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PREFACE

This report describes work performed in the first year of a continuing
research study aimed at improving large scale analytical techniques in the
area of Transportation Network Analysis and Decomposition Methods. The
work was carried out by members of a research team drawn from the Operations

Research Center and Center for Transportation Studies at Massachusetts

Institute of Technology (MIf) under 'a contract in the Transportation
Advanced %eéearch Program (TARP) of the U.S. Department of Transportation
(DoT) . i

Thé principal investigators were Thomas L. Magnantl and Robert W. Simpson,
working with a team of graduate student research assistants -- Bruce Golden,
Peeter Kivestu, Arjang Assad, Richayd Wong, Hedayat Ashyiani, and Ghazala
Sadiq.: The contract was supervised by the Transportation Systems Center

for the Officé of Secretary, DOT. ‘We would like to express our thanks to

Louis Fuertes and E. J. Roberts for their efforts and encouragement.
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1. INTRODUCTION

The formulation of many network problems in transportation exhibits
a modular structure which can be exploited in developing a solution
technique. The network often can be decomposed in several dimensions such
as time, vehicle type, crew base, commodity flow, and so forth, which
produce "sub-problems" that can easily be solved separately, and then
recombined to achieve an overall optimum. This is in direct contrast to
"aggregation" Strategies which reduce the scale of the network by rémoving
network structure, and solving an associated "macro" problem using reduced
information.

The underlying network structure for transportation (or communication)
Problems are called "route maps" and "schedule maps". Route maps describe
the nodes and links of the system in a three-dimensional space, or describe
the "geography" of the system.  Schedule maps extend the route map into
the time dimension to describe the scheduling and routing of transportation
flows over both space and time.

Both types of maps (or networks) are often replicated in the process
of modeling transportation processes. Thus, we have "multi-period" maps,
"multi-cogz" maps which immediately suggest obvious decompositions of this
enlarged nétwork structure. Alternatively, given a route or schedule
map, there are problems which group sub-portions of that network structure
together (e.g. crew scheduling with multiple crew bases, truck delivery with
multi~depots). Thus we have a set of "multi—region" networks which égain
immediately suggest decomposing the problem.

For these problems, specialized network "decomposition” techniques



have been an area of research at MIT over the past several years.
Application of these techniques appears to be most fruitful in the
transportation area. While the goals of this contract are to evaluate
the usefulness of those "decomposition' techniques, we set a higher goal
to demonstrate to DOT and the tranmsportation industry that substantial,
short-term payoffs are possible in terms of system productivity,
efficiency, and improved planning methods from a much larger investment
in the research, development and application of these new OR techniques
to transportation network problems.

The first year's work involved two phases. The first was a review
phase of:prior work in this area. This was split into a review of large
scale network models and their applications to transportation, and a review
of large scale network methodology and computational capability. The
first phase produced two bibliographies [1-6,1-8] covering each of these
review areas, and led to a decision to study three specific areas in the
second phase of the study. The first phase also produced several reports
and working papers of a survey nature {1-2,1-9,1-10] which are listed at
the end of this section.

The second phase covered the development and testing of improved
computational methods in the three problem areas selected: Multifleet
Routing, Vehicle Routing, and the generic set of Freight Flow problems.
Here detailed mathematical research into algorithms was coupled with
development of computer codings to test the performance of new
computational methods on sets of small and large scale problems in eachlof

the three areas. This work was a mixture of experimental and theoretical



investigation which met with varying degrees of success and failure f1-1,
1-3,1-4,1-5,1~-7]. Work on the variants of the Freight Flow problem is
continuing into the second year. This 1s a summary report describing all
the work ‘areas of the study. There will continue to be separate reports

and papers| on particﬁlar topics issued throughout the study whichwtll
{ iy - i "

provide information for readers interested in further detail,
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2. TRANSPORTATION NETWORK MODELS

In this section we develop a general mathematical framework for three

applications areas;offtransportation networks:

1) Freight}Flbw Problems

2) Multifleet Routing Problems

3) Vehicle Routing Problems 5
These three applications, their generic structures and solution techniques,
are summarized in Table 2.1. In the following we elaborate on the generic
Structures, defining the objective functions and constraints and present
the mathematical formulations. '

One common feature of these applications is that they all belong to
the general class of (mixed) 1nteger programmlng models, This type of
model is associated quite naturally w1th Strategic capital expenditure
decisions -- possiblllties of adding new. depots or adding new roadways to

K 7
a freight flow system, for example, are modelled by 0 (don't add) or 1 (add)
variables, Integer programs also model detailed operational decision
making, especially when precedence relationships like those of vehicle
routing are dominant features of a system's operation. Certain tactical
decision—making problems 11ke the assignment of vehicles to scheduled
routes, as in multifleet routing, also lead to integer Programming
formulations., Consequently, . our study of integer programming type
applications covers a wide range of strategic, tactical, and operational
situatibns; |

Recent advances in the development and application of decomposition

technlques for 11near and integer programming Problems and the recent
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surge in the analysis and implementation of heuristic algorithms combine
to provide an attractive climate for considering the selected applications.

We discuss the use of these techniques in sections 3, 4 and 5.

2,1 FREIGHT FLOW PROBLEM

TheAF;gight Floy Problem is analogous in many ways to the generic
setvpf problems.in urban highway planning which have come to be called :
?raffic'Assignmentigr Traffic, Equilibrium Network Flow Problems. In the
latter the flow process of.thousands of passengers making individual origin
destination trips is modeled.

Lit;lg attgn;ion, hqwever, has been givgn to a similar generic set of
problems in’planning thg.flow,of freight shipments. In thése problems,
a central manager is aggregating shipments in.a set of terminals to reduce
line haul costs, and may€be\p$ing quite indirect routings in the supply
network for any partigglar shipment. For a set of node-pair demands, the
problem is to find an optimal pattern of freight flow considering both 1line
haul and terminal costs. Thus, the optimal pattern will also indicate, the
optimum location and volume of flow for freight terminals on the network.

Examples of typical real-world applications of the Freight Flow
problem are fpund in thg consolidation of railroad network problems, in
consideration qf railroad pgtwork:operations, in consideration of new roles
for freight forwarders and "break-bulk" centers for trucking, and in the
study of improveq multimodal freight terminals. In the operation research

literature these problems generally fall into one of three classificafions:



(1) Fixed Charge Transportation Problem
(2) WNetwork Design Problem

(3) Terminal Location Problem.

2.1.1 Fixed Charge Transportation Problem

The fixed charge transportation problem is physigally characterized
by a bipartite graph G = G(N,A), where N is the set of nodes of the
network and A the set of arcs. The node set N is split into two subsets,
K and L, denoting respectively suppliers with supplies S, and customers

1
with requirements R,. The problem is to determine the freight flow in

]
each supplier-customer pair, with only diregt shipments allowed, For each
arc in the network we can associated a fixed charge for using it and a
linear cost function for the total amount of freight routed along the arc.
The fixed charge might correspond to the initial cost of a dispatching
vehicle for carrying freight along the route. Our objective is to minimize
the total cost of shipping the freight. Mathematically we have the

statement (1.1)-(1.5).

2.1.2 Network Design Problem

The network design problem is g more general form of the fixed charge
problem. Again we have a graph G = (N,A) with flow requirements Rij for
0-D pair (1,j), but we no langer restrict G to be bipartite nor the shipments
to be direct. 1In a sense set A represents only g "candidate" set of arcs

which could be built to link the nodes. We still associate fixed charges

and linear cost functions for each of the arcs in A.
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MIXED INTEGER ‘PROGRAMMING FORMULATION OF THE

* FIXED CHARGE TRANSPORTATION PROBLEM

Minimize: z z g x' + I I b v, ., (1.1)
1tk jer, 1 i3 fek  4qer 3 T4d
subject to:’ * & B
T ox <8 '"iek (1.2)
jEL 13 = i_
D 2 R JEL (1.3)
teg U ] )
< ' ' .
xij - [min (Si, Rj)] yij ieK{E Jey (1.4)
5

i3

20 ieK, jeL (1.5)

where

cij the gost of sending one upit of flow between supplier i and
customer j,

;ij the variable denoting the ?mount of flow between supplier i
and cugtémgr Js

yij a 0-% var;éblg that will be‘l if the amount of flow between
supplier ihand customer j is grea;er than zero,

b theﬂfigéq charge of using arc (i, ).
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To illustrate the applicability of network synthesis to the Freight
Flow Problem consider the simple 2 origin, 2 desfination Fixed Charge Problem
shown in Figure 2.1. Now consider the same problem with the option of
routing freight through distribution center C, as shown in Figure 2,2, In
this case we need also to consider the fixed charges and linear throughput
costs of operating the distribution center. (The fixed charge for the
distribution center could correspond to the cost of constructing such a
facility. Possible cost advantages of using the distribution ecenter may
be reductions in the total number of vehicles required to transport freight.)

To model the situation of Figure 2.2, consider its "equivalent"
expanded network representation in Figure 2.3, We have separated node C
into two nodes, Cl and C2, and an arc (Cl,CZ) connecting them. With this
construction we can associate all the costs of the distribution center,
node C, with the arc (Cl’C2)° Therefore, in Figure 2.3 the expanded
network has fixed charges and linear cost-flow functions agsociated with
each arc in the network. If all arcs have infinite capacity then the
problem we have described becomes a network design problem, which can be
mathematically formulated as (2.1)-(2.5). Note that even a 50 node version
of this formulation leads to a very large integer prpgram. If we consider
arcs joining all nodes, the formulation contalns approximately 2500 integer
variables yij’ 6,250,000 continuous variables xf}, 2500 constraints of
the form (2.2) and 6,250,000 constraints of the form (2.3). The last set
of constraints can be reduced to about 2500 by a problem reformulation (see
subsection 2.1.4). Nevertheless, even if most of the netwaork configurafion
is set, the arc set A is small, say 200, and we are econsidering only a small

portion of the network (of the possible yij variables) for design, the
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MIXED INTEGER PROGRAMMING PROBLEM FORMULATION OF

A NETWORK DESIGN PROBLEM

Minimize:
kl
z IEL ¢ b'q + I b,, ¥..» (2.1)
(4, ea w1 B g ea T
subject to:
0 14k, 141
k1 k1 : .
I x I x B 1=k
AT 3 oot Ra
_Rkl 1=1 for all k,1 (2.2
kl <
xij‘ - Rkl Yij for (1,3) € A, for all k,1 (2.3)
>
x]f_]' 2 0 for (1,3) € A, for all k,1 (2.4)
Yy = O0Qorl for (1,31) € A (2.5)
where:
i,j,k,1 = node indices,
©4 = cost of unit flow on arc (1,}),
kl
xij = a variable denoting the amount of flow routed over the
arc (i,j) whose origin is k and destination is 1,
b1j = cost of constructing src (1,3),
yij = a 0-1 variable that will be 1 if the arc between 1 and j

is added to the network and 0 otherwise.
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resulting integer program is quite large (about 500,000 continuous variables)
when compared with computational capabilities of contemporary general

purpose integer programming algorithms.

2.1.3 Terminal Location Problem

.The‘third problem type is called the terminal or facility location
problem. We seek to lptafe.a fixed number of facilities, p, to service
demand which is géﬁeééted at an arbitrary subset of nodes of the network N
(assume without loss of generality that it is the N Set‘itself). The set
of available loactions L for the construction of the facilities is also

a subset of N. The associated costs are the facility construction cost at
node j, bj, and the total transpo%tation costs of demand from a node i to

a faciliéy:at i, cij' Since the capacity of the facilities is hypothesized
to be unlimited, the nature of the problem dictates that the demand of a
particular node i will never be fractionally satisfied at any particular
facility, i.e., xij’ the fraction of node i's demands thaf are satisfied

at facility j is always O or 1. We thus have the integer programming
formulation (3.1-3.5). An example of a special case of the terminal

location problem, the p-median problém, is shown in Figure 2.4. All node

demands (weights) are equal to one.

2.1.4 Modeling Extensions

There are a number of extensions to the fixed charge transportation
problem, to the uncapacitated network design problem, and to the terminal

location problem which permit broarder modeling capabilities. Let us
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FIGURE 2.4 EXAMPLE OF p-MEDIAN PROBLEM (10 NODES)
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MIXED INTEGER PROGRAMMING FORMULATION OF THE

FACILITY LOCATION PROBLEM

Minimize:
I I e, x. + I b, Vs (3.1
1eN jer. 13 i3 jer, J 73
subject to:
I x,, = 1 ieN (3.2)
jer i
: S -
z PR 3 (3.3)
JeL
< ; A
Xy " Y ieN, jeL (3.4)
. s
%33 ~ 0 ieN, jeL (3.5)
where
N = the set of nodes in the problem,
L = the set of potential locations in the problem
yj = a 0-1 variable that will be 1 if a facility is located af
node j and 0 otherwise,
P = the maximum number of facilities that may be located.

For the p-median problem, a;ll_bj are equal to zero. . Also, the set N is
identical to the set L.

For the simple plant location problem, constraint 3.3 is omitted.
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illustrate certain possibilities in the context of network design.
In the capacitated network design model, each arc (1,j) that is
constructed has a capacity bound Kij' To accommodate this contingency,

we use the constraints

kl <

xij = Kij yij for (1,3) €A

I I
k 1
instead of (2.3). Of course, by using the modelling device introduced
previously, we can use constraints of this nature to model throughput
capacity of a depot.

Note* that the problem with these new constraints in place of (2.3)
is equivalent to the formulation (2.1)—(2.5) whenever Kij 2 i i Rkl' Then
Both the new constraints and (2.3) imply that x?? = 0 for all k and 1
whenever yij = 0; and when yij = 1, both the new constraint and (2.3)
are redundant. Even though the new formulation appears to be p:eferred
because it contains fewer constraints, several recent studies have shown
that most algorithms perform better when applied to the given formulation
(2.1)-(2.5). The fact that the linear programming relaxation (with
0 = vy <1 in place of v, = 0 or 1 for all i) of the gilven formulation
contains more feasible solutions than does the linear programming relaxation
of the modified formulation probably accounts for this behavior.

Another way to extend the network design model is by introducing
constraints on network configuration. Typically, these can be modelled by
linear constraints involving the design variables yij' For example, thé
constraint yij 2 Yog states that arc (i,j) is constructed only if arc

(r,s) is. The constraint yij + s %< 1 implies that construction of both
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arcs (i,j) and (r,s) is not permitted. Incorporating y, K + s 2] o1

ij
States that at least one of arcs (i,j) and (r,s) must be constructed.
Other configuration constraints can be included in a similar fashion.

None of the modelling variants considered thus far introduce
congestion effects. We have deseribed arc costs as linear functions of
the arc flow and have defined a fixed capacity limit for arc flow. As
arc flow approaches this limit, there may be a non-linear increasing cost
due to congestion effects. These non-linear cost functions may readily be

included in the model if they are Kknown, perhaps in a step-wise linear

fashion.

2.2 MULTIFLEET ROUTING PROBLEM

The Multifleet Routing problem is concerned with optimally routing
fleets of different types of vehicles within a given timetable, or
"schedule-map", of alternative possible services.

These problems occur in two areas of transportation systems analysis.
In the setting of airline systems, these areas are: 1) in schedule
planning, where a timetable is being constructed perhaps for next year, or
for several years ahead to assist in investment decisions for aircraft
and airports; 2) in real-time operations control where today's airline
schedule needs revision due to aircraft mechanical failures or bad weather,
and where decisions-must be made about cancelling flights in a way that
minimizes revenué loss or passenger disruption. There are similar
applications in any scheduled system of passenger transportation vehicles
such as passenger train systems, subway systems or intercity bus 8ystems

if vehicles of different size, speed or operating cost are being used.
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The network in this case 1s the schedule map, an example of which is
given for an airline application imn Figyre 2.5, In the map, thg vertical
dimension represents time, and the period of time measured in this dimension
i3 called one time cycle. We then describe the map ps a directed graph
G = (N,A), where N is the set of nodes representing specific times at
specific locations, and A the set of grce joining the nedes. More precisely
the arc set A is the disjoint union of three pets:

1) Service arcs, As’ which identify the potential se;viceg that can
be flown, specified by a departure time tp, from some origin p, and an
arrival time tq at destination q.

2) @Ground arcs, Ag’ which connect two nodes at the same station and
describe the possibility of an aircraft staying on the ground in some
interval of time.

3) (Cycle arcs, Ac, which occur bgcause the schedule map 1s periodic.
These are dummy arcs which are required to recycle the fleet back to the
beginning of a period.

The Single Fleet Routing Problem (SFRP) 1s easily solved for large
pnetworks. However, it has limited use in situations where there are
vehicles of varying size and operating cost (such as in the case of
domestic airlines). The Multifleet Routing Problem (MFRP) is considerably
more difficult to solve. In the MFRP, many (put not necessarily all)
of the services may be flown by different aircraft subject to limitations
of aircraft range and seating capacity. Thus we need to establigh, for
each type of aircraft, a separate schedule map upon which a fleet of vehicles
of that type 1s routed. The service value will vary due to the different

costs of operating large or small aircraft, and it is not clear that a
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FIGURE 2.5A ROUTE MAP
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particular service arc should be assigned to the cheapgst airgraft which
ie eligible to fly the service. Since a given service may appear (with
different value) in each "copy" of the schedule map, we need to constrain
the flows such that a flow occurs in only one of these arcs (i.e., only
one type of aircraft may provide the service). We call the constraints
(see 4.5) assoclated with this, "bundle" constraints, The addition of
these bundle constraints makes the problem much more difficult to solve.

The mathematical formulation of the Multifleet Routing Problem is
given by (4.1-4.5) on the following page.,

The MFRP is actually a special case of the more general Multicommodity
Flow Problem (MC Flow Problem), To obtain the general MC Flow Problem we
modify the MFRP as follows. Define fot each commoQity a pajr of vertices
(sk,tk) as the source and sink respectively, and let bk be the requirements
vector for commodity k, having values of Fk and --Fk in the places
corresponding to sk, tk and zeros glsewherer Let gk be the Vector of
+1's and 0's such that bk = gk * Fk. We then call an optimization
problem an MC flow problem if it involves the flow conservation constraints
£ ¢ F¥ for all k,

gk (% e = % = g 1 FF, £ 2 0},

possibly in conjunction with other complicating constraints, such as 4.5.
These may, though, be easily generalized tq deal with general resource
constraints or conversion of flow units into capacity units by introducihg

matrices Dk where D:a = amount of resource r per unit flow of commodity k
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A: MATHEMATICAL STATEMENT OF THE

MULTIFLEET ROUTING PROBLEM

Maximize:

circulation flows in arc

Arc Flow Constraints
for each schedule map k,

Fleet Size Constraints
for each schedule map k,

Circulatidn Flow Conservation

Constraints,

Service Bundle Constraints

for each atc As’

with component fa for arc a.

F = number of available vehicles, type k.

27 - £ =~ u
<

1 g% S gk

afA N
c

- - o

K

<

Ao B

k=1 2
>
fk - 0
where:

fk = vector of intege

k
c=

k
&=

k
u =
Ek =
K =

lower bounds on arc, flows in schedule map k.
upper bounds on arc flows in schedule map k.
= { ez} = the node arc incidence matrix of schedule map k.

number of differenf types of vehicles in fleet.

(4.1)

(4.2)

(4.3).

(4.4)

(4.5)

s of schedule map k,

arc flow costs of schedule map k, with component c: for arc a.
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on arc a. Thus a generalized resourcerconstrajnt MC flow prqblem can be

defined as:
K.
Minz = I cf . ¢£F (5.1)
k=1
£ ¢ FE K=1,2,...,K (5.2)
K
D < g, (5.3)
k=1

Obviously, for Dk =1 for all k, and bk = () for all k, we recover the
original formulation (4.1)*(4.5)? This problem has a block angular structure

which the.detached coefficient form below makes conspicuous;

E f1 bl
E g2 b?
) = . P (6)
. £ RS
I« -II s d

The structure makes the problem suitable for the application of both price-
directive and resource-directive methods, The basic idea is to do away

with the complicating constraints (5.3) so as to decompose the MC problem
into K single commodity subproblems where the network structure allows
efficient solution techniques. Section 3 gives the details of the algorithms

involved.

1.In this case, the flow constraint set Fk will also include the flow bounds

(4.2). Also, note that we have written problem (5.1) - (5.3) in minimization
rather than maximization form. This agrees with our later description of
multicommodity flow algorithms.
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2.3 VEHICLE ROUTING PROBLEM

The allocation and routing of vehicles for the purpose of collecting
and delivering goods and services on a regular basis -- the Vehicle Routing
Problem (VRP) -- is an essential elemenf of any logistics system. Common
examples include newspaper delivery, schoolbus routing, municipal waste
collection, fuel oil delivery, and truck dispatching in any number of
industries. The system may involve a single depot or multiple depots;
the objectives may be aimed at cost minimization (distribution costs, and
vehicle or depot acquisition costs) or service improvement (increasing
distribution capacities, reducing distribution time, and related network
design issues). Constraints may be imposed upon:

i) the numbeis, possible locations, and capacities of depots

i1) the numbers of vehicles and capacities

iii) delivery point demand and service constraints

iv) the routing structure —- limit on stops/vehicle route or length of
route in time or distribution

v) operator scheduling and assignments.

As we will later see, several approaches to the vehicle routing
problem entail solving a number of smaller traveling salesman problems
(TSP). In other words, algorithmically the VRP decomposes into the
ubiquitous TSP.

In constructing the mathematical formulation of the more general VRP,
we sfart with the simpler TSP, where we seek to form a tour of a set of n
nodes, beginning and ending at the origin, node 1, which gives the minimum
total distance or cost. A more general version of this is the Multiple

Traveling Salesman Problem (MTSP) that comes closer to accommodating many
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real world problems. Here there is a need to decide upon the assignment
of M salesmen (vehicles) to cover the nodes of the network such that every
node (except the origin) is visited exactly once by exactly one salesman,
again minimizing the total distance traveled by all M salesmen. An MTSP

formulation is displayed below:

Minimize: A Ll S (7.1)
=1 3=1 4
i n - _ M 1f §=1
subject to: El xij bj {1 1f 3=2, 3, ..., n (7.2)
n = M if 1=1
jﬁl %13 a v {1 if i%2, 3, ..., n (7.3)
X = (xij) € S (7.4)
xij = Qorl (1i=1, ..., n;
j=l, Qeey n)a (7-5)

for any choice of the set S that breaks subtours which do not include the

origin and where

n = the number of nodes in the network

dij = the distance or cost of arc (i,j).

