very minimally constrained enscmbles:

a. (iven an ensemble of material atomisms with well-locked

up internal (orm.

b. Its motion is supported by a radiation ficld.* What is
the naturc ol the most primitive distribution function that develops,

and why?

¢. As a minimal result of low loss collisions, in which the
radiation intecractions will make up for the low losses, there will
be certain conscrvations that will be maintained over the collision
cycles. Namecly, an cxtremum cntropy state will be developed, **
characterized by a mean kinetic cnergy, a mean moncntum, and mean
mass. Also, a fluctuating entropic cycle will develop, character-

ized by a mcan [luctuating cnergy, momentum, and mass.

d. Now thesce dynamically constrained interactions form dis
crete time sequence sets in a measurcment sensce.  The resulting
reaction of a collision provides a measure ol the reaction "foree"
according to Newtonian physics. Thus we can apply statistical

reasoning to these "obscrvational sets'; in fact, they become

P

directly obscrvable in the Linstein modeling ol Brownian motion.

=
[ts motion may be supported by a decus ex machina according to any
prescription that the outside agency wishes to maintain, hut we
arc concerned with autonomous support. That basically mecans by
Fixed potential ficlds - "sources' - which the material atomisms
can draw from. Thus we must visualize the source to be a radia-
tion ficld originating at houndaries, or traccable to that source.
In the living system, the sun is the radiation source, and the
living system motion is traccables (via its genetic code and bio-
chemistry) to that source - directly in the casc of photosynthetic
species, or indirectly through the ccology of flora and fauna to
that source.
EXS
fhat is, the svstem will be incapable of doing external work.




¢. We select the philosophy that Lees and Janes have of ferod
to clarify a more unified LalPlacec-Bayes information theorcetic for
classical statistics, but we arec not interested in the general
argument: we are satisfied with a narrow view - given a random
process with Timited moments, then the distribution is fixed (c.g.,
lixing two moments under this condition gives risce to a Gaussian

distribution).
. We will start with only threc assumptions:

I.  What we belicve to be the Boltzmann assumption - that
as a result of the collisions among particles, the distribution of
mechanical fluctuations can be described by "independent' statis-
tical cvents whose associative probability is the product of inde-
pendent probabilities (i.c., a "usual" statement about mutually

independent causal systems).

2.  What we belicve to be the esscential foundation of
Newtonian mechanics that as a result of collisions, given m
(an intrinsic characteristic of material systems, a paramcter that
carnot be transformed away), then there are three cxisting con-

servations, which in fact arc intecgral:

mnuo, mnu], mnu2
where
m = mMass
n = number
u = velocity
2mn = numbecr, which is conserved
fmnu = momentum, which is conserved
anuz = vis viva (or more modern 1/2 = kinetic cnergy), which

is conserved.

For an cnsemble, we arc thus given that these "thrce' moments -
i zeroth momentum of number; a first moment of momcntun; a sccond
moment of kinetic energy - are conserved throughout the collision

cycle among the ensemble.



3. What we believe to be a composite statistical-physical
assumption, consistent with both fields, including irreversible
thermodynamics, and the specific arguments of Boltzmann, Maxwecll,
Einstein, Nyquist, Shannon, Lees, Jayne, and now us, that the
logarithm of the distribution function f has to be a linear associ-

ation of thesc intcgral moments:

_ . 2 . 2 . 2
bn (= Amn + Blmnu + Bzmnv + BSmnw + lenu + Lzmnv + Lsmnw

Since Newtonian mechanics is a vector law there arce three velocity
and thus momentum components ([ is the associated probability).

Then the usual arguments condensc the results. Il the
ensemble is isolated, then mn is a constant; u2 can be rearranged
2. ... . ) _ . _
to (u ug)s lack of preference makes Bl = B3, Cy C2 Cyg-

2 2 2
= ) - - + -
In Iln A+ C [(u uo) + (v vo) (w wo) ]

and if the first moment is [ixed by choice of axes and isolation

to Uy = vy = Wy o= 0,
2 2 2
C(u~ + +
r=ncCf v W)
then the standard procedure - € being an intensive distributed
paramcter, contact with an ideal gas thermometer - provides the
metric
5
Co(uT o+ v2 + W)
(3}

and we have the Maxwell-Boltzmann distribution.

llow was it gotten? Ilrom statistical independence of the

moments, independent of how many members were in the colliding

cnscmble, and the fact that the laws of physics gave values to a

limited and integral number of moments, for the act ol simplc

collisions.

This derivation,




strikes us as morc primitive than all of the arguments whercin two
particles in a collision with probability distributions [ and ('
for cach, prior to collision and [,f' for cach, after a collision

(sce Maxwell, Joos, Tolman, ctc.).

Basically, such prools try claborately to show that a colli
stonal cycle can be treated by mechanical reversibility. We simply
assert that if particles don't coalesce, they will go through
cycles of performance; these are thermodynamically lossy, so that
they must sink down to the lowest sustainable limit cycle.  That

provides the equilibrium of a uniform extremum cntropy.

