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PREFACE

The first phase of the work under Contract No. DOT-TSC-142 is
described in Report No. DOT-TSC-142-1 (Louis, J. F. "A Systematic
Study of Supersonic Jet Noise', December 1971) and in AIAA Paper No.
72-641 (Louis, J. F., Letty, R. P. and Patel, J. R., "A Systematic
Study of Supersonic Jet Noise', 1972).

Recently, Messrs. Ara M. Demirjian and Vijay K. Singhal contrib-
uted to some of the measurements and analyses of supersonic jet noise.

This Final Techn;cal Report was monitored by Mr. Raymond

Ehrenbeck, DOT Transportation Systems Center.
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ABSTRACT

The main purpose of this study is to develop experimental scaling
laws useful for predicting the overall sound power of supersonic jets
operating under a range of high stagnation temperatures and pressures
and under various exit Mach numbers. A shock tube is used as a flexible
tool to provide the range of high stagnation temperatures and pressures
associated with the supersonic jets in this investigation. The range of
stagnation pressures chosen (for a given temperature and Mach number)
correspond to overexpanded, perfectly expanded and underexpanrded con-
ditions of the jet. Two different nozzle configurations: a rectancular
and an axisymmetric, are examined in the study to determire how a basic
difference in shape of the jet changes the relative importance of the
different noise generating mechanisms. Indeced, the results indicate
that the acoustic powers from a rectangular and an axisymmetric jet
operated under identical flow parameters show different dependence on
the scaling parameters, thus extablishing the importance of different
noise mechanisms on different nozzle configurations.

Because of the two-dimensionality of the rectangular jet, the system
of the shocks through which the flow decelerates is very much shorter
than in the identical axisymmetric jet. Noise mechanisms induced at the
surface of the jet are therefore found to be dominant in the rectangular
jet, whereas volume phenomena such as shock-induced noise are more
important in the axisymmetric jet.

Measured sound directivity and Mach waves propagation direction
obtained from shadowgraphs indicate that Mach waves contribute import-
antly to the noise produced by a rectangular jet. Similar measurements
made on the axisymmetric jet indicate stronger influence of shock
induced noise and in particular of shock turbulence interaction.

In order to guide the formulation of scaling laws for the prediction
of overall sound power, a theoretical model is proposed. The model
derives expressions for the power sound level associated with Mach waves
and for shock turbulence interaction. The concurrent use of the model
and of the experimental data allow the formulation of scaling laws for
the overall sound power.

The quasi two-dimensional flow from the rectangular nozzle gave an
opportunity to study Mach and nozzle lip waves for both low and high
temperature jets. Statistical observations made on an ensemble of runs
indicate that lip waves have well-defined frequency peaks and that these
waves are out of phase when detected by two microphones located sym-
metrically relative to the jet. Similar Mach waves measurements indi-
cate that these waves do not appear to have a constant phase relation-
ship. At low temperature, with jet density nearly equal to ambient air
density, lip waves frequencies are also found in the Mach waves spectrum,
therefore indicating that lip disturbances propagate and grow along the
shear layer. At high temperature, with jet density much smaller than
ambient air density, the Mach waves spectrum is found to have no relation
to the lip waves spectrum, and shear layer instabilities dominate the
Mach waves field.



I. INTRODUCTION

The problem of jet noise reduction is a very difficult problem
basically because the acoustic energy radiated is only a fraction of
one percent of the jet kinetic energy and a comsiderable reduction in
jet kinetic energy has to be made before there can be any appreciable
reduction in the acoustic energy; in doing so the propulsive thrust
and efficiency are reduced accordingly. Hence, any proposed scheme of
noise reduction would have to be optimized with aircraft performance.
So far, almost all work on noise suppression has been experimental, as
theoretical developments of the supersonic jet noise theory have been
lacking. It has been generally accepted that in the subsonic jet the
dominating noise generating mechanism is the turbulent mixing as pro-
posed by Lighthilll, whereas in the supersonic jet it is an accumulative
effect of Mach wave radiation, shock-turbulence interaction and shock
unsteadiness, turbulent mixing and nozzle lip radiation. Their presence
has been established by shadowgraph and holographic techniques and has
been reported by Louis et a1.2 and others. The exact contribution
by each of the above noise generating mechanisms to the total super-
sonic jet noise has not yet been assessed. Mathematically, it is diffi-
cult to decouple their contributions because of the complexity of their
origins, but by means of specially-designed experiments in which one
form of the noise generating mechanism is more pronounced over the other
forms, then the dependence of that particular noise generating mech-
anism on the flow parameters (jet density, velocity and Mach number)
of the jet can be studied by varying one flow parameter at a time. Louis
et al.2 propose that by presenting a comparative study of two different

nozzle configurations: a rectangular and a circular supersonic nozzle,
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each having the same exit Mach number and identical momentum and energy
flux, the dependence of each noise generating mechanism on flow parameters
can be studied. Both the rectangular and circular nozzles used in Ref. 2
have the same exit Mach number of 2.74 and exit area of 0.154 sq.in. Due
to the difference in geometry, the rectangular jet undergoes a rapid de-
celeration through a system of strong shocks, and the length of the system
of shocks (which is a function of the nozzle configuration, jet Mach
number and jet pressure ratio) is very much shorter than that in the
identical circular jet; also there is less of the turbulence in the shear
layer to interact with the system of shocks than in the circular jet.
This suggests that shock-induced noise is likely to be more important in
the circular or axisymmetric jet than in the rectangular jet; and this

is confirmed by shadowgraphic studies which reveal that in the rectang-
ular jet practically no spherical acoustic waves (from shock-turbulence
interaction) are seen to radiate from the shock tips, whereas in the
identical circular jet the spherical acoustic waves are very prominent.
However, it must be cautioned that shadowgraphs respond to the second
derivative of the density and as such, the prominent waves detected are
those with the largest derivative and not necessarily those with a large
sound pressure level. On the other hand, measured sound directivity and
propagation direction of Mach waves obtained from shadowgraphs indicate
that Mach waves contribute importantly to the noise produced by a rec-
tangular jet. Furthermore, in the near-field, the stremgth of the Mach
wave radiation in the rectangular jet is constant along the direction of
propagation of the waves and is independent of the distance from the jet
axis. This is because the waves are propagating normal to the long and

short axes and form parallel rays. In the circular jet, the Mach waves



are diverging forming a source-like flow field and the strength of the
waves falls off like the reciprocal of the distance from the jet axis.
Because of this difference in nozzle geometry, the Mach wave radiation
is more important in the rectangular jet than in the circular jet where
the dominating mode of noise production would be the interaction of the
shock with turbulence. The results from Ref. 2 indicate that the total
acoustic power from the two nozzles (rectangular nozzle and identical
circular nozzle) show different dependence on the jet density ratio and
jet velocity ratio. This observation suggests that in the rectangular
jet the most prominent noise generating mechanism is the eddy Mach wave
type of radiation whereas in the circular jet, shock-turbulence and shock
unsteadiness may be the most important type of noise generating mechanism.
From the standpoint of developing a scaling law useful for predicting
the total acoustic power of supersonic jets, it is important to find how
the flow parameters (jet density ratio and jet velocity ratio), depend-
ency or scaling factors for the total acoustic power vary as a function
of different nozzle exit Mach numbers. However, because of the difficulty
of building a series of rectangular nozzles with different exit Mach
numbers, this is done only for the cylindrical supersonic nozzles. In
the meantime, a model for the eddy Mach wave radiation is proposed, using
the experimental results from this study and Lighthill's theory for the
supersonic jet noise. For the circular jet, a model for the shock-tur-
bulence and shock-pressure fluctuations is proposed using experimental
results from this study and Kerrebrock's3 treatment of shock-turbulence
and pressure fluctuation interaction. Shadowgraphs are taken for the pur-
pose of identifying the dominant modes of noise production which have been
established in this study and in Ref. 2 as eddy Mach wave radiation, shock

turbulence and shock-pressure fluctuation interaction, turbulent mixing
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and nozzle lip radiation. As explained earlier, shadowgraphs respond to
the second derivative of the density, and as such the waves are weighted
against the square of the frequencies and those waves of shorter wavelengths

appear to be more prominent on the shadowgraphs.

Supersonic Jet Noise Generating Mechanisms

1.1 Mach-Wave Radiation

These are disturbances convected supersonically in the shear layer

and these waves propagate in a highly directional path whose angle to the
jet axis is determined by the eddy convective velocity. Generally the
mean eddy convective velocity is found to vary from 50% to 70% of the

jet exit velocity. Tam4 considers these waves as instability waves pro-
pagating in the shear layer. Shadowgraphs indicate that the sources of
the Mach wave radiation originate from near the nozzle lip and extend
downstream to the sonic point. This observation agrees with Nagamatsu's
acoustic measurements of the near field of a jet.5 Figure 1 shows a
sketch of the model of the supersonic jet and the sources of the acoustic

radiation.

1.2 Shock Turbulence Interaction and Shock Unsteadiness

The presence of the shock-turbulence interaction,that is, the inter-
action of turbulence in the shear layer with the shock tips, is indicated
in the shadowgraphs by the spherical waves centered at the shock tips and
propagating transverse to the jet axis. Evidently some internal shocks
cannot be avoided even when the jet is operating under perfect expansion
conditions due to the presence of small perturbations in the starting flow.
Small disturbances such as vorticity and pressure fluctuations are gener-

ated upstream by the unsteadiness of the shock cells and as these
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Figure 1: Schematic sketch of a supersonic jet
and the noise generating mechanism.




disturbances iﬁ the shear layer are propagated downstream, they interact
with the shocks creating intense noise. This mechanism is believed to
be the main noise generating mechanism in the circular supersonic jet.
The sources of these waves would appear to be located at the shock tips
where the shear layer interacts with the system of shocks. This ob-
servation is consistent with the location of the spherical waves in the

shadowgraphs.

1.3 Turbulent Mixing Radiation

The radiation from turbulent mixing is viewed as the dominating mech-
anism for the noise generation in the subsonic jet and also in the model
of the supersonic jet noise proposed by Lighthill.6 In Nagamatsu's
idealized model of the supersonic jet noise5 the sources of the turbulent
mixiqg radiation is assumed to start from the transition region near the
sonic point (M=1l) to far downstream where the flow of the jet is subsonic.
In the case of the subsonic jet, the strength of the sources of the acoustic
radiation (acoustic power output per unit length) is constant for the first
4 or 5 diameters7 and then decays like x_el where £ is the turbulent
correlation radius. In the supersonic jet, 2 is approximately constant
over the subsonic portion of the jet and hence for the turbulent mixing,
the acoustic power output per unit length decays 1like x_6 along the axial
distance in the subsonic portion of the supersonic jet. Based on the
present model for the circular supersonic jet noise as resulting from the
interaction of turbulence with the shock cells, turbulent mixing is con-

sidered to be relatively unimportant in the supersonic jet noise.

1.4 Nozzle Lip Radiation

The presence of the lip wave radiation is not as prominent in the

6



shadowgraphs of the supersonic circular jet as in the rectangular jet.8

It has been established experimentally that the thickness of the nozzle
lip (which was once thought to have some influence on the separation

point of the jet as it exited from the nozzle and hence on the acoustic
characteristics of the lip waves) doesnot influence the acoustic charac-
teristics of the lip waves. The contribution of the lip wave radiation

to the total supersonic jet noise power is regarded as not important since
there is no indication that the strength of these sources of lip waves

is higher than the other noise-producing sources and the lip waves are
mainly localized in the region of the nozzle lip.

