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PREFACE

This report was prepared as part of the contract

DOT-TSC-1l49. It is a partial result of a research effort

whose aim is to create a basis for the rational design, construction,

and maintenance of railroad tracks. This research program was

sponsored by the Federal Railroad Administration, Office of Research

and Developernnt" with the Transportation Systems Center as program

manager. Dr. Andrew Kish, was the technical monitor.

The present report contains an experimental and analytical

study of the lateral response of the rail-tie structure. The

,purpose of this study is to determine the proper equations needed

for the analysis of the lateral track response.

!Preceding page blank
l _

III



METRIC CONVERSION FACTORS

ApprOlimll1 Conversions 10 Melric Mllsores .. " Approlinille Conv.rsion~ lrom c Mllric Musur•.1N

-
N I,.,.,~ N S,.'.I Wh. Yo..... Malll,l, .. T. Fin"

S..... W~•• , .. h .. ••.11'" ., .e r ••• ~,.... ;;-
LENGTH-

:a
LENGTH - .... millimete" 0.0.0 Inc:h.. ;.

!: em centimel"s 0.4 •'lebos ,.
- .. me.er, 3.3 ,... It,. inc..... 2.~ Cenlimelera em . ., melerl 1.1 'Ierds ...~It ,- 30 cenli".t.r. em .. -- kin llilmnel.1 0.6 milea mi

yd ,..rd, 0.9 mele•• m =
mil•• '.6 .ihm...... ...

.~ :::
AREA

AREA ..-
~ inJ.. - ..... cenltllleters O.le square iftIChH

inz
IIquenI inch•• I.~ Squar. cen' ..."" .... ' ~ = .,' lQU.lre moler. 1.2 sqUllni y..-dl ,...z"

It' lIquare f.... 0.09 'SCIlla•• meier, .,' - kin' llquare Ili Icmelers 0.' square mil" lIIIi2

f-'. ,~ square yards 0.1 square ,...1er, .,' .: ... hec1are. (10.000 ",,2) 2.~ Ie...,
<: mil aqua'.l'I'Iil., 2.1 squire ~llorne'Ier. ~ -..... 0.4 hecla.es "" - = MASS (weighl) ...

-MASS (.Ii,hl'
::

• ...om• 0.035 """"0' ea-... _0' 28 ,.... • '. kilogram, 2.Z
_.

Il>'Ib ....... 0.45 lulograma '. -- = tonnes t1qoG kg) 1.1 ahor1 Ian.- ,
short IonS 0.9 lonne, • =

12000 Ibl ..
~

VOLUME ~ VOLUME..
." - ..I ".illililen 0.03 fluid ouncel '. II.I'P '."PDa"1 ~ milliliter.

millihlet. ." - .. , lihl,. Z.1 pintA ..Thop bblnPQOft. l~

I liUN" 1.01 ....... 'III' ea lIuid ounc•• 30 millili,ors 10' w -
0.24 liler, I .. I liter, O,ZI gallc.a. DO'C cups

It'rilerl , 10' cubic ""11M" 3~ cUbic tHtpt pl"'S 0." - .,' 1.3 . cubic .,llIde '(4'q' qll,a,t, 0.95 hie's I cubiC mluers._1 gallons 3.1 Ille,. I
It' cubiC 1.1 0.03 cllblc me''''. .,' - -

TEMPERATURE (uaCI!v.' cubiC 'Verds o.n CubiC mele,.. .,' w ..
- ,TEMPERATURE leucl) . ·c Cel.iu• 9/~ ....... ,....."...;. .,
- tempere",... odd 321 lempOrl1We., hhrenhoil 5/9Iert• Cel,iu. ·c - ~

,.,..-~1uN aubt... C1 i "1l 1~~lut'. - - .,
321 ., 52 ..... ZlZ .

N

,1·,0 I ' ,I~ , ~ ,'~O, I ' I~O , Z~ ~- -40 0- I ' i I

, ',I I

i I, r

I - I I • I I
80 ,OIl·

~

~
-40 -ZO o 20 410 60

·t·t 51- -



TABLE OF CONTENTS

. Section

1. INTRODUCTION ••• '•••••.••••••.•••• '.' •••••• .' ••••• , ••••'~. • • •• 1

2. ·TEST PROGRAM .••••••••••••••••••••••••••••••••••••••••••• 8

, .

