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PREFACE

The simulation described in this report was developed in the
Power and Propulsion Branch at the Transportation Systems Center
(TSC) for the Office of Research, Development and Demonstrations
(ORD§D), Federal Railroad Administration. The objective of this
work was to develop a model of captive power collector dynamics, to
determine the basic dynamic characteristics and to examine the pos-
sibility for interaction between the collector and power rail,.

The simulation work was performed at the TSC's hybrid computing
facility with the assistance of Mr. George Eddleston of Kentron
Hawaii, Ltd. Technical advice was provided by Professor David
Wormley of MIT whose model of vehicle-guideway dynamics was ex-
tended to the power collection problem. Data on the power collec-
tion system being developed for the ORDED tracked air cushion re-
search vehicle was supplied by the Air Research Manufacturing Com-
pany, a Division of the Garrett Corporation,
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1.0 INTRODUCTION

Power collection for high speed tracked air cushion vehicles
(TACV's) requires considerably more design attention than it has
been given in the past. Large vehicle motions relative to the col-
lector rail, inertial forces that increase with the square of vehi-
cle speed, and increased power transfer requirements are major fac-
tors which make collector dynamics a significant design problem.

To indicate how critical the dynamic problem can be, consider
a 10 pound brush assembly traveling at 300 mph on rail supported at
10 foot intervals. If there is a 05" deflection between supports
(which is rather small and could result from sag, for example),
then a preload of 50 pounds is required to maintain contact with
the rail. Such forces can cause rail deflections even larger than
those of sag due to rail weight, and thereby provide the mechanism
for the occurrence of rail-collector interaction which is similar
to that of a vehicle traveling on a flexible guideway. This pro-
blem has not appeared in any low speed applications to date, but is
considered a serious problem at the 300 mph speed which the tracked
air cushion research vehicle (TACRV) is capable of achieving,



2.0 COLLECTOR DYNAMICS

At low speeds, it has been shown that the least brush wear re-
sults if brush to rail contact pressure remains constant. The same
is probably true at 300 mph. The following analysis shows how a
collector system can be tuned so as to maintain constant contact
force at some prescribed vehicle speed. Influence of the collector
on the rails is neglected. The schematic shown in Figure 1 repre-
sents a collector plug which is "constrained'" against lateral mo-
tion while traveling between two rails whose shapes are prescribed
for constant speed, v, as sine waves.

Y, (8) =Y, (t) = A [l-cos (2“%°t) ] (1)

where
ZA
2

amplitude of rail sag

spacing between rail supports

The equation of vertical motion for the collector Mc, can be writ-
ten (assuming the brushes maintain contact with the rail) as:

MY+ 2K Y, - K (Y + YZ) =0 (2)
where

MC = collector body mass

K = spring constant between collector body and brush
With Equation (1) inserted into Equation (2), the steady state so-
lution is:

Y =A[1 - -l(—'cos mt] (3)

¢ 2K-wZMc

where

w = 27 %-

The brush to rail contact force can then be calculated. Due to sym-
metry, only one of the two brush to rail contact forces need be con-

sidered.

KwZMC A cos wt 2

F = + + P. +m w A cos wt (4)
c 0 b
1 2K-w2MC
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where
0= preload in two springs

P
FC = brush to rail contact force.
1

The contact force then fluctuates about Pg,. This fluctuation can
be eliminated at some nominal velocity, Vg, by setting

K MC
mb. = - " (5)
ZK—LuO Mc
v
_ 0
where wy = 2w I

This can be accomplished from a physical viewpoint provided
2.2
wole T M_ (6)
Then, Equation 4 gives

wz - wé mi wZMCA
F = P, + cos wt (7)

c 0] 2
1 2 2 2 2
(wc-m )( mc—wo)

at speed, Vv = Vg, clearly FC1 = PO'

Fluctuation in contact force at speeds other than v, can then be
minimized by

1. permitting less rail sag, A,

2. reducing collector mass, Mc’

3. avoiding operation at resonant speed, w = Wee

The last recommendation points out the price paid for constant
contact force at speed Vo- The collector frequency, must be less
than speed frequency, w, as shown in Equation 6. This means that on
the way up to nominal speed, the collector must go through a reso-
nant frequency as shown in Figure 2. System damping, not considered
here, will hold the amplitude to a finite value at resonant fre-
quency. Choice of w_ at a frequency corresponding to an "unused"

c
vehicle speed is recommended.
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Fluctuation in brush pressure can also be reduced by.increasing

the brush area while maintaining the same brush mass.