Thus the nature ol the velocity distribution lunction has becen
described.  What is the naturce of the displacement Tunction? We
shall show a similar moment argument duc originally to lLinstcin
(Langevin derivation). What is the nature ol the displacement

distribution lunction and why?

g. The comparable argument is bascd on the impulsce fluctua-
tions that reoin on a particle by virtue ol collisions. We make
onlty three assumptions:

I. The impulse Torces 0 are randomly distributed.

2. The average motion imparted to o particle is opposcd
by a lincar drag force, the cffect of the other members of the
censembhle in opposing a frece motion of the particle under consid-
cration. This makes the process consistent with thermodynamics.

3. Motion is governed by Newtonian mecchanics.

h. [Examining motion on one independent axis, Newton's law

hecomes:

where:

-
1]

random impulsive florces

ax clfective lossy drag.



Take the lirst moment:

f - ax = (mx)o =m Vo
If the ensemble is at rest relative to the observer, the arbitrary
nature of the choice of particle makes the result, summed over the
ensemble, vanish. In other words, the mean momentum of the enscm-
ble per member is zero. This result has been obtained from the

first moments.

lor the sccond moment, multiply by x and rcarrange:

2

m (x%)

po (xz) - m()'()2 = fx

.
2 2

Now time-average over a collision cycle (the impulses are not
really random, but periodic [luctuations whose collisional coordina
tion posscss random phasing):

m
o=

> (xz) > + < % (xz) > - <m ()'()2 > =0

sincc < fx > = 0, "left"- and "right"-handed collisions being
cquiprobable. Il any appreciable interval of time - if the part-
icles remain in the bounded space - therc can bhe no pileup of

impulses in onc dircction.

Also, Trom the Maxwell distribution, we can show:

no(x)% s o= kT

The average kinetic energy is proportional to temperature. Thus

in continuum (averaged) macroscopic variables:

n (xz) + a (xz) - 2KT =0

2 _z2kre [ . bm [ -at/m
X a 2kTt ¢

bh = a constant ol intecgration.

where:



gl
We can imagine the X~ motion to be a small saw tooth around,
at most, a constant velocity. This as t » 0, the motion may be
visualized as starting from rest. Thus b can be cvaluated to make

the bracket vanish as t - 0:

. -—at/m
x2=-2k,lt[l LY (1 - e )]
a at 3

At t = 0, the velocity is:

2 _ kT .2
m

But very "quickly,' beyond the very short time constant m/a, c. .
) Y, y g

t » 1.5 m/a, the bracket approaches unity and:
2 2kt
X - t
H
Mhis is Hinstein diffusion. It does not hold for t - wm/a, but for

t (2 3y m/a.

Thus we have achicved a description of the dynamic character
of the summational invariants (conservations) of a simple autono-
mous cnsemble. All we have nceded are the laws of physics, the
note that the laws of physics provide integral constraint moments
for the enscmble, and the randomness of phase. We thus found for
a stationary (and thus also a quasi-stationary) ecnsemblc that the
most complex form of organization compatible with the clement
specics will develop in accord with the available underlying
cnergetics.  This will develop quantized structures of that complcex

Form. 1" the encergetics of its quantum levels, c.p its lower

>
"pround” state, and a subscquent high "excited" state arce suffi
ciently Tar apart that only onc complex Torm (c.g., simplc mole
ciularity) can exist, then we (ind in fact very simple distribution

propertics in cquilibrium with available energy sources.

The mass will be conscerved. The density will be uniform.
The mcan displacement of a molecularity will be zero in time. The
variance of the displacement (mean square) will vary linearly with
time; namely, the field will exhibit diffusive properties in any

10



conservation introduced (e.g., mass, momentum, energy). The
velocity distribution will be Maxwellian-Gaussian.

Distortions from these simple findings can now take place
bccausc of any ol a number of factors: the moleccularities have
joint interparticle forces other than simple collisions; there is
morc than onc compcting quantized state; the molecularitics have
cvolutionary propecrtics; the confinement is open to both mass and
energy and the cxternal potentials have their own historical

cvolution.

11



4. A PUIMITIVE APPLICATION TO HUMAN SOCIETY - THE BOLTZMANNIAN

In a freely interacting spatial domain (c¢.g., political, il
the system is alrcady bound by valuc-in-trade, or a land surface
upon which there is "frece" collisional intcraction ol population
groups), in which social "atomisms" of differing size exist, which
"collide clastically" gencration by generation, the equation is:
what distribution will bhe lound among the populations ofl the
cnsemble of such atomisms?  Statistical mechanics would suggest
the following. The additivity of atomistic summational invariants
should determine the logarithm of the distribution function: the
probability of finding atomisms in the particular states. So

First, what are the summational invariants?

a.  The population (p) of each atomistic active surviving

proup.

b.  The total mass (Mp) ol the group, where M is the gencetic

ally coded mass of the species member, approximately 150 1bs

¢. The total daily cnergy consumption (lip) of the group,
where 1l is the daily energy requirement (power) of the specics

member, approximatcly 2000 Kcal/day
d. Plus a constant.