It appears there is some relationship between Mach waves and lip waves
since the Mach waves originate in the turbulent shear layer in the region
close to the nozzle where the lip-centered cylindrical waves are also
observed. This observation prompts more measurements of the Mach and 1lip
waves concurrently for the low and high temperature conditions. Despite
some positive experimental correlation results for the low temperature
condition, the relationship, if any, between the Mach and lip waves re-
mains to be established.

Scaling parameters. The basic parameters governing the noise pro-

duction in a supersonic jet are: the Mach number, the pressure, the temp-
erature (stagnation), the molecular weight and the ratio of the specific
heats and the nozzle configuration. Hence, for a given test gas (in this
case the test gas is argon) the molecular weight and the ratio of the
specific heat are fixed. The three flow parameters remaining, thus, are
the Mach number, pressure, and temperature. For different nozzle config-
urations, the total jet noise power would show different dependence on

these three flow parameters since the dominating noise generating mechanism

7




in each nozzle configuration is different: such as the Mach wave radiation
in the rectangular jet and the shock-pressure disturbance and shock tur-
bulence interaction in the circular jet. MHowever, an analysis of Light-
hill's jet noise theory and Nagamatsu's supersonic jet noise theory shows
that the jet density ratio (pJ/pa), the jet velocity ratio (UJ/Ca)’ and
the jet Mach number (MJ) are the more suitable parameters to be used in

the scaling law rather than the pressure ratio and the temperature ratio.
Also, it can be shown that other important parameters, such as the Reynolds
number, can be expressed as a function of these three flow parameters,

("J/"a)’ (UJ/Ca) and M.

1.5 Stagnation Pressure Ratio

The stagnation pressure ratio of the jet determines the level of
expansion and hence the strength and length of the system of shocks.
It also determines the jet density for a given stagnation temperature.
Therefore, the stagnation pressure ratio would to some extent indicate
the influence and the importance of the shock-turbulence interaction.
Furthermore, the pressure ratio can be expressed as a function of the
three selected flow parameters through the isentropic expansion relations
and the equation of state.

The exit pressure of the jet 1s given by

P ¥-1

J = - —5=
_P__(|+ QMJ) (1-5-1)
(o)

Also X4

E S
¥-1
ho= ("f E‘MJ) (1-5-2)



Therefore,

B - B

o = = (1-5-3)
T pedt. Fa.
where P° perf is the stagnation pressure required to produce perfectly

expanded flow at the nozzle exit (PJ= Pa) and Pa is the ambient pressure.

From the equation of state for perfect gas

Fr

9\7 = R__ (1-5-4)
M 13
91 is the jet density at the exit plane of the nozzle,
? is the density of the ambient air,
F: is the jet static pressure at the exit plane of the
J nozzle,
-Er is the jet static temperature at the exit plane of the
nozzle,
-TE, is the ambient temperature,
FZ is the universal gas constant, and
M is the molecular weight of the test gas.
o P° = f[ = condlant =(&-) (E) (1-5-5)
fL Pu¢‘ T%L ?o— Ta

But




Therefore, the stagnation pressure ratio
2 2
'P_TJS— & (gl) . <9I . (h) (1-5-6)
o perd. P/ \Ur) \Ca
2

& fg’_) . Lz . (EJ:)
a My Ca

1.6 Reynolds Number Based on the Viscosity of the Ambient Air and
Exit Diameter of the Jet

The Reynolds number can be regarded as the ratio of the inertia
force over the viscous force, and it is an important consideration in
determining the level of turbulence in the jet flow. The Reynolds num-
ber for the supersonic jets in this investigation are in the turbulent
regime and the jets and especially the shear layer are fully turbulent.
In the case of an argon jet discharging into the ambient atmosphere, two
Reynolds numbers can be defined: one based on the viscosity of the am-
bient air and the other based on the viscosity of the jet. An appropriate
choice of the characteristic length is the exit diameter of the nozzle.

The Reynolds number based on the viscosity of the ambient air is an im-

portant parameter in determining the viscous stresses in the shear layer,

while the Reynolds number based on the viscosity of the test jet is the

important parameter in determining the viscous stresses in the interior
of the jet. Basically the viscous stresses in the supersonic jet are
contained in two regions: the shear layer and the main core.

The Reynolds number based on the viscosity of the ambient air

is defined as

pU. D
Rep, = 252

(1-6-1)
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For ambient air, ua is constant and D is constant for a given nozzle.

Therefore, the parameter can be expressed as

ReD& = Constast (%)-(—E) (1-6-2)

1.7 Reynolds Number Based on the Viscosity of the Test Gas (Argon) and
Exit Diameter of the Jet

Re - Sy UyD (1-7-1)
Dz Fr

But for a noble gas such as argon, the viscosity is proportional to the
square root of the jet temperature and similarly the velocity of the jet
is also proportional to the square root of the jet temperature.

Therefore

= Constart . (f;_r) 17-2)

[- 9

RP—DJ_

1.8 Stagnation Temperature Ratio

The main influence of the stagnation temperature ratio on the total
noise power can be best viewed as the influence of the jet kinetic energy.
Since the jet velocity is a function of the stagnation temperature for
a given M., increasing the stagnation temperature would increase the total
kinetic energy of the jet and hence the total acoustic power. The density
of the jet is also affected by the jet temperature and the density falls
off like the reciprocal of the jet temperature. In the case of a light

test gas driving into a heavier gas, instability known as Taylor's
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instability will develop and it strongly influences the stability of the

shear layer.

To pert. is given by

To perd, -
Te  ° (‘ + rT”yz)
and
To - ¥-| 2
Ty B (l T2 MT)
So
2
T _ Tz (_C_I)
Te par? T Ta Co
2 2
o (ﬁ) : (EI)
W, Co
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II. FORMULATION OF THE THEORY ON SUPERSONIC JET NOISE

The present theory is formulated in three parts. Part 1 deals
essentially with the Mach wave radiation as the principal noise gener-
ating mechanism in the rectangular jet. Part 2 deals with the shock-
turbulence and shock-pressure fluctuation interaction' as the principal
noise generating mechanism in the circular jet. Part 3 is devoted to
a complete analysis of the strength of the oblique shocks and the length

of the shock cells.

Part 1

2.1 Mach Wave Radiation

Mach waves are weak but finite waves that are produced by small
disturbances; they are not the same as Mach lines which have zero strength.
Lighthill has regarded these waves as a distribution of weak ballistic
shock waves generated by the motion of eddies or disturbances through the
atmosphere faster than the atmospheric speed of sound. The governing

equations of motion for the eddies are

3
%—P—+ Z a—@—z‘l = 0 (2-1-1)

--
n

a(apt\rl) + z a(?\f.',;’?,x'; Piy) = 0 (2-1-2)

3
¥ |
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Expressing

Ty = Py + py - Ca P J’LJ (2-1-3)

Then, from the above equations, the following expression is obtained:

3 2
azg B Z ¢t ﬂ 0 Tij (2-1-4)
|

Using Kirchoff's relation

3 3 az T
2 L
Ca_ (?-f@) = .E‘ E ' ax.LaXJ‘ 5 ‘+Tl’ A-V- (2-1-5)
t=l = v

Equation (2-1-5) is the Lighthill's equation and the bracket [1 indicates

evaluation at the retarded time ¢t = t - *—

a
Considering only the far field,

g% [Tij] = - CTI,—_ % [T-L‘-‘] a—)% (2-1-6)
ool P



Therefore, the acoustic far field can be written as

L=t j |

3 3
X X s __
P-FP = Z _——%WC“_’"JN F—Lj dtT (2-1-8)
vV

where [%] is the second time derivative of Ti and the volume of integration

3
is over the entire volume of the eddies. At this point it is worthwhile
to examine how to interpret the term Tij' Tij contains the fluctuating
Reynolds stresses, pViVj, the real stresses, pij’ and the stresses in the
uniform acoustic medium at rest, Cipﬁij. The only important stresses to
be considered are the fluctuating Reynolds stresses which correspond to
variable rates of momentum flux across surfaces fixed in the fluctuating
fluid flow. These fluctuating stresses are generated by the fluctuating
shearing motions of the eddies as the eddies are being convected in the
shear layer. In subsonic flow, this mechanism is reduced to the turbulent
mixing from which acoustic energy is radiated as quadrupole radiation.
In the supersonic jet, the eddies are moving with a convection speed
greater than the atmospheric speed of sound and hence most of the acoustic
energy is radiated in the forward direction. It is perfectly clear that
Lighthill's analysis of subsonic turbulent noise is equally applicable to
the Mach wave radiation of the supersonically convecting turbulent eddies.
In order to estimate the integral contribution from the whole jet,
the statistical properties of the flow of the eddies must be taken into

account. To do so the flow is divided into regions such that strengths

of the sources in different regions are uncorrelated. Hence the acoustic
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output for a single region is

3 .
PP Z 2 e Ve [Ty @19
5

Since the acoustic intensities combine linearly for uncorrelated sources,

the total acoustic intensity for the entire volume of jet is

{(p- Po-22> _ -Ve-z [-H-J 2] (2-1-10)

}%LC:G. - fzx Caf v

where [-Ti] ] is a typical mean square fluctuation of T
w*t?

1j and can be

rewritten as where w is a typical radian frequency of fluctua-
tion and T? is a typical mean square value of the strength of the source.

Therefore, the acoustic power output per unit volume of eddies is

Vo w* T2
Po C

(2-1-11)

By dimensional analysis, Ve is proportional to 23 where £ is the mean
radius of an eddy and is proportional to d, w is proportional to %3 and

T2 is proportional to (pIJé)2 where Py is a typical density of the eddies.