3.0 COLLECTOR-RAIL INTERACTION

The analysis in the preceding section assumed the collector
did not exert significant forces against the rail. The example
cited in the introduction has, however, shown that there is a mech-
anism for collector and rail interaction.

The model of Figure 1 can be used to simulate in one dimension,
a collector of the type used on the French Aerotrain. The applica-
tion of a preload between the collector and each rail is such that
the upper and lower rails tend to separate. Such is not the case in
the TACRV configuration, as seen in Figure 3 where the brushes are
opposed or '"dual facing" so that preload applies no net force to the
rails. However, if one neglects the influence of the brush mass on
rail and collector motions and assumes that the brushes do not sepa-
rate from the rail, equations developed from the model shown in
Figure 1 can be used to analyze either configuration. Rail-brush
pressure can be calculated separately after the collector and rail
equations of motion have been integrated.

The equations of motion of a collector body and the pair of
simply supported rail sections that contain the collector are de-
rived below. The technique is similar to that used by Chiu, et a1l
in analyzing rail-vehicle interactions.

Using the notation defined by Figure 1, the equation of motion
of the collector for continuous brush contact is
M (Yem og) + CYerYpo) + CpUY-Yp0) + Ky (Y -y )
+ KZ(YC-YZC) =0 (8)
where MC ag is that portion of the collector weight not supported by
the vehicle through a pantograph (pantograph dynamics and vehicle

induced motions have not been included) and
Y.z Yi(xc,t). i=1,2

Rail motion is given by the Bernoulli-Euler partial differen-
tial equation,
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Figure 3-One Dimensional Model of the TACRV
Collector and Rail
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3'Y. 7Y Y.
E.I.2 i .a. % 1 ]
ivi 7 + p i%i —_— + Cri A Fi(x,t)
3 3 at
X t
* pja;ig i=1,2 (9)
where
Ei = elastic modulus of ifh rail
I = iEE rail moment of inertia
Py = iEh rail mass density
a; = i-t-h rail cross-sectional area
C s = ith 1231 damping
Fi(x,t) = force exerted on iEE rail,
Boundary conditions for a rail that is broken at each support are
2, 2y
Y(0,8) = vi(a,e) = 2XEO,0) 2 42,0 g (10)
39X ax

Initial conditions can be specified for any amount of rail sag. For
example, the equations for the deflection of a simply supported beam
due to its weight are given by

p:a.x
Yi(x,o) aaiod (23-22 x24 x3)

24EiIi
(11)
3Yi(x,0) _ Pi%i (£3_62x2+4x3)
ax 24EiIi
Using the modal method to solve Equation 9, 1let
Y, (x,t) =3 ne1 A (1) o, (x) (12)

where orthogonality of modes is imposed by



: Y2, 5=
o ¢n(x) 05 (X)dx = (13)
0 ,j#nm
zx , substitute Equa-

tion 12 irto Equation 9 and impose Equation 13 to obtain the ordinary

differeatial equations describing modal amplitudes, A; ,

Assuming a solution of the form ¢ (x) = sin A

. b. . )
in 2 ES __.__2.__ . nm
‘in * pia;t Ajn * @in Ain WY f E.(x,t) sin —X—l dx
ii o
o n = even
+
(14)
4g n = odd
nm
where
2.2
w = n m 111 . i = 1’ 2
in 22 0:81
o%in = damping in izhrail, nEE mode.

Assume the only force besides gravity acting on the rails is caused
>y the collector.

Then,
Fi(6,t) = Fy(xo,t) = £(8) 6(F - 39 (15)
vhere

v = vehicle speed

10
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or T > 1

L
Observe that LZ LFi sin I%Ti dx = i7fi 6(5 - H)sin amx dx
o

pal paf 2 2 T
_ 2 nrvt
= pag f; sin 54—

and Equation 14 becomes, for a vehicle traveling at constant speed

- b. . 28 £.(t)
A, + __lﬂi- A, + w?nA. = ; sin E vt 16
in * prag in in"in © pra; (16)
0 n = even
+
g -
o n odd

where the definition of the delta function is now reduced to

1, vt/2 <1 load on the span
0, vt/e > 1 load 6ff the span

The force exerted on each rail by the collector can be expressed,
neglecting the acceleration of the brush mass, as

£, (t) = K,

i i (Yc-Yic) +C

i (YY) # Py (17)
where P0 = preload at x = O and the negative sign applies for i = 1,
positive sign for i = 2. Equation 16 then becomes

b. _ 26 _
in * — oy Ain + minAin T p.a.l [Ki (Yc Yic)
piail 11 (18)

o
=}
]

even

+ C. (Y_.-Y

.. nmvt
i c ic) P

g 5 - oad

11



Equations 8 and 18 are 2n + 1 differential equations which com-
pletely describe the motion of the collector and the motion of the
upper and lower rail spans between the two supports which contain

the collector.