Momentum, or action, is also genetically coded (as arc the
internal organs of the systcem - these develop from internal-
cxternal action modalities. Since action is energy time, it is
cssentially the switch characterizations, mode by mode, which are
internally programmed). Tt is not nccessary to take this into
dccount in the summational invariant metrics. Namecly, there is

approximate closure each day when:

n
EE Hi Ti
1

H=_~-__

En

12



where i are the 1-n modes, Ty their times, Hi their empowering
energetics and H the daily power. The genetic code tends to insurc

the switching among the 1 to n (approximately 20) modes. Thus:

In N = Ap + BMp + CHp + 1n N0
= [A + BM + CH] p + 1n No
N = Noe[A + BM + CH] P _ Noe-ap

where:

N = no. of ensemble members

p population of isolate ensemble members.

Since it is thermodynamically impossible that a monotonic
incrcasing probability be associated with infinitc population, a

negative cxponent is indicated.

Let us derive the result another way that later can be gen-
cralized lurther later on. We imagine a ground territory that is
marked by N nucleating centers ol population. ‘These "compartments"
may have populations, ¢.g., 1,2,...0k. Thus lct there be n
n

l b
nk centers.  We have two constraints:

k
N = ji n.
1

is the number of population centers.

2,

is the total population.

Now the number ol complexions W, with which the centers can

be Tilled is:

13



The statistical mechanical construct rcquires that the log W

(entropy S = k In W according to thc Boltzmannian construct), bhe

an cxtremum for the most probable complexion:

In x! = (x + .5) In ("- b5 .:5>+ 1.5 In ©

Maximizing ln W, while conserving N and P, is achicved by
Lagrangian multiplicrs (variations arc with respect to n

S n.)
i)

(s 1-Ces

& In W + ASN + BSP = 0

zi[-ln(ni+.5)+A+Bi]5ni=0

Outside of the term 1/2 (included for some minor accuracy) we get
the Boltzmannian., Note again, that no interactions arc provided

for, only clastic collisions.

.ot us look at some cxperimental data. First, [rom the Ethno
graphic Atlas ((14), scc abstracted data in (2)), we look at data

regarding the size of independent isolated cultures. The criteria

given in the Atlas for "isolated" are separation by 200 miles or
1000 years. The "statistically valid" sample* for small cultures
(two distributions are shown - the larger distribution is likely

for interacting populations) is about as shown in Figure 1.

—
Murdock (1) provides justification why that Atlas data can be
validly queried.

14
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FIGURE 1.  NUMBER OF CULTURES AS A FUNCTION OF POPULATION

As we discussed in an carlier report, Murdock provided a ncar-
cxhaustive catalogue of all well-documented cultures. Here we have
concerned oursclves with the ones that are isolated. They scem to
range in population size [rom about 15 to 2000; they scem to be
flat in the range 25 to 200.

We find that isolate cultures seem to have a finite size cut-
off at perhaps 10-15 pecople, and there are some flattening issucs
in the range 10-150 pcople, but beyond that population we find the
exponential tail that our very clementary Boltzmannian type of
distribution sugpests. The small size cut off issucs tend to be
problems that can be associated with quantization issucs related
to non Maxwcellian distributions, particularly thosce related to

other kinds ol statistics.

Thus, outside of some small size quantization issues, a

roughly cexponential distribution in populations is found. The

15



"averiape" size (a common [irst use of a distribution lunction) is
about 1000.%

This is an interesting number. According to Pleifler (15),
it is onc of two "magic numbers' in social organization, roughly
the number of faces that you can hold in memory bank and recognize
by name. On the other hand, the distribution also shows a "low"
population flattening in the 20 150 range (c.g., with perhaps a
50-70 center), which we have regarded as the nominal size ol mobile

hunter gatherer pre-Neolithic socictices.

2 :
An approximation for the data 1is:

N - 95 25 o -1155 p/100

for the range N = 80 (a cut-off at p = 150/100) to N = 1 (assumed).
Average value of population is thus:

80

[ 55 dN

[ an

]
<o
e -]

namecly, p = 1000.
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5. DISCUSSION OF THE BOLTZMANNIAN POPULATION DISTRIBUTION

Note what we have shown in that the populations of isolated
living societies - "molecularities" - have a number distribution
like a Boltzmannian exponential with a quantizing cut-off{ at small
populations, and a limiting size at a large population. 1In log
population units, the number distribution resembles a somcwhat
distorted normal distribution. What can we say about this result?

We wish to bring in the issues that a metasystem's physics
faces. They are similar to those faced by Maxwell in beginning a

kinctic thcory of gases.

As we discussed in an carlier paper* on population dynamics,

we pointed out thut the Malthusian law,

- [oea]

was only a kinematic rclation, compatible with a homogencous popu-
lation, but - by itscll - incompatible with thermodynamics. In
the long run, in order to he compatible b = d, namely, in some
significant way socictics of living systems sclfl-regulated their
population. Wec further pointed out that the homogencity breaking
by which b (the birth rate) and d (the death rate) would bhe Kept
in step was in fact the problem of the complete (i.c., irrcversi
ble) thermodynamics ol living socictics.

We now rcalize that we were pointing out mecta-issucs (i.c.,
atomistic kinetics) to social thermodynamics in the same sense
that Maxwell and Boltzmann were pointing out mecta-issucs when they
began, in kinetic theory, with the notion that molecules arc in
sustained motion. Thus, we too are starting out with a meta-issuc.

LLiving systems persist, as a species, by division or reproduction.