In this formulation, xij = 1 1f a salesman transverses arc (1,j) and
x,., = 0 otherwise. The set S is selected to prohibit subtour solutioms

ij
satisfying the assignment constraints (7.2), (7.3), and (7.5). Several

alternatives have been proposed for S including,
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{(x,,): &

s = 1 z xij 2 1 for every nonempty proper
3 1eQ jéQ subset Q of the set of nodes
N}. (8)
S {(xij): z z X, S [q] -1 for every nonempty
ieQ jeq M subset Q of
2,3, ..., n}. 9)
= _ < - g 3
S {(xij) vy yj + nxij S n-1 for 2 -i#¢ 4§ <n (10)

From the MTSP it is possible to cr
incorpdrating various real world operat
fleet of NV (number of) vehicles of var
total elapsed route time constraints Tk
truck may be restricted from spending m
that the maximum time interval from pre
possible). The following problem will

vehicle routing problem:

n n NV Kk
Minimize: b 5 z di' xi
i=1 j=1 k=1 13 1
n NV Kk
subject to: z X ox,. = 1(j=2,.
i=] k=<1 *J
n NV k
X I x, = 1 (i
j=1 k=1

for some real numbers
v}
eate vehicle routing problems
ing constraints. Consider first a
ious capacities Pk and various
(for instance, a newspaper delivery
ore than one hour on a tour in order

S8 to street be made as short as

then be referred to as the generic

(11.1)
se5m), (11.2)
=2, ..., n), (11.3)
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n k n K
z xi - z b 4 j = 0 (k = l, cewy NV; (1114)
=1 P j=1 P P=1, cvvp )
n n Kk
z Qi (L xij) -2 Pk k=1, ,.., NV), (11.5)
i=1 j=1
n n n n
)X t? z xl;.j + I b tk xl; s Tk. k=1, ..., NV),
i=1 j=1 1=1 jm1 M 3
(11.6)
L
z xij <1 k=1, ..., NV), (11.7)
. j=2
n Kk <
X X 7 1 k=1, ,.., NV) (11.8)
i=2
Xe$ (11.9)
k
xij = (Oor l for 21l i, j, k. (11.10)
where
n = number of nodes
NV = number of vehicles
Pk = capacity of vehicle k
Tk = maximum time allowed for route of vehicle k
Qi = demand at node i (Q1 = Q)
ti = time required for vehicle k to deliver or collect at

node 1 (tl = 0)
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tij = travel time for vehicle k from node i to node j (tii = )
dij = distance from node i to node j
kk 3 {l if arc (i,j) is traversed by vehicle k
ij 0 otherwise
Wk
X = matrix with components x,, = I x, ., Specifying
B g M

connections regardless of vehicle type.

Note that this formulation. contains approximately 800,000 0-1 variables
and approximately 44,500 constraints (using (10) for S) for a 20-vehicle
200-node problem. We shall report on computational experience with 600-
node, 20-vehicle problems in section 5.

We can easily add the investigation of tradeoffs between routing and
acquisition coéts to this problem by considering the fixed acquisition
costs of each vehicle type. Also,it is possible to generalize to the
multicommodity case where several different types of products must be
routed simultaneously over a network in order to satisfy demands at
delivery points for the various products. With somewhat greater
difficulty we can also incorporate timing restrictions on vehicle
dispatching: by specifying earliest delivery times and absolute delivery
deadlines. Last of all, the integer programming formulation of the vehicle
routing problem is altered in minor ways to incorporate multiple depots.
Letting nodes 1, 2, ..., M denote the depots, we obtain the formulation by

changing the index in constraints (11.2) and (11.3) to (§ = M + 1, ..., n),

by changing constraints (11.7) and (11.8) to

x X x

B 1 (k =1, ..., NV) (11.7")
i=1 j=M+1 M



28

M & k <.
X z xip -1 (k w1, ,.., NV), (11.8"),
p=1 d1i=M+1

and by redefining our previous choices for the suhtour breaking set §

to be:
s = {(xij): )3 T Xy 21 for every proper subset Q of
ieQ j#Q 3 N containing nodes 1, 2,
L § 5 : (8")
S = {(xij): L Z X, N IQI -1 for every nonempty subset
ieqQ jeq Q of {11, M2, ...,
n}}; 9"
s = {(x,): vy, - y. + nx,, S n - 1 for MHL S 1 # §
1j i h ij

+ n for some real
numbers yi} (10")

Following this introduction to the network models and their applications,
the next three sections will give a detailed description of solution

methodology and computational experience.
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3. MULTIFLEET ROUTING PROBLEMS

3.1 METHODOLOGICAL APPROACHES

In this section we describe three algorithms for the multifleet
routing problem: price-directive decomposition, resource-directive
decomposition, and a special purpose heuristic algorithm. In section 3.2
we discuss implementation details for these algorithms and in sections 3.3
and 3.4 we summarize computational experience with these algorithms for

multifleet routing and other multicommodity flow problems.

3.1.1+ Dantzig-Wolfe Decomposition

We have described the price-directive or Dantzig-Wolfe decomposition
in the survey paper [3-3]. Here, before discussing our implementation
of the algorithm, we review its use for the multi-commodity flow problem.

Recall from section 2.2 that the linear multicommodity flow problem
can be formulated with flow variables fk for each of several commodities

k=1, 2, ..., K as:

K
Min I of . ¢f 1.1)
k=1
subject to:
ke FX (1.2)
K
p-f = % pef < g (1.3)
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where

k

S 2)

I
o
L}

o
o
-
Fh
!
o
L)

Here Fk is the required flow value for commodity k from its origin sk to
its destination tk. Matrix D in (1.3) transforms the flow vector f to a

vector Df giving the flows on capacitated arcs only. Thus if the first m

0

arcs are capacitated, then D will be the m, ¥ m matrix [I,0].

Letting Qi = {fk’i|i=l; - Ii } be the set of extreme points of
Fk on hand at the beginning of iteration t, we may express a tentative
solution to (1.1) - (1.3) as:

5 Ik
£ = 5F ok eo! (3.1)
i=1
Ak =1, Ak 2 o, (3.2)
i

i
Substituting for fk in (1.1) - (1.3) and treating the lﬁ's as decision
variables, we obtain the tth "restricted master problem":

k
K I
min 1 zF (- €9 af (4.1)
k=1 i=]1

subject to:

£z ofh Al S (4.2)

k 1 .

Aol ow (4.3)
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0  ¥k,¥i. (4.4)

B
v

In the above linear program we have restricted our choice of fk by
considering only a subset Qt of the extreme points of Fk. This set,
however, can be enlarged if it is profitable to consider other extreme

k
points. Let "t and Ut be optimal dual variables associated with (4.2)
and (4.3). The criterion for entering a new column associated with an

extreme point fk of Fk is that it has negative reduced cost, i.e.,

c £ - ﬂth - ct < 0. (5)

Thus to find the.most favored column (in terms of reduced cost) for

entry, we solve the subproblem

k k

W' = Minimm (€ - mD) + £ (6.1)
subject to:

Ef* = p¥ (6.2)

£ 2 o, (6.3)

for commodity k. The subproblem requires sending the required flow of Fk
units of commodity k from sk to tk in such a way as to minimize the routing
costs with respect to the arc costs given by (ck - ﬂtD). It may be

readily solved by sending all Fk units of flow along the single minimum cost
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chain from sk to tk. Thus for each compodity k, a shortest chain problem
is solved as the subproblem,

If all columns price out nonnegatively for all commodities, then the
optimal solution to the current restricted master is also optimal for
(1.1) - (1.3). Thus our optimality criteriom is

k >

Minimum {(ck - ®wDh) ‘£ - &} ] (7.1)
k t t
or equivalently:
w2 o . (7.2)

If (7.1) is not satisfied then (5) holds for at least one k, meaning that
the set St = {k Iwk < G:} is nonempty. For each k ip St’ we augment

the set Qt of extreme points on hand by the extyeme point generated by

k
t+l’

k k k
k ¢ St no new extreme point is added to Qt and Qt+1 Qt'

solving (6.1) - (6.3), i.e., add £X to Q: to form Q Obviously, for
To complete our description of the algorithm, we should specify the
initialization procedure for the master problem. The form given for the
master problem in (4.1) - (4.4) does not ensure its feagibility. Since
a flow of A:Fk units of commodity k is sent along the chain cortresponding
to fk’i, it is easy to see how the capacity constraints in (4.2) would
limit this flow, resulting in the Ai's to sum up to a value less than one.
This problem is most pronounced at the initial stages where the number

I: of known flow patterns for the commodities k=1, ..., K are not
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sufficiently large to allow us to distribute the flow in a manner to avoid
the interference of capacity constraints. Thus 1t is necessary to add
artificial variables AE to ensure feasibility. The restricted master

will then read:

K
Min- % (- £k 4 3 ck-x: (8.1)
k=1 i i =1 2
subject ‘to:
§
:r @l ok %y (8.2)
k i
gak 4 R o) (8.3)
i a
K
kK .k >
A, AE 20, o _ (8.4)

v

To initialize Qk for t=1 we solve (6.1) - (6.3) for each commodity

with respect to the real arc costs ck, i.e., with “0 = 0 in (6.1) to
obtain fk’l and we set Ql = {fk 1}? I& = 1. This choice is motivated

b the thought that these '"real" shortest chains are, a priori, the most
y g

4

attractive candidates for carrying the fiow. ‘ Consequently, they might
carry a good portion of the flow in the optimal solution, so we should
enter them as soon as possible. (This conjecture was borne out by the
computational results.) ’

The costs cz for the attificial columns are chosen to be large

positive numbers so as to make these columns unattractive and drive the
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A:'s out of the basis. To achieve this, the costs ct

ko, ki

must he appreciably
larger than the average chain costs ¢ (avergged over all possible
chains from sk to tk). On the other hand, as the dual varigbles associated
with (8.1) - (8.4) will be of the a#me order of magnitude as the c:'s, we
should avoid using very large values of qt, In prac;ice we have chosen

c: to be about 10-20 times the chain cogt ck * fk’l. Esgentially the
procedure given above is the "Big-M" method for obtaining a feasible
solution. Tomlin [3-30] describes an alterngtive approach, which involves
a "Phase I" procedure for this problem, Our choice pay be defended by

the computational observation that for cases wpere capacity constraints
(8.2) ére‘nonbinding, we can obtain the 6ptimal solution from the first

master problem. Further remarks on this as well as other implementation

issues will be made in the sybsequent two sections.

Specialization for the Multifleet Rout;gg_g;oblem

To put the Multifleet Routing Problem, in section 2 (4.1 - 4.5), in
a form compatible with our code for the general Multicommpdity Flow
Problem, we proceed as follows: We remove all cycle (or overnight) arcs
and instead attach a supersource and a supersink where all alrcraft
originate and terminate respectively, Thesé act as the common OD pair
(s,t) for all commodities k. Thus the topmost node of each vertical line
(city) in the schedule map 1s joined to the supersource s and the lowest
node to t. The resulting network is then acyclic. The ownership costs
cz attached to cycle arcs a € Ac may now be attached to‘the arcs emanatiﬁg

from s. The arcs incident to t are glven a cost of zero. The flow value
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Fk denotes the total number of vessels of type k utilized. The problem

may then be stated as one of minimizing losses:

K
Min z = I (ck : Fk + I c: . fz - X ck g fk) (9.1)
k=1 © acA aca @& @
subject to:
EfF - g - 0w (9.2)
O 2 0w i (9.3)
K .
r £ S YaeA. . _ (9.4)
)k=l a LT . - - - S

Notice that we have chosen the lower bound % = 0 and have imposed no upper

bounds. We also note that the set

k kk _k > k >

, B les* = gF,f = 0,F Z o}, (10)

N
n>

{(£
is a come. Any feasible flow sqtisfying-(9.2—9.3) may be expressed as
4 > . i

with (fk’};;l) an extreme ray. of.Pk” Thus our master.problem may be

stated as
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k
K 15 .
wn I 3 &t p}: (11.1)
k=l i=1
subject to:
kI k k,i
B3 I _dpg £ $a acA (11.2)
=1 i=1 a -
ok 20w, w : (Li=3)
where
Jol o koA ok Ly kgt g kgl
. b aEAg a aeAs 8

Note that we have no convexity constraints (as in 4.3) since we are
decomposing over a cone [3~19]. |

As before, attach dual variables T to (11,2), The criterion for
entering a column into the reptriqted magter 1is

ck’i - 1D fk"1 < 0

where D is a matrix transforming fk’1 to a gubvector of flows on Al only.
Thus the subproblems are, as hefpre, shortest path problems with respect
to the arc costs (ck " wD) . There are, however, two minor changes:

(a) the arc costs are not all nonnegative and some arcs have negative
lengths, (b) the network structure i1s acyclic, We know that gondition
(a) causes no problems as long as no negative cyeles exist, which condition
(b) insures, so that the Bellman-Moore shortest route algonithm BELL,

which we describe in subsection 3.2.1, may be applied with impunity.
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Further the shortest path algorithm may be accelerated by taking the
acyclic structure into account. We have not adopted this course due
to the small percentage of time our code expends on the subproblems as

opposed to the master problem.

3.1.2 Resource~Directive Decomposition

Resource-directive methods (or decomposition by right-hand-side
allocation) were discussed in sections 2.3 and 4.2 of the Multicommodity
Flow Survey [3-3 ]. Here we will describe an algorithm based on the idea
of subgradient optimization as developed by Held, Wolfe, and Crowder [3-16].
We start by showing how the minimum cost flow problem can be put into a

form amenable to subgradient optimization. Consider again the problem:

v, = Min I ¢ " f (13.1)

£ eF k=1,2,...,K (13.2)

A (13.3)

The complicating constraints in (13.3) may be avoided if one knew how
much of the scarce capacity resource each commodity requires in the optimal
solution. The problem (13.1) - (13.3) can then be decomposed into K
separate single Eommodity capacitated flow problems. This métivates

allocatiﬁg‘cabécitieé yl, :.u, yK to the commodities and searching for
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an optimal allocation of d intp the vectors yk for k=1, ..., K, One may

thus reformulate (13.1) - (13.3) as the equivalent problem:

K

v* = Min {

; v () (14.1)

L
k=1
subject to:

L y = 4d ' (14.2)
y - 0 Vk * (14.3)

where

v: (yk) = Min ck * fk (15.1)
subject to:

Be - ngf: =0 (15.2)

Tl (15.3)

& 2o (15.4)

The single~commodity subproblem (15.1) - (15.4) minimizes routing
costs given a capacity allocation yk for commodity k. The "master

problem" (14.1) - (14.3) searches over 3ll feasible partitions of the
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capacity vector d into allocations yl, 3 g yK. The constraint (14.2)
simply ensures that on any arc "a" the sum of capacities allocated to
different commodities equals the available capacity da' Obviously by
comparing (1573} and (15.4) we wish to limit the' capacity allocations to
nonnegative ‘values as stated in (14.3).

Note that the constraints (15.2) and (15.4) merely restate (13.2)
for the required flow value'Fs and that® (15.3) describes a capacity
constraint on the flow of commodity k alone. The attractiveness of
resource-directive decompdsition for (13.1) - (13.3) lies in the fact that
each subproblem (15.1) - (15.4) is a single commodity minimum cost flow
for any given yk B 0. Such a problem may be solved by an efficient Out-
of-Kilter algorithm [3—1, 3-2, 3—6] or by any of the recent implementations
of simplex-based primal network flow codes [3-11, 3-12, 3-25]. (For a
survey of the ‘recent advances in solving minimum cost network flows, see
section III of [3-21].)

We now proceed to define a slightly modified but equivalent subproblem:

vk(yk) = Max (cl‘;Fk -'ckfk) (16.1)
subject to:

BfX - SFF - (16.2)

£ 5k (16.3)

B (16.4)
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£, F - 0. (16.5)

Here Fk, the total flow of commodity k, is treated as a decision variable.

k
By attaching large costs <, to Fk

, this variable is encouraged to assume
its upper bound Fi, which 1s the required flow value in (15.2), provided
that the capacity constraints (16.3) do not preclude this, Thus, if
problem (15.1) - (15.4) is feasible, meaning that there exipts a feasible
flow with flow value Fﬁ, then.(15.1) - (15.4) and (16.1) - (16.5) have
ﬁhe same optimal solution fk. Moreover, in that case, at optimality we

have

vk(yk) = cgfk - ckfk = cEFt - vi(yk). (17)
This manipulation shows that our two subproblem formulations are equivalent.
Intuitively, expressions (16.1) - (16.5) may be thought of as first
striving for maximum flow fk < E: throygh the network with grc capacities
yk; and then searching for the flow ?k with optimal routing costs among all
flows with flow value fk. The advantage of (16.1) - (16.5) over (15.1) -
(15.4) is that the former always possesses a feasible solution. In fact,
(£

infeasibility might easily ocecur in (15.1) - (15.4) for a "small" capacity

) Fk) = (0, 0) is always feasible in (16.1) -~ (16.5), whereas

allocation yk yielding a maximum flow value smaller than Ft.

To continue the development of the subgradient algorithm, define

1 K
Yy = (¥, vees ¥)
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K
k, k.
vy) = L. .v(y)
k=1
and-
1 K, & g k >
5 = {y = (y,---,y)IZ y = d,y - 0 Vk}-
k=1

We may restate the master problem as:

Vo= Max v(y)
subject to:

Yy €S
The dual te (16.1) ‘- (16.5) is..:
k

Minimize (Ak 'y o+ YﬁFE)

subject to:

(ﬂk free)

“(18)

(19)

(20.1)

(20.2)

(21.1)

"(21.2)

2(21.3)

(21.4)
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where wk, Yk, and Yﬁ are dual variables associated with (16.2), (16.3),

and (16.4) respectively. By strong duality, at optimality we have:

k, k -k . k -k _k
v(y) =¥ y + ¥ F] (22)
80 that
Kk & Kk .k
viy) = Min{ Z¥Y 'y + Yo o (23)
k=1 '

subject to the constraints (21.2) - (21.4) for all k.
For each k the above minimization will yleld an extreme point of the
dual feasible region defined by (21.2) - (21.4). Thus in (23) we may

minimize over the set of all extreme points of (21.2) - (21.4) for all k.

Define:
P 1 ! = k k
Yoot e = P (24)

where for each k, Cyk’p, yﬁ’p) corresponds to an extreme point solution
of (21.2) - (21.4) and the index p enumerates the finite set of all
possible groupings of subproblem dual extreme points. Thus problem (23)

may be stated as the finite minimization problem

v(y) = Minimm{c + y P lp=1, ..., n b (25)
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The master problem (20.1) - (20.2) with the characterization of v(y) given
in (25) is exactly of the form assumed by [3-16] for the subgradient

optimization algorithm. We thus arrive at the following algorithm:

Subgradient Algorithm for the Multicommodity Flow Problem

1) Set i =1, Allocate initial arc capacities to individual commoditiés,
that is, define the vector: '

0
y = (yl’o, o e o1 yK’O) € 8. (26)

2) Solve the single commodity minimum cost flow problem (16.1) - (16.5)
in cycle for k=1, ;.., K using yk’i as the right-hand side in (16.3).
Obtain dual variables Yk(yi) from the optimal sblution.

3) Obtain the step size ti and form the intermediate vector ;i =

nl,i “K,1
G ey

¥o= oyt o+ . (27)

4) Project the intermediate vector on the convex set S to obtain the

next capacity allocation vector

Al N AT (28)

5) Stop if termination criterion is met. Otherwise let i <« i+l and

go to step two.
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The technical report [3-4] discusses connections between this algorithm
and Benders Method (which is described in section 4 of this report). That
veport justifies using the formuiation (16,1) - (16.5) to avoid subproblem
infeasibility but does not otherwise affect the implementation issues this
report focuses on. Accordingly this material will not be reproduced here.

We conclude the subsection with brief comments about the form of step
sizes ti and the mechanism of performing the projection in step 4. This
will serve as a background to ﬁur discussion of computational issues in
subsequent sections.

Held, Wolfe, and Crowder [3-16] suggest using a sequence of positive

numbers Ai with
2 (29)

to define a sequence of step sizes of the form

ti = Ai v=v( % 2_
||Y(Yi)|i (30)

where v 1s an underestimate of the optimal value v* (i.e., v < v*),
v(yi) is the optimal value of the master at iteration i with righf-hand
side yi as in (18); and finally the denominator denotes the Euclidean
nporm of the dual vector Y(yi) corresponding to yi, that is,

k yk,i

K
1 i
llyah 112 = 2 IV eDI? = & 5 ok
k=1 K acA

2

)) (31)
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Held and Karp [3-15] and Oettli [3-27] give theoretical justification for
the form (31) and Ai = 1,

The subgradient approach is made attractive by the ease with which the
projection in (28) can be performed: For each arc a in the network, the
intermediate capacities (;i, . ;ﬁ) obtained from (27) have to be

pProjected upon the set

K
>
s = {x = (xl, R xK) € Rk| z xk = d, xk - 0 for all k}
a =1 a
(32)
where da is the total capacity of arc a. Specifically, we require the
solution Y, = (yi, ceey y§) to the minimum norm problem
Minimize:
N 2
ly, - x| (33)

subject to:

~
The procedure involves ordering the components of 7m to form a new vector

Y whose components Yk satisfy:
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The optimal solution y, to (33) then satisfies

*

ye = Max {¥° 2%, o}, (34)
where
K
2 o= ( & Yk—da)/K—J, (35)
k=J+1
with J defined as:
B
J = Max{j |( & Y- ) /K- > 1. (36)
k=4+1

The projection given above need not be performed if the capacities
on arc a have not been changed in step Three of the algorithm. Indeed,

the set of arcs for which the capacities have been altered in (27) is given

by

Ti = {agA |Y§ (yi) > 0 for some k}. (37)

The arcs in T, are flagged for projection. Similarly, the summation

i
over A in (31) can be limited to Ti'

Computationally one expects T, to be small in comparison with A.

i
In particular, any arc which is not individually saturated by any commodity
(i.e., for which f: < yﬁ’i for all k) will belong to the set A—Ti and so

its capacity allocation will not be altered at iteration i. This

computational fact suggests that the optimal solution and dual variables
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of subproblem (16.1) - (16.5) at iteration i will serve as a good starting

solution for the primal-dual algorithm at iteration i+l since relatively

k,i+l

few components of y are different from yk’l.

3.1.3 Special Purpose Algorithm

The Multifleet Routing Problem was originally described by Simpson
[3-28]; Levin had some partial success in obtaining small-scale solutions
using branch and bound techniques. But with the size of networks which
describe the typical schedule map for a typical domestic airline being
of the order of 1000 nodes and 3000 arcs, there is need for greatly
improved computational efficiency if successful applications are to be
made, The special purpose "bundle pricing" algorithm which we describe
in the following is one such attempt.

Consider first the SFRP, with the objective of finding the optimum
number of vehicles and their routing in the schedule map or, alternatively,
which services should be operated with a given number of vehicles. We
note that since every vehicle in the fleet must recycle, the cost on the
cycle arcs can be regarded as a rental or toll corresponding to ownership
costs for a vehicle. This cost, A, can also be used as a Lagrange
Multiplier (or a dual "price") to control the number of vehicles in the
fleet. Therefore, by increasing the cost on the cycle arcs, vehicles
become more expensive to own and less likely to find a profitable
routing in the system. Thus system income and the number of aircraft in
service decrease as the cycle costs A increase, as shown in Figure 3.1.

In any solution of a problem of this type, an individual service arc

has a value which depends very much upon the values of the other service



System

Income

A, Vehicle Ownership Cost

System
Fleet
Size

A, Vehicle Ownership Cost

FIGURE 3,1 SYSTEM INCOME AND FLEET SIZE-FLEET ROUTING MODEL
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arcs selected by the complete routing pattern. Consider an arbitrary
schedule map. We will find that the most profitable routings for two
(identical) aircraft may not include services selected in a single
aircraft routing. Also, if we insist that a particular service arc be
flown (or not flown) in a particular solution, the impact of this constraint
on system income will vary in a non-monotone fashion. For example, the
reduced cost E; indicates the marginal cost or value of a service to the
solution. As k‘is varied, the E;'s can vary in value from positive to
negative to positive, with service occurring or not occurring on the arc,
due to the different fleet routing patterns which occur.