12



4,0 ANALOG SIMULATION

Since it has been assumed that the rails are simply supported,
there are no moments transmitted from one span to the next and it
is not necessary to look at rail motion ahead of the particular
span which contains the collector. Rail damping causes motion
in spans which have already been traversed to decay rapidly.
Therefore, it is sufficient to examine only the span in which the
collector is located to find maximum rail displacements. Consi-
dering only the first mode for each rail and eliminating Y. . from
Equations 8 and 18 using Equation 12, the three coupled second or-
der differential equations which completely discribe rail and
collector motion are:

upper rail,

- 2C1 . 2(7m vty ]| :
Ajp = ‘[25 1911 " pyagr o (525 | Agy

(19)

2K
2 1 .. 2 ¢ vt
- | wyq + EIEII sin ('7T_)] A11

L.

2C . 2K
1 . vt 1 : vt
* plall I b ( 2 I]Yc * [plalz I sin 2 ) q‘Yc

. 4g . 2P0
m plall

| sin(-l%l) |

13



collector,

. . 2 5
Yo = -2(€C1 Wep *& 2 @ c2) Ye '(mcl +wc2)Yc (20)

‘lTVt I
21

+[2£ clwc1|Sin(“Xt) ]All [ 2 Y e

| 51n(

+ [“’21 | sin(fz—t)l:‘Au [w 2 51n( TTVt) ] 21 * 08

lower rail,

where

Ayp = ‘[ 28 J w5y ¥

g sin (IF )] Ay (21)

g_:T__—__—
1 Pjajiuyy

wey = 4 X3/Mc

. =C./
ci i ZMchi

14



To compute actual rail displacement at any point, Ail obtained from
the above equations is inserted in Equation 12,

Y, (x,t) = A (D) sin( “Xt). (22)

Note the only periodic forcing function capable of driving Equa-

tions 19 - 21 is the preload term, P°1 , which is non-

B0y . YE
piail sin £
zero only for the single sided brush configuration. However, the
gravity constants for unsupported collector weight, oag, and rail

sag, 4g, produce static deflections which in turn produce nonzero
T

periodic coefficients in the equations. Thus, parametric excita-
tion with the associated instabilities can occur for both the single
sided and the dual facing brush configurations. A computer simu-
lation was developed to examine resonant conditions in the speed
range 0-300 miles per hour. Aerodynamic forces and vehicle in-
duced forces acting upon the collector have not been included in
this model, but represent additional driving terms to be examined.

Figure 4 is a computer diagram of the analog simulation for
Equations 19 - 21*., Preload is set with pots 60 and 160. Un-
supported collector weight is prescribed by setting initial condi-
tions on collector displacement and velocity with pots 30 and 31
that are compatible with the constant acceleration set with pot
04. Rail sag is likewise prescribed using pots 26, 27, 124, 34,
35, and 46. As the collector leaves each simply supported rail
span, the initial conditions on rail mode shapes must be reset.

On an analog computer this can be achieved by putting the collector
circuitry in "hold" while resetting the rail initial conditions or
by switching in alternate rail circuitry as the collector enters
each new span. The latter technique is used in this simulation al-
though not shown in Figure 4.

*The analog simulation was originally set up by the author. Al-
terations and all data generated for this report have been per-
formed by Mr. George Eddleston of Kentron Hawaii, LTD.

15
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Nominal parameter values used in initial simulation work,
are shown in Table 1.

TABLE 1. RAIL-COLLECTOR PARAMETERS

Weq = Wep = Ki/Mc = 27.8 rad/sec.
Wyp = Wyp = 100 rad/sec
K1 = K2 = 2001b/inch
2,. 2
P18; = Pya, = .0053 1b-sec”/inch
£ = 150 inches

El = EZ = 0.02

€cp = 0.0

lb-sec2
MC = 0,259 /in (WC = 1001b.)