A thermodynamic note on population, presented at the 1975 annual
American Association lor the Advancement of Science (AAAS) confer
ence.

L7



Individually, they live and die, but the species goes on. Whi l¢
kinematic record is kept by

cfe

= (b-d) P

it does not reveal the kinetic strategy (cxcept to say b = d somc-

how) .

Notce, we have asked that the isolated molccularitics in a
region (¢.g., bacteria in isolated pool regions; grass in stands;
mice colonies, cach with its living range; nomadic hunter-gatherers)
fulfill thermodynamic ncar-cquilibria. The living system (specices)
docs not fulfill its thermodynamic system characteristics at a
particular point. Instead it can breed and it can broadcast; that
is sulficient for them to be distributed throughout their available
space with an cexponential Boltzmannian character. But, kincticully,

how can they survive?

What docs that mecan? Each gencration, the isolatc socicty
communicationally "collides" (communicates with) with its next
generation.* The groups are small, the fluctuations large. The
question is, how can the species survive? The subtle answer is
that it must do so hoth by an inbrceding and a broadcast "out-
breeding." 1t must have a strategy [or scheduling off toward the

jabile small population size.**

Namcly, every spccics cvolves a mixed genctic and cpigenetic
technique whercupon it broadcasts its sced. Somc young arce blown
away, somc young arc killed, some degreec of outbrecding mating
takes place too. The important thing is that cnough young arc

hroadcast so that they have some chance of start-up.

*”Gcncration" loosely denotes the population equilibrium scale,
characterized by the choice function of having children now and
a period of time "ago" (a suitable integrated average over the
past), such that the smoothed rate of change of population now
is the difference in choice function now and '"ago," divided by

the time interval.
*

*
We received a clue to this notion from Darlington (16).
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We have no atomistic theory for start-up, but sufficient
individuals are tossed out to start up new population molecular-
ities. Each species may use its own techniques, or one or more
techniques, for broadcast and outbreeding. The important thing is
that a robust broadcast technqiue is required that fits the growth
style of the species.*

The basic point is that the Boltzmannian distribution function
among isolated (and thereby "elastically" colliding) stands** is
supported by a growth of the entire species' population. At any
time, there arc individuals (or individual pairs) who have been
hroadcast into the milicu. They may or may not persist beyond onc
generation.  They may attach themsclves to other groups, they may
coalesce into a group of their own, they may dic out. They prob-

ably represent a signilicant percentage of the total population.+

They are the labile "front" of the distribution from which new
groups form.

Correspondingly, we arc not certain about the rare large-size
stand. That tail ol the Boltzmannian (which, il rank-ordered in
size, would represent low-number rank-orders) is nourished by the
growing specics population, but there is no guarantee as to its
long-term stability. It may decline; it may split up.

Whatcver stability there is, lies in the "middle"” of the
Boltzmannian curve. That "stability" is precarious. It is main-

tained by a sufficient overall growth in population,

dr y )
a—t- ( M) (l) ]
-*_ R - . . - - -
Actually, the deeper issucs are how in fact life itscllf may

likely have started by similar processcs, but that is beyond our
current scope.

%%
Rather than scttlements. These standards cach have a roaming

range.
1 . s . ..
How sipniflicant, we cannot say in general. Onc has a suspicion
that it mav vary with species and ecology (i.c., as it changes in
ttme).  Thus, it mav range from 5% to 50% as an a priori estimatc.
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b-d > 0, so that therc is a diffusion toward the small, toward

"hroadcast" diffusion of individuals.

This represents a rudimentary metasysteoms thermodynamic
thecory of small stands ol population which arc dilute in the

ccology and which are not yet particularly intcracting. As we

judge from Murdock (and our own cstimates), when these groups arc

hunter-gatherer humans, they may be scparated at spatial ranges of

the order of 70 miles.*

—
A 200-mile separation would mean complete isolation, and a 20-
mile separation would mean quite heavy interaction.
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6. INTERACTION WITH GROWTH - THE ZIPFIAN DOMAIN - MANDELBROT
" LANGUAGE"” USAGE DERIVATION

Now that we have some notion of how a population of energetic-
ally entrained entities in a living system becomes viable - namely,
is born, persists, dies - and is tied to its supporting '"earth"
substrate, at least in an ideal gas collisional sense, we wonder
how one goes toward a more interactional ensemble existence, c.g.,
the Zipfian distribution.

The Boltzmann distribution will not account for the Ziplian
distribution. The former involves essentially isolate ("elastic")
collision, gencration to gencration with its own group. It is
nourished by a small ratc-governed "pressure’” to broadcast difl-
lfusion of small sced groups. The latter involves a new kind of

intcraction.

In the first place, in the Zipfian casc, onc finds the begin-
ning formation of a van der Waal interaction: there is more of
a binding and scnsing of ncighboring groups. In the sccond place,
there is more of a locking-in of cach group in a state space.
Thus, a spaital mean free path (in a statec space sense), a notion
of a roaming rangec in which the particular group "permanently" pre-
empts the space, instcad of it being any group's "for the moment"
occupied space, develops.