Therefore, the acoustic power output per unit volume of the eddies is

16



proportional to

PT | u:rs)
Po d
C 5

(2-1-12)

The density pI of the eddies should be intermediate between pa and pJ.
Rewriting pI as some function of pJ such that the dependence of the
acoustic power on the jet density (pJ) varies with a power ranging from

9,10

1.0 to 2.0 as suggested by the results of Coles and Lassiterll,

PI = jo:j' (2-1-13)

where ¢1 varies between 0.5 and 1.0. In general, ¢1 is a function of
the jet Mach number. The acoustic power output per unit volume of the

eddies in a stationary frame is

P tho P
??:) . CJ; I (2-1-14)

e

However, it must be taken into account that the eddies are not stationary
but are moving with a mean convective Mach number Mc' The effect of the
-3
2 2
convection appears in the addition of the term {(l-l"lc(‘pse) + (%&) }
Qs

as has been shown by Ffowcs w:l.lliams.12 Furthermore, by including only

moving eddies whose radiation arrives simultaneously and the fact that

17
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the slope of the convected velocity and the signal velocity do not coin-
cide, Ffowcs Williams has shown that there is an additional correction of
2 /wl
{(I—MCCOSG)'F (E—) } . Therefore, the acoustic power output per
o

unit volume of the convecting eddies is given by

29, | %

N U 8 2 2
W, = %::—) . PT . ?:—? (I-McCose)a-(‘é’—f) (2-1-15)

1

The peak acoustic power is directed in the direction 6 = cos and

[
0A|H

this is the direction along which the maximum acoustic power is radiated
and which the Mach waves appear to be propagating. For the contributions
of the Mach wave radiation, the acoustic intensity per unit length of jet

by the Mach waves propagating in the 6 direction is proportional to

(%—j ¢'f3a d %§ %)-5 (2-1-16)

It can be shown that wf is proportional to the rms turbulent velocity
which itself increases less rapidly than UJ. Therefore, wf would be

proportional to some power of UJ,

¢
(éJ_f- ~ (%?f>l (2-1-17)

where ¢2 is a function of jet Mach number (UJ/CJ) and the velocity ratio
18



(CJ/Ca) and to a lesser degree on the Reynolds number.
From equations (2-1-16) and (2-1-17) the acoustic intensity of the

Mach waves is obtained as

2¢, 8-5¢,

(ﬁ'..) . P“A, (%%) . C: | (2-1-18)

Since pa, d, Ca are constants for a given nozzle and ambient conditionm,

the acoustic intensity of the Mach wave radiation is proportional to
! 2
. ( _u:A'_) (2-1-19)

In general, the acoustic intensity of the Mach waves varies as a function
of the axial distance along the jet. This is due to the fact that the
eddies are being elongated as they are convected downstream and tend to
break up into smaller eddies to conserve vorticity. As suggested by
Nagamatsu, the acoustic intensity of the Mach waves would vary linearly
with distance. Physically, it means that more eddies are formed down-
stream or that more different eddies become correlated downstream and their
amplitudes of the pressure fluctuations combine linearly to give a higher
acoustic intensity. Using this assumption and the fact that the Mach waves
do not extend beyond the sonic point, the total acoustic power from the
supersonic jet is obtained by integrating the acoustic power output per

unit length from the Mach waves over the length of the supersonic region.
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The contribution from the turbulent mixing noise over the subsonic region
of the jet is obtained by integrating from the sonic point to a point far
downstream. It has been noted that the acoustic power output per unit
length in the subsonic region of the supersonic jet decays like x-6.
Nagamatsu has assumed the empirical relation for the lgngth of the super-

sonic region of the perfectly expanded jet to be
2
L= 5M, + 0.8 o (2-1-20)

This is not the case in the present experiment since the jets are oper-
ated under different expanded conditions, and Price'sl3 result for argon
jets under different pressure ratios is more applicable to the present
analysis.

Price gives the spatial distance between two shock cells as

0.35

% = L2 (R*— R:) (2-1-21)

~

o]
where R* = pressure ratio = 7
a

R*
c

critical pressure ratio = 2.39 for argon
s = shock separation
d = nozzle diameter.

R*- Eo_ - _Po__ . ﬁf’—“‘?-
- Pa Po pert. Pa

™

(2-1-22)

Z)K/b'—l

J

1
|50

-
+
T
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S . Pi( L Mz) —2.39 (2-1-23)
T ° [,2 P, I+ = ,

Assuming there are n shock cells in the supersonic length, then the

supersonic length is given by

0.35

)
o) 2
Ls* = L2an -1533 6+%’-M3) - 2.39 (2-1-24)

The value of n can be easily determined from equations (2-1-20) and

(2-1-23):

5'M3-2+ 0.8

X/ 0.35
1.2[(1 +-‘Zg—'-m§.)/‘ = z.aq]

(2-1-25)

Since both equations (2-1~20) and (2-1-23) are established empirically
and n must be an integer, the value of n determined from equation (2-1-25)
is rounded to the nearest integer to give the exact number of shock cells
in the supersonic length.

Alternatively, the constant in Price's empirical relation for s/d
in equation (2-1-21) and the constant for Ls in equation (2-1-20) are

corrected so that n is an integer.
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3
For the supersonic region (O(-’i— $ LS ) the acoustic output per

unit exit diameter is assumed to be

%o (M;\') - 'Fo (MJ) X
5 L

W, =1c°(M3)+

(2-1-26)

The above expression is similar to the derivation given by Nagamatsu

except that in the present case

2¢| 8-5¢,

Kl (%) . Cé—z) MJ_—“ (2-1-27)

£, ()

2¢ 8-5¢4, _g

(9 (&)

i

%o (MJB

The motivation for writing fo(MJ) as equation (2-1-27) is to give the
acoustic output per unit exit diameter at the nozzle exit which is a
function of the jet Mach number. go(MJ) gives the slope of the dis-
tance of the acoustic output per unit exit diameter along the axial dis~-
tance. Kl is a constant and is the same for all jets of the same diameter
and operating in the same ambient conditions; o and B8 are variables to be
determined from experimental results, and in general o and B are functions
of jet Mach numbers only.

The total contribution of the Mach wave radiation from the supersonic

22



region is obtained by integrating over the length from 0 £

N opx
N
-
7,3

9, (Mp)-£ (M5) L
LS*

¥

-\—A-fe = 'ﬁo (MJ) LS*' +

)

Lz:' [-ﬁo(MJ) + 9, (My)] (2-1-29)

Substituting equationﬁ (2-1-24), (2-1-27) and (2-1-28) in the above

equation

2¢ 8‘5¢2 - -8
T Pr) ' (U My +M
ek ()

. o .| 0.35 (2-1-30)
T - —
8 [?: (+ 3t m3) — 23

Rewriting PJ/Pa as (pJ/pa) . (UJ/Ca)Z, equation (2-1-30) becomes

26,

W= tank, (£2) (L) R

2

¢2( '°"+ M-@

2 .| 035
. [@%) (L) (1o 5t m2) 2.3«1]

The variables ¢1, ¢2, a and B are determined experimentally.
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For a given nozzle, Mj is fixed and varying the jet density ratio
and jet velocity ratio one at a time, the variables ¢l and ¢2 are deter-
mined from the scaling law obtained experimentally. Therefore, the
total acoustic power generated by means of Mach wave radiation is pro-
portional to the jet demsity ratio pJ/pa to the power (2¢1 + 0.35),
and to the jet velocity ratio UJ/Ca to the power (8 - 5¢2 + 0.70). (A simi-
lar analysis for the case of an air-jet is given in Appendix A,)

Mach wave radiation appears to be the most important noise generating
mechanism in the rectangular supersonic jet and the total acoustic power
from the rectangular jet would vary as (2¢1 + 0.35) power of the density
and (8 - 5¢2 + 0.70) power of the velocity.

Lighthill's eight-power law of the jet velocity in the subsonic jet
can be derived from the above analysis. When the jet is subsonic, the
eddies are moving with subsonic speed and turbulent mixing becomes the
most important mechanism. The functions fo(MJ) and go(MJ) are the same
since o and B approach zero as M_ approaches 1.0 as indicated by Naga-

J
matsu et al.14 The acoustic power output would be reduced to

4 59,
%%)2 ('lé._z> g

For ¢1 = 0.5 and ¢2 = 0, the above relation is reduced to Lighthill's

results for the acoustic power output of the subsonic jet.

Part 2

2.2 Shock~Turbulence and Shock-Pressure Fluctuations Interaction

In Part 1 the generation of noise by relatively strong vorticity or
eddies is considered. On the other hand, even if the disturbances such as
fluctuations of pressure, entropy and vorticity are weak, they will interact
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if carried through a region of high gradients in the mean flow quantities
since the interaction terms again become large in this region. The

three common flow phenomena in which very large gradients are encountered
are shock waves, flame fronts and shear layers. In this study, only the
interactions of the pressure and vorticity disturbances with the shock
waves are considered. These small disturbances, preséure and vorticity

are ordinarily random, and only the statistical properties of the dis-
turbances can be specified, and hence only the influence of the shock

wave on these properties can be determined. It will be assumed that the
input disturbances are isotropic and the shock wave is an infinite plane,
separating two semi-infinite regions of uniform flow perturbed by the small
disturbance fields. The small disturbances can be weak turbulent eddies

in the shear layer or weak pressure fluctuations generated by the unsteadi-
ness of the shock cells in the jet. The present analysis of the interaction
of small disturbances with the shock waves is attributed to Kerrebrock.3

Summary of Kerrebrock's theory on the interaction of flow discontin-

uities with small disturbances: governing equations of the fluid. Neglect-

ing the effects of viscosity and heat conduction, the equations governing

the fluid are:

*
* ¥
Continuity %{- + v (f w ) = 0 (2-2-1)
* * ¥
Momen tum f _-:-[_)l + = 0 (2-2-2)
Dt Ve
*
Energy ;llé_ = 0 (2-2-3)

Dt

i

State »P* 5,* R T (2-2-4)

25



For small disturbances, introduce the new variables

u, = UI-U
u, = u;
u; = ug
p = p*-p
§o = o*-p
s = s* - So

in the above equations. The resulting set of equations is

(%fU%l)E + %VP = 0 (2-2-5)

s UEN Ty o e

(3¢ *

Q)
>

-

:_93)(_' )S = 0 (2-2-7)

Taking the curl of equation (2-2-5) and letting the vorticity associated

with the disturbance be Q = VXu, the equation governing the vorticity is
3 \J 9 ) Nl =0 (2-2-8)
(Bt oxX, / —

The disturbance fields can be represented by Fourier integrals in
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terms of the stationary coordinate system as follows:

ik, (x,-Ut) + KXo+ Koy + wt ]

U =JC dZ (k,w)

2= (G UR) KK KX+ eot)

P —je dZ,p(K,w) (2-2-10)
i SU) + K Xy + KaX3 + @t ]

Cil’ = 1, [k, (x, . )+ Ky Xg + KX L) -

Substituting the Fourier integrals into the differential equations

(2-2-6) to (2-2-8), the following expressions are obtained:

For the pressure field

wl = a,l(Kll-i- K:'-\» K: )

w = *ak (2-2-12)
and for the vorticity and entropy fields

w =0 (2-2-13)

Part of the velocity field is associated with the pressure field
(Eq. 2-2-5) and part with the vorticity field (Eq. 2-2-8). The dis-

turbance fields upstream of the discontinuity (shock wave) are
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expressed as follows:

Upstream of S,

i[k, 06-Ut) + K, X3 4 KaxXs ]

%ﬁ =j€_ | S d Zv (&) (2-2-14)
(e (x Ut) + KaXg +haxs])

Ciy _Je ] dZs (k) (2-2-15)
[k, O -Ut) T K X3t k3Xs)

1% =J eL[ ’ CJZ,P (k) (2-2-16)

~{ I;Ut)+K_1X + KaXs-aKt]
uU? __JCL[K,(X 2 + K3Xs %JZ.P(E) -

In order to simplify the boundary conditions at the discontinuity it
is transformed to a coordinate system in which the discontinuity appears

normal to the stream velocity as indicated in Fig. 2.