0 < 1%- <70 rad/sec

Figures 5, 6, and 7 show the time response of the rails and
collector to the driving force due to preload, unsupported col-

lector weight, and rail sag, respectively. Speed in each case is
300mph.

Figure 5 shows the response when a preload of 100 1b. ap-
plied to the brushes deflects the rails, as occurs in the single
sided collector concept used on the French Aerotrain. The av-
erage position (i.e. dc time average) of the rails, Yic and Yoes
represents an increase in distance between rails as the collec-
tor, Y. remains motionless, and the rails spread. However, lack
of symmetry, implemented here by reducing the natural frequency
of the upper rail to 1/2 of that of the lower rail, causes the
preload to excite the collector at its own natural frequency
as shown by Figure 5b. Since this lack of symmetry exists for
an actual collector captured in a three rail cross section, the
use of dual facing brushes which do not deflect the rails offers
the advantage of eliminating a source of collector excitation.

17
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Figure 6 is the case in which all of the cdllector weight is
supported by the rails. The average position of the collector in
this case is displaced downward from the midpoint between rails by
1/4 inch; but there is negligible oscillation about this position.
Note the rails are both displaced downward. The magnitude of rail
oscillation, however, is less than for the previous case. The dc
level of brush pressure, fl(t), of 100 pounds was chosen arbitrarily
to demonstrate the fluctuation in brush pressure. Since brush pres-
sure is not deflecting the rails in this and the following cases,
these runs simulate the concept of dual facing brushes used on the
TACRV.

Figure 7 is the case 'in which rail sag due to their own weight
drives the system. Rail displacement, Yic’ traces half sine waves
of nearly equal amplitude which implies that the rail maintains the
shape it takes in the static case with rail sag and is essentially
undisturbed by collector motions. However, rail sag appears to be
the principle exciter of the collector, particularly for the TACRV
system where rail deflection due to preload is zero and collector
weight is supported by the vehicle through a spring counter-
balance. The remainder of this study was made using rail sag to
produce collector excitation.

21



5.0  PARAMETRIC EXCITATION

Equations 19 - 21 can be written in the form of coupled

Mathieu equations by applying the trigonometric identity

sin2 wt

= 1/2 - 1/2 cos 2wt (23)

For example, rail motion as defined by Equation 19 becomes

where Po

11

+

= 0 and

(28j0p; +
i

C C

1 .
'p—lal_z ) pl_all_ cos (Zwt)} All (24)

-2
2wt
L(“’11 * p1a12 )" p1 n cos(2u X]All

[ 2C :
1 | si . 2K
———— | sin wt | 1 .
_plalz ] Y. +'[BEEII— | sin wt l]Yc
ig
m
w = nv. Then, letting T = wt, Equation 24 becomes

1
E’[(zglwl + 91312 ) cos ZT] dA,, (25)
Fr
1
w cos Z A
;7'[( 11 7 pya 1” ) ] 11
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The unforced and undamped Mathieu Equation which is usually
written in the form

x + (a+ b cos 2t) x =0 (26)

has regions in a, b space that are unstable regardless of initial
conditions. These are the regions labelled U in Figure 8.

Comparing corresponding terms in Equations 25 and 26, note
that vehicle speed, w appears in both the a and b constants.
a=%. w2+_1(17
w 11 P11

b =1 __El_
w? \P1212

For the parameters given in Table 1, the range of values which the
constant a can take on for vehicle speeds up to 300 miles per hour is

0.838 < a < =,

The speed which corresponds to a=1 is 275mph, The unstable regions
at a=4, 9 etc. occur at lower speeds. Thus, one might expect to
find vehicle speeds at which Equation 25 would be unstable regard-
less of the amount of damping. However, this equation only des-
cribes the rail motion of a single span during the period in which
the collector is in that span, so that the slow build up associa-
ted with this Mathieu instability does not have a chance to achieve

significant amplitude.

The collector, Equation 20, is also susceptible to parametric
excitation and in this case, there is sufficient time for build up
of collector amplitude. Identification of a and b in Equation 20
is not so obvious. To indicate the presence of variable spring
rate consider two constant coefficient cases: (1) the trigonomet-
ric coefficients involving time in Equations 19 - 21 take on their
midspan values and (2) the trigonometric coefficients take on their
end-of-span values. The latter case implies a complete separation
of the equations so that the natural frequencies are simply the
collector natural frequency and rail natural frequency. For the
nominal parameters given by Table 1, collector natural frequency is
\55.3 rad/sec and rail natural frequency, Wyps is 100 rad/sec.