In the MFRP, many (but not necessarily all) of the services may Pe
flown by differeﬂt alrcraft. The same rogting characteristics of the
SFRP, which cause the value ofla ser;iée arc to vary erratically as the
fleet routlng solution is changed, may mean that a service arc should be
flown, at a low load factor and at an apparent loss, by a large, expensive
aircraft, since it may enable the routing of that aircraft to achieve a
more érofitable pattern of service throughout the rest of the cycle. ﬂThis
implies the need for tﬁe addition of the '"bundle" constraints which make
the problem much more aifficult to solve.

If there wére only oné bundle, we could simply use the Lagrange
multiplier technique as described for controlling fleet size for the single
flee£ problem, i.e., simply artificially decrease the value of the service
until only one type of aircraft wished tovcontinue service. But with
multiple constraints, we are faced with finding a vector of prices, Y,
which will cause 0-1 fi&ws on every bundle of service arcs, so that we

cannot conduct a simple search for the correct price vector. Several
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versions of the '"Bundle Pricing Algorithm" (BPA) were developed as a
systematic way of conducting the gearch for y.

The strategy involved in the development of the BPA revolves around
the relative structural independence of each copy of the schedule map
from every other within the framework of the MFRP, This independence 1is
easily seen from the schematic tableau of the MFRP, Figure 3.2, whence it
is obvious that the m fleet MFRP consists of m SFRP's coupled only by
the Service Arc Bundle Constraints. Therefore the approach is to
decompose the problem into m SFRP's which are eqsily solved using either
existing efficient Out-of-Kilter (OKF) glgorithm codes, or, as we have
mentioned' previously, newly improved primal simplex-based codes.

Because of the. inherent profitability of some routes (or other
reasons such as the requirement of cycle flows), almaét inevitably the
composite solution to the MFRP obtained from the simple combination of
the m SFRP solutions will be infeasible, i.e., some services will be flown
by more than one aircraft type, in violation of the MFRP bundle constraints.
In order to eliminate these infeasibilities, the BPA seeks to artificially
increase the costs of the services to the point where the composite
solution of the m separate SFRP's yields 0-1 flows in each arc with a
bundle constraint.

To do this we note that at any given iteration when we solve the
SFRP (with OKF) we obtain the copy flow, flow cost, and the dual variables,
Eﬁ k

= (¢ - akez), whér¢ o is the dual

particularly the arc reduced costs, -

prices, and e the matrix elements in the tableau of Figure 3.2. These
Eﬁ values represent a bound on the change in copy flow cost if the flow

in the bundle arc was to be changed, i.e. they give an indication of the
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value to the copy flow of the flow in the arc. For those arcs with
bundle constraints, by looking at the EE values for all members of the
bundle in the various copies, we may be able to see which member of the
bundle is most waluable. We then may be\able to compute a bundle

k' k

price Ya and the new bundle arc cost:s‘ca = ¢ - ¥

A a’ and resolve the

SFRP's,
The devicg used by the BPA in choosing the Ya’ and in deciding
when the problem 1is solved, folloﬁs from the Complementary Slackness

Conditions (CS conditions), which we give in part for the MFRP as follows:

k k k k _ ok
c, - o e, ~ Y, < 0 fa = 2&' (38.1)
k k E kK < k < k
c, -~ Qe - Y, 0 23 fa u_ (38.2)
k k k kK _ ok
c, - «a e, = Y, > 0 fa u, s (38.3)
k
(Zf" - Dy = 0, (38.4)
k
<

With the exception of the vector Y, which #s 0 for the SFRP, the CS

conditions (38.1) - (38.3) also hold for the SFRP, The BPA exploits this

property in trying to find a vector Y and modifying the costs cz =

cz - Ya such that the new composite solution of the SFRP's is both

feasible and satisfies the MFRP CS conditions (38.4) ~ (38.5).
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In essence BPA will use the ¢ values of the decomposed copy flows to
search for the vector of bundle prices, Yy which produce an optimal feasible
set of copy flows for the MFRP. The clue to the correct choice of Yy is
the CS condition (38.1) - (38.3) applied to the SFRP, since we associate with
E: 50 a flow f: =1 and E§'< 0 a flow fz = 0. Consequently, if a given
bundle constraint is violated (more than one fa > 0) we have at least a
myopic view of what the value of the Ez's;should’be, and hence the
direction and magnitude of change of Yar Once a Y, has been chosen for
all bundles, the SFRP's atre resdlved with the new costs and the BPA starts
all over again.

In section 3.2.3 we dedcribe several opfions for selecting the bundle

prices o 'for this algorithmic approach.”
3.2° IMPLEMENTATION DETAILS °
This section describes the implementation and program structures of

price and resource directive algorithms.

3.2.1 Price-Directive Decomposition

The program for the price-directive decomposition algorithm involves
a linear proérémming code to solve the master problem and shortest chain
algorithm to solve the subproblems. The main program, called DCMP for
decomposition, deals with the master problem and communicates with two
subroutines GENCOL and BELL that are described below.

The SEXOP package (Subroutines for ‘Experimental Optimization),
déveloped by R.E. Marsten [3-22], is used to solve the master problem

at each iteration. SEXOP consists of a collection of subroutines which
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are well suited for column generation and are designed for intepactive
use. In particular, the number of columns in the linear program are allowed
to vary from one iteration to the mext. A sybroutine ADDCOL can be used
to add columns to the master problem, The optimal solution to the
master at iteration 1 serves as a starting solution for iteration i+l in
SEXOP and the convexity constraints (8.3) are treated as GUB constraints.
Thus SEXOP may be expected to solve the master problem efficiently at each
iteration. The only disadvantage of SEXOP is that the number of regular
constraints (8.2), which correspond Fo the number of capacitated arcs in
the network in our formulation, are restricted to be less than or equal to
99 in the current working version. It would not be advisable to use
SEXOP for problems with more than around a hundred regular constraints
anyway, since tpe program would be inefficient compared to commercial
codes, especially if the problem is sparse. - We reiterate that a salient
advantage of SEXOP 1s the ease of interacting with it.

The shortest chains are found by Bellman's algorithm, The version
we use, called BELL, was coded by B. Golden and is deseribed in [3-13].
The code uses a "Forward Star" network representation scheme [3-10] in
which the arcs (i,j) € A are ordered lexicographically in increasing
order. Thus, for a given node ieN we list all arcs (i,3J)€A in the order
of increasing j and then go on to node i+l to do the same, continuing
until i = NN, where NN denotes the numwber of nodes in the network. Thus
two arrays are sufficient to represent the network topology: a pointer of
length NN giving the arc number (in the above ordering) of the first arc
starting with node i; and an end-node array of length NA listing the j's
for all (i,j)eA. (NA is the number of arcs in the network.) This

representation scheme was extended to the rest of our code.
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The subroutine BELL finds the shortest distances from a specified
origin s to all other nodes in the network. The labeling assigns each
node i the cost of the shortest path (g) from 8 to i and a predecessor
node j. The output of BELL is thus a predecessor vector and a cost
vector. Given a destination t one may immediately obtain the length of
the shortest path from s to t from thé t-entry of the cost vector and
trace through the predecessor vector (starting at t) to obtain the optimal
path in terms of a sequence of nddes [s,il,iz,...,in_l,t].

This procedure can easily be extended to a commodity with more than
one destination, Given the source and nk destinations, we call BELL once
and trace through the predecessor vector nk times to find the shortest
paths from s to each of the nk destinafions.

The above is actually done in subroutine GE&COL which generates the
column fk to be added to the master problem in a form specified by ADDCOL.
This column has entries equal to Fk-in the places corresponding to
capacitated arcs on the path from sk to:'tk and zeros elsewhere. More
specifically, if an arc (iéie+l) on the path from sk to tk is capacitated
and correspondé to the qth capacity constraint, we put Fk in the qth entry
of fk. While tracing through the predecessor wvector, GENCOL also finds
the "real" chain costs, ck . fk, which are required by SEXOP as the
corresponding column costs. |

The interaction between the subprograms is shown in Figure 3.4. - The
dual variables T, from the master problem are passed on to GENCOL by
DCMP, GENCOL uses ﬁt to obtain the mo&ifiéd arc costs (ck—ntD) whicﬁ are
then passed on to BELL with the specified origin sk. The length of the

chain from sk to tk with respect to modified arc costs, which is wk in
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(6.1), is then compared to the dual variable Ot to decide upon entry.

If the column entry criterion is satigfied, GENCOL proceeds to generate
the column fk as described above; 1f not, control is transfgrred back to
DCMP, which then considers the next commodity k+l. If no columnsg are
added to the master prohlem, it is declared to be opfimal by virtue

of (7.1) and the algorithm halts.

3.2.2 Resource-Directive Decomposition

The resource-directive decomposition algorithm involves a master
problem, the main component of which is a projection algorithm called
PRICT; and subproblems which are solved by an Out-of-Kilter code called
KILTER. The main program is called RHSD (for rightrhand side decomposition).
We now describe each component of the code in detail.

The main program reads in the problem data and sets up the data
structure required by KILTER by calling a spbrouFine SETDAT, The
original problem data is manipulated by adding artificial feturn arcs (tk,
sk) for each commodity k. The flow value Fk for that ¢ommodity may
thus be viewed as the totgl flow on this added arc. As a result, the
flow for each commodity becomes a c¢circulation flow where the net flow at
any node is zero. These arcs are gilven cost cE and capacity Fz in
accordance with the subproblem definition in (16.1) - (16.5). SETDAT
also transforms multiple arcs between a palr of nodes ~- i.e. (i,j) and
(j»,1) —- by inserting an additional artificial node in one of the arcs,
thereby adding a new arc to the network. Thus the total number of

arcs in the new network structure is
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NA* = NA + NCOM + NMULT,
where NMULT is the number of multiple arcs (corresponding to undirected
arcs in our case) in the original network. This ‘transformation is
required by KILTER. Several pointer.arrays needed by KILTER are also
constructed by SETDAT.

KILTER is an efficient Out-of-Kilter algorithm which uses recent
*ideas in data manipulation and is found to be computationally superior
to a number of commercial codes. The algorithm, as well as the required
data structure, 1s discussed in detail in [3-1, 3-2]. As used by our
code, KILTER requires the specification of three vectors X, u, and c, of
length‘NA*,<Which contain the flow, the capacity (upper bound on flow),
and the reduced cost for every arc in the network. Naturally, as for all
primal~dual methods, flow wvalues need not be feasible (i.e., may have
fa >iué on .some arc a). The algorithm then looks for an optimal solution
by maintaining dual feasibility and complementary slackness and striving
for primal feasibility. The subroutine KILTER returns the optimal flows
and reduced costs x*, c*.

PRICT is the name given to the subroutine performing the projection
(33) by using the algbrithm outlined in equations (35) - (36). As noted
there, the projection requires an initial ordering of the components
of the input vector ;a ‘for arc a. ‘This is done by using the heap-sort
algorithm given in Fortran in [3-26]. To call PRJICT one need only
specify the parameters K, da and the capacity allocation vector ;; for
any arc a. PRICT returns the solution Yae

Figure 3.5 shows the interaction between program components. Upon

constructing -the data structures and thé augmented network structure to
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be used by all subproblems, the main program calls KILTER to solve each
subproblem with the initial values of zero flow, the capacity vector yo,
and the original arc costs. Thereupon at any given iteration i, the
subproblems are solved with right-hand side (u =)yk’i for k=1, ,..K.

The dual variables Yk(yk’i) are obtajned from the optimal reduced costs

of the subproblem by the relation:
k -k
Ya Max {0) "ca }’ (39)

where Ez is the optimal reduced cost on arc a, The dual variables in
(39) determine the set of arcs Ti to be flagged for projection [see (37)]
for which the subroutine PRICT is called.

Note that at any iteration, the only change in each subp;oblem k 1s
its right-hand side, and this change occurs in relatively few entries of
yt. Thus the solution x* and redﬁced costs c* to the subproblém at
iteration i are saved to serve as the s;Prting solution at iteration i+l.
This strategy may demand substantlal storage for large K, 2K vectors of
length NA, but is believed to speed up the solution of subproblems
substantially. Clearly, when solving subproblem k, only one artificial
commodity return arc (tk, sk) is given a nonzero upper bound Fﬁ. All
the other return arcs have a capacity of 0 for commodity k. This simple
rule allows us to use a single data structure -« that of the full network --
horizontally across the subproblems.

One problem in using KILTER to solve the subproblems was a mismatch
of data types. KILTER accepts only integer values as data and is

written in terms of integer arithmetic. The capacity allocation resulting
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from the projection routine are obviously real variables, and as such should
be rounded off before they could be passed to KILTER as the vector u.

To achieve this, we simply multiplied the capacities by an appropriate
power of ten (depending upon the degree of accuracy required) and placed

the result in the integer array u. We note that as a result, the

optimal dual variables Yz defined in (39) above will also be integer and
differ slightly from the real dual variables for the problem. Originally
we were concerned whether this would affect the convergence properties

of the algorithm. To check this, we coded an earlier version of RHSD
using SEXOP, in place of KILTER, to solve the subproblems.

A' small test problem with 10 arcs, 6 nodes, and 2 commodities was
chosen to carry out the comparison. All arcs were capacitated although
on 5 arcs capacities were large enough not to be binding. Below we
list the optimal value of the master and the step size obtained at the end
of each iteration from the two versions S and K of the algorithm using
SEXOP and KILTER respectively. In rounding off, only 4 significant digits

were used.

Iteration Vs - ts VK x
753.20 0.0140 752.82 0.0141
873.40 0.0072 875.70 0.0070
917.55 0.0062 917.49 0.0061
10 941.06 5.8941 941.07 5.8931
11 942.00 3.6250 942.00 5.8000

Convergence is obtained at iteration 11 for both algorithms. The

intermediate results are also in close agreement as seen above. We also
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compared the two versions on a larger test problem of 26 axrcs, 9 nodes, and
4 commodities. Again the discrepanciles were insignificant.

Given that rounding off is no problem, we believe that the SEXOP option
is inferior since it currently offers no possibility of saving the previous
subproblem solution in core for more efficient re-optimization. The best
one can do is to use the dual simplex method on the seplution for subproblem
k as a starting solution for subproblem k+lf When using KILTER, however,
we save the solution of each subproblem to start off the Qut-of-Kilter

algorithm for the same subproblem in the next iteration.

3.2.3 Bundle Pricing Algorithm;

In this section we give a more formal statement of one version of the
Bundle Pricing Algorithm which we have called "ALLNOT.O".  Although the
algorithm is explicitly written for a 3-fleet problem, the logic is
applicable to an arbitrary number of copy flows. Several other variants
operated in much the same framework. The underlying principle of all of
them 1is to modify the costs cz of the copy flows by looking at the reduced
costs E§ and applying one pf the variants of the myopic decision rule.

That 1s, we compute a new vector of bundle prices Y' by a rule such as
-%
Y' = min{0, v + c},

—%

where Y is the old vector of bundle prices and the ¢ values measure the
extent to which the reduced costs must be changed to achieve a flow
satisfying the MFRP GS conditions. Note that this rule restricts y < 0,

which is a dual feasibility condition of the MFRP,
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As experience with the algorithms has been achieved, they were
continually modified in trying to improve their performance. For example,
some declsion rules seemed to cause more drastic changes in the copy flows
at the following iteration ‘than others. One variation in this type of
problem has been to stop putting y=0 in step five of ALLNOT.O. Instead, a
lower bound of unity was placed on each bundle arc to "flood" the bundle and
create some nonzero ¢ values in a manner similar to the process of step four.

One algorithm, SPLIT.l, seemed to have more success in arriving at a
final solution with, however, penalties in the rate of convergence. Here,
in an attempt to choose the correct bundle price Y', we define E* not as the
maximum or minimum value of c¢ in the bundle, but rather as their average

=% max min

|+
ol

This was motivated by the observation that a unique Y' does not exist.
Rather a range exists for each bundle price in the optimal vector and we
should try to stay in the middle of the range.

All of the algorithms, including the OKF algorithm, were coded in
Fortran and maintained on the IBM timesharing system at the MIT Information
Processing Center. By having the problem solved on TSO the analyst can
monitor the performance of the algorithm from iteratiom to iteration,
and modify the decision rules as necessary.

Let us now give a formal statement of the algorithmic steps for the
ALLNOT.O0 version of the bundle pricing algorithm. Consider a three~fleet
case where the flows in each copy of the schedule map are given by X, ¥,

and z. We use superscript b to indicate arcs belonging to a bundle, e.g.
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Yb is the common bundle price arising from the bundle capacity constraint.

STEP 1)

STEP 2)

STEP 3)
STEP 4)
STEP 35)

STEP 6)

STEP 7)

Given a new bundle price Yb, use the OKF Network Flow Algorithm

to solve each copy for sub-optimal flow, X, ¥, &, and.E

(the corresponding reduced costs). If ub = 0, put ub = 1
after solving.

b b b b
Scan all bundles, computing £° = x + y 4+ z° = total

bundle flow.

v = -%
a) If fb > ub, and the smallest cb is negative, denoted c ,

go to (3).

b) If fb < ub, and Yb < 0, and the 1argesq Eb is positive,

~%
denoted c , go to (3).
b_ b ~-b '
e) If £ > u, and the smallest o° = 0, go to (4).

d) 1If £ < ub, and Yb < 0, and the largest Eb = 0, go

to (5).
e) Otherwise, go to (6).
Change bundle price, Yb' = MIN {0, Yb + E*}. Go to (6).
Change upper hounds to zero, ub = 0, Go ta (6),
Change bundle price,Y’b' = 0. Go to (6).
If all bundles have been scanned, without any changes from 3),
(4), or (5), go to (7). Otherwise go to (1).
STOP, optimal solution satisfying complementary slackness.

b

i.e. for all bundles, f = ub, Yb < 0 or

fb < ub, Yb = 0.
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3.3 COMPUTATIONAL RESULTS FOR MULTIFLEET ROUTING PROBLEMS

In this section we present numerical results for the MFRP using three
different computational techniques:

1) Dantzig-Wolfe Decomposition

2) Bundle Pricing Algorithm

3) Linear Programming.
One problem was attempted with all three: this is the Tech Airways Problem
originally described in Cohen [3-7] and given in Figure 3.6. There are
58 flights which could be flown by either of two different types of aircraft.
Each resultant network copy consists of 58 service arcs, 85 ground arcs, 5
cycle arcs and 90 nodes. Revenue from the flight arcs vary by aircraft
type, ground arcs have zero cost, and cycle arcs, reflecting aircraft
ownership expense, have costs of $1500 and $2000 for aircraft types 1 and
2 respectively. Many other smaller problems were tried with the Bundle
Pricing Algorithm. These will be discussed in 3.3.2.

Note that we ‘did not test the subgradient optimization on this problem
because of its inferior'performance when compared to Dantzig-Wolfe
decomposition for other types of multicommodity flow problems. The details

of these numerical comparisons are given in section 3.4.

3.3.1 Dantzig-Wolfe Decomposition

As we discussed in subsection 3.1.1, the multicommodity flow
decomposition code was modified slightly because of the special features of
the multifleet routing problem. We shall refer to this version of the

code as DCMP2. Note that, in contrast to general purpose version DCMP
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of the code, the flow values Fk are decision variables in DCMP2,

First we modify the Tech Airways problem to the format indicated at the
end of subsection 3.1.1. Upon adding supernodes and replacing the cycle
arcs for each city in Tech Alrways by arcs emanating from the supersource
and terminating at the supersink, we will have two more nodes and ten arcs.
Obviously the number of ground and service arcs remain unchanged. Thus

in our notation the problem parameters are:

NN = 92, NA = 58 + 85 + 10 = 153, NCOM = 2.
Only two alrcraft types are used (K = NCOM = 2) and the only capacitated
arcs are the service arcs NCAP = ]Asl = 38.

We shall now describe the solution obtained by DCMP2: We start by
k,i

noting that each cdlﬁm (f s 1) describes a chain from.s to t with unit
flow which fully describes the schedule of an aircraft of type k during

the planning cycle. Thus each vessel starts from a certain city at the
beginning of our time cycle and, upon traversing a combination of service
and ground arcs (corresponding to flight and waiting periods), terminates
its activity in some city at the end of the time cycle. To describe the
optimal solution we need only list those basic columns at optimality with
strictly positive flow. Note further that for integrality we need each

p? to be Integer; otherwise, fractional flows will enter the picture. The

following schedules combine to form the optimal solution:

(s1) C€1 - D3 - (€8 - Cl3 - E5 - E6 - (23 - D17
(s2) D1 - D2 - C5 - B13 - B17 - All - Al12

(s3) Bl - B2 - A4 - A8 - B23 - B25
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(S4) D1 - C4 - D6 - D14 - C23 - E8

(s5) Bl - B5 - Cl4 - C21 - D16 - C26 - C28

(s6) c1 - cC2

E2 - Cl2 - B17 - €25 - C28

(87) El - C7 - C9 - B16 - B1B - Al2
(s8) Cl1 - B6 - B7 - A7 - A9 - B24 - B25

(89) Al - B9 - B1l - C20 - E7 - C27 - C28.

To explain the notatiomn we.examine (S4) more carefully: The aircraft
starts in city D at node DL, then flies to C4 followed by another flight
back to D6. Then there 1s a waiting period in city D characterized by
D6 - D14 (all intermediate nodes are deleted for simplicity), followed by
two flights first to C23, then to ES8. Thus the schedule of the aircraft
is completely specified during the planning horizon of one cycle.

The ailrcraft type is also specified for each schedule (the index k gives
the type) and in our solution schedule (S2) corresponds to a type 2 alrcraft).
All otheraircrafts (8 in number) are of type one. The total fleet size
is Fl + F2 = 841 = 9. Altogether 31 services are flown with a
resultant optimal value for the objective function of z = §17,000.

Table 3.1 shows the convergence of DCMP2 for this problem. The optimality
criterion is satisfied after 22 iterations of the master pxoblem. The CPU
time excluding I/0 on the IBM 370/168 machine was 0,67 seconds, which is
most encouraging for this type of problem. Anpther encouraging (though

not unexpected) result was the integrality of the optimal solution.
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TABLE 3.1

CONVERGENCE BEHAVIOR FOR THE MULTIFLEET PROBLEM

Iteration Objective Function
1 6,400
2 6,400
3 6,400
4 8,250
5 8,250
6 10,050
7 11,550
8 11,550
9 11,550

10 11,650
11 11,650
12 12,950
13 12,950
14 13,550
15 14,650
16 15,650
17 15,850
18 16,000
19 16,000
20 17,000
21 17,000
22 17,000 (Terminates)
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3.3.2 Special Puipose Algorithm

All of the variants of the Bundle Pricing Algorithm have successfully
solved some small two-copy MFRP's after a varying number of iterations.

The schedule map aud costs for a typical network copy (which we call OKFDATA)
are shown in Figure 3.7. It describes the network for scheduled service
between 3 citiles and has a total of 14 service arcs. For the second copy
of a two-fleet routing problem we usually chose a network with costs and

arc capacities which differed only slightly from the first copy (OKFDATA).
This selection reflects the fact that it is most difficult for the Bundle
Pricing Algorithm to generate a dual price vector Y when many of the same
flight arcs want to enter the solution of each copy at each iterationm.