55"\9 + 7Cose + Ut Cosze

X, =
A3=-§Cs6 +15mb + Ut Cos 8610 6
k,= R,3in® + R, (o3 8

K,=-RCos6 + R, Sin6

Ks = Rs ; U = <6

In terms of the new coordinate system, the disturbance fields are

written as follows:

Upstream of the discontinuity,

Uy :J W[k, (5-Unt) + Ryt + R3Xs]
e

Un dZv (k) Sin6 (2-2-18)
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.
~

Figure 2: Transformation from case of oblique discontinuity

in X1 Xy, xq coordinate system to case of normal

discontinuity in §, n, and X3 coordinate system.
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_ 'L[h.( “Unt)+ Ry + R3X3)
& =) A0
) (2-2-19)
_ (iR, (8-Upt) tRoy + B3 X5
% ) fef ? e dZp(R) (2-2-20)
U _ ( t(R(g-Unt) +Roq + RaXs - akt] (2-2-21)
UJ; ‘Je %G\Z'F(B XMn

For the downstream side of the discontinuity

{JT‘::’ - JeL[Rf(§~U.,'t)+ kg +RaXs ] 42, ('L)%"" o’ o
_% - je'«[k.'(;-u,;’t)ml'u Kt 7' (k) 2.2.25
.g :jel[hf(i-vﬁﬂ’rh;’ﬂk;"s] AZ;(B) / (2-2-24)
%E’.: :jel(h’.(f-U::’c) + hoq + RyXy- ak't ] % ‘JZ}:( l_()/{Mn (2-2-25)

The matching of wave numbers may be divided into two cases:
1) The known upstream disturbance consists only of convected

vorticity and entropy.

kl = k

2 2
' =

ky = ky

k, = /i, ¥k,

Matching of the time dependence yields for the convected downstream
disturbance

ki = mkl (2-2-26)

- L}
where m Un/Un ,
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and for the downstream pressure disturbance

[BERTL LI B ~2-
klp Un + k a kl (2-2-27)

and

/ 12'
v = = i (8 N

and for the upstream pressure disturbance

M2 1-M2 )
ﬁfzﬁi - |.MM9- 1 ¥ J‘—l'ln\/]'- T;':n(%.-) (2-2-29)

)
2
- (k) < 1
5= — < (2-2-30)
mz_M_n R

2) TFor the second case, the known upstream disturbance consists
only of pressure waves and there can be no upstream convected disturbance.

For the downstream con§ected disturbances
/
_ P TN S w )
R, = m(k'p M hup + kq- (2-2-31)
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and the resulting downstream pressure wave

/ 2 ‘2
el /1 SEGY ] e

For the reflected upstream pressure wave,

EI_P_E _ *QM:' M.n(‘ 1'»Mn:l)

= - (2-2-33)
/ 2
W (-1 e )
Matching the velocity conditions yilelds
/
y_t_ = m_'U_t (2-2-34)

Un Un
where Ut is the tangential velocity component.
By assuming that the discontinuity is disturbed so that its angle
to the r axis 1s 0 and that the disturbance propagates in the r direction
at the same velocity, V, as the upstream disturbance, Kerrebrock obtained
the following expressions for
W, P s
WP g
n P

%:‘7 =b,£'t-\ + bl—cﬁl: + 53—1\?)— +(m—h,)¥fn0‘

(2-2-35)
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%{. = b*%: + bSCS; + bé, %‘ - bq'%i v (2-2-36)
S :blx_-kbg-s- +bg_ﬂ_}3io' (2-2-37)
CP 7 1uﬁ\ (;P FD '71)h

with

(2-2-38)

and
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14
s
S = d Z‘S (2-2-39)

where

C = = I /—h%
2~ T Mk,
and the subscripts I and R mean incident and reflected.
Since in this case, the discontinuity is a shock wave, the following

relations are obtained

¥+l 2
¥+l Mn.
= l\% - - -1 g 2 (2-2-40)
I TM,
J&I; = é&i + K"_ Jéfl
T C P (2-2-41)
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The following expressions for bi

equations (2-2-35) to (2-2-43):

b, = —by +1
b, = 1-Fm
by = Hhb,

/2
Y Ma
by = - 3 by
b6 = 1 '%EEL‘E
b7=-§_bq_-ib
SRR TR

Also, for the shock wave, dsz = 0,

2 (2-2-42)
TD

(2-2-43)

's can be obtained by comparing

—

~ (2-2-44)

By assuming isotropic disturbances, the statistical properties of

the input disturbance fields can be specified by
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N

JT‘LJ* T'L é q)dé( Ea) "“‘a (2-2-45)

AD
P
i

2 U
where 91 = —J!L) for the vorticity field

=13

2
_il) for the pressure field.

FD

The connection between the representation of the input disturbance fields

[}
PN

given by equation (2-2-14) through (2-2-16) and the statistical repre-

sentation in terms of the spectral tensor §ii is

O (k)dk = d2]()dZ; () (2-2-16)

For the downstream disturbance fields, the statistical properties can
be similarly represented and the connection between the representation
of the perturbed downstream disturbance fields [equations (2-2-22) through

(2-2-25)] and the statistical representation in terms of the spectral

tensor 4)’(5') is
L

B/ (K)dk = A7) dLi (k)

w

i¥% g ¥ J[ R ] (2-2-47)
UREVACN) | R AP
The transfer functions can be expressed in spherical polar coordinates
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by letting
k, = k Cos 8
k, = k Sin ©Sin ¥
k, = k Sin & Cos ¥
k, = k Sin &
2.2
J(k%&_f#}) = k Sn’a

(2-2-48)

J is the Jacobian of the k, k,@, Y. The spectral tensor for the iso-

tropic vorticity field is given by

b, = iR, S o

The total sound generated downstream by the interaction of the shock
with vorticity and pressure disturbance inputs can be expressed in the

form of

oD

(&) = 5 [, |77 Ty S

b am (G (kg j T T S

(2-2-50)

oo
The term jE(k\)dk is the upstream mean square value of the vorticity
v
o
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u (-]
fluctuation (ﬁi!)z and 4T foGp(kp)k2 dkp is the upstream mean square
value of the pressure fluctuations (%92 . Therefore

e

&) 2T [ T T Sede

&t

+ Zzl"(i)a TPr* TP? Sin& Ag (25-51)

vk v p* p
The transfer functions Tp . Tp, Tp . Tp are calculated from the rela-

tions of dZis and the properties of the shock. For convenience, define

average values of the transfer functions by

) - STy e

Y
Kerrebrock has evaluated the average transfer functions for sz and

ot
sz for Y = 1.4. The upstream pressure disturbance is attenuated on

interaction with the shock and the analysis indicates that shock-pressure
fluctuation interaction may not be as important as the shock-turbulence
interaction. For the shock-turbulence interaction, the average transfer

]

function S;z as derived by Kerrebrock3 for m approaching 1 is given by

—_ /

\/ 5
51\:, - (_g')lgﬁ " *(m—l)lf + 6<m’l)/f (2-2-53)
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For (m-1) approaching zero, we can neglect the term (m-1)5/4.

The sound generated downstream of the shock is then

sl e

(

Since (m-1) is given by

X 1 (2-2-55)

For m approaching 1, Mn + 1 and let Mn m= ] + € and € << 1:

(-1) = & 6[1-

S - (2-2-56)

(2~2-57)

Ot
S—’
*-——'
oo
C_I
/'\
\—/
f—\
)2
]
>
~—
1S
—
[
=
\—/(“’
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Furthermore, the strength of the shock given by Mn can be calculated from
oblique shock theory. From Liepman and Roshkols, the expression for

the oblique shock from overexpanded jets is

BacBy = 25 (Ma- 1)

¥+
Fa - (2-2-58)

]
ol
Lil+
PeamanS
—_
1
o|,:0
~—

(Mo 1)

P,
(Mn' ‘) - XL:; (1‘-—‘:;) (2-2-59)

and
3
1% A foX <
£ ) g | ( ¥ (_Ex (;m)
= - =\ 2-2-60
) e ~L 53T LR\ (e
vo2
For the case of the underexpanded jet, (%)sound can be written

Y
|

* 2
’ g (3 V" ( G (u_)
(‘:\g_r) sound ) _5: Tlrl_ (K* | —i’t 1 Un (2-2-61)

=
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Equation (2-2-61) implies that when P_ = Pa’ no acoustic power is

J
radiated from the interaction of the turbulence with the shock since

Mn is equal to 1 and the shock is now a Mach line. However, it must

be remembered that there is still acoustic power radiated from the

eddy Mach waves, and as such eddy Mach wave radiation becomes the dom-
inant noise generating mechanism in the perfectly expanded supersonic
circular jet. It is difficult to obtain a perfectly expanded supersonic
jet since any perturbations in the starting flow are going to create

shocks at the nozzle exit. Therefore, the acoustic intensity generated

by the jet due to the interaction of turbulence with a single shock is

simply
, ;
I - (i) X
ot " (5 ) g |
2 ok
- 1 | & l —E\- - (M) (2-2-62) 'a
)oo.ca b'J— P —U"- |
5 PJ 1. , II
ut F— )( )( ) as in equation (1-5-6):
605
6o B, (Uit T
R
Lsound Faca{SE Y+| ga Mj' Ca 1 (2-2-63)

where Bo is a constant. Basically, the acoustic intensity can be written
in the form of a scaling law and the constants can be determined experi-

mentally.



The form of the scaling law for the acoustic intensity from the
interaction of turbulence with a single shock derived from equation

(2-2-63) is

I.ona = Po F(MJ) [(?i) (%)'.OJ@W} (2-2-64)

where Ao = constant, and F(MJ) is some function of MJ.

oL
The reason for writing the scaling law in the form of <§;f)(%%1)
a
instead of [ fi— %i—)g-l] is because both forms are equivalent, and
it is more convenient to use the form as in equation (2-2-64).

It must be noted that equation (2-2-64) gives the acoustic inten-
sity from the turbulence interaction of a single shock. To calculate
the total acoustic power of the supersonic jet, it is necessary to know
the acoustic intensities from the interaction of turbulence with the
succeeding shocks in the system of shocks in the supersonic jet. The
total acoustic power is then obtained by integrating the contribution
of the acoustic intensity from the interaction of turbulence with each
shock in the supersonic region. This is done by first calculating the

strength of the shocks in the supersonic region, and Part 3 is devoted

to such calculations.
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Part 3

2.3 Oblique Shock in a Supersonic Jet

The treatment of the oblique shocks in supersonic jets is divided
into two sections. Section A is mainly on overexpanded jets where an
oblique chock is formed immediately near the exit of the nozzle; and
section B is for the underexpanded jets where, instead of a shock, an
expansion fan is formed at the nozzle exit. Evidently some internal
shock waves cannot be avoided even when the jet is operating under per-
fectly expanded conditions due to the presence of the shear layer.
Therefore, in the present analysis, perfectly expanded jets are treated

under the same category as the overexpanded jets.

A. Overexpanded Supersonic Jets

A schematic diagram of the shock cells of an overexpanded jet is
given in Fig. 3. For simplicity the non-simple regions and viscous ef-
fects are ignored and the analysis is confined to one~half of the cross-
sectlon of the jet, since the cross-section is symmetrical about the axis
of the jet. Two conditions for the formation of the shock cells must be
satisfied:

1) The flow must be parallel to the jet axis inside the shock cells

as demanded by the conservations laws;

2) The static pressure outside the shock cells must match the

ambient pressure, Pa'

In the first shock, Slz
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Figure 3: Schematic sketch of an overexpanded supersonic
jet showing the shock structures.
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22 1 + LM Sm ﬁ,
M‘Jl Sin (F’u_ 9') XM Sln P, %_
_ 1+ %—M
_ KM,,\ --5‘
2Cot B (M, - 1)
fan 8, = My, (v+6osap)+ 2
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(2-3-2)

(2-3-3)

(2-3-4)

(2-3-5)



where

| Mo, . §1+%0- B)]
Sin B, -MJ M,

| (2-3-6)

for FB A ‘Pd--

Hence, from the above equations, Mnl’ Bl, 61, and MJZ could be calculated.