We would like to get to our derivation ofl Zipf's law, bhut
First we would like to present a synopsis ol the Mandelbrot deriva-
tion of the Mandelbrot-Zipf law. This is adapted from Brillouin
(12). We do not subscribe in depth to the derivation. Neverthe-
fess, its Tlavor is quite important. While the Mandelbrot florm
sugpests that it is related to language usage among the most common
words, we adopt the spirit of Zipl and regard it as an cnsemble

scelection rom a hroader state space.
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For the Boltzmannian, we have:

- a(p_-p)
N =N aP - ¢ O

with a cut-off at some small population Py and at some large popu-
lation Py- We need to relate the number of members in the ensemble
to the rank-order r.

N T
1 1
2 2
2 3
3 4
3 5
3 ]
4 7
4

4

4 10

The smoothest selection are the N, r pairs (1,1), (3,5), (5,13),
ctc. This is represented by:

_Nf e
r 2
Thus:
2a (p_-p)
2r-1 = ¢ =
This resembles Figure 4,

The mismatch, except lor a very limited range, is obvious.

We will now provide the Mandelbrot derivation of the Zipf-
Mandclbrot law, as it is developed via an information thcorctic.
The derivation will involve two notions: one, a notion of cffi-

cient coding in time, and the sccond, a notion of the rank-ordering
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FIGURL 4. POPULATION AS A TUNCTION OF RANK ORDER

of messages in time. Hlimination of the parameter timec gives the

Zipf-Mandelbrot law in the rank-order - probability spacc.

We turn now to Brillouin (12) and a viable "language" sclected
from an enscmblc. (Thesec ultimately have to rclate to populations
of citics): Supposc n ...n, symbols of type 1...m, cach of "costly"
duration tl"'tm’ and cach with an a priori prebability p;.

[Lxamples of enscmble "languages."

m

(a) n, = 1, type 1 0, dgration 1 unit, Py = 1/2

n, = 2 , type 2 = 1, duration 1 unit, Py < 1/2
(b) n, = 1 , type 1 = space, duration 699 units, Py = 0.20
(-log p = .699)
n, = 1, type 2 = E, duration 979 units, P, = .105
(-log p = .979)
ng = 1, type 3 = T, duration 1143 units, Py = .072
(-log p = 1.143)
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(¢) n, =1, type 1 the P.=10.08

1 1
n, =1, type 2 = of P, = .06
ng = 1, type 3 = and p3 = .04
Nig = 1, type 10 =1 Pig = 0.015
Na000 = 1 , type 4000 - nerves E:pl =1 |

"Cost" is undefined. It is identified here with "sending
cost," inveolving as a metric "time" t. We wish to send "messages"
in that ensemble "language." "Information,'" which is undeflincd,
is maximum per symbol at a given signal rate if Py is related to

t.

i’ in the utilization of the symbol, by

The lollowing proof is offered for this theorem. We imaginc
a large string of symbols Go, which may have many possiblc arrange-
ments., Tt will consist of:

Namely, Nl ol typce 1 symbols arc used, ... Nm ol type m symbols

arc uscd. ‘The total scending time T will be given by:

m
T =N, t, + ... Nt = :z N.t.
171 mm 11

i

We arc given that the probability of symbols will be in accord
with their a priori probability (it is a long string, and the
current "message'" comes {rom the same a priori "language' as pre-
vious messages [rom which the a priori probabilities were derived):
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m

(0]

m
S S e TGy S pge
Pi 7 G Pj 'o Piti
1 1

The number of total arrangements N are:

as the standard statistical selection process.

approximation for large lactorial numbers:*

In x ! x (In x - 1)
Thus:

m

Using the Stirling

In N = bo (ln ho - 1) - EE N.1 (ln N.1 - 1)

1

m

1

IT. for a given amount of "information'" contained in the
N g

string GO, (GO %Py
wish to minimize the time T,

1

mN_ _ SoZpglInpy ey lnpy

In p., which is thus proportional to In N) we

Gy ZPit; ngty

*Adding up unit-wide strips from 1/2 to 1-1/2, and from 1-1/2 to
x + 1/2, we find an even more accurate integration result:

(x + 1/2) In (x + 1/2) - (x + 1/2) + 0.89.
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should be a maximum, then

= _ *
In Py Blti + 1n C1
This is roughly the standard Shannon-Hartley proof of the efficient

coding theorem.

A lew comments are in order. We are guided by earlier recmarks
in (10). '"Messages'" are really not the total string GO but, per
Hartley, a choice s times lrom cach of m symbols. As far as the
message generator system is concerned, his selecctions are random.
But the messuage generator is accustomed to opecrate in the language.
So the “o string, the number of such messages that will be

S

delivered arc Go/s, out of a universe of m Go/s messages.