To test the sensitivity of the algorithm to these kinds of solutions, we
generated a variety of revisions of OKFDATA, which we called OKFDATA2,
OKFDATA3, etc. Since the first copy is always constant, we will henceforth
refer to a particular MFRP by the name of the second copy data only (i.e.,

a problem having first copy OKFDATA and second copy OKFDATA2 would be called
simply OKFDATA2).

Essentially we found a wide variability in the solubility and number
of iterations required, even within the framework of our small problems.

For example, the algorithm with lower bounds, ALLNOT.2, solved the problem
OKFDATA2, Figure 3.7, in 17 iterations, finding that the optimal bundle price

vector was (solution given in Figure 3.8):

Y, = 50
Y, = 17,750
Y,, = 7,200

14
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17,850
= 100

All other ¥ = 0.

In contrast, a problem of similar size, OKFDATA3 (see Table 3.2 for
comparison) was solved by both the SPLIT.1 and ALLNOT.1 algorithms in 3
lterations. However, after the arc CH 1-NY 550 was removed from the
second copy, thé problem would not solve at all.

The problem OKFDATA4 (Table 3.3) was solved by ALLNOT.1 in 3 iterations
and ALLNOT.2 in 4. However, when OKFDATA4 is modified slightly to yield
OKFDATA6 (Table 3.4), the proﬂlem OKFDATA6 solved with ALLNOT.1 in 10
iterations but remained unsolved with ALLNOT.2 after 20 iterations. It
should be noted that in one problem of this size the algorithm SPLIT.1
converged after 86 iterations (of which 83 had only 1 bundle constraint
violated!)

We have also been using a Tech Airways schedule map for a larger
problem which consists of 5 cities, and 58 bundles. It is shown in
Figure 3.6. So far this problem with two copy flows and a given set of
arc costs has resisted solutign by the bundle pricing algorithms. They
very quickly bring all but several of the bundles into a satisfactory state,
but then a random walk commences amongst the bundle prices and a total
optimal solution is not achieved. Further analysis of these conditions
may reveal the problem and lead to an algorithm with better final
convergence. Because the algorithm does seem to obtain solutions satisfying
all but a few bundle constraints quickly, though, it may be attractive to
use, even in its present form, for large networks to generate starting

solutions for other algorithms such as Dantzig-Wolfe decomposition.
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TABLE 3.2 A COMPARISON OF OKFDATA WITH OKFDATA3
COSTS CAPACITIES
ARC NAME OKFDATA OKFDATA3 OKFDATA OKFDATA3
NY 1 CH 400 -10100 -10100 1 0*
NY 1 CH 500 -10200 ~8000%* 1 1
NY 1 NY 550 ‘50 50 100 100
NY 550 CH 850 ~10300 10300% 1 1
NY 550 BO 820 -11000 -15000% 1 1
NY 550 NY 650 50 50 100 100
NY 650 CH 9999 10400 5000%* 1 1
NY 650 NY 9999 50 30 100 100
NY 9999 NY 1 3000 3000 100 100
CH 1 NY 550 -10500 ~7500% 1 0%
CH 1 CH 400 50 50 100 100
CH 400 NY 650 ~10600 2300%* 1 1
CH 400 CH 500 50 50 100 100
CH 500 BO 820 ~11100 +21100% 1 1
CH 500 Ny 9999 -10700 6700%* 1 1
CH 500 CH 850 50 50 100 100
CH 850 NY 9999 10800 10800 1 1
CH 850 CH 9999 30 50 100 100
CH 9999 CH 1 3000 3000 100 100
BO 1 BO 820 50 50 100 100
BO 820 CH 9999 800 800 1 1
BO 820 CH 9999 700 700 1 1
BO 820 BO 9999 50 50 100 100
BO 9999 BO 1 3000 3000 100 100
BO 9999 NY 9999 32000 32Q00 1l 1
BO 9999 CH 9999 32000 32000 1 1

% Arcs in which costs or capacities are different from OKFDATA
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TABLE 3.3 A COMPARISON OF OKFDATA WITH OKFDATA4
COSTS CAPACITIES
ARC NAME OKFDATA OKFDATA4 OKFDATA OKFDATA4
NY 1 CH 400 -10100 -10100 1 0%
NY 1 CH 500 -10200 -102000 1 1
NY 1 ©NY 550 50 50 100 100
NY 550 CH 850 -10300 10300 1 1
NY 550 BO 820 -11000 -15000% 1 1
NY 550 NY 650 50 50 100 100
NY 650 CH 9999 10400 5000%* 1 1
NY 650 NY 9999 50 50 100 100
NY 9999 NY 1 3000 3000 100 100
CH 1 NY 550 -10500 -7500% 1 0*
CH 1 CcH 400 50 50 100 100
CH 400 NY 650 -10600 -10600 1 1
CH 400 CH 500 50 50 100 100
CH 500 BO 820 -11100 ~21100%* 1 1
CH 500 NY 9999 -10700 6700%* 1 1
CH 500 <cH 850 50 50 100 100
CH 850 NY 9999 10800 10800 1 1
CH 850 CH 9999 50 50 100 100
CH 9999 cH 1 3000 3000 100 100
BO 1 BO 820 50 50 100 100
BO 820 CH 9999 800 800 1 1
BO 820 CH 9999 700 700 1 1
BO 820 BO 9999 50 50 100 100
BO 9999 BO 1 3000 3000 100 100
BO 9999 NY 9999 32000 32000 1 1
BO 9999 CH 9999 32000 32000 1 1

* Arcs in which costs or capacities are different from OKFDATA




TABLE 3.4 A COMPARISON OF OKFDATA4 WITH OKFDATA6
COSTS CAPACITIES
ARC NAME OKFDATA%4 OKFDATA6 OKFDATA4  OKFDATA6
NY 1 CH 400 -10100 -10100 0% 1
NY 1 cH 500 -102000%* -8000* T 1
NY 1 NY 550 50 50 100 100
NY 550 CH 850 -10300 10300* 1 1
NY 550 BO 820 -15000* -15000% 1 1
NY 550 NY 650 50 50 100 100
NY 650 CH 9999 5000% 5000% 1 1
NY 650 NY 9999 50 50 100 100
NY 9999 NY 1 3000 3000 100 100
CH 1 NY 550 ~-7500% ~7500% 0% 1
CH 1 CH 400 50 50 100 100
CH 400 NY 650 ~10600 -10600 1 1
CH 400 CH 500 50 50 100 100
CH 500 BO 820 -21100% ~21100%* 1 1
CH 500 NY 9999 6700% 6700% 1 1
CH 500 CH 850 50 50 100 100
CH 850 NY 9999 10800 10800 1 1
CH 850 CH 9999 50 50 100 100
CH 9999 CH 1 3000 3000 100 100
BO 1 BO 820 50 50 100 100
BO 820 CH 9999 800 800 1 1
BO 820 CH 9999 700 700 1 1
BO 820 BO 9999 50 50 100 100
BO 9999 BO 1 3000 3000 100 100
BO 9999 NY 9999 32000 32000 1 1
BO 9999 CH 9999 32000 32000 1 1

Arcs in which costs or capacities are different from OKFDATA

Arcs that have different costs or capacities between OKFDATA4 and
OKFDATA6
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3.4  ADDITIONAL COMPUTATIONAL EXPERIENCE

To compare the price-directive and resource-directive algorithms for
general multicommodity flow problems, we constructed four networks to test
the two codes which we refer to as problems Pl through P4. The notation for

problem parameters is as follows:

NA = number of arcs in the network.
NN = number of nodes in the network.
NCAP = number of capacitated arcs.
NCOM = number of commodities.

The basic factors which are varied in the test problems are network
topology and the ratio of capacitated arcs to total number of arcs, 1i.e.
NCAP/NA.

As noted earlier, the current implementation of SEXOP limit NCAP to be
less than 100, which explains why the maximum number of capacitated arcs in
our test problems is 98. In Problems P1 and P2 all arcs are capacitated,
whereas in P3 and P4 the ratio NCAP/NA is roughly 0.48 and 0.38,
respectively.

The network topologies were chosen with a view towards the modeling
applications of the multicommodity flow problem other than the multifleet
routing problem. The network structure in problems Pl and P3 is essentially
acyclic (with only a very few cycles) and may be expected to arise in
applications to multicommodity multiperiod, production-distribution
problems or more generally in the construction of time space diagrams
for scheduline vehicles on a network [3-8]. In our examples we conceive
of certain arcs as denoting passage of time in a fixed spatial location,

whereas the others denote spatial transportation from one point to another.
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Thus in a production-distribution example the "time-1ike" arcs represent
keeping a unit in inventory for one time period, thereby incurring an "arc"
holding cost. The "space-like" arcs, however, stand for shipment of the
items in the distribution network and the arc costs for these shipments
could reflect transportation costs.

The other network topology -~ corresponding to P2 and P4 ~- corresponds
to an undirected communications network. Thus for nodes 1 and j in the
network (i,j)eA implies (j,i)eA. Such networks would arise naturally in
intercity transportation problems as well as in the currently expanding studies
of computer networks. We note that the degree of nodes in this structure
is greater than in the above and the networks contain more chains. The
two network structures are different enough to warrant experimentation. We
note that our choice of these structures was to some extent influenced
by the work of Swoveland [3-29], whose test problems have the above two
structures. All data were generated manually, and the arc costs basically
satisfy the triangle inequality (with a few exceptions in any network).

For listings of the problem data see [3-5],

3.4.1 Dantzig-Wolfe Decomposition

For each of the test problems Pl through P4, we conducted a series of
runs to investigate the effects of

a) the number of commodities NCOM, and

b) the total flow FTOT of all commodities
on the number of iterations of the decomposition algorithm (i,e. the number

of master problems solved to reach optimality) and the total time required
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for the problem solution (excluding input~output). The total flow FTOT

is defined to be the sum of the fixed flow requirements FE over all

commodities; i.e.
K

FIOT = I F
k=1

k .
o
That NCOM is an essential variable for experimentation deserves little
explanation. Obviously in the decomposition code, this parameter determines
the number of subproblems to be solved, the number of GUB constraints
in the master problems, as well as the rate of growth of the columns in the
master problem from one iteration to another. The role of FTOT may be
explained as follows: Clearly the complicating mutual capacity constraints
(8.2) interfere to the extent that commodities compete for capacity. If
FTOT is small compared to the average arc capacity, the flow of each
commodity may be sent on a single chain unimpeded by the capacity constraint,
whereas if FTOT is large, the flow of a commodity k must be apportioned over
several chains. Thus the total load on the network is expected to affect
solution times.

In order to have some control on the interaction between the effects
of varying NCOM and FTOT, the runs for each problem were divided into
groups:

(a) Hold the total flow fixed while increasing the number of commodities.
In this group of runs one would start with a few commodities (i.e. OD pairs)
and then successively break down the flow requirement for each commodity
into flow requirements for a number of mew commodities. Such runs were

motivated by the idea of aggregation of commodities: A commodity k (which
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is specified completely by its origin-destination-OD-pair (sk,tk)) can be
broken up into a number of "more detailed" commodities with OD pairs

(st,ti) for i=1, ..., nk, each with a required flow value of Fk subject

i

to the restriction

where FE 1s the required flow for commodity k. Obviously FTOT remains
constant in such a process of disaggregation and the load pattern on the
network does not change much elther, since care will be taken to choose

k

the sk's and tk's from the "vicinity" of s and tk respectively.

i i

(b) Increase the number of commodities increasing the total flow
proportionally. Here a basic '"per commodity" required flow value FAV is
chosen and will be the same for all commodities k. Thus it is clear that
we will have

Fﬁ = FAV for all k, and FIOT = NCOM * FAV.

In this case the network traffic is becoming more congested as new
commodities (OD pairs) are added.

We shall refer to these two strategles as (a) and (b) when discussing
the computational results below.

Tables 3.5-3.9 summarize the results of our experimentation. All ruﬁs
were made on the IBM 370/168 computer at the MIT Information Processing

Center. The runs Pl.1, P1.2, and P1.3 follow the abovementioned strategy
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TABLE 3.5 TEST PROBLEMS, P1, P2, P3, P4
Number of Average Capacity
Number of Capacitated Number of per capacitated
Problem Name Arcs (NARC) Arcs (NCAP) Nodes (NN) arc (AVCAP)
Pl 98 98 47 6.0
P2 96 96 25 13.0
P3 204 95 83 12,0
P4 268 98 44 16.0
TABLE 3.6 RESULTS FOR P1
Iterations
No. of Optimal to
Commodities Total Flow Value Optimality
Run Name (NCOM) (FTOT) (VOPT) (ITOPT) Time (sec.)
Pl.1 3 28.0 486.0 7 .27
P1.2 5 28.0 478.0 5 .39
P1.3 7 28.0 492.0 6 .60
Pl.4 6 30.0 518.0 7 .53
P1.5 10 30.0 498.0 5 .85
Pl.6 15 30.0 497.0 5 .90
P1.7 28.0 482.0 12 .63
P1.8 28.0 470.0 8 .39




82

TABLE 3.7 RESULTS FOR P2

Iterations
No. of Optimal ' to
Commodities Total Flow Value Optimality
Run Name (NcOM) (FTOT) (VOPT) (ITOPT) Time (sec.)
P2.1 4 120.0 4836.0 6 0.50
P2.2 10 130.0 5364.0 7 1.73
P2.3 20 150.0 5852.0 6 4.31
P2.4 34 150,0 5840.0 - 4 3.13
P2.5 10 60.0 2304.0 1 0.04
P2.6 14 84.0 3192,0 1 0.06
P2.7 20 120.0 4522,0 3 0.57
P2.8 24 144.0 5602,0 4 1.37

P2.9 30 180,0 Infeasible 5 4.13
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TABLE 3.8 RESULTS FOR P3

Iterations
No. of Optimal to
Commodities  Total Flow Value Optimality
Run Name (NCOM) (FTOT) (VOPT) (ITOPT) Time (sec.)
P3.1 4 105.0 2271.0 10 1.51
P3.2 6 105.0 2269.0 10 1.41
P3.3 12 105.0 2213.0 9 3.48
P3.4 18 105.0 2088.0 6 3.11
P3.5 6 36.0 712.0 2 0.12
P3.6 12 72,0 1444.0 4 0.81

P3.7 18 108.0 2155.0 9 2.80




TABLE 3.9 RESULTS FOR P4

Iterations
No. of Optimal to
Commodities  Total Flow Value Optimality
Run Name (NCOM) (FTOT) (VOPT) (ITOPT) Time (sec.)

P4.1 6 90.0 3640.0 2 0.20
P4,2 10 150.0 6006.0 4 0.58
P4,3 X 14 210.0 8858.0 5 1.44
P4.4 20 300.0 12488.0 3 1.70

P4.5 30 450.0 18162.0 4 3.98




(a) with a fixed value of total flow equal to 28.0. The same strategy

is used in runs Pl.4 through P1l.6 with a total flow of 30.07 An interesting
pattern presents itself in both cases. The number of iterations (number

of master problems solved to reach optimality) -- denoted ITOPTl—— decreases
as the number of commodities increase for a fixed value of total flow.'

This change is due to the fact that the number of chains generated at each
iteration is equal to the number of commodities. Thus many more chains

are available at the end of é given iteration for a run with large NCOM
compared to small NCOM. Moreover, the average flow per commodity decreases
in strategy (a) as the number of commodities increases (Fk equals FTOT/NCOM
on the average). Since each column in the master problem represents a
chain with all the fiow Fk assignéd to it, capacity constraints are less
likely to interfere when Fk grows smaller in comparison with the chain
capacity.

The run P1.7 was included to test the effect of uneven 1oadiﬁg on the
network. We feel that a problem will require more iterations if the flow
requirements are distributed in an uneven fashion, compared to a problem
with even distribution of the same total flow value. In P1.8 we consider
three OD pairs with flow requirements 9, 10, and 9 respectively. In P1.7
we change the requirements to 14, 12, and 2. The total flow is the same
for both rums. We see that the number of iterations as well as the
solution time increases substantially.

Table 3.7 presents the results of DCMP omn P2. It may be recalled that
the structure of P2 corresponds to an undirected graph. In the interest

of symmetry we chose our OD pairs symmetrically as well. This means after
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assigning an OD pair (sk,tk) to an odd-numbered commodity k, commodity k+l
is given the 0D pair (tk,sk) with the same flow value FE.

The series of runs P2.5-P2.8 follow strategy (b). The average per
commodity flow value chosen is FAV = 6.0, Since the total flow value in runs
P2.5 and P2.6 is small compared to the network capacity, the first master
problem is found to be optimal. This shows the advantage of starting
out with good chains in conjunction with a '"Big-M" method. As the number
of commodities, and hence the total flow, increases, more iterations are
required. '

Comparing runs P2.3 and P2.4 which share the same value of total flow,
once again we see the effect of increasing NCOM in terms of decreasing the
mumber of iterationms. The runs for P2 show that ITOPT is not necessarily
a good indicator of the solution time required by the problem. For
example, P2.3 has a lower ITOPT than P2.2 but requires a much greater
solution time. This, by the way, should be attributed to the SEXOP
routine solving the master problem, which seems to slow down when NCOM is
large (thereby having a large number of columns in each master as well as
a greater number of GUB constraints); and not to the shortest chain routine
sqQlving the subproblems as well shall see.

In the runs for P3 strategies (a) and (b) were used in groups P3.1 -
P3.4 and P3.5 ~ P3.7 respectively. Again, increasing the number of

commodities with fixed total flow decreases ITOPT but the solution time

tends to increase nevertheless. For the second group it can be seen that
both ITOPT and the solution time increase with the number of commodities.
Finally for P4, strategy (b) was employed. We remark that the capacity

constraints are rather sparse in this problem, in the sense that there is
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a good chance of being able to find an uncapacitated chain between an
arbitrary pair of nodes. P4 corresponds to an undirected graph as well.
A per commodity flow value of 15.00 (=FAV) was used. We note a steady
increase in solution times with the number of commodities.

In empirical timing of decomposition algorithms with a master problem
interacting with subproblems possessing special structure, it is a good
idea to investigate how time-consuming the subproblems are to solve.

In addition to location the portion of the algorithm where most of the
effort is expended, it throws some light on the effect of varying the
number of subproblems -- NCOM in our case. For our Dantzig-Wolfe
Decomposition code, the subroutine BELL used to solve the shortest chain
problems should be timed. To this end the network and cost structures of
Pl through P4 were used to obtain an average time per shortest-chain

calculation for the three structures. The results are shown below:

Number Number Avg. Tige
Problem Name of Arcs of Nodes (in 10 ~ sec.)
P1 98 47 1.47
P2 96 25 1.25
P3 204 83 2.89
P4 268 44 3.03

Thus, for an average network of 200 arcs and 10 commodities which may

require 10 iterations on the maéter level, we may expect an upper limit of
0.3 sec. on the total time expended in solving the shortest chain subproblems.
Given that the total time for the solution of such a problem may be 2-3

seconds; this 1s not a substantially time-consuming activity of the code.
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As a further illustration of the use of this information, we compare the
runs P2,2 and P2.3. The number of shortest path problems solved in each
run is (ITOPT+l) - NCOM + T, where T is the average time per shortest chain
calculation. Thus in going from P2.2 to P2.3 a total time increase of

60T = 0.075 seconds may be attributed to the additional time spent in
solving shortest path problems. This shows that increasing NCOM affects
the LP solution time much more than the subproblems.

We wish to conclude b§ noting that our price-directive decomposition
code has not yet been subjected to a second level effort aimed at
shortening its running time. We can easily visualize detailed portions
of the ‘code to which such an effort could be applied. In particular, the
subroutine GENCOL could be much more efficient in using the inputs from BELL
to generate columns. Also, one may experiment with different strategies
for column generation. It may be advantageous to have added columns
replace some other nonbasic columns in the master problem. Another
possibility is to ignore a subproblem which has priced optimally at a
certain iteration for a number of subsequent jterations, since the set §t
of subproblems optimal at iteration t, does not change much from one

iteration to .the next.

3.4.2 Resource-Directive Decomposition

In this subsection we report computational experience with the
resource-directive algorithm, some of which directly affected the choice
of our particular implementation of the subgradient algorithm. The

algorithm we presented in subsection 3.1.2 has a number of controllable
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factors which we may vary when searching for the best algorithmic performance.
These factors may be listed as:

1) Choice of an initial capacity allocation yo € S.

2) Choice of the artificial costs cg in the subproblem objective
function.

3) Choice of the estimate ¥ to be used in (30).

4) Choice of the step-size factors {Yi} in (30).

Most of our computational experimenting focused on issues 3 and 4
of the above. We shall comment on 1 and ‘2 rather briefly.

1) The initdal capacity allocation yo = (yl’o, SN yK’o) was

set by the following simple formula:

k
k,o _ Fo R (40)
Y % TFroT ’
where FTOT is defined, as before, to be
K x
FTOT = F . (41)
k=1

This choice 1s not a very sophisticated one but is definitely easy to
compute. A more complex alternative would involve solving each of the
subproblems with the original arc capacities (i.e. yk = d), thus obtaining
the solution to the multicommodity problem with the mutual capacity
constraints (13.3) relaxed in favor of single-commodity constraints fk hd d
for all k. This "interaction-free" flow pattern can then be used as a

basis for determining yo. This choice seems attractive, particularly
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when the flow-carrying chains for different commodities are expected to
be essentially diverse from each other, since one may then expect the
optimal flow pattern to be close to the interaction-free pattern discussed
above.

2) The artificial costs cg reflect the extent to which we are en-

couraging the variable Fk to achieve its upper bound FE. Essentially we
chose cE values consistent with the artificial costs in the Dantzig-Wolfe
decomposition algorithm. That 1s, we chose the costs ﬁer unit flow cg
to be around 10-20 times the average routing cost per unit flow. We had
only one occaslon to test the sensitivity of our code to this choice:
When running RHSD on Problem P1.5 with 10 commodities we noticed that
many flow values Fk were consistently below theilr upper bound (Fk‘< Fﬁ)
with a value of 200 for cE. To encourage greater values of Fk, cE was
increased to 2000, and as a result, 4 commodities attained the required
flow value FE. The ratio VBEST/v* (where VBEST denotes the best value
obtained for the master problem) also increased from .79 to .88. We
also found that increasing cE leads to a decrease in the values of ti's.
However, the general behavior of the algorithm is not affected by the
choice of ck.
o
3) The subgradient algorithm requires an underestimate ¥ of the

optimal value v* to be used in the step-size formula (30). Held, Wolfe,

and Crowder, however, report using an overestimate ¥ > v¥ for lack of a

readily available underestimate. In our case, too, we decided to use
an underestimate. We recall from subsection 3.1.2 that
K
* k k *
v b ey " F, vy s (42)
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*
where vl are the minimal routing costs defined in (13.1). Assuming that

ct's are chosen to be equal (cg = <, for all k), we may write (33) as

v.o= ¢ ¢ FTOT - v (43)

= %

* *
We see that by (43), any underestimate 01 of vy (01‘< vl) will define an
*

overestimate ¥ = LR * FTOT - 61 of v . A very crude overestimate may be
obtained immediately by choosing 91 = 0, so that
¢ = e, * FTOT . (44)

A much better estimate may be obtained by solving the interaction-
free version of (13.1) - (13.3) discussed above, where (13.3) is replaced
by fk Sd for all k. Denoting the objective function thus defined by

= *
Ve we clearly have 00 < v1 and obtain an overestimate

<>
"

c, * FTOT - LA (45)

We have experimented with both types of overestimates (44) - (45)
and obtained significantly better results with the tighter overestimate
in (45). In two otherwise identical runs on P1.1, the best value for the
master (VBEST) increased from 5097.4 to 5110 in 80 iterations as a result
of using (45) instead of (44) (v© = 5114 for this run). The improved
behavior of the algorithm is especially apparent when values close to v*
are obtained.