3. ANALYSIS OF TEST TRACK AND COMPARISON OF RESULTS· •••"••••• 14

4.' CONCLUSION AND RECOMMENDATIONS ••••• '•••.•••••• : •• : ••;;•••••18.,

. REFERENCES ••••••••••••••••••••••••• ,••••••••••;•••••• '. ; ••• 19

. ,

APPENDIX-REPORT OF INVENTIONS ••••••••••••• :: ••••••••: •••• 21

"'.

"

v



FIGURE

LIST OF ILLUSTRATIONS

PAGE

1

2

3

Sign convention for Eq. (1.1) .......................' ........ 2

Sign convention for Eq. (1.2) ............................... 2

Test set-up for determination of S .. '. '....................... 4

4 Effect of s on the stress distribution in rails · 4

5 Analytical model for the rail-tie structure 6

6 Rail-tie structure used in tests ..........•.................. 9

7' Fastener of test structure 10

8 Recorded load-displacement relation of rail-tie structure
for various fastener rigidities ...•.'.....•..•..•........ '... 12

9 Comparison of measured and calculated lateral displac~ment~ .13

10 Sign. convention for analysis of test structure 15

'..

vi



1. INTRODUCTION

The early analyses of the response of railroad tracks in the lateral
" '1:'

plane were based on the assumption that the rail-tie structure responds like

a beam in bending. The corresponding equation ~s

. . . .

",I

( 1.1)

where vex) is the lateral displacement of the track axisat.point x, N is

the axial compression forc~ and q(x) is the lateral. resistance and/or the

lateral load, as shown in Fig. 1. A review of several track analyses which

used eq. (1.1), is contained in Ref. [1], Secti.'on:3~·

If the bending rigidity is chosen as the sum of the rigidities of the

two r.ails with respect to their vertical .centroidal axes,- namely EI = E(21 ),
r

then this implies that the. torsional resistance the fasteners exert on the

rails is neglected. Although this may be justified for tracks with cut-spike

fasteners which were subjected to extensive traffic, this is definitely not

the case for tracks with the more rigid K-type fasteners or the spring-type

fasteners. To remedy this situation a number of investigations [2 - 4] used

a "substitute" bending rigidity for EI, which was chosen to be higher than

the 2EI -value.
r

A more recent approach is to split the first term in eq. (1.1) into two

or more terms. The first term representing the bending rigidity of the two

rails with respect to their vertical centroidal axes and the remaining terms

representing the "continuous'! effect the fasteners exert on the rails in the

lateral plane. So, for example, some authors [5 - 8] assumed that these

continuous effects are resistance moments, which are proportional, at each

point x, to the angle of rotation of the track axi~ as shown in Fig. 2 and
I
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proposed, instead of eq. (1.1), the equation

In eq. (1.2)1 s is the proportionality constant between the resistance

moment (per unit length of rail) and the rotation of the track axis at

(1.2)

·'f

x. The parameter s was determined experimentally by a number of investi-

gators [5, 6, 9] by rotating a section of rail mounted by a fastener

to a rigidized tie, and then by recording the dependence of the applied

torsional moment to the angle of rotation of the rail at the fastener,

Recently it was noted by Kerr [1] that equ. (1.2) ~~ ,conjunction with

'this method of determining the s coefficient, does not include the effect

of the gauge on the lateral track response,which is mechanically incorrect.

For example, according to this formulation the lateral ,rigidity of a

rail-tie structure, consisting of two rails fastened to closely spaced

cros's-ties, will be the same regardless of the gauge. ~his situation

takes place, indeed, when the torsional regidity of the fasteners is

non-'existent,' since then; the cross-ties act merely as sp~cers, and a

bending moment of the rail-tie structure is carried by, i:,he ,bending

stresses of the two rails. However, when the' fasteners exert a resist-

"

ance against rotation, the bending moment is . c.arriednot only by the

bending stresses of each rail, but also by axia'l ',forces.tn the rails,

as shown in Fig. 4. Note,that for lateral deformations also the effect of

the tie rigidity has to enter the analysis ofa track structure.

This consideration led to a study aimed at the de.r,.:i,va~ion of

the proper differential equations for the response of the rail-tie

structure in the lateral plane [10]. In this study, at first, the

3
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,
difference equations for the rail-tie structure were formulated and then,

through a limiting process, the differential equations were obtained. This

approach yielded equations with well defined coefficients.