For the second shock, SZ:

2 Cot B, (Mo -1)

Tn 6, = M;l{y»fcos:z(ﬁa-re,)} + 2

(2-3-7)

Mn = MslSi’l (Pz t 6,) (2-3-8)

]

2
-Va _ b
s w1

Since 61 and MJ2 are known from the above calculations, 62 can be cal-
culated from equation (2-3-7). Therefore, an is known from equation

(2-3-8) and P, from equation (2-3-9).

3
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Similarly,

M.i Sina
T S (e - &

[+ % 2

= n
2 - (2-3-10)

¥-1

b’ -

an L

Therefore, MJ3 can also be calculated from the above equation.
The pressure P3 is greater than Pa and the flow undergoes an isen-
tropic expansion through a Prandtl-Meyer expansion fan.

For the first P-M expansion fan, Elz

Y.

P i].'* 2 .:4
T

(2-3-11)

and M.J4 is known from the above equation. The turning angle of the flow

through El is given by the P-M relation

W) - 0L, - V(M)

’\)(MJ,) +ar1 4/[%7( ) fan /M
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(2-3-14)

On reaching the second P-M expansion fan, the flow is' further turned
by another angle D(pl) so that the flow is parallel to the jet axis

inside the shock cell.

For the second P-M expansion fan, E the Mach number of the flow,

9
MJS’ corresponding to the second turning is given by the P-M relation

with

WM,,) = M) + 2)(M)

(2-3-15)

From P-M tables, MJS can be calculated. Furthermore, the pressure P5

is obtained from the isentropic relation

P _ |+ TMJ: (2-3-16)
¥-1
Ta, 1_4'-—5T-Jv135_

48



In the third shock, 83:

Bt - 26 {1 Su'p -1
- 35 (M- 1]

M35 Sin Bs

[ ]

Ma

3

b, = Gt B (Mos )
MJs (}H Cos 2p5>+Q

From the above equations, Mn3’ PS and 63 are known. Also,

1 ":1 % M.Ii S;"n-ﬁ’s
¥ My, Sin Bs

M;: Sin.a(Ps' 93)

¥-tm 2
= 1+ 5 M,
X-

2 |
}{Jv[n3 B ti_

Therefore, MJ6 is also known.
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In the fourth shock, S4:

Pa, My,

tn b, = 2Lot(Ber0)(M7 1)
> MJG{V + Cos 2(.p‘,+ 63)} +2 (2-3-21)

where M = MJQ SH‘L <’F5 + 63) (2-3-22)

Ny

Since 63 and MJ6 are known and Mn4 is related to Sin (66 + 63) in equa-
tion (2-3-22), 86 can be obtained and hence Mn4 can also be calculated.

In principle, the analysis can be extended to any number of shock
cells. In this analysis, it is sufficient to consider only four shock

cells.
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Figure 4:

Schematic sketch of an underexpanded supersonic
jet showing the shock structures.
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B. Underexpanded Supersonic Jets

A schematic sketch of an underexpanded supersonic jet is illustrated
in Fig. 4. In the underexpanded jet, a P-M expansion fan is formed

at the exit of the nozzle:

27‘4_.

(2-3-23)
+LLM

The turning angle of the flow is determined by the P-M relation
;)(M) = 'O(MJJ:) - /\)(MJ,) (2-3-24)

where

M ) / ¥ () Jfaﬂ,/ - |
WM, = / fon [EL(M2-1) =t /Mo-1

(2-3-25)

(2-3-26)

On reaching the second P-M expansion fan, the flow is further turned by
another anglezvﬂq) so that the flow is parallel to the jet axis inside

the shock cell. The rest of the analysis is the same as in the over-

52



expanded supersonic jet.

Length of Shock Cells and Total Acoustic Power

The total acoustic power is obtained by integrating the intensity
over the length of the system of shocks. Price has given the following

relation for the length of the shock cells:

0-35

o
l

X
oorniB(1e ) - e

0-35

x 2 V¥
wd | = 1dn %(1 + =M, )/{ - 231

0-35

- L Laf(E a1 50 a9

a

The noise sources would appear to be concentrated around the shock~tips
where the conical surfaces of the oblique shock interact with the vorticity
or turbulence in the shear layer. If the noise sources due to the inter-

action of the shocks are uncorrelated, the acoustic intensities combine

linearly.
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III. DERIVATION OF A SCALING LAW FOR THE TOTAL ACOUSTIC POWER
FROM CIRCULAR SUPERSONIC JETS
BASED ON THE THEORY OF SHOCK-TURBULENCE INTERACTION

Total Acoustic Power

The calculation of the strengths of the first four shocks in the

P P
overexpanded §£-= 07 and the underexpanded jet fi = %% for MJ = 2,74
a a

(W)

is given in Appendix B. The interaction terms represented by the average

transfer function Spvz is dependent on the strength of the shocks and the
interaction terms for. each of the four shocks is plotted against the

average location of the shocks. The resulting distribution of the inter-

action terms Sva given in Appendix B for the overexpanded and under-
expanded jets suggests the interaction terms can be approximated by an
inverse linear function. The interaction terms for the succeeding shocks

can be expressed as

_ — -l
[vaz]zna s\mk= [SF z]ls'r Shodk [%] o

where [%] is given by the location of the mean radius of the second shock.
Similarly for the third and the succeeding shocks in the supersonic
region, the interaction terms can be represented by equation (3-1).

The first approximation is to assume the mean square vorticity
fluctuation to be constant along the axial distance, but experimental
work by Goldberg16 suggests that the mean square vorticity fluctuation
is dependent on the upstream history and is increasing along the axial

axial distance. Physically it means that as the eddies in the shear
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layer are breaking up into smaller eddies, the number of eddies per
unit volume of turbulence also increases and hence the mean square
vorticity fluctuation. For simplicity, assume the distribution of

the mean square vorticity fluctuation along the axial distance to be

2 2
Yy) - Yy X (3-2)

so that the mean square vorticity fluctuation is constant along the
axial distance when a = 0 and is linearly proportional to the axial
distance when a = 1. This assumption does not violate the isotropic
turbulence assumption on which the average transfer functions are
evaluated.

Further assume that the sources of noise generation due to tur-
bulence interaction with each of the shocks in the supersonic jet are
uncorrelated; then the acoustic power output per unit length of the

jet can be expressed as

55



and the total acoustic power output (PWL) of the jet is

PWL = IL;:XJ.x = AF(MD (ii) (}ELI) (% %
2 G- o Ni=0
- e e (B )] | 0 ()
x (14 Xl m2Y% m]a” (%)2 o

Therefore, the form of a scaling law derived for the PWL for

circular jets from the above expression is

0.5+ 0.35 1.0+0.7
s new|(R) &) | (B e

Bo is some constant, and G(MJ) is some function of MJ. There is no
data available on the direct correlation of the mean square vorticity
fluctuation with the jet flow parameters. Theoretically it is possible

to measure the mean square vorticity fluctuation using hot wire probes

and measure the voltage output as the flow parameters are changed, and
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an approximate relation for the variation of the mean square vorticity
fluctuation with flow parameters can be obtained. However, it must be
cautioned that such a relation is not universal and is only approximate
for the individual nozzle. From dimensional analysis, the mean square
vorticity fluctuation is going to be dependent on the Reynolds number
Re, the Reynolds stresses PLIQ.IG » the local velocity profile, the
upstream history and other factors. But essentially, the Reynolds
stresses Pivqu is the most important consideration since it represents
the variable rates of momentum flux across surfaces fixed in the fluc-~
tuating fluid flow. It must be realized that the turbulence or vor-
ticity field in the shear layer in the supersonic jet is assumed to be
isotropic but not necessarily homogeneous. The following approximation

for the mean square vorticity fluctuation is suggested:

2
(EM) oc momentum $lux o U.; (3-6)

Basically, what equation (3-6) says is that the percentage of vorticity

fluctuation is constant, or

2
()
‘l" X=0 Conﬁtant

= (3-7)
Po U3

Therefore, the form of the scaling law for the acoustic power output

from the circular supersonic jet is

Uy

0.5+ 053501 ( 3.0 + °|7Q
)

PWL = conglant x G'(MJ) (%%) (3-8)

57



IV. EXPERIMENTAL FACILITIES AND TECHNIQUE

4.1 Shock Tunnel

A shock tunnel is used to create the cold and hot jets in this
investigation. By first changing the driver, driven pressures and
molecular weights of the gas, a wide range of stagnation pressures
and temperatures could be achieved. Argon (y = 1.67) is chosen as
the test gas.

The shock tunnel consists essentially of a high pressure section
(18 feet long) and a-low pressure section (21 feet long) separated by
a thin diaphragm. On the diaphragm a diagonal groove is cut so that
when the diaphragm bursts open the petals of the diaphragm fold neatly
into the adapted section of the low pressure chamber giving a constant
cross-sectional area over the entire length of the shock tunnel. The
depth of the groove on the diaphragm is calibrated so that the diaphragm
will break consistently when the same driver and driven pressures are
used. With the shock tunnel the test time is very short and is of the
order of 10-15 milliseconds. The apparent advantages of using such
short test time are that the nozzles can simply be heat-sink nozzles
and there is no necessity of an anechoic chamber. Two methods are used
to test the consistency of each run as regards to the stagnation tempera-
ture and pressure. One method is to keep the shock speed constant so
that the stagnation temperature and pressure, Ts and Ps’ are constant;
the other method is to keep a microphone at some fixed distance from the
nozzle exit so that the variation of the SPL of the microphone from run

to run gives the inconsistency of each run. A detailed discussion of the
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consistency of reproducing each run using this technique is given by
Louis et al.17

As the diaphragm between the driver and driven chambers is ruptured,
a shock wave is created which propagates in the low pressure section of
the shock tunnel. The incident shock on reflecting from the nozzle side
of the tunnel leaves behind a region of high stagnation pressure and
temperature. This condition remains constant until the interface or the
expansion fan catches up with the reflected shock. A longer steady-state
test time is available by using a '"tailored-interface" technique. A de-
tailed description of the technique is given in Refs. 8 and 18.

Figure 5 shows the time distance history in the shock tunnel. The
incident shock speed is measured by means of three Kistler pressure trans-
ducers (rise time of about 10 microseconds) mounted 3 feet apart on the
shock tube, as indicated in Fig. 5. Knowing the time interval for the
incident shock to travel 3 feet (distance between two Kistler pressure
transducers), the shock Mach number, Ms’ is easily obtained. The rela-

tion for the stagnation temperature and pressure is given by

Ts _ [2¢a-) M: + (3-5)] [(38-))!'4: - z(m)]
T (612 Msz

(4-1-1)

Pe _ [2rM2- (-] [GDMZ-2(r-)
P ¥+ (e-) M2+ 2

(4-1-2)
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P1 is the pressure in the driven section and it is accurately monitored
by a mercury manometer. Thus, knowing P1 and T1 (ambient temperature)

and the shock Mach number Ms’ P5 and T5 are obtained.

4.2 Circular Supersonic Nozzles and Rectangular Nozzles

Three circular supersonic nozzles corresponding to exit Mach numbers
MJ of 2.74, 2.3 and 1.8 (y = 1.67) are used in the experiments. These
are heat sink nozzles made of aluminum material. The nozzles are computer
designed to give uniform parallel flow at the nozzle exit, and they have
identical throat diameters (d = 0.876 in.) so that they give identical
mass flux under identical operating conditioms.

The rectangular nozzle is made of glass reinforced epoxy. It is de-
signed in two parts, a convergent part which could be easily adapted to
the shock tube, and a divergent part designed to provide a source flow.
It has the same throat area as the circular or axisymmetric nozzles, and
a 3% drop in theoretical propulsive efficiency 1s associated with this
nozzle.