4) A eritical issue in using a step-size sequence defined by (29)
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and (30) is the choice of the Ai's values. Held, Wolfe, and Crowder [3-16]
state that the choice of step sizes 1s imperfectly understood. The
strategy they used for the multicommodity max flow problem was to set
A = 2 for 2N iterations (where N depends on problem size) and then
halving both the values of A and the number of iterations until the latter
reaches a threshold value No’ whereupon A is halved every N0 iterations.

In order to understand the behavior of the algorithm for different
choices of the {Xi} sequence, we made a number of runs for the problem Pl.1.
Table 3.10 summarizes the results. We shall now comment on the results

according to the general strategy used for defining the Xi’s:

Constant A.

We initially tried runs with a constant A and obtained rapid
convergence for small test problems with 10 and 26 arcs (2 and 4 commodities
respectively). However, for the larger P1.1 problem (of 98 arcs) runs 1
and 2 show that such a strategy does not result in values close enough to
the optimum of 5114, An overestimate of 5600 was chosen according to
(44), thus the values for VBEST are expected to improve 1f we use ¢ = 5116
following (45).

Successive Halving of A.

Here we followed the suggestion of Held, Wolfe, and Crowder [3-16]
discussed before. Runs 3 and 4 show marked improvement over runs 1 and
2 though they also use ¥ = 5600, Note that comparing runs 3 and 4 shows
the iteration numbers chosen for halving A will also affect the best objective
function value obtained. The improvement of run 5 over run 4 is due only

to employing the better ¥ value of 5116.
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Adaptive Control of A.

The above strategy of halving A depends upon the choice of a sequence
of iteration numbers at which A is halved. The choice of such a sequence
(or N and N0 in our earlier discussion) requires some hindsight which is
problem—dependent. We shall now consider a scheme which ensures decreasing
the size of A and does not require the prespecification of such a sequence.

To motivate our adaptive strategy, we present the interation values
and step sizes resulting from a constant A = 2 value in Table 3.11. The
last column represents the ratio of current t to the last step size obtained.

We see from Table 3.11 that as soon as a good value of Vs the value of the

objective function at iteration 1 (vi v(yi», is obtained for the master
problem, the corresponding ti becomes relatively large. This is probably
due to the fact that most YE’S become small or vanish, thus making the
denominator of (30) small. The net effect is that the next perturbation in
the capacity vector yi will be too large, causing it to move away to a bad
value, resulting in a sudden drop in the objective function value V- This
happens at iterations 29, 35, and 54 of Table 3.11. It is thus necessary
that Ai's get smaller with increasing i to offset such large fluctuations.
This phenomenon in part explains the efficacy of the halving strategy
discussed above. The adaptive strategy takes two measures to control the
step sizes:

a) It decreases the current ti when it is deemed to have too large a
value.

b) It decreases the value of A be used in the successive steps.

A closer examination of run number 1 (see Table 3.8) shows that the

value of vy decreases significantly when the ratio ti/ti—l becomes large.
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TABLE 3.11 RESULTS OF RUN 1 OF RHSD

» Iteration Vi ti t:l./t:i.-l
1 24942 0.039 -
10 4312.8 0.027 1.70
20 4813.4 0.017 1.74
28 4934.1 0.005 0.35
29 5080.7 1.927 368.09
30 2421.4 0.017 0.01
34 4927.0 0.009 0.53
35 5076.9 1.718 191.0
36 2661.2 0.011 0.006
53 4743.9 0.027 0.64
54 5084.9 7.518 278,45
55 1440.2 0.018 0.002
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This suggests using this ratio as a tracking signal for the adaptive strategy.

If the ratio ti/ti- 2R (some threshold); reset

1

t, « a‘*t (46)
Ao+ o "A, : (47)

Some results for adaptive strategies are shown in runs 6-8. In all
cases ¥ = 5600, and a = 0.01. o, should not be too small since then two or
three triggerings of the scaling operation (47) would result in an overly
small value of A resulting in a very small sequence ti. This, in turn,
would mean that each time the vector yi is perturbed by an insignificant
amount, so that the vy values will change very slowly with 1. The choice of
o6 = 0.01 in run 6 resulted in this behavior.

To us, the adaptive strategy seems to be a computationally attractive
alternative to the halving strategy. In all cases it resulted in a better
sequence of values vy which came closer to the optimum v*.

Timing the Projection Routine

As in the case of the Dantzig-Wolfe decomposition code, we found it
useful to time the subroutine which solves the projection problem to identify
whether much time is spent performing the projections.

Recall that the input parameters for PRICT were NCOM (or K) and da’
the sum of the components of the projection vector y.. In timing PRJCT we
varied NCOM and set da = NCOM. Thus we project K-vectors on the hyperplane

defined by
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K
{xe RKI EoxF = K| £ 20 for all k} .
k=1

The results are shown below:

NCOM <) 5 10 20 50

Average time (in 10 “sec.) 113 1.92  4.08 9.3  27.08
Per projection

As remarked earlier, not all arcs are Projected. Let NPi be the number
Qf arcs projected at iteration 1i. We observed that NPi/NARC decreases
with 1 once we enter a reasonable neighborhood of the optimum. Again this
is due to many YZ'S vanishing once the optimum is neared. Also ope would
expect &Pi to depend on NCOM: the more commodities there are, the greater
the probability of yz being nonzero for some k.

In a test problem with 26 capacitated arcs and 4 commodities we

computed an average of NP, = 15 for ] $ 1< 10, and ﬁf& = 8 for

i
10 3 i.S 19. The algorithm converged in 19 iterations. Assuming the
ratio NPi/NARC to be 0.5, at worst, for the 3-commodity problem P1l.1, we
would have to spend approximately 0.7 seconds for pProjections in the course
of 120 iterations. We have timed RHSD on P1.1 to take approximately 6
seconds. So approximately 12 percent of the solution time is attributable

to projections.

General Behavior of the Algorithm

We have described the effect of various Strategies on the convergence
exhibited by the right-hand side allocation algorithm (RHSD). We noted
that with a good overestimate ¢ and an adaptive strategy for the step size

*
one may get close approximations to the optimal value v . It may be argued,
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however, that the output of interest in the optimal flow pattern fk* for each
commodity k, rather than merely the optimal value. Moreover, 1f the
capacities are integral we would like to obtain integral values for the
optimal flow of each commodity on each arc. The Dantzig-Wolfe decomposition
code exhibits this property regularly. Unfortunately resource-directive
decomposition will generally fail to do this, since the arc capacities
allocated to each commodity result from a projection and may rarely be
expected to be integral. To give only one example, the optimal flow pattern
obtained by Dantzig-Wolfe decomposition on P1l.1 for commodity 1 loads three
chains C

CZ’ and C. with chain flows 5, 3, and 1 respectively. The load

1’ 3
pattern obtained from the best solution to P1.1l with RHSD places the
values &.4618, 2.9937, and 1.5445 on Cl, C2’ and C3; and in addition chooses
a fourth chain C4 with a flow value of .0063. Thus RHSD does not yield
integral solutions though it essentially chooses the correct chains. Here
there may be some hope of reallocating the flows, once the chains are
identified, to achieve integrality 1f needed.

The behavior of RHSD worsens as the number of commodities increases.
For 10 commodities the objective function value is far from the optimum
and half the commodities fail to meet the flow requirements. Thus RHSD
should be limited to networks with a small number of commodities although
largest network sizes are not expected to affect the convergence of RHSD

much. The solution times are of the order of 6 seconds for 120 iterations

on a 3-commodity version of Pl.
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PostScriEt
Upon completion of the computational experience on which this
subsection is based [3-5], we discovered two papers by Kennington who has
solved multicommodity capacitated transportation problems by two
algorithms: a primal GUB approach [3-17] and a subgradient procedure similar
to ours [3-18]. The networks he experiments with are somewhat smaller, but

the results for the subgradient algorithm generally resemble our conclusions.
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4. FREIGHT FLOW PROBLEMS

In Section 2 we presented mixed integer programming formulations for
a serles of freight flow models, ranging from the uncapacitated depot model
to more elaborate models incorporating multicommodity distribution,
capacitated depots, and congestion costs. As noted, we can view these
models conceptually as network design problems; accordingly, we can use
computational techniques which have been developed for this class of problems
as planning tools for freight flow management. In this section, we describe
the initial efforts in an ongoing research program aimed at evaluating the
potential of this approach.

We have used a decomposition technique, known as Benders decomposition,
as the focal point of our analysis. This method has been used most
successfully in the past for designing an industrial distribution system
[4~5] and has been applied to scheduling rallway engines [4-2] and also to
routing aircraft [4-10],

These applications, which share many of the combinatorial complexities
involved in freight flow management, suggest that Benders Method might be
attractive for transportation system design.

When applied to network design problems, Benders algorithm is a
decomposition technique that, in essence, decouples the routing decisions
from the design decisions. This decomposition leads to a series of linear
programs and integer programs that are solved alternately. The linear
program decides upon the best routing strategy with respect to the giveﬁ
design. The integer program uses the routing solution to guide the choice
of a new design.

Rather than applying Benders algorithm as it has been used in the
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past, we propose new methodology for accelerating the algorithm. This

methodology should result in fewer integer programs being solved within the
jterative scheme of Benders Method, and therefore should help to mitigate
part of the greatest computational burden of this algorithmic approach.

To test this methodology, we have applied the modified Benders
algorithm to several p-median location models; we also illustrate the method
on a small uncapacitated network design model (further experimentation is
underway for this class of problems). The p-median and uncapacitated
network design models provide good testbeds for assessing our methodology
for several reasons:

1) They exhibit the combinatorial complexities inherent in network
design applications like freight flow management problems. New theory
emerging in computer science [4-7,4-8,4-12] shows that these models are as
difficult to solve as more elaborate network design models;

2) A number of test problems in the Transportation Science and
Operations Research literatures are readily available; and

3) Because of their relative simplicity, the p-median and
uncapacitated network design models are easier to work with than more
intricate models in the context of a research program. Programming
solution techniques and gathering data for these models, while still far
from trivial, are unencumbered by the details involved in more complicated
models.

For these reasons, we feel that analyzing these two models is a
good starting point for our research.

For completeness and to set notation, we begin by reviewing Benders
decomposition for mixed integer programs. We then introduce modifications

to the procedure, which apply, in fact, to any "cutting plane" type algorithm
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such as Benders decomposition or Dantzig-Wolfe decomposition. In the
succeeding subsections, we show how this methodology specializes for the
p-median and uncapacitated network design problems to exploit the network
structure of these models. The final part of this section summarizes our

computational experience to date.

4.1 BENDERS DECOMPOSITION
Each of the network design models formulated in Section 2 can be

stated in matrix notation as mixed integer programs of the form:

v = Min cx + dy

subject to: Ax + Dy = b

v
(=]

X

y € Y,

where the n-dimensional column vector x and the k-dimensional column vector
y are problem variables; the row vectors c and d and the column vector b
are given data with dimensions n, k and m, respectively; the m by n matrix
A and m by k matrix D are given data as well. The set Y captures the

integer (or configuration) features of the problem; typically

Y = {ye RS y 2 0 and integer}

although the set Y could include side constraints imposed upon the integer

variables. For example, for the p-median problem
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= k. =g =
Y = {yeR: ¥ty F e oy Ps
>
y = 0 and integer} .

Benders algorithm decomposes the mixed integer problem by viewing
the model sequentially as first choosing the "configuration" variables
y and then choosing the continuous variables x; that is, by rewriting the

mixed integer program in the equivalent form:

v = Min Min {(ex + dy): Ax = b - Dy} .
yeY x>0

The advantage of this formulation is that the inner minimization over the
continuous variables is a linear program which usually will be much easier
to solve than the original mixed integer program; it will, in fact, be a
network flow problem for many of the applications that arise in
transportation planning.

If we make the simplifying assumption that this linear program is
feasible and has an optimal solution (i.e. its objective function is bounded
from below over the feasible region) for every choice of y € Y, then we can
replace the linear program by its dual* and rewrite the problem in the

equivalent form:

Minimize Maximize {[dy + u(b - Dy)]: vA < ¢ }. (1)

veY u
*
Minor algorithm changes are required if we relax these assumptions; see
for example [4-9]. Moreoever, the methodology extends to nonlinear problems;
see [4-4].
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Since the inner minimization will always have a solution at one of its
extreme points ul, u2, ey o of its feasible region {u e R®: wa < cl,

we can restate the problem as:

Minimize Maximize {dy + uj(b -0y}, (2)
yeY 1<j<K

or in the alternative form:

v = Minimum Z
yeyY

subject to Z 2 dy + ul(b - Dy) i=1,2, ..., K. (3)

For any given choice of y, the constraints in this formulation ensure
that Z is at least as large as each of the numbers dy + uj(b ~ Dy) for
i=1, 2, ..., K. The minimization over Z then insures that Z equals the
maximum of these numbers. Consequently problem (3) is equivalent to
problem (2).

Observe that problem (3) is an integer program in the variables y (and
the single continuous variable Z), which has one constraint for each of the
extreme points ul, u2, G655 uK. Since in general the number of such
extreme points will be enormous, it is not possible to solve this problem

directly. Benders approach is to relax most of the constraints and solve

the following approximation to (3):
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v: = Minimum Z
yeY

subject to Z > dy + uj(b - Dy) jeJ, (4)

where J is a "small" subset of the set {1, 2, ..., K}. This problem is
then much more amenable to solution by integer programming algorithms.
If the solution Z, ¥ to the relaxed problem (4) satisfles each of

the constraints in problem (3), that is

A

z2 > df + W - D§) forallj = 1,2, ..., K C(5)

then this solution solves (3) as well. Consequently, y = § 'is the vector
of optimal integer variables for the original mixed integer program. With
these in hand, we can easily solve for x in the original program by linear
programming, or equivalently solve the inner minimization (an LP) in (1)

which has x as its dual variables.

If the solution 2,; to the mathematical program (4) does not satisfy
each of the constraints (5), then we have not solved problem (3). We
append the most violated constraint in problem (3) at Z = 2 and y = §
to problem (4) and repeat the procedure. Since the number of constraints
in (3) is finite, the procedure must terminate eventually, possibly when we

have exhausted each of the extreme points ul, u2, el uK by appending the

corresponding constraints to the index set J in problem 4).
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Observe that to check condition (5) or determine the most violated

constraint when Z = Z and y =¥, we must determine

v(y) = D{aérgmén%{dy + - D}, (6)

If v(¥) A Z, then condition (5) 1is satisfied; otherwise, the solution uk

to problem (6) corresponds to the most violated constraint

~

Z:< 4§ + uk(b - DY),
and k is added to the index set J in problem (4). The new constraint
. k
Z > dy + u(b - Dy)

added to the problem is called a Benders cut.
Since solving problem (6) is equivalent to finding an extreme point

solution to the linear program:

A —_— N A <
v(¥y) = Maximum{ [d§ + u(b - D$)] : uwA < c}. (7
Benders algorithm alternates by solving the integer programs (4) and linear
programs (7) until the optimality condition (5) is satisfied.
Since problem (4) relaxes some of the constraints of (3), we know
that the value vJ to problem (4) underestimates the value v to the original

problem. Also, § in problem (7) together with the optimal dual variables
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% to this linear program are feasible in the original problem. Consequently,

we have the bounds
vi- ¢ v < v(§) for each J and 5.

Knowing these bounds, we may terminate prior to finding an optimal solution
with an error bound on our solution.* This feature of the algorithm is
useful since the values vJ may "tail-off' when approaching v, coming close
to v quickly and then increasing slowly to achieve the final improvements.
There are several ways to modify this statement of the algorithm.

For example, it may not pay to solve the integer problem to completion at
each stage. Rather we can search for a solution § that simply improves
upon the last value vJ generated at the previous step, possibly by setting

a number € > 0 as the target value for the level of improvement. Geoffrion

and Graves [4-5]discuss several implementation devices such as this.

4.2 ACCELERATING BENDERS DECOMPOSITION
In this section we describe a method for accelerating Benders
algorithm. The modification applies when the subproblem (7) has multiple

optimal solutions, which results from degeneracy in its dual problem:

Minimize {(d§ + cx): Ax = b - DF}. (8)
x>0

% Since the set J increases from step to step, the bounds vJ increase
monotonically to v. The bounds v($) need not be monotonic, though, and we
may choose the smallest such value generated so far in this iterative
procedure as the upper bound on v.
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Because network optimization problems are reknowned for their degeneracy,
we can expect the algorithmic modifications that we propose to be applicable

to many of the models used for transportation planning.

4.2.1  Example

Before presenting the theory of our methodology, let us illustrate the
phenomenon that leads to our proposal in a numerical example, Consider the

optimization problem with a single integer variable y:

V. = Minimum 3x1 + 3x2 + X3 + X, + x5 + 4x6

sub t H
subject to 3X1+ X2+ x3-x4—,x5+ x6=4—y

8xl+8x2+2x3—x4+ x6=8_y
320 (3=1,2, ...,6), y 2 0 and integer,
In this case, d = 0 and D = (i) are the coefficients of the integer variable
in the objective function and constraints. Y is given by { y:y » 0 and
integer}.

Graphing the feasible region to the dual of this problem, we find that

it has five extreme points:

Extreme Point | Constraint Coefficient
u Z2dy + uj(b-Dy)

ol = (0,3/8) Z>3-3/8y

u2=(l,0) 224 -y

0 = (7,-3) Z >4 - 4y

ut = (-1,1/2) Z=2 1/2y

@ = (-1,0) 2> 44y
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Figure 4.1 illustrates the feasible region to the integer programming

problem (3), i.e.

v = Minimum Z
yeY

subject to Z > dy + uj(b - Dy) G=1,2,..., 5),

for this example. The region R above the highlighted curve v(y) corresponds
to points Z and y satisfying the inequalities in this probiem. The point
(Z,y) in this region with y integer and Z as small as possible is a

solution, 1i.e. (Z,y) = (%;; 3) solves the proBlem.

Suppose that we initiate Benders algorithm with the single extreme
point u = u4 and the corresponding constraint 2 = %-y in the relaxed
problem (4). The solution to the relaxed problem is ¥ = 0 and E‘= 0.

At the point § = 0 both the extreme points u2 and u3 solve the linear
programming subproblem (7). We can visualize this situation in Figure 4.1
by looking along the Z-axis to find the constraint Z 2 dy + uj(b - Dy) most
violated by the point (¥ = 0, 2 = 0). Both the lines Z = dy + u2(b ~ Dy)
and Z = dy + u3(b - Dy) intersect the Z-axis at Z=4 and are most violated.
Therefore, in this case we have two optimal solutions, u2 and u3, to the
linear programming subproblem (7). We also see that the optimal solution

X4 4, X = %, = x, = X5 = X, = 0 to the linear program (8) with
§=0 is degenerate, since only one basis variable xq is positive.

We now have two choices for the Benders cut to add to the relaxed
problem, either that associated with u2, or that associlated with u3. (We

could add both for this simple example; in general, though, we won't know

all the optimal solutions to the linear programming subproblem [4-7]).
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Figures 4.2 and 4.3 show the relaxed problems obtained after adding each of
these alternative cuts.
The important point to note is that the lower boundary of the
region above the cuts
Z=dy + uz(b—Dy) R

and 1 Z=2dy + u4(b - Dy)

in Figure 4.1 is a much better approximation to the curve v(y) than the

lower boundary of the region above the cuts

Z2dy + u3(.b-Dy) s

and Z2=4dy + u4(b -Dy),

in Figure 4.3. In fact, the shaded region in Figure 4.2 is actually
contained in the shaded region in Figure 4.3. Also, note that if we
continue Benders decomposition from the optimal solution (¥ = 1, Z=1/2)

in Figure 4.3, we next add the cut
> 2
Z=dy + u” (b -Dy)

to the problem, since this cut is most violated at § = 1 (because it
coincides with the curve v(y) at § = 1), Consequently, when applying
Benders decomposition to Figure 4.3, we obtain Figure 4,2 again as the
next relaxed problem; from this point on the application of Benders al-
gorithm will proceed as though we had added the cut Z=dy + u2 (b - Dy)
in the first place. Therefore adding the cut Z=dy + u3(b—Dy) instead
of Z=2dy + u2 (b~-Dy) has led to one more iteration in Benders algorithm.

When we started Benders algorithm at § = O, how could we determine
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. . 2 .
that the cut associated with u” is preferred to the cut associated with
3, . : .
u” ¢ Looking at Figure 4.1 gives the answer, at least geometrically,

Note that the line
2 .
Z =dy + u (b=Dy) 9)
always lies on or above the line
3
Z = dy + u (b-Dy) (10)
in the region y=20. Therefore whenever
2 X
Z2Zdy + u”(b-Dy)
in this region, we know that
3
Z2dy + u” (b -Dy)

as well; the second cut gives only redundant information. Note that we
can determine this fact geometrically in Figure 4.1 as follows. Both of
the lines (9) and (10) cross the Z-axis at the same point Z= 4, because
both u] and u2 solve the linear programming subproblem (7) for determining
the most violated constraint. Suppose that we plant our left foot at this
intersection point and move our right foot counter clockwise as far as
possible so that it still touches one of the two lines (9) and (10); then
we must lie on the line (9) which corresponds to the preferred cut. An
equivalent procedure is to select any y9:>0 (note that any such point is
an interior point to the set { y=0 }) and to find

maximize { qy° + ui(b-py°) }.
j =2o0r3
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As we shall see, a generalization of this obseryation will permit us to

generate preferred or '"strong" cuts for any cutting plane type of algorithm.

4.2.2 Formalization

Consider the minimax prohlem

Minimize Maximize { £(u) + yg(u)} (11)
yE€Y u€vy

k

where Y and U are subsets of R- and Rm,f(u) is a real valued function

and g(u) is an m-dimensional vector for any w. If we let f(u) = ub,
g(u) = (d-uD) and U={ u € Rk : uA Sc }, then this problem arises
as formulation (7) when applying Benders decomposition., The problem also
arises when dualizing mathematical programs of the form

Maximize f(u)

u€lu
(12)

subject to g(u) <0
by attaching dual multipliers y with the constraints 8(u) < 0. Formu-
lation (11) then becomes the saddlepoint dual problem associated with this
constrained optimization problem.
Relaxation methods such as Benders decomposition replace the equi-

valent form of problem (11)

Minimize Z
yEY
(13)
subject to Z 2 f(u) + yg(u) for all u€ U
by the approximation problem
Minimize Z
YEY
(14)

subject to Z 2 f(u) + y g(u) for all u € U
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where ais a finite,and usually "small", subset of U. The approximation
problem is an integer program when Benders method is applied to mixed
integer programs and is a linear program (the dual of the master program)
when Dantzig-Wolfe decomposition or generalized programming is applied to
the optimization problem (11).