Using this procedure, it was found that the rail-tie structure shown

in Fig. 5 is governed (for N = 0) by. two simultaneous differential

equations

24as 12as
EAu" - --::---'-'-""-- U V I - 0

h2(6a+s) - h(6a+s) -

.,.
2 IV 12a~ IIElv·--v

r 6a+s
24as
h(6a+s) u ' = q (l~ 3)

(1. 4) .

where u and v are the axial and lateral disp1acements,respective1~and

E'I I S ()
a = h;"""; s = ;i q = ~ (1. 5 )

Note that without the third term in eq. (1.3), this equation is identical,

.except for the coefficient in the second term, with eq. (1.2) for N = O.

However, it should be noted that,whereas the coefficient in eq. (1.3) contains

the effect of the rotational fastener resistance, the gauge, and the effect of

the cross-ties, the corresponding coefficient in eq. (1.2) represents only the

rotational fastener resistance. Note also that for the case of infinite

fastener resistance, that is for s = ~, eq. (1.2) reduces to an equation

of second order, whereas eq. (1.3) and eq. (1.4), reduce to

2EI v lY - l2av" - (24ajh) u I = q
r

2 .
EAu" - (24ajh ) u - (12ajh) Vi = 0

(1.6)

(1. 7)

thus, they retain their order. This point will be of interest in Section 3,

when interpreting the test data for a test structure with "rigid" fasteners.

A track analysis which is based on the two simultaneous equations

5
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'I'

•

(1.3) and (1.4) is more involved than an analysis based on the one

equation (1.2). Therefore~ it is desirable to establish the effect

the third term in eq. (1. 3) has on the track response and, if small,

whether it could be neglected in track analyses.

As a step in this direction, a model test track, with adjustable

fasteners, was built and then subjected :to lateral loads. The lateral

deflections were recorded for a variety of fastener rigidities. The

obtained test results-were then compared with corresponding analytical

results. This study is described in the following sections •

.' , ". ~ ,
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2. TEST PROGRAM

The test structure used is shown in Fig. 6. It consists of two

aluminum rails (about 1 inch high) which were attached to wooden cross

*)ties, (oak, 3.5 x 3.5 x 50.8 em) by means of custom made fas teners.

Each of the fasteners, shown in Fig. 7, consist,s of twouelerrents.

The larger element is attached rigidly to the cross-tie and the smaller

inner element is free to rotate cl.bout a pin. The desired torsional

rigidity of the fastener is established by inserting rectangular pads

of prescribed material properties.between the L.J elements, as shown

. in Fig. 7.

The test structure is 3.1 meters long. The used center to center

tie spacing was 7.6 centimeters.

The rail-tie structure rested on a rigid horizontal base. Tb

eliminate the friction between the rail-tie structure and the base,

two "frictionless" ball bearings were attached to the bottom surface

of every second tie. The "simply supported" end conditions for the test

structure were created by drilling a hole through the center of the first

and last tie and by inserting a pin which was attached to the base

through each of these two holes. Thus, the length of the test section

is equal to the distance between the pins. For the used test it was 3.03 meters.

The simply supported test 'structure was subjected at the center

of the span to a concentrated force, by rreans of a dynamometer which

automatically recorded the force, as shown in Fig. 6. The lateral

*) This rail-tie structure was built originally for demonstration purposes.
Its construction was sponsored by a grant from theAssociation of Arneric~n

Railroads (AAR), Washington, D.C.

8
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FIG. 7 FASTENER OF TEST STRUCTURE
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displacements were recorded by mechanical dial gages. Dial gages were

also plac~da~ .both ends of the test, str~cture to record possible support

displacements. -

Preliminary tests showed no noticeable time dependent deformations

of the test structure, when the fasteners had hard rubber or metal inserts.

AnothE!r group of tests established that- for the range of caused deflections,

the load-displacement relations were nearly linear as shown in Fig. 8.

This ~inding was -an indication that a linear formulation may be used to

describe the response of the test ~tructure.

The recorded deflections normalized with respect to their deflection

at the center, for four different fastener rigidities and for different

load intensities are shown in Fig. 9. The four fastener rigidities

correspond to: (1) no irserts, (2) hard rubber inserts, (3) two screws

through both LJ shapes, and -(4) metal inserts. Each test point is a result

of several measuremen~s which showed very litt~e scatter. Note that

only the normalized deflections are shown J since- for the:present

study only the comparison of the deformation characteristics of the curves

is of interest _apd not the magnitude of the deflections.

11
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30 ANALYSIS OF TEST TRACK AND COMPARISON OF RESULTS

Because of symmetry of the anticipated deflection curves, the origin

of the reference axis x, was placed at midspan, as shown in Fig. 10.