23
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For the first case, the equations are coupled but linear so
that solution of a cubic characteristic equation yields three eigen-
values, two of which are repeated roots as expected with a pair of
identical rails. Again using the values in Table 1, the eigenvalues
are Al = 38.2 rad/sec, AZ = AS = 102.7 rad/sec, The two modes of

vibration, then, have frequencies of oscillation that vary between
the limits

38.2 < Ay £ 39.3 rad/sec (27a)
100 < A, < 102.7 rad/sec (27b)

or between vehicle speeds

103.6 < v < 106.6 mph (28a)

271.3 < Vv £ 278.6 mph (28b)

The speed corresponding to a = 1 of 275 mph is seen to lie mid-
way between the limits given by Equation 28b. Likewise, a low fre-
quency parametric resonance of the collector lies in the speed
range given by Equation 28a, and other parametric resonances would
be expected at speeds of 1/n times this resonant speed where
n=1, 2, 3.

This has been observed using the computer simulation. 'Fre-
quency response' plots as shown in Figures 9 - 11 were generated by
running the simulation at many speeds up to 300 mph. The parameter
values of Table 1 were used and the excitation was produced by rail
sag. The ordinate is the oscillatory component of the parameter
plotted. Note in Figure 11 that the ordinate is rail displacement
at midspan, Ail’ as opposed to displacement under the collector,
Yigs
collector and rail displacements remained constant throughout the

as was plotted in Figures 5 - 7. The dc component average of

speed range. The collector oscillated about a position approxi-
mately 0.03" below the equilibrium position. The rail midspan os-
cillation was about a position approximately 0.05" below the equili-
brium position. Rail oscillation is relatively small except at the
resonant speeds. At these resonant speeds, the undamped system is
unstable. Note the speeds correspond closely with the predicted
Mathieu unstable regions for the collector. Not all unstable re-
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gions were located, since there are an infinite number as speed
approaches zero. No instability at rail resonant speed was de-
tectable because of the limited buildup time. It may be possible
to find rail resonance by studying the continuous or welded rail
case where collector excitation of the rail is for more than one.

The addition of rail damping alone does not eliminate collec-
tor resonance. However, the addition of damping between the col-
lector and brushes or between the collector and vehicle does eli-
minate collector resonance for speeds up to 300 mph on a simply
supported power rail, This would not be expected if the equations
were true Mathieu equations since the addition of damping does not
eliminate a parametric instability but only reduces the rate at
which amplitudes grow. Resetting initial conditions on the two
rail modal equations, Equations 19 and 21, appears to alter the
dynamics such that true Mathieu behavior does not exist. In any
case, these resonances should not be a problem since they occur
over very narrow speed ranges that would not be maintained for
long periods of time.
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6.0 PARAMETRIC STUDY

By changing spring rates and mass of the collector and/or
rail, it is possible to change the resonance speeds and the res-
ponse amplitudes in order to optimize response characteristics and
performance parameters such as brush wear and bounce, and collec-
tor drag. A thorough optimization has not been undertaken for
this report. However, the parameters as shown in Table 1 have been
varied from their nominal values, one at a time, to illustrate the
effect on resonant speed. Table 2 lists the parametric changes
made. Figures 12 - 15 show the shift in collector resonant fre-
quency for each of the parameters varied. Span length and rail
natural frequency are seen to have little effect while collector
spring rate and collector weight can make significant changes in
resonant speed. This indicates the rail parameters have little
effect on collector behavior.
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7.0 CONCLUSIONS

The analytic model described in this report is for a passive
collector riding between two simply supported rails. Parametric
resonance in an undamped collector at several speeds below 300 mph
was observed. Sufficient damping appears to control all of these
resonances. No rail resonances were observed within the speed
range 0-300 mph even though the first mode eigenvalue occurs at a
speed of approximately 275 mph. This is because the rails are only
forced in any single span for the length of time required for the
collector to traverse that span. Buildup of significant rail mo-
tion is possible when rail spans in front of the moving collector
are excited and then reinforced as the collector traverses them.
Alterations to the simulation are planned to model continuous rail,
following the analytical approach being developed by Professor
Wormley of MIT in a study contract with TSC on continuous guideway
modelling. Should these results predict rail resonance problems,
it may be necessary to reconsider simply supported rail as analyzed
here, since the dynamics problems are minimal.
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