We will say that the cut (or constraint)
S el 1
ZZ£f(u) +yg(u)
in problem (11) dominates or is stronger than the cut

Y22 f@) +ygu)
in this problem, 1if

£+ y gy > £(u) -+ y gluy

for all y € Y with a strict inequality for at least one point y €Y.
We call a cut pareto optimal if no cut dominates it. Since a cut is
determined by the vector u € U, we shall also say that u1 dominates
(is stronger) than u if the associated cut is stronger, and we say that u is
pareto optimal if the corresponding cut is pareto optimal.

In the example worked out in the previous subsection, we showed
how to generate a pareto optimal cut by solving an auxiliary problem in
terms of any point yo > 0. Note that any such point is an interior point
of the set { y : y=>0 }. This set, in turn, is the convex hull of the
set Y={y : y>0 and integer }. The following theorem shows that
this observation generalizes to any problem of the form (11). Again,

we consider the convex hull of Y, denoted Yc, but now we will be
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more de]:icate and consider the relative interior (or core) of Yc, denoted
ri(Yc), instead of its interior. The result will always be applicable
since the relative interior of the convex set Y€ is always nonempty, even
though the set may contain no interior points. For notation, let us
call any point y0 contained in the relative interior of Yc, a core point
of Y.
Theorem : Let y° be a core point of Y, i.e. y° € ri(Y®), let U(¥) denote
the set of optimal solutions to the optimization problem
Max { f(u) + §glu)}, (15)
u€u .
and let u® solve the problem :
Max { £(u) + y°g(u) }. (16)
uEU(§)
Then u°® is parveto optimal.

Proof : Suppose to the contrary that u® is not pareto optimal; that is,

there is au €U that dominates u®. We first note that since

£(@) + yg@® 2 £0% + ygw® for all y€ Y a7
that

£@) + 2g@@ = £@°) + zgu®) for all z € Y°. (18)

To establish the last inequality, recall that any point z€Y" can be

expressed as a convex combination of a finite number of points in Y, i.e.
z =2{>\yy t:yE€EY}

where Ay 20 for all yE€Y, at most a finite number of the )\y are positive,
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and X {)\y : y€Y} =1. Also note from the inequality (17) with y =¥,
that u must be an optimal solution to the optimization problem (15), that

is, u € U(§). It then follows from (16) that

£() + yg@ = £(u®) + y°g®) . (19)
Since u dominates uo,

£®) +7gw® < £@ + Y@ (20)

for at least one point y € Y. Also, since yOE ri(Y%) there exists (see

[4-11, Theorem 6.4]) a scalar 6 > 1 such that

6y’ + (1-9)y

N
i

belongs to Y°. Multiplying equation (19) by 8 and multiplying
inequality (20) by (1 -8), which is negative and reverses the inequality,

and adding gives :
£(W®) + 28 > £Q) + 2@ .

But this inequality contradicts (18), showing that our supposition that
u® is not pareto optimal is untenable. This completes the proof.

k:uA<c}asin

When f(u) = ub, g(u) = (d-uD) and U= {u€R
Benders decomposition for mixed integer programs problem (15) is a linear
program. In this case, U(§) is the set of points in U satisfying the

linear equation

u(b-D§) = -d§ + Z

-

where Z is the optimal value of problem (14). Therefore to find a pareto

optimal point among all the alternate optimal solutions to problem (15),
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we solve problem (16) which is the linear program :

Maximize { dy° + u(b-Dy°) }
subject to u(b-D§) = Z - a3 21)

and ulA < ¢,

We should note that warying the core point yo might conceiv-
ably generate different pareto optimal cuts. Also, when implementing a
strong cut version of Benders algorithm we have the option of generating
pareto optimal cuts at every iteratiom, or possibly, of generating pareto
optimal cuts periodically. The tradeoff will depend upon the computational
burden of solving problem (16) as compared to the number of iterations
that it saves.

In many instances, it is easy to specify a core point yo for implemen-

ting the pareto optimal cut algorithm. If,for example, Y = {ye Rk

and integer } then any point yo >0 will suffice; if Y= {y€ Rk : yj =0

ty20

or 1 for j = 1,2,...,k } then any vector y° with 0 <y§) <1 for
j=1,2,...,k suffices; and if

k
Y = {yGRk: Z yj<p, y # 0 and integer }
=1

as in the inequality version of the p-median problem, then any point yo
k

with yo >0 and I. y0 < p suffices. In particular, if p > l;—, then
j=1

o 1

yr o= (E, %‘, caiay l) is a core point.
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4.3 ACCELERATING BENDERS METHOD FOR NETWORK OPTIMIZATION

Although solving the linear program (21) always generates pareto
optimal cuts when Benders method is applied to mixed integer programs,
it might be possible to generate strong cuts more efficiently in certain
situations. 1In particular, when the Benders subproblem is a network op-
timization problem, special purpose network algorithms can be developed
for solving the subproblem. The situation is similar to solving shortest
path problems on a network. Even though the problem can be solved by
general purpose linear programming algorithms, specialized algorithms
are much more efficient.

In this section we describe special network algorithms for genmerating
strong cuts forl£he p-median and network design problems. The algorithms
aim to find cuts that dominate those that would ordinarily be generated
by straightforward implementation of Benders algorithm. We do not, in
every case, strive to find'. pareto optimal cuts. Rather, we discuss
several algorithms which range from those that are easy to describe and

implement, but that are not guaranteed to find pareto optimal cuts, to more

elaborate algorithms that we feel do guarantee cuts that are pareto optimal.

4,.3.1 Strong Cuts for the p-Median Problems

We begin by illustrating the notion of strong cuts, in their most
rudimentary form, for the p-median problem. Recall that the p-median
problem is formulated as :

n n

v = Minimize 2 X d; . X, .
i=1 j=1 Y 1



124

n
subject to Z y.=7p
)
i=!
n
-E xij>l (i=1,.0.,0)
j=1
1j<yJ (i,j=l,...,n)
ij>0 (i, 3=1,...,0)
. =0or 1,
7

where dij = the distance (or cost) from site i to site j and
1 if site j is selected

0, otherwise.

We must select p sites to minimize total distribution costs from each
site to the closest of the sites selected.

For any given feasible solution to this problem, we say that site j
is opened if yj = | and that site j is closed if yj = 0, This terminology
corresponds to viewing yj as a decision variable indicating whether or
not a depot is located at site j.

Note that if the yj are given, the problem becomes a linear program
which in this case is trivial to solve; for each index i, the optimal
values for the decision variables xij are given by :

1 if j' is the index j with
y. = 1 giving the minimum di'

. J J (22)

0 otherwise

and the routing cost for this selection of yj set at value one is
n

w= X e
i=1 M
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The shadow prices, or dual variables, for the locations with yj = 0 also

are easy to compute :

I.. = max(dij,-d.. 0).

ij ij°’

Hij’ which is the negative of the dual variable for the constraint
<

X, . .

ij ~j

from 0 to 1. If dij <:dij" then routing from i to j is cheaper than the

» indicates the savings in routing from site i, when yj is changed

current routing from i to j' used in (22) by dij,--dij units. If
dij Zzdij., then setting yj from O to 1 does not improve the current
routing from i to j' at all, and the savingsT[ij equals 0,

The total savings for all sites i from changing yj from O to 1 is
n
. = Z 1I... (23)

Let uj = 0 for every site j with yj = 1. The usual application of Benders

decomposition uses the quantities uj to derive a bound on the optimal

routing cost v :
(24)

where w is the routing cost in the current solution.

For reference purposes, we shall refer to the cut in (24) as a type
B cut. (We define type A cuts later in this section.)

We can interpret type B cuts in the following way. ujyj is the .
savings in routing cost for site j» considered independent of other sites.
If two sites j and k are opened, we can never improve upon the current

routing cost w by more than uj . We might not achieve this total
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because of interactions between the two sites. For example, setting both
yj and Vi from O to 1 may have produced savings for routing from site 1i.
Setting both yj and ¥ to 1 won't give us the combined savings, though,
since site i must be assigned to either site j or site k, but not both.
In general, X uj yj is the best savings that we gould obtain from the
current routing cost w. We might not be able to achieve this savings
because of interaction effects.

We can obtain stronger "cuts" or bounds than (24) by looking at the
structure of the p-median problem more closely. When deriving the Benders
cut (24), we considered savings from opening a new site, i.e. increzsing
yj from O to 1. We did not, however, consider added costs produced by
closing a site, i.e. decreasing some variable yj currently at value 1 to
value O. Since the number of sites that we select is fixed at p, when-
ever some new site is opened, some site selected previously must be closed

and some of these added costs must be incurred. Let

oij = max (ml?(dik)'-dij’o)'

Note that min(dik) is the best routing cost from site i to all sites
k¥

except for site j. If this cost exceeds dij’ then node i is closest to
site j and closing site j must incur at least the additional routing cost
min(d.,) -d... If this cost does not exceed d.., then setting y. from
1 ik ij . ij h|

1 to O doesn't necessarily add any new routing costs. Consequently, oij
is the cost that must be incurred from site i if site j is closed, and
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is the total cost incurred from all sites i by setting Y5 from 1 to O.
If we replace ujyj in the Benders cut (24) with the term \)j(l —yj), we
will obtain sharper lower bounds on v and hopefully accelerate the steps
of Benders algorithm.

So our new cut, which we will refer to as a type C cut, can be

written as :

vZw+ X (l-y)v, = Z u,y. (25)
i€Y ol ey 7R
1 0
va2(w+ Z v,) - T w, y: = Z u,y. (26)
iey, ¥ qey 7' jey 171
| 1 0
where YO is the set of sites closed in the current solutiom, i.e.
i€ Y0 implies y; = 0
and Y is the set of sites opened in the current solution, i.e.

1
1.

i€ Yl implies v

As a numerical example, consider a two-median problem on the following

network :

4

FIGURE 4.4 p-MEDIAN EXAMPLE
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The number next to each arc is the distance (or cost) between the nodes
incident to that arc. Using this data, we can write the distance matrix

dij of shortest distances, or routing distances, between the nodes :

i

Distance Matrix [d..]

ij
1 2 3 4 5
1 0 3 1 3 6
2 3 0 2 4 7
3 1 2 0 2 5
4 3 4 2 0 4
5 6 7 5 4 0

If we start with Y3 = Y5 = 1, the current routing cost is w = 5 since
we route from nodes 1,2,3 and 4 to node 3 and from node 5 to node 5 to
minimize routine costs. Adding node 1 will only alter this routing
pattern by routing from node | to itself, saving us the cost d]3 = 1,

Thus the saving ¥y for node | equals | unit. Similarly, we find

Uy =1
u2=2
u4-2

The usual application of Benders method uses these savings to obtain the

bound

v=25 - lyl - 2y2 —2y4 @27

from (24) on the optimal routing cost v,
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If we reduce Y3 from 1 to O, the second best routing from node 3 is to
node 1 at a cost of 1 unit. Since we currently are routing node 3 to node
3 at a cost of 0, we incur an additional cost of 1 unit. Similarly,
setting s from 1 to O incurs a cost of at least 4 units. The strong

Benders cut
v=25 - ly, = 2y, + l(l-y3) —2y4+4(l-y5) (28)

accounts for these additional costs.
Benders method will next select a new configuration of variables yj
to set to | to find the best lower bound on v subject to the p-median

constraint

V) ¥ Yy Iy ty, tys =2 (29)

Yj=00r] (j=1, 2,.44,5)

The usual method will minimize v subject to (27) and (29) giving Y, =3,
=1 and v = 1. The modified method will minimize v subject to (28) and
(29) giving Y, = Vg = 1 and the better lower bound v = 4. In either
case, Benders method or its modification, will repeat the previous steps
starting from the new site selections.

Tables 4.1 and 4.2 summarize the remaining iterations of Benders method
or its modification to solve this simple problem. 1In this case, the usual
application of Benders method requires four iterations while 1ts modifi-

cation only requires two iterations.
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TABLE 4 .1 BENDERS METHOD FOR THE EXAMPLE

Iteration 1
=25 - - -
v25 Y, 2y2 2y4 ’
yl + y2 + y3 f y4 + y5 = 2

set y, =y, = 1, 1 Svs5

lower value of best known solution
bound
generated
Iteration 2
= - - -
v=5 Yy 2y2_ 2y4
added —— v = 9 - 4y] -4}'3 - 4}'5

cut
Yt Yyt Y3ty Y= 2

sety]=y3=1, 4<vy<5

Iteration 3

= - - -
vZ5 Yy 2y2 2y4
v>9—4yl -4y3 -4y5
added —p v = 8 - 2y, - 2y4 - 5y5

cut
¥, + Yy + Y, + v, + y5 =2

sety]=y5=l, 4<vy<5

Iteration 4

v=5 vy 2y, 2y,

v29 - 4y] 4y3 4y5

v=38 = 2y2 2y, = 5Yg
added ——v 2 7 - 3y, = 3y5 = 3y,

cut
Yyt Ypt Y3t vt Y572

Set y5 = y5 =1, 5 < v <5 OPTIMAL
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TABLE 4.2 MODIFIED BENDERS FOR THE EXAMPLE

Iteration 1

VIS5 -y m2y, 4 (I-yy) - 2y, + 4(L-y,)
or v>10—y1 -2y, - y3 -2y, - by,

NNt ot vy oyt yg =2

i
-
A
<
A
w

set y, =yg =

Iteration 2

<
Y

10 =y, =2yy~y5 - 2y, - by
added ——v = 15 - 5yl -2y, - 6y - 2y, - 4}’5
cut

V) * Yyt Yyt iy, tyg =2

set y3 = ys = 1, 5<Vv<5 OPTIMAL
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The essential idea underlying the type C cut is to compute the
penalty that results from setting a variable s from to 1 to 0. In the net~
work, this corresponds to finding the second closest neighbor to node i
(node i is the closest neighbor to itself) and computing the added dis-
tance that the demand at node ¢ must travel if site i is closed. This
idea can be generalized to compute the penalty of traveling to the third
closest neighbor, fourth closest neighbor and so on. Before giving an
algorithm for implementing this idea, let us consider an example of this
new type of cut.

For the network of Figure 4.4, recall that the type C cut generated

when Y3 =Yg = 1 is :
v=5 - Iy, = 2y, + 101 =yq) - 2y, + 40 -yo).

Now consider the penalty of having the demand at node 3 diverted to the
third nearest neighbor (either node 2 or node 4) instead of its first or
second closest neighbor (i.e. node 3 and node 1). The penalty for setting
both v, = 0 and ¥y = 0 becomes 2; that is, whenever both Y and y4 are zero,
the demand at node 3 must travel at least 2 additional units. We accomo-
date this observation in the type C cut displayed previously by changing
the term (1-y3) to 2(]-y3); then if both Y, and y5 are zero, we incur
the penalty of 2 units. If ¥y = 0 and ¥y = 1, though, we do not incur any
additional penalty (since the demand at node 3 does not travel to its
third closest neighbor). To insure that the new cut agrees with the type
C cut in this instance, we change the coefficient of y} to =2. Therefore,

for both the new and old cuts, the terms -y, + 1(l-y,) and =2y + 2(1~-y.)
1 3 1 3
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agree whenever v, = 1 and yq = 0. (Note that the terms also agree when
vy = 0 and ¥y = 1. We consider the only remaining case v, = 1, vy = 0
when discussing the general procedure later in this section).

After making similar changes to the coefficients of Y5 and Yy by
considering the third closest neighbor to node 5 (which has Y5 = 1 in the

current solution), we obtain the following cut :

= - - - - -
v=5 2yl 2y2 + 2(1 y3) 3y4 + 5(1 y5)
or

v=12 - 2y] - 2y, - 2y3 - 3y4 = 5ys.

As the reader can verify, this cut dominates the type C cut over the

region
Y={y: Yyt ¥yt ety =2, Y 2 0 and integer }.

We will refer to this new type of cut as a type A cut. Note that
when forming this cut, we only apply this generalized penalty to those
nodes that are opened in the current solution, but adding the penalty
might produce changes in the coefficients of variables yj for other nodes
as well,

To construct the type A cuts, in general, we proceed as follows.

We start with the type C cut
= - -
vZw igYo uiyi+j§Y] v 5 (30)

containing the maximal savings coefficient H. for opening any node i that
i

is currently closed, and the penalty coefficient vj of diverting the demand
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at node j to its second closest neighbor whenever node j is closed. Next
consider neighbors of any opened node jEEYl,further away than its second
closest neighbor. As above let vj denote the distance from node j to its

second closest neighbor and defime
N.(8) = des i d,, Sv.+d81}].
J( ) = { nodes 1 i3 ; 1

Nj(d) contains all nodes that are no more than § units further away from

node j than its second closest neighbor. Figure 4.5 illustrates the Nj(é)

FIGURE 4.5 THE N

(8) NEIGHBORHOOD OF NODE (i)

3
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neighborhood of node j. The outer ring, § + Vj units away from node

j, contains all nodes in the neighborhood Nj(G). (For illustration pur-
poses, we have pictured the neighborhood as though distances were Euclidean,
an assumption that is not required.)

Now, if all of the nodes within the Nj(G) neighborhood of node j are
closed, except possibly for the node on the outer boundary (node 2 in
Figure 4.5) then the demand at node j must travel at least vj + § units.

If node 5 in the figure is opened, though, and all nodes closer to node
j are closed, then the demand at node j must only travel at least dj

5

units., Defining 65 = vj + § - dj5’ we may incorporate this observation
into the type C cut, inequality (30), by changing the coefficient of Y5
from - u5y3 to (—u5 - Gs)y5 and the coefficient of yj from vj(l-yj) to

(vj-FG)(I-yj). Then if Y5 =1 and yj = 0 these two terms sum to
-u5—§5+vj+6=—u5+dj5

which is the maximum savings M from opening node 5 plus the penalty for
diverting the demand at node j to node 5.

Similarly, we may associate coefficients Gi = Vj +§ - dji with the
variables Y35 ¥y and Yq for the other nodes interior to the outer ring

in Figure 4.5. The expression
(U3 * 83)y5 = (ug+ §5)ys = (U, + §y, - (Mg +68g)yg + (vs+ 8) (1 = y;)

now replaces the corresponding terms in the type C cut. In this case,
if any one of the sites 3, 5, 7, or 9 is opened, say site i, and site j

is closed, then the previous expression with y; = I reduces to :
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—ui-—Gi+\)J.+6 =‘—ui+dji

incorporating the penalty dji for diverting the demand from node j to
node i. (We will shortly consider the situation when more than one of
these sites is opened.)

We can form a new type of cut, called a type A cut, by constructing
a neighborhood around each of the sites open in the current solution.

The cut is :

vZw+ .E (—ui-di)yi + .Z (\)j +6)(1 "Yj)

1EYO J&Yi
where
\)J. +6 - dji; if site iEY0 is interior to the §
neighborhood around site jGYl,
§. = i.e. d,. <y, + 6.
i J1 ]
0] if site iGYO is not interior to the §
neighborhood around any site jEY] ,
and § = largest integer (we assume that the data dij is

integer) with the property that no
site i€ Y] is contained in the inte-
rior of the 8 neighborhood around

more than one site jEYl.

The restriction on § insures that the coefficients Gi are well defined.
Note that with these definitions a site i could lie in more than ome §
neighborhood, as long as it lies on the houndary (1'..e.,dki =V, + §) of

all but at most one of these meighborhoods.
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All three of the cuts, type A, type B and type C, can be classified
according to the scheme given in the previous section. Definition (30)
implies that type C cuts dominate type B cuts as long as at least one
Vj # 0. The following theo;em summarizes the relationship between type A
and type C cuts.

Theorem : For a given iteration of Bendere decomposition for the p-median
problem, a type A cut will either dominate a type C cut or be equivalent
to it.

Proof : Lety = y be any values for the configuration variables satis-

fying the p-median constraint

Y ¥ Yyt ety =P

yj = 0 or 1 (all j)

and consider the type A and C cuts evaluated at y =y :

vZ2w+ T (u -6)y, + T (v +8(1-5F)

1€Y0 JEYl
vZ2w+ T -u,y, + Z v.(1=-5.) .
i€y, i jex, ] J

The right-hand side of the first of these cuts, the type A cut, equals
the right-hand side of the second, or type C, cut plus the term
T s§U-y.)- 3= 8§.,.%

y..
by J . i1
J Y] 1 YO

(31

By the p-median constraint, if q of the sites iEEYO are opened (i.e.

of the;i = 1), then q of the sites jGEYI, must be closed (i.e. q of the

. =0). But by definition,either Gi =0 or Gi =V * § - d, . for some

J ki
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site k with keYl. In either case Gi < 8 because Vi equalling

min d

ey ki ° 1s no larger than dki‘

Consequently, the term (31) is always nonnegative and right-hand
side of the type A cut is always greater tham or eﬂual to the right-hand
side of the type C cut for every y =‘§ satisfying the p-median constraint.
This completes the proof.

Note that this proof is valid even when two sites arve opened within
the & neighborhood of some node, resolving an issue ralsed previously.
Also, in view of the previous theorem, we see that the type A cuts

generally dominate the type B cuts as well.
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To demonstrate the use of type A cuts, let us consider the following

example which is a two-median problem on the following network:

A

The number next to each arc is the distance (or cost) between the
nodes incident to that arc. Using this data, we can write the distance

matrix*dij of shortest distances between the nodes:

Node j Distance Matrix [dij]

1 2 3 4 5 6 7 8

Node 1

1 0 3 5 2 4 3 1 4
2 3 0 3 3 5 4 2 5
3 5 3 0 4 6 6 4 2
4 2 3 4 0 2 3 1 2
5 4 5 6 2 0 4 3 4
6 3 4 6 3 4 0 2 5
7 1 2 4 1 3 2 0 3
8 4 5 2 2 4 5 3 0

Tables 4.3 and 4.4 summarize the interations of Benders method when
applied to the above problem. Table III solves the problem using the

type C cut. Table IV solves the problem using the type A cut.
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Notice that for this example the type A generating technique was able
to reduce the number of Benders iterations required to solve the problem

from 3 iterations to 1 iteratiom.



Start with Y3 =V

Iteration 1
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TABLE 4.3

BENDERS METHOD FOR THE EXAMPLE

USING THE TYPE C CUT

7

vV >14 - ly1 - 2y, - 2y3 - 2y4

V>14 - ly; - 2y, -

V222 -4y -2y, -

A

v

14 -
22 -

16 -

yp v vt vyt oy,

set y, =

Iteration 2

ST

set y; =

Iteration 3

ly1 - 2y2
4y1 - 2y2
2yq - 3y,
Bty

set y, =

=1

2y4 -

Y5 = 1

2y3 - 2y4

3y - 7y,
+ y3 + y4
Y4_1
_2y3
T3 -7,
- 2y3 - ly,
+ v+ v,
y; =1

35 - 2y5 - 1y,
y5+ Y6+ }'7
9<VvV<I11
3y5 - 2y6 - 1y7
2y5 - 4yg - 8y,
Y5t Yot vy
10<Vv<1
3y5 - 2y6 - 1y7
2y5 = 4yg - 8y,
2y5 = 3y - 4y,
Vst ¥g + vy
11< vV <
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TABLE 4.4

BENDERS METHOD FOR THE EXAMPLE
USING THE TYPE A CUT

- NODE ASSIGNMENT "COST" = 11

Start with Y3 =Yy = 1
Iteration 1
V >14 = 1y, + (-y)) = 2y, = 2y4 + 3(1-yg) - 2y, + (~y,)
=3y5 - 2y + 2(1-y,) - 2yg + (~yg)
or
V >19 -2y, -2y, -3y - 3y, - Iy5-2yg - 2y; - 3y,

ypt vt vyt vt ys gt vt vy = 2

sety3=y7=1 11 < VvV < 11
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Many other kinds of cuts are possible for the p-median problem. For
the sake of computational comparisons, we describe one additional type
of cut, called a type D cut. This cut, which is also a variant of the
type C cut, is defined as :

v2w+ X (-p; -6.)y. + 2 W, +6.)(1 -y.).