For this problem eq. Cl.3) without the third term reduces to

iv
2EI v

r .
l2a s
6a + s

II
V o (3.1)

where ( ) I d/dxJetc. The corresponding boundary conditions are

v(l/2) =VI (0) = 0

v" (0) = P/4EI
r

The general solution of (301) is

°o,}
v"(l/2) =

(3.2)

where

,(303)

( 3 0 <1)

Determining the constant Al to A
4

from the boundary conditions in (3.2),

the solution to (3.1) and (3 0 2) maybe written as

vex) = P [i l
- yx - t 9 h(Y2

l
) cosh (yx) + sinh (YX)]

4EI y 3
r

(3 0 5)

Normalizing the deflection expression with respect to yeO) we obtain

vex)
yeo) =

¥ - YX/2 - tghCYZ/2) cosh(yx/2) + sinh LYx/2)

yl/2 - tgh (yl/2) (3.6)

Note that yl is the only parameter which enters eq. (306); yl = 0 being

·14
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the case of zero rotational resistance of the fasteners.

For zero fastener resistance, eq. (3.6) reduces to

v (x) = l~ 6(x/Z,) 2 + 4 (x/Z,) 3
v (0)

Equations (3.6) arid (3.7) were evaluated numerically for yz,

20, 40 and the results are presented as graphs in Fig. 9.

(3. 7)

0, 5, 10, 15,

From Fig. 9 it follows that the analytically obtained deflection

curve for y = 0, i.e. from eq. (3.7),and the recorded deflections of the

test structure with no inserts in the fasteners, agree closely. This

was to be anticipated, since for this fastener case the two rails act

independently as single beams. Note, however, that with increasing

rotational resistance of the fasteners the deviations from the y = 0

case increase. Thus, for these cases the classical beam equation (l.l)

is not suitable for describing the lateral response of the test structure.

Of great interest is the finding that, when the fasteners ·exert

a rotational resistance, the recorded deflections agree with those of the

analytical results for y ~ O. Namely, when the fasteners had rubber inserts

the measured deflections agree with the analytical curve for yZ,=5. When

the fasteners were rigidized by means of two screws sunk through both

~shapes into the tie, the test results agree with the analytical curve

for yZ,=16. Furthermore, when the fasteners were made "rigid" by locking

the fasteners with metal inserts, as shown in Fig. 7, the measured

deflection shape agrees with the analytical curve for yZ,=40.

For a better interpretation of the above test results, let us also

consider two limiting cases.

and eq. (3.1) reduces to

When the fastener is rigid then s,

16
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2EI
r

IV
V 12 (E~~') v" o (3.t!)

wher2as eq. (1.2), reduces to a differential equation of second order.

Thus, when the rails are rigidly attached to the ties, eq. (1.2) is

not suitable for track analyses. However, when the rotational rigidity

of the fasteners is small compared to the stiffness of the cross-ties,

namely when s«o. (but,not zero), then 'eq. (3.1) reduces to

2EI
r

IV
V - 2s v" = 0 (3.9)

which is identical with eq. (1.2) for N=O and q=O.

17
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4. CONCLUSION AND RECOMMENDATIONS

The comparison of the analytical and the te-st results presented

in Fig. 9 shows that for the. tested rail-tie structure: (1) the

classical beam bending equation closely represents the lateral deflection

shape when the torsional resistance of the fasteners is nearly zero

(2) the nature of the test curves noticeably deviates from the zero

case with increasing fastener resistance, thus when the fasteBers

exhibit a torsional resistance the classical bending equation, even

with a modified EI value, are not suitable for ,the analysis of the

rail-tie structure, and (3) 'the measured deflection shapes for a

variety of fastener rigiditie's agree closely with the deflection shapes

based on eq. (1.3) without the third term. The close agreement, for

all four types of fastener rigidities, suggests that an equation of

the type (1.3) may be suitable for the analysis of railroad tracks

in the lateral plane. This is an indication of a possibility. To

establish whether this is true in general, will require additional tests

(also on full scale track structures), corresponding analyses, and

comparisons.
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APPENDIX:

REPORT OF INVENTIONS

The purpose of this project was to study the lateral response

of the rail-tie structure, experimentally and analytically, in order

to establish the proper equations for the lateral track response.

After a review of the work performed under this phase of the contract,

it was determined that no technical innovation or invention has been

made.
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