But this sclection hasn't met the language expectations; we
have to weigh the sclections by language probabilities. Recconsider
s choices ol m symbols. While cach sclection, in a short message,
appeiars independent, the sclections are being made as if (rom a

shorter language m'. Thus the eflfective number of messages is:

S m'\" s
(m')" = (ﬁ“) m

The total universe of messages is thus:

s .
\S m G
m 0
(m > S

[n any case, the number of messages grows with “o’ and so docs

In N. Thus, sclecting symbols "naturally," in the light of their

a priori language [lrequency, should make the sending rate a minimun
independent of string length Go and message length just dependent
on assigning a specific cost to symbols. Then a simple Lagrangian

multiplicr argument on

* . 1 .
A more accurate result is In O)i +—7ﬁ-—> = - B t, + In C,. Small

l 1

. 0
probability symbols arc thereby trecated more correctly.
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teads to:

by Py = - Byt v dn ()
' -B.t.
p; =€ c b
Also the relation,
l‘lnN=—2‘.P. 1n P.
(lo 1 1

docs not scem to be particularly dependent on a requirement for a
long string as long as messages arc properly coded for. Actually

the more accurate result is:

1 _ .
In <pi + Z'ﬁ;> = - Blti + 1n L]

which affects small probability symbols, but we will consider them

outside of the Zipfian range.

For the sccond part of the argument, we consider strings of
various total times T, but we will rcarrange our symbols by units
of duration. We will rind a [linc-grained unit ol time, so that
all our symbols arc cxpressed in minimam intecgral units, that is,

there will be:
ay symbols of duration 1 unit
a, symbols of duration 2 units

a_ symbols of duration m = o units

m
m
a. > 0. ji a. =n
1 1
1

The probabilities associated with these symbols are given by:

The magnitude m may be much larger than before because there may be

many zero values of a, . However Cl’ Bl permitted a stretching to

28



accommodate.

There will be N (T) distinct arrangements in any

total duration T. We will define

N(o) =1

negative\ _
N (integer ) 0

Let us construct a general difference function. TFor one

minimum time unit,

N (1)

i, N (1-1) + a, N (1-2) + ... + a. N (1-m)

Namely, For onc unit slots a, symbols cuan be uscd:

N (2)

a; N (2-1) + a, N (2-2) + ... + an N (2-m)

1 2

There are ul choices by aq choices for cach of the two time slots,

or a, choices for a two time slot unit:

N (3) = ap N (3-1) + a, N (3-2) + ... + a N (3-m)
= '13 + . Ol + v l, + I3
{ | .lltz dzt l 113
The time slots can be taken | at a time, 2 at a time plus 1 at a
time, I at a time plus 2 at a time, or 3 at a time. Continuing

the construction,

N (T)

l.et

N (1)

I

@y N (I-1) + a, N (T-2) + ... + a. N (T—tm)



where /\i's arc constants and pi's arc m independent roots of

Ui tm-l
o -y 0 + ... +a =10
This can be derived by substituting thec previous form for N (t) into
the recursion formula and letting each value of Ay but one, vanish

one at a time. This gives:

t t-1 t-t
H 3 - = H + o0 & - - . =
Al pl ‘11 Al pl A1 am pl m 0
Multiplying by p =t gives the result: we find m independent
solutions lor p for a given scet "l N The values of Al. ,.A"I

are piven hy the set,

N (o) =1 =A, + A, + ... + A

I 2 m
Al AZ A
N(l)=()=p--+p—-+,,,+l“
1 2 P
A A A
= _ 1 2 m_
N (-m+1) = 0 = . + . + ..+ s
Pl ) Om

m roots cxist with only one positive root, bccausc ol onc varia-

tion in sign. The other roots arc ncgative or complex.

Ifp=1,1- /\] - e = /\m = 1-n, which is ncgative (since
n > 2). Therc is only one rcal positive root which is greater
than one. Isolate that positive root and call it
By
D] = e (32 > 0)
BZt c pt
N(t) = A1 e + Ai i
i=2
th )
= A e + Y decaying terms

+ Y oscillatory terms
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Absolute or relative stability exists ig the pi's are less than
unity in absolute value, or less than e 2

We shall be concerned with stable systems, and in particular
where the first term is dominant N = N'

th
N' (t) = A1 e
Now wc shall be concerned with the rank-order r(t), which will

comprisc the number ol arrangements of string length smaller than
or cqual to t:

t
ro(t) =N (1) + N (2) + + N (t) = :i N (s)

s=1

t m t
s $
=D DY A1< 2 1
s=1 i=1 i=1

s=1
But
t t
Z S 2 1 + + + + t-1 = l_pi
Py Py Py Pj Py pi I-p.
s=] :
m
A.p.
- i t
r (t) 2 -7 (pi 1)
i=1 Pj
m t m
A fiat Nin = Mo
T T Y L S
| 175] 1-|/pi T
i=2 i=1 Pj

t

Ap Byt o Ajeg

- 1-1/pq € - By ¥ :S -1

i=2 Pj
Again,

for stablc systems, the dominant term is
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A
By = TI/6T
ICH
m
B = .
o 1
i=1 p]

1T now we combine these two results,

2 = . .t
(-ll In I&l + In (1 + B()) .

so as to climinate neast™ t, we find:

Bl/Bo B
In p (r' + Bo) =1nC, + = In B

Mandelbrot's law.