0
In this case, w, the My and the \)j are as given in the type C cut.
For any site jGY] currently open, GJ. is defined so that the

neighborhood Nj (GJ.) is as large as possible without containing another

open site interior to its boundary, i.e.,

6j=max{6:\)j+6<djk forallkEY]}-

The coefficients Gi for closed sites iGYO are defined as in the type A
cut, except that now a closed site might lie interior to more than one
neighborhood Nj (Gj). When this occurs, Gi is defined by adding the cor-

responding terms for each neighborhood, i.e.,

6i=2{(vk+6k-d : k€Y, and 4, <vk+6k}.

i I

If site i is not contained in the interior of any neighborhood around one
of the open sites, i.e.,d, .2V, +8  for all k€Y,, then §. is set to
ki~ "k Tk 1 i
value zero.
The type D cuts neither dominate or are dominated by any of the other
types of cuts introduced earlier. We conjecture that the type D cut is
pareto-optimal, a conjecture that we are currently investigating. We

discuss this cut further in section 4.4 on computational tests.
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The cuts A and C introduced in this section for the p-median
problem are stronger than the type B cut produced by straight-
forward implementation of Benders algorithm. The cuts have been derived
by exploiting the network structure of the problem, rather than by using
the linear programming approach of the last section for generating pareto-
optimal cuts. We are currently attempting to reconcile these two ap-
proaches. We believe that the type D cut is one cut than can be gen-—
erated from the linear program (21) by a particular choice for the core
point yo; by varying the core point, we hope to be able to generate a
number of other pareto-optimal cuts easily using the network structure

of the p-median problem.

4.3.2  Strong Cuts for Uncapacitated Network Design

Next we discuss the generation of strong cuts for the network design

problem. Recall from section 2 this problem is formulated as :

Minimize : z 2 Zec,.x,, * z b,.y.. (32)
(,peax 1 M (i,j)ea M

subject to : 0 iFk, i#1

Kkl Kkl s
? i ? X5 = Rkl i=k (33)
—Rkl i=1 for all k,l

&L < Ry for (i,j) €A, for all k,1  (34)
ij k17ij , ; ;
xlz; > 0 for (i,i) €A, for all k,1  (35)
y.. = 0 or I for (i,j) €A (36)

ij



where

i,i,k,1

kl
X, .
1]

i]

ij
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are nodes indices.

is a variable denoting the amount of flow routed
over the arc (i,j) whose origin is k and destination

is 1.

is a 0-1 variable that will be 1 if the arc between

i and j is added to the network and O otherwise.

is the set of candidate arcs for the networks.

is the amount of flow that must be routed between

nodes i and j.

Careful inspection of this problem indicates that it can be decomposed

into a series of problems of the following form :

min 2 Zec,, x,.

ij

where 1 <k<N

i 1] 1]
Zxy - E ;= Ry
i j
(37)
Zxy ~ 2 Xy = Ry
1 ]
Z.inh—gxhj=o 2ShS(N-1)
i j
<
ij \"Rkn le
xij = 0, yijG{O,l} Vi,j

and 1<2<N.
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For any assignment of the 6 variables it is easy to see that (37)
becomes a shortest path problem. Let the configuration variables y be

fixed at values y = y. The dual of (37) is :
max R'kﬂ.[(rLk-HQ,) - zi: ? Yi_] lel

_ _ < . «

> .
Yij/ 0, Hh unrestricted

kl}

Suppose that {l'[i and {Yﬁ'} solve (38); then in the context of

Benders decomposition,

ki kR k%
v=22 X [ -7 -2 2 v.), v..]
kQRkk N 1 B ij 7ij

defines a cut. In order to simplify the following discussion let us
consider only one of the problems (37) and drop the indices k and &.
We assume that sz = 1 for the problem being considered. Further assume

that {l'[?} and {Y*ij} solve (38). So the Benders cut becomes :

* % *
v > (I -T)) -??Yij Yije

Now problem (37) generally has a degenerate optimal basis. This fact
has a well-known network interpretation; in a network with N nodes, the
shortest path between any two nodes usually consists of fewer than the
(N-1) arcs in a basis. Basic arcs not along the shortest path are degen-
erate, at value 0 in (37).

Since (37) is usually degenerate, its dual (38) will generally have

multiple optimal solutions.
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With y = y, regarding (37) as a shortest path problem gives us one
possible interpretation of the dual variables. Hi is the shortest distance
between nodes 1 and i on the network is described by y = y. Since
0 if Hj _I[i < Cij

ij -1. - - -
I, -, -cC,. if.0, -1 >c;

i ij i’

Yij can be interpreted as the reduction in the shortest path distance
between nodes 1 and N if yij =1 (i.e. if are (i,j) is added to the network
defined by y).

Het SOPT = {Hi’Ylj } be a set of optimal dual values defined by
the above procedure. Other values of the optimal dual variables are
usually possible.

We next illustrate this fact, giving a procedure that yields another set
of optimal dual values. This set has the property that the Benders cut
defined by it is never weaker that the cut defined by the set SOPT; That
is, if {Hi,yij } denotes the optimal dual values produced by this new
procedure. Then,

M=l - 22y S -2y
1] 1]
for all possible values of y.
Usually this new set of dual values produces a cut which dominates

the cut defined by the set SOPT.

Define :
D* = optimal value of (37) when y = ; s
H; = minimum distance from node 1 to node i on the network defined

byy =y,
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and

Di = minimum distance from node | to nodeé N on the network defined

by all the arcs in A [i.e. Yij = 1 for all (i,j) €A].

Let

A, =D -D,

i i

2 2 _ X

Hi =0, HN D

1% = min (1}, A, 2<i<N-1,

i i’ i
and

) 0 if M- <e, .

¥, - j i ij

ij 2 2 o2 2

l'[:i Hi cij if Hj Hi>cij

Theorem (a) The set of dual values {H§'5 Yij } 28 an optimal solution to

(38) when y = ;l'
2 1

<y, o
(b) Yij YiJ

Proof for part (b). By cases.

Case 1 Suppose that Hi = Hl.

Then 1I¢ - T2 <1, - I,
i i j i
. 2 1
. . <
which implies that Yij \‘Yij'

Case 2  Suppose that Hi = Ai'

By the triangle inequality we have,

D. <D. +c..
1 J 1]
or D, —c.. <D..
L NRE g
Consequently ,
*
A, =D -D,<D*-(D.-D..) =D =D, +6&,,
3 i Tij i ij
A, <A, +c
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and
-2 <a, -2 =A, -A,
j i j i
<A.+c..—A.
i ij i

< ;4

1w, 2 2 1

which implies that Yij = 0 and that Yij < Yij ,
For part (a).
e s 2 2 2 i .
The definition of Yij guarantees that the set {Hi’Yij} is a feasible

solution of (38). By definition H? = 0 and Ef, = D*‘ now ;ij =1 implies
that Y_?_j = 0 (See the interpretation of Yij given above.) Therefore the
value of (38) for the set {I'[i, Y?.j } is p*. So the solution is optimal

as well as feasible.

Example (N = 4):

00
4
—>»
Solid lines for arc (i,j) indicates yij =1
Dotted " "n n ”" n " = 0
yij
1 1 _
l'[] = 0 Yip = 0
! = 10 g 0
2 Y13
1 1
H3 = 50 Yig = 0 2
1 _ 1 D" = 100.
m, = 100 Yy = 30

|
o

1 1
Y34
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In addition,

2 _
A2 = -10 Yi2 = 0
2
8= 0 Y53 .55
2 2
IIl = 0 Y14 (¢}
2 . " 2
° = min (~10,10) = -10 Yo * 0
2 . 2
H3 = min (0,50) = O Y3, 0.
2
]'[4=100

The cut defined by set 1 is
v 2100 - 30yy,°

The cut defined by the new procedure is
v 2 100,

So the new cut is preferred.

As stated before, the new (strong) cut just described generally
dominates (and is never worse than) the standard Benders cut. We believe
that our improved cut represents 3 substantial strenghtening of the stan-
dard cut. However, this new cut is usually not pareto-optimal. We be-
lieve that any pareto-optimal cut which dominates the new cut will pro-
duce only marginal improvements. In fact, one way to improve the new cut
is to utilize the main idea of the strong p-median ¢uts. That is, calcu-
late the increase of the flow routing cost which results from closing
down an arc. Since this type of improvement for the new cut is not con-
sidered significant at this point in our investigation, we will not spell

out the details here.
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Now we present a small numerical example of the network design problem
which further illustrates the strong cut methodology .

Consider the following network :

4

@

The arcs in the above networks are undirected. So once an arc is
constructed, flow is allowed in either direction.
In order to eliminate infeasible subproblems, we will solve the

master problems for this example with the following constraints added :

Vg ¥ Vi3 ¥ 94 2!

Vg ¥ Vo3 * Yy 21
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We let Y denote the set of O-l yij gatisfying the above constraints.
First, we solve the network design problem using the standard Benders
cuts,

[cij]’ the matrix of arc routing costs, is

and [Rij] » the matrix of flow requirements between nodes is :

_ 1 1 17
2 2 2
1 _ 11
2 2 =2
11 _ 1
7 2 2
e Ine e o
2 2 2

We start with the initial solution

Yig = Vo4 = V34 = 1-



ITERATION

1

v>18-5y]2—

or

v218 - 1¥,9 -

yEY

Y12 = Y13 T Y3

ITERATION 2

v=18 - lylz-

v>23+4y]2+

VAR

Y12

-~

Y13

ITERATION 3

RRATA

yEY
§l3 ;'24 3;3/4
ITERATION 4
v =18 1y,9 =
v =23+ 4y12 +
v =221 + 4y]2 +
v 219 6y12 +
y €Y
Y12 §24 =9y,

413 * 4Yjg Y 2905 % 2y, * Sy 3+ 3y, * 1y,

2913 % 2y, * 53 * 3yy, *+ 1y,

= | 12 < v < 24.
213 * Wy * SV * Iy, * 1y,
2Y13 7 34 * 2995 = Ty, + g,
T 2Yy3 * 2yt 5Yg t 3y, + 1y,
213 =3 4 * 2p3 = MYy, * 1y,
2y13 % 2yyy * 2993 + 3y, ~ 6y,
=1 20< v 2
2Y19 = 2y * O¥p3 * 3yy, + 1y,
2913 7 314 * 29p3 ~ Typ, + 1y,
2y13 * 29, * 2yp3 * 3y,, ~ 6yq,
2y13 = 3y, ¥ Y3 ¥ 3y, vy,
=1 22< v < 24,
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ITERATION 5

+

v=18 - ly12 - 2y]3 2y, * 5¥p3 + 3y, + 13,

v = 23

+

&
o

+

2yy3 T 3t 2995 T 1Yy, * 1y,

+

v =21+ 4y]2 + 2y13 2y]4 + 2y23 + 35y, 6y34
VEN9 -6y + 213 = Yyt Yyt gy * 1y,
v =27+ 41y = 22y 4 = 18y, *+ 5¥93 * 3¥y, * 1yg,
yEY

Y14=Y24=y34=1 24<V<24.

Now we solve the same network design problem using strong cuts
(the cuts are generated using the algorithm described previously.)

Again we start with the initial solution

Vi = Vo4 =34 = 1t

ITERATION 1

+

VZ18 - dyy, = lyjg + Ay * 2y 3 ¥ 2y, + 5,5 + 3yy, * 1y,

or

V18 + 3y, ¥ 1y 3+ 2y, ¥ 5y,5 * 3yy, + lyg,

yEY

~ -~

V., = = < i
Yip = Y14 = V34 1 22 S v <24
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ITERATION 2

> ——
VEI8 #3yy yg 2y, F 5ypg + By, + 1y,
v=23 4+ 4y12 + + 2y14 + 3y2A3 - 3y24 + l.y34
yEY

~

y]4=y24=y34=13 24<V<24.

So the use of the strong cuts has reduced the number of Benders

iterations required for this problem from 5 to 2.
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4.4 COMPUTATIONAL EXPERIENCE

In this section we present preliminary computational results for
Benders decomposition with the strong cut methodology; all computational
tests involved the p-median problem. Four different types of cuts, types
A, B, C and D (as described in the previous section), were used in order
to compare their respective convergence properties,

To generate initial feasible integer solutions for the first iteration
of Benders procedure, we applied a heuristic procedure described by
Cornuejols, Fisher and Nemhauser [4-1]. The Benders continuous subproblems
were solved with the procedures described in the previous section. The
master problems for these tests were solved via an exhaustive enumeration
program. Naturally, the computation time for solving the master problems
increased exponentially with the size of the problem when using this ap-
proach. This limited the range of p-median problems that could be tested
at present.

All of the above procedures were implemented in FORTRAN on the PRIME
computer system at MIT's Sloan School.

The first test problem was a 10 node network taken from [4-3]. Figure
4.6 shows the computation results for locating 3 medians on the 10 node
network. The lower bound was ‘genérated by the solution of the current
master problem. The upper bound was supplied by the best feasible solution
generated. Since the initial heuristic solution generated for this problem
was an optimal solution, the upper bound was the optimal value to the

problem.
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x = TYPE A CUTS

¢ = TYPE B CUTS (Usual Cut)
0O = TYPE C CUTS

A = TYPE D CUTS

ITERATION NUMBER

FIGURE 4.6 3-MEDIAN, 10-NODE TEST PROBLEM

A
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In fact, in all but one of the test problems considered, the initial
solution found by the heuristic algorithm was optimal. The computational
tests of Benders procedure are still meaningful, though; first, there is
no a priori reason to believe that the heuristic algorithm will always gen-—
erate an optimal solution (see [4-1] for error bounds). As a general rule,
verifying whether or not a given solution to an integer program is opti-
mal can be almost as hard as solving the problem form scratch. In addition,
known heuristics for solving modifications of the p-median problem, such
as the model with capacitated depots, and heuristics for solving other
network design problems, such as the uncapacitated depot model discussed
in the last section, are not as effective as the p-median heuristic.

For these problems, heuristic algorithms will not, in general, generate
optimal solutions.

Notice from Figure 4.6 that uging type A and C cuts Benders proce-
dure converged to the optimal solution in 10 iterations whereas the type
D cut converged after 14 iteratioms. In contrast, using the type B cut
(recall that the type B cut did not utilize the strong cut theory, i.e.
it is the "standard" Benders cut) required almost twice as many iterationms.
For this problem, we see that the type B cut is clearly inferior to the
strong cuts.

The computational experience for this problem conforms with our
belief that the strong cuts will be clearly preferred to the standard

cuts whenever the ratio

number of medians
number of nodes
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is relatively large, say greater that %. In this case, the ratio R

3
o °

From Figure 4.6, we can also see that all four cuts exhibit, to some

equals

degree, a "tailing" phenomenon. That is, after a sharp initial rise in
the lower bound, the convergence of the lower bound slowed considerably
for some number of iterations. "Tailing", like this, occurred in most

of our computational tests with p-median problems. Since this phenomenon
reoccurs in many mathematical programming decomposition procedures, its
appearance here is not surprising.

Figure 4.7 contains results for a é-median location problem on the
same 10 node network. All four types of cuts were tested. The results
emphatically show the superiority of the strong cuts over the standard
cut. The type A and type C cuts (which for this problem are identical)
converged very rapidly. It is hoped that all p-median problems with
such a high median to node ratio will converge this rapidly with the
strong cuts.

Figure 4.8 displays results for a larger problem. The test network
was a 33 node network taken from [4-6]. The problem concerns the location
of 2 medians. As can be seen from the graph, there is not much difference
among the four cuts. Cut B performs a little worse than the strong cuts,
but the difference is negligible. Since the ratio R of medians to nodes
is small, the above performance agrees with our intuition about the per-
formance of the strong cuts. Notice that for this problem any of the

four cuts performs quite well.
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X = TYPE A CUTS
» = TYPE B CUTS (Usual Cut)
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FIGURE 4.7 6-MEDIAN, 10-NODE TEST PROBLEM
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Figure 4.9 shows computational results for a 4-median problem on the
same 33 node network. The strong cuts performed somewhat better than the
standard Benders cut. The difference in performance is not as dramatic
as in Figure 4.,7. This is probably due to the relatively small median
to node ratio for the problem corresponding to Figure 4.9.

Figure 4.10 contains limited computational results for type A cuts
only, in a 5-median test of the 33 node network.

Further computer tests were suspended due to the excessive time
required to solve the master problem by exhaustive enumeration (about 15
to 20 minutes per problem). The limited results do, however, show a con-
vergence rate similar to that seen in Figure 4.9.

In our limited series of computational tests we have seen that the
strong cuts can perform much better than the standard Benders cuts. Due
to time limitations, it was necessarry to use a rather crude procedure
to solve the master problem. So further computational tests were not
practical., At present, we are planning a new implementation of Benders
decomposition that will use the MPSX mixed integer programming package
to solve the master problem. Larger test problems should be solvable on
this new system. Our current plans also include a system to implement

Benders decomposition for the network design problem.
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X = TYPE A CUTS
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FIGURE 4.9  4-MEDIAN, 33-NODE TEST PROBLEM
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5. VEHICLE ROUTING PROBLEMS

5.1 HEURISTICS FOR GENERAL ROUTING PROBLEM

In this section we discuss vehicle routing and the traveling salesman
problems (VRP and TSP). Proposed techniques for solving problems of this
sort have fallen into two classes - those which solve the problem optimally
by branch and bound techniques and heuristics. Since algorithms which are
guarenteed to achieve optimality are viable only for very small problems, most
authors have concentrated on the study of heuristic algorithms. Heuristic
techniques for solving problems of this sort can be grouped as follows:
"savings" procedures [5-6], "sweep" procedures [5-12], "nearest-neighbor"
procedures [5-34], and "r-optimal” procedures [5-8].

Undoubtedly, the Clarke-Wright savings method, developed in 1964, is
the most widely used and most widely cited vehicle routing algorithm. It
involves first evaluating all potential savings Sij = dij + dlj - dij from
linking two nodes i and j, and then joining those nodes with the highest
feasible savings at each iteration. Initially, we suppose that every two
demand points i and j are supplied individually from two vehicles giving
a total distance of 2dli + 2dlj' Now if we used only one vehicle to service
both nodes 1 and j, instead of two, then we would experience a savings in
travel distance of (2dli + 2dlj) - (dli + dlj) = dli + d1j - dij )

For every possible pair of demand points i and j there is a corres-

ponding savings Si . We order these savings from greatest to least and

3

starting from the top of the list we link nodes i and j where S represents

1j
the current maximun savings unless the problem constraints are violated.

Christofides and Eilon found from ten small test problems that tours pro-

duced from the savings method averaged only 3.2 percent longer than the
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optimal tours [5-4].

In 1974, Gillett and Miller [5-12] proposed a sweep algorithm for
Euclidean networks which ranks and links demand points by their polar
coordinate angle. We select a "seed" node randomly. With the central
depot as the pivot, we start sweeping (clockwise or counterclockwise) the
ray from the central depot to the seed. Demand nodes are added to a route
as they are swept. If the polar coordinates (indicating angle) for the
demand points are ordered from smallest to largest (with seed's angle 0),
we enlarge routes as we increase the angle until capacity restricts us
from enlarging a route by including an additional demand node. This demand

point becomes the seed for the following route. Once we have partitioned

the nodes, we can apply traveling salesman heuristics to improve tours and

obtain significantly better results. In addition, we can vary the seed

and select the best solution.

Tyagi [5-34],1n 1968, presented a method which groups demand points
into tours based on a nearest-neighbor concept. That is, points are added
to a tour sequentially, each new addition being the closest point to the

last point added to the tour. Having grouped the delivery points into m

tours, we solve m traveling salesman problems to refine the tours.

Eilon et al. [5-8]study an r-optimal procedure for the VRP which is an
outgrowth of Lin's approach to the traveling salesman problem [5-22]. The
procedure presented by Ellon et al. begins with a feasible solution and
tests perturbations of r arcs at a time until r-optimality is obtained.

For example, if r=2 we examine each pair of arcs to see if it can be re—
placed by another pair such that feasibility is preserved and total distance

is decreased.
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Vehicle routing algorithms have recently "come of age' in the sense
that they are now capable of solving some large-scale real-world problems.
As we have emphasized, TSP's are often the crucial sub-problems for much
larger VRP's. A 250-location problem with about 10 locations per route
was solved on an IBM 360/67 in just under 10 minutes using the Gillett
and Miller algorithm [5-12]. More recently, Golden, Magnanti, and Nguyen [5-15]
have incorporated ideas from computer science into a modified savings
procedure. In their paper, the authors emphasize data structures and list
processing and present a new implementation of the Clarke-Wright algorithm
which is motivated by optimality comsiderations, storage considerations,
sorting considerations, and program running time. The Clarke-Wright algo-
rithm is modified in the following three ways:

(1) by using a route shape parameter Y to define a modified savings
Sij = dli + dlj = Yij dij and finding the best route structure obtained

as the parameter is varied;

(2) by considering savings only between nodes that are "close" to

each other;

(3) by storing savings S_,. in a heap structure to reduce comparison

ij
operations and ease access.
This modified code performs from one to two orders of magnitude faster than
other recently developed codes. For details concerning this approach, see
the technical report [5-15] from this project.

In the next secfion, we show how the "savings" technique for solving

the VRP, a generalization of the TSP, is used to solve large traveling sales-

man problems and to assess the quality of the solutions produced. A TSP
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algorithm is presented which appears to be faster than many other heuristic

algorithms for the TSP. The material presented is an extended version

of Golden [5-13].

5.2 SPECTALIZATIONS: TRAVELING SALESMAN PROBLEM

In this section the "savings" technique for solving the vehicle routing
problem, a generalization of the TSP, is used to solve large traveling sales-
man problems. Heuristic solutions are compared with expected values and
statistical estimates of the optimal tour lengths. In particular, the Weibull
distribution is used to model the distribution of heuristic solutions to the
combinatorially explosive TSP. An algorithm is presented whose running time
is especially encouraging. The approach is an example of the growing inter-
face between statistics and mathematical optimization.

The traveling salesman problem arises in many different contexts; typical
applications include computer wiring, vehicle routing, clustering, and job-
shop scheduling [5-21].Since TSP's with more than about 65 nodes cannot be
solved optimally, in general, heuristic procedures are of special interest.