The circular nozzles and the rectangular nozzle are shown in Fig. 6.

4.3 Microphones and Ampex Tape Recorder

With the help of five B&K 1/8-in. condenser microphones, the data are
recorded on a l4é-channel Ampex FR 1900 multiband instrument tape recorder.
At the beginning of each set of rums, the microphones are calibrated with
a B&K 4220 piston phone which has a reference of 124 decibels at 250
Hertz. Another method of calibration also used is to record the response
of each microphone to the reference SPL of 124 db from the piston on the
tape recorder. The signals are then digitalized and reduced by computer

programs written specifically for calculating the RMS. The two methods of
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calibration give the sensitivities of the microphones to an agreement
within a few percent. These B&K microphones have a frequency range from
30 Hz to 140 KHz and a dynamic range up to 184 1lb. re. 0.0002 bars.

Figure 7 shows part of the experimental setup.

4.4 Data Acquisition

Since the jet is axisymmetric, measurement is made on one plane only.

Measurements are made by placing the microphones six inches apart start-
ing from the lip of the nozzle to about 43.0 diameters downstream along
a line parallel to the jet axis and at a radial distance of 23.5 dia-
meters. With duration of test time in the order of milliseconds, it is
necessary to record at the fastest speed (120 inches/sec.). The signal
from the first Kistler pressure transducer 1s connected to a charge am-
plifier which converts the high-impedance signal to a voltage signal,
which is then used to trigger the oscilloscope and also is recorded in
one of the channels used for the gating signal. The gating signal is
used to control the start of the analog-to-digital conversion of the

signals of the test runs so that only the actual data are digitalized.

4.5 Data Reduction

The conventional methods used for analog signal analysis are not
suitable because the test time is so short. Hence, the method chosen
for data analysis is digital processing. The signal is first reduced
on an A/D (analog-to-digital) converter using the Adage AGT-30 to binary
values, and is stored in the form of blocks, each block containing 1024
points (28) on a seven-track digital tape. A subroutine converts these
binary values into two one-dimensional arrays: voltage and time. The

sampling frequency of 200 KHz for the A/D converter, supplied by a
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direct record channel (which is also the control track for the tape
recorder), is reduced by a factor of 64 when the signal is played back
at 1-7/8 inch/sec. In terms of real test time, the sampling interval
is 5 us.

A detailed description of the computer program for the A/D con-
version is given in Ref. 19. The RMS value of each digitalized signal
is obtained by means of computer programs in conjunction with the IBM
360/65 operating system. In the computer program the interval of the
sampling block for the calculation of the RMS is 5.12 msec. in real
test time, and the starting of the sampling is delayed by different
intervals of time from the start of the digitalized signal so that a
complete Time-RMS history of the response of each microphone is obtained.
This technique is particularly useful for determining when the flow has
reached steady state and the duration of the steady-state flow con-
dition. The Time-RMS history of the response of a single microphone
in a typical run is given in Table 1. The reason why the steady state
is reached after 8.0 msec. instead of 2-3 msec. is because the gating or
trigger signal is from a pressure transducer located 9 feet upstream of
the nozzle exit and thus the gating signal is about 5 msec. early at the
start of the A/D conversion. This method is helpful as it will eliminate
any extraneous noise in the initial phase of the gating of the signal in

the A/D conversion process.

4.6 Sound Power Level (SPL)

Simcox20 has suggested that in order to compare the local SPL for
jets having different K.E and jet Mach numbers, a normalized SPL based

on the mass flow rate should be used:
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SPLC = SPL - IO Loa A (4-6-1)

T
where AT = throat area.

Since all the nozzles are designed with the same throat area AT’
no correction is necessary when comparing the local SPL.

To perform the calculation of the total acoustic power PWL, inte-
gration is performed on a cylindrical surface of radius = 23.5 jet
diameters and running co-axial to the jet and extending as far as 43.0
jet diameters downstream from the nozzle exit. The conventional way
of calculating the total acoustic power output is to integrate the sound
pressure level over a hemispherical surface of radius R, which is given

by

2T

P? S5m0 46

)
%
r‘
1

[ \\}
=
w.e)

'Pa.ca.

Because of the location of our present facilities, the method of cal-
culating the total sound power level by integrating the SPL over a cyl-
indrical surface is adopted.

The total acoustic power is

L
PWL = P?'FS P* 21R dx

The errors assoclated with this method of calculating the total acoustic

power amount to about +0.40 1b. and are known as fixed errors. Since
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this method is used consistently throughout the entire experiment, a

direct comparison of the results should be valid.

4.7 Calculations of the Jet Density and Jet Velocity

The density of the jet pJ is determined from the perfect gas law

relation
f = = -7-
T R1- (4 1)

and the isentropic equation

| 2%
¥-|
-P-‘-’- = <\+ -i(;—' M;’) (4-7-2)

'S
v ,_/x-l
= (l+ 5 M (4-7-3)

A

Po and To are the stagnation pressure and temperature conditions of the

jet.

The jet velocity UJ is taken at the exit plane of the jet:

—R-T 4=7-4
IR o
The ambient pressure Pa is taken to be standard atmospheric pressure at

80°F which is the normal laboratory temperature, the ambient density
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pa is 0.073 lb/ft3, and the atmospheric sound velocity is taken as

1142 ft/sec. at 80°F.

4.8 Shadowgraphs

Shadowgraphs, shown in Figs. 8 - 12, are taken for the MJ = 2.3
circular jets for temperature conditions corresponding to 4900°R and
1350°R and under different expansion levels: underexpanded, perfectly

expanded, and overexpanded. Shadowgraphs for the rectangular and the

circular jets for MJ = 2,74 are shown in Pate1'58 and Letty's21 studies.

Since shadowgraphs give the second derivative of the density, waves
which appear to be prominent on the shadowgraphs are not necessarily
waves which have the highest sound pressure level. Shadowgraphs are
taken primarily as an ald in understanding the structures of the jet
and the basic noise generating mechanisms.

The experimental setup for taking the shadowgraphs is indicated
in Fig. 13. A pressure transducer is located about 8-9 feet downstream
from the nozzle exit and centered on the jet axis. The signal from the
transducer is connected to a time delay generator and the delayed sig-

nal is used to trigger the discharge of a high voltage power source to

produce a spark of the duration of 6-10 usec. The time delay is adjusted

so that the spark occurs only after the jet has obtained steady state

and the shock bow wave has gone far downstream.
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for jet stagnation temperature of 4900°R.
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Figure 13: Schematic sketch of setup
for taking shadowgraphs.
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V. EXPERIMENTAL RESULTS AND ANALYSIS

5.1 Frequency Spectra Analysis of the Mach and Lip Waves Emanating from
the Rectangular Nozzle

This analysis is directed to the further understanding of the noise
mechanism of the Mach waves. In the turbulent shear layer in the region
close to the nozzle, both Mach waves and lip waves seem to be originated
from the same sources. There is some possibility that Mach waves may
initially start as cylindrical waves which amplify and get scattered by
turbulence generated in the shear layer. To study this possibility, two
microphones are placed symmetrically in the exit plane of the nozzle
and moved from 6 inches to 14 inches along the small axis of the rec-
tangular section. Two more microphones are placed symmetrically in the
plane of the jet axis and nozzle small axis. Their locations are moved
from 6 inches to 48 inches in the direction of propagation of the Mach
waves as obtained from shadowgraphs. Figure 14 gives the schematic dis-
play of the microphones with respect to the Jet axis and the two regions
of interest: the lip wave and the Mach wave regions.

5.1.1 Computational procedure

For each operating point corresponding to a set of stagnation pres-
sure and temperature conditions, a minimum of seven runs are made.
Within each run different parts of the data are analyzed for power spec-
trum. Only 5.12 msec. of data is selected at any given time for spectrum
analysis and a minimum of 8-9 samples are taken in each run. A digital
computer program has been developed for the analysis of the output sig-
nals of the microphones. The signals are stored on a tape in a digitized
manner with digitization time of 5 usec. The length of each data signal

is 5.12 msec. which is divided into 8 or 9 subintervals; each group is
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Figure 14: Schematic layout of microphone locations
in Mach wave and lip wave regions.
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Fourier-analyzed for power spectra, averaged over the total number of
signal groups, and cross-correlated with the same output of the other

signal coming from the symmetrically positioned microphone.

5.1.2 Flow Steadiness

An average RMS is also computed for each sample. A comparison of
the RMS values obtained for the 9 samples of a typical run indicates
that the flow has reached a steady state in a time smaller than 2 msec

and lasts for a period longer than 10 msec.

Delay from RMS Difference
Initial Signal Pressure from Average
(msec) (volt) (%)
1.1 0.3902 ~ 0.3
1.6 0.3870 - 1.1
2.1 0.3876 - 0.9
2.6 0.3911 0
3.1 0.3888 - 0.6
3.6 0.3884 - 0.7
4.1 0.3946 + 0.9
4.6 0.3970 + 1.5
5.1 0.3966 + 1.4

5.2 Frequency Spectra of the Mach and Lip Waves

5.2.1 Low Temperature Analysis

The low temperature data are obtained with a stagnation temperature
of 1350°R for three expansion levels corresponding to overexpanded, per-
fectly expanded and underexpanded conditions of the rectangular jet.

The statistical observations made on an ensemble of 7 runs for each

microphone location indicate:
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1) cylindrical waves have well defined peaks: 5.3 KHz for under-
expanded, 5.7 KHz for perfectly expanded, and 8.2 KHz for
overexpanded conditions;

2) the peaks of the Mach waves are generally higher than the peaks
of the cylindrical waves and it appears that the Mach waves'
lower spectra have several peaks, also found in the lip wave
spectra;

3) close to the nozzle, the spectra show distinct peaks, whereas
the peaks become less sharp with distance from the nozzle;

4) cylindrical or lip waves are 180° out of phase when detected
by two microphones placed symmetrically relative to the jet,
but Mach waves detected by the symmetrically located microphones
do not have a constant phase relationship;

5) the cylindrical waves are weaker than the Mach waves;

6) pressure measurements and accelerometer measurements indicate
that the frequency peaks are not correlated with any natural

acoustic modes of the shock tube or to nozzle vibration.

5.2.2 High Temperature Analysis

The high temperature data are obtained with a stagnation temperature
of 4900°R. The statistically averaged results indicate:
1) cylindrical waves tend to exhibit more than one peak frequency:
3.0 KHz and 5.5 KHz for the underexpanded, 3.3 KHz and 5.0 KHz
for the perfectly expanded, and 6.45 KHz for the overexpanded
conditions;
2) the higher frequency peaks of the cylindrical waves are roughly

180° out of phase, but the lower frequency peaks appear to be
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in phase when detected by the two symmetrically located micro-
phones;

3) the peaks of the Mach waves are higher than the peaks of the
cylindrical waves: 10.5 KHz for the underexpanded, 10.0 KHz
for the perfectly expanded, and 7.03 KHz for the overexpanded
jet;

4) the structure of the cross correlation of the signals from the
two symmetrically located microphones in the region of the
Mach waves is completely lost in the case of the perfectly

expanded jet.

Although there is some positive indication coupling the Mach waves
to the lip waves in the low temperature condition, such indication is
not evident in the high temperature condition. The observation that
the higher frequency peaks of the cylindrical waves are roughly 180°
out of phase when detected by the two symmetrically located microphones
in the lip wave region for both the low and high temperature jet con-
ditions, indicates that the 1lip waves are generated by the same

mechanism.