1t is not our intention to dwell on this derivation. We simply
wanted to present one facet by which the Zipf -Mandelbrot relation
has been viewed as an information theoretic. At the present, while
we beliceve that the same rclation holds for citics and other human
institutions for ncommunications' rcasons, we do not bhelicve that
the formalism is the same as in this compact coding story. The

connection, we belicve, is more rclated to the Boltzmann rclation.
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7. INTERACTION WITH GROWTH - THE ZIPFIAN DOMAIN
(A PHYSICAL FOUNDATION)

We are concerned with a moderately interacting ensemble of
active atomisms - social modecularities - which form viable stands,
which reproduce, but which interact somewhat. These atomisms are
self-serving thermodynamic, namely, they satisfy summational in-
variants of mass, mass species, momentum modalities, energies.

But since they are living, they are a reproductive species. They
show
qo = (b-d) P
where: b -d=>0
at lcast slightly. The materials used for reproduction, mainten-

ance, and growth, arc at hand, and the processes are suffliciently
rich to include communications capabilitics. Communications
capabilities involve the capability to switch modal states of the
ensemble, but this notion will mean little at this time.

We want a concept structure rich ecnough to include language
and population and cities, so we start with the notion of an
cxtended logarithmic scale related to some cnsemble produced hy
the living system:
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Note there is a limiting size 1 and say 10", where n is some
large integer. Actually there is some minimum size 104, a > 0,
for which the repertoirc is stable, and some thermodynamic bound
governs the largest size n that can exist in the ficld. For post-
Ncolithic humans bound to the earth by an agriculturally bhascd

cnergy mode, we surmisc that 102 is of the order of 250.

Now we wish to approach the "demographic" question. Given a
population distribution (of symbols, stands, colonics, populations)

that is sufficiently dense that the clements "interact.”

“Interact,” in the first place, will mean that the population
changes in time duc to internal system processes - inbrceding - and
to somec process external to thc local generator; it will also mcan
that there is some degree of emigration and immigration as well as
outbreeding and inbreceding. It would appcar that living systems
cannot survive without such breeding and broadcast. Thus, popula-
tions not only "collide" with their own group, gencration by
generation, but they inbreed and outbreced, immigratc and emigratc.
They act as if there were attractive and repulsive forces, but not

derived from spatial potentials.

The question we will ask is: what arc the conditions under
which an ensemble of such interacting centers will remain stable
or nearly stable? "Stability" will mcan that they prescrve their
form against disturbances, so we can imagine distribution of
scettlement of molecularities, large compared to the isolate

Boltzmannian distribution, placed on the logarithmic scale:
q = 1nbp.

(We will be indifferent about b. For computation, b = ¢; for
arithmetic, b = 10; for information theoretic, b = 2).

This distribution is found at some time t = 0. Under what
conditions will the distribution be nearly self-transforming and
stationary in time, namely, at time t = tl’ 2t1, 3t1, etc., will
the distribution function be nearly fixed? The argument to dis-
cern the fixed distribution is loosely as follows.
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FTGURE 5. NUMBER OF SETTLEMENTS AS A FUNCTION OF POPULATION

I'f we consider an "impulsive" slice of N settlements whose
size lies between q and q + Aq at time t, in the next interval of
time there will be a diffusive dispersion. That tends to [latten

out the distribution.

One can scnse, from that result, that any symmetric distribu-
tion (c.g., Gaussian, or necar a peak) has that kind of spreading
result. Thus peaked distributions likely cannot be preserved in
form. The only possible distributions that might prescrve their
character arc monotonic incrcasing or monotonic decrcasing func-

tions.

But whence are they driven, since there is a relaxation pro-
cess toward a more uniform distribution? One must surmise that an
"ingathering" [rom some pool of creation takes place. Whether
hvdrogen galactic dust, or transient living entities, the same
hind of force-binding structure acts as an attractor to start up
cnsembles.  Beyond that point, a much more detailed examination of
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the forces is required to [ill out the kinetic details by which
the thermodynamic equations are to be delincd. Sufllice it to say
that we realize that cnsemble motion will be described in trans

port cocllicients and propagation constants.

First with regard to the monotonic increasing "front' ol the
(|iSll‘”)uti(Nl.‘ That "Cront" has been deflined by the pre Neolithic
characteristics ol man.  The Boltzmannian distribution has indi
cated in what size range a loose hunter-gatherer ensemble mipht
survive. We find that to be in the 140-200 range. But that
ensemble range has [elt out the potentials of the carth and worked
out the potential for nucleating centers.®  Inpathering for
agricultural settlements in the range becomes and remains possiblce.
Then the nonagricultural - urban - sctt lements, related to agricul
tural scettlements for support, reccive their sustenance {rom thosc

settlements at sizes ol about, say, '"250" (i.c., as villages).

This docs not resolve the details ol this quantization process,
but it indicates that the quantum formation of scttlcements goes
hack to Neolithic trade interactive start-up issucs. What is
important is that a considerable transicnt population that may be
"equally" attracted for forming agricultural scttlement or urban
sottleoment exists, and it is the galactic dust which can sustain

the pressure for growth ol urban scttlements.

On the monotonic decreasing side, where the urban centers are
nourished from this transient population, it is the comhination of
inbreeding and broadcast (whether ingathering, immigration, or
emigration), with a modest growth, that supports the monotonic

decreasing distribution.