The objectives of our work are three-fold and include efficiency, accu-
racy, and evaluation. That is, we hope to provide an extremely fast heuristic

TSP algorithm which yields solutions which are within 5 or 10 percent of the

optimal solution. In addition, based on the heuristic, we want to be

able to estimate the optimal tour length in order to evaluate the heuristic

more suitably.
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5.2.1 Algorithm Background

The Clarke-Wright algorithm is a "greedy'" heuristic algorithm which has
been implemented to solve large-scale vehicle routing problems. Initially,
each demand node is serviced separately from a specified central depot
(node 1). Nodes i and j become linked according to the magnitude of the

savings

s(i,3) = d(1,1) + d(1.j) - d(i,3)

where d(1,j) is the distance from node i to node j. Figures 5.1 and 5.2

illustrate the savings formula. The basic motivation is as follows: If node i

is an end-point of a tour (adjacent to the central depot) and i can be
linked feasibly with nodes j and k, and s(i,j) >s(i,k), then linking i

and j would be preferred (in the short range) to linking i and k, al-
though possibly not in the optimal solution. The algorithm proceeds
myopically, choosing the best feasible savings at each iteration. See
Clarke and Wright [5-6] and Golden, Magnanti, and Nguyen [5-15] for details.
We have applied a modified version of the algorithm to a distribution
system for an urban newspaper with an evening circulation exceeding 100,000,
This problem contained nearly 600 drop points for newspaper bundles and

was solved with 20 seconds of execution time on an IBM 370/168.

\/

FIGURE 5,1 INITIAL SETUP FIGURE 5.2 NODES I AND J HAVE BEEN LINKED
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Golden, Magnanti, and Nguyen [5-15] have overcome some of the drawbacks
of the original approach in their modified algorithm. The Clarke-Wright
algorithm was designed initially to handle a matrix of real inputs, distances
and savings. In dealing with a large problem, the number of required storage
locations soon becomes unwieldy. Rather than consider all pairwise linkings,
we can restrict our search to a small subset of the possible linkings, which
we store in a list instead of a matrix. This is accomplished by superim-
posing an arbitrary grid over the nodes of the transportation network. Only

the savings associated with arcs linking .odes in adjacent boxes are con-

sidered. Since the grid is arbitrary, care must be taken in the assignment
of the parameters which determine the grid. At each step of the algorithm,
we must determine the maximum savings. This comparison of savings is
handled quickly and conveniently by partially ordering the data in a heap
structure (see [5-15] for details) and updating thé heap at each step after
altering the routes.

We can use this savings approach for the solution of TSP's since a
single vehicle of unlimited capacity leads to an appropriately defined
VRP. 1In fact, the computer code can be streamlined to exploit this sim-
plification, and extremely fast running times result. However, in some cases
we sacrifice accuracy for speed to an unacceptable degree. Since we are
building a hamiltonian circuit, we can consider any node to be the origin
(this cannot be done in solving the VRP). If we consider several indepen-
dent origins we can produce several independent heuristic solutions and
simply choose the minimum length tour as our heuristic TSP solution. We

gain accuracy, lose little in speed, and hopefully obtain a means for
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evaluating our heuristic solution. The evaluation rests on the assumption
that the independent heuristic solutions can be modeled as generated from
a Weibull distribution, an issue we will take up later. The assumption

of independent heuristic solutions needs, perhaps, some justification. We
can generate N origins randomly from a network of n nodes with or without
replacement. When we choose with replacement, the heuristic solutions will
be independent. However, we prefer to select N distinct origins, When we
choose without replacement we obtain more information since each new origin
generates a new heuristic solution, and if the ratio N/n is small, then

the heuristic solutions will be more or less independent. That is, the

difference between sampling with replacement and without replacement is
significant only when the population we are sampling from contains rela-
tively few members. When the ratio N/n is small the selection and non-
replacement of a particular node has a negligible effect on the proba-
bilities of selecting additional nodes.

An underlying issue involves the evaluation of heuristic solutions
to NP-complete problems, such as the TSP. Rosenkrantz, Stearns, and Lewis
[5-30] and Christofides [5-5] have obtained, through elegant combinatorial
arguments, some interesting (although not especially reassuring) worst-
case performance bounds for approximate algorithms for the TSP when the
triangle inequality holds. For the nearest-neighbor method, the worst-
case ratio of the length of the obatined tour to the length of the optimal
tour increases logarithmically with the number of nodes. The nearest-inser-
tion method and the cheapest-insertion method have worst-case ratios which
approach 2 as the number of nodes increases. Christofides' new heuristic

has a worst-case ratio which is strictly less than 3/2. We have shown that
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for a sequential version of the Clarke-Wright algorithm the worst-case ratio
of the Clarke-Wright solution (from a single origin) to the optimal TSP

solution can be arbitrarily as large as the number of nodes increases.

5.2,2 Discussion of the Algorithm

Every arc that we consider for linking in our modified Clarke-Wright
algorithm has a corresponding savings relative to a particular origin. We
order these savings from greatest to least on a heap and starting from the

top of the list we link nodes i and j where s represents the current maxi-

ij
mum feasible savings. We continue until a tour on n nodes is formed. ' Link-
ing nodes i and j is feasible so long as neither i nor j are interior to a

subtour.

Now, when a number of distinct origins are generated for each prob-
lem, we can eliminate redundant calculations in the following way. First,
define the arbitrary grid judiciously (set DIV). Given the x and y co~
ordinates of the nodes in the network, the grid is divided into DIV2
equally-sized rectangles so that each node i has box coordinates BX(i)
and BY(i). Arcs with nodes in adjacent boxes are considered for linking;
these arcs are stored along with thelr distances. In other words, if
|BX(1) - BX(j)| > 1 or |BY(4) - BY(§)| >1 then arc (i,j) is ignored. From
computational experience, which will be discussed later in this paper, the
number of nodes in the network suggests an appropriate range of values
for the parameter DIV (see Golden, Magnanti, and Nguyen [5-15] for more details

regarding DIV). As the origins are varied, only the savings values change.
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The computer code reflects this observation. For each different origin o,

we must redefine our savings function accordingly
Sij(o) = d(o0,1) + d(o0,3j) - d(4,j) (1)

and use the savings to construct a tour as discussed previously.

In the event that distances are not Euclidean, we can store the P
nearest neighbors to each of the n nodes in a matrix. A shortest path al-
gorithm can be used to find these nearest neighbors. Next, the data can be

arranged in an n by 3p matrix T where for L = 1,2,...,p:

T(I,3L-2) = the node adjacent to node I,
T(I,31-1) = the distance between nodes I and T(I,3L-2),
T(I,3L) = the savings obtained by linking I and T(I,3L-2).

This storage scheme is similar to the one developed by Williams [5-36] for

shortest paths. For each node I, we can order the corresponding savings

from largest to smallest via heap structures and proceed as before.
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5.2.3 Statistical Evaluation

The Weibull family of distributions has been studied extemnsively in

recent years, as evidenced by the journal Technometrics. It is especially

useful in problems of 1life testing and reliability where the life length

may be bounded from below (see Barlow and Proschan [5-1]. vThis family is,

in some sense, a more generalized form of the expomential distribution

since it has three parameters and can be reduced to the exponential dis-
tribution with the proper choice (c=1) of one of them, Gumbel [5-16] refers
to the Weibull family as the Type III asymptotic distribution of extreme
values. Fisher and Tippett [5~10], in their fundamental 1928 paper, were

the first to derive the three asymptotic distributions. We will come'back
to this later. The probability density function for the Weibull distribu-

tions is g ¢
\Mf*o2 X)~a
={= >a> >
fx(xo) (b) S exp 5 for x, > a > 0, b>0,c>0

where a is the location parameter, b is the scale parameter, and c is the

shape parameter. It is often easier to work with the cumulative Weibull

distribution given by
c
. x)-a
Prodb {x < xo} =1 - exp —( b )

Note that the random variable (x—a)c has an exponential distribution with

expected value bc since

Prob {(x-a)c < x } =1-exp|—
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McRoberts [5-27], in dealing with combinatorially explosive plant-layout
problems, introduced the idea of matching the distribution of heuristic solu-
tions with a Weibull distribution. He further suggests that other combina-
torial problems might be approached in a similar manner. Unfortunately,
his arguments were substantially weakened by the fact that he treats his
intermediate heuristic solutions as a set of independent observations from
a parent distribution despite the fact that there exists a clear interde-
pendence among these solutions. In part, this paper is an outgrowth of his
work.

Consider N samples, each of size m, taken from a parent population
which is bounded from below. In each sample there is a smallest value xi,
and the smallest value v in Nm observations is the smallest of the N smallest
values X, i.e. v = min {xi |l <i< N}. All sampling is independent. Fisher
and Tippett - [5-10] demonstrated that when m is very large the distribu-
tion of x, approaches what we now call the Weibull distribution. Gumbel
[5-16] points out that in studying one extreme, no assumption need be made
regarding the behavior of the initial distribution at the other extreme.

The Weibull distribution is independent of the parent distribution, so we

do not need to know the distribution from which the samples are generated.
Weibull was an engineer who later derived, in an empirical way, the same
distribution and applied it to the analysis of dynamic breaking strength [5-35].

Intuitively, it seems reasonable that the distribution of heuristic
solutions could be Weibull. Suppose there are n nodes. Then, the parent
populaton consists of (n-1} /2 tours, with lengths bounded from below by
the length of the optimal tour. Each independent heuristic solution implicit-

ly is a local minimum from a large number m of possible tours. With this
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in mind, we can perform the proposed algorithm from various origins to
obtain heuristic solutions (tour lengths) X sXyseeesXye Next, using maxi-
mum likelihood estimation we might find best estimates for a, b, and c.

The likelihood function is given by
c-1 c
A xl a g A x1 a
bJ\ b s b
x -a\°"! x ~a\*
eee € N exp | - N
b/\ b P b
c
N Ne-N c-1 N [x -a
i (= (x,-a) » - (x-a)}  exp|- £ (L=
b/ \b 1 N iof\ b

Since L(6) and 1n(L(6)) have their maximum at the same value of 6, we maxi-

L(xl,xz,...,xN; a,b,c)

mize the natural logarithm of the likelihood

N N (% -a N
InL=N1lnc-Nc Inb + (c-1) I ln(xi—a) -z y
i=1 i=1

9 1In L 9 In L 3 Iln L

If we now equate %a = % = 3 = 0, we obtain the following
maximum likelihood equations:
N N
% =D I () (E) 2 a0 (2)
i=1 i b 1=1
G =N RPN g (x,~a)% = 0 ; (3
d b ctl | i B et
b i=1

c
N N X -a X . -a
loloml g—Nlnb+Z1n(xi—a)—2<i)1n<ji) )=0.(4)
i=1 i=1
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ally been applied in situations where the theoretical cumulative distri-
bution function is completely specified, i.e., all parameters are known.
Inmany practical situations, however, some or all of the parameters are
unknown in which case they must be estimated from the sample data; an
approximate test results. Recent research in mathematical statistics

has begun to focus on the exact nature of this approximation (see Stephens

f5-32].

5.2.4 Expected Length of the Optimal Tour

Beardwood, Halton, and Hammersley [5-2] derive the asymptotic expected
length of an optimal traveling salesman tour for a special class of net-
works. 1In addition, they prove that the variance of the length goes to
zero as n becomes large. For an n node problem (n large) where the nodes
are distributed randomly and uniformly over some arbitrary area of S units,

the expected length of the optimal TSP tour, L(n,S8), is given by
L(n,S) = K 45 . (5)

In their excellent book, Eilon, Watson-Gandy, and Christofides [5-8] perform
simulations which indicate that K=0.75 approximately; the expected length
formula is reasonably accurate with K=0.75 although one could argue that
it consistently underestimates the optimal tour length (see Figure 8.18 .[5-8]).
This formula is important since for large n we cannot solve TSP's exactly.

We now have two means for estimating the optimal TSP solution. Our

goal is to test the Weibull estimate against the expected value formula (5)
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for moderate-sized problems (70 to 130 nodes) where the nodes are distribu-
ted randomly over an area in Euclidean space. Of course, it can be

argued that for very large networks when the conditions are not satisfied
the expected length formula still provides an excellent approximation.
This, however, is difficult to substantiate, Moreover, the statistical
estimate is problem-dependent, and so it takes into account, rather than

ignores, the possible nonrandomness of nodes.
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5.3 COMPUTATIONAL RESULTS

We have performed extensive computational tests essentially to address
the following three questions:

(i) What is the efficiency and accuracy of the proposed heuristic
solution technique?
(ii) Can the Weibull hypothesis be justified statistically?

(1i1) How do the estimated solutions and the expected solutions
compare?

The results obtained tend to confirm our intuition: Tables 5.1 and 5.2 display
the numerical findings.

Table 5.1l focuses on questions (i) and (i1). Networks of from 70 to 130
nodes were generated randomly in a square of area 10,000. In Table 5.1, for
each value of n(n = 70,80,...,130) a single network was generated. The
savings heuristic was applied from N distinct origins with a grid of DIV2
boxes to obtain a final heuristic solution. Running times are remarkably
fast, ranging from 16 to 40 seconds in total execution time on an IBM 370/168.
These run times include all input and output operations (time spent generating
networks is also included). The final heuristic solutions are within 4-10%
percent of the expected solution, except in one instance. The parameters a, b, and
¢ have been estimated and the location parameter a seems to be slightly above
the expected solution in general. Finally, in all cases, the observed Kolmo-
gorov-Smirnov statistics fall far below the critical value at the .05 level
of significance.

Table 5.2 deals with the third question. Here, for each value of n,
five networks have been generated as before, in order to study average be-

havior. The average estimated solution is compared with the expected solu-
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TABLE 5.2 COMPUTATIONAL RESULTS
Average Average Approximate |Approximate
Expected Estimated Heuristic Deviation | Deviation
n N DIV Solution Solution Solution (2)-(1) (3)=(1)

(1 (2) 3 & @
70 25 4 627.75 643, 690. 2.47% 9.9%
80 25 4 670.50 695. 727. 3.6% 8.47
90 25 5 711.75 740, 763. 3.9% 7.2%
100 25 5 750.00 774, 804. 3.2% 7.2%
110 30 6 786.75 805. 836. 2.3% 6.27%
120 30 6 821.25 837. 879. 1.97% 7.0%
130 30 7 855.00 899. 917. 5.1% 7.2%

Each entry is an average over five networks.

TABLE 5.3

CORRELATION COEFFICIENT AS A FUNCTION OF LOCATION PARAMETER

Location Correlation

Parameter Coefficient
850 .970 =
855 .971
860 .972
865 .973
870 974
875 .975
880 .976
885 .977
890 .979
395 . 980
900 .982
905 .981
910 .977
915 .949
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tion. In all cases the average estimated solution is above and within about
five percent of the expected solution. This represents a fairly close fit.
Furthermore, if K is increased to 0.76, as perhaps it should be (although
0.75 is certainly more EOnvenient), the fit becomes still better.

For all problems in Table 5.1, estimating the location parameter was
especlally easy. Plotting correlation coefficient as a function of location
parameter we find a unimodal function as indicated in Table 5.3 where the
entries correspond to the case n = 130 from Table 5.1.

Next, we decided to construct a test network where the expected length
formula was clearly not applicable. In a square area of 64 units, we let the
81 node locations 1n our network be at the integer lattice points (i,j) con-
tained in the region. The proposed heuristic was applied and the observed
Kolmogorov-Smirnov statistic was found to fall far below the critical level,
as in the Table 5.1 experiments. The expected solution and the heuristic
solution differed by more than 50 percent here, emphasizing the restrictions
associated with the expected length formula. In addition, we solved the 25-
city problem posed by Held and Karp [5-11] who conjectured up an optimal solu-
tion of length 1711 units. Little et al [5-24] later verified this con-
Jecture. The expected length formula does not hold in this case either. In a
second of computer time, tours from ten distinct origins were generated. Our
algorithm's solution of 175C units is about 2.2 percent above the optimal
solution. The estimated optimal solution under the Weibull assumption was
found to be 1725 units, less than 1 percent away from optimality. The
observed Kolmogorov-Smirnov statistic was 0.071 against a critical value of
0.410 at the 0.05 level of significance. These experiments have signaled
that indeed, the Weibull assumption can be exploited in more general

situations than the expected value result.
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Finally, we sought to determine the discriminating power of the Kol-
mogorov-Smirnov test. The normal distribution provides a fairly accurate
approximation to the Weibull in this problem, especially in terms of cen-
tral tendency. We experimented with problem #24 from Krolak et al. [5-20]
(some of our results will be mentioned in the next section) first assuming
an underlying Weibull distribution, then an underlying normal distribution.
The observed Kolmogorov-Smirnov statistic is 0.056 under the Weibull hypo-~
thesis, and 0.130 under the normal hypothesis - quite a difference. Although
neither assumption would be rejected at the (.05 level of significance, the

Weibull assumption vields a much closer fit,

5.3.1 Other TSP Heuristics

The interchange algorithm of Lin and Kernighan [5-23] is still the most
effective procedure available for generating optimum and near-optimum solu-
tions to the symmetric TSP. The heart of their procedure involves a trans-
formation whereby k edges in the current tour are replaced by k other edges,
yielding a better tour. They claim to have solved 100 node problems exactly
with 99 percent confidence in 3-4 minutes running time on a GE 635. In con-
trast, our procedure solves 130 node problems to within approximately 7
percent of the optimal solution in about 37 seconds.

Since Lin and Kernighan and Krolak et al. have each obtained the solution
21282. for problem #24 of reference [5-20], it is believed to be the optimal
solution. In applying our TSP heuristic, we obtained a solution of 21978. in

22 seconds of IBM 370/168 execution time which is only 3.3 percent away from
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optimality. In addition, our estimate for the location parameter was 21650,

about 1.7 percent above the optimal solution.

Our heuristic is faster than the Lin-Kernighan heuristic although not
as accurate, and much faster than the Krolak et al. man-machine approach.

For problems involving more than 110 nodes the computer storage requirements
become too excessive for the present version of the Lin-Kernighan heuristic.
Modifications are indicated (although not implemented) in their paper. Stor-
age 1s not a problem with the proposed algorithm since we are selective in
the arcs which we choose to consider for linking, and larger problems can

be handled without difficulty. It is also conceivable that a hybrid ap-
proach in which a solution from our heuristic becomes an initial feasible
solution for the interchange algorithm might be very successful.

We should point out that Steiglitz and Weiner [5-31] have presented
improved implementations for Lin's 2-opt and 3-opt methods [5-32] (precursors
to the sophisticated Lin-Kernighan heuristic). A tour is called K-opt if
it is not possible to obtain a tour with smaller cost by exchanging K arcs
in the tour for any other set of K arcs. For example, if K = 2 each pair
of arcs is examined to see if 1t can be replaced by another pair such that
feasibility is preserved and total distance is decreased. Steiglitz and
Weiner performed experiments on a CDC 6600 computer which indicate that Lin's
2-opt method, in particular, can be made to run just as fast as our proposed
heuristic with a similar average percentage error. In a future paper, we

hope to compare these two heuristics.
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5.3.2 Conclusions

 If we examine the five 100 node problems in Krolak et al. [5-20] (we pre-
sume all nodes have been generated randomly in a rectangle of 2000 by 4000
units for each problem) and if we conjecture that the Lin-Kermighan solutions

are optimal, then we can compare the average optimal solution 21508. with the

expected optimal tour length. Setting K to .76 rather than .75 we obtain
an expected length of about 21500. The limited evidence suggests that .75
is probably too conservative (low) for K. On the other hand, there may be
a complex underlying bias mechanism which causes our location parameter
estimates to consistently overestimate by 1 or 2 percent. Notice from Table
5.2 that there are no trends towards greater disparity as n increases.
Recent results in complexity theory indicate that many network opti-
mization problems such as the TSP are inherently difficult to solve. In
fact, it seems unlikely that polynomial algorithms can be obtained for
exact solution to these problems. With this in mind, heuristic algorithms
have become increasingly important. In this paper, we have presented an
efficient and accurate heuristic algorithm for approximate solution of the
TSP. Of course, if an improved solution is desired, we can determine some
or all of the n-N remaining heuristic solutions in a reasonable amount of
computer time. In addition, we have provided a statistical approach for
estimating the optimal solution, which will help in assessing deviations
from optimality. On the basis of our computational results we cannot reject
the null hypothesis that, indeed, an underlying Weibull distribution is at
work. On the other hand, as with all statistical arguments, we cannot arrive
at an absolutely firm conclusion. The suggested statistical approach, along

with sharp lower bounds from lagrangean relaxation [5-18], [5-19], and
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combinatorial worst-case ratio analysis [5-5], [5—50], is yet another means
for evaluating heuristics for hard combinatorial optimization problems.

We anticipate that heuristic solutions from the 2-opt procedure could
also be successfully modeled by a Weibull distribution. In addition, we feel
this statistical evaluation procedure can be used for many other combinatori-

ally intractable problems.
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6. SUMMARY

6.1 FREIGHT FLOW PROBLEMS

The major result of the first year's work on these problems has
been the development of a generalized method of generating improved
"cuts" for the application of Benders decomposition. As applied to
several p-median and uncapacitated network design models, the new
stronger cuts showed accelerated convergence, particularly for the p-
median problem when the ratic of locations to nodes was relatively high.

Since Benders decomposition requires the solution of an integer
program at each iteration, this reduction in the number of iterations
required for solution is significant in moving to applications for large
scale transportation problems. However, we still require a successful
method for solving these integer master programs, and this has been a
barrier in our first year's work. In the second year, we are implement-
ing Benders decompositionusing the IBM MPSX coding to solve this master

integer program, and will investigate other special integer codings.

6.2 MULTIFLEET ROUTING PROBLEMS

Our work on this problem consisted of implementing and testing
codings which applied both price-directive and resource-directive methods
to a series of multicommodity and multifleet test problems. The major
result is the suprising success of the Dantzig-Wolfe price-directive
methods on the multifleet problem. The Dantzig-Wolfe algorithm was found to
reach an optimum in a small number of steps rather than approaching the

optimum in an asymptotic fashion over a large number of iterations.



194

Thus, we seem to have found a successful decomposition technique for
large scale multifleet routing problems. We are now implementing a
Dantzig-Wolfe/OKF coding which links MPSX and an Out—of-Kilter flow

coding at MIT/FTL for further large scale testing. 1

6.3 VEHICLE ROUTING PROBLEMS

For this problem, we have made substantial improvements in the per-
formance of a heuristic technique for solving multivehicle routing prob-
lems, and the traveling salesman problem. By implementing
a grid technique, and using a heap structure to store data, we have bgen
able to use the original Clarke-Wright algorithm to solve problems from
one to two orders of magnitude faster than other recent codes. This
converts to an ability to solve much larger vehicle routing problems
at a scale now compatible with real world applications.

For example, where the largest optimal solution for a single depot
vehicle routing problem seems to be one with 23 locations, the above
technique obtains answers for problems with 50 points in 1 second, and
problems with 600 points in 20 seconds on an IBM 370/168. It has also
obtained answers from 50 points with 4 depots in 3 seconds, and 100 points
with 4 depots in 9 seconds. Applied to the traveling salesman problem, it
has obtained answers for a 130 point problem in 37 seconds. In all cases,
we expect the heuristic values to be within 10 percent of the optimal
solution value which we feel is compatible with the accuraéy of input

data from typical applications.
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APPENDIX

REPORT OF INVENTIONS

This research project produced advances in several areas of
transportation systems analysis. Three generic transportation problems
were considered: the multi-~fleet scheduling problem, the freight flow
network problem, and the vehicle routing problem. This research produced
revised formulations of these problems and several solution techniques were
proposed for analysis. Special use was made of the concept of decomposition
in developing solution techniques. The project produced computational
experience in problem solutions using network decomposition that will
improve understanding of the capabilities and performance characteristics

of the decomposition approach to solving transportation network problems.
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