5.3 Overall Power Level -- Rectangular Jet

The experimental correlation of the acoustic power or sound power
level (PWL) as a function of the jet density ratio for the rectangular
jet is plotted in Fig. 15. Because of the non-symmetry of the rec-
tangular nozzle, the calculation of the PWL is performed on a cylin-
drical surface of radius 30 inches running coaxial to the jet and ex-

tending as far as 52 inches downstream from the nozzle exit. The sound
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pressure level (SPL) on the cylindrical surface is assumed to be ellip-

tical and the average SPL qgﬁ) is given by

T 2 2
Pn2 = zl" J Z o2 P‘ Pz‘z Z d-¢
A ™ ) Pl sin d + F’l cos ¢ .

(5-3-1)

where Pl2 and P22 are the SPL along the long and short axes.

The total acoustic power is
L
2
PWL = ’|_c 5 P, 2mR dx (5-3-2)
90 -9 N\
[}

The error associated with this method of calculating the acoustic power
for the rectangular jet is centered on the assumption of an elliptical
SPL distribution on the cylindrical surface and from using Simpson's
rule for performing the integration. This error is known as the sys-
tematic error and it amounts to %0.4 decibels. The other source of
error 1s known as the fixed error which is associated with each micro-
phone recording; the fixed errors are the same for both the circular and
rectangular nozzles. Hence, only the systematic error is considered
when comparing the results of the rectangular and the identical circular
nozzle (Mj = 2.74),

The density of the jet is calculated using the equation of state as

given in equation (1-5-4). The motivation for using the jet density ratio
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as a scaling parameter rather than the stagnation pressure ratio

P
e as defined in section (1.5) is that both parameters are iden-

Po perf.
tical when the jet Mach number and stagnation temperatures are held

constant. From equation (1-5-6)

P, P I u:1')Z
— d —_— * — —_— -3-3)
e < (7)o (@

For a given nozzle and stagnation temperature, MJ and UJ are con-
stant and by varying the stagnation pressure of the jet (corresponding
to the overexpanded, perfectly expanded and underexpanded conditions)
the density ratio is varied accordingly. As has been discussed in
section (1.6) and (1.7), the jet density ratio can be regarded as the

Reynolds number based on the viscosity of the jet as from equation

(1-7-2)

Re b, < ’;—i) (5-3-4)

From this analysis, the density ratio %;E- is a good parameter to be
used in the scaling law to indicate the dominance of the shock-shear
layer or turbulence interaction especially in the circular jet.

From the results given in Fig. 15, the scaling factor for the jet
density ratio for the high stagnation temperature condition T5 = 4900°R
is approximately 1.24 whereas for the low stagnation temperature con-

dition T, = 1350°R the scaling factor is roughly 1.3.

5
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For a given temperature condition, the acoustic power results indi-
cated in Fig. 15 correspond to the acoustic powers generated by the
overexpanded, perfectly expanded and underexpanded rectangular jet.
Since the jets are operated in the range of pressures not far from the
perfectly expanded pressure condition even for the underexpanded and
overexpanded cases, it is not clear whether the present results are
valid for the far-overexpanded or far-underexpanded supersonic jets.

In the far-overexpanded jet, separation may occur inside the nozzle and

the jet may become non-axisymmetric. lHowever, the results should be

valid for the range of stagnation pressure ratios G——iL——O from %%
14 o perf

to Eg-that has been investigated in the experiment.

The value of the scaling factor for the jet density ratio (nl) as
obtained in the experiment is represented by the slope of the line which
best fits the experimental data given by the three expansion conditions
for a given stagnation jet temperature; as such the value of the scaling
factor obtained is only an approximate value. This indicates that the
scaling factor for the jet demnsity ratio (nl) is mainly a function of the
jet Mach number and to a lesser extent a function of the jet stagnation
temperature. The value of 1.3 is taken as the approximate average value
of n. for the rectangular jet (MJ = 2,74).

1

In the identical circular jet (M.J = 2.74), this scaling factor n,
is obtained experimentally as 0.6. This apparent discrepancy between
the scaling factor for the jet density ratio of the identical circular
jet suggests that different noise generating mechanism may be the most

important in different nozzle configurations. The scaling factor for

the jet density ratio for the two nozzles (rectangular and the identical
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circular nozzle) would be roughly the same if the most important noise
generating mechanism is the same. In the case of the rectangular nozzle,
the jet undergoes a rapid deceleration through a system of strong shocks
and the length of the system of shocks is very much shorter than that in
the identical circular jet. Based on this observation, the noise gener-
ation from shock-turbulence interaction would be rather more important

in the circular jet than in the identical rectangular jet. Furthermore,
as far as the acoustic near field is concerned the strength of the Mach
wave radiation in the rectangular jet is constant along the direction of
propagation of the waves because the waves are propagating normal to the
long and short axes and form parallel rays. In the circular jet, the
Mach waves are diverging forming a source-like flow field and the strength
of the waves falls off like the reciprocal of the distance from the jet
axis. It must be cautioned that in the acoustic far field the strength

of the Mach waves for both the rectangular and circular jets falls off
like the reciprocal of the radial distance.

From this analysis, an observation can be drawn: that Mach wave
radiation is more important in the rectangular jet than in the circular
Jet where shock-turbulence interaction is much more important.

Shadowgraphs of the rectangular jet, as given in Ref. 8, indicate
that practically no spherical acoustic waves are seen to radiate from the
shock tips; whereas in the shadowgraphs of the identical circular jet, as
given in Ref. 2, the spherical acoustic waves are very prominent. This
further suggests that Mach wave radiation is likely to be more important
in the rectangular jet than in the circular jet.

The total acoustic power for ;i-= 1.0 is obtained by extrapolating

from the experimental correlation of the total acoustic power as the
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function of the jet density ratio, as given in Fig. 15. The motivation

p
for the extrapolation is to obtain the total acoustic power for Bi =1.0

a
T

as a function of the jet stagnation temperature ir“g———, as defined in
o perf U

section (1.8). For convenience, the jet velocity ratio Ei is chosen
a

as the second scaling parameter rather than the jet stagnation temperature

T
©  since the two parameters are equivalent for a given jet Mach
o perf

number (MJ).

From equation (1-8-3)

2
___TO__ oC (_Iﬂ') (5-3-5)
T fer-e Ca

P
The acoustic power correlation for Bi = 1.0 as a function of the jet
a
U
ratio . is given in Fig. 16. Since in the rectangular jet, data for

c
a

only 2 stagnation temperature conditions are available, it is not clear

as to how the scaling factor of the jet velocity ratio varies as the
¢
function of the jet Mach number M. and the velocity ratio =—.

J c
a

The scaling factor of the jet velocity ratio, N, is expected to

vary not only as a function of the jet Mach number MJ but also as a

c
function of the velocity ratio Ei; that is to say, the scaling factor
a

n, for the jet velocity ratio is going to vary as a function of the

Eddy Convective Mach Number, Mc, itself. But since Mc is approximately
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0.5 (Egé to 0.7 (%i), the scaling factor n, is going to vary as a func-
tion o; the jet veiocity ratio %i , and this analysis seems consistent
with the observation that the tozal acoustic power varies as the eight-
power of the jet velocity ratio in the subsonic jet and the third-power
of the jet velocity ratio in the hypersonic jets.

Based on limited data that is available for the réctangular jet
(MJ = 2.74) the value of the scaling factor is roughly 4.4, and the total
acoustic power generated by the rectangular jet (MJ = 2.74) can be given

by the empirical relation

44 .3
PWL = 4225 + 10 L°‘3|o (PC—:") + 9.3 louglo(%‘l) (5-3-6)
o [-33

where PWL 1s given in decibels reference at 10—13 watts.

The relation given above for the total acoustic power generated by
the rectangular jet (MJ = 2,74) is only‘preliminary and should be

verified with additional data.

5.4 Acoustic Power from Eddy Mach Wave Radiation

The results on Mach wave radiation indicate that the acoustic power

generated by means of Mach wave radiation is proportional to the jet
gensity ratio gg-to the power (2¢1 + 0.35), and to the jet velocity ratio
Ei to the powera(S - 5¢2 - 0.70). This means that if eddy Mach wave
r:diation is indeed the most important noise generating mechanism in the
rectangular jet, as suggested by the present analysis, the average power

of 1.3 for the jet density ratio dependence (rectangular jet) corresponds
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to the factor (2¢l + 0.35) as derived from the eddy Mach wave radiation

theory. This implies that

9,
¢,

N

O.48
for MJ = 2,74

R

0.58

—-- very reasonable values for these exponents.

The values of the scaling factors n, and n, obtained are only
approximate values and so the values of ¢1 and ¢2 are also approximate
values; additional data have to be taken before the variation of ¢l

and ¢2 with jet velocity ratio and jet Mach numbers is known.

5.5 Overall Power Level of Circular Jets

o}
The correlations of the acoustic power with jet density ratio e

for the circular jets Mj = 2.74, 2.3 and 1.8 are shown in Figs. 17, i8
and 19. The scaling factor (nl) for the jet density ratio shows a strong
dependence on the jet Mach number only, although it does exhibit a weak
dependence on the stagnation temperature of the jet. For the circular
jets (MJ = 2.74) the scaling factor of the jet density ratio varies be-
tween 0.55 to 0.65 for the six stagnation temperatures investigated, as
indicated in Fig. 17. An average value of 0.6 is taken for the scaling
factor n, in this case.

For the other two circular jets (MJ = 2.3) and (MJ = 1.8) the average
scaling factors of the jet density ratio are 0.8 and 1.5 respectively.

The results suggest that at high supersonic jet Mach numbers, the value

of n, is going to level off to zero. At low supersonic jet Mach numbers,
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this scaling factor of the jet density ratio is going to approach the
value of 2.
For the range of the jet Mach numbers (MJ = 1.8 to MJ = 2,74)

investigated in this experiment, the value of the scaling factor n, |

for the jet density ratio can be approximated by the relation i
|
|
1

.8
n o= 325 — b2, 2l (5-5-1) |
J J

where n, is the value.of the scaling factor for the jet density ratio.
Outside the range of jet Mach numbers (MJ = 1.8) toCMJ = 2.74) the above
empirical expression for n, may not be valid. Additional data must be
taken for jet Mach numbers near one and for jet Mach numbers greater

than one before a complete relation for n, can be obtained.

p
The total acoustic power for . 1.0 for the three circular jets
a 8)
as a function of the jet velocity ratio Ei is given in Fig. 20.
a |

The scaling factor n, of the jet velocity ratio given by the slopes

of the curves in Fig. 20 is mainly a function of the jet velocity ratio

U

Ei and the jet Mach number MJ. For the MJ = 1.8 circular jet, the
a

values of the scaling factor n, vary from 7.0 at low jet velocity ratio
to approximately 3.0 at higher jet velocity ratio. The values of the
scaling factor n, vary from 5.0 to 3.0 for the MJ = 2.3 circular jet

and from 3.5 to 3.0 for the M_ = 2,74 circular jet.