But there is a high lability at the two ends - of small
settlements and the very large settlements. Small scttlements
will show large fluctuations. They can come and go. The largest

—_—
For example, we would surmise that man in the Americas marked
these centers out prior to 1500, and that the European scttlers
(1500-1700) reconfirmed and scored more densely those centers for
agricultural scttlement purposes.
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settlements will also fluctuate and not maintain their position
forever. The large end will begin to partake seriously in the
300-500-year rhythm of civilization.

Thus, in summary, what is the Zipfian distribution? It is a
labile distribution of highly used elements by which a complex
"living" thcrmodynamic system communicates with its milicu. The
distribution - in summation - represents the species. Thesc mole-
cularity clements represent the results of mass-energy-action-
space-time intecraction (in cities, also valuc-in-trade interac-
tion). As long as the spccies lives, there is a growth process by
which the Zipfian character is maintained as a push outward. When
the species begins to die, the distribution tends to flatten out,
and its components escape. This notion was prescnted by Sorokin.
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8. IMPLICATIONS FOR TRANSPORTATION - FIRST ROUND

We were asked the question, in the contract, what the coffect
of the introduction of a new high-spced transportation would be on
city size distributions in the United States. At this point we

are prepared, surprisingly, to suggest a preliminary answer.

[t would secem, il our notion is truc that it requires an in-
borne slight growth pressurc to maintain the Zipfian distribution
as an eossential characteristic of a viable system, that it is
necessary to provide good internal transport and perhaps slightly

impeded external transport.

We have the suspicion, from cxamining experimental data (13),
that prior to 1900, while perhaps 40 percent ol the population was
fixed in agricultural scttlements (and devoting their c¢lfforts to
farming), that raction has since shrunk because of extensive
automation, the rest of the population (00 percent) could be
accounted for in Ziplian distribution down to size "250."  But this
includes a sizcable number of "transicents'" (c.g., 20 million pcople
in 1950 out of 150 million, who were neither urban (95 million) nor
farm (25 million) nor in rural scttlements (10 million)). [t scems
to us that it is the "transicnt" and mobile population that main-

tains the living Zipfian character.

Thus, while class transportation will always take carc of
itsell - the clite and middle class will insist on service for
their needs - the esscential matter to keep a nation viable is to
provide good, fast, chcap transport for the morec transicnt portion
ol its population. That is, thc lowest quarter of the population
must find it casy to move about. [If that is true, the open market
characteristics can be maintained. Pecople can be attracted and

move where the opportunity is.

Reflection on the internal character of mobility in American
cities suggests that movement at the range of perhaps 5-10 ycars
is the typical pattern, and under a generation or so between citiecs.
Very scldom do people stay put for 3 generations or morc of thermo-
dynamic equilibrium. Good transportation has supported that
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possibility, and good cheap transportation is what is needed to
keep our future from a civilizational death.

Our system might become moribund for other economic reasons
(e.g., escape of multinationals, the joint competition of dictator-
ships), but there is no reason to encourage an easy death by not
understanding this issue of transports. That the jet-set can
travel or escape is not the issue; can the person of marginal sub-
sistence - the "Oakie" - get on a bus, a train, a subway, etc. to
seck out his living? That maintains the system. This Zipfian
character and the spatial potential-like character of the ecolog-
ical potentials then make planning for a future possible.*

e —
As a final notc on Zipf's law as a '"communicational" law, or a
rule ol transactional possibilities in a viable language, we
rccognize somewhat that this reclation is related to perceptual
cost. Thus, if

A

f = ——
(a+B)"

werce to be a spatial transactional form of Zipf's law, known also
as a gravity or potential model, we ought to recognize that d can
bc any metric associated with a perceptual space (see, for example,
(11) for a discussion of Fairthorne's view of this as a non-
physical, even legal view; in our terms, a perceptual view). You
may "walk a mile for a Camel," or men may divert their business
trips half way around the world for a liaison with a mistress.
Thus, any number of scalings for n equal to, less than, or greater
than one, are possible. Yet the rank-ordering of an "objective"
function still seems to arise. Our basic criticism - related to
Fairthorne's - is that the space is not a totally stationary space
in general, but undergoes historical change, as the system bothers
to learn or attend. Pierce (17, p. 241) shows wide experimental
fluctuation as in most psychological experiments which draw from

a dynamically stored perceptual "field dictionary" of "words."
When sufficient time has elapsed for near equilibrium, the pres-
sure of the distribution function - and whatever quantizes the
cutoff at the epoch - gives the operating region. For example,
Fairthorne shows Richardson's data for rcgional populations on
carth distributed as extremely as:

A

P:——-T
(r+B)
ierce also discusses Mandelbrot's notion of n. "The wealth of

the vocabulary is measured chiefly by [n]; if [n] is much greater
than 1, a lew words are used over and over again; if [n] is nearer

to 1, a greater variety of words are used." For a child, n = 1.6,
which drops toward 1 when finally "the child happens to be James
Joyce." Cost, in transportation, has similar properties.
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APPENDIX
REPORT OF INVENTIONS

The work performed under this contract, while leading to no
invention, has, led to several innovative concepts on the use of
near-equilibrium thermodynamics for living social systems. Com-
partmental balance of food materials, energetics, manpower, pro-
ductive function, economic balance, and technology were introduced
as concepts for social systems modeling, as well as the idea of
summational invariants for social systems.
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