J
UJ
For the range of jet velocity ratio (2.5 <'E— € 6.05), as investi-
a

gated in the experiment, the values of the scaling factor n, for the jet

velocity ratio can be represented empirically as i
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=52 _ 26.2 77 (5-5-2)

= [.ou,a,o(g_g)] ﬁo g (33

The empirical relation or curve which gives the best fit to all the

data for the three circular nozzles is obtained as

PWL = |43.8 + 10 (og (%)n| + 10C "’3:0 (%f)nz (5-5-3)

where

2
| AR rﬂJ
n, = 52 - _2'6_.7‘_2? + —7:715.3
l}" 30 (c,)] [‘° “310 (Cm)]
UJ
and C is a function of the jet velocity ratio T and PWL is expressed
13 & '

in decibel reference at 10 ~° watts.

U
The values of C as a function of 10 log10 cai) are given here:
a
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U

10 log,, (E'l) c

a —
2.5 0.6
3.0 1.0
3.5 1.23
4.0 1.33
4.5 1.43
5.0 1.43
5.5 1.43

Expression (5-5-3) is derived using data taken in this experiment and
since there is some scatter of the data, the above empirical expression
for the total acoustic power level generated by a circular jet gives an
accuracy within * 1 decibel. Furthermore, it is important to note
that the above expression for the total acoustic power is valid for the
range of jet Mach numbers from 1.8 to 2.74 and jet velocity ratio of
2.5 to 6.0. Beyond these ranges of jet Mach number and jet velocity

ratio, additional data are needed.

5.6 Acoustic Power from Shock-Turbulence Interaction

Based on the model that shock-turbulence interaction is the most
important noise generating mechanism in the circular supersonic jet,
the scaling factors, n, and n,, of the acoustic power from the circular
jet should correspond to the scaling factors derived from the theory
of shock-turbulence interaction.

From the analysis of the shock-turbulence interaction, the scaling

law of the acoustic power is in the form of

P 0.5+ 0.35a w 3.0 + 0.7
PWL « (p“i) (‘cf)

96

(5-6-1)



This means that the factor (0.5 + 0.35a) corresponds to the relation

for n,, the scaling factor of the jet density ratio:

0.5 + 035 = 3.25 + %i + Mili (5-6-2)
J J
035 = 275 - b2, 2L
J J

and so the scaling factor for the jet velocity ratio, as predicted by

the shock-turbulence interaction analysis is

(30+07.) = g5 216 , 2 (5-6-3)
MJ‘ MJ’

It is clear that, based on the model of shock~turbulence interaction as
the main noise generating mechanism in the circular jet, the scaling
factor given by equation (5-5-3) 1is expressed only as a function of
the jet Mach number MJ, whereas from the experimental results and the
empirical correlation derived in expression (5-5~-2) the scaling factor

n, for the jet velocity ratio varies both as a function of MJ and CJ.
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U
Scaling. Factor. for Ei
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of Shock-Turbulence Interaction
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ny

Experimental results
[Slope of U

PWL vs 10 log,, (E‘l)]
a

3.5 to 3.0
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7.0 to 3.0

The predicted value for the scaling factor n, of the jet velocity ratio

based on the theory of the shock-turbulence interaction seems to give a

somewhat average value for the slope of the curve of PWL vs 10 log10 (

U
Erﬂ.
a

The only limitation in the present model of shock-turbulence

interaction as the main noise generating mechanism in the circular jet

is that it does not predict the changing of the slopes of the curve of

the PWL vs 10 log10 (_ﬂ

i)
C ).
a

98



VI. CONCLUSIONS

Although the work described above cannot be considered complete

because of the complexity of the subject, some conclusions can be reached:

1) The shock tunnel is a flexible and practical tool for the study
of supersonic jet noise. It provides a quasi-steady jet, but for a
limited time (10 msec); however, this limitation can be largely overcome
by fast data gathering and processing. The short operation time pro-

vides a natural anechoic test environment.

2) The comparison of a rectangular nozzle with a circular nozzle
of identical flow characteristics provides a good means for the discrim-
ination of the relative importance of jet noise mechanisms. Noise mech-
anisms induced at the surface of the jet are therefore found to be
dominant in the rectangular jet, whereas volume phenomena such as shock
induced noise are more important in the axisymmetric jet. The ellipticity

of the directivity pattern for the rectangular jet was previously reported.

3) Measured sound qirectivity and Mach waves propagation direction
obtained from shadowgraphs indicate that Mach waves contribute importantly
to the noise produced by a rectangular jet. The experimental scaling law
for the rectangular jet is given, and it can be interpreted in terms of

the theoretical scaling law for Mach wave radiation derived in the text.

4) Measured sound directivity, interpretation of shadowgraphs and
scaling of noise indicate stronger influence of shock-induced noise.
The experimental scaling law determined for the circular jet cannot be
completely interpreted in terms of the theoretical scaling law derived

in the text for shock-turbulence interaction.
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5) The quasi two-dimensional flow from the rectangular nozzle gave
an opportunity to study Mach and nozzle lip waves for both low and high
temperature jets. Statistical observations made on an ensemble of
runs indicate that lip waves have well-defined frequency peaks and that
waves emanating from opposite lips are out of phase. Mach waves in
opposing sides of the jet do not appear to have a constant phase rela-
tionship.

At low temperature, with jet and ambient air densities nearly equal,
1ip waves frequencies are found in the Mach wave spectrum, indicating
the propagation of 1iP—originated disturbances along the shear layer.

At high temperature, with jet density much smaller than ambient, Mach
waves spectrum has no relation to lip waves spectrum, and shear layer

instabilities dominate the Mach waves field.
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APPENDIX A

SCALING LAW FOR TOTAL ACOUSTIC POWER
OF AN AIR JET

For the case of air jets (y = 1.4), Powell22 suggested that the

spacing of the shock cell is given by

0.5
S - *_ (a-1)
S =12 (R Re)
* Po
where R® = pressure ratio = 7
a

Rc = critical pressure ratio for air
s = shock separation
d = nozzle diameter.
Therefore, the form of the scaling law for the total acoustic power
of an air jet due to the mechanism of eddy Mach wave generation is

(A-2)

g+o. -5¢,
Pw"éddy = Constant X F(MJ') (i;{-)z i+ o <'lé_z)q ¥

Similarly, the form of the scaling law for the total acoustic power

of an air jet due to the mechanism of shock-turbulence interaction is

f 0.5+ 0.5 N 3.0+ a
PWLshock-turb. = Constant X G(MJ)(?_Z-) (_C%) (A-3)

interaction
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APPENDIX B

CALCULATION OF STRENGTHS OF FIRST FOUR SHOCKS
IN OVEREXPANDED AND UNDEREXPANDED JET, MJ = 2.74

The strength of the first four shocks in the supersonic region of
P
the jet is calculated for the overexpanded ?i = %%
P a
29

underexpanded Fi =33 jets for the case of jet Mach number 2.74,
a

‘and the

as shown in Fig. 21.

Overexpanded Jet

P
P—J=-% , My = 2.74 , Y = 1.67
a
1st shock: 3rd shock:
Mnl = 1.118 Mn3 = 1.084
= ° ' =
Bl 24°5 85 23°23'
5] = 3°16' 0 = 2°23'
1 3
P5
2nd shock: F = 0.781
a
MhZ = 1.09 4th shock:
Pa
f; = 0,754 Mn4 = 1.079
= ° [} - ° []
By 22°20 86 22°20
= o1t - ° '
62 3°16 64 2°23
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1st shock:

Mnl

By

’d|w

2nd shock:

Mn2

Ba

s

1.219

23°5"

5°15"'

23
37.0

1.15

19°42°

5°15'

0.596

Underexpanded Jet

104

3rd shock:

Mﬁ3

1:156

20°30'

3°16'

0.58

1.128

19°14"

3°16°'



APPENDIX C

REPORT OF INVENTIONS APPENDIX

Investigation of the work performed under this contract indicates
that no inventions, discoveries, improvements or innovations, reportable

within the meaning of the contract's patent clause, have resulted.

105



10.

11.

12.

13.

14.

15.

REFERENCES

Lighthill, M. J., "On Sound Generated Aerodynamically'; I. General
Theory, Proc. of Roy. Soc., Ser. A, 211, 1952; II. Turbulence
as a Source of Sound, Proc. of Roy. Soc., Ser. A, 222, 1954,

Louis, J. F., Letty, R. M. and Patel, J. R., "A Systematic Study of
Supersonic Jet Noise', GTL Report No. 106, M.I.T., 1971.

Kerrebrock, J. L., "The Interaction of Flow Discontinuities with
Small Disturbances in a Compressible Fluid", Ph.D. Thesis,
Cal. Inst. of Tech., 1956.

Tam, C. K. W., '"Directional Acoustic Radiation from a Supersonic
Jet Generated by Shear Layer Instability', J. of Fluid Mech.,
46, 1971, p. 757.

Nagamatsu, H. T. and Horvay, G., "Supersonic Jet Noise", AIAA Paper
No. 70-237, 1970.

Lighthill, M. J., 'Jet Noise', AIAA J., 1, 1963, pp. 1507-17.

Ribner, H. S., "Strength Distribution of Noise Sources along a Jet",
J. of Acoustical Soc. of Amer., 30, 1958, p. 876.

Patel, J. R., "Jet Noise from a Supersonic Rectangular Nozzle',
S.M. Thesis, Dept. of Aero. and Astro., M.I.T., 1971.

Coles, G. M., '"The Noise of High Velocity Jets", Rolls Royce (Derby),
Brochure A. P. 11, 1961.

Coles, G. M., "The Noise of High Velocity Jets', Rolls Royce (Derby),
unpublished report, 1961.

Lassiter, L. W. and Hubbard, H. H., "Experimental Studies of Noise
from Subsonic Jets in Still Air", NACA TN 2757, 1952,

Ffowcs Williams, J. E., "Noise from Turbulence Convected at High
Speed", Phil. Trans. Roy. Soc., A255, 1963, pp. 469-503.

Price, R. H., "Measurements of the Time-Averaged Density Structure
and Spatial Distributions of Fluctuations in a Supersonic Argon
Jet", S.B. Thesis, Dept. of Physics, M.I.T., 1971.

Nagamatsu, H. T., Sheer, R. E. and Gill, M. S., "Flow and Acoustic
Characteristics of Subsonic and Supersonic Jets from Conver-
gent Nozzle', AIAA Paper No. 70-802, 1970.

Liepman, H. W. and A. Roshko, Elements of Gasdynamics, John Wiley
& Sons, Inc., New York, 1963.

106




16.

17.

18.

19.

20.

21.

Goldberg, P., "Upstream History and Apparent Stress in Turbulent
Boundary Layers', GTL Report No. 85, M.I.T., 1966.

Louis, J. F., Letty, R. P. and Patel, J. R., "A Systematic Study
of Supersonic Jet Noise", AIAA Paper No. 72-641, 1972,

Woodley, J. G., "Performance Estimates for a Reflected Shock Tunnel
with a Modified Driver to Produce High Test-Section Reynolds
Numbers", (R.A.E. Farnborough) NTIS Paper No. ARC-CP-1057, 1969.

Probst, C., "Instruction Manual for the GTL A/D Transmission and
A/D Conversion", Gas Turbine Laboratory, M.I.T., 1972, unpub.

Simcox, C. D., "Effect of Temperature and Shock Structure on Choked
Jet Noise Characteristics”, AIAA Paper No. 71-582, 1971.

Letty, R. P., "Study of Jet Noise from a Supersonic Axisymmetric
Nozzle", S.M. Thesis, Dept. of Aero. and Astro., M.I.T., 1971.

107






